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NORM-COMPATIBLE SYSTEMS OF GALOIS COHOMOLOGY CLASSES FOR GSpg

ANTONIO CAUCHI AND JOAQUIN RODRIGUES JACINTO

ABSTRACT. We construct global cohomology classes in the middle degree cohomology of the Shimura variety
of the symplectic group GSpg compatible when one varies the level at p. These classes are expected
constituents of an Euler system for the Galois representations appearing in these cohomology groups. As an
application, we show how these classes provide elements in the Iwasawa cohomology of these representations
and, by applying Perrin-Riou’s machinery, p-adic L-functions associated to them.
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1. INTRODUCTION

The construction of special elements in the motivic and étale cohomology of Shimura varieties has con-
tributed to proving cases of Beilinson’s conjectures on special values of motivic L-functions (e.g. [Bei86],
IKin98|, [Leml17| etc.), the Birch and Swinnerton-Dyer conjecture and the Bloch-Kato conjecture (e.g.
[Kat04], [BDR15|, [KLZ17|, [LSZ17] etc.), and it constitutes one of the main tools to study the arithmetic
of Galois representations appearing in the cohomology of Shimura varieties and their relation to special
L-values.

Fix a prime number p. In this article, we construct elements in the cohomology of the Shimura variety
of the symplectic similitude group G = GSps/Q, which satisfy the Euler system norm relations in the
cyclotomic tower at p. As an application, we show how they give rise to elements in the Iwasawa cohomology
of Galois representations appearing in the middle degree p-adic étale cohomology of the Shimura variety
for G. The strategy we adopt here has been inspired by the work of [LLZ14] on the construction of the
Beilinson-Flach Euler system, which has also successfully been applied in many different contexts (|[LLZ16],
|ILZ16], [LSZ17] etc.).

1.1. Setting. We consider the subgroup H = GL3 x4et GL2 %46t GLo ¢ G, which, after a suitable choice
of Shimura datum, induces an embedding ¢ : Shy = Sh(H, Xy1) < Sh(G, Xg) = Shg. By pulling back
Beilinson’s Eisenstein symbol in the motivic cohomology of the modular curve associated to the first GLo-
copy of H, we get elements in the first motivic cohomology group of Shy;. Their push-forward along ¢
thus gives elements in the seventh motivic cohomology group of Shg. One then uses the natural action
of G(A¢) on the Shimura variety Shg to perturb these classes and obtain a whole compatible system of
cohomology classes defined over ramified extensions of the base field. Our setting is very similar to the one
first considered in [Lem10| and later developed in [LSZ17].

1.2. Motivation. Let m be a cohomological cuspidal automorphic representation of G(A ). After project-
ing to the m-isotypic component, the motivic classes that we construct are expected, according to Beilinson’s
conjectures, to be related to special values of the degree eight spin L-function Lgpi, (7, s) associated to .
This is motivated by recent work of Pollack and Shah ([PS18]), who have given (under certain hypotheses on
7) an integral representation of the (partial) spin L-function of 7, by integrating over H a GLqo-Eisenstein
series against a cusp form ¢ in the space of 7.

1.3. Main results. After applying the étale regulator map and employing the action of the Hecke algebra
of G, we prove the following.

Theorem A (Corollary and Theorem D . Let \ be a highest weight of G and let W™ be the Z,-local
system associated to the irreducible algebraic representation of G of highest weight A. There exists a family
of étale cohomology classes

Zé,m € Hgt(ShG(Kn,O)/Q(gp7,L)a W/\(Q)),

for q varying in an explicit finite set I(\) € Z depending on \, which satisfy the following norm relations:

K
(1) Forn>1, (er:Tolyo)*(Z%;l,m) = me\,m;

Q(Cperl) A u’ A

(2) Forn,m>1, norme Znmi1) = g_g 2 m

where Z/{}'7 is the Hecke operator associated to the double coset of diag(p~3,p 2, p 2, pL,p71,1) € G(Qp) c
G(Ay), and o, is the image of p~! under the Artin reciprocity map Q, > A}~ Gal(Q(¢m)/Q).

Some words about the theorem above. By K, o we mean a tower of sufficiently small level subgroups of

G(Z) defined by certain congruences modulo powers of p (cf. for precise definitions). We refer to §2.5
for the definitions of W* (Definition 2.16) and the introduction of the appropriate twist ¢ (Definition 2.17)),

and to Remark for the normalisation of the Artin reciprocity map. As mentioned below, the first rela-

tion will allow us to vary our classes in families, while the second relation allows one to modify the classes
z,);m so that they satisfy the usual Euler systems relation at p. Finally, it is essential for Iwasawa theo-

retic purposes to work with integral coefficients, which renders the construction of the classes more delicate.
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By using the theory of A-adic Eisenstein classes developed in [Kinl5|, we also show that these classes
deform p—adically in families as the weight A varies p-adically, thus obtaining a universal class interpolating
all the classes z . More precisely, we prove the following result.

Theorem B (Theorem [1.8). There exists a class
z € Hi,, (Sha(KL,), Zy(4)) = lim Hi(Sha (K, m), Zy(4)),

n, m>1

and, for any dominant weight A, any r € Z and n,m € N, natural specialisation maps

AT
mome; ), + By (Sh (K1), Zp(4)) = HE(Sha (Kn o) q(em) W),
such that, for any A= (A1 22> X3), g€ I(\) and n,m € N, we have

m
InornGr nm(z) ( ) 'eord(zé’m).
Some remarks and clarifications are in order. The tower of sufficiently small level subgroups Kj, ,, is
introduced in Definition and the interpolating module H{, (Sha(KL,),Zy(4)) is defined precisely in
Deﬁnition The operator e;q denotes the ordinary idempotent acting on HY_ (Shg(KL),Z,(4)) associ-
ated to Z/{]') (cf. . For the experienced reader, let us point out that the definition of the interpolating
modules as well as the specialisation maps are inspired by the work [Kat04] where similar constructions are

(A

carried over for GLg. Finally, we remark that the specialisations momg’, (z) for r ¢ I(\) provide étale
cohomology classes which do not arise as the p-adic realisation of motivic elements More precisely, the set
I(X\) of geometric twists of Theorem A corresponds precisely to the set of integers where the archimedean
L-function of the motive underlying our construction vanishes at order 1 (cf. [CLR.J19, §3.6] for a more
detail discussion on this). The different specialisations of the universal class should conjecturally be related
to special values of the complex L-function at other points, such as the critical ones.

Let us briefly mention some immediate applications of our results. Let 7 be a suitable cohomological
cuspidal automorphic representation of G(A) such that 7 is L{;—ordinary, in the sense that UZQ, acting on
770 has an eigenvalue «, which is a p-adic unit. Let Vp(7) be, up to a twist by the cyclotomic character,
the associated eight dimensional p-adic spin Galois representation (cf. [KS16]) defined over a sufficiently
large finite extension L of Q. Denote Oy, the ring of integers of L. Let T),(7) denote any Galois stable

O'-lattice in V(7). One defines the local Iwasawa cohomology of V() as

1
Hiyo(Qp, V(7)) = lim H' (Qp(Gm ), Ty () ® 0, L
m
One can then show (cf. Proposition that the specialisation at p of the cohomology classes of Theorem
A assemble together into a class
1
zfrw,a € HIW(QP’ V};(TF))
In particular, the image of z{, , under Perrin-Riou’s logarithm map defines an arithmetic p-adic spin L-
function (cf. Definition , interpolating the exponential and dual exponential maps of different twists of
the class Z;Tw, o The p-adic L-function thus defined is not a priori related to special values of the complex
spin L-function associated to the automorphic form 7 but, as we point out below, a relation between these
objects is established in our recent work [CLR.J19).

1.4. Final remarks and future work. We finally mention that this work should be seen as a first step
towards constructing Euler systems for G. The gap between our Galois cohomology classes and an Euler
system is the absence of the so-called tame norm relations, which compare classes over fields Q({¢) and
Q(¢m), where ¢ does not divide m. In |[LSZI17], the authors introduce a technique for proving the tame
norm relations, which relies on the local Gan-Gross-Prasad conjecture for the pair (SO4,SO5). Similar
techniques have also been used by C. Cornut and in [Jet14]. We hope to be able to come back to this in
the future.

There are still many other natural questions yet to be answered concerning the classes constructed in
this article. The relation between the special values of the arithmetic p-adic spin L-function and the
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critical values of the complex spin L-function are still mysterious. We expect an explicit reciprocity law
to hold, relating values of Bloch-Kato’s dual exponential maps of our Iwasawa class to certain values of
the complex spin L-function, which should also show the non-vanishing of the classes. Progress in this
direction has been achieved in [CLRJ19|, where the archimedean regulator of the motivic classes (for
trivial coefficients) has been calculated in terms of the complex spin L-function at non-critical points, using
techniques in [Kin98|, [Lem17] and [PS18]. This establishes a connection between the arithmetic p-adic
spin L-function constructed in this article with the complex spin L-function, in the spirit of Perrin-Riou
conjectures. Moreover, in [CLRJ19|, possible generalisations to GSp,,, with n > 3, of the construction of
motivic cohomology classes as well as the study of their archimedean regulator are considered. This work
can hence be considered as our first attempt devoted to the study of the arithmetic of automorphic forms
for symplectic groups.

1.5. Acknowledgements. We would like to thank David LoefHler and Sarah Zerbes for having suggested
the project to us and for their several valuable comments on it. Special thanks to Chris Skinner, who kindly
explained to us various aspects of the theory. Parts of this work were conducted while both authors were
visiting the Bernoulli Center at EPFL. We are grateful to the Bernoulli Center and specially to Dimitar
Jetchev for their hospitality and invitation to participate in part of the semester "Euler Systems and Special
Values of L-functions". Finally we would like to thank the anonymous referee for her/his careful reading
of the manuscript and for pointing out corrections and suggestions in their attempt to improve the overall
quality of the paper.

2. PRELIMINARIES

2.1. Groups. Let
H-= GL2 Xdet GL2 Xdet GL2 = {(A,B, C) : A,B,C € GLg,detA =detB = detC}

be the group scheme over Z obtained by taking the product over the determinant of three copies of GLo,
and let G be the group scheme over Z defined by having R-points

G(R) = GSp4(R) = {A e GLs(R) : A'JA=v(A)J, v(A) € Gn(R)},
for any commutative ring R with 1, where we have fixed J to be the matrix (_3{,}) Ioé ), for I§ = (1 ! ) In
the following, we will consider H as a subgroup of G through the embedding defined by

a b1
az b2

(@) ern | un e

c1 dy c2 da c3 d3 c3 d3
co do
c1 dy

We denote by Zy and Zg the centers of H and G respectively.

