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EXISTENCE AND STABILITY OF STANDING WAVES FOR NONLINEAR
SCHRODINGER EQUATIONS WITH A CRITICAL ROTATIONAL SPEED

VAN DUONG DINH

ABSTRACT. We study the existence and stability of standing waves associated to the Cauchy problem
for the nonlinear Schrédinger equation (NLS) with a critical rotational speed and an axially symmetric
harmonic potential. This equation arises as an effective model describing the attractive Bose-Einstein
condensation in a magnetic trap rotating with an angular velocity. By viewing the equation as NLS
with a constant magnetic field and with (or without) a partial harmonic confinement, we establish
the existence and orbital stability of prescribed mass standing waves for the equation with mass-
subcritical, mass-critical, and mass-supercritical nonlinearities. Our result extends a recent work of
[Bellazzini-Boussaid-Jeanjean-Visciglia, Comm. Math. Phys. 353 (2017), no. 1, 229-251], where
the existence and stability of standing waves for the supercritical NLS with a partial confinement
were established.

1. INTRODUCTION

1.1. Physical motivation. Bose-Einstein condensate (BEC) is a state of matter which describes a phe-
nomenon that near absolute zero temperature all atoms lose their individual properties and condense
into a macroscopic coherent super atom wave. This phenomenon was predicted by Bose and Einstein
in 1925, but the experimental realization was not possible until 1995 by JILA [2] and MIT [16] groups
(2001 Nobel Prize in physics attributed to Cornell, Wieman, and Ketterle). Since 1995, the study of
Bose-Einstein condensation has become one of the most active areas not only in physics but also in
mathematics. An interesting application of Bose-Einstein condensates (BEC) is its application to the
superfluidity and superconductivity. The key issue is to study the existence of quantized vortices which
are well-known signatures of superfluidity (see e.g., [1] for a broad introduction on these phenomena).
Currently, the most popular way to generate quantized vortices from BEC is to impose a laser beam ro-
tating with an angular velocity on the magnetic trap holding the atoms to create a harmonic anisotropic
potential (see e.g., [34,36]).

In the mean-field approximation, the rotational trapped BEC is well described by the macroscopic
wave function (¢, z) whose evolution is governed by the Gross-Pitaevskii equation (GPE) with an
angular momentum rotational term (see e.g., [7,13,18-20]), namely

O (t.5) = (— 9B+ V(&) — 0L + Mylu(t0)? ) 0(t.2)

where t is the time variable, # = (21, 72,23) € R? is the spatial coordinate vector, / is the Planck

2
constant, M is the number of atoms in the condensate, m is the atomic mass, and g = W with the
s-wave scattering length a (positive for repulsive interactions and negative for attractive interactions).
The external potential

3
m
Vie) =5 > v
j=1
is the harmonic potential with trap frequencies v; > 0 for j = 1,2,3. The angular momentum operator
Lz = Zh(xgam - .131(91»2)
with a rotational speed €2 > 0.
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2 V. D. DINH

1.2. Mathematical framework. The mathematical study of the rotating GPE with repulsive inter-
actions has been extensively studied in many works (see e.g., [26-28, 30, 35] and references therein).
In this paper, we are interested in the rotating GPE with attractive interactions. For the mathemati-
cal analysis, it is convenient to consider the Cauchy problem for the following more general nonlinear
Schrédinger equation (NLS) with rotation in the dimensionless form

{ iu+ 3Au = Vu—QLu—|uf 'y, (t,z) e RxRY, (1.1)
ul,_g = wuo,
where N > 2, p > 1, V is a harmonic potential of the form
| N
Vi) =35> 75, 7>0, j=1.N (1.2)
j=1

and
Lz = i(l’gaml — 1’18952)
is the rotational operator, and 2 > 0 is the rotational speed.

There are two important physical quantities which are formally conserved by the time-evolution
associated to (1.1):

M(u(t)) = [u(®) |2 = M(uo), (Mass)
Bolu(t) == 5 IVa(®)f: + Vu(t) ~ La(u(®) = —[u(®lfi = Pa(uo),  (Energy)
where
V)= [ V@) (13
is the potential energy and
Lo(f) =0 [ T@L.f(@)s (1.4)

is the angular momentum.

Motivated by the fact that physicists are often interested in normalized standing waves for (1.1), we
study prescribed mass standing waves for (1.1), i.e., solutions to (1.1) of the form u(t,x) = e“!¢(x)
having a given mass, where w € R is a frequency and ¢ is a non-trivial solution to the time independent
equation

5D+ V6~ |6~ QL6+ wp =0, (1.5)

To show the existence of prescribed mass standing waves, we look for critical points of the energy
functional under a mass constraint. More precisely, we consider the minimizing problem: for ¢ > 0,

IQ(C) ;= inf {Egz(f) : f S S(C)}, (16)

where S(c) := {f € X : M(f)=c}. Here X is the functional space in which the energy is well-
defined.

To our knowledge, there are several works devoted to the existence and stability of prescribed mass
standing waves for (1.1) with low rotational speed’, i.e., 0 < © < min{~y;,72}. In this setting, the
energy functional is well-defined for f € 3, where

Y= {fe H'RY) : |z|f € L*(RY)}, (1.7)

hence X = X. It was proved by Antonelli-Marahrens-Sparber [3, Lemma 3.1] that (1.1) is locally
well-posed in X. More precisely, for

4
NZQ, 1<p<1+m, Q>0, UOEE,

ISince we consider the rotation on the (z1,x2)-plane, the rotation speed should be compared only with the trapping
frequencies in the x1 and x2 directions.



NLS WITH CRITICAL ROTATIONAL SPEED 3

there exist Ty, T* € (0, 00| and a unique maximal solution u € C((—=T%,T*), %) to (1.1). The maximal
time of existence satisfies the blow-up alternative: if T* < oo (resp. T, < 00), then

Ji (90Ol =00 (et [Fu(o)]zz = oc)

Moreover, there are conservation laws of mass and energy, i.e., M(u(t)) = M(up) and Eq(u(t)) =
Eq(u(t)) forall t € (=T, T*). In addition, the angular momentum Lgq (u(t)) is real-valued and satisfies

Lo(u() + Q/O /RN ilu(s, 2)2L.V (x)dzds = Lo(uo) (1.8)

for all t € (=T, T™).
In [4], Arbunich-Nenciu-Sparber showed the existence and stability of prescribed mass standing waves
for (1.1) with mass-subcritical nonlinearity. In particular, they proved that for

4
0 < Q < min{vy1, 7}, 1<p<l+N, c>0,

there exists a minimizer for Iq(c). Moreover, the set of minimizers for In(c) denoted by
Ma(c) :={p € S(c) : Eq(s)=Ia(c)}

is orbitally stable under the flow of (1.1) in the sense that for any £ > 0, there exists 6 > 0 such that
for any initial data ug € X satisfying

inf ||lug — < 9,
it o = 6l

the corresponding solution to (1.1) exists globally in time and satisfies

inf u(t) — <e, VteR. 1.9
ot ) = ol (19)
In the mass-critical case, i.e., p =1+ % and isotropic harmonic potential, i.e., 73 =--- =y =,

the existence and stability of prescribed mass standing waves for (1.1) were established in [8,32]. More
precisely, they proved that for

4
0<Q <, p:1—|—ﬁ, 0<ec< M(Q),

where @ is the unique positive radial solution to

—%AQ+Q—|Q|%Q:O, (1.10)

then there exists a minimizer for Iq(c). In addition, the set of minimizers Mgq(c) is orbitally stable
under the flow of (1.1) in the sense of (1.9). We also mention recent works [22—-24,29] for the limiting
behavior of minimizers for Io(c) when ¢ /M (Q).

