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THE 3D NONLINEAR SCHRODINGER EQUATION WITH A CONSTANT MAGNETIC
FIELD REVISITED

VAN DUONG DINH

ABSTRACT. In this paper, we revisit the Cauchy problem for the three dimensional nonlinear Schrédinger
equation with a constant magnetic field. We first establish sufficient conditions that ensure the ex-
istence of global in time and finite time blow-up solutions. In particular, we derive sharp thresholds
for global existence versus blow-up for the equation with mass-critical and mass-supercritical nonlin-
earities. We next prove the existence and orbital stability of normalized standing waves which extend
the previous known results to the mass-critical and mass-supercritical cases. To show the existence
of normalized solitary waves, we present a new approach that avoids the celebrated concentration-
compactness principle. Finally, we study the existence and strong instability of ground state standing
waves which greatly improve the previous literature.

1. INTRODUCTION

The present paper concerns with the Cauchy problem for nonlinear Schrédinger equations with a
constant magnetic field in three dimensions

: : 2 _ o
{ iu+ (V+id)Qu = —Ju|%, (t,5) € R* x R®, (1.1)
ul,_g = wuo,
where
b

A(z) = 5(—1‘2,5(}1,0), r = (v1,79,73) € R? (1.2)

is a vector-valued potential modeling the effect of an external magnetic field
B = curl(A) = (0,0,b), b#0. (1.3)

The Schrodinger equation with a constant magnetic field is an effective model describing properties
of a single non-relativistic quantum particle in the presence of an electromagnetic field (see e.g., [26]).
A rigorous mathematical investigation of the linear Schrédinger operator with a constant magnetic field
was studied by J. Avron, |. Herbst, and B. Simon [2-4].

The nonlinear Schrédinger equation with a constant magnetic field (1.1) can be regarded as a special
case of the Gross-Pitaevskii equation describing the Bose-Einstein condensation with a critical rotational
speed and a partial harmonic confinement potential (see e.g., [6]), namely

b2
10w+ Au— bL u — Z(x% +a2du = —|ul*u, (t,z) € RT x R3,

where
L, :=i(220,, — 2104,) (1.4)
is the third component of the angular momentum vector
—ix ANV = (Lg, Ly, L.) = i (2305, — ©205,, %103, — 303, , 2205, — ©104,).

To our knowledge, the first paper addressed (1.1) belongs to M. J. Esteban and P.-L. Lions [18],
where the existence of normalized standing waves related to (1.1) was proved. T. Cazenave and M. J.
Esteban [9] later established the local well-posedness for (1.1). As a consequence, they showed that
normalized standing waves obtained in [18] are indeed orbitally stable under the flow of (1.1). Note
that these existence and stability results hold with a mass-subcritical nonlinearity, i.e., 0 < a < %. In

the mass-(super)critical case, i.e., % < a < 4, J. M. Goncalves Ribeiro [30] proved the existence of
finite time blow-up solutions to (1.1) with negative energy. Also with this regime of nonlinearity, the
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2 V. D. DINH

orbital instability of (rotational invariant) ground state standing waves was studied by J. M. Goncalves
Ribeiro [31] and R. Fukuizumi and M. Ohta [21]. Recently, a new blow-up result for (1.1) was found
by T. F. Kieffer and M. Loss [24].

The main purposes of this paper are three folds:

e First, we investigate sufficient conditions for the existence of global in time and finite time
blow-up solutions. In particular, we derive sharp thresholds for global existence versus blow-up
for the equation with mass-(super)critical nonlinearities.

e Second, we study the existence and orbital stability of normalized standing waves.

e Finally, we address the existence and strong instability of ground state standing waves.

1.1. Global existence and finite blow-up. Before stating our results in this direction, let us recall the
local theory for (1.1). The local well-posedness for (1.1) with initial data in H}(R?) was established
by T. Cazenave and M. J. Esteban [9] (see also [10, Section 9.1]), where

HL(R?) :=={f € L*(R®) : |(V+id)f| € L*(R*)}
is a Hilbert space equipped the norm
£ 17 = I(V + @A) flIZ2 + 11172
Proposition 1.1 (LWP [9]). Let 0 < o < 4 and up € H4(R3). Then there exist T* € (0,00] and a
unique maximal solution
ue C([0,T7), HA(R*) n CH([0,T*), H ' (R?)),

where H ' (R®) is the dual space of H}(IR®). The maximal time of existence satisfies the blow-up
alternative: if T* < oo, then lim s« [|u(t)|| gy = co. In addition, there are conservation laws of mass
and energy, namely

M (u(t)) = [lu(t)ll7 = M (uo), (Mass)

B(u(®) = 3V +iAu()E: — ——5 I3 = Buo), (Energy)

for all t € [0,T%).

In the mass-subcritical case, it was proved in [9] that solutions to (1.1) exist globally in time, i.e.,
T* = co. In the mass-(super)critical cases, there exist solutions to (1.1) which blow up in finite time,
ie., T* < oo (see e.g., [19,24,30]). To state blow-up results for (1.1), let us introduce the following
Hilbert space

SA(R?) = {f € HY(R?) : |alf € [A(RY)) (15)
endowed with the norm
I£1%, = IV +iA) flIT2 + e flIZe + 1172
We will see in Remark 3.1 that ¥ 4(R?) = S(R?), where
S(RY) = {f € HI(RY) : |o|f € L2(RY)} (16)
equipped with the norm

IF1% = IV Az + e flIZ2 + 1 f112-.
Thanks to this fact, we have the following useful identity

bQ
IV +id) fllz= = IVFIZ2 + bR() + L of 172, (1.7)
where p := \/z% + 23 and
R(f) = i/(xgarlf — 2104, f) fdz = /sz?d:r, (1.8)

where L is as in (1.4). Note that, by Hélder's inequality, it is straightforward to see that the functional
R is well-defined on %(R3).

By making use of virial identity related to (1.1) (see Lemma 3.1), the existence of finite time blow-up
solutions to (1.1) was showed by J. M. Gongalves Ribeiro [30] (see also [19] for a more general magnetic
potential).
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Proposition 1.2 ( [30]). Let § < a < 4. Let ug € S4(R®) be such that E(ug) < 0. Then the
corresponding solution to (1.1) blows up in finite time, i.e., T* < oo.

Recently, T. F. Kieffer and M. Loss [24] showed the following blow-up result for (1.1).

Proposition 1.3 ( [24]). Let § < o < 4. Let up € La(R?) and u : [0,7*) x R®* — C be the
corresponding solution to (1.1). Then the solution blows up in finite time, i.e., T* < oo provided that
one of the following conditions holds:

(1) Eo(uo) <0;
(2) Ep(up) =0 and Im /m - Vug(z)to(z)dz < 0;

(3) Eo(up) > 0 and Im /x - Vug ()t (z)dr < —v/2Ey(uo)l||zuol|L2-

Here
Eo(f) = 219 + Sl I3 — —— 71542 (1.9)
2 S R
The proof of this blow-up result is based on the virial identity and the following observation.

Lemma 1.4. Let 0 < o < 4 and ug € X4(R3). Let u : [0,T*) x R® — C be the corresponding
solution to (1.1). Then the angular momentum R(u(t)) is real-valued and conserved along the flow of
(1.1), ie,
R(u(t)) = R(ug), Vte[0,T7).
In particular, we have
Eo(u(t)) = Eo(uO), vVt € [O,T*),
where Ey is as in (1.9).

For the reader’s convenience, we give a proof of this result in Section 3.

Remark 1.1. In [24], a relationship between E(ug) and Eg(ug) has been analyzed. In particular, for a
magnetic field with the strength b > 0, we have

E(UO) > Eo(UQ) if R(Uo) > 0,
E(Uo) < Eo(’LLO) if R(Uo) <0,
E(’LLQ) == Eo(Uo) if R(’LL()) =0.

Depending on the sign of the magnetic strength and the angular momentum, the blow-up condition
given in Proposition 1.2 may be better or weaker than the one of Proposition 1.3 and vice versa.

Our first result is the following sharp threshold for global existence versus finite time blow-up in the
mass-critical case.

Proposition 1.5. Let o = %.

(1) If ug € HY(R?) satisfies ||ug||r2 < ||Q||L2, where Q is the unique positive radial solution to
—AQ+Q - 1Q*Q =0, (1.10)
then the corresponding solution to (1.1) exists globally in time, i.e., T* = oco.

(2) Forc > ||Q||Lz2, there exists ug € X 4(IR?) such that the corresponding solution to (1.1) with initial
data U|t=o = ug blows up in finite time, i.e., T* < co.

Remark 1.2. It is not clear to us at the moment that whether or not there exists a blow-up solution
to the mass-critical (1.1) with the minimal mass ||ug||zz = ||Q||L=-

Our next results are the following global existence in the mass-supercritical case.
Proposition 1.6. Let 3 < o < 4. Let ug € H}(R®) be such that E(ug) > 0 and
B(uo)[M (uo)]™ < E%(Q)[M(Q)]", (111)
I(V 4+ iA)uol| 2 [luoll7e < V@2 |1QI7%, (1.12)

where

1 1 4—a«
0 D 2 a+2 —
Ef) = 5V I3 = —5 5%, oeim (113)
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Then the corresponding solution to (1.1) exists globally in time, i.e., T* = oo, and satisfies
I(V +iA)u(®)| = [lu@)] 72 < VQIlL2IQNT%
for all t € [0, 00).
Proposition 1.7. Let 3 < o < 4. Let ug € H}(R?) be such that
B(uo)[M (u0)]™ = E°(Q)[M(Q)]™, (1.14)
I(V 4+ iA)uol| 2 [luoll7e < [[VQL2|1QI75- (1.15)
Then the corresponding solution to (1.1) exists globally in time, i.e., T* = oo and satisfies
I(V +iA)u(®)|[ 2 [lu@)]72 < IVQIlL2|QNT%
for all t € [0, 00).

The following result gives a sharp threshold for global existence versus finite time blow-up in the
mass-supercritical case.

Theorem 1.8. Let 3 < o < 4. Let ug € Sa(R®) be such that Eo(ug) > 0 and
Eo(uo)[M (uo)]™ < E°(Q)[M(Q)]7, (1.16)
where Eo and E° are as in (1.9) and (1.13) respectively.
(1) If
[Vuol| 2 lluoll7e < [IVQI 2 1QI7%, (1.17)
then the corresponding solution to (1.1) exists globally in time, i.e., T* = co, and satisfies
IVu@)| 2 [lu@®)] 7 < [IVQIlL2QIT

for all t € [0, 00).
(2) If

IVuollz2luollZs > IVQIl 2 |Q
then the corresponding solution to (1.1) satisfies
IVu@®)llzz[u@®lze > IVQI 2 1QIIZ

for all t € [0,T*). Moreover, the solution blows up in finite time, i.e., T* < cc.

7%, (1.18)

Remark 1.3. Here we only consider data with Ep(ug) > 0 since solutions to (1.1) with Eg(ug) < 0
blow up in finite time according to Proposition 1.3. Moreover, as we see from (3.13), there is no
ug € Y a(R?) satisfying (1.16) and

IVuollz2 luoll7s = IVQI 2 QI T
Hence Theorem 1.8 indeed gives a sharp threshold for global existence versus finite time blow-up for
(1.1).

Remark 1.4. In the case of no magnetic potential, this type of result was proved by J. Holmer and
S. Roudenko [22]. They also proved that global solutions scatter to the linear ones as time tends to
infinity. The later result on the scattering is not expected to hold in the presence of a constant magnetic
field since Strichartz estimates associated to the magnetic Schrédinger operator are available only for
finite times (see e.g., [9]).

Theorem 1.9. Let 3 < o < 4. Let ug € S 4(R?) be such that
Eo(uo)[M (uo)]™ = E°(Q)[M(Q)]7. (1.19)
(1) If
IVuollz2 luoll 7 < IVQI L= QT (1.20)

then the corresponding solution to (1.1) exists globally in time.
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(2) If
[Vuol[r2lluol|75 > V@[ 22(|Q

then the corresponding solution to (1.1) either blows up in finite time, i.e., T* < oo, or there exist
a time sequence t,, — oo and (yn)n>1 C R? such that

(1.21)

w(tn,  + yn) — e AQ strongly in Hl(R3)

llwoll L2

for some 0 € R and \ =
HQH[)

asn — Q.

