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ABSTRACT: We continue our study of strongly-coupled, approximately scale-invariant gauge
theories with a large number of flavours, which provide a suitable ultraviolet completion of the
composite-Higgs scenario. We identify the requisite operators to realise partial compositeness
of the Standard-Model fermions. In order to compute the spectrum of composite fermionic
states, we extend the bottom-up holographic models, which we previously introduced to
capture the main features of the non-perturbative dynamics in the Veneziano limit, by adding
fermion fields in the bulk. We identify regions in parameter space where some fermionic
bound states become light, depending in particular on the number of flavours, the operator
scaling dimensions, and the bulk Yukawa couplings. We also observe a dense spectrum of
states, when multi-scale dynamics is induced by a large backreaction of bulk scalars on the
geometry. Adapting the formalism of the holographic Wilsonian renormalisation group, we
study the linear coupling between the composite and elementary fermions, as a function of
energy scale. We find that, in some circumstances, the associated operators are dangerously
irrelevant: the renormalisation-group flow gives rise to a large linear coupling in the infrared,
even when it is irrelevant from the point of view of the ultraviolet fixed point. We finally
compute the partially composite spectrum, correlate it with the analysis of the flow, and
assess the potential phenomenological implications, e.g. for the top-quark partners.
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1 Introduction

We consider a hypercolour (HC) gauge theory which is asymptotically free in the ultraviolet
(UV), approaches an infrared (IR) fixed-point, thus becoming approximately scale-invariant
at some scale Ayy, and eventually undergoes confinement and develops a mass gap ms. In
the process, some HC flavour symmetries may undergo spontaneous symmetry breaking,
with f the decay constant of the associated Nambu-Goldstone bosons (NGBs). For generic
strong dynamics, one expects

. 2
My~ Gof ~ \/T?f =dnf, (1.1)

where g, is the typical coupling between the bound states, N¢o the number of hypercolours,
and we defined a reduced decay constant f = f /v/Nc. We wish to consider theories
with a number Ng of HC fermions, and take the Veneziano limit of large N¢o and fixed
xp = Np/N¢ of order one, corresponding to a large flavour symmetry. There are at least
two motivations for such choice: (i) we wish to obtain a coset large enough to contain the
Standard Model (SM) gauge and global symmetries; (ii) we want the theory to lie in the
vicinity of the lower edge of the conformal window, resulting in near-conformal dynamics,
which requires x of order unity.

If the SM Higgs boson were identified with one of the composite NGBs, then the scale
f would characterise the deviations from the SM predictions for the electroweak precision
parameters as well as for the Higgs couplings. In this scenario current data imply a lower
bound f 2 1TeV. While NGBs are massless in the exact-global-symmetry limit, the other
composite resonances are expected to have masses of order m, or heavier, which lie in the
multi-TeV range, possibly out of the reach of the Large Hadron Collider (LHC) even for
f ~1TeV and N¢ ~ 10.

We will employ dual holographic models aimed at capturing the salient features of
the HC theory, in order to study the spectrum of resonances in the Veneziano limit. The
main question of our investigation is whether some resonances could be parametrically
lighter than m., and thus provide the first observable footprints of the new strong dynamics.
While the spectrum of bosonic resonances was analysed in a companion paper [1], here we
focus on the fermionic sector. We will see that, in the large- N¢ limit, the lightest fermionic
resonances are expected to be meson-like objects, rather than baryon-like objects, so that
the generic scaling of eq. (1.1) remains valid for their masses. However, the spectrum
may include massless chiral (partially) composite fermions, as well as vector-like composite
fermions, whose mass may become significantly smaller than m, in specific regions of the
parameter space.

The idea of partial compositeness, originally introduced in [2], posits that the SM
fermions may mix with fermionic states of the strongly-coupled sector containing the
composite Higgs. This mechanism may be used to explain the mass hierarchies of the
SM fermions as being due to the mixing with operators of different scaling dimensions,
leading in particular to a large Yukawa coupling for the top quark. While most work on
this subject has been within the framework of effective field theory (for reviews, see [3, 4]),



in recent years there has been an interest in building UV complete models that contain the
requisite fermionic states, with the right quantum numbers to couple to the SM fermions,
by considering gauge theories with constituent fermions in one or more representations of
HC [5-10], or supersymmetric gauge theories [11]. However, so far little is known about the
spectrum of such fermionic states. On the lattice, the fermionic spectra of SU(4) and Sp(4)
gauge theories have been studied in [12] and [13-15], respectively, while consequences for
partial compositeness have been further explored in [16].

Conversely, within the holographic approach to strongly coupled dynamics, the study
of the fermionic sector of composite Higgs models goes back to the early papers on the
subject [17—-21], which analysed bottom-up models for which the background geometry in the
bulk is a slice of anti-de Sitter (AdS). More elaborate models can be constructed by including
scalar fields whose backreaction on the bulk geometry causes it to deviate from AdS in the
deep IR [22-26], leading to a soft wall that ends the geometry, while dynamically inducing
a mass gap, similar to what is the case in top-down confining models [27-31]. The fermionic
sector of such soft-wall models has been studied in the context of warped extra dimensions
in [32-37]. Taking inspiration from top-down models such as [31], in which extended objects
(D-branes) that probe the background geometry are responsible for symmetry breaking,
recently bottom-up models have been constructed and both their bosonic and fermionic
spectra have been computed in [38, 39]. While composite Higgs models have also been
studied within the fully top-down approach to holography [40], so far the fermionic spectrum
has not been computed, nor has partial compositeness been implemented.