In the mass-supercritical case, i.e., 1+ % <p<l1l+ ﬁ, a standard scaling argument shows
that the energy functional is no longer bounded from below on S(c). Inspired by an idea of Bellazzini-
Boussaid-Jeanjean-Visciglia [9], recent works [5, 33] study the local minimization problem: for ¢,m > 0,

I3 (c) == inf {Eq(f) : f € S(c¢) N Ba(m)}, (1.11)
where
Ba(m) = {f € : |[Vf|Z +2V(f) — 2La(f) < m}.
They proved that for
0 < Q < min{vy1, 2}, 1+i<p<1—f—i7 m > 0,
N N -2

there exists ¢g = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢, there exists a minimizer
for I7'(c¢) and the set of minimizers for I} (c) is orbitally stable under the flow of (1.1) in the sense of
(1.9).
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Remark 1.1. The results in [4,5, 8,32, 33] were stated for 0 < Q < min;<j<pn 7y;. However, after a
careful look (see Lemma 2.1), we can prove the following equivalent norm

IVfII72 +2V(f) = 2La(f) = |V fll72 + lzf]17- (1.12)
for all 0 < 2 < min{71,72}. Thanks to this norm equivalence and the compact embedding

AP LT, V2<r< (1.13)

N -2’
the above-mentioned results of [4,5, 8,32, 33] actually holds for all 0 < Q < min{~;,v2}.

In the case of high rotational speed, we are only aware of a non-existence of minimizers for I(c)
due to Bao-Wang-Markowich [6] and Cai [11, Theorem 4.1] (see also [7, Theorem 5.2]). In particular,
they proved that for

4
Q> min{y,7%}, 1<p<l+ N3’ c>0,
there is no minimizer for Ig(c), i.e., In(c) = —cc.

1.3. Main results. To the best of our knowledge, there is no result concerning the existence and
stability of prescribed mass standing waves for (1.1) with the critical rotational speed 2 = min{vy;,72}.
In the present paper, we focus our attention to the case of axially symmetric harmonic potential, namely
=72 =y (1.14)
and our main purpose is to study the existence and stability of prescribed mass standing waves for (1.1)
with the critical rotational speed ) = ~.
In the presence of critical rotational speed €2 = ~, the main difficulty in proving the existence and
stability of prescribed mass standing waves for (1.1) comes from the fact that there is no equivalent
norm between ||V f||2. +2V(f) —2L,(f) and ||V f||%2 4|/« f||22. Thus the compact embedding (1.13)

does not help to show the existence of minimizers for I,(c). To overcome the difficulty, we rewrite
(1.1) as

{ i+ 3(V—id)?u = Vou—|uff7lu, (t,z) e RxRY, (1.15)
u|t:0 = Uo,
where
1 N
Aw) =(=22,21,0,++,0),  Vy(w) =5 > el (1.16)
j=3

When N =2 or V, =0, it is the magnetic Schrédinger equation with no external potential which has
been studied in [14,17,21]. When N > 3, (1.15) can be viewed as NLS with a constant magnetic field
and a partial harmonic confinement in x3,--- ,xy directions. Note that when A =0 and N = 3, this
equation has been studied recently in [9].

Under this setting, the energy functional now becomes

B () = G0 =iyl + [ Vi@t 0)Pde = )72 = By (o)

and it is well-defined on X =X, where

¥, = {f € Hy(RY) . / V., ()| f () Pdx < oo} (1.17)
RN
is equipped with the norm
IF1%, = I(V —iA) fZ- +/RN Vo (@) f (@)]*dzx + || f]Z2- (1.18)

Here H(RY) is the magnetic Sobolev space defined by
Hjy:={feL*RY) : (V—id)f| € L*R")}.

It was proved by Yajima [37] that the linear Schradinger operator e** with # := 1(V —iA)? -V, can
be expressed, for |t| < § with some § > 0, in terms of a Fourier integral operator of the form

e f(x) = (2mit) ¥ / SCED a(t, . y) f(y)dy,
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where S and a are C! in (¢t,z,y) and C* in (z,y), and |8§‘85a(t,x,y)| < Cyp for all multi-indices
a, 3. From this, we obtain the dispersive estimate for /" for every |t| < §. Thanks to this dispersive
estimate, the standard argument (see [15, Chapter 9]) yields the local well-posedness for (1.15) with
initial data in X,,. In particular, we have that for
N > 2, 1<p<1+ﬁ, Uug € Xy,

there exists a unique maximal solution v € C((—T.,T*),%,) to (1.15). The local solution satisfies the
conservation of mass and energy, i.e., M (u(t)) = M(uo) and E.(u(t)) = E,(ug) for all t € (=T, T%).
In addition, the maximal time of existence satisfies the blow-up alternative: if T* < co (resp. T\ < 00),
then

d u(0ls, =oo (resp. lim [t = o). (1.19)

Remark 1.2. It was noticed in [3, Remark 3.3] that (1.1) with V satisfying (1.14) can be transformed
back to NLS with no rotation. More precisely, by the change of variable

v(t, x) := u(t, 1 cos(Qt) + xo sin(Qt), —x; sin(Qt) + 29 cos(Qt), x3,- -+ ,xN), (1.20)

we see that u solves (1.1) if and only if v solves
O+ iAv = Vu—|ofP~ly, (t,z) e RxRY, (1.21)

U‘t:O = o,

where V is as in (1.2). The transformation (1.20) preserves the Lebesgue norms as well as the kinetic
energy. Thus dynamics of solutions to (1.1) with data in 3 can be inferred from that of (1.21). However,
since ¥ is only a subspace of ¥, (see Lemma 2.2) and (1.21) is not well-posed in £, dynamics of
solutions to (1.1) with data in X, do not simply follow from that of (1.21).

Our first result is the following existence and stability of prescribed mass standing waves for (1.15)
in the mass-subcritical case.

Theorem 1.1 (Standing waves in the mass-subcritical regime). Let N > 2, 1 <p <1+ %, and V
be as in (1.2) satisfying (1.14). Assume that 2 = ~y. Then for any ¢ > 0, there exists ¢ € X, such
that E,(¢) = L,(c) and M(¢) = c. In particular, u(t,z) = e*“¢(x) is a solution to (1.1) with w the
corresponding Lagrange multiplier. Moreover, the set of minimizers for L, (c) denoted by

M, (e) :={p € S(c) = Ey(9) = I,(c)}
is orbitally stable under the flow of (1.1) in the sense that for any € > 0, there exists 6 > 0 such that
for any initial data ug € ! satisfying

inf ||ug — < 0,
$€G,(c) luo = dll=,

the corresponding solution to (1.1) exists globally in time and satisfies

inf inf [|eA®) u(t, - +y) — ce ViER
¢€g»y(c)y€@” ( y) — ¢ls,

where © := R? x {0}gn-—2.