Remark 1.5. It was proved in Observation 3.1 that there is no data 1y € X 4(RR?) satisfying (1.19) and
Vuollz2[uollZe = V@I 2 QN T

Thus Theorem 1.9 give a description on long time behaviors of solutions to (1.1) with initial data lying
at the mass-energy threshold.

Theorem 1.10. Let 3 < a < 4. Let up € £a(R®) be such that

Eo(uo)[M (ug)]” > E°(Q)[M(Q)], (1.22)
Eo(ug)[M (ug)]* (F'(ug))?
ol (B r) < (1:23)
and
[uol| 32 2a luoll75° > |QII T2 Q75" (1.24)
Im /33 - Vug(z)up(z)dz < 0. (1.25)

Then the corresponding solution to (1.1) blows up in finite time, i.e., T* < co.

Remark 1.6. In Theorems 1.8, 1.9, and (1.10), we show the existence of finite time blow-up solutions
to (1.1) having Ep(ug) > 0. Hence our results do not fall into the framework of the blow-up result
proven recently by T. F. Kieffer and M. Loss (see Proposition 1.3).

1.2. Normalized standing waves. Next we are interested in the existence and stability of prescribed
mass standing waves for (1.1). By standing waves, we mean solutions to (1.1) of the form u(t,x) =
e“tp(x), where w € R and ¢ is a solution to

~(V +i4)26 + wé — 9]¢ = 0. (1.26)

The existence of standing waves for (1.1) can be obtained by minimizing the energy functional E(f)
over the mass-constraint

S(e) = {fEH}‘(Rs) : M(f) =c}
with ¢ > 0. More precisely, we consider the minimization problem
I(c) :=inf {E(f) : feS()}.

In the mass-subcritical case, the existence of minimizers for I(c) was proved by M. J. Esteban and
P.-L. Lions [18]. Moreover, the orbital stability of standing waves was showed by T. Cazenave and M.
J. Esteban [9].

Proposition 1.11 ( [9,18]). Let 0 < o < 3. Then for any ¢ > 0, there exists a minimizer for I(c).
Moreover, the set

M(e) :={p € S(¢) : E(¢) = I(c)}
is orbitally stable under the flow of (1.1) in the sense that for any € > 0, there exists 6 > 0 such that
for any initial data ug € H(R?) satisfying

inf |ug — 1 <9,
nt o = dlly <

then the corresponding solution to (1.1) exists globally in time and satisfies

inf inf [e"A®) (e, - — < vt > 0.
ot nd, lle u(t,- +y) —dllgy <e, VE=
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In [18], the existence of minimizers for I(c) was claimed without proof and the proof was referred
to [27] for a similar argument using the concentration-compactness principle. However, an important
point seems to be missing in order to preclude the vanishing scenario. In fact, if the vanishing occurs,
then it is well-known (see [27]) that the minimizing sequence f, — 0 strongly in L"(R3) for all
2 < r < 6. Thus the mass-constraint, namely M (f,) = ¢ > 0 for all n > 1, is not enough to rule
out the vanishing. In the case of non magnetic potential, i.e., A = 0, the vanishing can be precluded
by using the fact that I(c) < 0 for all ¢ > 0, which can be proved easily using a scaling argument.
However, due to the appearance of the magnetic potential, this scaling argument does not work to
show the negativity of I(c). Indeed, it may happen that I(c) is non-negative.

In this paper, we present an alternative simple method that avoids the concentration-compactness
argument. Our main contributions in this direction are the following existence and stability in the
mass-critical and mass-supercritical cases.

Theorem 1.12. Let o = %. Then for any 0 < ¢ < M(Q), where Q is the unique positive radial
solution to (1.10), there exists a minimizer for I(c). Moreover, the set of minimizers for I(c) is orbitally
stable in the sense of Proposition 1.11.

Remark 1.7. The main difficulty in showing the existence of minimizers for I(c) is the lack of com-
pactness. To overcome it, the authors in [18] made use of a variant of the celebrated concentration-
compactness principle adapted to the magnetic Sobolev space H(R®). However, due to the non-
negativity of I(c), it is not clear from [18] how to exclude the vanishing possibility. Here we rule out
the vanishing scenario by showing that every minimizing sequence for I(c) has L**2-norm bounded
away from zero (see Lemma 4.1). This is done by using an L2-bound of the magnetic-Sobolev norm
(see (2.2)) and a suitable scaling argument. We refer to Section 4 for more details.

We also have the following non-existence results.

Proposition 1.13. (1) Let o = %. If ¢ > M(Q), where Q is the unique positive radial solution to
(1.10), then there is no minimizer for I(c).
(2) Let 3 < o < 4. Then for any ¢ > 0, there is no minimizer for I(c).

We are next interested in finding normalized solutions to (1.26) in the mass-supercritical case. By
Proposition 1.13, we are not able to find minimizers for the energy functional under the mass-constraint
S(c). Inspired by a recent work of J. Bellazzini, N. Boussaid, L. Jeanjean, and N. Visciglia [7], we
consider the minimizing problem

I™(c) :=inf {E(f) : feS()nD(m)},

where
D(m):={f € Hy(R?) : |[(V+id)f[?. <m}.

Theorem 1.14. Let 3 < o < 4. Then for any m > 0, there exists co = co(m) > 0 sufficiently small
such that:

(1) There exists a minimizer for I"(c) for all 0 < ¢ < ¢o. Moreover, the set of minimizers for I"™(c)
defined by
M™(c):=={p € S(c)ND(m) : E(¢p)=I"(c)}
satisfies
0 # M™(c) C D(m/2).
In particular, ¢ is a solution to (1.26) with w the corresponding Lagrange multiplier. In addition,
we have
o] <w < —Jb (1—Kc477am#) (1.27)
for some constant K > 0 independent of ¢ and m.

(2) The set M™(c) with0 < ¢ < cq is orbitally stable under the flow of (1.1) in the sense of Proposition
1.11.

Remark 1.8. The proof of Theorem 1.14 is inspired by an idea of [7]. However, comparing to [7], there
are two main different points:
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(1) In [7], the existence of minimizers for I"™(c) relies on the following inequality
inf {E(f) : feS(c)nD(me/2)} <inf{E(f) : f e S(c)n(D(m)\D(mc))}.

Here the notation has been modified according to our definitions. If we use the above inequality,
then for f € S(c) N D(me/2), it follows from (2.2) that

1 . mce
c=M(f) < ?H(V‘*‘@A)fHQL? S o
|b] 0]
which yields m > 2|b|. Thus the argument of [7] does not apply to all m > 0. Here our proof relies
instead on the following inequality:

inf {B(f) : feS(c)ND(m/4)} <t {E(f) : f e S(c)n(Dm)\D(m/2))}. (1.28)

We prove in Lemma 4.2 that for any m > 0, there exists ¢y = co(m) > 0 sufficiently small such
that for all 0 < ¢ < ¢, both

{f - fesS@nDm/4)}, {f : feS)n(Dm\D(m/2))}
are not empty and (1.28) holds.
(2) The orbital stability of normalized standing waves implicitly requires the solution exists globally in
time. This global existence result was not showed in [7]. In Lemma 4.4, we show a global existence

result that supports the orbital stability given in Theorem 1.14. The proof of this result is based on
a standard continuity argument.

Our next result shows that for a fixed constant m > 0 and ¢ > 0 sufficiently small, minimizers of
I'™(c) are indeed normalized ground states related to (1.26).

Proposition 1.15. Let % < a < 4. Let m > 0 be a fixed constant, ¢ > 0 sufficiently small, and
¢ € M™(c). Then ¢ is a normalized ground state related to (1.26), i.e.,

g (6) =0, B(¢) =it {B(f) : f€5(c), Flg, (f) =0}

1.3. Ground state standing waves. We are also interested in the existence and stability of ground
state standing waves related to (1.1). Recall that a non-zero solution ¢ to (1.26) is called a ground
state related to (1.26) if it minimizes the action functional

w 1 ) w 1 o
Su(f) = E(f) + 5M(f) = 5 I(V + iA)fII72 + §Hf||2L2 - m”f”ﬁfz
over all non-trivial solutions to (1.26). Note that (1.26) can be written as S!,(¢) = 0. Thus we denote
the set of non-trivial solutions to (1.26) by
A(w) = {f € Hi(R®) : S,(f) =0}

and the set of ground states related to (1.26) by

Gw) :={¢ € Alw) : Su(d) < Su(f),Vf € Alw)}.
Our last results concern with the existence of ground states related to (1.1) and the strong instability
of ground state standing waves in the mass-supercritical case.

Theorem 1.16. Let 0 < a < 4 and w > —|b|. Then there exists a ground state related to (1.26).
Moreover, the set of ground states G(w) is characterized by

G(w) = {¢p € HAR*\{0} : S,(¢) = d(w), K.(¢) =0},
where
d(w) :=inf {S,(f) : f € HyR*)\{0}, K,(f) =0} (1.29)
with
Ko (f) = (V+iA)f|7: +wll 172 = 1 F154- (1.30)

Remark 1.9. In [21, Section 4], R. Fukuizumi and M. Ohta proved the existence of ground states
related to (1.1) in a subspace H} ,(R?) of H}(R?), namely

Hjo(R?) ={f e H(R® : pfeL*(R®), f = f(p,z) does not depend on 6}, (1.31)

where (p, 0, z) is the cylindrical coordinates in R3, ie, z1 = pcos,xo = psind, and x5 = z. Our
result extends the one in [21, Section 4] to the whole energy space H(R?).
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Theorem 1.17. Let 5 <a <4, w > —|b

,and ¢ € G(w). If 8/2\Sw(¢)‘)|)\:1 <0, where
ON(@) = M), (132)

then the ground state standing wave e*“!¢(z) is strongly unstable by blow-up in the sense that for any
€ > 0, there exists ug € X a(R?) such that |lug — ¢||s, < € and the corresponding solution to (1.1)
with initial data u|,_, = ug blows up in finite time.

Remark 1.10. In [21], the orbital instability of ground state standing waves for (1.1) in the subspace
H) o(R?) (see (1.31)) was proven (see also [31] for an earlier similar result). Here we extend their
results and show the strong instability of ground state standing waves for (1.1).

We end the introduction by reporting some recent results related to magnetic nonlinear Schrédinger
equations. After the pioneering works of M. J. Esteban and P.-L. Lions [18] and T. Cazenave and M.
J. Esteban [9], the nonlinear Schrédinger equations (NLS) with magnetic potential has attracted much
of interest in the last decades. For the time-dependent magnetic NLS with an external potential, we
mention the works of L. Fanelli and L. Vega [20] and P. D'Ancona, L. Fanelli, and L. Vega [16] on virial
identities and Strichartz estimates; A. Garcia [19] for the existence of finite time blow-up solutions; J.
Colliander, M. Czubak, and J. Lee [15] for the interaction Morawetz estimate and its application to the
global existence theory. For the time-independent magnetic NLS with potential, we refer to the works
of G. Arioli and A. Szulkin [5] and J. Chabrowski and A. Szulkin [13] for the existence and qualitative
properties of ground state solutions; K. Kurata [23], S. Cingolani [12], S. Cingolani and S. Secchi [13],
S. Cingolani, L. Jeanjean, and S. Secchi [14], and C. O. Alves, G. M. Figueiredo, and M. F. Furtado [1]
for the existence of semiclassical solutions.

This paper is organized as follows. In Section 2, we recall some basic properties of the magnetic
Sobolev space H(R?) and prove some preliminary results which are needed in the sequel. Section
3 is devoted to long time dynamics such as global existence and finite time blow-up of solutions to
(1.1). In Section 4, we study the existence and orbital stability of normalized standing waves related to
(1.1). Finally, the existence and strong instability of ground state standing waves will be investigated
in Section 5.

2. PRELIMINARIES

In this section, we recall some basic properties of the magnetic Sobolev space H(R?) and prove
some preliminary results which are needed in the sequel.

Lemma 2.1 ( [18]). Let A € L (R R3). Then H}(R®) equipped with the inner product

loc

<f,g>Hi1 = /fydx + /(V +iA)f - (V+iA)gdx
is a Hilbert space.

