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THOMAS-FERMI PROFILE OF A FAST ROTATING
BOSE-EINSTEIN CONDENSATE

DINH-THI NGUYEN AND NICOLAS ROUGERIE

ABSTRACT. We study the minimizers of a magnetic 2D non-linear Schrédinger energy functional in a
quadratic trapping potential, describing a rotating Bose—Einstein condensate. We derive an effective
Thomas—Fermi-like model in the rapidly rotating limit where the centrifugal force compensates the
confinement, and available states are restricted to the lowest Landau level. The coupling constant of
the effective Thomas—Fermi functional is to linked the emergence of vortex lattices (the Abrikosov
problem). We define it via a low density expansion of the energy of the corresponding homogeneous
gas in the thermodynamic limit.
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1. INTRODUCTION AND MAIN RESULTS

The remarkably versatile experimental conditions of cold atoms physics allow to emulate several
condensed matter phenomena in a well-controlled fashion. A very interesting direction is to simulate
the effect of an external magnetic field on a coherent matter wave, in analogy with the rich physics
of superconductors, in particular of type II. Several experiments have observed quantized vortices
in rotating Bose-Einstein condensates [I], 46, 15 56l [18]. In such systems, all the atoms of a Bose
gas occupy the same quantum state, whence the phase coherence. The particles under consideration
are neutral. Making them rotate allows to imitate the effect of a magnetic field by relying on the
well-known analogy “Coriolis force < Lorentz force”.

For a Bose—Einstein condensate in fast rotation, the centrifugal force spreads the gas in the plane
perpendicular to the rotation axis. A 2D model is then appropriate [0, 19, B2] and the relevant
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energy is [3] 22]
G571l = 5 [ (V= @il + Glul*+ (1 - )Pl (1.1)

where x = (71, 12) € R?, xt = (—x9,21), G > 0 measures repulsive interactions between the gas’
atoms and 2 > 0 is the rotational velocity. Note that we need {2 < 1 in order for the energy to be
bounded below. The rapidly rotating regime corresponds to the limit 2 7 1.

The model based on the Gross—Pitaevskii (GP) energy (1) is an approximation of the quantum
mechanical many-body problem for N bosons [41] 50, 3T, 12 55]. The rigorous derivation was
first performed by Lieb and Seiringer [40] in the case of fixed rotation and by Lieb, Seiringer, and
Yngvason [42] in the case of no rotation. Concerning the rapidly rotating regime, see [43], [38], [16].
The above 2D-GP model was rigorously derived from 3D-GP by Aftalion and Blanc [4] in the limit
Q1.

In order to study the asymptotics of the problem when 7 1, it is more convenient to make the
change of variables

oo ()

The Gross—Pitaevskii energy functional gets rescaled as G§¥[¢)] = QEGT [u] where

GP 1 ; 15,12 4, 1= 25 21,12
&g ul == [(=iV = xP)u|” + Glul* + —— [x[*|ul (1.2)
2 Jgr2 Q
The corresponding minimization problem is
ESY = inf {&C;’P[u] Tu € Hl(Rz),/ lul? = 1} . (1.3)
R2

The first term of the energy functional in (2] is reminiscent of type II superconductors near the

second critical field H,,. It is well-known (see [36} [45], [52]) that the eigenvalues of the operator
1
§(—iV—xl)2 (1.4)

are 2k + 1 (k € N). The first eigenspace is called the lowest Landau level (LLL) as used in [30] §].
It is of infinite dimension and is given by

LLL := {u(x) = f(z)e“”’w2 : f analytic (holomorphic)} N L*(R?). (1.5)

Here we used complex coordinates R? 3 x = (r1,22) > z =1 +1ix9 € C. For such a u € LLL, we
find that £SF[u] is equal to

1-0?
02
In the fast rotating limit 2 * 1, it is easy to see that the minimization of the last two terms yields

a small quantity. Since the gap of the Landau operator (L) is fixed, it makes sense to simplify
the problem by projecting it in the ground eigenspace (LHl). This approximation has motivated

numerous studies, e.g., [30, 17 B2 [6], [4, 8, [7, 14, [49], and has been mathematically justified in [5].
The corresponding evolution equation [47] also attracted attention recently [28] [29] [60].

In [4], it was proved that, as Q tends to 1,

Est =140 (G% (1- 92)%> : (1.7)

1
€5LL[U] =14+ 3 /R2 G|u|4 + |x|2|u|2. (1.6)

for any G > 0. Here E};LL is the minimization of &(;’P, restricted to LLL, i.e.,

ER = inf{sgp[u] fu € £££,/ juf® = 1} = inf{&%LL[u] Tu € ﬁﬁﬁ,/ Jul? = 1} - (18)
R2 R?
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Clearly, EéLL gives an upper bound to ESP. For the energy lower bound, Aftalion and Blanc [5]
proved that ([L3]) is well approximated by (L.8]) in the sense that, as Q tends to 1,

EST - EgH =0 (G% (1- 92)%> : (1.9)

for a fixed G > 0.

The aim of this paper is to better characterize ESP as well as EéLL in the limit Q 7 1. Without
the constraint u € LLL, the minimization problem (L8] is exactly soluble and gives a density profile
of the Thomas—Fermi (TF) type. A conjecture made for example in [7] is as follows: in the limit
Q 1 the leading order effect of the constraint u € LLL is to renormalize the interaction coefficient
G. To calculate an approximation to the energy and matter density, one may thus solve a problem
of Thomas—Fermi type. Mathematically, it is expected that the problem (L8] simplifies to

E§ —1 ~ EEF :=inf {55%] cpeL'n L2(R2;R+),/ p= 1} : (1.10)
Q1 R2
where
1 1-02
E¥lpl =5 [ MG + i, (1.11)
2 Jpe Q

The parameter e*P(1) in (LII) describes the contribution of a lattice of quantized vortices, which
is related to the Abrikosov problem [I1], 27, [l 2] [35] [59] 54] for a type II superconductor. In Section
2 we will define ¢AP(1) using the thermodynamic energy per unit area at low density, i.e.,

2 ECY (Kp,oL?) /L? —
AP(1) = 2 lim lim (K - )/ e, (1.12)
0—0 L—o0 Yy
Here K7, is the square
L L)?
K, =|-2,2
L |: 97 2:|
and EGP(D, M) is the Neumann energy in the domain D C R? with mass M > 0,
ESY(D, M) = inf {5%P[u] ue Hl(D),/ lu? = M} , (1.13)
D
where
1
ESP ) = 5/ |(—iV = xH)ul” + Glul". (1.14)
D

A major open conjecture is that eAP(1) coincides with the Abrikosov value ~ 1.1596 obtained [4, [7]
by using a LLL trial state with a hexagonal lattice of singly-quantized vortices. This remains an
problem [I3], linked to cristallization questions (Abrikosov lattices). Our (more modest) goal will be
to prove that (ILI0) is true for the value of ¢AP(1) implicitly defined as in (I.12)) (see Theorem
below for more details on the definition). Our point is thus to justify rigorously a certain local
density approximation (LDA). We are particularly interested in proving that the density profile of
the full GP/LLL model is of Thomas—Fermi type when Q * 1, for this can be interpreted as a
signature of vortex lattice inhomogeneities [6].
Let pb¥ be the (unique) minimizer for EZY in (LI0). By scaling

pEF(x) = G735 (1 - 0?) Q1,07 (¢t~ 02)1 0 ix) (1.15)
we obtain that

1 1
EYF =Gz (1-0%)2Q Vinf {5/ AP(1)p? + [x’p:pe Ltn L2(R2;R+),/ p= 1} ., (1.16)
R2 R2
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where the minimization problem in (LI6]) is attained at the (unique) minimizer pT¥. Clearly, the
above considerations imply

1
supp (p&7) C Bepre(0) with L™ ~ G (1 — Q%) 77 (1.17)

for some fixed constant C' > 0. Furthermore, (L7) and (LI6) suggest that, as 2 tends to 1, the
behavior of the LLL energy (L.8]) is captured correctly at leading order by the Thomas—Fermi type
theory. This was conjectured in [0 [4], [7].