2.2. Shimura varieties. Let S = Resc/rGm and define hgr,:S - GLa/r by

. 1
har,(a+1b) = m( 48)
on the real points. Let Xgr, be the set of GLy(R)-conjugacy classes of hgr,. This induces a Shimura
datum (GL2, XgL,), and we denote by Shgy, the Shimura variety thus defined, i.e. the usual modular
curve. For U a sufficiently small open compact subgroup of GLa(Ay) EL we denote by Shgr,(U) the

varieties of corresponding level, with reflex field Q and whose complex points are given by
Shar, (U)(C) = GL2(Q)\X@L, x GL2(Ay)/U.

The diagonal embedding GL2 — H induces a Shimura datum (H, Xg) and denote by Shyy the corre-
sponding Shimura variety. Its reflex field is again Q. If U ¢ H(Ay) is a fibre product Uy xger Ua Xger Us of
(sufficiently small) subgroups of GL2(A ), we have

Shg(U) = Shar, (U1) xa,, Shar,(U2) xa,, Shar,(Us),

1Recall that, for any Shimura datum (G, X¢), a compact open subgroup U ¢ G(Ay) is said to be sufficiently small if it
acts faithfully on She(C) = G(Q)\G(Ay) x X¢. For any such U, G(Q)\G(Ay) x X /U is the set of complex points of an
algebraic variety She(U), which is defined over a number field E = E(G, X¢) called the reflex field of (G, X¢).
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where x@,, denotes the fibre product over the zero dimensional Shimura variety of level D = det(U;)
mo(Shaw, ) (D) = Z*/D

given by the connected components of Shgr,. Finally, the embedding A induces another Shimura datum
(G, Xg), with corresponding Shimura varieties Shg with reflex field Q. Note that this Shimura datum
naturally arises from a PEL datum of type C (cf. [Mil05, Definition 8.15, Example 8.6]). For sufficiently
small U ¢ G(Ay), Shg(U) is a smooth quasi-projective scheme over Q whose complex points are given by

Sha (U)(C) = G(Q)\Xg x G(Af)/U.

We have an embedding Shy < Shg of codimension 3, which for any open compact subgroup U of G(Ay)
gives

Ly ShH(U N H) — Shg(U).
The following lemma is an adaptation of [LSZ17, Lemma 5.3.1].

Lemma 2.1. Let U be an open compact subgroup of G(Ay) such that there exists a sufficiently small open
compact subgroup U' of G(Ay) containing U, wiUwi and weUws, where wy = diag(-1,1,1,1,1,-1) and
wy = diag(1,-1,1,1,-1,1). Then the morphism (of Q-schemes)

Ly ¢ ShH(U n H) — Sh(;(U)
1s a closed immersion.

Proof. We note that it is enough to show it on the complex points of the Shimura varieties. As it was
pointed out before, the map at infinite level Shy(C) — Shg(C) is an injection, hence we need to show
that if z, 2" € Shig(C) have the same image in Shg(U)(C), then z = 2'u for u € U n H. This would follow
by showing that for any uw e U \ (U n H), we have Shi(C) n Shg(C)u = & as subsets of Shg(C).

We show the latter as follows. The quotient W = Zg/(H n Zg) is generated by the two involutions
wi and ws. An easy calculation shows that the centraliser Cg(a)({w1,w2}) is H(Ay). Note that the
action of wy and we on Shg(C) fixes Shyy(C) pointwise. Thus, if z, zu € Shyg(C) for u € U, the elements
vy = u(wiutwy) and vy = u(woutwy) fix z. By hypothesis vy, vy € U’, which acts faithfully on Shg(C),
thus we conclude that v; = vo = 1. This implies that u centralizes the subgroup generated by w; and ws
and hence u € U n H, which completes the proof. O

Remark 2.2. Let Kg(d) denote the kernel of reduction modulo d of G(Z) - G(Z/dZ), for G € {GLgy, G}.
If U <€ Kg(d) for some d > 3, then the hypotheses of the lemma are satisfied with U’ = Kg/(d).

We recall that both Shgr, and Shg admit a description as moduli spaces of abelian schemes: given
sufficiently small open compact subgroups V' ¢ GL2(Ay) and U ¢ G(Ay), Shgr,(V) is the moduli of
(isomorphism classes of) elliptic curves with V-level structure, while Shg(U) parametrises (isomorphism
classes of) principally polarised abelian schemes of relative dimension 3 and U-level structure (see for
instance [Lan13, Theorem 1.4.1.11]).

Finally, we recall that, for g € G(A) and U sufficiently small, we have a map of schemes over Q

g:Sha(U) > Sha(g'Ug)
given by g-[(2,h)] = [(2,hg)]. For g e G(Ay), we denote by ¢f, the composition

P
gUg~1

Shy(9Ug ' n H) Sha(gUg™) Shg(U) .

Remark 2.3. For U equal to the kernel of reduction modulo d, U-level structures of an abelian scheme A
correspond to bases of the d-torsion points of A. Note that the right-translation action of g € GLQ(Z) (or
G(Z)) on the variety corresponds, at the level of moduli spaces, to the map g¢: (A, A, {e;}) - (A, A, {e}}),
where (e}) = g7! - (e;), where {e;} forms a basis of the d-torsion points for A.
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2.3. Level structures. We introduce next several level structures that we will be using throughout. The
reader is urged to skip this section and come back as the situation demands.

Definition 2.4. Let K®) ¢ G(z(p)) be a compact open subgroup satisfying the hypotheses of Lemma
For any n € N, let K, := KV K? ¢ G(Z), where

KPi={geG(Z): Rolg)=(0,...,0,1) mod p"),
and where Rg(g) denotes the sixth row of g.

For any n € N, we let Ki(n) = pr;(K, n H), where pr; : H - GL2 is the projection to the first
GLy-component of H. Observe that its component at p is given by

K?(n):={g9eGL2(Z,) | g=1I mod [pln pln]}.
We will always assume K (n) is a sufficiently small compact open subgroup of GLy(Z).

Remark 2.5.
e Note that, at p, the level group K,, n H has component

KP(n) ® GLy(Z,) 8 GLy(Z)).

o If K x G(Z,) = Kg(d) for some integer d > 3 coprime to p, then K, and K;(n) = (GLy(Z®) x
K?(n)) n Kgr,(d) are sufficiently small.
e By Lemma 2.1} g, is a closed immersion and we get

Shar, (K1(n)) <—— Shy (K, n H) —> Sha (K,,),

where pr; now denotes the morphism of Shimura varieties induced by the projection to the first
GLy-component of H. This diagram will be fundamental in the definition of the motivic classes
underlying our Euler system construction.

Let 17 be the co-character of the maximal torus of G defined by

and let 1, :=n(p) € G(Qp) € G(Ay).

Definition 2.6. Recall that we denote by Kg(p™) € G(Z) the kernel of the reduction modulo p™. For
m € N, define subgroups of G(Ay)

o K/ () = Enn ng”lKnU;(mH) nKg(p™);

n,m

o K 1= K;L,m(p) nKg(p™).
Remark 2.7.
e The group K| 0(p) is the largest subgroup of K, such that right multiplication by 7, induces a
morphism

1p : Sha (K, o)) — Sha (Kn).
e The definition of these last level groups will be justified by Lemma [3.4]
e In other words, for n > m, these subgroups are defined as follows.

PP
K= {geKo | g =1 mod 5: P2 }
P

" pm+1 pm+1 p2(m+1) p2(m+1) p3(m+1)
p" p™m  p™ pm+1 pm+1 p2(m+1)
7 n m m m+1 m+1 2(m+1)
Kn m(p) =19 € Ko | g =1 mod pn pm pm b m b m P m+1 :
’ P p p p p p
pn p'm pm pm p'm pm+1
p pv  p" P p" p"
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e Observe that we have a tower of inclusions

Kn=K, 02K, 52 K1 2K, 1) 2 Knp 2.

n

2.4. Representations of algebraic groups. We study now the branching laws for the restriction of an
irreducible algebraic representation of G to some of its subgroups.

2.4.1. Highest weight representations. Recall that every irreducible algebraic representation of GLo is of
the form Sym? ®det” for some d € N, k € Z, where Sym? denotes the d-th symmetric power of the standard
GL;-representation. We will next review the highest weight theory for the groups GSp, and GSpg.

Let T be the diagonal torus of G (which coincides with the diagonal torus of H) and denote by x; € X*(T),
1 < <6, the characters of T" given by projection onto the i-th coordinate. We then have y;x7_; =v,i=1,2,3,
where v denotes the symplectic multiplier. We see GSp, inside G, through the embedding

A B
gZ(ég)EGSp4'—>(Cv(g)ID)EG,

and y;, i € {1,2,5,6}, denote as well the characters of its diagonal torus.

For a,b non-negative integers, let u = (u1 > p2), p2 = b,u1 = a+b and denote by V# the unique (up
to isomorphism) irreducible algebraic representation of GSp, with highest weight X" x5* with central
character  — 2| where |u| = p1 + p12, which has dimension %(a +1)(b+1)(a+b+2)(a+2b+3). Similarly,
given a,b, ¢ positive integers, let X = (A1 > Ao > A3), A3 = ¢, Ao = b+ ¢, A\; = a+b+c and denote by V?
the unique algebraic irreducible representation of G with highest weight Xi‘lxgr" Xé\3 and central character
z — 2| where |A| = A\; + Ay + A3, which is of dimension %(a +D(a+2(b+c)+5)(a+b+2)(a+b+2c+
4)(b+1)(b+2c+3)(a+b+c+3)(b+c+2)(c+1) (cf. [FHI3, Equation (24.19)]).

2.4.2. Branching laws. For A= (A1 2 A2 > A3) and p = (1 > p2) as above, we say that p doubly interlaces
Aif Ay > p1 2 Az and Ag > pe > 0. We recall the following branching law result

Proposition 2.8. Let A= (A\; > A2 > A3 > 0) and V* be as above. Then

o We have a decomposition of Sp, ® SLo-representations

V=@ V" (Sym™ ® Sym” ® Sym"),
P

where the sum is over all = (pu1 > pg > 0) doubly interlacing A and where r; = x; —y; for {x1 >yp >
X9 > Y2 > x3 > Y3} being the decreasing rearrangement of {\1, A2, A3, 1, pi2,0}.
o We have a decomposition of SLo ® SLo-representations

H1—p2 2
VE= P PSym" YR SymH2 V.
z=0 y=0
Proof. The first statement is just [WY09, Theorem 3.3]. We sketch a proof of the second point, which is
stated in [LSZ17, Proposition 4.3.1]. For the parametrization of the special case of GSpy, applying [WY09,
Theorem 3.3| we obtain

VH =l (Sym™ ® Sym") ® Sym®
=l (Sym" ™" e Sym" "2 @ @ Symlmﬂ“z\) Sym?®.

