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Approximation of a degenerate semilinear PDEs with a

nonlinear Neumann boundary condition

Khaled Bahlali* Brahim Boufoussi Soufiane Mouchtabih *f

Abstract: We consider a system of semilinear partial differential equations (PDEs) with
a nonlinearity depending on both the solution and its gradient. The Neumann boundary
condition depends on the solution in a nonlinear manner. The uniform ellipticity is not
required to the diffusion coefficient. We show that this problem admits a viscosity solution
which can be approximated by a penalization. The Lipschitz condition is required to the
coefficients of the diffusion part. The nonlinear part as well as the Neumann condition are
Lipschitz. Moreover, the nonlinear part is assumed monotone in the solution variable. Note
that the existence of a viscosity solution to this problem has been established in [13] then
completed in [15]. In the present paper, We construct a sequence of penalized system of
decoupled forward backward stochastic differential equations (FBSDEs) then we directly
show its strong convergence. This allows us to deal with the case where the nonlinearity
depends on both the solution and its gradient. Our work extends, in particular, the result
of [4] and, in some sense, those of [1, 3]. In contrast to works [1, 3, 4], we do not pass by

the weak compactness of the laws of the stochastic system associated to our problem.

Keywords: Reflecting stochastic differential equation; Penalization method; Backward
stochastic differential equations; Viscosity solution.
AMS Subject Classification 2010: 60H99; 60H30; 35K61.

1 Introduction

Let D be a regular convex, open and bounded subset of R?. We introduce the function
p € C{(R?) such that p=01in D, p > 0in R\ D and p(z) = (d(z, D))? in a neighborhood

of D. On the other hand, since the domain D is smooth (say C?), it is possible to consider
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an extension | € CZ(R?) of the function d(-, D) such that D and 0D are characterized by
D={zcR?:I(x)>0} and 9D ={zecR?: I(z) =0},

and for every x € 9D, Vi(x) coincides with the unit normal pointing toward the interior of

D (see for example [9, Remark 3.1]). In particular we may and do choose p and [ such that
(Vi(z), 6(z)) <0, forall z € R?, (1)
where d(x) := Vp(z) and is called the penalization term. We have
%5(@ =z —7p(x), VzeR?

where 7p is the projection operator on D. Consider the second-order differential operator

1 9? )
L== o)), ———— + bi(.)=—
5 Z( s G * 240z,
where b : R — R?% and o : R — R4 are given functions satisfying suitable assumptions.

Our first aim is to establish the existence of a viscosity solution via penalization to

the following system of partial differential equations with nonlinear Neumann boundary

condition, defined for 1 <i<m,0<t<T,x € D.

%?iz (t,x) + Lui(t,x) + fi(t,z,u(t,z), (Vuo)(t,z)) =0
uw(T,z) =g(x), v€D (2)
%(t,l’) + h(t,x,u(t,z)) =0, (t,z) €[0,T) x OD.

To this end, we consider a sequence (u") of viscosity solutions of the following semi-linear
partial differential equations (1 <i<m,0<t<T,z cR% necN).
ou?

E?tz (t,x) + Lul(t,x) + fi(t,z,u"(t,z), (Vu"0)(t,x))

—n < 0(x), Vui'(t,z) + Vi(z) > hi(t,z,u"(t,z)) = 0; (3)
u(T,x) = g(x).

then we show that for each n, equation (3) has a viscosity solution w,, which converges to
a function u, and w is a viscosity solution to (2). Our method is probabilistic.

The authors of [1, 3, 4] considered the case where f does not depends on Vu. Using
the connection between backward stochastic differential equations (BSDEs) and partial

differential equations (PDEs), the convergence of u™ to u has been established in [4] for



bounded and uniformly Lipschitz coefficients b and . The authors of [1] extended the
result of [4] to the case where b and ¢ are bounded continuous. The case where b, o and f
are bounded measurable is considered in [3] in the framework of LP-viscosity solution. The
techniques developed in the previous works rely on tightness properties of the associated
sequence of BSDEs in the Jakubowski S-topology. The main drawback of this method
is that it does not allow to deal with the nonlinearity f depending on Vu. Here, our
method is direct and does not pass by weak compactness properties. Usually, when the
nonlinearity f depends in the gradient of the solution, PDEs techniques are used to control
the gradient Vu in order to get the convergence of the associated BSDE. And generally,
a uniform ellipticity of the diffusion is required to get a good control of the gradient Vu,
see for instance [2, 5, 6] where this method is used in homogenization of nonlinear PDEs.
Our approach is completely different: We use a purely probabilistic method, which allows
us to deal with (possibly) degenerate PDEs. The convergence of the penalized BSDE is
provided only by the convergence of the penalized forward SDE. Our proof essentially use
[14, Proposition 6.80, Annex C]. The latter has been already used by the authors of [15]
in order to prove the continuity of the solution of a system of SDE-BSDE in its initial
data (t,z). By bringing essential modifications in the idea developed in [15], we prove the
convergence of our sequence of penalized BSDEs.