The limit Q " 1 has mostly been considered at fixed G in the literature. However, the conclusions
we aim at must (in view of ([9)) stay valid and physically relevant for G > 1 as long as 0 <
G(1 — Q) < 1. We will choose accordingly an interaction strength G = Gq depending on 2. For
technical reasons (see below) we must impose that G — oo fast enough. Our main result is the
following:

Theorem 1.1 (Local density approximation for the rotating gas).
Let # denote either GP or LLL. Assume G = Gq = (1 —Q%)7° with 2 < § < 1. In the limit Q /1
we have the energy convergence

Ef -1
lim —L—— = 1. 1.1
Ql}l‘ll ELF (1.18)
Moreover, for any L?-normalized function u# being such that Egﬁ [u] = E?;, with p* = |u#‘2, we

have for any R > 0,

lim

= 1.1
Jim 0 (1.19)

1—02\72 (/1027 -
a P G ] =P
” ¢ W=11(B5(0))

where W11 (Bg(0)) is the dual space of Lipschitz functions on the ball Bg(0).

A few comments:
1. We conjecture the above conclusions to stay true under the optimal conditions that
1-)<G<(1-9)7"

The upper bound is needed in order that EgTzF < 1, the gap of the Landau operator, for the LLL
projection to make sense energetically. The lower bound ensures that the Thomas—Fermi length scale
LgF > 1, the magnetic length associated to (I4)), for a local density approximation to be valid.

The more stringent condition G > (1 — Q)_% we impose is dictated by our method of proof, and
cannot be relaxed within it. Indeed, it is necessary to be able to justify the LDA via Dirichlet—
Neumann bracketing, as we discuss in more details in Remarks and below.

2. Results related to the above have been obtained in the context of Ginzburg-Landau theory
11l @, 27, B4, 53]. The main differences are that we have to consider problems with fixed total
density, and deal with inhomogeneous systems. Our proof is inspired by the recent study of the
local density approximation for the almost-bosonic anyon gas [20] 21]. The thermodynamic energy
considered therein however has an exact scaling property, responsible for the occurence of a TF
profile in the inhomogeneous problem. We recover the analogue of this scaling law (namely, the fact
that the limit o — 0 in ([LI2]) exists and is non-zero) only in the low density limit, using elliptic
estimates.

3. Energy minimizers for the LLL problem we study provide stationary solutions for the LLL
evolution equation

i0iu = Ty (|u|2u) ,ue LLL
studied in [28] 29 [47], where II; is the orthogonal projector on £LLL. This is because the latter
equation conserves interaction energy and angular momentum, and the action of the latter on the
lowest Landau level is equivalent to multiplication by |x|? (see [51, Lemma 2.1] or [5, Lemma 3.1]).



TF PROFILE OF A FAST ROTATING BEC 5

Our theorem thus provides detailed asymptotic information on some stationary solutions with large
angular momentum. Other stationary solutions are investigated and classified in [28].

The above result can be interpreted as a signature of vortex lattice inhomogeneities as follows.
An ansatz for a LLL wave-function can be written in the form

! |2
u(x) = cH(z —ajle” 2
j=1

by identifying R? 3 x <+ z € C. Here c is a L? normalization constant and aq,...,a; € C are the
locations of the zeros of the analytic function associated to w, c¢f ([LH]). It is proved in [7, 28] that,
for Q sufficiently close to 1, minimizers are indeed of this form, with J = co.

Physically, the points ay,...,a; € C correspond to quantized vortices: zeros in the density ac-
companied by a phase circulation. A remarkable feature of lowest Landau level wave-functions is a
one-to-one (somewhat formal) correspondance [32], [6] between the matter density |u|? and the vortex
empirical density

pi=> 0, (1.20)

J=1

Namely, using that (x,y) + —(27)!log|x — y| is the Green function of the Laplace operator, we
obtail‘ﬁ

1
47
Inserting the TF approximation for the density of the £LL£L minimizer derived above leads to conjec-
tural expressions for the latter’s vortex density, see the aforementioned references for details. Putting
this heuristic on rigorous grounds, even in a weak sense, seems a hard problem, in that asymptotics
for the log of the density should be derived. In any event, the precision of these density asymptotics
would probably be sufficient to derive only the leading, constant, bulk contribution to the vortex
density, not the edge inhomogeneities numerically observed [6l, [I4] and used in [4} [7] to construct
trial states with the correct energy.

p=-—(4+ A(log [u?)). (1.21)

Organization of the paper. In Section Bl we prove the existence of the thermodynamic limit
of the homogeneous energy at fixed density. We will show the independence of such a limit from the
shape of the domain although we do not need it. The proof of Theorem [L.1]is concluded in Section Bl
In Appendix[A] we prove the boundedness of the projector onto the finite-dimensional lowest Landau
level. This will be used together with elliptic estimates to compute the thermodynamic energy in
the low density regime. Appendix [B] contains the estimates between the GP and LLL energies.

Acknowledgments: We thank Denis Périce for useful discussions and his help with the material of
Appendix [Al Work funded by the European Research Council (ERC) under the European Union’s
Horizon 2020 Research and Innovation Programme (Grant agreement CORFRONMAT No 758620).

2. THE HOMOGENEOUS GAS IN THE THERMODYNAMIC LIMIT

We start by putting the definition (LIZ)) on rigorous ground. The existence of the thermody-
namic limit L — oo is proved in Subsection 2] and the low density regime o — 0 is considered in
Subsection In both cases we need precise quantitative estimates as input in our analysis of the
inhomogeneous problem.

IThe expression is reminiscent of some found in quite different regimes [23], 57, [58].
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2.1. Existence of the thermodynamic limit. We first discuss the large-volume limit for the
homogeneous gas. Let D be a fixed bounded domain in R?, with the associated Neumann en-
ergy EGY(D, M) given by (LI3). We also define the following energy with homogeneous Dirichlet
boundary condition

ESP(D, M) = inf {5gp[u] cue H&(D),/D fuf2 = M} , (2.1)

where ESV[u] is defined by (I4).
In this subsection, we show that the thermodynamic limit exists and does not depend on boundary
conditions. This is a crucial ingredient in our study of the trapped case.

Theorem 2.1 (Thermodynamic limit for the homogeneous gas).
Let D C R? be a bounded simply connected domain with Lipschitz boundary, G > 0 and o > 0 be
fixed parameters. Then, the limits

ECP(LD, o| LD ESY (LD, o| LD

2.2
L—o0 |LD| L—00 |LD| (22)

exist and coincide.

We prove the existence of the thermodynamic limit for the case of squares. Although this is
enough for the proof of our main results, it is of interest to extend the result to general domains.
We need the following lemmas.

Lemma 2.2 (Uniform bounds on the GP energy per area).
For any fized bounded domain D and G, > 0, there exists a constant C > 0 such that
GP GP
ESP(LD.gLD) _ E§*(LD.olLD]) _ .
|LD| |LD|

forall L >1.

Proof. Since Hol C H', we obviously have the first inequality. Let us prove the second one. We
fill the domain LD with N ~ L? disks on which we use fixed trial states with Dirichlet boundary
conditions. Let f € C2°(B1(0); R") be a radial function with fBl(o) |f|? =1, and let
._ o0 : _ o|lLD|
uj(x) = VJwnf(x —x;) € CF(Bi(x;)) with wy = N
Here the points x;, j = 1,..., N, are distributed in LD in such a way that the disks B;(x;) are
contained in LD and disjoint, with N ~ ¢|LD| as L — oo for some ¢ > 0. Hence
i 0
im wy = =.
N—o0 C
We note that
curl(xt — (x — x;)7) = 0.
i

Thus there exists a gauge phase ¢; = xj - x on By (x;) such that

xT — (x—x;)t =V¢; in Bi(x;).

Take then the trial state

N
U= Zei¢juj € CX(LD).
j=1

N
/ W =3 / 2 = Ny / P = olLD).
R2 j=1 Bl(xj) Bl(o)

Note that
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Then
AN
ESP(LD, o|LD|) < £55[u] = 25/ iV — x| + Glei®u b
j=1 Bl(x]
A
:Z_/ iV —xt + Vo, u]‘ + Gluy)*
j=1 2 1(x3
N ,
225/ = (x = x;) ") |” + Gluy[*
j= Bl(xa
N
=S i -+ G
B1(0)
< c@<1 +Go)|LD|. (2.3)
for some large enough constant C' > 0 independent of L. g

Remark 2.3 (Bounds on GP energy).

