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Abstract. Traditional deterministic scheduling problems consider that pro-
cessing times of jobs are fixed and constant over time. However, this assumption 
is not realistic in practice in hand-intensive manufacturing contexts. To deal with 
this, the current paper studies the deterioration effect of processing times on a 
parallel machine scheduling problem.  In such a case, job processing times de-
pend on the position of jobs in the execution sequence. The objective function is 
the minimization of the maximum delay of the set of jobs, that is the makespan. 
A mixed-integer linear programming model is provided for the basic case in 
which the processing time of jobs deteriorate only as a function of their position 
in the schedule. Then, two original extensions are proposed. The first one con-
siders that both the position and the worker do impact the processing time, while 
in the second situation workers can have a break after a given period of time. 
Preliminary experiments are carried out to illustrate the impact of such situations 
on the objective function. Results are promising. 

Keywords: Scheduling, Workers, Deterioration effect, Position-dependent Pro-
cessing Times, Mathematical Modeling. 

1 Introduction 

Personnel scheduling in productive or service systems (e.g., hospitals, universities, call 
centers, banks, postal services, airlines and hand-intensive manufacturing industries) 
does require to make decisions in regard to the assignment of workers for the execution 
of a number of tasks during a time horizon. As pointed out in [1], this problem impacts 
on both the cost of operations and the service level to customers. In addition, some 
other physical or psychological issues can impact the actual performance of the sched-
ule as well as moral, mental health and social welfare of workers [16,17]. 

In traditional scheduling models, human conditions of workers are ignored, and as-
sumptions consider that he/she is a predictable agent in the system with perfect availa-
bility, deterministic processing times, and that fatigue or learning has no effects on 
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productivity [2]. These assumption does reduce the complexity and computational trac-
tability of the problem. However, important characteristics of workers are neglected as 
a factor of variability in the productive system [2,11,16,18]. Under this context, this 
paper is motivated by the inclusion of particular work conditions, as the “deterioration 
effect”. Hence it deals with the problem of scheduling a set of jobs on a group of work-
ers with homogeneous skills, where the productivity of workers deteriorates over time, 
and so the actual execution times of jobs are increased. According to the literature [8], 
this deterioration can be model either as a function of the position of jobs in the schedule 
or as a cumulative function of the time the execution of jobs started. Each approach has 
advantages and drawbacks. In any case, mathematical and computational complexity 
of the problem is increased. The introduction of a decrease in the productivity rate of 
workers during the scheduling horizon results in a more realistic representation of the 
system, especially in hand-intensive production, and support the construction of better 
decision-making models [8]. In the scheduling literature, the deterioration effect has 
been studied from two main approaches, either the processing times of a job increase 
depending on the waiting time until the start of its execution (starting time deterioration, 
or time-dependent processing times), or the processing times increase depending on the 
number of jobs previously scheduled until the beginning of the execution of a given job 
(position deterioration or sequence-dependent processing times) [13]. This paper con-
siders the second approach since it has been less studied, even though this is the case 
of the decrease in the workers productivity due to physical exhaustion by repetitive 
work [10]. 

For the case of multiple parallel resources, Mosheiov [14] proposed to convert the 
position-dependent scheduling problem with linear deterioration of processing times to 
an assignment problem. The option of job rejection was considered in the works of [4]. 
Mosheiov [15] studied the minimization of the maximum workload. Huang & Wang 
[5] evaluated the minimization of the absolute deviation of both the completion time 
and the waiting time of jobs. Chen et al. [3] considered a deterioration function by parts 
to minimize the sum of completion times. Finally, Moreno-Camacho et al. [12], evalu-
ated the performance of various mathematical models for makespan and tardiness min-
imization. All these works considered the same deterioration factor for all workers. 

The problem under studied is an extension of the job scheduling problem in parallel 
resources with minimization of the makespan. This latter is known to be strongly NP-
hard, even for the 2-machines case [7]. The case with simple linear deteriorating jobs 
is also proven to be NP-hard in strongly sense [6,9]. Although some works have studied 
scheduling with the deteriorating effect in processing times with identical parallel re-
sources (i.e., workers), majority of those studies focus on the analysis of mathematical 
properties of the deteriorating effect. Scarcity of works propose solution procedures, 
except the work in [12], where the complexity (in terms of efficiency and capacity) of 
mixed-integer linear programming (MILP) models for makespan and tardiness minimi-
zation is deeply explored. The objective of this paper is to formally model, through an 
MILP approach, the parallel resources scheduling problem with position-dependent de-
teriorating processing times under two new original conditions: (i) considering worker-
dependent deterioration rates, and (ii) breaks during the scheduling. The impact of these 
situations is analyzed using an illustrative example.  
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To this end, Section 2 formally describe the basic problem under study, as well as 
the variants considered. Section 3 presents the results of the computational experiment. 
Finally, the conclusions of the work and perspectives of future research are outlined in 
Section 4. 