Observe that every factor appears with multiplicity one. Dividing the sum for 0 < s < po and ps < s < g
we see that r1 = uy — o, r2 = s and 71 = p3 — 8,72 = ug respectively. Drawing the points (x,y) such that the
representation Sym® ® Sym? appears in the above sum we see that we get every integer pair (x,y) € Z? with
T +y = p1 + pe (mod 2) inside the rectangle with vertices (0, 1 — p2), (g1 — p2,0), (p2, p1) and (g1, p2).
Choosing the right parametrisation of these points (i.e. taking (u2, 1) as the origin) we get the desired
expression. U

For a fixed k£ and A, we are interested in studying how many H-representations of the form Sym(k’o’o) =

Sym"* ® Sym® ® Sym" appear in the decomposition of the restriction of V* to H. It will be useful to consider
the obvious factorisation of our embedding H ¢ G through H' := GSp,&GLso; this is because any irreducible
H'-factor of an irreducible G-representation will have multiplicity one.
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Lemma 2.9. The sum of all irreducible sub-H'-representations of V> isomorphic (up to a twist) to V*
Sym" for some p is given by
oy Dlzlul
P (VFrSym')ev =z |,
neA(N)
where A(N\) € Z? denotes the region of points (p1,pu2) € Z* satisfying |u| = |\ (mod 2) and lying in the
rectangle defined by the inequalities

p1 = p2 A= A2 + Az,
p1 = p2 > [A1 = A2 = Asl,
p1+ p2 2 A1 = Ao + Ag,
p1+ p2 £ A1+ Ao — Az

Proof. Applying Proposition 2.8 we obtain a decomposition as Sp, ® SLa-representations

VY = PV ®(Sym™ ®Sym™ ®Sym’*)
o
min(ry,r2) )
=P P V'e(Sym" " gSym’)
o =0

min(ry,re) min(rs,r1+re—21)
r1+7r2+713-21-27
=D D & Ve (Sym" ),
© i=0 §=0

where the sum is over all u = (1 > p2 > 0) doubly interlacing A and where r; = x; — y; for {z1 > y; > x9 >
Y2 > x3 > y3} being the decreasing rearrangement of {1, A2, A3, 1, 2, 0}.
We deduce that if V* & Sym” appears as a sub-Sp, ® SLy-representation then

T1+T2—2i—j:0, 7’3—j=0,
which implies j = r3 and 2i = 1 + 79 — r3 and hence, since 0 <7 < min(rq,72),
r1+Te 2 1r3 27 + 79— 2min(ry,re) = |11 — 1o (1)

and r; +rg + 73 = 0(mod 2), which is equivalent to saying that |u| = |\|(mod 2). The result follows by
unfolding the two inequalities of . O

Lemma 2.10. The sum of all irreducible sub-H-representations of V> isomorphic (up to a twist) to
Sym(k’o’o) for some k >0 is given by

)\1—>\2+>\3 IN-k
b r- Sym©00 @det 2,
k=|A1-A2-As|
k=|\| (mod 2)

forr=X—Asz+1.

Proof. This follows immediately from Lemma [2.9] Indeed observe that, by Proposition 2.8 for any u, the
unique sub-SLy & SLy-representation of V* of the form Sym®® is Sym*17#2:0)  The result then follows by
analysing the possible values of p1 — o in the region A(\) of the above lemma. The value r is the number
of (p1,u2) € A(X) such that g — po = k, i.e. the length of one of the sides of the rectangle, forming the
boundary of A(\). The twist is there so that the central characters of Sym*%% and V* and the inclusion
is H-equivariant. U

Remark 2.11. The values of k and r can be easily deduced by drawing the region A(\). For instance, from

Figure [1f for A = (9,6,2), we have that Sym(k’o’o) appears in the decomposition of the restriction of V> to
H only if k € {1,3,5} with multiplicity r = 5.
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H1
AL

A2

)\1*)\2+/\3

AL - A2

A3

A =A2= Az’

A3 A2 H2

FIGURE 1. The region A()\) for A =(9,6,2).

2.4.3. Integral structures. Denote by b, g the Lie algebras of H and G respectively, and write U(h),U(g)
for their universal enveloping algebras. For a € {h, g}, denote by Uz(a) the Kostant Z-form in U(a) (|Stel6),
Chapter 2|), which is some subring of U(a) generated over Z by an explicit family of ordered monomials
given in terms of the choice of a Chevalley basis of a (which also forms a PBW-basis of U(a)), so that
U(a) is obtained from Uz(a) by base-change.

For an a-module V| an admissible lattice Vi in V' is a Z-lattice which is stable under the action of Uz(a).
By [Stel6l Corollary 1], we know that admissible lattices exist for any representation of a semi-simple Lie
group, and that such a lattice is the direct sum of its weight components. For a weight A, fix a highest
weight vector v* of weight A and consider VZ)‘ the maximal admissible lattice inside V* whose intersection
with the highest weight space is Z-v*. Observe that VZA is also an admissible lattice considered as an
H-representation (since Uz(h) ¢ Uz(g), which can be seen using [Stel6, Theorem 2| and the fact that a
set of simple roots for h can be extended to a set of simple roots of g and that their Cartan subalgebras
coincide).

Let (e1,e9,e3, f3, f2, f1) be a symplectic basis for the standard G-representation V'
Denote Sym(zk’o’o) c (Sym(k’o’o) mVZ)‘) the minimal admissible lattice of Sym® %) such that the intersection
(k,0,0)

(12020).

Sym with its highest weight space is Z - elf (it is isomorphic to the algebra of symmetric tensors
TSym% TSymJ, ® TSymY).

By [Stel6, Corollary 1] (cf. also [Kos66, Corollary 1 to Theorem 1]), the restriction to H of the lattice V)
decomposes as the direct sum of its highest weight components. In particular, for every pu = (u1, o) € A(X)

A=k . . .
and k = u1 — pe, we have that (Sym(k’o’o) ®det 2 )N VZA c VZA is non empty. By fixing any highest weight
vector v in this sub-lattice, we can define a homomorphism of H-representations

A=
b s Sym& 00 g det 5 S V),

by sending e’f to vl

2.5. Gysin morphisms. In the next section, we will define étale and motivic classes in the cohomology of
the G-Shimura variety with coefficients by taking the image under Gysin morphisms of certain classes in
the cohomology of the H-Shimura variety. To define these maps, we will translate the branching laws for
algebraic representations of H and G described above into a statement for the corresponding étale sheaves
and relative Chow motives on the Shimura varieties. Let us briefly recall the main properties of the functor
defined in [Ancl5]. For a reductive group G over Q, denote by Repg (&) the category of representations of G
over Q. Moreover, for a smooth quasi-projective scheme S over a field of characteristic zero, let CHMq(.S)
denote the Q-linear tensor pseudo-abelian category of relative Chow motives over S. Recall that there is
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a functor M from the category of smooth projective schemes over S to CHMq(S); let 1g := M (S), and
denote by Lg the Lefschetz motive appearing in the decomposition of M(IP’ls) as lg@®LLg. For any positive
integer m and ¥ € Ob(CHMq(S)), we denote by ¥ (-m) and #'(m) the tensor products of ¥ with LE"™

and (L%)®™. In order to define Ancona’s functor, recall the following.

Proposition 2.12 (|[DM9I]). Let 7: A - S be an abelian scheme of relative dimension g; there exists a
decomposition in CHMq(S)

29
M(A) = G% h'(A),
where [n]* acts on h'(A) as multiplication by n' and the ¢-adic realisation of h'(A) is Rim.Qy.

Now, consider a Shimura datum (G, X') of PEL-type. For any sufficiently small level subgroup U € G(A¢)
there is a Shimura variety Shg(U), which admits a model over the reflex field of (G, X), and a universal
abelian scheme &7 /Sh(U) with PEL structure.

Proposition 2.13 ([Ancld]). There is a tensor functor
uf : Repg(G) — CHMq(Sha (U)),
which respects duals and satisfies the following:
(1) If V is the standard representation of G, then u& (V) = ht(<f);
(2) If v: G — Gy is the multiplier, then u$(v) = L ()5
(3) for any prime p, the p-adic étale realisation of ug(V) is the étale sheaf associated to V ® Q, (cf.
[Pin92] ), with U acting on the left via U - G(Ay) - G(Qp).

Remark 2.14. We have adopted conventions used in |[LSZ17|. This is coherent with the fact that, in the
case of GL2, by Remark the p-adic Tate module T,,& of the universal elliptic curve & corresponds to
the dual of the standard representation of GL2(Z)). Thus, T,,& gives a lattice in the p-adic étale realisation
of h1(&)V.

As explained in [LSZI7, §6.2], there is a canonical G(A ;)-equivariant structure on u$ (V') for every V
in Repq(G), which is compatible with the G(A f)-equivariant structure on the corresponding p-adic étale
realisations. Thus, we have a functor

ué Repq(G) — CHMQ(Shg)G(Af),
where Shg = LEIU Sha(U). We have the following compatibility.
Proposition 2.15 (|[Torl9, Theorem 9.7(i)|). There is a commutative diagram of functors

uG

Repg(G) CHMq(Shg)GA7)
'Hl lA*
H
Repg(H) - CHMq (Shgg ) (A0,

where A" denotes pull-back.

Let U ¢ G(Ay) be a sufficiently small open compact subgroup; as in [Leml17, §4.1], one has motivic
cohomology groups H}, . (Sha(U), #q(m)), for any 7q € Ob(CHMq(Shg (U)) and any integer m. Suppose
U c G(Ay) is chosen so that ¢y is a closed immersion (e.g. Lemma ; then, by [CD19, Theorem 7 and
(2.4.39.2)], we have Gysin morphisms

W Hi (Shia (U 0 H), AT (m)) — HES (Sha(U), (3 +m)).
We want to compose these maps ¢y« with the maps in cohomology coming from the branching laws in
Repg (H) described above.
Definition 2.16.
o Let Wé\ be the relative Chow motive u&(W?) over Shg, where W? is the algebraic representation
of G given by V* @ v 1.
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o Let %ék,o,o) be the relative Chow motive ,uH(Sym(k’O’O) ®det ™) over Shy.

We will now define our key map in cohomology. Note that by we have

A=k
Sym(k’o’0)®det 7 o VA

After twisting it, this gives a map

A=k A=K
Sym(k’o’o) @det™ o VA @y =Wlev 2 .