Although the bound in Lemma [2.2]is enough for our proof of Theorem [2.I], we need to better bound
the GP energy in order to perform the LDA in Section Bl In Theorem below, by estimating
ESP(LD, o|LD|) via the GP energy with “periodic” boundary condition, we obtain

ESP(LD, o|LD) < o(1 + CGo)|LD), (2.4)
for some constant C' > 0 independent of L. o

In order to show that the thermodynamic limit does not depend on boundary conditions, we need
to perform energy localizations using an IMS type inequality.

Lemma 2.4 (IMS formula).

Let D C R? be a domain with Lipschitz boundary and x> + n?> = 1 be a partition of unity such that
x and 1 are real valued, x € C°(D) and suppx is simply connected. Then, for any u € H' (D), we
have

5" [u] > Ep" [xu] + Ep" ] —/ (VX1 + V) ful?. (2.5)
D
Proof. We expand
1
Ply] = 5/ Vul? + x- - J[u] + [x[2ul® + Gluf?
D

where
Ju] = i(uVu — uVu).

For the first term we use the standard IMS formula [24, Theorem 3.2], while for the term involving
J we have, using that x and n are real valued,

ST D] + Tle]) = wxV () + wn¥ () — 0V (xae) — w9 ()
=u(x*+n*) Va—a(x*+n°) Vu= %J[u].
Finally, for the last term we use the trivial inequality
L=+ 2 X"+
We can then recollect the terms to obtain (2.5]). O
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Lemma 2.5 (Dirichlet—Neumann comparison).
Let D be a bounded simply connected domain with Lipschitz boundary. Then, for any fixed positive
parameters G and o, there exists a constant C > 0 such that

E§"(LD, o|LD|) > ES (LD, o|LD|) > Eg¥ (LD, o|LD|) - C(1 + Go) (LG—1 + gL%) . (26)

Proof. The first inequality is trivial. It remains to prove the second inequality in the statement. We
need to make an IMS localization on a small enough region, and therefore consider a division of LD
into a bulk region surrounded by a thin shell close to the boundary. For this purpose, we will use
the length scale

¢ < L.

Let Q¢ be a shell of width £ > 0 closest to the boundary of LD, i.e.,
Q¢ :={z € LD : dist(z,0(LD)) < {}.

Let u € H'(LD) be a minimizer for ESY (LD, o|LD|). We now perform an IMS localization on Q.
We pick a partition x? + 7% = 1, such that y varies smoothly from 1 to 0 outwards on @y, so that
x =1 (resp. 7 = 1) on the inner (resp. outer) component of Qf. By Lemma 2.4], we have

ESY(LD, o|LD|) = Efplul = €L [vu] + ELplnul +G/ X2772|U|4—/ IV + V) uf* (2.7)
LD Qe

> [ ol [ oo [
LD 2 Jip Qe

Choosing ¢ ~ 1 and using (24]), we obtain

2
CG92L2+C/ fuf?2 > g/ uf* > car! (/ \uy2> .
Qe 2 Qe Qe

This implies that we must have
/Q 2 < C (LG_l + ng) . (2.8)
14

The above implies that the mass of x?[u[? is very close to o|LD| = [, |ul*.
On the other hand, we denote
1
< o|LD| >§
v=|-+——5—5] xu
Jrp X2 [ul?

Then v € Hj(LD) with [, |v|* = o|LD| and we have

1 Y2 |ul? . 9 v2|ul? 2
Epxu] = = Jip Xl ‘(_lv—xL)v( +<7f“’ ki ) Glo[*

2 Jip o|LD| o|LD|
2
. fLDX2’“‘2 fosz‘uyz P
>
S X u?\?
> (Yot ) BT . olLD) (29)

Now we use (23), 1), (28) and ([Z39) to obtain that
) E67 D01~ C [ Juf
Qe

> E¢ (LD, o|LD]) — C(1+ Go) (LG—1 + QL%) .

2
ESP(LD, o|LD|) > <1 _pJeom Ul

This completes the proof. O
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Remark 2.6 (Dirichlet-Neumann comparison).
There is probably room for improvement in our bounds, but we certainly expect that the Dirichlet
and Neumann energy must differ by at least a O(LG~!) for low densities (a regime we will focus on
in the next subsection). Here is why.

Consider the magnetic Laplacian

(=iV + A)?

for constant magnetic field B = —curl A = 2. Low kinetic energies are obtained by localizing
trial states on the order of the magnetic length, fixed in these units. Localization away from the
boundary leads to an energy ~ M at mass M, as one would obtain from the full space Landau
Hamiltonian ([4]). Localization close to the boundary however leads to an energy ~ OgM < M
with ©g being the de Gennes constant, connected to the realization of (L4]) on a half-plane with
Neumann conditions on the boundary. We refer to [26] for background and theorems on these
well-known facts. Note that they immediately impose conditions on G for Dirichlet and Neumann
energies to coincide: the theorem is certainly wrong for G = 0.

To get a heuristic estimate on the difference between Dirichlet and Neumann energies, start from
a fully homogeneous system with density ¢ and consider increasing the density in a shell of thickness
~ 1 close to the boundary by moving some mass M from the bulk. If

N —

oL < M < oL?
we barely change the bulk density, but increase a lot the boundary density, at a cost of roughly
GM?L™*

in interaction energy. If we use Dirichlet conditions such a move is forbidden. But if we use Neumann
boundary conditions, it is not only authorized but it can bring a gain of

M(l—@Q)OCM

in magnetic kinetic energy, as per the above discussion. Choosing M ~ LG~! to balance gain and
loss we expect that the Neumann energy must include a negative term of order ~ LG~!, absent
from the Dirichlet energy. This is due to a larger boundary density in the Neumann case, favored
by the spectral properties of the Landau Hamiltonian recalled above.

The error O(LG™1) is the most severe obstacle to improve our main result Theorem [Tl Tt leads

to the constraint G > (1 — Q)_g when performing the LDA, as further discussed in Remark
below. o

Lemma 2.7 (Thermodynamic limit for the Dirichlet energy in a square).
Let K7, be a square of side length L > 0, centered at the origin, G > 0 and o > 0 be fixed parameters.
The limit ap ,
. Byt (Kp,oL?)
GP 0 5
— lim =0 L&)
o=l T

exists and is finite.
Proof. Let (Ly),cN and (Lp),,eN be two increasing sequences of positive real numbers such that
L, — oo, L,;, — oo and

ESP(Kp,, 0L?) E§P (K, 0L?)

7 ik I
lim EgP(KLm,ng) — Jimsup EOGP(KL,QLQ)
m— oo L?n L—00 L2 '

For each n, there must exist a sequence of integers

qnm — +00 as m — o0
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such that, for m large enough, e.g., m > n,
Ly, = Qnan + knmy 0< knm < Ly.

We build a trial state for EGY (K, ,0L2,) as follows. The square K, must contain ¢2,, disjoint
squares of side length L, that we denote by K, ,7 = 1,...,q;,,- On the remaining part of the

domain we can construct, as in the proof of Lemma 2.2} a function g of mass o(L2, — ¢2,,L2) with

compact support in Ky, \ anm satisfying

n]’

Egy [ig) < C (L3,

We define an admissible trial state

L2) < CLpkppm.

—Gnm

Qnm
. 1 . ~
u = E ed’ﬂuj—kuo
Jj=1

where
u;(x) = ug(x — x;)
with ug a minimizer for EST (K7, , 0L2), and x; the center points of Ky, .. The phases ¢; are chosen

in such a way that
xt —(x—x;)t =V¢; in Kp

ng "

Computing the energy, we have

drm G
Z ERY [e9u;) + ELY Tigl =Y ERY uo) + ELL i)
j=1
= QrszES;P(KLny QLZ) +0 (Lmknm) .

Since | K |u|?> = oL?,, it follows from the variational principle that
L2 - L2 L L,

where we have used the fact that
L2 k 2
2 m nm
=—1———] .

Passing to the limit m — oo first and then n — oo yields
. E(?P(KIAQL2) E (KL7QL2)
e
and thus the limit exists. g

Now we are in the position to construct the thermodynamic limit in the general case.

Proof of Theorem [21]. The result is proven as usual by comparing suitable upper and lower bounds
to the energy.