The paper is organized as follows: Section 2 contains some facts about reflected stochas-
tic differential equations (SDEs) and generalized BSDEs. This mainly consists in approx-
imation, existence, uniqueness results and a priori estimates of the solutions. Section 3 is

devoted to the penalization of the nonlinear Neumann PDE.

2 Preliminaries and formulation of the problem

Throughout the paper, for a fixed T' > 0, (Wy;t € [0,7]) is a d—dimensional Brownian
motion defined on a complete probability space (Q, F,P) and for every ¢ € [0,T], F! is the
o—algebra o(W,; t <r <s) VN if s >t and F! = N if s < t, where A is the P—zero sets
of F. For q > 0, we denote by Sg [0,T] the space of continuous progressively measurable

stochastic processes X : Q x [0, 7] — R?, such that for ¢ > 0 we have

E sup |X;|? < +o0.
te[0,T



For ¢ > 0, we denote by MZ(O, T') the space of progressively measurable stochastic processes
X :Q x [0,T] — R? such that:

T 3
([
0

2.1 Penalization for reflected stochastic differential equation

T
E < 4o if ¢>0; and / |X;|?dt < +o00 P—a.s. if ¢=0.
0

Let (t,z) € [0,T] x D. The reflected SDE under consideration is
X0 — a4 / b(XT) dr + / o (X1%) dWW, + K7,
t t

Kb = / V(X)) K, (4)

s
|Kt’x|[t,s] :/ 1{XﬁvI€aD}d|Kt7x|[t,r]7 s € [th]7
t

where the notation |K"*|, 4 stands for the total variation of K** on the interval [t, s], we

denote this continuous increasing process by k", In particular we have
S
B — /t < VI(XET), dKET > | (5)

Several authors have studied the problem of the existence of solutions of the reflected
diffusion and its approximation by solutions of equations with penalization terms, we refer
for example to [9, 7, 18, 19, 20]. We consider the following sequence of penalized SDEs

associated with our reflected diffusion X"
Xt =gt /t C[b(XE) — ns(XEE] dr + /t Co(XEEMAW,, setT]. (6)
For s € [t,T], we put
Kbon = /t " nd(XYMdr and LS = /t T < VUKL, K (7)
We introduce the following assumption
(A.1) : There exist positive constants C' and u such that for every (z,y) € R%:

(i) [b(@)] + lo(@)] < CA +|2]),
(ii) [b(z) = b(y)| + lo(z) — o(y)|| < plz —yl.

It is known that under assumption (A.1) equation (6) admits, for any fixed n € N, a unique

strong solution, and we have for every ¢ > 1:

sup E sup |X5%"2 4 sup B sup |K5%"* + sup E|Kt’x’”|‘[1tT} < 400. (8)
n>0  selt,T) n>0 st T) n>0 ’
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The proof of the previous estimates can be found e.g. in [1, Lemma 3.1].
The first assertion of the following theorem is proved in [20], while the second one follows

from [18].

Theorem 1 Under assumption (A.1), we have
(i) the system (4) admits a unique solution,

(ii) for every 1 < g < oo and 0 <T < oo,

E | sup | X" — XbB*|7] — 0, as n — oo,
t<s<T

the limit is uniform in (¢,z) € [0,T] x D.
We extend the processes (X%, K%%) and (X" Kb%") to [0,t) by putting
Xt = xben.— g KL= KL\"":=0, fors c [0,t).

As a consequence of Theorem 1, we have the following convergence, which is established in

[4, Lemma 2.2].

Lemma 2 ([/]) Under assumptions of Theorem 1, we have, for any q > 1:

(i) lim E | sup ‘K;,x,n _ K;*x|q] —0:
n—oo 0<s<T
s s q
(ii) nh_{)goE Oiu<pT /0 @(Xf)dK;f,x,n_/O o(X,) dKL® ] =0 for every ¢ € CL(RY).
8>

Remark 3 (i) Using Lemma 2 and the representations (5), (7), it holds that for any
q>1 and any (t,x) € [0,T] x D

lim E sup |kL™" —Kkb*|7 = 0. 9)
n=+00  40,7)

(ii) From [17, Corollary 2.5], it follows that for each ¢ > 1 and each (t,x) € [0,T] x D

E sup |X!°P*"+E sup |KL7% +E|K ‘[10 7 < 0. (10)
s€[0,T] s€[0,77] ’

2.2 Backward inequality

We state a lemma which is a version of [14, Proposition 6.80, Annex C]. This lemma is

essential in our proofs. We give its proof for the convenience.



Lemma 4 Let (Y,Z) € 8% x MO _ ., satisfying
T T
Yt:YT—I—/ dlCr—/ Z.dW,, 0<t<T, P—a.s.,
t t

where K € S and K (w) € BV ([0, T];R™) (the space of bounded variation processes).