By Proposition and Proposition [2.13|2), we get a morphism
k,0,0 * M-k
brld {00 — A (<P,
Definition 2.17. Let = (u1 > p2) € A(N\) and let k = 1 — po; we define
it Hyo (Shir(U n B, 2800 (%)) — Hu2S (Sha (U), #4(x + 3+ E2))
to be the composition of the map (corresponding in cohomology to) brlM with LU, -

Remark 2.18.
e Thanks to Proposition [2.13{(3), we have étale regulator maps

Tét - Hljnot(ShG(U)7W(3\(*)) - Hét(ShG(U)’ Wép(*))’

where Wé‘p is the the p-adic étale sheaf associated to W(sp and H} denotes continuous étale coho-

mology in the sense of [Jan88|. As the étale realisation functor commutes with the six operation of
Grothendieck, we have a compatibility via r¢ between motivic and étale Gysin morphisms.

e From §2.4.3, we have "integral" Gysin morphisms in étale cohomology. Let H(ZIZO’O) (resp. W%p)

denote the Z,-sheaf associated to the lattice Sym(zk’o’o) ® det ™ (resp. VZ)‘ ® I/"’\|), then we have

0 HE (Sha(U n B, 1O (+)) — HE O (Sha (U), Wy, (+ + 3+ 520,

3. DEFINITION OF THE CLASSES

This is the main section of our text. We give the definition of the zeta classes and we study their norm
compatibility as we vary the level of the Shimura variety.

3.1. Siegel units. Recall that when U is a sufficiently small open compact subgroup of GL2(Ayf), the
modular curve Shgr,(U) is a fine moduli space with universal elliptic curve £ - Shgr,(U). In particular
ShgrL, (K1(n)) is the moduli of isomomorphism classes of (E, P,,, «), where P, is an p"-torsion point of the
elliptic curve E and o is a level pry (K nH)-structure on E. Denote by (&,en,)/Shgr,(K1(n)) the
universal object of Shgr,(K1(n)). For an auxiliary positive integer ¢ coprime to 6, let .0s € O(& \ &[c])*
be the norm compatible unit of [Kat04, Proposition 1.3(1)]. Finally, fix an auxiliary non-zero torsion section
x € &(Sher, (K1(0))) of order an integer N > 1 coprime to p.

Definition 3.1. For n >0, define (g, := (x + €,)*(bs) € O(Sher, (Ki1(n)))*.

3.2. Higher weight Eisenstein classes. Let 7—[6 denote the relative Chow motive over Shar, (K1(n))

associated to the GLa-representation Symk ®det_k, for K > 0. For k > 1, Beilinson constructed motivic
FEisenstein classes

Eis}; € Hyo (Shar, (K1(n)), Ho (1)
We refer to [LSZ17, Theorem 7.2.2| for the choice of normalisation of these classes.

Remark 3.2. For k=0, HL . (Shagr,(K1(n)),Q(1)) = O(Shgr,(K1(n)))* ® Q and Eis? is .g, ® 62—1_1, for
c # 1 an integer coprime to 6 and congruent to 1 modulo p”.

We denote by Eis]é“t’n the image of the (motivic) Eisenstein class under the étale regulator. Kings has

constructed an underlying integral étale Eisenstein class. Let ’H'%p be the Z,-sheaf associated to the minimal
admissible lattice Sym’% ®det™ of Sym* ® det™*.
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Proposition 3.3 (|Kinlb|). There exists, for any ¢ be coprime with 6p and k >0, an element
cEisk, ,, € H (Shar, (K1(n)), Hy, (1))
. _ “1\ 1
such that CElSIgt’n = (c2—c F(s9) )Els]é“tm as elements of Hét(ShGLz(Kl(n)),?’—l’ép(l)). For k =0,

CEisgtm = 0(cgn), where O denotes the Kummer map.

3.3. The classes at level K ,,. We first construct classes in the cohomology of the Shimura variety of
level K, .

Lemma below is the key ingredient for proving the vertical norm relations of our classes (Theorem
and, indeed, it constitutes the main motivation for working with the level K, ,,.

Lemma 3.4. Let n,m > 1 be such that n >

> 3m + 3. There exists an element u € G(Ay) such that the
commutative diagram

. Sha (K7, pmi1) (2)
/LI(;L’}H/
pr
pTOLz{;L m+1 l
ShH(uK,’wnHu‘1 nH) ’ ShG(K;l7m(p))

/
”pl l”p
L“K,

Shy (uK}, ,,u™' N H) i Sha (K}, )

has Cartesian bottom square, where mp, 71'1', and pr denote the natural projections.

Proof. The proof of Lemma [3.4] is a direct and not very pleasant calculation and it is given in Appendix
A. O

Remark 3.5. The choice of u does not depend on either m or m and it is not unique. We can take u € G(Z),
whose component at p equals to (5 ?) , with

We now define the push-forward classes in the cohomology of the G-Shimura variety of level K{lm Notice
that we have a projection pry ,, , : ShH(qu’%mu_l nH) — Shgr, (K1(n)). Moreover, for any g € G(Ay)

(Au] [A k]
denote by Uk, 9Kl gLt

-

O
—OM
O

and having trivial components elsewhere.

. the composition g, ot

m»19s

Definition 3.6. Let V* be the irreducible representation of G of highest weight A = (A1 > Ag > A3),
pw=(k+j>7)eA(N) and let n,m € N.

o Let Q;TAL[’A,,Q” I be the class given by
A, * . k-
B o (Bish) € Hio (Sha (K, ), 74 (4+ 52).

e Let 27[{,\;#] be the class
re(Z047) € B (Sha (K, ), Wo, (4+ 552).

The motivic classes defined above are not a priori integral, which is due to a lack of theory of integral
motivic Eisenstein classes. Building on Proposition 3.3 we give an integral construction of the p-adic étale
classes as follows. This is better suited for studying norm relations in the p-cyclotomic tower and p-adic
interpolation properties.

Definition 3.7. Let CE,[I)},Q‘] be the class given by

A, " . k—|A
B o P (Bish ) € HE (Sha (K}, ), Wy, (4+ 520,
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3.4. The level groups K, ,. Let n € N and denote by K, C G(Z) the subgroup of K,, defined by
plpppp
Ko 1=Knﬂ{geG(Zp) | g =1 mod ll’plppp }
1
1

Remark 3.8. The definition of K, is motivated by the proof of Theorem

For m,n € N, we aim to define classes in the cohomology of
Sha (Kn,0) Xspec(q) SPec(Q((pm))-
Definition 3.9. Let n,m € N. Define subgroups K, ,, ¢ K, o by
Kpm=Knonv ' (1+p™Z) = {ge Kno:v(g) =1 (mod p"Z)}.
Remark 3.10. Let
Art: Q%\A} > Gal(Q™/Q)

be the Artin reciprocity map, normalised so that if a € Z* c A;, Art(a) acts on roots of unity by ¢ — ¢%.
As explained in [LSZ17, 5.4, if U € G(Ay) is an open compact subgroup such that

v(U)-(1+p"Z) = 2%,
then there is an isomorphism of Q-schemes

She (U n v~ (1+p™Z)) = Sha(U) Xspec(@) Spec(Q(Gym)),

which intertwines the action of g € G(Ay) on the left-hand side with the one of (g,0,) on the right-hand

side, where o, = Art(y(g)’1)|Q(<pm). In particular, we have

ShG(Kn,m) = ShG(KmO) XSpec(Q) SpeC(Q(Cpm))'

3.5. The classes at level K, ,,. For two given integers n,m > 1, take n’ = n+ 3(m + 1) and define the
projection
tm : Sh(;(K;ﬂJn) g Sh(;(Kmm),

induced by right multiplication by the element 7" = diag(p>™, p*™, p*™,p™,p™, 1) € G(Q,) defined in

Remark 3.11. The map t,, is well-defined. Indeed, we need to check that n;qu'll’mn;” € K, m- Recall
that K,'%m = Kp 0y Kpm,™ n Ka(p™) and Ky, = Kpo N (1 +pm2), so we have n;mK;L,7m77;" =
n," Kyt 0 K 0™ K (p™)n,'. This is obviously contained in K, and in v (1 +p™Z). Finally, if
g€ Ky nn,mKg(p™)n,', it satisfies the extra conditions modulo p imposed in the definition of K .

Before defining the classes we note that the push-forward by ¢,, . makes sense with our p-adic integral
coefficients.

Lemma 3.12. There is a well defined action of 77;1/]7)‘2”‘3 on WZAP defining a morphism of sheaves
A A * A
tm,b : WZP - 75m()/VZp)'
In particular, we have a map
A A k—|A A k—|X\
e - HE(Sha (K ), W, (44 557)) = HE (She (Km), W, (4+ 557)),
defined by composing the map in cohomology induced by tﬁ,ﬁb with the trace of t,, in étale cohomology.

Proof. We need to show that the matrix 77;1 = diag(p~3,p~2,p~2,p~1,p71,1) acts on Wé‘p and that its
image is contained in p)‘2+)‘3W2‘p. Let S be the one dimensional split torus diag(2?, 2%, 22 x,2,1) of G.

Then V* decomposes as the direct sum of its weight spaces relative to S, with weights between 0 and
3A1 + 2\ + 2X3. We deduce that S acts on the highest weight subspace of W = VA @ el through the
character diag(z3, 22, 2%, z,2,1) 2~(A2*23) and, in particular, the action of 77];1 on every S-weight space

(and hence on all W*) will be divisible by p*2**3_ thus showing the claim. O
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Remark 3.13. Observe that the normalisation by p’()‘2+)‘3) is such that the action of p’()‘2+>‘3)n1;1 on the

S-highest weight subspace of W is trivial and divisible by p elsewhere. This optimal normalisation of the

map tﬁw will be very helpful (in a rather subtle way) when defining our cohomology classes at integral

level and proving their norm relations (cf. Theorem [3.21).
We are now ready to define the following.

Definition 3.14.

o Let 2000 = 1), (ZD0) € BT\ (Sha (Knm), 78 (4 + 52).

e Let cz,[L)";,ff ] be the class

th o (cZ )y € HE, (Sha (Knm), Wy, (4+ 520,
3.6. Norm relations at p: varying the level. We now show that the various classes that we constructed
are compatible when we vary the variable n. Denote by
T1,n : Shar, (K1(n +1)) - Shar, (K1(n))

the natural projection map. We recall the following standard result.
Lemma 3.15. We have
Eisk ifn>1,

ét,n

. ( Eisk -
(7T1,n) (C ISet,n+1) {(1 _pkd;) CEiSé;t’n an — O7

where d,, € GLQ(Z) denotes any element congruent to (1 p) modulo N, for N > 1 coprime to p being the
order of the auxiliary torsion section x of Definition [3.1].

Proof. This is well-known (e.g. |[KLZI7, Theorem 4.3.3] or [Sch90]) and it basically follows from the
compatibility relations that Siegel units satisfy, the only difference being the action the push-forward of the
multiplication by p map on the coefficient sheaf ’Hl%p given by multiplication by pF. O

Let
bry - ShG(K;HLm) - ShG(K;L,m)

denote the natural projection map.