Upper bound. We cover LD with squares K;,j = 1,..., Ny, of side length £ = L",0 < n < 1,
retaining only the squares completely contained in LD. One can estimate the area not covered by
such squares as

LD\ Lj K; || < CUL = o(L?). (2.10)
j=1

Ny
U= E el¢juj
i=1

Then we define the trial state
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where

uj(x) = ug (x — x5) 1g;,
with ug a minimizer for the Dirichlet problem with mass o|LD|N, Lin a square Ky of side length ¢,
centered at the origin, and x; the center point of K;. The phases ¢; are chosen in such a way that

xt — (x—x;)t =Ve¢; in K;.

Ny
/ W =3 / i 2 = Ny / |2 = olZD).
LD oK K,

Hence, it follows from the variational principle that
Ny
E§T (LD, o|LD|) < EFpu] = Y ERT[€u,] = Z% [uo] = NyEST (Ky, 0| LD|N; Y).

j=1
. 2Ny 2
|LD]

Note that

By changing variables

we obtain

E§F (Ko, 0| LD|N; ™)

=inf {1/ [(—iV — xl)u|2 +Glu)t :u e H&(Kg),/
2 Jk,

K,

IR ILD| , g LD\ , 4 . / s
_mf{2/m o, [V =x el + (G ) Glelt v e Hy(Ko), . lv|? = of

ILD| (|LD|\?*] . 1/ - L A . / ) )
< _— _— — — — . =
_max{ﬁNz, 2N, inf 5 Ke\( iV —x7)v| + Gv|* : v € Hy(Ky), B [v|* = ol

A
LD| [|LD|\?
:max{%, <’€2—Nl> }E?P(Kg,gﬁ).

Thus, we conclude that

E§" (LD, o|LD|) _ Ny [ILD| (|LD[\*| E§* (K of?)
|LD] = |LD] (2N, \ 2N, ez

2 —1
= ol2IN;

(2.11)

Notice that

PNy = UK (14 0(1)1500)| LD,

by 2I0), and ¢ = L" — oo. Thus, taklng the limit L — oo in ([ZII) and using Lemma 27 we
obtain the desired upper bound in (2.2)).
Lower bound. We cover LD with squares K;, j = 1,..., N, again, this time keeping the full

1
covering but still having ¢?Ny;|LD|~! — 1 as L — co. Denote by M, the integer part of N7, i.e.,
1
Mf = \‘N;J )
where we used the notation || = max{m € Z : m < z}. By definition, we have

1 1
NZ —1<M;<Np.
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We pick any Mé2 squares K, j = 1,... ,ME, among the N, squares. The area not covered said
squares can be estimated as

Ne 1 1
U &i||=We— M) < (N; + Mg> 0* <2NZ P = o(L?). (2.12)
J=MZ+1

Next, we pick a minimizer u“Y = u$* € H}(LD) for E§T (LD, o|LD|), and set

1
% =9 /K [uSF .
J

Ny
> ott= / uCP|* = o|LD| (2.13)
= LD

and the mass concentrated outside M 52 squares is relatively small. Indeed, by Lemma 2.2l and (2.12]),
we have

Note that

Ny Ne 4 % 1
> gt < U & < / [uSP| ) < CNML = o(L?). (2.14)
j=MZ2+1 j=MZ2+1 LD

Now we can estimate the energy. The idea of the proof is reminiscent of that in the upper bound
part. We gauge away the rotation interaction between the M£2 squares, and this leads to a lower
bound in terms of the Neumann energy in the square Ky, of side length £M,, centered at the origin.
To bound the latter from below, we cover the square Ky, with squares K i =1... ,MZQ, of side
length ¢, centered at ;. We now estimate, using the gauge covariance of the functional on each Kj
and Kj,

M2 M2 i M
ESEP) > 3 EFPuOP) = 3 £87 BRI FEP (s 3)) > 3 BOP(R, 0362),
j=1 j=1 j=1
) (2.15)
where ¢; and ¢; satisfy
xt - (x—x;)t =V¢; in Kj,
(X—l-}N(j)J‘—XJ‘ :Vggj in Kj.
By (2.6]), we have
ESP (K, 0,%) > EGP(K;, 056%) — C(1+ Goy) (G4 + 0563) (2.16)
~ 2
Now we consider u;, j =1,... ,ME, a minimizer for ES;P(KJ-, gj€2). We use Z;‘i‘l u; as a trial state

2
for the Dirichlet problem of mass Z;V[:ﬁ gj€2 in a square Kypy, with side length ¢M, centered at the
origin. We finally obtain from (28] and (2.16]) that

M? M? _ 3
EGY (LD, o|LD|) _ EGT (KEMZ,ZJ-ZQ @j€2) Cijﬁ(l + Goj) (KG 14+ @j€2>

|LD| - |LD| |LD|

2072 ZMzz g2 ZMzz 72 Y cp 2772
S OMy ) 210 j=19 Eg (Kony, 002 M;)
~ |LD] ol?M2 T\ ol?M? 2M?

M 3 3
G—UMG + 3757 0l + 002 + Go3l>
—C D . (2.17)
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For the main term in (2I7), we have, by (2I12))-(2I14),
PM} = >Ny + o(L?) = |LD| + o(L?)

and
M
Z 0il* = o|LD| + o(L?).
j=1
For the error term in (ZIT), if we assume that £ = L" with n > 2 then
i i Mg\ ”
35 2 _ , 5 5
oo =072 (%) <2 [ > 0| <72 (o|LD))? = o(L?),
j=1 j=1 j=1

Note that ¢M; = L"M; — oo. Thus, taking the limit L — oo in (ZI7) and using Lemma 2.7 we
obtain the desired lower bound in (2.2]). O

2.2. Low density regime. Now that we have proved that the thermodynamic limit of the homo-
geneous energy is the same with Neumann or Dirichlet conditions, it makes sense that the limit with
periodic boundary conditions also coincides. Some care must be taken to define the latter, for the
magnetic Laplacian does not commute with translations. The remedy is well-known (see e.g., [33]
Section 3.13] or the discussion in [48]): we impose so-called magnetic periodic boundary conditions
on squares containing a quantized magnetic flux. The Abrikosov constant (I.I2]) is best defined in
terms of the low-density limit of the so-obtained problem, for there is then a well-defined, explicit,
analogue [9] [11] 27] of the lowest Landau level (LH]).

Let L > 0 and denote by K, the unit square of the lattice L(Z ®iZ). We assume the quantization
condition that (27)~! |K L‘ is an integer, i.e., there exists d € N such that

L* = 27d. (2.18)

Let us introduce the following space

.mwdx
Héor(KL) = {u € Hl(KL) cu(ry + Lyxg) = GZTQ’LL($1,332)
ey (2.19)
u(xy,zo+L)=e "L u(xy,x2) }

The operator (—iV—x1)? in L*(K}) is self-adjoint positive over the subspace H] . (KL). Properties
of this operator were studied by Aftalion and Serfaty [9] (see also Almog [11]). The following
proposition is essentially [9l Proposition 3.1].

Proposition 2.8 (Finite dimensional lowest Landau level).
Assume L is such that |K1| € 2nN. We have the following spectral properties:

(i) The lowest eigenvalue of %(—iv —x1)2 is equal to 1, and the associated eigenspace, called
LLLy, has complex dimension d given by [2I8).
(ii) The second eigenvalue of (—iV — x1)? is greater than 3.

The space LLLy, is the finite-dimensional analogue of the lowest Landau level in (A]). Let us
now define the following energy with magnetic-periodic boundary conditions

Eg (D, M) = inf {5%P[u] Tu€ H;er(p),/p ul? = M}'

Since H}(Kp) can be viewed as a subspace of H!. (Kp) (conditions (ZIJ]) are satisfied), we have

per

ECY(Kp, M) < ESY(Kp, M) < E§Y (K1, M). (2.20)

per
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Then Lemma implies that, for fixed G > 0 and o > 0,
EGY (KL, oL?)

per

GP(Q) = lim

€
L—oo L2

. (2.21)

Using (ZZ1), we derive an asymptotic formula for the thermodynamic limit e“F () as ¢ — 0. This
will be an important ingredient in the proof of our main result.