Assume be given

e a non-decreasing stochastic process L with Ly =0,
e a stochastic process R (w) € BV ([0,T],R), with Ry =0,

e a continuous stochastic process V.(w) € BV ([0,T],R), such that Vj =0,

T
E( sup / eV dR, | < oo,
s€[0,T] J s

(i) <Yy, dK, >< 2| Z.|%dr + |Y,;|?dV; + |Y,|dL, + dR, as measures on [0,T],

and

(i) Esup,¢por) e’ [V, |? < +oc.

We have the following conclusion : if « < 1, then there exist positive constants Cy, Co and

Cs, depending only on «, such that

T
E| sup ]ev’"Yr!2 +E</ 62‘/"HZTH2dT>
re[0,7] 0

T 2 T
< C1 E|e"TY7)? + G </ eVTdLr> + C3E sup / e?VdR,.
0 s€[0,T] /s

Proof. By Ito’s formula, we have

T T
eV, 2 = VT Y |? — 2/ 22| Y, 2dVs + 2/ eV < Vi, dK, >
t t
T T
—/ e2Vs|yZS|y2ds—2/ < eV Yy, eV Zdw, >
t t
T T
= 1e"7Y7)? + 2/ V> (< Y, dKs > —|Y;|*dVy) —/ V2| 2,2 ds
t t

T
—2/ < €Y, e ZdW, > .
t
Using (i) of Lemma 4, we get
T
[ 4+ (1 — a)/ &2 Z,|%ds <
t

T T
V7Y |2 + 2/ e®Vs (AR, + |Ys|dL,) — 2/ < ey, eV Zdw, > .
t t

6



We consider the following sequence of stopping time

S S
T, ;=T Ainf{s >t : sup [V, — "1V} —I—/ eV Z,||Pdr —I—/ eV"dL, > n}.
rel(t,s] t t

For s € [t, T], we put Ny :=2 [ 1jp1,1(r) < €Yy, eV Z,dW, >.

Since

NI

1
Th 2
si< N>t <cr ([T ez )

t

N

sup |eVr}/T —EWY;F—I— |e\/%}/t|2
re(t,Tn)

Th
/ ezVT|ZT|2d7‘
t

gﬂox&(

< V2CE (|thYt| +n)v/n < +oo.

Then, the process {N; : s € [0,T]} is a martingale.
By the forgoing, we have

Y2 4 (1— a)/
t

Taking expectation, it follows that

E (erth\? (- a)/t

Tn
E <\eVTnYTn\2 - 2/ Vs (dR, + !YS\dL8)> . (11)
t

Tn Th
22| Z,|%ds < eV Y, |2 + 2/ e?Vs (dR, + |Ys|dL,) — (N7, — Ny).
t

Tn
e2VSHZSH2ds> <

On the other hand, we have

Tn Tn
E sup |V, 2 <E| Yy [2+2 sup / eV dR, + 2/ e?V*|Y,|dLs +2 sup |N||.
rel0,Ty] s€[0,Tn] /s 0 rel0,T,]



The Burkholder-Davis-Gundy inequality shows that

Tn Tn
E sup |V, 2 <E[|e"™Yy [>+2 sup / eV dR, + 2/ e2Vs|Y,|dL,
re(0,Ty] s€[0,Tn] /s 0

1
Th 2
L 2CEpaE ( / 64”'\K~\2\\Zr|!2d7’>
0

Tn Tn
<E|[|e"Yp, 2 +2 sup / e*VrdR, + 2 / V= |Y,|dLs
s€[0,Tx] /s 0

Jun

Th 2
4+ 20EpeE | sup V|V / Ve |12, 2dr
TE[O,TH} 0

Tn Tn
<E||e"™Yy > +2 sup / eV dR, + 2/ e?Vs|Y,|dL,
s€[0,Tn] /s 0

1 n
+E[ = sup 62‘/"|Y,1|2 + ZC’%DG/ 62‘/"||Zr\|2d7‘
2 0,1 0

Tn Tn
<E | Y7 |?+2 sup / 2V dR, + 2/ e?Vs|Y,|dL,
s€[0,Tn] /s 0

Tn
A poE ( / e”’rnzruzdr) |
0

where Cppg denotes the Burkholder-Davis-Gundy constant.

From inequality (11), we get

1_ (T
E sup [V 4 5B [ V| Pdr < uE (1Y, )
re[0,T,] 2 Jo

Ty Thn
+2uE | sup / e?VrdR, | + 2uE </ 62V5|Ys|dLs> ,
s€[0,Tx] /s 0

202 1
—9 BDG .
R P Ty

where




It follows that

1 Tn T
E sup ’€VTYr12+_E/ V|| Z,||?dr <E ( p|e"™Yr,|* + 2 sup / e?V"dR,
rel0.Tn] 2 Jo s€[0,Tn] /s
Tn
v ol [ sup VY / eVrdL,
re[0,T5] 0

1 (T T,
E sup [e"Y,[* + _E/ V7| Z,|[?dr < E ( ple*™ Yr, |> + 21 sup / V" dR,
rel0. ] 2 Jo se[0,T,] /s

1 T ?
+=E sup V"|Y;|? + 24°E </ eVTdLT,>
2 re0,1) 0

Th Tn
E sup |e"Y,|? + E/ eV || Z,|?dr < E (2,u|eVTnYTn|2 +4p sup / 62‘/"dRr>
0 s

r€[0,Ty] s€[0,Ty]
Ty 2
+ 44°E < / eV*dLr> .
0

C1 :=2pu, Cy:=4p and Cs = 4p2.