Proposition 3.16. We have

n,*\C*n+1,m (1 _ka;)Cgr[:\T#] ifn — O,

where D, € H(Z) c G(Z) s any matriz whose first GLa-component is congruent to ([1)2) modulo N, for
any N as in Lemma|5.15]

Proof. From commutativity of the diagram

M,
n+l,m

ShH(UK7,1+1,mu71 n H) ShG(K:"H—l,m)

p~Tn Prn
Lu

Shg (uk, ,u™t A H) —— Sha (K7, .),

n,m

where pr,, : Shyy(uK], v !inH) - ShH(qu%mu‘1 N H) is the natural projection map, we obtain

n+lm
s[An] . [Au] k
pr"»*(c’zn+1,m) = PTrngx© LK;HI m7u7*(CZH,n+1,m)

— [)‘7/"’] Sy k
- LK;I Uy * oprn,*(CzH,n+1,m)v
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where we have denoted by czH n,m the class pri , m( Elset n) Thus, we are reduced to studying compati-

bility relations of Csz +1,m With respect to pr,, ., which follows from Lemma Indeed, the Cartesian
diagram
prl,n+1,m

ShH(u nal mu -1 N H) ShGLZ(Kl(TL + 1))

]frnl Lﬂ'l,n

Shy (uK), ,,u nH) T Shgr, (K1(n))

gives
~ k ~ -k
Pry « (CZH,n+1,m) = DPrpx° prin+1,m( CEISét,n+1)
prin,m 0(771771)* ( CEiS]gt,nJrl ) .

Thus, the result now follows from Lemma and by observing that, for any D, ¢ H(Z) as in the
statement of the proposition, one has a commutative diagram

prl,n,m

ShH(uK,'L’mu_l N H) ShGL2 (Kl(n))

b,| ld"

Shyr(uk}, ,u~' A H) — """+ Shar, (K1 (n)),

which can be easily checked using the moduli space description of the varieties. U

This immediately translates into the identical norm relations for the level K, ,, classes.

Corollary 3.17. Let pry, : Shg(Knt1,m) = Sha (Kpm) be the natural projection map. We have

pr Z[)\’N] ) _ cz’r[z)\;#] ifn 21,
n,*\C*n+1.m k ] .
(1-p"D} )can ifn=0,

where D, € H(Z) c G(Z) is any matriz whose first GLa-component is congruent to ((1)2) modulo N, for
any N as in Lemma|5.15]

3.7. Norm relations at p: cyclotomic variation. In the section we prove our main result stating that
our cohomology classes satisfy the Euler system relations at powers of p.

3.7.1. Hecke operators. We now define the (normalised) Hecke operator which is going to show up in the
norm compatibility relations of our cohomology classes.

Definition 3.18. We define the Hecke operator U, acting on Hgt(Shg(K{%m),Wi\p(éL + k_TN)) to be

the actlon of p~(A2+da) . K m _1K,’1m, where K mnle{lm is seen as an element of the Hecke alge-
bra H(K,, ,,\G(Af) /Knm)z of K] ,,-bi-invariant smooth compactly supported Z,-valued functions on
G(Ay). In other words, the action of K], mnle;L . on cohomology is the one induced from the following
correspondence on Shg:

She (K jnp)

I
ShG(K;L,m) """"""" > ShG(K;z,m)v

where the vertical arrow is the natural projection 7T,; and the diagonal one is induced by right multiplication
by 71,, and hence Z/{I') is given by the composition

HZ(Sha (K} ), Wy, (4+ Sy B BT (Sha (K >,wép<4+’“;'”>> > H](Sha (K),,), Wy, (4+5 1)),

n.m(p)
where +» 1S the normalised map derned exactly 1 the same way as € map » Ol Lemma |o.
here 7, , is th lised defined exactly in th th tps Of L 3.12

Remark 3.19. The notation chosen for the Hecke operator is motivated by the fact that u]; is dual to the
Hecke operator U, associated to 7.
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3.7.2. Norm relation for the classes ch m] Recall that the diagonal matrlx Np = (p3, %, p%,p,p, 1) € G(Qp)

induces a morphism of Shimura varieties 7, : Shg (K m(p)) - Shg (K}, ,,) and, by Lemma w a map

k—|\ k—|\
Mt HE (Sha (K, 1)) Wa, (4+ 5520) > HE (Sha (K7, ) Wa, (4+ 520)).
Let m > 1, n > 3(m + 1), and denote by 7, the composition of the natural projection map pr :
Shg (K, 41) = Sha (K, m(p)) with the map 7, : Shq (K], m(p)) - Shg(Kj,,,). By the same arguments as
in Lemma [3.12] we can once more define a normalised trace

poe + Hi (Sha (K7, i), Wa, (4+ MY & HE (Sha (K} ), Wa (4+ By,

as the composition the trace of pr with 77;;7*.
We have the following push-forward compatibility relation.

Theorem 3.20. For m>1, n>3(m+1), we have

]

77p *(Cznerl) nm ’

where U’ is the Hecke operator defined in Definition .

Proof. Denote by canm the class prj nm( Eis}

). The result follows from Lemma . Indeed, by the
[/\,u]

ét,n

definition of the class .2, ;; we have

[A u] k
pr(Zy s pr o )
_ [/\,u] k
=pryo LK;Z W ® °© 7Tp (Csz,m)’

where 7, is as in Lemma [3.4] By the Cartesianness of the square of the diagram of Lemma [3.4] we have
that

(Au]
K’

w0 = () o

n,m»

pryot

m+1°

so we deduce
pro( ) = () OLK, u*(c Hrnm) = (1) (D),
where the last equality follows by definition. Hence, by applying np,* to both sides, we get

np7 (C nm+]_) np, o (7T ) (C ) Z/{ TE,),\;T‘;‘L]

as desired. O

Q(Cpmﬂ)
Q(Cpm)
ShG(Kn,O)/Q(CpmH) - ShG(Kn,o)/Q(gpm)- Moreover, let o, denotes the image of % € Q, under the Artin

[Aon]

3.7.3. Norm relation for the classes can . Call norm the norm map of the natural projection

reciprocity map.
Theorem 3.21. Forn,m > 1, we have

Q(C m+1) [}\,/J,] u;
noer(ém) (szmJr1 = é .
where U]; 1s the Hecke operator associated to p‘(’\2+’\3) - K, mnlen m-

Proof. We first deduce the norm relation at levels K, ,,. By Theorem and the commutative diagram

m+1

n
ShG(K;z,erl) —— Shg (Kn,m+1)

a ]

Sh (K}, 1) — > Sha (Km),
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where the right vertical arrow is the natural projection map, it suffices to show that the Hecke operator Z/II’,
commutes with t;\n’*, i.e. that we have a commutative diagram

— t:;L,* —
H(Sha (K], ,,), Wy, (4+52)) =" HT(Sha (Knm), Wy, (4+ 552))

4| |

tm

H (Sha (K7 ). W, (4 + 557)) = HT(Sha (Knm). Wy, (4 + 55)).

Recall that the Hecke operator UI’, at level K, ,,, is defined as the correspondence pry 4 o 7);,"* opry, where
pri, pro are natural projections sitting in the diagram

pr2

s _ n _
She (Knm) < Sha (Knm 01Kty ) —> Sha (1, K milp 1 Knm) 2> Sha (Knm).-

Then, the two Hecke operators commute if | Ky 015 Ky i p\ K | = | Ky 0 n;lKr'l,7mnp\K7'L,7m|. This
is indeed the case, since both sizes can be checked to be p'2. Here, we are making an essential use of the
extra congruences modulo p satisfied by the elements in K, . Finally, the result follows after using the
isomorphism

ShG(Kn,m) = ShG(Kn,O) XSpec(Q) Spec(Q(Cpm)),
which intertwines the Hecke operator U, on the cohomology Shg (Kn,m) with Art(v(np))lqc,m)Up = 0;31/{1').
(]

Remark 3.22. For calculating the size of the quotient for K, ,,, one actually crucially uses the congruences
modulo p appearing in the definition of the level group K, o, and the result would not hold if we didn’t
impose those congruences.

4. p-ADIC INTERPOLATION

We show in this section how the compatible systems of elements so far constructed can be p-adically
interpolated. In §4.2.3] we vary one of the variables of the weight to interpolate several classes geometrically
constructed. In §4.2.4] we construct a universal class that specialises, under some twisted moment maps, to
all the geometrically constructed classes. The problem with this last approach is that we do not know how to
naturally interpret these twisted moment maps. As an application, we can consider different specialisations
of this universal class and thus obtain new classes at finite level that do not a priori come from a geometric
construction.

In this section, we replace the Shimura varieties for G € {GLy, H, G} with their smooth integral models
defined over Z[%], for S sufficiently large and divisible by p.

4.1. p-adic interpolation for GLy. We first recall the p-adic interpolation results that we need from
[Kind5]; we follow the exposition given by [LSZI7]. Fix an open compact subgroup U®) ¢ GLg(AScp )) and
let Uy, = UPUE with UF = K?(n) (cf. §2.3) and assume that U,, is sufficiently small for every n.

Definition 4.1. We define
H(Shar, (Us), Zp(1)) = lim Hg (Shar, (Un), Zp(1)),

n>1

where the inverse limit is taken with respect to the natural trace maps.
Recall that, for every k£ > 0, and n € N we have moment maps
k 7l 1 k
MOMGL, p * H (Shar, (Us), Zp(l)) = He (Shar, (Un), %p(l))a

defined in [KLZI17, Theorem 4.5.1(2)]: let e, f be a basis for the standard representation of GLy. If %azk/pnz

is the reduction modulo p™ of %kp, we have a section

67]2 € Hgt(ShGLz (Un)7 %ﬂzk/pnz)
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given by the reduction modulo p™ of e®* in Sym’% ®det ™. Then, the moment map momlé}L2 ,, is defined by
sending any element (vs)s>1 to
(prgi)*(vs U 6?)5271 € LiLnHélt(ShGLz(Un)a '%ﬂzk/psz(l)) = Hélt(ShGLz(Un)u jfzkp(l))-
s2n
Crucially, we have the following interpolation result.
Theorem 4.2 ([KinI5]). The class (Eisgr, = (9(cgn))n>1 € Hi (Shar, (Us ), Zp(1)) is such that, for every
k,n e N, we have
mom]aLz,n(cEisGLz) = CEis]gtm.
4.2. p-adic interpolation for G: varying the weight. In §4.2.2] we discuss interpolation properties
of the classes at level K, ,,, which result in a compatibility with respect to varying the weight of our
local systems in one direction. This reflects the asymmetry of the construction of our cohomology classes.

Proposition below is not subject to any U,-ordinarity assumption and it is a direct consequence of
Proposition [3.16] and Theorem [£.2]

4.2.1. Ezxplicit branching laws. It will be useful to construct explicit highest weight vectors of the sub-H-
spaces of V* given by the branching laws. Only the element W defined below will be used in —
and the rest of them will only be useful for §4:2.4] so the reader is invited to come back to their definition
when needed.