2 Problem description and mathematical modeling 

We have a set of n independent jobs i=1,…,n and m identical workers j=1,…,m who 
can perform any of the n jobs, under the same conditions. Each worker can only perform 
one job at a time and pre-emption is not allowed. For each job i, a baseline deterministic 
processing time pi is known in advance, representing the expected duration to execute 
the job without any deterioration and independent of the allocated worker. The special 
characteristic of the problem studied here is that the actual execution time of a job de-
pends on the position in the sequence: processing times increase as a function of their 
positions in the schedule. That is, the actual processing time of job i in the k-th position 
of the schedule is computed as 𝑝!" = 𝑝!𝑘#, where a is the deterioration rate. This ex-
ponential deterioration rate follows the original proposition given in [11], where the 
factor a models the decrease in worker productivity. 

A MILP model is first proposed for makespan minimization with a single position-
dependent deterioration rate. Then, a first realistic extension of the model is presented 
to allow both position- and worker-dependent deterioration. The second extension con-
sists in another realistic condition in which workers are allowed to have breaks during 
the production period.  

 
2.1 Makespan minimization with position-dependent deterioration 

The set of jobs is denoted as N, the set of identical workers is denoted as M, and the set 
of positions in the sequence is denoted as R, where |𝑅| = |𝑁| − |𝑀| + 1. The parame-
ters are the number 𝑛 = |𝑁| of jobs, the number 𝑚 = |𝑀| of available workers, the 
deterioration rate a, with  0 ≤ α ≤ 1, and the processing time 𝑝!" of job 𝑖 ∈ 𝑁 sched-
uled on position 𝑘	 ∈ 𝑅. The set of decision variables: 𝑥$!" = 1 if job 𝑖 ∈ 𝑁 is executed 
by worker 𝑗 ∈ 𝑀 at position 𝑘 ∈ 𝑅 in the schedule, 0 otherwise; 𝐶$" is the completion 
time of the job executed by worker 𝑗	 ∈ 𝑀 at position 𝑘 ∈ 𝑅; and 𝐶%&' is the makespan. 
The model reads as follows: 

 
Min 𝐶!"#  (1) 
Subject to:   

""𝑥$%& = 1
&∈($∈)

 ∀	𝑖 ∈ 𝑁 (2) 

"𝑥$%& ≤ 1
%∈*

									 ∀	𝑗 ∈ 𝑀, 𝑘 ∈ 𝑅 (3) 

𝐶$+ ="𝑝%+𝑥$%+
%∈*

 ∀	𝑗	 ∈ 𝑀 (4) 
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𝐶$& = 𝐶$,&-+ +"𝑝%&𝑥$%& 	
%∈*

 ∀	𝑗 ∈ 𝑀, 𝑘 ∈ 𝑅 ∖ {1} (5) 

𝐶!"# ≥ 𝐶$,(/-!0+) ∀	𝑗 ∈ 𝑀, 𝑘 ∈ 𝑅 (6) 
𝑥$%& ∈ {0,1} ∀	𝑗 ∈ 𝑀, 𝑖 ∈ 𝑁, 𝑘 ∈ 𝑅 (7) 
 
In the above formulation, the objective function (1) minimizes the maximum com-

pletion time of all jobs (makespan). Constraints (2) and (3) ensure that one and only 
one job 𝑖 is assigned to only one worker 𝑗 in only one position 𝑘. Constraints (4) com-
pute the completion time for the job scheduled in the first position to be executed by 
the worker 𝑗. Constraints (5) compute the completion time of the job in the 𝑘-th position 
of the worker 𝑗. Constraints (6) compute the value of decision variable 𝐶%&'. Finally, 
the description of binary decision variables is given by Constraints (7). 

 
2.2 Position- and worker-dependent deterioration 

The previous basic model assumes that the processing time of jobs deteriorates equally 
for all workers at an identical rate;  therefore all workers share the same deterioration 
factor a. In real-life, however, the decrease of productivity can differ from one worker 
to another depending on their physical or psychological conditions. In consideration of 
this aspect, an extension can now be formulated where the parameter of the processing 
time changes from 𝑝!" to 𝑝$!". Consequently, the processing time no longer dependents 
only on the position k in the schedule but on both the position k and the worker j that 
executes the respective job i. That is, the deteriorating factor becomes 𝛼$ for worker j. 
By integrating the worker-dependency in the deterioration factor and thus in the param-
eter of the processing time, the model can still be classified as a parallel machine sched-
uling problem with identical resources. 