Theorem 2.9 (Energy in the low density limit).
Let G > 0 be fized and o < 1. We have, as L — oo,

2 (1) - 5s GP 2
oL+ (14+0(1))——=Gp°L* > Eoer (Kr,oL?)
. (2.22)
> o2 + (1 e™"(1) 2 3 5 2 3\ 72
> oL”+ (14 0(1)) 5 Go® — CG2p2 —CG*p° ) L
for a constant C' > 0. Here
1
e*P(p) ;= lim — inf / lul* : u € £££L,/ lul> = oL } .
LS00 L2 Kr Kr
Remark 2.10 (Thermodynamic limit at low density).
As a consequence of (221]) and ([222]), we have
2. e¢Plo)—0

One can see immediately from the definition that eAP(1) > 1. The minimization of fKL lu|* over
u € LLLp, is another formulation of the Abrikosov problem in finite domains [7, [I1]. Part of the
proof of Theorem is similar to that of [5] for the reduction of the Gross—Pitaevskii energy to
the infinite-dimensional lowest Landau level. By using the Euler-Lagrange equation and elliptic
estimates, we check that the periodic Gross—Pitaevskii minimizer and its projection onto the space
LLLy are close. In [9], the projection onto the finite-dimensional lowest Landau level is also used,
but with different elliptic estimates. By arguments similar to those in [5 [9], an analogue of (2.23])
is obtained in the regime

G%Q%L2 — 0 where L — oo. (2.24)

We will not be at liberty to assume (2.24]) when performing the local density approximation in the
proof of our main Theorem. In the following, we use elliptic estimates based on work by Fournais
and Helffer [25] to circumvent the condition (2.24]). o

Proof of Theorem[2.9. Let u be a minimizer for the variational problem

EAM K, oL?) = inf {/ lul* :u € £££L,/ uf? = gL2}.
KL KL

By a simple scaling,
. EAb KL7 QL2
eAb(Q) — Lhm (L2 ) _ eAb(l)Q2.
— 00

By the variational principle, we have
GP 2 GP o, €)ooy
Eoer (Kr,0L") < ER, [u] = oL + TGQ L*(1+ 0o(1) 1 —00)-
This is the desired upper bound in (2.22]).
In order to obtain the lower bound in ([2:22]), we denote by u a minimizer for Egeli(K L,0L?). Such
u solves the Ginzburg-Landau type equation
1

5(—1V —x)?u+GluPu=  in Ky, (2.25)
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where A is the Euler—Lagrange multiplier. It follows from the above equation that
1
)\/ fuf? = _/ (v = xaf e [l (2.26)
KL 2 KL KL
The lowest eigenvalue of %(—iV —x1)2 is equal to 1, by Proposition ZZ8 We then infer from (28]
that A > 1. On the other hand, it follows from (Z:26]) and the upper bound on ESCIE(K L,0L?) in

222) that
O+ 1)l = (A+1) /K ul? < 2687 [u] < 20L% + AP(1)G?LA(1 + 0(1) 1 so0).
This implies that )
A—1<e MGl 4 0(1)100). (2.27)
Next, we define v = (%)% u. Then v solves the equation
1

5(—'V —x)2u=\1-|v)v in Kp. (2.28)
It follows from [25, Theorem 3.1] and (Z27)) that
. 1
Jollze e,y < min {1, Crax (A = 1) | (2.29)

for a universal constant Cyax > 0. We remark that Fournais and Helffer [25] derived a uniform bound
for Ginzburg-Landau type solutions on the whole space R?. This result is also true for “periodic”
solutions of the equation (Z.25]) in a bounded domain. Indeed, we tile the plane with squares Kj,
Jj=1,2,..., centered at x; and of the side length L. We obtain from (2Z28) that

L. 142 2 .
(V= x7)y; = AL = fo; )y i K

where v; = ePiv(- + x;) and the phase ¢; are chosen in such a way that
xt — (x+x;)t=Ve¢; in K.
The function vg := ) ;UilK; is a solution of the equation
1

5(—'V — x5 209 = A1 — |vo))vg in RZ

Then [25] Theorem 3.1] implies that
: 1
Jvoll e r2y < min {1, Cnax (A = 1) },
and hence (2:29). Now, (2:29) and (2:27)) imply that

A\ 2 A2
lullzeien = (g ) ol <€ (5) 3=

for a universal constant C' independent of L.
Let II;, be the orthogonal projector on LLL;. We show in Appendix [A] that it is bounded on
L? N L>(Kp), independently of L. Hence

IMploe i) < Cllullioe iy < CVE(L+0(L)100), (2:31)
follows from (2Z30)) for some constant C' independent of L. Let

=

< C\/E(l + O(l)L—>oo)a (2'30)

Hfu =u — I u.
Recall that the second eigenvalue of %(—iv —x1)? is at least 3, by Proposition 28l Consequently,
1

—/ |(—1V — x)TTEul” 23/ ITEul?.
2 Ky, Ky,
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Therefore,

E&E(KL, oL?) = ER¥ ] = % / [(—iV — xL)HLu|2 +|(—iV - xﬂHfu!2 + Glul*
Ky,

G
2/ T2 + 32 + St
Ky 2

> oL? +2/ T Ful?.
Ky,

Then the upper bound on ESF (K7, oL?) in (222)) implies that

per
1
T ull 2 (5, ) < CG2oL(1+ 0(1) Lo0)- (2.32)
Next, we expand the quartic term of the energy as in [5], and find

G
Tl = R M) + £ - § [ b
L

+G/ |HLu|2|Hfu|2—|—2<§R(HLquu)+§|Hfu|2> 2L uR <HLquu>
Ky,

G
> £8P Myu) + EF[TH] — 5 /K Mhul' - 26 /K Tyl | T u. (2.33)
L L

On the one hand, it follows from Holder’ inequality and (231]), (Z32]) that
3 5
G [ Mt ul < Gl e e Ml Wl ) < CGEALH1 4 o). (230
L

On the other hand, let v = HLuHHLuHZzl(KL)L. Since v € LLL}, and Hv|]2L2(KL) = L? we have

11 4
G [ |Hpult= G%/ o* > AP (1)G (0 — CGo?)* L2(1 + 0(1) 1 00), (2.35)
Ky, L Ky,

where we have used ([232). Inserting ([2.34]), [2.30) into (Z33) and using again Proposition 28], we
thus obtain

GP 2 eAb(l) 2 35 2 3\ 72
ERTu] = oL + = <Gg —CG3 0% — CG% >L (1+0(1) pso) -

This is the desired lower bound in (222]). O

3. LOCAL DENSITY APPROXIMATION

In this section, we prove the energy convergence of ESP to EgF presented in Theorem .1l The
asymptotic behavior of ES%LL then follows from that of ESP and the comparison between the GP
and LLL energies in Appendix [Bl We choose G = Gg = (1 — Q?)7% with —1 < § < 1. In this case,
we have, by (LI6]) and (LI7]),

1-6 146
2 2

EGF oc (1 - Q%) and L™ ~ (1-0Q? (3.1)
3.1. Energy upper bound. Here we prove the upper bound corresponding to (LIS)), i.e.,
ESY —1 < (14 0(1)ESLY. (3.2)

Let ng be a minimizer for EgF We start by covering the support of pgTZF with squares Kj, j =
1,...,Np, centered at points x; and of side length L with

146
L=(1-9%)"" where 0<n< % (3.3)
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We choose the tiling in such a way that K;Nsupp ( ) # @, forany j =1,...,Np. The upper bound
on L indicates that the length scale of the tiling is much smaller than the size of the Thomas—Fermi
support. Our trial state is defined much as in the proof of Lemmas and 2.7}

utest Z (- — x;). (3.4)
Here u; realizes the Dirichlet infimum

E(?P(Kanv QjLz) := inf {gIG(E,Q[u] ‘U € Hé(KL)v/ |u|2 = QjL2}
Ky,

where .
£GP ] = 5/ (=i — xb)ul? + Golul!
Ky,

1 1
o= =g [ ol

The phase factors in ([B4]) are chosen in such a way that
xt - (x—x;)t =Ve¢; in K;.

This construction yields an admissible trial state since u'*" is locally in H'(R?), continuous across
squares by being zero on the boundaries, and clearly

Np Np
Y NI O et
R j=17 KL =17 K;

Much as in the proofs of Lemmas 2.2] and 2.7] we thus obtain

Q2
E < gGP test Z‘SKL, Q2 /R2 |X|2|utost|2

and we set

—ZE (1,012 + Lo [ e, (35)
25 €] 202 o

By (2.6]) we have
ESP (K1, Q, 0,L2) < ECP (K1, Q, 0;L%) + C (LG51 + gjL%> .