Put

We then have,

Ty T,
E| sup [e"Y,[*+ / V|| Z,|Pdr | < C1Ele"™ Yr, [ + CoE  sup / Vi dR,
r€[0,Tn] 0 s€[0,Tn] /s

T 2
+ CsE ( / eVTdL,,> .
0

Letting n tends to 400, we conclude by using the Beppo-Levi theorem for the left-hand
side term of the previous inequality, and the Lebesgue dominated convergence theorem for

the right-hand side term. m

2.3 The BSDEs associated to the nonlinear Neumann problem

We introduce the generalized BSDEs which we have to use. Let f : [0,7] x R? x R™ x
R™*d 5 R™ b : [0,7] x R x R™ — R™ and g : R? — R™ be continuous functions,

satisfying the following assumptions:

(A.4) There exist C, Iy positive constants and 8 < 0, uy € R such that for every ¢ € [0, T
and every (z,2',y,y,2,2') € (Rd)2 x (R™)? x (R™*4)2 we have:
(1) < Yy — y/mf(taxayaz) - f(tvxyy/az) > S :u‘f ’y - y/‘27
(11) |f(t,$,y, Z) - f(t7$7y7 Z/)| < lfHZ - Zle



(i) [f (2,2, y,0)] < C(1+[yl),
(IV) <y-— y/7h(t7x7y) - h(t7x7y,) >§ 5|y - y,|27
(v) [h(t, 2, y)] < C 1+ Jyl),

)

(Vi) [g(z)] < C(A+ |z).

For every t € [0,T] and s € [¢,T], consider the following generalized BSDEs
T T
}/st’w’n = g(X;x7n) + / f(rv Xﬁ,x,n’ }/Tt,x,n’ Zﬁ,x,n) dr + / h(’f’, Xﬁ,x,n’ Y?7m7n)dk7$"7m7n
S S

T
_ / 265 g, (12)

s

and

T T T
Ve = g+ [ XY 2 e [ X i - [z aw,. 13)
According to [12, 13], assumption (A.4) ensures the existence of unique solutions to equa-
tions (12) and (13). The solutions of equations (12) and (13) will be respectively denoted

by (Yo", Ze"™)seppr) and (Yo', Ze™) s -

Lemma 5 Under assumptions (A.1)(i) and (A.4), it holds that for any ¢t € [0, T,

T T
supE ( sup ]Yf’x’"\z +/ ]Yf’x’"Pdkﬁ’x’" +/ |]Zf,’x’"|]2dr> < 4o (14)
n>1 re(t,T] t t
and .
T 5
E( sup |Y,*)?+E </ HZﬁ’xﬂsz) < +o0, Vg > 1. (15)
re(t,T| t

Proof. We prove the first assertion. It6’s formula gives

T
v [z = g P
S

T
+2/ < }/rt’w’ny f(n Xﬁ,m,n’ Y?,m,n’ Zﬁ,x,n) > dr
t
T T
—1—2/ <YBEn p(r, XEE YO S dELTn 2/ <ybem ZEEngw, > .
t t
Using assumption (A.4), we find
T
’YSt,:c,nP +/ Hzﬁ’x’n‘Pdr < C2T—|- 202 + 202’X%w,n‘2
S
T T
(1 2+ 28) [ vEenPar e [ (Bveenp 4 Clyte) dker
S S

T
t t
2 / <y ZEr W, >
S

10



Since —f > 0, we use the inequality 2ab < (—3)a® + (_b—;), to get

T
|}/8t,x,n|2+/ ‘|Z7tn,x,n||2d,r,§ C2T—|—C2—|—C2|X§lm’n|2
S
2 4 t 2 c?
+(1+2Mf+2zf)/s ienfar -

T
t t
—2/ <Y O Zp0ndW, > .
S

T
t?? bl bhadbl
kan+/8/ ’Y:xnpdkﬁxn
s

Since the process ( fo <y Z,tfx’")dWT >) is a uniformly integrable martingale, we take

expectation in the previous inequality to show that
T T
E <|Yst,w,n|2 + |B| / |}/Tt,x,n|2dk,ﬁ,m,n + / ‘|Z£,m,n||2d,r,> < C2T + 02 + 02E|X§—Zm’n|2
S S

C2 T
+WEk§’fE’" + (14 2p5 + 21?)1@:/ [yhen 2 dr,
S

Using estimate (8) and Gronwall’s inequality, we obtain

T T
sup sup B (v 24 [ venpaiien s [z ar) <o
n>1se(t,T] s s

Burkholder-Davis-Gundy inequality shows that

T T
supE ( sup [vier o [ ypenparen [ Zin ) < o
n>1 \se[t,T] t t

Inequality (14) is proved. Using [10, Proposition A.2], we prove inequality (15). m

We extend the processes (Y5%", Z63m) and (Y% Z4%) to [0,t) as follows

yhen =yt i = yhT and Z0n =200 =0, s € [0,1). (16)

3 Penalization of the nonlinear Neumann PDE

We divide this section into two parts. The first one concerns the convergence of the solution
of the BSDE (12). The second one is an application of our convergence to the nonlinear
Neumann boundary problem.