When N =2, i.e.,, V, =0, the existence of minimizers for I,(c) was proved by Esteban-Lions [17]
and the orbital stability of M, (c) was showed by Cazenave-Esteban [14]. The proof of the existence
result in [17] is based on a variant of the celebrated concentration-compactness principle adapted to
the magnetic Sobolev space H). See also a recent paper [12] for another usage of this magnetic
concentration-compactness principle. In [12,17], the exclusion of the vanishing scenario is based on the
negativity of the minimization. When there is no external potential, this negativity can be achieved
by using a suitable scaling argument. However, in our setting (especially when N > 3), this scaling
argument does not work due to the presence of a partial harmonic confinement V, and it may happen
that I,(c) is non-negative. Thus the argument given in [14] is not applicable to treat our problem.
The proof of the existence part in Theorem 1.1 is based on an idea of [9] which does not use the
concentration-compactness principle. More precisely, by making use of the diamagnetic inequality (see
e.g., [31]), we shall prove in Lemma 2.6 a weak convergence result for bounded sequences in 3, having
LP*_norm bounded away from zero. This allows us to rule out the vanishing possibility. To show the
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boundedness away from zero of the LPT1-norm of every minimizing sequence for I,(c), we proceed in
two steps. First, we show (see Lemma 2.5) that

wgzw():;i%
where "~
S mint {SIVAR + V) ¢ femnr(h) =1} (1.22)
and
=it (U =i+ [ V@@ s fes =1} 02)

This is done by using an argument of [9] and an estimate of the magnetic Sobolev norm due to [17].
Second, we argue by contradiction that if there exists a minimizing sequence (f,,), for I,(c) satisfying
limy, o0 || fullLp+1 = 0, then we must have I,(c) > wgc. This, however, is a contradiction thanks to
a suitable choice of test function. Once the vanishing is excluded, an application of the Brezis-Lieb's
lemma (see e.g., [10]) shows the existence of minimizers for I,(c). The proof of the orbital stability
part in Theorem 1.1 relies on the contradiction argument due to [14]. We refer the reader to Section
2 for more details.

Our next result concerns the existence and stability of prescribed mass standing waves for (1.15) in

the mass-critical case.

Theorem 1.2 (Standing waves in the mass-critical case). Let N > 2, p =1+ %, and V be as in
(1.2) satisfying (1.14). Assume that Q =+. Let 0 < ¢ < M(Q), where Q is the unique positive radial
solution to (1.10). Then there exists ¢ € ¥, such that E.(¢) = I,(c) and M(¢) = c. In particular,
u(t,z) = e™“'¢(x) is a solution to (1.1) with w the corresponding Lagrange multiplier. Moreover, the
set of minimizers for I,(c) is orbitally stable under the flow of (1.1) in the sense of Theorem 1.1.

We also have the following non-existence of minimizers for I,(c).

Proposition 1.3. Let N > 2 and V be as in (1.2) satisfying (1.14). Assume that Q = . Then there
is no minimizer for I,(c) provided that one of the following conditions holds:

e p=1+ 4 and ¢ > ||Q||2., where Q is the unique positive radial solution to (1.10).

e l+ 4 <p<l+zi;andc>0.

Remark 1.3. After finishing this manuscript, we learn that similar results as in Theorem 1.2 and
Proposition 1.3 were proved recently by Guo-Luo-Peng [25] in two dimensions. Their proof is based on
the concentration-compactness principle in the same spirit of [17]. Here we give an alternative simple
approach that not only avoids the concentration-compactness principle, but also is applicable for higher
dimensions where there is a partial harmonic confinement.

In the mass-supercritical case, by Proposition 1.3, it is not possible to look for global minimizers for
the energy functional over S(c). As in (1.11), we consider the following minimization problem

I (c) :=inf {E(f) : f € Sy(c)NBy(m)},
where
Bym)i= {1 €2, V-l +2 [ Vi@l fo)Pds <}
R
Our next result is the following existence and stability for prescribed mass standing waves for (1.15) in
the mass-supercritical case.

Theorem 1.4 (Standing waves in the mass-supercritical case). Let N > 2, 1+ % <p<l1l+ ﬁ,
and V be as in (1.2) satisfying (1.14). Assume that Q0 = ~. Then for every m > 0, there exists
co = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢g:

(1) There exists a minimizer ¢ for I'"(c). Moreover, the set of minimizers for I'7"(c) defined by
M) = {9 € S()N B,y (m) : E,(0) = [(c)}

satisfies

0 # M7 (c) C B, (m/2).
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In particular, u(t, z) = e*t¢(x) is a solution to (1.1) with w the corresponding Lagrange multiplier
satisfying

N(p-1)—4 4=(N-2)(p—1)
—wg <w< —wg (1 —Bm™ T ¢ 1 ) (1.24)
for some constant B > 0 independent of ¢ and m. In addition, we have
N(p—1) 4—(N—2)(p—1)
sup ||<;$||2E7 =0 <c+m e o ) . (1.25)

peM (c)
(2) The set M}(c) is orbitally stable under the flow of (1.1) in the sense of Theorem I.1.

Remark 1.4. When A = 0, the existence and stability of prescribed mass standing waves for (1.15)
were studied in [9] with N =3 and I < p < 5. Theorem 1.4 extends the result in [9] to the case of a
constant magnetic field and a partial harmonic confinement.

The proof of Theorem 1.4 is based on an argument of [9]. We first show that for each m > 0 fixed,
there exists ¢ = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢o, S(c) N By(m) # 0, so
I (¢) > —oo. Using this, we see that any minimizing sequence for I'7"(c) is bounded uniformly in 3.
By the same argument mentioned above, we shall prove that any minimizing sequence for I7"(c) has
LP*1_norm bounded away from zero. This together with the Brezis-Lieb's lemma yield the existence of
a minimizer for I’ (c). To see that this minimizer is indeed a solution to (1.5) with w the corresponding
Lagrange multiplier, it suffices to show that this minimizer does not belong to the boundary of B, (m).
This is done by proving that for 0 < ¢ < ¢,

inf {E,(f) © [ €S(c)0By(m/A)} < inf {E,(f) : f€8(c)N(By(m)\By(m/2)}.  (1.26)
The estimate (1.26) is different to the one used in[9], namely
inf {B,(f) : f € 5(c) N By(em/2)} < i {E,(f) : f € S(c)N(By(m)\By(em))}.  (127)

Here the notations have been changed to be consistent with ours. If we use (1.27), then for f €
S(c) N B,(cm/2), we have from (1.23) that

1 .
=M< g <|<v — i)+

2 cm 0
o Vy(@)| f(z)] daz) <—5 or m>4w)

~ 4wl
hence the argument in [9] does not apply to all m > 0.

We also remark that the orbital stability given in Theorem 1.4 requires the solutions to (1.15) exist
globally in time for ¢ > 0 sufficiently small. This result was not showed in [9]. We shall prove this
result in Lemma 4.3 and the proof is based on a standard continuity argument.

Our final result shows that for each m > 0 fixed and ¢ > 0 sufficiently small, minimizers for I."(c)
are prescribed mass ground states for (1.5).

Theorem 1.5. Let N > 2, 1+ + <p < 1+ 5, V be as in (1.2) satisfying (1.14), and Q = ~.
Let m > 0 be a fixed constant, c > 0 sufficiently small, and ¢ € MZ'(c). Then ¢ is a prescribed mass
ground state related to (1.5), i.e.,

g (0) =0, Ey(@) =inf {E,(f) : [e€S() By, (f)=0}.

We end this paragraph by giving a remark on the rotational NLS with a general (non-axially sym-
metric) harmonic potential.

Remark 1.5. The axially symmetric condition (1.14) plays an essential role in our analysis. If we
consider the general (non-axially symmetric) harmonic potential, i.e., 71 # 72, then the arguments
presented in the sequel do not work due to the lack of the gauge invariance in the first two variables.
Thus the existence and stability of prescribed mass standing waves for (1.1) with

Q = min{y;, 72}
are still open problems.

1.4. QOutline of the paper. This paper is organized as follows. In Section 2, we give some preliminary
results which are needed in the sequel. In Section 3, we show the existence, non-existence, and stabil-
ity of prescribed mass standing waves for (1.1) with mass-subcritical and mass-critical nonlinearities.
Finally, we study the existence, stability, and qualitative properties of prescribed mass standing waves
for (1.1) with the mass-supercritical nonlinearity in Section 4.
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2. PRELIMINARIES

In this section, we recall and prove some preliminary results which are useful in our analysis. Let us
start with the following equivalent norm in the case of low rotational speed mentioned in Remark 1.1.