Therefore,

Ny,
ZE (K1.9Q.0;0%) < > ESP(Kp,Q,0,L%) + CNLLGg' + CL™2. (3.6)
j=1
By @BI) and (B:{I), the error term NV, LL051 which is proportional to (LTF)zL_1G51 is of order
0 (EgF) when
n>1-4.
Together with the upper bound on 7 in (8.3]), one needs

3
0> —. .
>5 (3.7)

Furthermore, the error term L2 is also of order o (EgF) under the same condition (37). On the

other hand, note that
1
ngﬁ:(l—fﬁ)%—)()
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as Q ' 1, uniformly with respect to j = 1,2,..., N. We thus deduce from ([2:20) and ([2:22)) that

GP 2 2 eAb(l) 272
Therefore,
o GP 2 ok 2 eAb(l) Al 272
> EOP(KL,Q,0L%) <Y oL + (1+0(1)) 5 Go) oL’ (3.8)
j=1 j=1 Jj=1

By Holder’ inequality, we have

N N, 2 N
igzﬂzii / pIF <§L:/ (pTF)2:/ (pTF)2 (3.9)
P 7 P L2 Kj Q — = Kj Q R? Q . .

Finally, we estimate the quadratic term in ([B.5]). We note that
x| < oL

for any x € supp(pg¥), by (LIT). Then
Np
[P = [ s )P
R j=17K;
NL NL
<> [ boPlusee xR+ LY [ (il b Dl )
=17 K =17 K;
J J
Ny, Ny,
TF TF
<> [ el e onr™ Y [ juyc-xp)P
j=1"K; j=1"K;
Ny, Np
<> [ Py [ (el + oL
j=1"K; j=1"5;

Np
R j=1"K;

g/ Ix|?0dY + CLL™.
R2

The above implies that
1-02
02

es 1- Q2 3 3
[Pl < S [Pl + crah - ant (3.10)

1
The error term LG (1 — 92)% is of order o (ELY), by B]) and [B3). The desired upper bound B.2)
follows from ([B.8]), (39) and BI0).

3.2. Energy lower bound. Let us now complement (2] by proving the lower bound
ESY —1> (14 0(1))ELY (3.11)

thus completing the proof of (LIS]).
Let uF be a minimizer for ES’P. The associated Euler-Lagrange equation takes the form

1 1-0?
5(—iV — x1)2uCP 4 GQ‘uGPFuGP + W!xPuGP = S, (3.12)
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with the Lagrange multiplier A given by

G
A= ESP + —Q/ ‘uGP“l.
2 R2
Using that A > 1 we shall obtain uniform decay estimates @ la Agmon [I0] for uST. We will need
the following exponential decay estimate in order to obtain that the GP mass outside the ball of TF
radius LTF decays fast enough.

Lemma 3.1 (Exponential decay of GP minimizers).
Let uSY be L2-normalized and solve Z20) for some X > 1. There is a universal constant C' > 0
such that

/ eV ’\_1|X‘|uGP|2 < Cexp (C’()\ - 1)%(1 - Qz)_%> . (3.13)
R2
Proof. We use that (see e.g., [37, Lemma 3.2])
2
_§R<UGPjea\x|AuGP> :/ ‘ve%\x|uGP‘2 B Oé_/ ea\x|‘uGP‘2.
R2 4 Jr2

Then, we integrate the Euler-Lagrange equation ([312) against e**uGP and obtain

— 02 2
3 L, |7 e P P aGen P | e (A ¥ %) [ e
. R

Using the operator inequality

%(—iv a2 s, (3.14)

choosing a = v/ A — 1 and dropping the quartic term, we obtain that

1-0? VATlx| |2, GP|2 _ O VAT 2
x < Z(\_ |x||,, GP ]
502 /RZG x| u™"| _4()\ 1)/1RZG ||

Taking R = C(\ — 1)%(1 — 92)_%, for some fixed large constant C' > 0, and noticing that uCF is of
unit mass, the above inequality yields

/ ev)‘_”x“quf < CeVMIE vy|x| > R.
[x|>R

This proves the desired exponential decay estimate. O

We now turn back to the energy lower bound ([B.II]). We again tile the plane with squares K,
j=1,...,Ng, of side length L = (1 — Q)" satisfying

1446
1—5<n<%, (3.15)
and taken to cover the finite disk Bgyrr(0) (the support of pd¥). Let
L GP|2
0j = — u . (3.16)
J L2 K; | |
Define the piecewise constant function
Np
= Z 01K, . (3.17)
j=1

We first claim that we have, as Q 7 1,

Np
> oL = /}R2 pol =1—o0(ESY). (3.18)
j=1
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Indeed, using the exponential decay of the GP minimizer in (3.13]) we obtain
/ [uCP|? < Cexp (—(A—1)%LTF+C(A—1)%(1—92)—%). (3.19)
r (0)

From the operator inequality (8.14]) and the upper bound on ESP in (B.2]), we have
1 1 1-2
A=1~GE(1-0%)2 =(1-0%) 7, (3.20)
with % < ¢ < 1. Then one can easily check that, as Q 1, the right hand side of ([B.19)) is extremely

small. Hence
[ R o),
¢ rp(0)

L TF

which yield (3IJ]).

Now we can estimate the energy. Dropping some positive terms we get

Ny 1—02 2
R RS A B I

j—l
1—02 9
—1¢ +x;), GP _ 2|, GP
= E 5 J 3) (“l‘X])]—l-W/RZ‘X‘ ‘u ‘
> § :EGP(KL Q,0,L2) + 197 / Ix[2|uSP | (3.21)
_j:1 Y 207 Jge ' '

Here the local gauge phase factors are defined as in previous arguments by demanding that
xt —(x—xj)t =V¢;, in K;.

On one hand, we deduce from (B.6]) that

Np,

> EOP (KL, Q,0L%) > ZE (K1,9,0;L%) — o(EG"), (3.22)

j=1
provided that (B.15) is satisfied. Furthermore, note that

1

as Q 1, uniformly with respect to j =1,2,..., Ny. We thus deduce from ([2.20)) and (2:22]) that
€Ab(1)

“ Lol

3
EGT(Kp,Q,0;L%) > o;L* + (1 + o(1)) <Ggg§ — CGo; CGQQJ> L.
Note that (2.22)) was proved when G > 0 is fixed. But the same result is obtained when G = Gq =
(1-— 92)_5 with =1 < ¢ < 1. The arguments are the same with notice that Go; < Gaol?2 < 1.

We deduce from the above that

) A RE (o
ZE (K1,Q, 0L >ZQJL + (14 0(1)—; Z(GQQJ—CG@; CGQQJ> (3.23)
j=1

The error terms in ([3.23) can be estimated as follows

NL 3 3 NL 3
> <G693 Gm)]) <GéL‘3 - G%L“‘) S 0L < GAL™ 4+ GRL™,
J=1 Jj=1
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They are of order o( ESY) when

> ma 204+1 36+1 20+1
Xq——,——— = ——.
7 6 8 6
Combining ([3:22]), (3:23) and using (318) we obtain
Ny, Ab Np,
GP 2 e (1) 272 TF
> ECP(Kp,Q,0L%) > 1+ (1+0(1)) 5 GaY olL”+o0(EST). (3.24)
i=1 i=1

On the other hand, let

Ny, Ny,
Vi(x) = Z \xj]21Kj (x) and Vh(x):= Z x;j[1k, (%)
j=1 j=1

Then we have, by the triangle inequality,
2 L 2 L 2 L 2
SRS DY AL P LED S B i DY I CRaCSlIt
Jo P 2 0 [ P3P -2 o b

Np
— 2
2/ Vipg" — L /(2|x|+L)\uGP\
R2 j=17K;

:/ Vipst — 2L/ Ix|[uCP|* — L2, (3.25)
R2 R2

In the very same way however we can put back |x|? in place of V;(x), obtaining

Ny, Nip, Np

G
[ =3 [ Po=Y [ wPe-rY [ (xl+ bhe;
R2 =17 K; j=1"K; j=1"Kj

Np
> / X2 -3 L / (2/x] + L)o;
R2 = K

Sy (3.26)

Furthermore,

N, Np, Np

el
Lo =3 [ <> [ wolorY [ o
R? =17 K; j=1"K; j=1"K;

NL NL

SZ/ |X||uGP‘2+LZ/ ‘uGP‘2+L
j=1"5; j=17K;