To formulate the problem as a MILP model, the new parameter for the actual pro-
cessing time is defined as 𝑝$!" =	𝑝!𝑘#! for job	𝑖 ∈ 𝑁 scheduled on position 𝑘 ∈ 𝑅 
while executed by worker 𝑗 ∈ 𝑀. Constraints (4) and (5) are now rewritten as follows: 

 

𝐶$+ ="𝑝$%+𝑥$%+
%∈*

 ∀	𝑗	 ∈ 𝑀 (4a) 

𝐶$& = 𝐶$,&-+ +"𝑝$%&𝑥$%& 	
%∈*

 ∀	𝑗 ∈ 𝑀, 𝑘 ∈ 𝑅 ∖ {1} (5b) 

 
2.3 Position- and worker-dependent deterioration and breaks 

Another extension that improves the practical applicability of the model is the im-
plementation of breaks in the schedule. Breaks allow workers to rest and recharge to 
continue working. The underlying assumption of our model is that breaks lead to a 
decrease of the deterioration factor depending on the duration of the break, i.e. a recov-
ery for the worker. Formally speaking, a break of duration 𝑑()*&" takes place after a 
given position 𝑘()*&" for every worker 𝑗. In a given schedule, the duration of breaks is 
fixed and identical for all workers. As a result, the deterioration factor decreases by the 
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following function: 𝑎(𝑘()*&" + 1) = 	𝑎(𝑘()*&") − 0,1 ∗ 𝑑()*&". In sections 2.1 and 
2.2, the deterioration rate a has been considered to be constant which means that it is 
identical at any position 𝑘 in the schedule. By including breaks and assuming that the 
deterioration decreases but remains constant after the decrease, the following definition 
can be used, where 𝛼+ represents the deterioration rate at position 𝑘 = 0. Figure 1a 
depicts an exemplary function for 𝛼+ = 0,5 and a break of 𝑑()*&" = 2 at position 𝑘 =
5 which leads to a decreased deterioration factor of 𝑎 = 0,3 after the break, computed 
as follows: 

 
𝛼(𝑘) = 𝛼2 ∀	𝑘	 ≤ 	𝑘345"& (8) 

𝛼(𝑘) = 𝛼2 − 0,1 ∗ 𝑑345"& ∀	𝑘 > 𝑘345"& (9) 

 

 
a) Constant deterioration factor with break. 

 
b) Increasing deterioration factor with break 

Fig. 1. Constant and increasing deterioration factor with break. 

A second and more realistic way of modelling the deterioration rate is to include a 
general increase over the positions in the schedule. By that, it is considered that workers 
become less and less productive throughout the day. Assuming that the increase is also 
linear and breaks are still in place, the following definition can be used. Figure 1b shows 
an example of an increasing deterioration factor with a break, computed as follows: 

 
𝑎(𝑘) = 0,1 ∗ (𝑘 − 1) +	𝑎+ ∀	𝑘	 ≤ 	𝑘()*&" (10) 

𝑎(𝑘) = 0,1 ∗ (𝑘 − 1) + 𝑎+ + 𝑎(𝑘()*&") − 0,1 ∗ 𝑑()*&" ∀	𝑘 > 𝑘()*&" (11) 

3 Comparison between models 

The basic MILP model and its extensions have been implemented to carry out an illus-
trative computational experiment. Models were coded on GAMS (General Algebraic 
Modeling System) and run on a PC with Windows 10, processor Intel® CoreTM i5-
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8250U at 1.6 GHz, and 8 GB of RAM. A set of 10 jobs and two workers are considered 
in this experiment, with baseline processing times being 8, 7, 5, 6, 7, 3, 2, 9, 10, and 2. 
Running times were about 16 minutes. 

