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Abstract

Aedes aegypti is a known vector of Dengue, Chikungunya and Zika and the goal of this study is to propose the first mathematical
model to describe the dynamic transmission of these three diseases. We present two preliminary models that consist of the SEIR
model for the human populations and an SEI model for the vector to describe (a) the single transmission dynamics of dengue,
Chikungunya or Zika, and (b) any possible coinfection between two diseases in the same population. In order to do that, we
obtain an analytical solution of the system of 17 and 30 coupled differential equations for each model respectively, and later
obtain the eigenvalues by analyzing the Jacobian matrix in order to begin the development of a surveillance system to prevent the

spread of these three diseases.
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1. Introduction

Recently, cases of Dengue, Chikungunya and Zika have
been confirmed in Africa, Southeast Asia, the Pacific Islands,
the Caribbean and Latin America and unfortunately, a vaccine
or an effective treatment is not currently available. All
diseases were transmitted through the bite of the female
mosquito dedes aegypti [1, 2].

Zika is an emerging mosquito-borne virus genus Flavivirus
and it was first isolated in Uganda [3] and it has been
confirmed to exist recently in the United Kingdom, the United

States, Southeast Asia, the Pacific Islands, and South America.

In parallel, it has been reported that a possible coinfection
could occur between these mosquito transmitted diseases. For
example, Dengue and Zika occurred in two patients in New
Caledonia [4], Dengue and Chikungunya occurred in Central
Africa where 1567 patients tested positive for Chikungunya,
376 for Dengue serotype 2 and 37 were coinfected with both
viruses [5]. Just recently, it was reported that a Colombian
patient was coinfected with all three diseases in 2016 [6].

It is necessary to develop surveillance systems to prevent
the spread of these three epidemics. Up to the present time, a
mathematical model that considers the transmission dynamics
of a triple epidemic outbreak has not been proposed.

We propose two mathematical models to explain the
transmission dynamic of Dengue, Chikungunya and Zika by
employing the SEIR/SEI models.

2. Mathematical Model

The models are based on the recent model proposed by Isea
[7]. In this model, the host population (N) is subdivided into
multiple subpopulations based on the following criteria:

- The model assumes that a human cannot infect another
human.

- The model excludes the transmission of Zika from person
to person by sexual contact because the percentage of infected
people is very small in comparison with Chikungunya and
Dengue patients.

- The model only considers one subtype of Dengue.

- The total mosquito (vector) population is denoted by M
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and it is divided into 7 classes. The first is S, which
represents the mosquito population carrying the virus. The
next four are the mosquitoes that are exposed to the Dengue,
Chikungunya and Zika viruses. We write

M=S,+Ep,+Ec+E,;+L,+Lc.+1IL, (1)

where the prime indicates the derivative with respect to time.

The next section will present the two models that are
proposed in this work.

MODEL 1

The initial model considers that the total human population
at time ¢ is divided into 10 subpopulations. This model does
not consider coinfection between Dengue and Chikungunya,
Chikungunya and Zika, or any other possible combinations
between them and only later, coinfection between them is
considered.

The susceptible population (S}) that will be exposed to an
infection by one type of virus is denoted by (£p, E¢ Ez) where
the subscript ‘D’, ‘C’ and ‘Z’ refer to Dengue, Chikungunya
and Zika, respectively. Subsequently, the populations will
become infected and it is denoted by (/p, I Iz). Finally the
human population that recovers is indicated with (Rp, R Rz).
The total population (N) is given by:

N= S +Ep,+Ec+E;+I,+1,,+1I; + Ry, + R +R; (2)

where the prime indicates derivatives with respect to time ¢.
The model 1 consists of a set of 17 ordinary differential
equations:

ds,
? (N Sh) - h (ﬁD vD + ﬁC vC + ﬁZ ‘UZ) (3)
dE; S
e Wh [Bi Ly — (07 + W) E;] 4)
dal;
o =0 E— i+l (5)
dR;
— = XL lvili — pR] (6)
dsy :
e A (A P A R T S )
dEy; v
? = Sv % Ii - (O',, +:uv) Em’ (8)
dly;
F = Oy Evi - (yv +:uv) Ivi (9)
where i = 1, 2, 3 which represent ‘D’, ‘C’ and ‘Z°,

respectively. We assumed that the birth and the death rates are
equal and are denoted by p; (yp, Yc, ¥z) are the mean
infectious periods; (op, 0¢, 07) are the mean latent periods;
and (Bp, B¢, Bz) are the transmission parameters of Dengue,
Chikungunya and Zika, respectively.