:/ Ix|[uSP[* + 2L. (3.27)
R2

Combining B25)-B27) yields

1 -2 2 ap2 . 1— 02 2_GP GP |2 2
o2 /Rz\x\ ‘u ‘2 a2 </Rz\x\p9 —4L/Rz]x]|u ‘—6L>
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1 - Q2 2—-GP TF

The last assertion follows from (B.1) and ([3.3)). Indeed, by ([B1]), Holder’s inequality and the upper
bound on EGT — 1 in (B2)), we have

/R2 |X||uGP‘2 < (/Rz |X|2|uc;p|2>% (/R2 |uGP|2>% oo _92)_%6; |

Putting together ([3:24]), (8.28) and using (3.I8]), one obtains
Ab 2
e™"(1 _ap\2 . 1—-Q —
ESP > 14 (14 o(1)) >GQ/ (7SP)? + / %2757 + o (E3F)
2 R2 ZQ R2

> 1+ (1+0(1)ESF[pGT] + o (ESF)

2 =GP
> 1+ (1 +o(1)) min /ﬁSP, </ ﬁ8P> £ |
R2 R2 fRz Pq

> 14 (1+o0(1))EEF. (3.29)
This completes the proof of ([B.IT).

Dl

+o(Eg")

Remark 3.2 (Limitations of the local density approximation).
We now explain why the limitation G > (1 — Q)_% is necessary with our scheme of proof. We used
repeatedly comparisons between Dirichlet and Neumann energies in squares of side length L < LTF.

As per the considerations of Remark 2.6, this brings about an error of order LG~! per square.
Summed over all squares the total error cannot be less than

I [/ LTF 2 ITF
5(7) e

Recalling that ETY G%(l - Q)% while LT ~ G%(l - Q)_% (see (ILIT)), the error being smaller

than the main term requires G > (1 — Q)7 5.
Thus, we expect that extending the validity of the local density approximation of Theorem [I.] to

smaller values of G should rely on another idea than Dirichlet-Neumann bracketing. o
3.3. Density convergence. Let u“F be a minimizer for ESP and ﬁgp in (BI7) be the piecewise
constant approximation of p&F := ‘uGP‘2 on scale L = (1 — Q?)™" with
1426 1446 3
ax{%,1—5}<n<% where 1>5>3' (3.30)

The energy estimates ([B.2) and (BII) imply that pS° is close to the Thomas-Fermi minimizer pg¥
in strong L? sense. We have the following lemma.

Lemma 3.3 (Convergence of the piecewise approximation).
Let ST be defined as in BIT) and pdY be the minimizer for (LII)). Then, in the limit Q /1,

=~ —1
176" = 26" || 2y = o (L) 7). (3.31)
Proof. We deduce from (3.2]) and the same arguments as in the proof of ([B.11]) that
V) < P 1+ 0 (FIF) < LY + o ()

The variational equation for ng takes the form

— 02 Ab

Q e™P(1 2
P = A = B8+ S [ (o)

1
Ab TF
e (1)GQ,OQ + 202
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on the support of ng. Thus,

_ —GP)2 TF\2 2 —GP [\TF _ 1-0° 2
_/1%2 <(pQ ) + (pQ ) eAb(l)GQPQ |:)\Q 502 ’X’ N
2

O

Now we will deduce (LI9) from Lemma B3l By the definition of p5° we also have, for any
Lipschitz function ¢ with compact support,

o™ iiifﬁf (@) )
::353/Q.¢<<LTF>—1Xﬁ>ﬁSP-%c>(L(lﬂ*>‘1H¢HLm)

—Z / ((E) ™ 5) [uSP + 0 (£ (27) " 6uip)
_ /R S((E™) )% +0 (L (L) 6]l )
_ /R (L) )6 + o)l uip-

Furthermore, by the Cauchy—Schwarz inequality and Lemma we obtain

[ o(@™) ) @8 = ) = ovollagee

Since the above estimates are uniform with respect to the Lipschitz norm of ¢, we can change scales
in the above and recall (LI3]) to deduce
/R2 & [(LTF)QIOGP (LTF.) _ p"lfF} = o(1)

sup
#€Co(Br(0))

for fixed R > 0, and hence (L19)).
Finally, an analogue convergence of minimizers for ELLL is also obtained. Let u"" be one such

UL analogously to pSF in (BI7) where u®F

minimizer. We define the piecewise constant function p
in (3I0) is replaced by ul i.e.,

1
_LLL ZQJIK with g; := 73 . |uLLL|2. (3.32)
j

Here K, j =1,..., Ny, are squares centered at points x; and of side length L = (1 — 02)~" with n
satisfies (B30). Since BT = E§F [ul'r], we deduce from ([B2), (BI)) and the same arguments as in
the proof of (BII]) that

ETF[HL] < BEL 1 4 o (ESF) < BST — 1+ 0 (BEF) < EIF + o (ELF)
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2 . .
LLL = |’LLLLL| remains the same as in

Using the above, the rest of the proof of the convergence of p
the proof of p&F in (II9).

APPENDIX A. PROJECTOR ONTO THE FINITE-DIMENSIONAL LOWEST LANDAU LEVEL

In this appendix we prove the uniform boundedness of the projector 11, onto the lowest Landau
level of finite-dimensional £LL£Ly, in L?(K1). The projector Iy, is constructed as a linear combination
of orthonormal projections on basis functions of the lowest Landau level. A convenient basis can be
defined using Theta functions (See e.g., [9, Proposition 3.1]). The kernel of II, is found to be [48]

Rl s e S T R,

=0 k,pEZ

where x = x1+1x9, y = y1+iys and the integer d is the dimension of LLL, given by the quantization

2I]), i.e., 2rd = L2
We need the following Lemma in order to establish elliptic estimates for “periodic” solutions of
Ginzburg-Landau type equation (Z28) on the bounded domain K7,.

Lemma A.1l. Let I}, be the projection on the lowest Landau level LLLy in L*(KL). For every
function u in LP(K1), there exists a universal constant C > 0, independent of L, such that

Mrullzer,) < Cllulle k),
whenever 2 < p < oo.

Proof. Obviously, II;, is a bounded operator on L?(Kp). Here we prove that it is bounded on
L*>*(Kp). This yields the continuation of II;, on LP(K7,) for all p € [2, 00|, by interpolation. For any
u € L®(Kp) and x € K, we have

() ()] = ' / nL<x,y>u<y>dy' <l [ syl

Ky,

There remains to prove that the last term in the above is bounded uniformly in L. We use

d—1 .

2iml E=E
Z € a = dlp:k(mod d)
=0

to compute

T
L

- kaog— ) ) o
Iy (x,y) = i@ Z o222 L (o k5 ) L (1495 2im
k,pEZ I

Il
=)

ink . 2 2
_ 2/wd Z o= 2R (2 —y2)+2im 12— L (w1+k % ) 3 (y1+k5+qL)

k,q€Z

217rk

Z . (z2—y2) +1qy2—<2T+

k,qeZ

Ltzq+ 2
u) — 1 (qL—w1+y1)

Fixing ¢ and applying the Poisson summation formula in &k, we obtain

I (x,y) = = Z o3 (aLtz1tyn) (kLtwa—y2)+iqya—§ (kLtaa—y2)’— f (aL—z1+y1)*

ﬁ k
By neglecting the imaginary part, we estimate

L (x,y) e~ 1(kL+w2—y2) Z e‘%(qL—xﬁ-yl)Q A1)
qEZ

,qEZ

<
\/_kEZ
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Note that x and y lie in the square K, of side length L, we have
(1 —91)* + (22 —2)? = [x — y|* < 2L%
Then

ISt (D SRS R ol P Loty

keZ ke{-1,0,1} k>2 k<—2
1 2 1 2 1 2
< Z e~ 1(kL+z2—y2) + Z e~ 1(kLtz2—y2) + e~ 1(kL—z24y2)
ke{—1,0,1} k>2
< Z e—%(kL—i—:cz—yz)Z n QZe_i(k_‘/i)sz
ke{—1,0,1} k>2
< Z e—%(kL—i—:cz—yz) + Ce 12— \f)ZL2
ke{-1,0,1}