Lemma 2.2 (Diamagnetic inequality [25]). Let A € L3 _(R3R3) and f € H4(R3). Then |f| €
HY(R3). In particular, we have

V1A <1V +iA)f(@)| ae xRS (21)
Lemma 2.3 ( [18]). Let A € L (R3,R3). Then the following properties hold:

loc
(1) C§°(R3) is dense in HY(R?).
(2) H}(R3) is continuously embedded in L™(R?) for all 2 < r < 6.
(3) Assume that A is linear, i.e., A(x +y) = A(z) + A(y) for all z,y € R3. Lety € R3, f € HL(R?),
and set
f(z) =AW f(x1+y), zeR3
Then (V +iA)f(z) = &AW *(V +iA) f(z + y). In particular,
I(V +iA) fllrz = [(V +iA) f 2

(4) If A€ L} (R3,R?), then HY(R®) is continuously embedded in H\. (R3). In particular, H}(R?) is

loc

compactly embedded in LT (R3) for all 2 < r < 6.

loc
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Lemma 2.4 ([2]). Let A€ W,o>°(R3 R?) and j,k € {1,---,3}. Then for any f € C3°(R?), we have

‘/(@‘Ak — OpAy) f Fdx| <1I(9; +iA))F T2 + 1Ok + iAr) fIZ2-
In particular, if A is as in (1.2), then
BUAIZ: < IV +iA) flIZ. (2.2)

Lemma 2.5. Let A € L _(R3 R®) and (fn)n>1 be a bounded sequence in HY(R®). Assume that
fn — f weakly in H(R®). Then we have

I(V + i) fullfe = I(V +iA) 22 + IV +iA)(fu = HIT2 + 0n(1),
[fallzr = W or + 11fn = fllzr +0n(1), 2<7<6.

Proof. As H(R3) is continuously embedding in L"(R3) for all 2 < r < 6. The second identity is a
direct consequence of the refined Fatou's lemma due to H. Brézis and E. H. Lieb [8]. Let us prove the
first identity. Set g, := f,, — f. We see that g, — 0 weakly in H}(R3). We compute

1(V +iA) full72 = [[(V +3A)(f + gn)|7
— (V4 TA 1P+ [V + iA) g 22 + 2Re/(V+iA)f (Y +iA)gnda.

Let € > 0. Since C§°(R3) is dense in H4(R3), we take ¢ € C§°(R?) so that |[(V +iA)(f — @)1z <
€/2C, where C':= sup,,>1 ||gn ||z, < co. Since g, — 0 weakly in H(R3), we see that

‘/(V—FiA)@-(V—&-iA)gndx — 0 as n — oo.

Thus there exists ng € N such that for n > ng,

’/m~ (V +id)gnda

‘/ +iA)(f — ) - (V+iA)gndx +’/(V+iA)<p-(V—|—iA)gndx
<V +iA)(f = @)L= [[(V +iA)gnl L2 +€/2 <.

The proof is complete. |

Lemma 2.6. Let A € L} (R3,R3) be linear. Let (f,)n>1 be a bounded sequence in H(R?), i.e
SUPy,>1 || fully, < 00. Assume that there exists eg > 0 such that

i r >
it fuller > 2o (2.3)

for some 2 < r < 6. Then up to a subsequence, there exist f € H%(R*)\{0} and (yn)n>1 C R® such
that

AW T L (2 4y,) — f weakly in HY(R?).

Proof. The proof is based on an argument of [7, Lemma 3.4]. By interpolation, we infer from (2.3)
that

it [l 0 > 21> 0. (24)

By the Sobolev embedding

191Fg o, < OI N 11

where
Qr=(kk+1)? keZ
and taking the sum over k € Z, we get

10

4
3
1515 < (suplflnan ) Ml
kEZ
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Replacing f by |f| and using the diamagnetic inequality (2.1), we have
v s 2 2
17155 < € (sl flzzon | (IVIFIE: + 1/11z2)

<c (21612 f||L2<Qk)) (7 + i) FI2 + 1 ]2).

Applying the above inequality to f,, and using (2.4) together with the fact that sup,,>y |||l < oo,
there exists (ky,)n>1 C Z such that

igfl H.fn||L2(an) >C
for some constant C' > 0. Set y,, = (—kn, —kn, —ky) and

By Lemma 2.3, we have
I FalZe = 1fallZes IV +iA) fulZe = 1(V +iA) full 7.
Thus we get sup,, >, Hf"HH}a < 00 and

inf | Fallfzq,) = C > 0. (2.5)

Since the embedding H (R3) — LQ(QO) is compact (see again Lemma 2.3), there exist f € HL(R?)
and a subsequence still denoted by (fn)n>1 such that f, — f weakly in HY(R3) and fn — f strongly
in L2(Qo). By (2.5), we have f # 0. The proof is complete. a

3. GLOBAL EXISTENCE AND FINITE TIME BLOW-UP

In this section, we study the existence of global in time and finite time blow-up solutions to (1.1).
Let us start with the following result.

Remark 3.1. Let A be as in (1.2). Then X4(R?) = X(R?), where X 4(R?) and X(R?) are defined as
in (1.5) and (1.5) respectively.

Proof. We first recall the following identity due to [30]:
IV + iA)f 3 = V1= — 2Re [(V-+i4)f - iAFdo ~ AT (31)

From (3.1), we have from Hoélder's and Cauchy-Schwarz' inequalities that

V512 <2 (1Y +iA) I + IASI22) < COILIE,
hence ¥4 (R3) C X(IR?). On the other hand, by (3.1), we have
IV +iA)flz2 < IV fIIZ2 + 2||(V +iA) fllzzl| Afllze + [ ASfIZ:
<|IVflZ: +5 ||(V +iA)fll7- + 3| AflI7

which implies that
IV +3iA)fllZ2 < 20V flIZ2 + 6] Afl[72 < COIFIR,
so X(R3) C £ 4(R3). The proof is complete. O

We next prove the angular momentum conservation given in Lemma 1.4.

Proof of Lemma 1.4. The proof is essentially given in [24]. For the reader’s convenience, we recall
some details. We first observe that

[ betodn=— [ Logpin, TF=-L7 (32)

which yields
RU) = [ £efFae = [ gr5ae = [ fEFde =R
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or R(f) is real-valued. We next give formal computations to show the conservation of angular mo-
mentum. The rigorous proof needs the standard approximation argument (see [30]) and we omit the

details. From (1.7), (1.8), and (3.2), we have

b2
(V+id)*>=A—bL, — Zp2

and [A,L,] = 0. It follows that
d
aR(u(t)) = /Lzatu(t)ﬂ(t)dx—ki/Lzu(t)atﬂ(t)dx
b2
= /Lz(z’Au —ibL,u — izpzu + ilu|“u)udz
R ST A
+ Lzu(—zAu—szzu—FzZp u — i|u|“u)dx

= i/LZAuﬂ — L,uAudz — ib/ Lﬁuﬂ + L,uL,udx

2
—ibz L.(p*u)a — L up*udz + i / L. (Ju|*w)7 — Lyu|u|*udx
=M+2)+B)+4).
We see that
(1) = i/LZAuﬂ — AL uudx = i/[Lz, Aluudz =0
and

(2) =ib / L2t + LuL,udx = ib / L.uL.@— LuL.udx = 0.

(3.3)

As L.(p?u) = p?L.u, we readily see that (3) = 0. Here we have used the fact that L, = —idp, where

where 21 = pcos6 and x5 = psinf with p = /2% + 23 and 6 € [0, 27). Finally, we have

L. (Ju|**?) = —i0p(|u|*ut) = —idp (|u|*u)t — i|u|*udst = L. (|u|*u)a + |u|*uL.a

which shows that
(4) = i/Lz(|u|a+2) — |u|*uL,u — Lyulu|“udz = —i/ |u|*(uLl,u + ul,u)dx.
On the other hand, we have

La(Ju]**?) = (o + 2)|ul* T Lo (Ju]) =

a—+2
5 |u|*(uLl, @+ L, u),

where L. (|u|?) = 2|u|L.(|u|) = uL.w + uL,u. It follows that

—21 -2
(4)y= / L (") do = —= / By (Jul°2)dz = 0.

a—+ 2
The proof is complete.

O

We next recall the following virial identity related to (1.1) (see e.g., [30, Theorem 1.2]) which plays

an important role in proving the existence of finite time blow-up solutions.

Lemma 3.1 ( [30]). Let 0 < a <4 and ug € L 4(R3). Let u:[0,T*) x R?® — C be the corresponding

solution to (1.1). Set
F(u(t)) := / || |u(t, z)|*da.
Then the function [0,T%) > t — F(u(t)) is in C*([0,T*)) and

F'(u(t)) = 4Im/x -Vu(t, z)u(t, z)dz,

12a o
F(u(t)) = 8] Vu()lz2 = 2°llpu(®) 72 = —— @7,

for all t € [0,T%).

(3.4)
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Proof of Proposition 1.3. Let F(u(t)) is as in (3.4). By Lemma 3.1, we have

12« o
F'(u(t) = 8IVu(®)lz: = 20%llou(t)llz2 — —llu®lF2

4(3ac — 4)

a+2
22 =D ugo))

La+2

= 16E (u(t)) — 40| pu(t)|[ 7> —
for all t € [0,T7*). By Lemma 1.4, we infer that
F”(u(t)) < 16E0(U0), Vit € [O,T*).
Integrating this inequality, we get
F(u(t)) < ||zug|3z +4 <Im/x . Vuo(x)uo(x)dx> t +8Eo(up)t?, Vte[0,T%).

If one of the conditions given in Proposition 1.3 holds, then there exists ¢; > 0 such that F(u(t;)) <0
which is a contradiction. The proof is complete. O

Now we prove the sharp threshold for global existence versus blow-up for (1.1) in the mass-critical
case given in Proposition 1.5.

Proof of Proposition 1.5. (1) By the Gagliardo-Nirenberg inequality and the diamagnetic inequality
(2.1), we have

4
10 £l \® £z \® A £112
fll 200 < = ( f < V +iA) f|l12, 35
1l s 1012 || fllIZ2 < 3 1012 II( )z (3.5)
where () is the unique positive radial solution to (1.10) with o = %. From this inequality and the

conservation laws of mass and energy, we infer that

Blus) = () 2 55 + iAol - 5 (L5 ) 10w + iapuco

1 lluollz2 ; 2
-1 (1 (fai=) >||<v+ A3

|(V + iA)u(t)||r2 < C which, by the

for all t € [0,T). As [lugllr> < [|Ql[z2, we have sup,c(o 1)
blow-up alternative, implies that T* = occ.
(2) Let ¢ > ||Q||L2. We define

uo(2) = ar> Q(Ax),

where a := HQH > 1 and A > 0 will be chosen later. As () decays exponentially at infinity, it is clear
that Q € ZA(R3) (see also Remark 3.1). Moreover, we have
IIUOllsz = azIIQH%z =, [Vuol|Z: = a*X?|VQ|Ze,
10 —
ol %y = ¥ A2 %, louol2> = a*X~2 Q1.

It follows that
1 b2 3
Eo(uo) = §I|VUO||2L2 + gllPuOHia = 1gluoll;

10
3
10
3

1 b2 _ 10
=¥ (5IVQI: + SA 100l - atlalfy )

Using the Pohozaev's identity (see e.g., [10]):

10
3

3
IVQI7: = *||Q|| [ = §||QH%2, (3.6)
we infer that
212 —4 2
Butuo) = a2 (Al — 5 (af = 1) 1l ).

Taking A > 0 sufficiently large, we have Fy(ug) < 0. By Proposition 1.3, the corresponding solution
to (1.1) with initial data u|,_, = uo blows up in finite time. The proof is complete. O



3D MAGNETIC NLS 13
Before studying the global existence and finite time blow-up for (1.1) in the mass-supercritical case,
let us recall the following properties of the unique positive radial solution @ to (1.10).

Remark 3.2. Let % < a < 4 and @ be the unique positive radial solution to (1.10). It is well-known
that @ optimizes the Gagliardo-Nirenberg inequality

3a 4—a
IFIZE2 < Copl VAIZ IS, VF € HY(RY). (3.7)

In particular, we have
3a 4—o
Com = QU5 = [IVQIE1QILZ]

Thanks to the following Pohozaev's identities (see e.g., [10]):

4
lQIZ> = IIVQIILz = Yot )HQI Tates (3.8)

we have

3a —4 a—4
EYQ)[M(Q)]7 = o (IVQI21Q175)*,  Cop = IVl = 117 ) * . (39

We are now able to prove the global existence given in Proposmons 1.6 and 1.7.