Lemma 2.1. Let V be as in (1.2) satisfying (1.14). If0 < Q < ~, then
IV£IZ +2V(f) = 2La(f) = [IVFII72 + |z £l (2.1)
for any f € X.

Proof. We first observe from Hélder's inequality and Cauchy-Schwarz' inequality that for any § > 0,
[La(F)] < Qw1 fll2 10wy fllL2 + (|22 12210, £l 22)

< Q (/120 + l22122)F (100, F120 + [9as f1122)*
QZ

< 5|V fIZ + / (22 + 23)|f () P (22)
45 Jgn

Applying (2.2) with § = 1, we have

(1) = 912 +2000) =2La() < 2AVS 13+ [ (V@) + 93(at +a3) I (@)
< G (IVFIZe +llzflZ2)
where
Cy = 2—|—max{72 + Q%3 ,7]2\,}.
To see the reverse inequality, we use (2.2) to have for any § > 0,

2

(02 =291+ [ (20 - G5+ D) @)

RN

= (1 20)[|Vf]|2 +/ [(f - ;l;)x% + ( 2 _ %)x% + iﬁxﬂ \f (z)[Pda.
j=3

RN

We choose § > 0 such that

02 2_ ()2 1 2 _ 02
22 7 or b=--——L > >
26 2 2 2(2+02)
It follows that
2 2 2 2
7 =Q [ =Q
e A R O e
> Gy (IVAIIZ2 + = £11Z2)
where
2 2 .2 2
N e et L i
025m1n{72+92a 9 7’73)"'a712\/}'
The proof is complete. O

In the case of critical rotational speed 2 = ~, the equivalent norm (2.1) is no longer available. Thus
working on X is not enough to study (1.15). In particular, we have the following result.

Lemma 2.2. Let V be as in (1.2) satisfying (1.14) and 2 = ~y. Then ¥ = X 4, where
La:={f€HLRY) : |z|f € L*R")}
is equipped with the norm

115, = 10V = iA)fIlZ2 + N f 122 + [ £1I72-
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Proof. We first observe that
I(V = iA)flIZ2 = IV FIZ2 + QRG/(V —iA) - iAfdz — ||Af||Z-. (2.3)
By Hélder's and Cauchy-Schwarz' inequalities, we have

. 1 .
IV = i) fll7z < IVFIZe + IV = iA) fl7= + 3l ASIIZ:

which implies
I(V = iA)flI72 < 20V fIIT2 + 6l AfIT> <6 (IVAIZ + e flZ2) -
On the other hand, by (2.3), we have

IVAIZ: <2 (I(V = iA)fIIe + [AfI7) <2 (I(V = iA) fIIT + 2 flIZ) -
The proof is complete. |

We next recall some basic properties of the magnetic Sobolev space H (RY).

Lemma 2.3 ([12,17,31]). Let N > 2 and A be as in (1.16). We have the following properties:

o HL(RY) is a Hilbert space.

o C5°(RYN) is dense in HY(RY).
HY (RY) is continuously embedded in L"(R™N) for all 2 < r < 2.

s H%(RN) C Hl}ac

e Diamagnetic inequality:

(RN) C L (RN) forall 2 < r < 2.

loc

IVIfl(2)] < |[(V—iA)f(z)], ae zeRY. (2.4)
o Magnetic Gagliardo-Nirenberg inequality: for 2 <r < %
. N(r—2) N+2—(N—-2)r 1 N
Il < GV =iA)fll 2 Il 2 Vf e HaRY), (2.5)

where the optimal constant C). is the same as the sharp constant in the standard Gagliardo-Nirenberg
inequality

; ] N(2 2) N+2—;N—2)r Lo N
[Azr < Coll(V = i) fll 2% N1l , VfeH (RY).

Moreover, the equality in (2.5) cannot be achieved.

For the proof of the sharp magnetic Gagliardo-Nirenberg inequality (2.5) and its non-attainability,
we refer the reader to [12, Lemma 3.2].
We next recall the following L?-bound of the magnetic Sobolev norm due to [17, Proposition 2.2].

Lemma 2.4 ([17]). Let A = (Ay,---, Ay) € Wo(@RN RN) and j, k € {1,--- ,N}. Then for any
f € C(RYN), we have
[ @~ 0y Ta| <10 ~ i)+ 10k~ i) 1
In particular, if A is as in (1.16), then for any f € C§°(RY), we have
29[| fI1Z2 < 01 — iAL) flI72 + [[(92 — iA2) f| 2. (2.6)
In addition, if N = 2, then (2.6) is achieved by f(z) =

To—3lzl?
™

Thanks to (2.6), we have the following result.

Lemma 2.5. Let V be as in (1.2) satisfying (1.14). Let w° and Wl be as in (1.22) and (1.23)
respectively. Then we have

1
0_ 0 _
Wy =w' =3 E V;- (2.7)
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Proof. We first observe that w? is the simple first eigenvalue of the multi-dimensional harmonic oscillator
f%A + V. It is well-known that w® = %Zjvzl ~; and the corresponding eigenfunction to w0 is

N N
o) =nF ([[var] e 2= (2.8)

We have M(®) =1 and as ® is real-valued,

N

1 . 1 1

ST = 0y + [ V@0 = IV ey + [ V@RGP =5,
RN RN =

. 0 1 N
which shows wy) < 5377, ;.

To see the reverse inequality, we follow an argument of [9, Lemma 2.1]. Denote z = (z,x;) with
z, = (z1,72) € R? and 2 = (23, ,2n) € RV 2 and consider

) 1 _
Ao = mf{2 [ VotanPdor+ [ ViGeplaten)Pdey 5 g€ SRY ), g3 —1}-
RN—Z RN_2

We have \g = %Z;V:?) ;. Let @i (z;) and A for k > 0 be such that

1
(—QARN—2 + V’Y) Dy = A\ Py, ||(bk|‘%2(]RN—2) =1, A < gg1, VE2>0. (29)
Note that (®)x>0 forms an orthonormal basis of L2(RY=2). For f € %, we write
fx) = Z Jr(z1)®Pr(zq). (2.10)
k>0

If ||f||2L2(RN) =1, then

L= = X ([ 1eoPdes) x ([ 19ty

k>0

= Ifkli2ze)- (2.11)

k>0

It follows from (2.10), (2.11), and the integration by parts that

ST = i) flaen + [ Vo)l fo)de

Ly A 2 L g ) 2 2
12 [0 - AP+ 53 [ ois@Paes | vi@isras

;;/ 0 - i) f@)Pdo+ [

(;ARNQ + V7> f(@) f(x)da

R
1 2
ab P O ICEBVACHISINRS PV IVICH L
=07=t R2 k>0 R2
> (v+ Ao) Z ||fk||%2(R2)
k>0

1N
:’Y-i-)\o:iz:l%’.
j=

Here we have used (2.6) with N = 2 to get the last inequality. This shows that w9 > %Z;\le ;. The
proof is complete. U

We also need the following weak convergence result which is based on an idea of [9, Lemma 3.4].
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Lemma 2.6. Let (f,)n>1 be a sequence of L. -functions satisfying

sup || fulls, < oo. (2.12)
n>1

Assume that there exists g > 0 such that

i ptr1 > .

inf [lfallzesr 2 20 (2.13)
for some 1 < p < 1+ 525. Then there exist f € £,\{0} and (yn)n>1 C RN with y,, =
(yt,y2,0,---,0) such that up to a subsequence,

AW £ (2 4 y,) — f weakly in X,
Proof. By interpolation, it follows from (2.13) that
égfi ||fn||L2+% >e1 > 0.