3.1 Convergence of the penalized BSDE

For (t,z) € [0,T] x D, let (Y;’x’",Zﬁ’x’")se[o,T] and (}@t’x,Zﬁ’x)se[QT} be respectively, the
solutions of BSDEs (12) and (13). Our first main result is

11



Theorem 6 Let assumptions (A.1) and (A.4) hold. Then, we have the following conver-

gence

T
E | sup |[Vbon —yhe2 4 / |Zb=m — Z5%|2dr | — 0, asn — +oo.
rel0,7] 0

Proof. We adapt the proof of [15, Theorem 3.1] to our situation by bringing some modifi-
cations. From now on, we suppress the superscripts (¢, ), and C' will denote a nonnegative
constant, which may vary from one line to another, but does not depend on n. We shall

apply Lemma 4 to the following BSDE
T T
VP -Ye = g0 - gtXn)+ [ ay - [z - z)aw,
where
dK" = [f(r, XY, Z%) — f(r, Xy, Yy, Z0)] dr + h(r, X2, YR — h(r, Xy, Yy)dk,.
Using (A.4)(i)-(A.4)(ii), we get for every 0 <t < s < T,
T
/ <Y = Yo, F(r, XYL Z) — f(r, X, Ve, Z0) > di
’ T
- / VP =Y, fr XP Y Z0) = £, X2 Yo, Z0) > dr
’ T
+/ <Ym— Y},f(T,XT",YT,Z:L) — f(T,XT”,Y},ZT) > dr
ST
+/ <YV f(r XD Y Z) — f(r X Yoo Z) > dr
TS
< [ gy =P+ g1 = Vi 125 - 2, e
’ T
+ / Y Y| f (. XD Yo Zy) — (0, X, Y, Z,)|dr
TS 1
< [ G upy - viPar + 5127 - Z,|Par

T
+/ Y — Yol f(r, X\ Yo Z) — f(r. X0, Y, Z0)|dr.
S

12



On the other hand, thanks to assumption (A.4)(iv), we obtain
T
/ <Y"-Y. h(r, X, Y)dk' — h(r, X,,Y;)dk, >
S
- / <Y Yy h(r, X", Y") — h(r, X, Y,) > dk"
S
SN Y b XY < R X, >
o
[ <Y Y X YR — ) >
T T
<6 [ - VPP [ Vil XY — b X ) R
ST S
+/ <Y Y h(r, X, ) > (KD — dRy)
T T
< [ VI XY = B X YolakE [ < Y Yk X, Y,) > () i),
By the foregoing, it holds that, for A = (l? +pp) V l%,

SV Y dKE > < 20— 2P A Y, P
+Y," = Ye||h(r, X1, Y,) — h(r, X, Y2 [dEy!
Y = |y X Y Z0) — F(ry X, Yo, Z,)|dr
+ <Y =Y, h(r, X,,Y,) > (dk — dk;)
= 212~ 2P dr 4 MY~ Y Pdr + Y]~ Y ldL + R,

where L™ and R" are defined by

ALY = |f(r,X",Y,, Z,) — f(r, Xy, Yo, Z)|dr + |h(r, X2, Y,) = h(r, X,., Y,)|dK" (17)
dR" = <Y =Y, h(r,X,,Y;) > (dk — dk,). (18)

Therefore, by Lemma 4, there exist positive constants Cy,Cs and Cs such that

rel0,7]

T
E < sup ey — Y}\2> +E </ ||z — Zr|]2dr> (19)
0
T 2 T
< CLEePM|g(XR) — g(X7)|? + CoE < / e”dw) + C3E sup / N ARD.
0 s€[0,T] /s

We shall give several auxiliary assertions ensuring that the right-hand side term of the

previous inequality converges to zero as n goes to +oc.

13



Lemma 7 Under assumptions (A.1) and (A.4)(vi), the following convergence holds

lim E (¢27]g(X7) - g(X7)|?) = 0.

n—o0
Proof. Taking into account the convergence of X7 to Xr, the continuity of g, assumption
(A.4)(vi) and estimates (8) and (10), the result follows by using the Lebesgue dominated

convergence theorem. m

Lemma 8 Let L™ be the processes given by equation (17). Assume that (A.1) and (A.4)

are satisfied. Then,
T 2
lim E (/ e”dL;L> = 0.
n—o0 0

Proof. Using the triangular inequality, we obtain

T 2
E ( / e’”’de)
0

T 2
< 2E </ em\f(ﬂ XYy, Zy) — f(r, XT’7Y;“7ZT’)‘dT>
0

T 2
+2E (/ e |h(r, X", Y,) — h(r, X,, K)|dk2>
0
= I+ 1.