2(a +2)

Proof of Proposition 1.6. Let u : [0,T7*) x R® — C be the corresponding solution to (1.1). By the
Gagliardo-Nirenberg inequality (3.7) and the diamagnetic inequality (2.1), we have

IfII342, < COPcHVIfHILa HfIILz < COPtII(VHA)fIILz IIfHLz , Vfe Hy(R?).
It follows that

E(u(t))[M (u(t))]
> 1 5 (I(V +id)u(®)] e llu(®)[175)

= G (1Y +iA)u(t)] 22 [u(®) [ 72)
for all t € [0,T™*), where

2 . C'opt

IV + iAyu(t) | £ Ju@ll 3

1 C(opt 3a
———)\z. 1
N Tara (3.10)

Using (3.8) and (3.9), we see that

¢ (IVQU=1Q15) = 22 (IVQl#1QI)* = F@m(@) (311)

By the conservation of energy and (1.16), we have
G (II(V +id)yu(®)l| 2 llu(t)]|72) < E(uo)[M (uo)]™
< BYQIMQ))™ =G (IVQI 2 1Ql75) (3.12)
for all t € [0,T*). By (1.17), the continuity argument implies
IV +id)u(®)|| = lu@®lZ> < [VQllL2 QTS

for all t € [0,T%). This estimate together with the blow-up alternative and the conservation of mass
yield T* = oo. O

Proof of Proposition 1.7. It suffices to prove that
I(V +iA)u(t)|[ = [lu@)] 72 < IVQIllL2|QNT%

for all t € [0,7*). This together with the blow-up alternative shows that 7% = co. Assume by
contradiction that there exists ¢ty > 0 such that

IV + iA)u(to) | 2llulto) |72 = IVQI L2 |QII7
By (1.15) and the continuity argument, there exists ¢ € (0, to] such that
IV +iA)u(tn)| 2 llut)7s = IVQI L2 1QUT:

Denote f = wu(t1). We have from (1.14) and the conservation laws of mass and energy that

E(H)M(f)]7 = EXQ)M@)7, IV +id)fllellflI7z = [VQIlL2 Q75
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We take A > 0 such that || f||zz = A|@]|z2. It follows that
BE(f) =277 EYQ), (V+iA)flr = A" 7[VQ||2

which yields
a 1 .
1152 = (@ +2) (U7 + i) - B())
A2 2 200 10
~ @+ (AEIVal - a2 @)
= QY
Thus we get

[171552.] = 19 + i) FIL 2 11,7
= A2 QUgtR] = (7 IVQlse)
lIQN5t2) = IVl Z QI

where Cypy is as in (3.7). From this, the diamagnetic inequality, and (3.7), we see that

3a
2

(@) =]

} = opm

3a d—a 3a 4—«a
115522 = CoptI(V + i) FI 2 FIE = Cope VI 2 AL > FIIFEE
In particular, we have
[(V +iA) fll2 = [IVI[f]lL2.
Using the fact (see e.g., [25, Theorem 7.21]) that
V11l = [Re (vgjﬁl)\ - \Re (v + iz m)] <|(V+id)f],
we infer that
vf 3

(V+iA)f |f‘ =0<= A=—-Im 7 a.e inR°,

hence curl A = (0,0,0) which contradicts (1.3). O

We next give the proof of the sharp threshold for global existence and blow-up for (1.1) in the
mass-supercritical case given in Theorem 1.8.

Proof of Theorem 1.8. (1) Let us consider ug € ¥ 4(R?) satisfying (1.16) and (1.17). Let u : [0,T*) x
R3 — C be the corresponding solution to (1.1). By the Gagliardo-Nirenberg inequality (3.7), we have

(Ve 2 llu@)7)” + bfl\pu(t)\lml\u( zse

C7 E13 X420,
- f;IIVu( ) @)l 2

Eo(u(t)[M (u(t))]7

bJ\ [y

> G (IIVu(®)l| = u(®)l|72)
for all t € [0,T%), where G is as in (3.10). Using (3.11), Lemma 1.4, and (1.16), we have
G (IVu(®) gz u(t)172) < Eo(uo)[M (uo)]™
< EY QM Q)™ =G (IVQIl.2lQ75) (3.13)
for all ¢ € [0,7*). By (1.17), the continuity argument implies
[Vu@)llzllu®)|7e < VeIl [1QIIZ:

for all ¢ € [0,T*). By the conservation of mass, we infer that

sup IIVU(t)IILz < C(lluoll2, 1Q1 22, VR z2)-

telo,T
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On the other hand, by Lemma 1.4 and (3.7), we have
b? 1 N
g”ﬂu(t)ngm < Eo(u(t)) + m”“(t)HLﬁz

C, 3a i—a
< Eo(uo) + rf;HVU(t)HL% lu@F < C(Eo(uo), M(uo), |Ql| 2, [IVQ 2)
for all t € [0,7%*). From (1.7), Remark 3.1, and Lemma 1.4, we have
sup [|(V +id)u(t)] L2 < C(Eo(uo), M(uo), Q|2 [[VQI|2)

te[0,T*)

which, by the blow-up alternative, implies that 7% = oo.
(2) Let us now consider ug € X 4(R?) satisfying (1.16) and (1.18). By the same argument as above,
we see that

V)|l lu@) 72 > IVQI 2| QI 7 (3.14)

for all t € [0,7%). We next show that the solution blows up in finite time. From (1.16), we take
¥ = ¥(up, Q) > 0 such that

Eo(ug)[M (u0)]™ < (1 —9)E*(Q)[M(Q)]7.

We also denote

H(f): =V fll7= - ||pf||L2 - ( )Ilf\\%ifz
3 3 (3 + 4)b? (3.19)
a— a
= 22 mo() - 2RI - S s
By Lemma 1.4, (3.14), and the conservation of mass, we see that
3 3
H )M ()7 < 5 Bu@) M) ~ 222 (19ud)lle u(t)152)*
3 3 1
< ;Eo(uO)[M(UO)]UC - (pf) (HVQ”LQHQHEC2)2
3 3 4
< aﬂmeWQMﬂQW“fa (IVQl 22 lQ155)°
3
=222 %)’
for all t € [0,T*). It follows from Lemma 3.1 that
QI 2

20
F"(u(t)) = 8H (u(t)) < —2(3ac — 4)9 ( ) IVQ|32 <0
[luo| 2
for all ¢ € [0,T*). This shows that T* < co. The proof is complete. O

Next we study the long time behaviors of solutions to (1.1) with data lying at the mass-energy
threshold given in Theorem 1.9.

Proof of Theorem 1.9. Let us start with the following observation.
Observation 3.1. There is no f € X 4(IR?) satisfying
Eo(H)M())7 = E°Q)IM@)]7, IV FllzzllflI7s = IVQIlz2llQ7:
In fact, we take A > 0 such that || f||z2 = A\||@||L2. It follows that
Eo(f) =27 E%Q), VSl = A" [VQl|z. (3.16)
Using the Gagliardo-Nirenberg inequality (3.7) and (3.9), we see that

20, 20, +152
IFISE2 0125 < ConIVAIA NS

= 202 19qlelal) T (197107 15) *

2(a +2)

(IvQllz=llQlIgs)* -
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This implies
« 2(a+2 —20 —20 a
17522 < 28D 2 vl = A2 QU

Using (3.16), we infer that

b2 1 1 e
0< EHPJCH%2 = Eo(f) - §va\|%2 + m”fHLﬁz

1 a+2 1 —20¢ a+2
<3 np [fllGass — mA Q7+ < 0.

This shows that f = 0 which is a contradiction.
(1) Let ug € X 4(R?) satisfy (1.19) and (1.20). Let u : [0,7*) x R?* — C be the corresponding
solution to (1.1). We will show that
IVu@llzz [u@®l7e < IVQI2 QN7
for all t € [0, 7). Assume by contradiction that there exists ¢y € [0,7*) such that
IVu(to)llzzl[uto)lI7s = VQI L2 1R 7
By the continuity using (1.20), there exists t1 € (0,¢o] such that
IVu(t)llzz lut)lze = V@Il QT
By Lemma 1.4 and (1.19), we have
Eo(u(t))[M (u(t))]7 = E*(Q)[M(Q)]”

which contradicts Observation 3.1.
(2) Let ug € 4 (R3) satisfy (1.19) and (1.21). By the same argument as above, we prove that

IVu@®)lzzllu@Ze > VQIlz= Q75
for all t € [0,T*). If T* < oo, then we are done. If T* = oo, then we consider two cases.
Case 1. If
sup IVu(®)ll2llu®)I7e > VI L2l1QlI7:,

te|
then there exists 7 > 0 such that for all ¢ € [0, 00),

IVu@)|lzlu(®)[7e = 1 +n) VR L2 Q7%

It follows that

HO)M@O)] < 5 Bo(u@)M )™~ 2 (Va0 |alutt)[55)°
< 2 Bouo) M (o))" — 2220 +0)? (IV Q2 Q153)°
= 2R QM@ - 20+ ) (IVQlel@ls)’
=2 (- (4 )) (IVQUQI5:) < 0

for all ¢ € [0, 00), where the functional H is as in (3.15). Thus we have

20,
F(u(t)) = SH(u(t)) < —2(3a — 4) (14 ) — 1) ( 1@l ) 1V Q|2

lluol| 2

for all t € [0,00). Integrating this inequality, there exists to > 0 such that F(¢y) < 0 which is a
contradiction.
Case 2. We must have

sup |[[Vu(t)|| 2 [u®)[Z = V@Il L2 QI 72

te[0,00)
Thus there exists (¢,,)n>1 C [0,00) such that

Jim [[Vu(tn)|| 2 llu(tn)Z: = IVQI L2 QU Z:-
By the conservation laws of mass and Lemma 1.4, we have

Eo(u(tn))[M (u(ts))) = E°(Q)[M(Q)] "
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Note that ¢,, must tend to infinity. Otherwise, there exists o € [0,00) such that up to a subsequence,
tn — to as n — oo. By continuity of the solution maps ¢ 3 [0,00) — u(t) € L4 (R3) and X4 (R3) C
H'(R3), we have

Eo(u(to))[M (u(to)]” = EX(@Q)M(Q)]*, [ Vulto)llz2u(to)l|7s = VQ 2 [QI75

which is impossible due to Observation 3.1. Now, we take A > 0 so that ||u(t,)|z2 = A||@]| 2. Note
that A is independent of n due to the conservation of mass. It follows that

Bo(u(t) = X2 E(Q), I [[Vu(ta)[lz2 = A~ V@]l

By the Gagliardo-Nirenberg inequality (3.7), we see that

3a 4—a
lu(ta) 42 < Copel|Vulta)ll 2 llu(ta)ll 2

2+ 2 S
_ % (IVQl 2 1Q155)

£ i—a
[Vutn)ll 2 (A@ll2) 2

which implies

a+2
La+2 .

) 2(a+2), _
a+2 20¢
nlgg0||U(tn)\\La+z < 30 A

VQIE. =t

Q|

Thus we have

A2 BY(Q) < lim E°(u(tn)) < Eo(u(tn)) = A7 E%(Q)

n—oo
which implies

lim E°(u(t,)) = \"27<E°(Q).

n—oo

We have proved that there exists a time sequence t,, — oo such that
hta) 22 = M@l lim [Vu(ta)llze = A% [VQlze,  lim B*(u(t)) = A2 E*(Q)

for some A > 0. By the concentration-compactness lemma of P.-L. Lions [27], there exists a subsequence
still denoted by (u(ty,))n>1 satisfying one of the following three possibilities: vanishing, dichotomy and
compactness.

The vanishing cannot occur. In fact, suppose that the vanishing occurs. Then it was shown in [27]
that u(t,) — 0 strongly in L"(R3) for any 2 < r < 6. This however contradicts to the fact that

Tim [lu(ta)[§52 = A2 QIE > 0.