In fact, if p =1+ +, then we are done. If 1 <p < 1+ &, we interpolate between L? and L2 If

14 % <p<l+ ﬁ, we interpolate between L2t~ and L" for some p+l<r<2+ ﬁ and use

the Sobolev embedding H! C L.
On the other hand, by Sobolev embedding, we have

IAZER, <Ol RonIfI2
LR Qi) T L2(Qu) I TH (Qr)

where
Qr:=(kk+1)x (k,k+1)xRVN2 kcZ
Taking the sum over k € Z, we get

4
2+ 4 N
IFIF 25 SC<SUP||fL2(Qk)> 111
kEZ

L2+~

Replacing f by |f| and using the diamagnetic inequality (2.4), we have

24+ 4 N
£ <C (itelg ||f||L2(Qk>) (V1A + [1F172)

L2Hw

4
N
<0 (swplflan) (107 = )1 +112).
Thanks to the above inequality, we infer from (2.12) that there exists (k;,),>1 C Z such that
wngfl [ fall2 (e, = C-
for some constant C' > 0. Set y,, = (—kpn, —kn,0,---,0) and
gn () == 6iA(yn).mfn(x + Yn).

We have
lgnllZ2 = Il £nllZ2, /RN Vo (@) |gn (@) da = /RN Vo (@) fu(@)Pde,  [[(V=id)gnll7> = (V=id) fullZ--

Here we note that V, is independent of 21 and x5 variables. Moreover, we have

”911”%,2(@0) = / | fa(z1 — kny 22 — kny a3, -+ ,xN)|2d;c = / |fn(x)|2dx >C, Vn>1.
(0,1)2 xRN -2

kn

Thus we obtain sup,,>1 [|gnlls, < oo and
: 2
jgfl lgnllz2(qo) = € > 0.
By the compactness property coming from the boundedness in the x1,zo variables and the confining
potential V,, in the x3,--- ,zn variables, there exists f € 3,\{0} such that up to a subsequence,
gn — f weakly in 2.

The proof is complete. O
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3. STANDING WAVES IN THE MASS-(SUB)CRITICAL REGIMES

In this section, we give the proofs of the existence and stability of prescribed mass standing waves
given in Theorems 1.1 and 1.2. Let us start with the following result which plays an important role in
ruling out the vanishing scenario.

Lemma 3.1. Let N > 2,1 <p <1+ 525, V be as in (1.2) satisfying (1.14), and 2 = . Let ¢ > 0
and (fn)n>1 be a minimizing sequence for I.,(c). Then there exists C' > 0 such that

liminf || f|| Lp+1 > C > 0.
n—00

Proof. Assume by contradiction that there exists a subsequence still denoted by (f,,),>1 satisfying
lim,, o0 || fullLr+1 = 0. By (1.23) and (2.7), we see that

Le) = lim E,(f) = lim 517~ i)l + [ Vi@)fa@)lds

n— oo RN
> Tim w3 = ol (1)
Denote © = (z,2;) with 2, = (z1,22) € R? and 2y = (23, -+ ,2ny) € RV™? and set g(z,) =

\/;e—%\uﬂ We readily check that
lgllZ2 2y =1, 101 = iA1)gllTame) + (02 — id2)glli2(g2) = 27-
Next let h(z;) = \/c®o(T), where &g € Z(RV~2) is as in (2.9). We have

N
1 c
Il svsy = 5 [ VhedPdert [ Vil e = 5 3
=3

Now we define f(z) = g(x,)h(z;). It follows that

1122 = llgll7e ) 1Al 72 @) =

and

N
1 . . 1
Ey() = 5 (101 = 1409132 ey + 1Bz = iA2)gle e ) bl ) + 913 ceey D N0shlE a2
j=3

2 +1 41
([ vhenen) ey ) ol — ol o A1 o

N
1 2 L o
- 'Y+ 52’” €= m||g||i-:7_+1(R2)Hh”II)‘erl(RNfz)
j=3
< (3.2)
where the last inequality comes from (2.7). This contradicts (3.1) and the proof is complete. 0

We next have the following global well-posedness which is needed for the stability result.

Lemma 3.2. Let N > 2, V be as in (1.2) satisfying (1.14), Q = v, and ug € X,. Then the
corresponding solution to (1.1) exists globally in time provided that one of the following conditions
holds:

e l<p<l+ 4.
e p=1+ 4 and M(ug) < M(Q), where Q is the unique positive radial solution to (1.10).

Proof. Letu : (—=T.,T*) x RN — C be the maximal solution to (1.1), hence to (1.15). By the blow-up
alternative (1.19), it suffices to prove that

sup  [Ju(t)|ls, < oo. (3.3)
te(—Ty,T*)
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(1) Mass-subcritical case. By the magnetic Gagliardo-Nirenberg inequality (2.5), Young's inequality
with 0 < N(p — 1) < 4, and the conservation of mass, we have for any £ > 0,

2 ol ' N(p=1) A- (W) (p=1)
s @l < CIV —2A)u@®ll2 " [u®)] 12

(3.4)

< e (V —id)u(t)|[7> + C(N,p,e, M(uo)).
Thus we get

Bu(t) = (5 =) UV = (Ol + [ Vit o)de - C(¥.p.s M)

Taking € = % and using the conservation of energy, we obtain

SV = idu(o)3e + [V @)lult,n) P < CN.p. M(uo), By (w0)
RN

for all t € (=T, T*). This proves (3.3).

(2) Mass-critical case. By the magnetic Gagliardo-Nirenberg inequality (2.5) with the optimal con-

stant Cy, 4 = %[M(Q)]’% and the conservation of mass, we have

M(Q)
As M (up) < M(Q), we infer (3.3). The proof is complete. O

B, () > | (1 - (M(“"))N) Vi@l + [ v@lf@Pa. 65)

We are now able to prove the existence and stability of prescribed mass standing waves for (1.1)
given in Theorem 1.1.

Proof of Theorem 1.1. The proof is divided into several steps.
Step 1. We first show that I,(c) > —oo for all ¢ > 0. Let ¢ > 0 and f € X, satisfy M(f) = c.
Arguing as in (3.4), we have for any € > 0,

2 1 ) N(p-1) A-(N-2)(p=1)
m”fHLPH SC”(V_ZA)J[HH Hf||L2
<e|(V —id)f|72 + C(N,p,e,c).
It follows that
1 )
B 2 (5-) IV - il + [ v @If@ls - Cvops.o)

By taking £ = %, we have

B,(1) 2 {17~ i)l + [ Vi@lf@)ds - CV.p.0) (36)
RN

Since V;, > 0, we have E,(f) > —C(N,p,c) for all f € X, satisfying M(f) = c. This shows that
Io(c) is well-defined.

Step 2. We will show that there exists a minimizer for I,(c). To see this, we take (f,)n>1 a
minimizing sequence for I,(c). By (3.6), we have

i”(v - ZA)fn”QL? + /RN V7($)|fn(l')|2d$ < E‘/(fn) + C(N,p,c) — I’Y(c) + C(N>pv C)

as n — oo. We infer that sup,,~; ||fn|ls, < oo. Thanks to Lemma 3.1, there exists a subsequence still
denoted by (f,)n>1 such that

inf || fnllpe+:r > C > 0.

n>1

By Lemma 2.6, there exist ¢ € £,\{0} and a sequence (y,)n>1 C RY with y,, = (y},y2,0,---,0)
such that up to a subsequence,

gn () := AW f (14 y) — ¢ weakly in 2.
By the weak convergence in ¥, we have

0 <[[¢Z> <liminf|lgal|7> = liminf || fo][7. = c
n— 00 n— o0
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and

1 , .1 .
U7 =)ol + [ Vi@)lota)Pde < timint S1V = id)gnlfs + [V (@lan(o)Pda

o] .
= hn_1>1nf §||(V — i A) o3 + / Vo ()| fu () [P da.
n o) RN

We claim that [|¢[|2, = c. Assume it is true for the moment. Let us show that ¢ is a minimizer for
I,(c). In fact, by the weak convergence in ¥, and [|¢[|2. = ¢ = lim,, o0 [|gn||22, we infer that g, — ¢
strongly in L?. Thanks to the magnetic Gagliardo-Nirenberg inequality (2.5), we see that g, — ¢
strongly in ZP*!. It follows that

I(c) < Ey(¢) < linrgi£f Ey(gn) = 1inrgiolgf Ey(fn) = 1(c).