Let us first write down the decomposition of the three basic representations V(12020) y/(12120) 4,4
V212D a9 4 direct sum of H'-representations. Applying the branching laws we readily get the follow-
ing decompositions of H'-representations:

1 (12020) _ (V(Oz(]) = Sym') @ (V(1zo) Sym®),
v - (VD ggym®) @ v] @ (V) mSym') @ (VD 5 Sym?),
pzizl) _ [(V(lzo) Symo) ® V] ® (V(lzl) Syml).
Let V be the standard representation of G with its symplectic basis (e, e2, es, f3, f2, f1). Since we will

only be interested in those H-factors of the form Sym(k’o’o), using the branching laws from H' to H in the
decompositions above, we fix highest weight vectors for the following H-representations:

W =1 € SymM00) ¢ y(120) g Gy ¢ 1 (12020)
X:=er A fi—eg A fy € Sym@90 g det ¢ (V20 g Sym®) @ v ¢ V(12120),
Yi=esn fa—eg A fye Sym(O,O,O) ®det © V(lzl) Symo c V(lzlz[)),
Zi=e1neah fa—er Aeg A fz e SymBO0 @det ¢ (V1)) g Sym®) @ v c (12121,

Observe that, for p,q,7,s € N, we have

WP.X9.Y".75¢ Sym(p+s,0,0) ® detdt"s ¢ (V(p+r+82r) SymO) ® 115 ¢ V(p+q+r+82q+r+52$),
where the operation - denotes Cartan product.
Lemma 4.3. Let A = (A1 > Ao > A3) and let p= (p1 > p2) € A(XN) be such that k= g — g = A1 — Ag + As.
Then

M = ke As A Asmie ype L g A3 ¢ Sym(k’o’o) ®det™ ¢ (VA& Sym?) @ v*27#2 c A
1s an H-highest weight vector.

Proof. The vector vl of the statement is an H-highest weight vector, because it is a Cartan product of
H-highest weight vectors. U

Let u and k be as in Lemma Let wlM be the image of v[*#] in Wé‘ = VZ)‘ ® v M. We have the
H-equivariant inclusion
brirHd . Sym(zk’o’o) ®det™ c Wé‘ ® 1.

This is defined by sending the image of the vector e]f € Sym(zk’o’o) in Sym(zk’o’o) ®det™ to wltH] ® (2, where

is a basis of the symplectic multiplier representation v. Now, for any integer ¢ > 1, denote b w[)"” ] and
¢ ymp p p ; y integ ; y w;

¢; their reduction modulo p'.
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4.2.2. Moment maps. Consider the level groups K, ,, ¢ G(Ay) defined in Let us begin by describing
the moment maps from

H (Sha (Koom), £) = lim He (Sha (Knm). £),

n>1

where the inverse limit is taken with respect to the natural trace maps, to HZ (Shg(Knm),L') for certain
Z,-local systems L, L'

Lemma 4.4. Let A= (A1 > 2> A3) and k=(k>02>0). For n>1, we have a map
momg, ,, + Hiy (Sha (Koo m), Wy, ) = lim Hi (Sha (Ksm), Wy,e)

— Lln Hét(ShG(Ks,m)’ )/V%/pS ® W;/ps ))

S

— lim H, (Sha (Kam), Wy

S

- Lln Hét(ShG(Kn,m)7 W%;zl;)

S

- gt(ShG(Kn,m)a W%:H)7

where the first map is an isomorphism, the second map is obtained by taking the cup product against the
étale section associated to wl™ in Hgt(Shg(Ks,m),Wg/ps) for p=(k,0) as in Lemma the third one
1s the map induced in cohomology by the Cartan product, the fourth one is obtained by taking the projection
to level n, and the last one is an isomorphism again.

Proof. To show that the moment map is well defined, we need to verify that wgﬁ’“ I'is fixed by K m. Notice
that, by the chosen twist in the definition of W*, the vector wl™* = Wk = e]f is fixed by the subgroup of
the Levi factor of the Klingen parabolic given by

( A 1 ) ’
where A € GSp, and x = v(A). Finally, since wlr] is fixed by the unipotent of the Borel, it is in particular
fixed by the unipotent of the Klingen parabolic. We deduce then that wgﬁ’“ lis fixed by K and defines

an element in Hy (Sha (Ksm), Wi /ps), hence the moment map is well defined. O
4.2.3. p-adic interpolation. We can now state the main theorem of the section.
Proposition 4.5. There exists an element
cZm € Hgt(ShG(Koo,m)v Z,(4))
such that, for alln>1 and k >0, we have

[%.u]
ét,n,m

as elements of Hy (Sha (Knm), Wy (4)), where = (k> 020) and pu= (k20).

mom]é’n(czm) =2

Proof. The proof is similar to [LSZ17, Proposition 9.3.3]. First, notice that from the very definition of the
moment map mom’éL2 s We can define

momgy, : H (Shu (uK?, u~ 0 H), Zy(1)) > Hi (Shu(uk;, u~ n H), Hy %0 (1)),

by taking the cup-product with the image wf of e‘f’k € Sym(zk’o’o) in Sym(zk/ﬁt’oz) ®det™. Indeed, wf defines

a section in H (Shg(uK] ,u"n H),?—[(ZIZO’O)), because uK{,,u™' nH c uK;ou™' nH = K; o n H fixes wr.

By Theorem the class .z, = (prin’m)n»o(cEisGLQ) satisfies

momlf-l,n(CZH,m) = prin,m( CEiSlgt,n)'
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Moreover, for k = (k>02>0), u=(k>0), and n' =n+3(m+1), we claim that we have a commutative
diagram

too,m,*
H}, (Shi (uK L, HE (Sha (Kly ), Zp(4)) —" HT (Sha (Koo ), Zn(4))
mom’I“_I,n, l L[“ ] lmom’é’n
H}, (Shu(uK}, ,,u™ nH), H(““)(m H,(Sha (K} ,,), Wy, (4)) L BT (She (Kom), Wi (4)),

where too .y, = (LK u,x )n>>0 and similarly teo ym « is the collection of pushforward maps of ¢, : Shg(K;,ﬁm) -

Sha(Ksm), for 8" = s+3(m+1), as s > 1 varies. Indeed, this follows from the explicit choice of the H-
highest weight vector wl*#], as we now explain. Recall that the branching map prl## sends e‘f’k to wlmHl.

Notice that ! - wl®H = wls#] lies in the highest weight space relative to the one dimensional torus
S = diag(x3, 22, 2%, 2,2,1) of G, since S acts trivially on it. As discussed in Remark the map 7, ,
acts trivially on the S-highest weight subspace, thus we have that

rp (el ) =5 () ) = 1, (i) = () )
as sections of (tm)*Wg Iz This equality is crucially employed in the proof of the commutativity of the
diagram above. Recall that t;, , =tm « o ty,, ,, then for v = (vy)ss1 € H,lt(ShH(uK(;,,mu_1 nH),Z,(1)),

™m,b?

(¢, * ]7u7*omomﬁn,)(v) (tr, . ] )((er/ ). (vsfuwk,))

k
= (ths OLK, ] u7*)(vn/ Uw,)

s>n

[ 7/"‘])

= tzl,*(LK/ W *(/UTL ) U uw
= tm:*(tfn,b(LK;, s (0n)) U () w0l

K K,
= (tm* oLk, u*)vnr UUJ?[z 1]

— (ers m ) ((tm e LK/ uy*)vs, U wgﬂ,u])szn
= (momg ;, © toom,« © Loovu,*)(V),

where the third equality follows since u, = (u™!)* distributes over cup products, while the second, fifth and
sixth ones follow by the projection formula. This shows the claimed commutativity.
Finally, we define

cZm = (too,m,* o Loo,u,*)(cZH,m)-
Its interpolation property follows by the commutativity of the diagram and Theorem [£.2}

mom§; , (czm) = (1. © LES/” e 0 OmEY ) (2 )

* -k
- (t ok U * ) (prl,n’,m( CElsét,n’))
[1,1]

T C%ét,n,m"

O

4.2.4. Construction of the universal element. It is a natural question to ask whether we can p-adically
interpolate a larger family of geometric classes, improving Proposition [£.5] In order to do so, we need to
work with the level groups K{lm defined before, vary the cyclotomic coordinate and consider a twisted form
of the moment maps to make all constructions compatible, as it will be explained below.

Definition 4.6. For any A = (A1 > A2 > A\3) and integers i, j, we define the groups
H{, (Sha(KL), W3, (7)) = lim H{(Sha(K),,,), Wa, (),

nm>1
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where the inverse limit for n is taken with respect to the natural trace maps and the inverse limit for m is
taken with respect to the map 771),‘7* of Theorem

In order to define the moment maps analogous to those of Lemma [£.4] we need to introduce some further
notation. Together with the vectors W, X, Y, and Z introduced in §4.2.1] we define, for any A = (A1 > \g > \3)
and p € A(\) as in Lemma the elements

X' = 2(er nes) -1 Aes e Wélzlzo)’ Y' =e1Aey—eq Aes e Wélzle)7 7' =2(er Aea nes) € Wé12121)7
and set
(w')[)"“] = WH1H2=As (‘X’)AT)‘?’*“2 . (Y’)“2 . (Z/))‘3 € W%

Denote, for any integer ¢t > 1, by (w')?\’u]

projection to the S-highest weight eigenspace of the image wl** in WZAP of the element v[**! defined in

Lemma , where we recall that S denotes the 1-dimensional split torus diag(z3, 22, 2%, z,2,1), and this is
of course the motivation for defining such a vector, as will be clear during the proof of Theorem below.

Lemma 4.7. Let A = (A1 > Ay > A\3) and let p € A(N\) as in Lemma . Then, form >1, n>3(m+1),

and r € Z, there exist maps

its projection modulo p’. It will turn out that (w')P"“] is the

mom{y ™)+ HY, (Sha(KL,), Zy(4)) = lim H}, (Sha (KL,), (Z/p')(4))
st
—>l(i£1Héit(Shg(K;t),(Z/pt®Wé/pt)(4—/\2—7'))
s,t
— lim Hf (Sha (K. ), Wy (4= Aa = 7))
s,t
~ lim Hf (Sha (K7, ), Wa e (4= Ao = 7))
t

& (Sha (K, 1), Wy, (4= X2 = 1),

where the first map is an isomorphism the second map is obtained by taking the cup product against the
étale section associated to (w’) Al g C®( A27) i HY (Sha (K at) W%/pt(—)\g - 1)), the third one is the

Cartan product, the fourth one is obtained by taking the projection to level K
isomorphism again.