The dichotomy cannot occur. Indeed, suppose the dichotomy occurs, then there exist i € (0, A||@]|2)
and sequences (f!)n>1, (f2)n>1 bounded in H'(R?) such that
lu(tn) — £} — f2||z- — 0 as n — oo for any 2 < r < 6,

I£allze = gy [1f2llze = A@Qllz2 — pas n — oo,
dist(supp(f,,), supp(f;)) — 00 as n — oo,
lim infy, o0 [|Vu(ta)|72: = IV fallZ: = IV 2172 > 0.

By the Gagliardo-Nirenberg inequality, we have

1F211952, < CopeIVANE £, < ComtIVELIE ulta)ll3
nllpe+2 = Copt nllz2 I nllp2 opt nllp2 1Un) |12

for n sufficiently large. Similarly, we have for n large enough,

3a i—a
IFR12522 < CopellV AN 2 lulta)ll 2
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It follows that
A72 Oc

QIUFLE = lim [lu(t,)lIFEE = T 0582 + (121242
3a 3a d—a
< Cope Jim (VL35 + 195215 ) luta) 3
3a d—a
< Cope lim (V£ + IVAAIP) ™ u(ta) ] 2

3a 4—a
< Cop L [[Vu(tn)| 2 [Jultn)ll L3
n—oo

3a i—o
= Copt (A" 7[IVQ]lL2) * (A|Qllz2)
= A2 QIITE

which is a contradiction.

Therefore, the compactness must occur. By [27], there exist a subsequence still denoted by (u(t,,))n>1,
a function f € H'(R®) and a sequence (y,)n>1 C R3 such that u(t,,  + y,) — f strongly in L"(R?)
for any 2 < r < 6 and weakly in H!(R?). We have

£l = Jimfju(t, -+ ya)llze = M@ 22

and
ISR = T [t + 952 = A2 QI
and
19722 < aninf [t + ) 22 = A~ [ VQ =
On the other hand, by the Gagliardo-Nirenberg inequality (3.7), we have
ag K A2 QU . &3
IVAlE > ——F 5 = e = (A V@) ?

CoptllfII 2 Copt MQlz2) =

hence ||V fll2 = limy— o0 |Vultn, -4+yn)llzz = A~ 7| VQ||L2. In particular, u(t,, -+yn) — f strongly
in H1(R3). It is easy to see that
[Ed [ (o] e
3a d—a T 3a d—a
IVAIZ AL IVRIE QL
This shows that f is an optimizer for the Gagliardo-Nirenberg inequality (3.7). By the characterization
of ground state (see e.g., [27]) with the fact || f||z> = M|Q]|z2, we have f(z) = e\Q(z — z0) for

some # € R, u > 0 and 2y € R3. Redefining the variable, we prove that there exists a sequence
(Yn)n>1 C R? such that

= Copt .

w(tn, + Yn) = e’ \Q strongly in HY(R?)

as n — oo. The proof is complete. O

We end this section by giving the proof of the blow-up above the mass-energy threshold given in
Theorem 1.10.

Proof of Theorem 1.10. We follow an argument of T. Duyckaerts and S. Roudenko [17]. Let u :
[0,7%) x R® — C be the corresponding solution to (1.1). We will proceed in two steps.
Step 1. Reduction of conditions. Let us start with the following Cauchy-Schwarz inequality:
< ’ [Fie B
(1w [ 7o vsae) < lofls | 1971 - (P (317)

CC>pt||fHL22
for all f € HY(R3). To see it, we have from (3.7) that
IF1IZ42

IVflZ: > e
00pt||f||L22
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This implies that

4

- ixlzl? f ai_Qz ”
Wolefls — x| Fo - Vfde + 197 = IV D 2 ('”
Comlf112

for all A € R. This shows (3.17). We also recall the following identities:

Fu(t) = 8O3 ~ 2 pu() 32 — o ()52
= 165y (u(t) ~ 487 lou(t) 3 — 22D juey 512
— 120E(u(t) - 2030 — )|Vt — CED
where F(u(t)) is as in (3.4). In particular, we have
o052 = o (16Eu(ul) — #Pllpu(Ol: — F(u(o)
I9u01 = sy (120B0000) - L a0 - ).

Note that since ||u(t)||pa+2 > 0, we have
F(u(t)) + 46%(| pu(t)|| 32 < 16Eo(u(t)).

Moreover, inserting the above identities into (3.17), we get

(FF2) = Fuo 5 =g (120mtuto) - C 52 ppute 13 7w

_ (<a +2) (16Eo (u(t)) — 407 pu(t)|3, — F"(u(t))) ) E }
430 — ) Coprllu()]| 7
Since 3a > 4, we infer that

(2(1)? < 4K (F"(u(t)) + 40° || pu(t)|72) , (3.18)
where
2(t) == Vv F(v(t))
and 4
1 (a+2)(16E; — A) \**
K = grp—g (12080 - 3) - (4(3a - 4)COPSM4’T“ )

with A < 16Ey, Ey = Eo(u(t)) = Eo(ug) and M = M (u(t)) = M(up). Since 3a > 4, we readily
check that K()\) is decreasing on (—oo, Ag) and increasing on (Ao, 16Ey), where g satisfies

4-3a
3aC M T [ (a+2)(16Ey — Ao) |
2(a+2) A3 — 4)Copy M7 '

(3.19)

This implies that
30&(16E0 — /\0) )\0

12aEy — Ag) — ————0 20/ _ 70

K (o) = 8(3a —4) 8

1
a1
Note that (3.19) can be rewritten as

( 30Cop )34& B ( 8(3a — 4) >3°5u4
2(a+2) 3a(16Eg — ho) Mo
which together with the fact (see (3.9))

2(0;);r 2)( 6or

C’opt =

FQUIQ)

3o —
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imply
(16E0 - )\0)MUC -
16E%(Q)[M(Q)]
or
E()MUC < )\0 )
1-— =1. 3.20
FQM@QP \' 165 (320)
As a result, we see that (1.22) is equivalent to
Ao >0 (3.21)
and (1.23) is equivalent to (F’(ug))? > 2F(ug)Xo or
((0)? 2 2 = 4K (). (322)

Moreover, (1.25) is equivalent to z’(0) < 0. Finally, (1.24) is equivalent to
F" (ug) 4 46| pug||22 < Xo.
Indeed, if (1.24) holds, then

F"(uo) + 4% [lpuo |z = 16Eo — 4<Zi;4> luoll22
< 16E, — 4(20;—24) IIQHiiE\Z[i\CJ(Q)}oC
0 N
=16 (Eo . E(Q)]\[/[M>
= 16E, (1 _ W)
~ o,

where the last equality comes from (3.20).
Step 2. Finite time blow-up. Let ug € ¥ 4(R3?) satisfy (1.22), (1.23), (1.24), and (1.25). By Step
1, we have

Ao >0, (2(0)?> % =4K(\o), Z'(0) <0, F"(ug)+4b*||puol|3z < No. (3.23)
We claim that

2'(t) <0, Vtelo,T*). (3.24)
Using the fact

0= 5 (S5 - ). (325)

we have z”(0) < 0. Assume that (3.24) does not hold. Then there exists tg € (0, 7*) such that
2'(t) <0, Vtel0,ty), 2'(tg)=0.
By (3.23), we have
Z(t) < 2(0) < —2/K(No), Vit e (0,tg].
Hence (2/(t))? > 4K (\g) which together with (3.18) imply
K (F"(u(t)) + 40°|lpu(t)[[12) > K (X), Yt € (0,t0].

It follows that

F"(u(t)) + 40%|lpu(t) |72 # do, ¥t € (0, to]
which, by continuity, implies

F"(u(t)) + 40| pu(t)[[Z2 < do, 'Vt € [0,to].
By (3.25), we obtain

P B 1 F”(u(t ) , 1 A by B
0= 3 (5 - C00?) < o (5 - F) =0
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which is a contradiction. This proves (3.24). Now we assume by contradiction that 7% = co. Then by
(3.24), we have

2'(t) <2/(1) < 2/(0) <0, Vte](lo00).
This contradicts with the fact z(t) is positive for all t € [0,00). The proof is complete. O

4. EXISTENCE AND STABILITY OF NORMALIZED STANDING WAVES

In this section, we prove the existence and orbital stability of normalized standing waves related to
(1.1). To this end, we need the following result which plays a crucial role in ruling out the vanishing
possibility.

Lemma 4.1. Let A be as in (1.2) and 0 < oo < 4. Let ¢ > 0 and (fn)n>1 be a minimizing sequence
for I(c). Then there exists C > 0 such that

lim inf || f,,|
n—roo

Lotz > C > 0.

Proof. Assume by contradiction that there exists a subsequence still denoted by (f,),>1 satisfying
limy, o0 || fullLa+2 = 0. Thanks to (2.2), we see that

. 1 . bl |ble
I(c) = lim E(f,) = lim §II(V+1A)fn||%2 > lim. 3|\nt|%2 =5 (4.1)

Denote x = (7, x3) with 2, = (71,22) € R? and 23 € R, and set g(z ) := 4/ |2b‘ 21 One
can readily check that

b2
lgllz2@2) =1, 1V 10llZ2@e) + P9l ey = [ol-
Let h € C§°(R) be such that ||h||%2(R) = c and set
Ia@) = g(r0)ha(@s),  ha(rs) = ATh(Ars) (42)
with A > 0 to be chosen later. We have || fy||3. = ¢ for all A > 0. Using (1.7), we see that
. b?
IV + i) fllZe = IVAAlZ: + bR(A) + I fallZ:

= IV 100l B3a ey + ey 5B e
_ b?
s ([ Legmter) Ul + o IoalEsgen 1 sge
2 b2 2 2 2
=c|Vigllzz(me) + ZHPQHLz(Rz) + X[ 03h| 72 (m)
= c|b| + A?(|9sh| 72 )

Here we note that / L.ggdx, =0 as g is radially symmetric. It follows that
RZ

a

[Ble A2 e o
E(fx) = 2 ||83h||L2(R) ||g||Lﬁz(R2)Hh||Lﬁz(R
As o < 4, by taking A\ > 0 sufficiently small, we have (f>\) bT. In particular, I(c) < % which
contradicts (4.1). The proof is complete. O

Proof of Theorem 1.12. We proceed in two steps.
Step 1. Existence of minimizers. Let 0 < ¢ < M(Q). We first show that I(c) is well-defined,
i.e.,, I(c) > —oo. Let f € S(c). By the Gagliardo-Nirenberg inequality (3.5), we have

BU) 2§17+ i) - 5 (3ry ) N7+ i)

) I(V +iA) f]Z> >0

2

2<1‘<M€Q>>3

for all f € S(c). This shows that I(c) > 0

—_
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Now let (fy)n>1 be a minimizing sequence for I(c). From the above estimate, we have

2 M(Q)

This shows that (f,,),>1 is a bounded sequence in H(R?). Moreover, by Lemma 4.1, we see that up
to a subsequence,

1 (1 _ ( ¢ >> (Y +iA) foll22 < E(f) — I(c) as n — oo.

it Ifull 0 > C >0
By Lemma 2.6, up to a subsequence, there exist f € H}(R*)\{0} and (y,)n>1 C R? such that
fu() = W2 f (2 4 y,) = f weakly in H(R®).
By the weak convergence in H(R3), we have
0 < [[flIZ> < liminf || f]|Zo = liminf || fu]72 = ¢
n—oQ n—oo
and 5
[V +iA)f32 < limin (7 + iA)fu 32 = liminf [[(V -+ i4) £
Next we claim that
I£1I72 = c. (4.3)
Let us postpone the verification of (4.3) for the moment and finish the proof of Theorem 1.12. By the

weak convergence in H}(R?) and (4.3), we infer that f,, — f strongly in L?(R?). Using this strong
convergence and the magnetic Gagliardo-Nirenberg inequality

10 . 4
11 %20 < Coptll(V +iA) FIZ [ 1172
we see that f,, — f strongly in L (R3). Thus we get
I(c) < E(f) < liminf E(f,) = liminf E(f,) = I(c),
hence E(f) = I(c) or f is a minimizer for I(c). This also implies that f, — f strongly in H(R?).