We shall show that I7* and I3’ tend to zero as n tends to co. Holder’s inequality leads to
T 2
B o= E( [ XYz - S X 2
0

T
< 2TeP TR (/ ]f(r,X[,‘,YT,ZT)—f(r,Xr,Yr,ZT)Ier>. (20)
0

Again by the convergence of X™ to X in each LY with respect to the uniform norm and the
continuity of f we deduce that the sequence |f(r, X*,Y,, Z,) — f(r, X;, Yy, Z,.)|? converges
to zero in probability, a.e. r € [0, T]. Since by assumptions (A.4)(ii) and (A.4)(iii) on f we

have

[ X2 Yo, Zp) = (1, X0, Y )P < CAH VP + 11 Z)°), ace.r € (0,7,
it follows that

E|f(r, X", Y, Z,) — f(r, X, Y5, Z,)]> =0, as n— +oo, a.e. r€|0,T).

Using the Lebesgue dominated convergence theorem, we get lim,, ;o I" = 0. Concerning
I3, Holder’s inequality yields

2

T
I = 2E </ e’\’"]h(r,Xﬁ,Yr)—h(r,XT,K)\dk?>
0

=

1
2

<supE (k:ga)4> . (21)

n>1

IN

22 (E sup |h(r, X', Y;) = h(r, X, Y,)[*
rel0,T]

14



On the other hand, by the linear growth assumption on h, we have for each ¢ > 1

E sup |h(r,XY,) = h(r,X,,Y;)["" <C(1+E sup [Y;|").
rel0,7) r€[0,7)
It follows from estimates (15) that the sequence of random variables
suprepo,r)|h(r, X', Y;) — h(r, X,,Y,)|* is uniformly integrable. Since X™ converges to X
in each L? for the uniform norm, we deduce that the sequence sup,cpq|h(r, X}, Y;) —
h(r, X,,Y;)|* converges to zero in probability as n goes to +o0o. This combined with estimate
(8) ensure that lim,_, 415 = 0. Lemma 8 is proved. m
We will show an estimate for the solution Y that will be used to control the term
E supgeqo,7) fsT e dR". To this end, let N € N, N > T and the partition of [0,T], r; = %
i =0,..,N. We put /N := max{r;; r; < r}. Given a continuous stochastic process

(Hy)rejo,r)> we define

N-1
vav = Z Hril[Ti,Ti+1)(T) + HTl{T} (T) = HT/N‘
=0

Lemma 9 Assume (A.1) and (A.4) hold. Then, for any q €]1, 2[, there exists a positive
constant C' depending on T, q and independent on N, such that:

T =32
C 29 172
: n __ yn,N|q n o —
hiﬂ_}solcl)pE </0 Y," =Y, |1(dk) + dk‘r)> < N3 +C |:Ez:nllaXN (Kp, — kp,_y )20 .
Proof. We write BSDE (12) between s/N and s
Ytsn’N = Y+ f(r, XY Zﬁ)dr
s/N
[ he XYM - / Zraw,.
s/N s/N
Hoélder’s inequality gives
c s q/2
n,N _ yn|q < n n ny|2
eV oY s [/S/Nu(r,xr,yr 27 dr]
a2 [ s a/2 s q
+O (K~ Ky ) [ [ ynpae | vel [ zraw,
s/N s/N

It follows that

T
E (/ [y — vy N9 (din + dkr)> < JPN 4 N g
0

15



where

T s q/2
E/ l/ |f(r X7 Y, Z?)Izdr] (k2 + dks),
0 s

T s q/2
BN = CE /0 (K — k7)) ( //thw,Xf,dek?) (dk? + dk),

q

T
Jy N = CE/ (dE™ + dks).
0

/ Zraw,
s/N

We shall estimate J{" ’N, Jy N and Jy N We use Hélder’s inequality to obtain

q/2

T s
N L n n |2 n
h= Nq/zE/O [/S/N |, XY Z0)Pdr | (dky + dks)

C T ) q/2
B2+ U F(r, XY™ 20 dr}
w72 <<T 0| i )

IN

¢ 2\ T , a/2
S Nq/2 (E(kT + kT) 2*61) <E/O ]f(r, XT’ 7YT’ 7Z7" )’ dr> .

By the linear growth of f in its third variable and Lipschitz continuity with respect to the

fourth argument, we get

. q/2
n,N C n 2N\ n|2 ! n|2
g < W(E(kTJrkT)Zﬂ 1+ET§%13T]I1§| +E | 12\ 7dr

- C

- Na/2

where in the last line we have used inequalities (8), (10) and (14).