MODEL 2

This model only considers that one person will be infected
by one disease and be later coinfected by the other diseases.
Suppose that one is initially exposed to Dengue (Ep) and
eventually becomes infected with this disease (Ip ) and can
or cannot recover (Rp). Later, this same individual is exposed
to Chickungunya or Zika, and we represent it with two
subindices: DC or DZ that represents that it was exposed to

Dengue and Chikungunya, or Dengue and Zika, respectively.
Figure 1 shows the SEIR model of population employed in

Y
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Figure 1. The compartmental diagram of the host population employed in the
Model 2.

Therefore the differential equations of Model 2 are 30
equations (see equations 10 until 19):

d_sth = H(N_Sh) - % (.BVD IvD +ﬁv(] IvC +.81JZ IvZ) (10)
dE; S
= N Buile = (0 + W El (11)
dal;
o =0k = it (12)
dR; R;
— = Yili — uR; — ;213&1 Bui Li (13)
j#i
aEy; Buj
— =R~ L — (0; + 1) Ey (14)
dal;j
dt’ =0 E;— (v +u)ly (15)
Zl 1 Vil ji — KR (16)
at
i#j
sy »
Lo M-S, U+ ) — wS, (1)
dEy; v
Dot =5, B — (o + 1) B (18)
dly;
I [Uv vi (Vv+#v) Im] (19)
where i = 1, 2, 3 which represent ‘D’, ‘C’ and ‘Z°,

respectively. The term E;; corresponds to the following terms
Epc) Epzy Ecps Eczy Ezcy Ezp; while Ij; corresponds  to

IDC' IDZ' ICD' ICZ' IZC' IZD°

3. Results

The epidemiologically relevant
symbolized with Q [7, 8] is given by
Model 1:

bioregion that is
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O = (S Ep, Ec, Bz, Ip, Ic, Iz, Rp, R, Rz, Sy, Eyp,
ver Evzy Iops Iyes Iyz) (20)

Model 2:

Q; = (Sh Ep, Ec, Ez, I, I, 17, Rp, Re, Rz, Enc, Epz, Ecp,

I ! I ! I I I I I
, ECZ! EZD'EZC'IDC! IDZ! ICD'ICZ! IZD!IZC'
! ! ! ! ! ! !
R 4 SU'E‘UD' vC'EvZ'IvD' vCﬁIvZ) (21)

The solution of this system of equations uses the same
methodology as explained in Isea [7], Janreug and
Chrrivirigasit [8], and employed previously [9-11]. We show
the results for each model.

Model 1:

We obtain a critical point of the system of equations (3-9):

S, = #‘:’Zl (22)

By = Ghepicam (3)

E, = % 24)

E, = % 25)

I = C1(1+p) [il;g/zi:;iwwuz] (26)
le = C1(1+m) [icc(ﬁ';‘frllgiuycwz] @7
Iz = C1(1+w) [ny;i;:iwwﬂ (28)
S, =" (29)

Eyp = “fe2 (30)

By = SPecc 31)

By = “ett (32)

Ly = "2 (33)
e (34)

Ly = "o (35)

where the constants are:
Ci, = uN + Bplyp +Bcloc +Bz1z
C; = uwp N + B, Up +1c +1z)
(3 = 0y — Uy

The next step is to obtain the Jacobian matrix denoted by J
(equation 36), ie. the partial derivative of the differential
equations evaluated at the critical point. The elements of the
Jacobian are:

]1,1 ]1,17
J= 8 (36)
Ji71 J1717
The non-zero elements are:
1
Jin = —y (Bup Ly + Buc luc + Boz Luz) — 15
Bvplvp. _ . _ Buvclve.,
J21 = UNU 3 J220 = —Op— W J31 = UNU 3
. _ Bvzlyz, _ .
J33 = —0c— W Ju1 = UNU s Jaa = —0z — I
Js2 = —0p; Jss = —0p — I Je3 = —Oc;
Jes = —0c —I;
J74 = =075 J;7 = =07 — W, Jgs = Yp; Jos = Yci
_ _ _ . — . _ Bip,
Jes = Joo = Jio10 = —WJio7 = Y25 Jiz11 = BYE
_ _B . _ Blc.
Jian = = Up +1c+1z) — wy; J1311 = N~
_ Blz, _ _ _ .
Jia11 = N Jiz12 = 1313 = J1a1a = —0y — Wy
Jis12 = Jie1z = Ji714 = Vo
Jis1s = Ji616 = J1717 = —Yv — Hvs

The determinant of Jacobian matrix is equal to:
=1 (—ty = ¥5)* (=05 = w)* (=vc — 1) (=vp — 1)
(=vz =w) (=oc =) (=0p — ) (=07 — 1)
(_ Bup Ivp _ Buc Inc _ Bvz Lz _ #>

N N N
(-5-F-F-w

Finally, we obtained the eigenvalues this by examining the
Jacobian evaluated at the critical point. We obtain:

=04 = | —0c = [ —0; = [
Ya— W Ye— WYz~ H
the solution is stable when this eigenvalues are negative, and
for this reason, we find that y; < u, v, < p and y, < u,
Model 2:
We seek a one nontrivial point of equilibrium of the
system of equations and find:

N
Sh = (37)
ED _ H EUD Iyp (38)

T (utop) (F+u) + p?

_ U Byc lvc
Ee = (ut+oc) (F+p) + 2 (39)