It remains to prove (4.3). Assume by contradiction that it is not true, i.e., 0 < || f||2. < c¢. We have
for any A > 0,

A2(1 =A%)
EO) = NE() + U2 e,

o 1 Y —1

B(f) = s EOH) + S g
Set \g = % > 1. We have [[Xof||?. = ¢ and

I1£113 G a |\f||2

E(f) = CL2 E(Nof) + |\f||L1'fz L2 T(e)
as f # 0 and Ao > 1. Similarly, set A, ﬁ By Lemma 2.5, we have || f, — f[|2. — c— || f]|2-
as n — oo, hence \,, — # > 1 as n — oo. In particular, we have
c— L2
- z T z An =1 otz < ¢ If1Z2
Jm Bfa = 1) = Jim <3 EQn(fo = )+ gl = flzess 2 —— 7= 1(0).

Using the refined Fatou's lemma (see Lemma 2.5), we get

I£17- c—|IfI7-
c c

I(e) = lim B(f,) = lim E(f,) = B(f) + lm E(f, — f) > 12 1(e) +
which is a contradiction. This proves (4.3) and the existence of minimizers for I(c).

Step 2. Orbital stability. Let us now show that the set of minimizers M(c) is orbitally stable in
the sense of Proposition 1.11. We follow an argument of [9]. Assume by contradiction that it is not
true. Then there exist g > 0, ¢ € M(c), and a sequence of initial data (ug)n>1 C H}(R?) such
that

I(c) =I(c)

Jim {Jug,n = oy =0 (4.4)
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and a sequence of time (t,)n>1 C [0, 00) such that

. f : f iA(y).. ” tnv. — > , 45
¢el/I\lA(c)y1é1R3 le Un(tn, - +y) = dlla, = €0 (4.5)

where u, is the solution to (1.1) with initial data w,|,_, = uo,». Note that the solutions exist globally
in time by Proposition 1.5.
Since ¢g € M(c), we have E(¢g) = I(c). From (4.4) and the Sobolev embedding, we infer that

luonllz2 = llgoll7z = ¢, E(uon) = E(éo) = I(c) as n — oo
By the conservation laws of mass and energy, we have
lun ()32 = ¢, E(un(tn)) — I(c) as n — oo.

In particular, (up(tn))n>1 is @ minimizing sequence for I(c). Arguing as in Step 1, we see that up to
a subsequence, there exist ¢ € M(c) and (y)n>1 C R? such that

||eiA(y")"un(tn, “+yn) — ¢”Hix — 0 as n — 0.

This however contradicts (4.5). The proof is complete. g

Proof of Proposition 1.13. (1) We first consider the case o = 3. Let ¢ € C5°(R?) be radially sym-

metric satisfying p(x) = 1 for |z| < 1. We define
fa@) = Bt p(a)Qo(a), A >0,

where Qo(x) 95 and By > 0 is such that | fAll32 = ¢ for all A > 0. By the definition, we have

By %= 1/(,02()\_1:5)6,2(2)(30)%;.

C

Since Qo decays exponentially at infinity, we see that for A\ > 0 sufficiently large and any § > 0,

hS / e Clrldy < / || =3 0da < A7°.
|2|>2 |z|> A

In particular, we have B2 = ¢+ O(A™°) as A — oo, where Dy = O(A~°) means that |D,| < CA~°
for any & > 0 with some constant C' > 0 independent of A. Using (1.7), we have

‘ / (1-¢*(\ ') Qf(x)dx

IV +iA) 3 = IV Fl3s + bR + S lohlE = 1913 + Sliofals.
where R(fy) =0 as fy is radially symmetric. We have
IVl = B3 ([ 1900 0@t + 3 [ 63 10)| Y Qufo) P
+ 2 Re/gp()flx)Qo(x)Vgo()\*lx) . VQO(x)dm>.
As |V Qo| also decays exponentially at infinity and B3 = ¢+ O(A™>°) as A — oo, we infer that

IVAAIZ2 = A [VQollZ2 + OA™)

as A — 0o. On the other hand, since A3Q%(\x) converges weakly to the Dirac delta function at zero
when A — o0, we infer that

/ o ()| fx () P = B / @) (@) N Q) — 0

as A — oo, where p(z) = /2% + z3. We also have
10
3

(AN

10
L3

10
3

= ENQoll %,

S +0(7)
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as A — oo. It follows that
1 . 3 10
I(e) = E(f3) = 5lI(V + iA) fall7e — ol e
1 b2 3 10
= SIVAIR: + sl — Il Py

_ G2 2 32 B
= 52 (19Qul: - Zef1Qul %y ) +ort0)

- %pHVQoII%Q (1 — (MEQ)>3> +ox(1) (4.6)

as A — oo, where Dy = 0,(1) means that [Dy]| — 0 as A — co. Here we have used (3.6) to get

31001, = IVQls

1Qoll *10 I
R o]
In the case ¢ > M(Q), letting A — oo in (4.6), we get I(c) = —oo, hence there is no minimizer for
I(c).
In the case ¢ = M(Q), it follows from (4.6) that I(M(Q)) < 0. On the other hand, by the magnetic
Gagliardo-Nirenberg inequality (3.5), we have for any f € H} satisfying || f||2. = ¢ = M(Q),

E(f) = %H(V—i—iA)fHQLQ _ L (||f||L2

1

’ A 22: .
5 (1512 17 + a1 =0

This shows that I(M(Q)) > 0, hence I(M(Q)) = 0. We will show that there is no minimizer for
I(M(Q)). Assume by contradiction that there exists a minimizer for I(M(Q)), says ¢. We have
9 1 . 9 3 el
0=I(IQIIL2) = E(¢) = 5V +iA)gllL> — 15114l

In particular, ¢ is an optimizer to the magnetic Gagliardo-Nirenberg inequality (3.5). Arguing as in the
proof of Proposition 1.7, we get a contradiction. Thus there is no minimizer for I(M(Q)).

(2) Let us consider the case 3 < a < 4. Let f € C§°(R®) be radially symmetric and satisfy
| f||2: = c. Denote

10
L3

Alx) = AT f(Ax), A>0.
We see that [|fi[|22 = | f]|3. = ¢ for all A > 0. We also have

1 , 1 .
E(f) = §||(V +iA)falle — m”f/\HLﬁz

1 s 0P 2 1 at2
= §||Vf/\||/:2 + g”ﬂfAHL? - m”fx\nmw

A2 b2A~2 AT
= 29+ ot - 2l
As o > 3 or 22 > 2, we see that E(fy) — —oo as A — oo. In particular, I(c) = —cc. O

Before giving the proof of Theorem 1.14, we prepare some lemmas.

Lemma 4.2. Let 3 < a < 4. Then for any m > 0, there exists co = co(m) > 0 sufficiently small such
that for all 0 < ¢ < ¢y,

S(c)N D(m) # 0, (4.7)
inf{E(f) : feSl)NnD(m/4)} <inf{E(f) : feS(c)n(D(m)\D(m/2))}. (4.8)

Proof. We take fy € C5°(IR?) satisfying ||(V +14A) fo||3. = m. Denote ¢y = co(m) := || fo||2> and set
f(x) == (/& fo(x). It follows that [|f||7. = c and [[(V +iA)f[|7. = 2 <mforall 0 < c < co. In

particular, f € S(c¢) N D(m), hence (4.7) is proved.
To prove (4.8), we first observe that S(c) N (D(m)\D(m/2)) # 0 for ¢ > 0 sufficiently small. Indeed
let ¢ € Cg°(R3) be radially symmetric and satisfy ||¢[|2. = 1. Denote fA(z) := \/eA2p(\z) with
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A > 0 to be chosen later. We have ||f*[|2, = ¢ and

BN~
(Vi) = 191 + Sl e = e (VWHH L ||pso||Lz) |

For each m > 0, by reducing co = co(m) > 0 if necessary, there exists \g > 0 such that

(7 +id) o3, = 2. (49)

In particular, f* € S(c) N (D(m)\D(m/2)). In fact, we observe that (4.9) is equivalent to

2)—2

b=\ 3
X[Vellis + =5 -

4c
As a function of A, the left hand side of (4.10) takes values on [|b]|| Vel L2 ||pell L2, 00). Thus if we
take ¢o = ¢o(m) > 0 sufficiently small so that 37” > |bl|VeollLz]lpell L2, there exists Ag > 0 such that
(4.10) holds.

Now we prove (4.8). By the Gagliardo-Nirenberg inequality (3.7) and the diamagnetic inequality, we
have

lpellz> = (4.10)

E(f) 2 SI(V +iA)flI72 = KNV +iA)fll 2 1 F1.3
for some constant K > 0. In particular, we have
ge (I(V +iA) fll72) < E(f) < he (I(V +iA)fIl72),  Vf € S(o), (4.11)
where
1 4—a _ 3a 1
ge(A) == 5)\ — K™ A%, h(\)= 5)\.

Thanks to (4.11), (4.8) is proved provided that there exists ¢ = co(m) > 0 sufficiently small such that
for each 0 < ¢ < ¢y,

he(m/4) < inf  g.(\). 4.12
(m/4) < _inf g3 (4.12)

Notice that

1 e seay 1
9:(\) = 5 (1 oK TN ) > 2

for A € (0,m) and for 0 < ¢ < ¢g. We infer that

m_m
inf (AN > — > — 4
Ay 9N 2 g > g = he(m/4).
This proves (4.12), hence (4.8). O
Lemma 4.3. Let A be as in (1.2), § < o < 4, and m > 0. Then there exists co = co(m) > 0

sufficiently small such that for all 0 < ¢ < ¢o and any minimizing sequence (fn)n>1 of I"™(c), there
exists C' > 0 such that

liminf || fp|| pat2 > C > 0.
n—oo

Proof. The proof is similar to that of Lemma 4.1. Suppose that there exists a subsequence still denoted
by (fn)n>1 such that lim, oo || fn| Lat+2 = 0. By (2.2), we have
. |ble
m(e) = >,
I'"(c) = lim B(fn) 2 =

Let f) be as in (4.2) with A > 0 to be chosen shortly. We have || f)||2. = ¢ for all A > 0 and
I(V +iA) fAllZ2 = clbl + X*[|0shl[ 72 @) < m
provided 0 < ¢ < ¢o(m) < 1 and 0 < A < 1. On the other hand, we have

\blc AT e a [ble
+7H63h”L2 - a+2H9HLﬁQIIhHLﬁz - (4.13)

B(fy) = :

for A > 0 sufficiently small. This shows that I™(c) < % which is a contradiction. O
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Lemma 4.4. Let 5 < a <4. Let m >0 and ug € H}(R®) be such that

Then there exists co = co(m) > 0 sufficiently small such that for all 0 < ¢ < c¢q, if M(ug) = ¢, then
the corresponding solution to (1.1) exists globally in time, i.e., T* = co.

To prove this result, we recall the following simple continuity argument.

Lemma 4.5 (Continuity argument). Let I C R be an interval and X : I — [0,00) be a continuous
function satisfying for every t € I,
X(t) < a+B[X (1)),
where o, 3 > 0 and 6 > 0 are constants. Assume that
X(to) <2a, f<27%*°
for some ty € I. Then for every t € I, we have
X(t) <2a.

Proof of Lemma 4.4. Let u : [0,T*) x R3 — C be the corresponding solution to (1.1). Using (2.2),

we have !
. m
uo|7- < mII(VHA)UoHiz < ol

By (3.7) and the diamagnetic inequality, we have

1 . C ) 3a 4—o
[ E(uo)l = 5II(V +iA)uol72 + ()[7+2||(v + id)uol % [luoll 2 <

m+ C ma«2i»2
2 a2
),

Similarly, by the conservation of mass and energy, we have for all t € [0, T*

. 2 @
I(V + ZA)u(t)H%Q =2F(u(t) + m”u(t)HLﬁ?

<2B(0) + LI + il ol

2C . 3o i—a
< 2|E(uo)l + 5 IV +id)u(®)]] 2 (M (uo)) =
Set X(t) := ||(V 4+ iA)u(t)||?. and
o 1= 2Buo)| + 5V + il Bim o (M), 0= 2
o 0 2 0L2, .705_’_2 0 5 . 4.
It follows that
X(t) <a+pB[X@)], Vtelo,T).
Since X (0) < 2, we have from Lemma 4.5 that
X(t) <2a, Vte]0,T7)
provided that # < 27%a'=% As § > 1 and « is bounded from above by a constant depending only
on m, we see that 27 %a'=% is bounded from below by some constant depending on m. Therefore, if
M (uo) is sufficiently small depending on m, then sup,co 7+ [[(V + iA)u(t)||L2 < oo. The blow-up
alternative yields T* = oo. The proof is complete. (|

Proof of Theorem 1.14. The proof is done in two steps.