Therefore E,(¢) = I,(c) or ¢ is a minimizer of I,(c). Moreover, we have g, — ¢ strongly in ¥,,.
It remains to prove the claim. Suppose that it is not true, i.e., 0 < ||¢]|3. < c. By the weak
convergence and the Brezis-Lieb's lemma [10], we have

lgnll Tty = 18175 + llgn — Sl es + 0n(D), (3.7)

where C), = 0,,(1) means C,, — 0 as n — oo. In addition, the weak convergence in X, implies that
I(V = iA)gnll72 = [(V = iA)¢| 22 + [I(V = iA)(gn — &)1 72 + 0 (1), (38)
[ p@la @l = [ V@l [ V@lne -k +o,). (39

In fact, let hy, := g, — ¢. We see that h,, — 0 weakly in X,. We compute
I(V = iA)gnllZz = (Y = iA) (& + hn)7:

— (V= iA)p2s + [[(V — iA)hy |2 + 2Re / (VAT — i)

Let € > 0. Since Cg°(RY) is dense in X, (RY), we take ¢ € C§°(RY) so that ||(V +id)p — (V —
iA)p)|> < 557, where M :=sup, 5 [|(V —iA)hy]| 2. Since h, — 0 weakly in 3, (RY), we see that

— 0 as n — oo.

/ (V—iA)p(V —iA)h,dx
RN

Thus there exists ng € N such that for n > ng,
\ / (V +iA)d(V — iA)hndx’
RN

< +

/ (V+iA)p — (V —iA)p)(V —iA)h,dx / (V—iA)p(V —iA)h,dx
RN RN

<V +id)g — (V = id)plr2(|(V — iA) bl 2 + €/2
< €.

This shows (3.8). The one for (3.9) is treated similarly.
On the other hand, we have for A > 0,

2X2(1— At
B,00) = 228, (0) + 20 g,
or
1 2(\=1 — 1)
Ey(¢) = 33 B,(A0) + pTWHiﬁl- (3.10)

Applying the above identity to \g = % > 1, we have

el 200 = 1) T
CL E,(Moo) + ;T‘W”I{Ll > CL Ly(c)

Ev(¢) =

as ||[Ao@|%. = c and ¢ # 0.
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Set A\, = ﬁ. By (3.9), we see that ||g, — ¢[|2. — ¢ — ||§]|32 as n — oo, hence A, —

Ve > 1 as n — oo. We infer from (3.10) that

N

: : 20— 1)
Jdim B (gn = 6) = lim 55 By (g = 0)) + == 27— llgn = Al
e
>— L)

On the other hand, by (3.7), (3.8), and (3.9), we have
L(e) = lim E,(f,) = lim E,(g.) = Ey(¢) + lim E, (g, — ¢)
[

>

2 _ 2
Moo ey 4 M2 gy = 10

which is a contradiction. Thus the claim is now proved.

Step 3. Let us now show that the set of minimizers M., (c) is orbitally stable under the flow of
(1.1). We follow an argument of [14]. Assume by contradiction that it is not true. Then there exist
€0, ¢o € M, (c), and a sequence of initial data (ug,,)n>1 C X such that

Tim_[fuo.s — dollz, =0 (3.11)
and a sequence of time (t,),>1 C R such that

inf inf [l 4O, (b, - +y) = ¢lls, > <o, 3.12
¢€M«,(c)y€@” ( y) — ¢lls, > <o (3.12)

where w,, is the solution to (1.1) with initial data w,|,_, = uo,, and © := R? x {0}g~-2. Note that
the solutions exist globally in time by Lemma 3.2.
Since ¢9 € M, (c), we have E,(¢o) = I,(c). From (3.11) and the Sobolev embedding, we infer
that
luomlzz = ldollze = e Ex(uon) = Ey(¢o) = Iy(c) as n — oo,
By the conservation laws of mass and energy, we have
lunt)72 = ¢, Ey(un(tn)) — I,(c) as n — oo.

In particular, (u,(t,))n>1 is @ minimizing sequence for I, (c). Arguing as in Step 1, we see that up to
a subsequence, there exist ¢ € M, (c) and (yn)n>1 C O such that

€ A@) wp, (tn, - + ) — Blls, — 0 as n — oo.
This however contradicts (3.12). The proof is complete. g

We now prove the existence and stability of prescribed mass standing waves for (1.1) in the mass-
critical case.

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1. Thus we only point out the
differences. Let 0 < ¢ < M(Q) and f € X, satisfy M(f) = c. From (3.5), we have

C

1 * . 2 2
EATEE (1 - (3735) ) IV =it)fle+ [ V@l@Pe  (G13)

Since 0 < ¢ < M(Q) and Vg > 0, we have E,(f) > 0, hence I,(c) is well-defined. Let (f,)n>1 be a
minimizing sequence for I,(c). By (3.13), we see that (f,)n>1 is a bounded sequence in X,. Thanks
to Lemma 3.1, the existence of minimizers for I,(c) and the orbital stability of M. (c) follow from the
same argument as in the proof of Theorem 1.1. We thus omit the details. O

We end this section by giving the proof of the non-existence of minimizers for I, (c) given in Propo-
sition 1.3.

Proof of Proposition 1.3. (1) Mass-critical case. Let ¢ € C5°(RY) be radially symmetric satisfying
p(z) =1 for |z| < 1. We define

) = AT Ayp(2)Qo(Az), A >0,
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where Qo(z) = ”Q(Hz) and Ay > 0 is such that || f||2, = ¢ for all A > 0. By definition, we have

1

A=< PO Qs

Since Yy decays exponentially at infinity, we see that for A > 0 sufficiently large and any ¢ > 0,

/ (1 — @Q(A_lx)) Qg(x)dx < / e Cleldy < / |w\_N_5dac < A9,
RN el S

In particular, we have A2 = ¢+ O(A™>) as A — oo, where By = O(A~>°) means that |B,| < CA™°
for any § > 0 with some constant C' > 0 independent of A\. Next we have

IVl = 43( [ | 960 0P Qi a)da + 32 [ 01V Qo) P
+2ARe /]RN e\ 12)Qo(z) V(A1) - VQO(z)dac).
As |V Qo| also decays exponentially at infinity and A2 = ¢+ O(A=°) as A — oo, we infer that
IVAalIZ2 = eX*[[VQollZ: + O(A™)
as A = co. We also have

2+N 2+N —o0
([ £l = TR N|Qo| +O0(A™)

2+4 2Jr4

as A — oo. Since fy is radially symmetric, we have L. (f\) = 0. On the other hand, since AN Q3(\z)
converges weakly to the Dirac delta function at zero when A — oo, we infer that

V(f) =43 [ V(@)e* (@AY Qf(Ax)dz — 0
RN

as A — oo, where V(f) is as in (1.3). It follows that

1
L(0) < By(f3) = IV A3 + V() = o5 IR, = Ly (5

N+2
*Qol*: ) Foa(1)

1
= o (319Gl -

N +2
~cervautis (1- () ) o (3.14)
B RN T(?) " |
as A — 0o, where By = 05(1) means that |By| — 0 as A — co. Here we have used the fact that
N 244 1 9
N+2H 0HL2+% - 2||Q|L%2 IVQol|72

which comes from the following Pohozaev's identity (see e.g., [15]):