K, m, and the last one is an

Proof. As in Lemma to show that the moment map is well defined, we only need to verify that the
image of (w’)[’\’”] ® ¢ A7) gy W%/p (A2 —7) is fixed by K{,, where s > 3(t + 1), so that it gives a
well defined element in HY, (Shq (K7,), Wi\ pt(4=A2—r)). This is an immediate consequence of the fact
that K, is contained in the kernel Kg(p! ) of reduction modulo p' and hence acts trivially in the whole
representation Wy It (Ao —=1). O

Let eopq = limy_ 00 UI’)M be the ordinary idempotent acting on Hy (Sha(KL,),Z,(4)). We can now state
our main result of this section concerning the existence of a class interpolating all previous constructions
at finite levels.

Theorem 4.8. There erists a class .z € HY (Sha(KL),Z,(4)) such that, for any A = (A1 2 Xa > \3),
we A(N) as in Lemma and n,m € N, we have

A )‘7 70 fd 0.3 " )\7
b (momB ) () = (77) - eonac2Dt),

Proof. First, we define the class .z € H] (Shg(KL),Zy(4)). Let H} (Shgr,(K1()),Zy(1))" be the
sub-module of H}, (Shgr, (K1(o)), Zp(l)) of elements compatible under base-change. Then, let

o Hyy(Shar, (K1 (e0)), Zy(1))" — Hi, (Sha(KL,), Zy(4))
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be the map lim U™ - eord LK, ux © DI - Explicitly, we have
n,m M ) 1oy

() = Uy Con(v1c e © DT (20)))

for any (2n)ns1 € HE (Shar, (K1(0)),Z,(1))"¢. The fact that this map is well defined follows from (the
proofs of) Proposition (for the compatibility for varying n) and Theorem (for the compatibility
for varying m).
We then define
<z =a(EisgL,).
We now move to proving the interpolation properties of .z. Note that we have a diagram

[Ap,0]

momg’ "o

Hj (Shar, (K1(0)), Zp(1))"* —— H{,(Sha(KL). Zy(4))

k N
momGLle Ltm,*

B
H} (Shar, (K1(n)), Hy "V (1)) = HE (Sha (K}, ), Wy, (4= X)) — = HE (Sha (Knm), Wy, (4= ),

H} (She (K}, m), Wa, (4= A2))

3\m
where § = L%ﬁi,uv* o primm and v = (ZTZ) “ €ord -tf‘nv*, with egq denoting now the ordinary idempotent

limy 00 UI’,k! acting on HY, (Sha (Knm), W%p (4-X2)). We claim it is commutative. Indeed, as in Proposition

after translating the result to a calculation for the algebraic representation corresponding to Wép, it
ollows from proving that

ti g (™) = 6, ((w) ),
as sections of t;’n(W%‘ /pm)' Recall, from Remark that the map tgw acts trivially on the S-highest

weight space of W2 Jpm and by a positive power of p' on all the other eigenspaces, thus tﬁ%b factors through
the projection to the highest weight space relative to S. Notice that

utW=W

w X =X-2(eynep)—e1Aes+eanes
’U,_l-Y:Y—2(62/\€3)—€1/\63+61/\62
w - Z=7-2(e1 neynes).

Considering the twisting when moving from VZA to Wé\ and the normalisation of Lemma one easily
checks that, for any m > 1,

-m, -1 _ (1>0=0)
Ny U -W—WEWZ/pm

v 1120

Z)W%mu1.X=2@1A@)—QA€3:X4EWé£;)
o 1120

p mnpmu Ly=¢ A€3+€1A€2:Y,6Wé/;m> :
Y 1>1>1

p mnpmu -7 =2(e1 /\62/\63):Z,6Wé/pm .

We deduce from the above that the image of p’m(’\ﬁ)‘?’)n];m acting on wlM* in Wé‘ Jpm is given by
p*m(/\2+)\3)n};m M = ez =As (X’)M*As*uz NYOLE (Z')’\3 - (w’)q[é\,#] c Wé\/pm'

This shows that t;\w(u*w%\’“]) = t;\n’b(w’)%"“], since t;\w(w’),[n,i"“] = (w’)%"“].
The theorem is now a consequence of the interpolation properties of the elements .Eisgy,, of Theorem

and of Theorem [3.211
O

Remark 4.9. As one can see from the above proof, the vector (w’ )[/\’“] is precisely the projection of the
vector wlM to the S-highest weight eigenspace of Wé\p. Notice that the result above will remain true if one
modifies the construction of the moment maps of Lemma by adding any element in the complement of
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the S-highest weight eigenspace to (w’ )[)"“]. We do not know whether there is a natural choice for those
test vectors.

5. IWASAWA THEORY

We finish with an application to the construction of a compatible system of classes in the Galois cohomol-
ogy of the Galois representation associated to certain cohomological cuspidal automorphic representations

of GSps.

5.1. Galois representations. Let 7 = 7y ® o be a cuspidal automorphic representation of G(A) of
level U = K, for some n € N such that U is sufficiently small and satisfies v(U) = Z*. We assume
throughout the hypotheses (St), (L-coh) and (spin-reg) appearing in the work [KS16]. These hypotheses
assure the existence (cf. [KSI6l Proposition 13.1]) of the eight-dimensional spin Galois representation
Vp(m) € Repr(9q) with coefficients in a sufficiently large finite extension L of Q, associated to 7 (here
Repr (¥q) denotes the category of continuous finite dimensional L-linear representations of the absolute
Galois group 9q of Q) and satisfying the usual expected properties. In particular, this representation is
irreducible, the characterstic polynomial of Frobenius at a finite prime £ # p such that £ ¢ Sy.q is given
by the expected Hecke polynomial associated to the spin representation of Gspin,(C), and it is de Rham
at p (crystalline if p ¢ Spaq), where Spaq denotes the set of primes containing 2 and those primes where 7
is not unramified. We refer to [KS16, Proposition 13.1] for further details and to [KS16] for the precise
definition of (St) and (spin-reg). The hypothesis (L-coh) is defined as follows: 7 is in the discrete series
L-packet for W, for some weight A and, in particular, up to twist, the 7 p-isotypic component of the group
H Eét(ShG,Q(U ), W}) is non-zero. Here H, fét(---) denotes interior cohomology.

More precisely, recall that we have the isotypic decomposition with respect to the Hecke algebra Hp (U)
of L-valued bi-U-invariant functions on G(Ay) (cf. [BR94, §2.3-4])

H4(She g(U),W1) = @ Hé (o5) ® 0 (L),
of

where HY (o) = Homq_[L(U)(af,H!Efét(ShGQ(U),VVi\))7 a?(L) is a realisation of 0? over L, and where
oy runs through cohomological cuspidal automorphic representations of G(Ay). As 7 is non-endoscopic
(thanks to the running hypothesis (St), c.f. [KS16, Lemma 2.7, Corollary 2.8|), the 7 ¢-isotypic component
in the above decomposition is a direct summand of Hgt(ShGﬁ(U), W2) (c.f. the proof of [KS16l, Proposition
8.2]. Thus, the projection to the 7 s-isotypic component yields a map

I Hgt(Shcya(U% Wi\) - He@t(ﬁf) ® ﬂ—?'

Moreover, note that HS, (mf) coincides with V,(7) as the automorphic multiplicity of 7 is one (cf. [KSI6,

Theorem 12.1]). Thus, the choice of a vector v € (ﬂ]’i)U gives a map
b1, ¢ HE (Shy (), W) = Vy(m). 3)

5.2. Iwasawa cohomology. The purpose of this section is to show that the classes constructed in Theorem
give rise to a class in the local Iwasawa cohomology of the Galois representation V,(m) associated to
.

Let us start by recalling some general notions of p-adic Hodge theory. Let L/Q, be a finite extension
and denote by Rep;¥q, the category of continuous L-linear representations of the absolute Galois group
9%q, = Gal(ﬁp/Qp) of Qp. Let V € Rep;9q, and let T'c V be a ¥q, -stable O -lattice. We will assume
through all this section that our Galois representations are crystalline with negative Hodge-Tate weights.
Let

Hiy (Qp, V) = lim HY(Qp(Gm), T) @, L = H'(Qp, Or[[T[1/p] @ V')

denote the Iwasawa cohomology of the representation V', where the projective limit is taken with respect to
the corestriction map, where I' = Gal(Q,((p=)/Qp) = Z;, OL[[T']] is the Iwasawa algebra of I' and where
the second isomorphism follows from Shapiro’s lemma.
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We suppose that 7 is L{Zg-ordinary, in the sense that Z/ll’J (acting on 7rU) has an eigenvalue o which is a p-
adic unit. We deduce, equivalently, that ¢4, (which is the Hecke operator associated to n, - cf. Remark|3.19)
acts on (w;)U with an eigenvalue the p-adic unit a. Choose a vector v, € (w;)U in the (U, = a)-eigenspace.

Definition 5.1. Denote by T),(7) the ¥q-stable Or-lattice given by the image of Hgt(ShGa(U),W(’,\)L)
under the map pr, , given in (3)).

Lemma 5.2. The edge map of the Hochschild-Serre spectral sequence induces a natural map

DTy,  im Hi (Sha (Knm), Wy, (4 +9)) = lim H(Q(Gm ), Typ(m) (4 +q)).

m m

Proof. Let U = Ky ¢ and 7 be as in Let
i HE(Sha (Kom), W, (4+0)) = HY ey HE(Shg (U)W, (1+)))

denote the edge map of the Hochschild-Serre spectral sequence and denote M,, its kernel. We then have
natural maps

My~ H'(Q(Gpm), HE (St (U). W3, (4+0))) (4)
and a short exact sequence
0 = My, = HE (Sha (Knm), W5, (4+9)) == H(Gq(¢,m), Hi(Shg g(U). We, (4+9)))-  (5)

Recall that the trace maps associated to the natural projections
H (Sha (Knm+1): W, (4+4)) = Hi (She (Knm), Wa, (4+q))

correspond to the corestriction maps in Galois cohomology. Taking inverse limits with respect to m in
Equation one obtains a natural map

lim My, = lim H' (Q(Gym ), HE (Shg (U), Wy, (4 + q)). (6)

Taking the projection to the ms-isotypic component of the short exact sequence , and observing that
inverse limit functor is left exact and that the zeroth Iwasawa cohomology group

lim H(9q¢m ) Hé (Shg g (Knm) Wa, (4+ a))[7f])

m

vanishes (cf. for instance, [Kat04] (12.2.3)] or [Nek06l, Proposition 8.3.5]; observe that we consider here the
7 p-isotypic component in order to have finite rank modules), one gets an isomorphism

lim M, (7] = lim H (Sha (Kn.m), W5, (4+q)) 7] (7)

The composition of the (inverse of) isomorphism with the maps from Equation @ and the maps in
cohomology induced my pr, , ~gives then the desired map. U

Recall that we have denoted egpq := limp_, o Z/II’,M. We can now prove the following.