Concerning J3 ’N, we use Holder’s inequality, the monotony of £™ and the linear growth

16



condition on A, to obtain

T s a/2
JyN = CE/ (ks — kgn )a/? (/ |h(r, X1, Y, dk”) (dkg + dks)
0 /N

T q/2 N
< CE </ \h(r, X2, Y7 dk") / (K — Kn) 2 (dRT + dks)
0
— 2 2-4
T /2 N = | ?
< c (E /0 Ihr, Xﬁ%“)ﬁdkf) E (Z / (k2 = k)" (R +dks>>
i=1 Y Ti—-1
: 2
T q/2 N g ?
< C <E/ |h(r, X?,Yr")\2dk?> E ( (k= k)2 (Rt + by, — e — ’fn-l)>
0 i=1
,  2=9
T q/2 N 2| °
< c (E |1 m"rzdk?) (Z B 2R + e, — R 1—%1)) ]
0 i=1
, 24
T q/2 N ﬂ ’
< C <Ek€% +E / !Yr"\zdk?> <Z N e e k))
0 -1

Hence, by inequalities (8) and (14), we see that

2—q
2

N 2—q

JpN < C|E (Z(k:; — kP )RR Ak — kD — k:))
i=1

Taking into account the convergence of k™ to k (Remark 3 (i)), estimates (8) and (10), we

pass to the limit as n goes 400 then we use the Lebesgue dominated convergence theorem

to get
. 2 o 54
N 2—q
lim sup J;L’N <C |E <Z(krz — km,l)qﬂ(k’ri - knw))
n—00 i—1
r 2 22
<C|E <'_r£1ax (kr, — kr, ) /2k‘T> q]
L -
o | 2
<C El_r{lax (kry = kpyy )7k
2—q 2-gq
29 4 _4 4
<C |E _qlaXN(k‘r K, 1)2Q] [Ek‘;ﬂq}

17



N
For J;"", we have

T s q
JiN = CE / / ZdW,| (dk™ + dks)
0 s/N
N o | s q
~ R} / / ZrdW,| (dk? + d,)
i—1 JTi-1 |/ s/N
N s q
= ¢ ZE sup / Z;LdWT (k’{}z o k;r}i—l + kTi - kTi—l)
i—1  S€[ri—1,mi] |[/s/N
N i 2\ 2 e
< ¢y [E sw / Zraw,| | (B, — ke, + ek )77) 7
i—1 sE€[ri—1,ri] |Jrica

Using the Burkholder-Davis-Gundy inequality, we obtain

N T % 2—¢q

1 2 =31

N < oy (E/ Hzmﬁm») (E(k:; — K Ak —krz.fl)ﬂ) >
Ti—1

i=1

Again by Holder’s inequality, we find

<ZE/_ 1Z™))? dr)
T i /N )
C <E/ Hzmy?dr) SR =KL A Fy — k)P
0 i=1

Keeping in mind inequality (14) and the convergence of k™ to k, we pass to the limit as

N

n,N
J3

IN

(ZE K=Kk, —kril)ﬂ)

2—¢q
2

IN

n — 400, to obtain

lim J3 < C

[

2—q

N N

< OB mux(h, ke )70 S (e, — Ky, 1))
i:lQ;q

< C Eizla:ﬁ(kn kma)ﬁkT 2

2 g 2 \ i
< C(Ek%) ‘ (Eililﬁﬁ(kﬁ_ka“)
< C<Ellilﬁ)]§(kn_kml)2q> :

This completes the proof of Lemma 9. m
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Lemma 10 Let R™ be the process defined by (18). Under assumptions (A.1) and (A.4),
the following inequality holds

T
limsupE sup / e2>‘Tde <0.

n—00 s€[0,T] /s

Proof. Set h, = h(r,X;,Y;) and |h|e = sup,¢(o 1] ||, we have

<YYo h.> = <YV YN b bV >4 <YV -V, h >
+ < VN YN Y >+ <Y =YY Ry >

s€[0,7] /s s€[0,17

T
E ( sup / e”"dR:}) = E ( sup N <Y — Yy, h(r, X, Yo ) (dED — dk,) >>

< E [( Yoo + [Yoo)|h = BN |oo + YN = Y]oo|h|so) 2*T(1<:51+kT)]

N Ti
+E sup Z < Y;“r: 1 YT’FU hrifl > / 62)\Td(k77} - kT’)
s€(0,T] 5= SAT;—1

T
+E <e2’\T]h\oo / YNy (a4 dkr)> .
0

Let 1 < g < 2. Using Hoélder’s inequality repeatedly to obtain

T 1
E ( sup / e%‘dR:L) < [E [em(n/ﬂoo + |Y|oo)ﬂ "R+ k)Y [EIR - AV

s€[0,T] /s
1
1
sup |k — k,|*
s€[0,7T
1

20 1% S [ T ‘
LT [E|h|§ol] [E (kf + k)] ™ [E/ IW’N—WI"(dk?erkr)} : (22)
0

1
I [E [62AT(]<;§E + kT)]h\oo]z} ’ [E]YN _ ngo]%

+2NeP (1 +AT) [E [em(\ynyo@ - \Yyoo)ﬂ : [E|n[% ]i (

The linear growth hypothesis on h combined with estimate (15) show that for every p > 1,