2 2+ % 2
IVQIE: = o5 @I, = NIQIE-
In the case ¢ > M(Q), letting A — oo in (3.14), we get I,(c) = —oo, hence there is no minimizer for

L(c).
In the case ¢ = M(Q), it follows from (3.14) that I,(M(Q)) < 0. On the other hand, by the
magnetic Gagliardo-Nirenberg inequality (2.5), we have for any f € X, satisfying M (f) = ¢ = M(Q),

B 2 317 =i+ [ vilsas - g (500) 10 - il
_ /RN V, ()|f(z)[2dz > 0.
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This shows that I,(M(Q)) > 0, hence I,(M(Q)) = 0. We will show that there is no minimizer for
I,(M(Q)). Assume by contradiction that there exists a minimizer for I, (M (Q)), says ¢. We have

0=1,(M(Q)) = Ey(¢)

1 . N 24 4
— _ A 22 2 _ N4
1V =il + [ Viale)ldr - 5l
> [ V@lo@Pd >0
RN
It yields that
. 2N o+ 4
o 2 _ N
(7 = i) = 5 ol 1T

or ¢ is an optimizer of the magnetic Gagliardo-Nirenberg inequality. This however is a contradiction
due to Lemma 2.3.

(2) Mass-supercritical case. Let f € C5°(RY) be radially symmetric with M(f) = c. Denote
(@) := A% f(Az) with A > 0. We see that M(f) = M(f\) = c for all ¢ > 0. Moreover, we have

1 2
Ey(f3) = 5IVAIZ + V() - mllfxll’ﬂfil — Ly(fx)

A2 oA
=— e - pil.
S 191+ X200 - 2
Here L. (fx) = 0 as f is radially symmetric. As N(p —1) > 4, we have E,(f)\) = —00 as A — oo,
hence I,(c) = —oo. The proof is complete. O

4. STANDING WAVES IN THE MASS-SUPERCRITICAL CASE

In this section, we study the existence, stability, and qualitative properties of prescribed mass standing
waves for (1.1) in the mass-supercritical case. Throughout this section, we denote

() = WY = id)fle+2 [ V(@) f@)Pda. (1)
Let us start with the following lemmas.

Lemma 4.1. Let N > 2, 14+ + <p <1+ 15, V be as in (1.2) satisfying (1.14), and Q = ~. Then
for m > 0 fixed, there exists co = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢y and any
minimizing sequence (fn)n>1 to I7'(c), we have

lim inf ||anLp+1 >C>0.
n—oo
Moreover, we have I7(c) < wic.

Proof. The proof is similar to that of Lemma 3.1. Here we note that for f(z) = g(x 1 )h(z;) as in the
proof of Lemma 3.1, we have

N
H,(f) = 27-1-2’73' c<m
i=s

provided 0 < ¢ < ¢o with some ¢g = co(m) > 0. The claim I7*(c) < w)c follows directly from the
above notice and (3.2). O

Lemma 4.2, Let N >2, 1+ 4+ <p <1+ 525, V be as in (1.2) satisfying (1.14), and Q = ~. Then
for m > 0 fixed, there exists co = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢y, we have

S(c) N B, (m) # 0, (4.2)

inf {E,(f) : f€8(c)NBy(m/4)} <inf{E,(f) : feS(c)N(By(m)\By(m/2))}.  (43)

Proof. (1) Let m > 0. We take ¢ € C5°(RY) be radially symmetric satisfying ||| = = 1. Denote

co = co(m) = & with C:= H,(p). Set f(x) = /cp(x). We have M(f) = cand H,(f) = cH,(p) <
m for all 0 < ¢ < ¢g. This shows that f € S(c) N B, (m).
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(2) To show (4.3), we first note that S(c) N (B,(m)\B,(m/2)) # 0 for ¢ > 0 sufficiently small.

In fact, let ¢ be as above. Denote fy(z) := y/cAZ p(Az) with A > 0 to be chosen shortly. We have
M(fx) =cforall A > 0. As f, is radially symmetric, we have

Hy () = IV AlZ2 +2V(f2) = ¢ (V[[Vell7 +2272V()) .
We will show that for each m > 0, by reducing ¢y = co(m) > 0 if necessary, there exists A\g > 0 such
that H,(fy,) = 22, hence f, € S(c) N (B, (m)\B,(m/2)). The above equality is equivalent to

_3m

N[IVelZ +237V(p) = P (4.4)

The left hand side takes values on [2\/§||V<p||L2\/V(<p), oo). Thus by taking ¢y = co(m) > 0 so that
> 2v2||VellL2/V(p), there exists Ag > 0 such that (4.4) holds.
To prove (4.3), we observe from the magnetic Gagliardo-Nirenberg inequality that

4-(N-2)(p—1)

E(f) > SHy(f) = BI(V i) fl a7 Il

2
1 N(p—1) 4—(N—2)(p—1)
> SHy(f) = B(Hy(f) = (M(f)) i , Vfex,
2
with some constant B > 0. It follows that
9e(H~(f)) < Ey(f) < he(Hy(f)), VS € S(o), (4.5)
where
1 4=(N=2)(p=1)  N(p—1) 1
ge(A) := 5)\ — Bce 1 AT T, he(N) = 5)\.

From (4.5), we see that (4.3) is proved provided that there exists co = co(m) > 0 sufficiently small
such that for each 0 < ¢ < ¢y,

ho(m/4) < inf  g.()\). 4.6
(m/4) A6(717{1/2’7”)9( ) (4.6)

Observe that

1 1
9:(\) = 5 (1—Bc > 3\

for A € (0,m) and 0 < ¢ < ¢g with ¢g = co(m) > 0 sufficiently small. We infer that

4-(N-2)(p—1) N(p—1)—-4
T by B )

m _m
inf c(A) > — > — =h, 4
re(ihy oy 9N 2 5 > 3 (m/4)
which proves (4.6). The proof is complete. a

Lemma 4.3. Let N > 2, V be as in (1.2) satisfying (1.14), and @ = . Let m > 0 and ug € £, be
such that

H,(up) <m.
Then there exists co = co(m) > 0 sufficiently small such that for all 0 < ¢ < ¢, if M(ugp) = ¢, then
the corresponding solution to (1.1) exists globally in time, i.e., T, = T* = co.

Proof. Let u : (—=T.,T*) x RN — C be the corresponding solution to (1.1), hence to (1.15). By (1.23)
and (2.7), we have

1 m
g gl
From this and the magnetic Gagliardo-Nirenberg inequality (2.5), we have

p—1 4—-(N=2)(p—1)

1 _ N(p-1)
| Er(uo)| < 5 Hy(uo) + BII(V = id)uoll 12 [luoll 2

Np-1) 4=-(N=2)(p=1)
1

< Sy (o) + BUH, (1) 7 (M (o)

< C(m) (4.7)
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for some constant C'(m) > 0 depending on m. On the other hand, by the conservation of mass and
energy, we have for all t € (=T, T%),

H, (u(t)) = 2, () + 5 05

< 2B, (u(t)) + B(H, (u(t) " (M(u()) =+
M=l A-(N-2)(p-1)

< 2[E(uo)| + B(H, (u(t))) ™ 7 (M(uo))

Here the constant B may change from line to line. In particular, we have

Hy(u(t)) < a+b(H,(u(t)) "5, Ve (-1, T, (4.8)

where
4-(N-2)(p—1)
4

1
@ = 2B, (uo)| + 5 Hy (o), b= B(M(uo))
We next claim that for each m > 0, there exists ¢o = co(m) > 0 sufficiently small such that for all
0 < ¢ < ey, if M(up) =c, then
H,y(u(t)) <2a Vte (-T.,,T).

This together with the blow-up alternative (1.19) imply T, = T* = occ.