Proposition 5.3. Theorem produces naturally a class czfy , € Llnm HYQ(¢m), Ty(m)(4 +q)). In

particular, the restriction at p gives an element in Hi (Qp, Vp(m)(4+q)).

Proof. By Theorem [3.21] one has
a\" A 7 A
((7) eona (1] )) ¢ lim 7, (She (K m) W), (4+0)).
p m>1 m
Thus, by Lemma [5.2

o= P, (7)) oDt elim H'(QUGm). T(m) (4 + ),

SNES

giving the desired element. O
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5.3. The p-adic spin L-function. We finally recall that the work of Perrin-Riou [PR95] allows one to
associate a p-adic L-function to an element of the Iwasawa cohomology. Before stating the result we need
to introduce some more notations. Since we claim no new results in this section and for the sake of brevity,
we will not aim to give any motivation and we will refer the reader to [RJ17] for it, from where we also
borrow most of the notations.

Let V € Rep;9q, and I' be as above. From the interpretation of the Iwasawa cohomology in terms of
cohomology classes taking values in V-valued measures, we easily get, for any j € Z and a locally constant
character n: ' = L*, specialisation maps

Hi(Qp V) > HYQp V), 2 [ =
Recall that we have Bloch-Kato’s exponential and dual exponential maps

exp : Derys(V(nx?))) = HY(Qp, V(nX?)), exp®: H'(Qp, V(1x?)) = Derys(V(1x?)),

where D;ys(—) denotes the functor associating to a p-adic local Galois representation its crystalline module.
For j7 > 0 (resp. j < 0) the exponential (resp. dual exponential) map is an isomorphism of L-vector spaces
and we will denote by

log : Hl(qu V(an)) - Dcrys(v(nxj))
to be either exp* (if j < 0) or exp™! (if j > 0). We can then consider the composition of the specialisation

maps and the logarithm map to obtain elements in the crystalline module of some twist of V. ‘
Recall that the one dimensional representation L(nx’) = L- e, ; is crystalline and ef]? =G(n)t ey is a

basis for the module Deyys(L(17x”)), where t € Beys denotes Fontaine’s ‘2in’. Let ei};’v = G(n)_ltjen_1,_j,

which is a basis for Derys(V (77 'x™?)). Tensor product against eil}v gives natural identification maps

DcryS(V(an)) - DcryS(V)-
Putting all this together, we get natural maps

HIIW(QP7V) = Deys(V) 12 - 10g(.[r 77_1X_j "Z)® ei?‘l”v_j.

Finally, let (Z;,L) denote the space of L-valued distributions on Zy, i.e. the topological L-dual of the
space of L-valued locally analytic functions on Z;. Recall the following

Proposition 5.4 ([PR95]). Let V € Repr(¥q,) be a crystalline representation. There exists a map
LOgV : HIIW(QIJ’ V) - Q(Z;aL) L Dcrys(V)

such that, for any z € Hllw(Qp,V), J€Z,j20o0rj <0, andn:Z;, > L* a finite order character of
conductor p', n >0, we have

fz na’ - Logy (2) = ep(n)I™ (j + 1)p™*Y -log(fF Iy eetY
p

where ep(n) =1 ifn>1 and ep(n) = (1-ptp™) if n =0 and where
! if 720

J]°
I*(j+1) =3 (1) "y
Uy {gyg), <0

is the leading coefficient of the Laurent series of the function I'(s) at s=j+ 1.

The term (1 -p~te™!) for trivial 7 is the usual Euler factor appearing in the interpolation properties of
the p-adic L-functions. Recall that, when V is the Galois representation associated to a modular form, the
above theorem applied to Kato’s Euler system gives, after projecting to a Frobenius eigenline, the usual
p-adic L-funciton of the modular form as constructed, for instance, in [MTT86|. This should justify the
following

Definition 5.5. We define the p-adic spin L-function of 7 to be
clte, = Logy, () (resp(c2ly,a)) € Z(Zy; Derys (Vo () (4 + q)))-
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Let us make some comments on our constructions. We expect an explicit reciprocity law to hold, relating
values of Bloch-Kato’s dual exponential maps of [y~ 'x™ - (resp(c2Ty, o)) to the values of the complex spin
L-function Lgpin(7xn,7) for a certain range of integers j. For the group GSp, and the classes constructed
in [LSZ17], recent progress on this has been announced by Loeffler and Zerbes. In [CLRJ19], we have shown
that our motivic classes (in the case of trivial coefficients) are related to non-critical special values of the
complex spin L-function, as predicted by the conjectures of Beilinson and Bloch-Kato, through Deligne’s
regulator taking values in Deligne cohomology. This gives a link between the special values of the arithmetic
p-adic spin L-function at certain integers and non-critical special values of of the spin L-function.

APPENDIX A. PROOF OF LEMMA [3.4]

We finally give a proof of Lemma Let v € G(Af) be the element whose component at p is
(6 F{) , for T' = (é (1) (%)) , and let n,m > 1 be such that n > 3m + 3. Then, the commutative diagram
. She (K7, 1) (8)
LK,
n,m+1
pr
— n,m+1
Shyr(uk], . qu”" 0 H) Sha (K, 1))

’
Wpl 7rp
LU

Shy (uK), ,,u' n H) Sha (K}, ,.)

has Cartesian bottom square.
In order to show the Cartesianness of diagram [§] it is enough to check that

(1) The map pro i, is a closed immersion or, equivalently,
n,m+1
uK! o uwtnH=uK], utnH;
n,m(p) - n,m+1 ’

(2) [uK u ' nH:uK], , u ' nH]=[K},, K ]

n,m nvm(p)

These two facts are shown in the next two lemmas.
Lemma A.1. We have the equality of subgroups of H(Ay)

uK!

-1 _ ! -1
oy NH=uKp qu nH.

Proof. 1t suffices to show that if g = (é g) e K| m(p) is such that ugu™' € H then g € K] i.e that

g =1 mod p™*'. Writing down the condition ugu™" € H, we get that ¢ is of the form

m+1)

a1 —c2 —c3 (a1-d3)-c2 (a1-dz2)-c3 b1
—c1 az —c3 (az2—d3)-c1 b2 (az—d1)-c3
g= —c1 —co as bs (az—d2)-c1 (az—di)—c2
c3 ds c3 c3
Cc2 c2 d2 Cc2
c1 c1 c1 d1

The congruences of the (1,2) and (1,3) entries give co = c3 = 0 mod p™*!. Moreover, taking a look at the

elements off the anti-diagonal of B, we easily deduce that a; =as = a3 =d3 =dy =d; =1 mod p™*. U
We are left with showing that the degrees of the two vertical maps of the bottom square of are equal.
Lemma A.2. We have
[uK,’hmu_l nH: uKT'l7m+1u_1 nH]=[K,,,: ;L’m(p)].
Proof. Since a system of coset representatives of @) = Krlz,m /K] () determines one for

/ -1 ! -1
([0S Va1V G T
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it suffices to prove that we can find {o;}ss system of coset representatives for Q such that uo;u~! € H for
all i € I. Consider the following set of elements of K, ,, whose conjugation by u is in H:

" ”
1+pma _pmrl —me p2mt p2mt p3mk

1+pmb _pm,,, me pmkl p2mt

”
Uv = _pmrl 1+pmd pmk‘ pme met/ ,
= me 1+pms me me
pm,,,l pm,r,l 1+pmf meJ
1

where for each vector v € Z/p3Z x (Z/p*Z)* x (Z/pZ)® =: V we consider one (and only one) lift
(k,t,t/,t”,tm, k/, k”ﬂ"a T/, S) c ZIO

so that o, € G(Af), where we have set

"
i

a=r"+s+p™t , b=r+p"t,

c=r—-s+p™t, d=r"+p"t,
e=r—s+pm(t' +t =t ), f=r—r+s+p"(t -t).

We claim that {0, 1} yev (or a subset of it) is a system of coset representatives for the quotient . We only

sketch the proof of this, which consists of a very long but straightforward calculation. Given g = (é g) €

K;, ;n, we wish to prove that there exists v € V' such that 0,9 = (EE)eK! m(p)"

Writing down carefully the eight equations modulo p™*!, the four modulo p?(™*1) and the remaining
one modulo p?"™*1) we determine v by choosing ten of those equations and showing, by the use of the
symplectic equations, that the other three equations are redundant. Slightly more precisely, we have, after
reducing the equations modulo p™*!

ar2 — p™r'ase —pMraze =0 [p™H]

a3z —p"r'ag —pTrazz =0 [p
diz+p™r=0 [p"*]

das +p™r' =0 [p™*]

bor + p™(r — 8)d11 + p"k'do1 = 0 [p™t!]
bao + p™ (1 — 8)d1o + p"k'doa = 0 [p™+!]
531 + pmk”du + pm(T - S)d21 =0 [pm+1]
632 + pmk”dlg + pm(T - S)dgg =0 [pm+1]

m+1]

From the second pair of equations we get r and 7’ and, after replacing p”'r and p™7r’, the first pair
becomes redundant by the use of the symplectic equations of g

A'ILD - C'IB = v(g) 5.
Indeed, comparing the entries (2,3) gives

a12d33 + asadaz + azadi3z — c12b33 + ca2bag + 32013 = 0,

which reduces modulo p™*! to

_ +1
a1z + agedsz + azediz =0 [p™']

Y

which coincides with the first equation after substituting di2 and ds3 with —p™r and —p™7’. Similarly, we
get the redundancy of the second equation by comparing the entries (3,3) modulo p™*.
To solve s,k and k” from the third series of equations, one has to show that the rank of the matrix

di1 d21 0 -byy
(d12 da2 0 —bzz)
d21 0 di1 —b31
da2 0 di2 —bs2
is three. The fact that its rank is at least three follows by the fact that the determinant of A'I{D is
invertible modulo p™*! (all entries of B are divisible by p) and so

det(D) = dy1doo — do1dqo = d11dao [pm+1]
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is invertible as well. Hence, we can find a 3 x 3 minor with invertible determinant. Finally, the fact that
the big determinant is zero follows from an application of the relation

dyab31 + dagboy = dy1bga + darbae [p™*],

from the symplectic equations of ¢

B'I}D - D'I}B =0.

Indeed, unfolding the calculation of the determinant we get

di1 [da2(da2ba1 — d11b32) — d21(dagbaz — di2b32)] — di2 [da2(da1b21 — di1bs1) — d21(d21b2z — di2b31)] =
=dq1da2(dazba1 + di2b31 — d11b32 — da1ba2) + di2da1 (di2bsa + da1bag — dogbar — di2bsy) =

=(d11dag — dy2dar ) (dagbay + digbsy — diibsg — daibaz) =0 [p™*!]

The rest of the equations follow more easily. O
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