_ U Byz Iyz
Bz = Gop v (40)
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_ Bvp 1 op Iyp - _1 1 ! I —U;
I, = Optm) Frm Vo ta) 41) J11 ~ Bonlup + Bucloe + Bozlvz) — 5
Bvc ¢ Ivc — Pwplvp, = —6n — L = Pucluc.
I, = ———— 42 Jon = s Jo2 =—0p— W J31 = 5
€7 (oc+w) F+w) (re+m) (42) N N
. _ Buzlvz,
I, = _ Bvzpozlyz (43) J33 = Ji111= —Oc— W Jag = %,
(oz+1) (F+u) (vz+w)
R. = KN Byp Iyp (44) Jaa = Jiz12 = —0z— I
DT BuchetBozlvz) (F+20) +1(Buplup +N)
Js2 = —0p; Jss = J1313 = —0p — W Jg3 = —Oc;
R. = KN Byc Iyc 5c Yc (45)
¢ (Buvplyp+Bvzlyz) (F+2u)+1u(ByclyctuN) Jos = —0c — IL;
R, = UN Byz lvz 67 Yz (46)
Z 7 (Bucloc+Bunlun) (F+20)+h(Byzlyz+aN) J74 = =0z, J77 = =0z =W Jgs = Ypi Jos = Yc
_ U Bvp Ivp Byc Ivc ¥p op 1
Epe = (Boclyc+Bozlvz) (F+21)+u(Byp lyp+uN) (47) Jes = N (Buclve + Bozlvz) — 15 J107 = Yz
_ U Bvp Iyp Byz Ivz Op Yp _ 1 .
EDZ - (BuclvctBvzlyvz) (F+2u)+u(Byplyp+1N) (48) ]9'9 - _ﬁ (‘BVDIVD + ﬁ‘UZI‘UZ) —H
_ U Byc Lvc Bvp Ivp Oc Yc _ 1 .
Eep = Bonlon+Brzlvz) F+210) +1(Byclyc+iN) (49) J1010 = N (Buplyp + Bucloe) — 1
_ U Bvc Ivc Bvz Ivz OcYc _ . _ Blyc. _ Blyz, _ Blyp,
ECZ - (Buvplup+Bvzlyz) (F+2u)+u(ByclyctpN) (50) ]10’7 - YZ’ ]11‘8 - T)]lZ,S - T’ ]12‘8 - T’
_ U Bvz Iyz Bvc Inc 02 Yz _ B . _ Bic,
EZC - (Buplvp+Buclvc) (F+2u)+1(Byzlyz+UN) (51) ]11'11 - _F(ID + IC + IZ) — Hy; ]13'11 - ?’
_ U Bvz Ivz Bvp Ivp 0z Yz _ BiIz, _ _ _ .
Ezp = (Buplyp+Buclye) F+2p)+u(Byzlyz+1UN) (52) Jiag1 = N Jiza2 = J1313 = J1a04a = —O0y — Hys
Bvp Ivp Buc Ivc ¥p 9p 0¢ : I : : :
Ipc = £ (53) For this model, it is complicated to obtain the eigenvalues
(Buclvc+PBuzlvz) (F+21)+1(Byplyp+1N) .. . .
e HTH e Top T and it is necessary to dedicate more time for a complete
Ipy = : H Bvp Ivl; f?;z 1,,2) op (YD oz = (54) understanding. In addition, the most critical value in the
velvet Bozly, +2u)+ wplypt+ . . . .. . .
Poclvct Pozlyz) (F 21 +u(Boplon i epidemic model is obtaining the Basic Reproduction Value
o # Bvc Ivc Bop lvp 9¢ Ye 9p (55) (Ry), but this result is difficult to perform and will be analyzed
€0 (Bunlop+Buzlvz) (F+2)+r(Bucluc+HN) in the future.
L. = K Byc Ivc Pvz Ivz 0c Yc Oz (56) However, it is possible to resolve numerically the equations
cz (Bvplyp+Bvzlvz) (F+2u)+u(Byclyc+uN) in the Model 1 using the Python program (see Figure 2), where
/ 1 Boz Iz Boc Ivc 97 Yz ¢ 57) we have employed an arbitrary choice for the parameters. For
ZC T (Buplvp+Buclyc) F+2m)+u(Buzlpz+iN) this example, we have assumed 3 cases of Dengue, 4 of
Chikungunya and 1 for Zika.
I = U Bz Ivz Bvp Ivp 02 Y2 0p (58)
ZD T (Buplop+Buclve) (F+2p)+r(Byzlyz+HN)
25
M » Chicungunya
Sv = A_+u (59) vfz);r;gue
E, = Y3 M Byt (60) -
vt =N (rptu) (Atay)
Moy Byl
. = Y3 v Py i 61 15
vt =1N (A+u) (rotiy) (0 +iy) D)

where i correspond to 1 until 3 for Dengue, Chikungunya and
Zika, respectively; and we defined the following variables:

BD = ﬁlevD; BC = ﬁvclvc; BZ = BUZIIJZ;
N N N

F = BC+BD +BZ

A E%(IC+ID+IZ)

Similarly with the Model 1, they are 63 nonzero elements of
Jacobian matrix, but only show the first 32:

051/

0o

Figure 2. Numerical solution of the Model 1 presented with 3 cases of Dengue,
4 Chikungunya (asterisk) and 1 for Zika 1 versus time. The parameters were
selected randomly.
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4. Conclusion

We have developed a preliminary model for the
transmission dynamics of a triple epidemic outbreak
employing the SEIR-SEI model. The initial models reveal that
the critical points are not trivial to obtain and it is necessary to
expand in this subject in the future, but we believe that these
equations may initiate such a study. This model is the first
development to help to prevent outbreaks from these
epidemics, and the next step in the future is to determine the
basic reproductive number R, which is the number of
secondary cases which one case would produce in a complete
susceptible population, and adjust the parameters of the
mathematical model with the cases reported by country.
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