This implies that
/ . S ematkltrmm gy, < N / 1(kLte2=v2)’ 4y, 4 OLe"1-V2'L* < 0 (A.2)
2 5 kEZ ke{-1,0,1}

for a universal constant C' > 0 independent of L. The last inequality is obtained by a simple change
of variables in the integrals.
Similarly, we have

/[ ) L]Ze i(qL—z14y1)? dy; < Z /e L(gL—z1+y1)? dy; + CLe™ 1(2-v2)2L? <C (A3)
~32:2] qez q€{-1,0,1}

Putting together (AJ)-(A.3]) we obtain
/ ML (x,y)|dy < C.
Ky,

This yields the desired result. O

APPENDIX B. CONVERGENCE OF THE GP ENERGY TO THE LLL ENERGY

In this appendix, we study the convergence of the GP energy (3] to the LLL energy (L) in the
limit © 1. We will prove the following generalisation of results from [5] (which considered only
the case of fixed G):

Proposition B.1 (Reduction to the lowest Landau level).
Let G = Gg = (1 — Q%)% with § < 1. We have, in the limit Q /1,

ESP — L — <G2 (1- 92)%> (B.1)

The assumption on G in Proposition [B.I] guarantees that EgF < 1. Also, we have
B =1+0(1) as Q 71, (B.2)

by (7). Part of the proof of Proposition [B.I] is similar to that of [5, Theorem 1.2]. We however
need a better control when G is allowed to be large in the limit Q@ * 1. The following elliptic
estimate for the GP equation with a trapping term is our main new ingredient.
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Lemma B.2 (Elliptic estimates for an inhomoegenous GP equation).

Let uCF be a solution to
L. 1y2, GP ap2 ap, 1= 9% 5 cp_, ap
5(—1V—x )*ut + Golu™"| u —I—W|X| ut = Au, (B.3)
on R?, for some A > 0. We have the following properties.

(i) If X <1, then u = 0.
(ii) There exists a universal constant Cyax > 0 such that if X > 1, then

HUGPHLoo < <GL>2 min{l,C'max(/\—l)i}, (B.4)
Q

We expect that an optimal bound should be

%P, < (Gi>2mm{1,cmax<A_ nil.
Q

This would better match similar estimates from [25], that we take inspiration from. Moreover this
would prove that the density can nowhere exceed a constant times the maximal Thomas-Fermi
density, the natural scale in our problem. The above (B.4) is however sufficient for our purpose.

Proof of Lemma[B.4. Tt can be seen immediately from the operator inequality (B.I4]) that Equa-
tion (B.3)) admits only trivial L>-solution if A < 1.

Let )
3
CF — <%> uCP

Then vSF solves the equation

L. 12, GP 1-? 2, GP GP |2\, GP
In order to prove (B.4)), we will show that
[0 oo < min {1, Criax (A = 1)} (B.6)
We write down the equation satisfied by ‘UGP|2 as follows

5 A + i TPV + oOPTTF) 4 (Vo2 4 [0S = 20| PP (1~ [oCFP).
This implies
Lo 2 L P2 o (o6 P 1) o OF = |V — ix P <
By the maximum principle, we deduce that, at any maximum point x* of [vGP|”
O ()2 < 1
and

1— Q2
Q2

|x*|? < 2A. (B.7)

There remains to prove the second half of (B.G]), and we may assume that A < 2 for that purpose.
Suppose for contradiction that there exists a sequence of solutions {u,} to Equation (B with
An > 1 and

lim M = 00. (B.8)
n—00 ()\n _ 1)3
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Define A,, := ||vy|| . Since A,, < 1, by the maximum principle, we must have \,, — 1 as n — oo.
On the other hand, there exists a point x, € R? with |v,(x,)| > % Consider the function
fn = A, ton (- + x5,). This function satisfies

5 <10 < alle= <1 (B.9)
and it solves the equation
LA = (4 302 S ot xu = Al = A2 (B.10)
In view of (B we may assume that the potential
1-Q? )
502 |x + x5

and its derivatives stay uniformly bounded if x € B(0, L) with L fixed. Hence, by the boundedness
of fp, in (BA) and elliptic regularity, the sequence {f,} is bounded in VV1 P (]R2) for all p < oo.

By compactness we can find a convergent subsequence in VVlo’f (R2), for any given s < 2 and p <

oo. Thanks to the Rellich-Kondrashov Theorem (see e.g. [39, Theorem 8.9]) and extracting a
subsequence, we find
fn = f € WRZ(R?) = Lig (R?),
when sp > 2, where f satisfies
1
L < 1O < Il < 1 (B.11)

We next seek a contradiction with this finding.

Let 0 < x < 1 be a fixed smooth function on R? such that x(x) = 1 if [x| < 1 and x(x) = 0 if
|x| > 2. For R > 0, we denote xp = X (R) Note that it is possible to construct the function y so
as to satisfy

Vxa| < CR g ",
for some arbitrarily small u > 0, independent of R, e.g., by taking y = h” for v large and some
smooth function 0 < A < 1. Now, we use the identity

R fuxBAf) = | VxR = [ IVXRPIfa
(nif) = [ Vsl = [ 1VxafIf

Then, we integrate the equation (B.I0) against x%f, and drop the quadratic term. We obtain

1 . C _
5 |(=iV — (X+Xn)l)Xan|2 +/ nXR|fn|4 <A / X%%|fn|2 + _2/ X?{ 2u|fn|2-
2 Jre R2 R? Jr<x|<2R
(B.12)
Note that
5 [V = e el = 5 [ GV x> [ dinl Bs)

where the phase ¢,, is chosen in such a way that
xT — (x +x,)" = V.
On the other hand, by Holder’ inequality, we have

2-2p 2 2—4p 2 9 " 3
/RS|XS2RXR | fnl §C</RSX|S2RXR > </R2XR!fn!> <C </ XR]fn> . (B.14)

Putting together (B.12), (B.I3), (BI4) and choosing R = R,, = (A, — 1)_% oo we obtain
Ap— 1
Ll < 05

n
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Then, (B.Y) implies that
lim Xilfal* =0, VL>o0.

n—oo R2

The convergence f, — f in W P(R?) yields that f = 0. This contradicts (B.IIl) and shows that we
must have (B.6)). O

Now we may conclude the

Proof of Proposition [B. By definition, we clearly have
ESP < ELLL
In order to bound ES’P from below, we denote by uCF one of its minimizers. We decompose u®F as

follows

uCP = HouGP + HOLUGP,

where IIj is the projection on the lowest Landau level LLL in (LH). The kernel of IIj is given
explicitly by (see e.g., [44])

1
o(x,y) = %65(“”_““)6_%'"—3"2.

We recall that uS? solves the equation (B3). By (B4) and the upper bound on ESY in (2) we
have

1
I < e <0 () - 1t <005t ) (B.15

<
Here we have used the fact that Il is a bounded operator on L2 N L°(R?). Furthermore, by (.14

and ([B.2) we have
/ |TouCP|* g/ [Pt < G EQT. (B.16)
R2 R2

On the other hand, it is well-known that the second eigenvalue of 2(—iV —x*)? is 3 (see e.g., [52]).
Consequently,

| iV — xHIguCP ) >3/ |3 uSP . (B.17)
2
Therefore,

ESY = 5P [uSF] > | —iV — x* uGP‘z + [(—iV = Xl)HOLuGP‘2
> / |H0uGP‘ + 3‘H0luGP|2
RZ

e[ g
R2
Then ([3.2]) implies that
1
/ ¢S < SESF. (B.18)
R2 2
Expanding the quartic term of the energy as in ([233)) (see also [3]), we obtain

£GP [uCP] > ESP[MTyuCP] + £GP ML uCP) — GQQ/ |H(§UGP‘4_2GQ/ |H0uGP\3\H§uGP|. (B.19)
R2 R2

For the main term in (B.I9), we have

ESP [H()UGP] 2 HH()UGP Hizggp

11 GP
] (- )
L

> B - 3|3 uCP |7, (B.20)
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Here we have used (B2]). The first error term in (B.I9) is estimated simply, by (B17), as follows

£ 115 ) — 72 /R g > 3t (B.21)
Finally, by (BIH), (BI6]) and Holder’ inequality we have
26 [ M P < 26000 | [T 2 P2, < € (EFF) . B2
The error term in the above is of order o (ESF ) This is the place where the condition on G in
Proposition Bl is used. Putting together (B.I9)—(B.22])) we obtain the desired result (BI]). O
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