EhE, = E sup |h(r, X, ;)" < C(1+E sup [Y;]?) < +oc.

rel0,T] re[0,T]
On the other hand, we use inequalities (8), (10), (14) and (15) along with Lemma 9 then
we pass to the limit as n goes to 400 in inequality (22) to get, for all N € N*,

T N4 \1/4 N 2 \1/2
limsupE [ sup / edRy | < C(Eh—hV]3) " +CEYY -Y[Z)
n—+00 s€[0,T] /s

C 2 % Ya
29
Nz +C [E ma (ke = k) } ] |
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Since the integrands are uniformly integrable, then passing to the limit as N — —+o0, we
get the result. Lemma 10 is proved. m
Now, combining inequality (19) with Lemmas 7, 8 and 10, we complete the proof of

Theorem 6. m

3.2 Convergence of the penalized PDE

This subsection is devoted to an application of our convergence of the BSDE. Namely, we

will establish the convergence of a viscosity solution of the following systems

8;5 (t,z) + Lui(t,z) + fi(t,z,u"(t,z),(Vu"0o)(t, x))

—n < 0(z), Vui'(t,z) + Vi(z) > hi(t,z,u"(t,z)) =0, (23)

u(T,x) = g(x),1 <i<m0<t<T,zeR*neN

to a viscosity solution of a system of the form

%?;z (t,x) + Lui(t,x) + fi(t,z,u(t,z), (Vuo)(t,z)) =0, 1 <i<m, (t,z) €[0,T) x D,
u(Tv$) :g($)a reD,
g—Z(t,IE) +h(t,z,u(t,z)) =0, V(t,z) € [0,T) x dD.

(24)

Since, we consider viscosity solutions, we introduce the following condition
(A.5) f;, the i-th coordinate of f, depends only on the i-th row of the matrix z.

For the self-contained, we recall the definition of the viscosity solution of system (24).

Definition 11 (i) u € C([0,T] x D,R™) is called a viscosity sub solution of system (24)
if wi(T, ) < gi(x), x € D, 1 <i <m and, for any 1 <i<m, p € C*([0,T] x RY),

and (t,x) € (0,T] x D at which u; — ¢ has a local maximum, one has

_g—f(t,zv) — Lo(t,x) — fi(t,x,u(t,z), (Vo) (t,z)) <0, if = € D,

min <—%—f(t,x) — Lop(t,x) — fi(t,z,u(t,x),(Veo)(t,x)),

%

2 (t.a) = i(tauta))) <0, i € 0D,

(ii) u € C([0,T] x D,R%) is called a viscosity super-solution of (24) if u;(T,z) > g;(x),
r€D,1<i<mand, foranyl <i<m, pecCY%([0,T|xR%), and (t,z) € (0,T)x D
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at which u; — ¢ has a local minimum, one has

—a(t,a;) — Lop(t,z) — fi(t,z,u(t,x),(Veo)(t,x)) >0, if x € D,

max <—8a—f(t,x) — Lo(t,x) — fi(t,x,ut,z), (Veo)(t,z)),

_g—z(t,x) — hi(t,x,u(t,x))> >0, ifxedD.
(iii) u € C([0,T]x D, R™) is called a viscosity solution of system (24) if it is both a viscosity

sub and super-solution.

We recall a continuity of the map (¢, ) — Y;"" where Y7 is the solution of BSDE (13).
This continuity has been proved in [15].

Proposition 12 ([15]) Under assumptions (A.1) and (A.4), the mapping (t,z) — Y, is

continuous.

Our second main result is

Theorem 13 Assume (A.1), (A.4) and (A.5). There exist a sequence of continuous func-
tions u™ : [0,7] x R? — R™ and a function u : [0,7] x D — R™ such that: u" is a
viscosity solution to system (23), u is a viscosity solution to system (24) and the following

convergence holds for every (¢,z) € [0,7] x D

: n B
nggrlmu (t,x) = u(t,x).

Proof. We set,

u(t,x) =Y, and  w(t,z) = YT (25)
It follows from Theorem 3.2 of [12] that u™ is a viscosity solution of PDEs (23). Thanks to
[15, 13], u is a viscosity solution of PDEs (24). Further, we have for each (t,z) € [0,T] x D

u(t,2) —ult,z)]* = [V"" =Y <E sup [YIO" - VAR
s€[0,T

Thanks to Theorem 6, we have lim,—,oE supep 7 VI — yh¥12 = 0. Tt follows that,

. n B
nll}l_ll_loou (t,x) = u(t,x).

The theorem is proved. m

Remark 14 When u is the unique viscosity solution of system (24), then it is constructible
by penalization. This is the case when d = d', since by [14, Theorem 5.43, p 423] or [15,

Theorem 5.1] the viscosity solution of system (24) is unique.
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