In a first instance, the behavior of the basic model is analyzed by looking into how 
different deterioration factors affect the scheduling. It is human nature to fatigue, but 
people usually do at different rates. This is represented by the different values of the 
deterioration factor, that was set from 0 to 1. Figure 2a depicts the solution obtained by 
the MILP model. For every deterioration factor, there are two bars, one for each worker, 
that show the assignment of jobs and their duration. The longest bar represents the 
makespan. As observed, when the deterioration factor is set to zero (i.e., workers never 
get fatigued), the makespan is the lowest; the makespan generally increases as the de-
terioration factor increases. Note that the solution schedules jobs in such a way that jobs 
with higher processing times are allocated at the beginning, while jobs with low pro-
cessing time are at the end. That happens because the equation for deteriorated pro-
cessing times leads to a higher absolute increase for jobs with high processing times. 
Since this increase would have a greater impact on the makespan, they get assigned to 
the beginning of the schedule where the deterioration is less strong. 

a) Schedule for two workers and different 
deterioration factors from 0 to 1. 

b) Schedule for two workers with different 
deterioration factors from 0 to 0.8 

Fig. 2. Two-workers schedule for (a) the basic scenario, and (b) worker-dependent deterioration. 

The second analysis was carried out on how the scheduling is performed if the work-
ers would have different deterioration factors. Recall that this approach models the sit-
uation in which workers do not necessarily fatigue at the same rate. For this instance, 
the deterioration factors were set between 0 and 0.8 but never as the same number. 
Figure 2b shows the obtained assignment and makespan (the ordinate axis indicates the 
deterioration factors of the two workers). As per the results, in most cases the worker 
with the lower deterioration factor executes more jobs. In some cases, however, both 
workers perform an equal number of jobs but the worker with the lower deterioration 
factor gets assigned the jobs that have a higher baseline processing time. This is due to 
the same reason that jobs with high processing time are assigned earlier in the schedule, 
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that is, the solver tries to minimize the absolute increase of processing times by deteri-
oration as it would have an impact on the makespan.  For example, looking at Figures 
2a and 2b, in most of cases, having the same deterioration rate for both workers drives 
to a worst performance than modeling independent deterioration. As a matter of fact, 
the makespan is 42 time-units with both workers having 𝛼 = 0.4, while it decreases to 
36 time-units with 𝛼, = 0 and 𝛼- = 0.8. This represents a decrease of 14.3% on the 
makespan value. 

The second extension includes the assumption of breaks that decrease the deteriora-
tion factor. In order to see the benefits, the model was run for different break durations 
from 0 to 4 units of time. To compare the results, the respective break duration was 
added to the total makespan. It is assumed that the deterioration factor is constant before 
and after the break and that it begins with 𝛼+ = 0.5. The input data is the same as before. 
Figure 3 shows the makespan for each break duration and visualizes the time of the 
break by a white space between two consecutive jobs. Comparing the makespans for 
the different break durations, it is observed that there is a trade-off which has to be 
balanced. On the one hand, breaks decrease the deterioration factor which keeps the 
processing times and thus the makespan lower. On the other hand, breaks increase the 
makespan as they lead to idle-time in the schedule. Looking at the makespan, it shows 
that the first effect of decreasing the deterioration factor becomes dominant with a 
longer break duration. Until a break duration of 2, the makespan increases whereas it 
decreases again for durations of 3 and 4. This consideration is quite relevant for the 
planning of breaks in real life applications. 

 
Fig. 3. Exemplary schedule of two workers with breaks. 

4 Conclusions and perspectives 

This paper studied the problem of job scheduling in hand-intensive production systems. 
Workers are considered with homogeneous skills, but their productivity decrease over 
time according to a deterioration rate. A mixed-integer linear programming approach 
was employed to model three situations. The former “all workers deteriorate at the same 
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rate”, already studied in the literature is the basic situation that serves as a reference to 
analyze two new original situations: (i) “each worker has his/her own deterioration 
rate”, and (ii) the latter coupled with “the impact of breaks for worker recovery”. The 
first experiments allow us to see the interest of individualizing the deterioration rate per 
worker (by comparison with a global average rate), and also to identify the duration of 
breaks as a lever for optimization. 

Since this is one of the few works in the literature addressing these problems, several 
lines for future research are open. For instance, behavior of workers is also impacted 
(not necessarily in the same ratio) by learning effects. One line for further research can 
focus on the simultaneous evaluation of deterioration rates and recovery curves, in ad-
dition to include breaks during the scheduling horizon. Also, non-linear deterioration 
or recovery functions can be considered, as well as stochastic modeling. Heterogenous 
labor or worker preferences are also characteristics to be included. Other lines for future 
research include the possibility to extend the study to other non-classical optimization 
criteria such as maximization of machines exploitation time, workload balance among 
workers, tardiness, etc. Finally, because of its computational complexity, the use of 
heuristics and/or meta-heuristics can be a promising line for future research in order to 
solve large-scale versions of the problem. 
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