Step 1. Existence of minimizers. Let (f,,),>1 be a minimizing sequence for I"™(c) with 0 < ¢ <
co = co(m) < 1. We see that (f,)n>1 is a bounded sequence in H}(R®). By Lemma 4.3, we have
liminf,, o0 || fullLe+2 > C > 0. From Lemma 2.6, up to a subsequence, there exist f € H(R3)\{0}
and a sequence (y,)n>1 C R? such that

fu() = A2 f (2 4 y,) = f weakly in H(R®).
By the weak convergence, we have
0 < 1732 < liminf |, 2, = liminf || £, 32 = c

and
|V +iA) 132 < liminf (¥ +i4) ]3> = lminf [(V +i4), 32 < m.
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Arguing as in the proof of Theorem 1.12, we have ||f||2, = ¢, hence f € S(c) N D(m). We also have

E(f) =1™(c) or f is a minimizer for ["™(c). Moreover, f, — f strongly in H}(R?).
We next prove that f € D(m/2). Indeed, suppose that it is not true. By (4.8), we have

I'(c) <inf{E(f) : fe€S(c)nD(m/4)}
<inf{E(f) : f e S(c)n(Dm)\D(m/2))}
< E(f)=1"(c)

which is a contradiction. This shows that (} # M™(c) C D(m/2). As f does not belong to the
boundary of D(m), there exists a Lagrange multiplier w € R such that S/ (f)[¢] = 0 for all ¢ €
C5°(R?), where S,,(f) := E(f) + $M(f). A direct computation shows that f is a solution to

—(V+iAPf+wf—|f|*f=0
in the weak sense. From this, we infer that
wlIflie = =V +iA) fllZ2 + |75 = —2B(f) + %Hllf\\%ﬁz > —2E(f).
Thus we get
Lo 2B 2Im()

117113
where the last inequality follows from (4.13). On the other hand, by (3.7) and (2.1), we have
8a 4o
WIfIZe < IV +id) fIIZe + KV +iA)fll 2 1F1| 2
3a—4 4—a
< IV +iA) I (1= KNV +id) fl, 7 1713)
for some constant K > 0. As ||f||2. = c and f € D(m/2) or ||(V +iA)f|%. < m/2, we get

Wl fe < =1V +iA) 3 (1- KT m™)

_|b‘7

where the constant K may vary from line to line. Reducing the value of ¢ if necessary, we infer from
(2.2) that

4—a 3a—4
w < —|b| (1—Kch T )

This shows (1.27). It completes the proof of Item (1).

Step 2. Orbital stability. As in the proof of Theorem 1.12, we argue by contradiction. Suppose
that M™(c) is not orbitally stable. There exist ¢g > 0, ¢9 € M™(c), a sequence of initial data
ug, € HY(R3) satisfying

Jim Juo,n = @ollzy =0 (4.14)
and a sequence of time (¢,),>1 C [0, 00) such that

inf inf || W) u, (b, - +y) — > €, 4.15
it | (tn e+ ) — Sl > €0 (4.15)

where w,, is the solution to (1.1) with initial data u,|,_, = uo,,. Note that the solutions exist globally
in time by Lemma 4.4.

Since ¢g € M™(c), we have E(¢g) = I™(c). By (4.14) and the Sobolev embedding, we have
[uonllz2 = ll¢ollZ2 = c and

I(V +iA)uonllZz = I(V +id)goll72 <m,  Eluon) — E(po) = 1" (c).
By conservation laws of mass and energy, we have
lun(ta)lZe = ¢ E(un(ta)) = 1™ (c)
as n — co. We next claim that (up to a subsequence) ||(V + iA)u,(t,)||2. < m. Suppose that
there exists N > 1 such that ||[(V 4 iA)u,(t,)||2. > m for every n > N. By continuity, there exists
tx € (0,t,) such that [|(V + iA)u,(t;)]|3. = m. Since
lun ()17 = e IV +id)un ()72 = m,  Blun(t;) = 1™ (c)

as n — 0o, we see that u, (¢)) is a minimizing sequence for I"™(c). By Step 1, there exist ¢ € M™(c)
and a sequence (yn)n>1 C R3 such that e™AWn)y,, (t - +y,) — ¢ strongly in HL(R3). This is
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not possible since minimizers for I (c) does not belong to the boundary of S(c) N D(m). Thus there
exists a subsequence (t,,)r>1 such that ||[(V + iA)u,, (tn,)]|2: < m for all k > 1. This shows that
(tny, (tn,,))k>1 is @ minimizing sequence for I"™(c). Again, by Step 1, there exist ¢ € M™(c) and a
sequence (yx)r>1 C R? such that

||€1'A(yk)~-unk (tnka <+ yk) - ¢||H114 —0
as k — oo. This contradicts (4.15), and the proof is complete. O

Proof of Proposition 1.15. The first point follows directly from Theorem 1.14. Let us prove the second
point. Assume by contradiction that there exists f € S(c) with E'[g) (f) = 0 such that E(f) <
E(¢) =1™M(c). As E'[g (f) =0, there exists a Lagrange multiplier w € R such that f is a solution
to (1.26). It follows that
IV +iA)flI7 +wl fllZ- = IFIFE: = 0.
In particular, we have
a

2(a+2)

We infer that

(Y +iA) 713 + @l f1132) = B + S5 < I7(0) + Fe.

(9 + Al < 202 (

Using (4.13), we see that

m f _
I(c) + 20) we.

o+ 2

o
which, by (1.27), implies |[(V + @A) f||2. — 0 as ¢ — 0. Thus for ¢ > 0 sufficiently small, we have
f € S(c) N D(m). By the definition of I™(c), we get I"(c) < E(f) which is a contradiction. The
proof is complete. |

IV +iA)flI7- < (6] + w)e — we

5. EXISTENCE AND INSTABILITY OF GROUND STATE STANDING WAVES

This section is devoted to the existence of ground states related to (1.26) and the strong instability
of ground state standing waves related to (1.1) in the mass-supercritical case.
Before giving the proof of Theorem 1.16, we need the following observations.

Observation 5.1. Let A be as in (1.2) and w > —|b|. Then
Hy(f) = (V +iA) fl72 + wll f72 = IV +iA) fll72 + 1 £1I72- (5.1)
In fact, we have
IV +iA) 172 + w72 < 1+ wl) (I(V +iA) flIZ2 + 1 £]172) -
On the other hand, by (2.2), we see that
IV +iA)flI72 + @l flI72 > (@ + B f1I7--
It follows that

IV +iA)flIZe + 1172 S IV +iA) T +wl fIZe + 11 = wlllfl72

< (1+ ':j;:) (I(V +iA) FIn + wl£1122)

Observation 5.2. Let A be asin (1.2), 0 < a < 4, and w > —|b|. Then there exists f € H}(R?) such
that K, (f) =0.

Indeed, for f € C§°(R3), we have
Ko(\f) = NHo(f) = P2 fllgds, A>o.

1
It follows that K, (Aof) = 0 with Ay = ( By (f) ) .

Tt

Lemma 5.1. Let A be asin (1.2), 0 < a < 4, and w > —|b|. Then there exists a minimizer for d(w).
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Proof. The proof is done by several steps.
Step 1. We first show that d(w) > 0. Let f € H}(R?) be such that K,(f) = 0. By the
Gagliardo-Nirenberg inequality, the diamagnetic inequality, and (5.1), we have

Ho(f) = IF1722 S IOV + i)l 215
X241

S (1Y +iA)flIZe + 11£172) ?
Thus we get H,,(f) > C > 0. It follows that

Su(f) = ﬁmm >_ % o>,

2(a+2)
Taking the infimum over all f € H}(R?)\{0} satisfying K,,(f) = 0, we obtain d(w) > 0.

Step 2. We next show that there exists a minimizer for d(w). Let (f,)n>1 be a minimizing sequence
for d(w). We have

< (Ho(f)F.

!
—H =
o +2) w(fn) = Su(fn) = dw) >0asn — oo
which, by (5.1), implies that (f,,),>1 is a bounded sequence in H}(R3). As K,,(f,,) =0, we have

an”%jzz = Hw(fn) — w

Thus up to a subsequence, we have inf,,>1 || fu||p«+2 > C > 0. Here the constant C' may vary from
line to line. Applying Lemma 2.6, there exist f € H4(R3)\{0} and (yn)n>1 C R? such that

() = AW £ (24 y,) — f weakly in H}(R®).
Thanks to Lemma 2.5, we have
Hw(.fn):Hw(f)+Hw(fn_f)+On(1)’ (52)
Ko(fa) = Ko(f) + Ku(fo = ) + 0a(1). (5.3)

We will show that K, (f) = 0. Indeed, if K,(f) < 0, then there exists A\g € (0,1) such that
K, (Xof) = 0. From the definition of d(w), we have

d(w) >0 as n — oo.

« a2
< =—— H N — -
d(w) = Sw()‘Of) 2(0[ i 2) w()‘Of) 2(0[ I 2) w(f)
o
- —
< ezl
< gz M) = L () =
which is a contradiction. If K,(f) > 0, then, by (5.3) and the fact that K, (fn) = Ko(fn) =
we have K, (f, — f) < 0 for n sufficiently large. Thus there exists (A;)n,>1 C (0,1) such that

KoM\ (fn— f)) = 0. It follows that

d(w) S Sw()‘n(fn - f)) = ——— lim Hw(/\n(fn - f))

= ﬁ ( hm H, (fn) - Hw(f))
= mnh_{réon(fn) - m w(f)
— d(w) — Q(%JJ)HM) < d(w)

which is also a contradiction. Here the fourth line follows from (5.2). Thus we have K, (f) = 0.
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By the definition of d(w), we have

«@ « ~
< - = < % Yimi
d(w) < Su(f) 2o+ Q)Hw(f) S 3G+ hnnil@ng“’(f”)
&2 .
= 2aiD lhrgngw(fn) = d(w).
This shows that S,,(f) = d(w) or f is a minimizer for d(w). The proof is complete. O

Proof of Theorem 1.16. We set

D) i= {6 € HARIN\(O} © 5u(6) = d(w), Ko@) = 0}
By Lemma 5.1, we have D(w) # 0. We will show that D(w) = G(w).

To see this, let ¢ € D(w). There exists a Lagrange multiplier A € R such that S/ (¢) = AK/,(¢). It
follows that

(2K.(9) — all£l1542.) -

=A(2
b€ Aw). Let f € Aw). As Ku(f) =0,
Sw(f) forall f € A(w) or ¢ € G(w). Thus

Ko(9) = (5,(9), &) 2 = MK (9), 9) 2

As K, (f) =0 and ¢ # 0, we have A =0 or S/,(¢
we have S, (f) > d(w) = S, (¢). This shows that
D(w) C G(w).

Finally we show that G(w) C D(w). Indeed, let ¢ € G(w) and take f € D(w) C G(w). We have
Su(f) = Su(¢) = d(w). Since ¢ € A(w), we have K,(¢) = 0. Thus ¢ € D(w). The proof is
complete. O

) =0 or
Su(¢) <

Proposition 5.2. Let A be as in (1.2), 0 < a <, w > —|b|, and ¢ € G(w). Then ¢ € L"(R?) for
all 2 < r < 0o and limy,| o ¢(z) = 0. Moreover, there exists § > 0 such that €°*l¢ € L*(R?). In
particular, ¢ € X 4(R?).

The proof of Proposition 5.2 is based on the following results of Chabrowski and A. Szulkin [13] and
N. Raymond [29].

Lemma 5.3 ( [13]). Let A € L} (R3,R?). Let ¢ € H}(R®) be a solution to (1.26). Then ¢ € L"(R?)
for all 2 < r < co. Moreover,

lim ¢(z) =

|| =00

Lemma 5.4 ( [29, Proposition 4.9]). Let V € C°(R3,R) be bounded from below and A € C*(R3,R?).
Assume that there exist Ry > 0 and u* € R such that for all f € HY(R?) with supp(f) C R*\B(0, Ry),
we have

/ (Y +iA) fde + / VIfde > 1|1 (5.4)

Then we have inf spec(—(V +iA)2 +V) > u*. Moreover, if ¢ is an eigenfunction for —(V +iA)? +V
with eigenvalue ju < ji*, then for all § € (0,/u* — 1), we have e’l*l¢ € L?(R?).