It remains to prove the claim. Assume by contradiction that it is not true. As H,(ug) < 2a, the
continuity of the solution maps ensures the existence of to € (=T, T*) such that H,(u(ty)) = 2a.
Inserting into (4.8), we get

N(p—1) 1
20 <a+b2a)" T <=b>

N(p—1) N(p—1)—4 "
i Q 1

From (4.7), we see that a is bounded from above by a constant depending on m. Thus b is bounded

from below by some constant depending on m, i.e., b > by(m). However, by taking ¢ > 0 sufficiently
N-2)(p—1)
4

4= . .
small so that Be < bo(m), we get a contradiction. The proof is complete. O

We are now able to give the proof of Theorem 1.4.

Proof of Theorem 1.4. The proof is divided into several steps.

Step 1. From (4.2), we see that I7"(c) is well-defined for ¢ > 0 sufficiently small. Let (f,)n>1 be
a minimizing sequence for I'"(c). It follows that (f,),>1 is a bounded sequence in X, as (fn)n>1 C
S(c) N By(m). By Lemma 4.1, there exists a subsequence still denoted by (f,,)n>1 such that

nlgfl an”Lp-H 2 C > O

By Lemma 2.6, there exist ¢ € ¥, \{0} and a sequence (y,,),>1 C R satisfying y,, = (v}, 2,0, ,0)
such that up to a subsequence,

gn(x) = AW T L (2 4y,) — ¢ weakly in .
By the weak convergence, we have

0< M(¢) < linnling(gn) = linrr_ling(fn) =c
and

H,(¢) < liminf H,(g,) = liminf I, (f,) < m.

Moreover, by the same argument as in the proof of Theorem 1.1, we prove that M(¢) = c or ¢ €
S(c) N By(m). We also have E.(¢) = I7*(c) or ¢ is a minimizer for I"(c). In addition, g, — ¢
strongly in 3,,.
Step 2. We next prove that M7'(c) C B, (m/2). Indeed, let ¢ € M'(c) and assume by contra-
diction that ¢ ¢ B,(m/2). By (4.3), we have
I™(e) < inf {E,(f) © f € S() N By(m/4)}
< {E(f) € ()0 (By(m)\ By (n/2)}
< Ey(¢) = I (c)

which is a contradiction.
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As ¢ does not belong to the boundary of B, (m), there exists a Lagrange multiplier w € R such that
S! (@)l = 0 for all o € Cg°(RY), where S, ,(f) := Ey(f) + wM(f). It shows that ¢ is a weak
solution to

1

A R (49)
or ¢ is a solution to (1.5) in the weak sense. In particular, u(t,z) = e™“!¢(x) is a solution to (1.1).
We also have from (4.9) that
1 .
WM (9) = ~3I(V = iAol — [ Vi@lot)Pde+ ol

=~ (0) + E 0I5 >~ (0)
g pt+11%le gl

This together with Lemma 4.1 yield

—Ey(¢) _ I7'(c) 0
w > M) - > —w,. (4.10)
On the other hand, by the magnetic Gagliardo-Nirenberg inequality as in (4.7), we have
1 N(p-1) A-(N-2)(p=1)
wM(¢) < —5H,(0) + B(H,(¢)) ™ (M(¢)) 7

IA

N(p=1)-4 47<N72><p71>)
4

_%HV(@ (1 —2B(H,(¢))” = (M(9))

for some constant B > 0. As ¢ € S(c) N B,(m/2), we get

wM(9) < —H,(9) (1 - Bm

N(p—1)—4 4—-(N-2)(p—1) )
1 c 1 ,

where the constant B > 0 may change from line to line. Reducing ¢ > 0 if necessary, it follows from
(1.23) that

wg—w,(;(l—Bm

N(p—41>—464—<N—f><p—1>) (4.11)
Collecting (4.10) and (4.11), we prove (1.24).

Let us now prove (1.25). Let ¢ € MZ(c). As M(¢) = c and H,(¢) < m, we have from the
magnetic Gagliardo-Nirenberg inequality and Lemma 4.1 that

4
H,(¢) = 2E,(¢) + ]mllwliﬁl

Np=1) 4=(N=2)(p—1)

<2[7(c)+Bm™ 7 ¢ 1

N(p—1) 4=-(N=2)(p—1)

§2wgc+Bm i ¢ 1

for some constant B > 0 independent of m and c. It follows that

I$lI%, =~ H,(¢) + M(¢) < (2w} + 1)c + Bm

which shows (1.25).

Step 3. We will prove that MZ(c) is orbitally stable under the flow of (1.1). As in the proof of
Theorem 1.1, we argue by contradiction. Suppose that MZ'(c) is not orbitally stable. By definition,
there exist g > 0, ¢g € Mvm(c) a sequence (ugn)n C X satisfying

lim |[uo.n — dolls, =0, (4.12)
n—oo

N(p—1) 4—-(N—-2)(p—1)
1 1

c

and a sequence of time (t,),>1 C R such that

inf inf |lu,(t,) — > €0, 4.13
oo g2 nltn) = o, = o o)

where w,, is the solution to (1.1) with initial data w, (0) = ug,,. Note that the solutions exist globally
in time by Lemma 4.3.
Since ¢g € M7'(c), we have E,(¢o) = I7'(c). By (4.12) and Sobolev embedding, we have

M(uo,n) = M(do) =c, Hy(uo,n) = Hy(do) <m, Ey(uon) = Ey(¢o) =15 (c)
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as n — oo. By conservation laws of mass and energy, we have
M(un(tn)) — ¢, Ey(un(tn)) — I»Tyn(c)

as n — 0o. We next claim that (up to a subsequence) H,(un(t,)) < m for all n > 1. Suppose that
there exists K > 1 such that H,(u,(t,)) > m for every n > K. By continuity, there exists ¢} such
that H.,(u,(t},)) = m. Since

M(U'n(t:;)) — G H’y(un(t:z)) =m, Eﬂy(un(t:’l)) - I:;n(c)

as n — oo, we see that u,(t;,) is a minimizing sequence for I7"(c). By Step 1, there exists ¢ €
S(c) N By(m) such that u,(t;,) — ¢ strongly in X, and E,(¢) = I7*(c). This is not possible since
minimizers for I(c) does not belong to the boundary of B, (m). Thus there exists a subsequence
(tn,)k>1 such that H. (up, (tn,)) < m for all k > 1. This shows that (u,, (t,,))r>1 is a minimizing
sequence for I77"(c). Again, by Step 1, there exist ¢ € M'(c) and a sequence (yx)r>1 C © such that

||6iA(yk)”Unk (tnka -+ yk) B ¢||27 -0

as k — oo. This contradicts (4.13), and the proof is complete. O

Proof of Theorem 1.5. Let ¢ € MZ'(c). As ¢ does not belong to the boundary of B, (m), we have
Elv|s(c) (¢) = 0.
Assume by contradiction that there exists f € S(c) with E;]S(c) = 0 such that E,(f) < E,(¢) =

I(c). Since E,’Y’S(C) =, there exists a Lagrange multiplier w € R such that f is a solution to

(VAP F Vo f — [f f 4 wf =0,

Multiplying both sides of the above equation with f and integrating over RY, we have

%Hv<f> +wM(f) - | fI7H =o.

From this and the fact that I7*(c) < wic, we have

]p% (;Hv(f) +wM(f)> =E,(f) +wM(f) < I]'(c) + we < (wg + w)e.

Thus we get
2(p+1)

H(f) < =275

(wg +w)c — 2we

which, by (1.24), shows that H,(f) — 0 as ¢ — 0. In particulart, for ¢ > 0 sufficiently small, we have
f € 8(c) N B,(m). By the definition of I"(c), we get I'"(c) < E,(f) which is a contradiction. The
proof is complete. O
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