Proof of Proposition 5.2. By Lemma 5.3, it remains to show the exponential decay of the ground state.
Let us start with the following observation.

Observation 5.3. Let A be as in (1.2) and V € L"(R?) for some r > 3. Then for every € > 0, there
exists R = R(e) > 0 such that

[ iR+ [VisEds = 1 - o3 (55)
for all f € HY(R3) with supp(f) C R*\B(0, R).
Proof. By the Hélder inequality and Sobolev embedding, we have

| / viflde < VIl A1,

where 2 < 2% < 6 as r > 3. By the diamagnetic inequality (2.1) and (2.2), we have

< IV 2

LT—1

1A = [V1AEs + 172 < ( ) 1V + i) f |2,

0]
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It follows that
Jiw s inrgPas s [Vispe = (1= Wle (14 50 ) )7 + a1
In particular, for any f € H}(R?) with supp(f) C R3\B(0, R), we have
/| V+2A)f|2dx+/v|f|2dx > (1 —IVllLrqz1>R) (H ;)) I(V +iA)f|7--

As V € L"(R3), we have
R(g) > 0 such that

1
Vlzasm (14 ) <
which proves (5.5). O

Now we prove the exponential decay of the ground state by applying Lemma 5.4 to V = —|¢|“.
By Lemma 5.3, we see that V is bounded from below. To see V € C°(R3,R), it suffices to show
V € C°(B(0,R),R) for any R > 0. On B(0, R), the equation (1.26) can be written as

b2
—A¢p=—bL.p— Zﬂ2¢ —wo+|9[*¢, x € B(0,R).

Since the right hand side belongs to L?(B(0, R)), the regularity argument (see e.g., [25, Theorem
10.2]) shows that ¢ € C%*(B(0, R)) for some « > 0.

For w > —|b| being given, there exists ¢ > 0 such that w > —(1 —€)[b|. As ¢ € L"(R?) for all
2 < r < oo, by Observation 5.3, we see that (5.4) holds with p* = (1 — €)|b|. Applying Lemma 5.4
with = —w the eigenvalue of —(V 4 iA)? + V associated to the eigenfunction ¢, namely

—(V+i4)*p — |9]%¢ = ~wd,
there exists § > 0 such that e?1*l¢ € L?(R?). The proof is complete. O
Lemma 5.5. Let A beasin (1.2),0 < a <4, w> —|b|, and ¢ € G(w). Then we have
Ku(¢) = H(¢) =0,

where H and K,, are as in (3.15) and (1.30) respectively.
Proof. Since ¢ € G(w), we see that ¢ is a solution to (1.26). By multiplying both sides of (1.26) with

¢ and integrating over R3, we have K, (¢) = 0. As ¢ € X 4(R?) (see Proposition 5.2), we have from
(1.7) that

IVolZ> +bR(9) + *||p¢\|Lz +wlglz: — 61752 = 0. (5.6)
On the other hand, by (3.3), we rewrite (1.26) as
—A¢+bL.p+ §p2¢+w¢— |¢|*¢ = 0. (5.7)
Multiplying both sides of (5.7) with = - V¢, integrating over R3, and taking the real part, we get
1901 — 2br(6) ~ oot — Lol + ozt =0 (58)

Here we have used the following identities which can be showed by integration by parts:

Re (/m : V¢A¢dm> = 1||v¢>||2LQ,

Re( . wp%dx) 2 o612
Re( z- V¢Lz¢dz> :”R
Re ( [ #-valor ¢>da:) e T
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From (5.6) and (5.8), we infer that

IVolZs — ||,0¢||L2 - ( >H¢II%I32 =
or H(¢) = 0. The proof is complete. O

Lemma 5.6. Let A beasin (1.2), 3 <a <4, w> —
0, where ¢ is as in (1.32). Let f € S 4(R®) be such that

M(f) = M(¢), R(f)=R(¢), Ko.(f)<0, H(f)<0. (5.9)

(w). Assume that aisw(tbA)}/\:l <

Then
H(f) <2(Su(f) — dw)), (5.10)
where d(w) is as in (1.29).

Proof. The proof is inspired by an idea of M. Ohta [28]. We first consider the case K, (f) = 0. By
the definition of d(w) and H(f) <0, we have

() < Su(F) < Sulf) ~ LH(P)

which shows (5.10).
We now consider the case K,,(f) < 0. As f € ¥ 4(R?), we have from (1.7) that

b se
Ko(f*) = NIV FIIZe + bR + A2 lpf e + wllfl7e = A7 [ Fl7,

where f2(z) := A2 f(Az). As K, (f) < 0 and K,(f*) > 0 for A > 0 sufficiently small, there exists
Ao € (0, 1) such that K, (fx,) = 0. It follows that

at2 _ < _ o oat2 o JTQ a+2
Ty IOl = Su0) = ) < Sulh) = gz Iml5HS = =g I
which yields
3a
Ill5E% < A 1 £ 542 (5.11)
If lpfllzz > ||pol Lz, then we infer from (5.9) and (5.11) that
1
d(w) = Sw(¢) = Sw((b) - 7H(¢)
_ g 2 b 3a a+2
= 216132 + 2RO+ ool + o >H¢||W
W g b 3o — E
< 2151 + SR+ Tlorls + pe A 113
<1+ 2R+ S ofs + 3“—‘nfna“
=gz Ty 4 WPINL2 T oy W e

= 5.() ~ 3H()

which shows (5.10).
Finally we assume that ||pf||z2 < ||pd||r2. We consider

JO) = Sul) = S H ()

= S + SR+ 5 (72 42 ol — 5 (V¥ = 20 sz,
We claim that
J(Ao) < J(1). (5.12)
Let us assume (5.12) for the moment and complete the proof of Lemma 5.6. Indeed, we have

d(w) = Su(fag) < Sulfrg) — )\78 (f) =J(Xo) < J(1) = Su(f) - %H(f)



3D MAGNETIC NLS 33

which implies (5.10).
It remains to show (5.12) which is in turn equivalent to show

b? 1 E 1o’ 3o o
T 0T+ ofl < 5 (OF - S8+ o). ea)
Since 925,,(¢) |A:1 <0 and H(¢) =0, we see that
3a(3a —4)
b2||p¢||%2 = 4( ) H¢| %if%
Using (5.11), we infer that
3a(Ba—4), 1o 3a(3a — ) o
llpfliz: < bllpgllis < ﬁ”(ﬂ“ﬁfz < m i IFlgEE. (5.14)

From (5.14), (5.13) holds provided that
3a(3a —4) 1

3a s 3a 3a
o (NN -2) Ny < AP — A+ 1)
s Mo TN )O_a+2(0 AR )
The above inequality is equivalent to
BB-10G" =202 <2 (3 =X +8-1)
which is P(A3) > 0, where
1 _
P(s):=s"—1-B(s—1)— 55(/6’ —1)s771(s = 1)%
We take the Taylor expansion of s” at s = 1 to get
1 _
s =14 B(s = 1)+ BB~ (s — 1)°sp
for some sg € [s,1]. This shows that
1 _ —
PO}) = 588 =D — 1) (5572 = X

with A2 < 59 < 1. Since A7 7% < 5871 < 5272 we have P(A2) > 0. This proves (5.13), hence (5.12).
The proof is complete. O

We are now able to prove Theorem 1.17.
Proof of Theorem 1.17. We define the set

B(w) = {f € 2a(R?) : M(f) = M(¢). R(f) = R(¢), Su(f) < d(w), Ku(f) < 0, H(f) < 0}.
Observation 5.4. The set B(w) is invariant under the flow of (1.1), i.e., if ug € B(w), then u(t) € B(w)
for all t € [0,T%).

Proof. In fact, let ug € B(w) and u : [0,T*) x R® — C be the corresponding solution to (1.1). By the
conservation of mass and energy, we have M (u(t)) = M (ug) = M(¢) and S, (u(t)) = Su(up) < d(w)
for all ¢t € [0,7*). Thanks to Lemma 1.4, we see that R(u(t)) = R(ug) = R(¢) for all ¢ € [0,T).
We will show that K, (u(t)) < 0 for all t € [0,7%). Suppose that it does not hold, then there exists
to € [0, T*) such that K, (u(tg)) > 0. By the continuity of ¢t — K, (u(t)), there exists ¢; € (0,to] such
that K, (u(t1)) = 0. From the definition of d(w), we get d(w) < S, (u(t1)) = Su(uo) < d(w) which is
a contradiction. Finally we prove that H(u(t)) < 0 for all ¢ € [0,7*). If it is not true, then arguing as
above, there exists to € [0, 7*) such that H(u(t2)) = 0. Applying Lemma 5.6 to f = u(t2), we get

)
0 = H(u(tz)) <2 (S (u(tz)) — d(w))
which implies
d(w) < S, (u(te)) = Sw(ug) < d(w).

This is again a contradiction. Thus we have

M(u(t)) = M(uo) = M(), R(u(t)) = R(uo) = R(¢), Su(u(t)) = Su(uo) < d(w)
and K, (u(t)) <0, H(u(t)) < 0 for all t € [0,T*). This shows Observation 5.4. O
Observation 5.5. We have ¢* € B(w) for all A > 1, where ¢* is as in (1.32).
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Proof. A straightforward computation shows
M(¢Y) = M(¢), R(¢*) = M(¢), VA>0.

Next we have

3b2 _ 305 3@ 3a—4 @
035.(6%) = Vol + 2ol - 5o (5 —1) AT el

3b? 3« 3«
2 20" 2 0 (2 at2
<Vl + Zlloolls - oo (5 —1) hotg?

= RSu(¢M)],_, <0, VA>L
It yields that
075w (™) < OnSu(@M)|,_, = H(¢) =0, YA>1
which shows
Su(e™) < Su(9), VYA> 1.
We also have
H(¢™) = ANorSu(¢™) <0, VYA>1.
It remains to show that K, (¢*) < 0 for all A > 1. We have
_ 3a [ 3« 3a 30 o
&m@ﬂ=4ﬁAW@ﬁr-2(2-Q(2_gA%ﬂmbm<q A > 0.
It follows that
3b? 3a (3a o
REKL () < REL (V)] ,_, =2IVel72 + 7||P¢H%2 -5 <2 - 1) Iol942,, VA> 1.
By the assumption 8§Sw(¢’\)‘/\:1 < 0 which is equivalent to
3b? 3a 3a
2 et 2 o= 2 1 a+2 <
Vol + ol ~ s (G 1) el <o
we infer that

3a? 3a N
8§Kw(¢/\) < _m (2 - 1) H¢”sz2 <0, VA>1.

This shows that
b? 3, e
NEKo(8*) < O0Ku(@)]y, = 2VolT: = S llpgllz: — S lIllze?s, YA 1.
Using the fact that H(¢) = 0, we obtain

3a?
DK, (#Y) < ———olI5FF, VA L.
A (¢ ) < 2(OZ+2) H¢| La+2 >
This shows that K, (¢") < K,(¢) = 0 for all A\ > 1. Therefore we prove that ¢* € B(w) for all
A> 1 g

Now let ¢ > 0. As ¢* — ¢ strongly in £ 4(R%) as A — 1, there exists A9 > 1 such that
ldr, — Blls, < e. Set ug = ¢y, € B(w) and let u : [0,7*) x R® — C be the corresponding solution
to (1.1). By Observation 5.5 and Observation 5.4, u(t) € B(w) for all t € [0,T*). Applying Lemma
5.6 to f = u(t) and using the conservation laws of mass and energy, we get

H(u(t)) <2(S,(u(t)) —dw)) =2 (S, (ug) —d(w)) <0, Vtel0,TF).
Thanks to Lemma 3.1, we have
F"(u(t)) = 8H (u(t)) < —16 (Su(ug) — d(w)) <0, Vte[0,T"),

where F'is as in (3.4). The convexity argument shows that T* < co. The proof is complete. O
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