The Veneziano limit, with zp ~ 1, requires taking into account the backreaction of
the flavour sector on the geometry. We focus here on the two Models I and II introduced
in [1] within the bottom-up approach to holography. The first contains a single bulk scalar
field that is responsible both for breaking the flavour-symmetry and for ending the space
in the IR via its backreaction on the metric. The amount of backreaction depends on the
number of flavours, such that in the limit xr — 0 the background geometry approaches
AdS. Model IT additionally contains a second bulk scalar, that is a flavour singlet, and
whose non-trivial radial profile governs the breaking of scale invariance. To both these
models, we add a bulk fermion, in order to describe composite fermionic states in the dual
field theory. Furthermore, in Model II we allow this fermion to couple to the flavour singlet
scalar via a Yukawa term in the bulk.

We compute the spectrum of fermionic resonances in Models I and II. As we shall see,
both these models are rich enough to incorporate multi-scale dynamics in certain regions of
the parameter space. Moreover, the effect of the Yukawa coupling may be thought of as the
bulk fermion acquiring a radially dependent mass, due to the profile of the flavour-singlet
scalar field, which leads to the scaling dimension of the dual fermionic operator effectively
varying with energy scale. Both these features may result in richer scenarios compared to
bottom-up models with a single characteristic scale m, as in eq. (1.1), such as those based
on a slice of AdS [17-21].

Next, we couple the strong sector to an elementary fermion, which in the case of partial
compositeness would be one of the SM quarks (or leptons). We investigate the running of the
linear coupling between the elementary and strong sectors, by making use of the formalism



of the holographic Wilsonian renormalisation group (RG) [41, 42], originally proposed to
study the RG flow of double-trace operators. We pay particular attention to situations in
which our models may contain dangerously irrelevant operators, that is, deformations that
are irrelevant from the point of view of the UV fixed point, but nevertheless have a large
effect on the low energy dynamics due to a non-trivial RG flow.

Finally, we compute the partially composite spectrum, and correlate it with expectations
from the analysis of the RG flow. We discuss how and when the spectrum differs from that
of composite Higgs models based on the AdS background, in particular when a fermionic
resonance can be parametrically light.

This paper is organised as follows. In section 2.1, we review the gauge theory, paying
particular attention to the fermionic operators, while, in section 2.2, we review Models I
and II of [1] and introduce the fermionic sector in the bulk. In section 3, we compute the
spectrum of the strongly coupled sector in isolation, and briefly discuss how it compares to
lattice simulations. We also present a toy model for which some of the salient features of
the spectrum can be reproduced analytically. Section 4 first describes how to apply the
formalism of holographic Wilsonian RG to the linear coupling of partial compositeness, and
then makes use of it to study the RG flows in Models I and II. In section 5, we compute
the fermionic spectrum in the scenario of partial compositeness, which is the most relevant
phenomenologically. Finally, in section 6 we conclude with a discussion of the various novel
scenarios that our models make possible, as well as consequences for future model building.
Appendix A contains a detailed classification of the HC fermionic operators, appendix B
collects technical results on fermions in five dimensions, appendix C recalls some features of
the bosonic spectra for comparison, and appendix D contains an explicit derivation of the
partial-compositeness RG flow equation.

2 DModelling compositeness via gauge-gravity duality

2.1 The hypercolour theory

The ultraviolet completion of the composite Higgs scenario is subject to a number of the-
oretical and phenomenological constraints. A gauge theory of fermions can satisfy such con-
straints, for appropriate choices of symmetries and fields, as we discussed in detail in section
IT of [1]. Here we just recall the main features of the suitable gauge theory we will employ.

We consider a gauge group Gro = Sp(2N¢), where N¢ is the number of hypercolours.
Such group has a unique invariant tensor {2;; = —€);; with indexes in the fundamental
(i, =1,...,2N¢). Our choice of the matter content, motivated by [1] and further justified
below, amounts to 2Nrp Weyl fermions in the fundamental, pseudoreal representation of
Sp(2N¢), and one Weyl fermion in a two-index, real representation of Sp(2N¢),

70

¢ a=1,...,2Np, Xij Or X;‘j- (2.1)

There are two possible irreducible, two-index representations: traceless and antisymmet-
ric, x;§2; = 0 and x;; = —Xji, or symmetric, X;j = X;z In either case, the fermion
global, anomaly-free symmetry is Gp = SU(2Np) x U(1), while its vector subgroup is



Hp = Sp(2Np). We assume that, when the HC sector confines and develops a mass gap m.,
also the flavour symmetry is spontaneously broken, Gr — Hp, with decay constant f and
the Higgs belonging to the associated set of Goldstone bosons. The coset SU(2Nr)/Sp(2NF)
corresponds to a vacuum expectation value of (1)%®) proportional to an Sp(2Np) invariant
and antisymmetric tensor, g, = —Xpq-

In the confined phase the observables correspond to composite, HC-invariant operators.
The bosonic operators were analysed in [1]. Here we focus on fermionic operators, relevant
for the computation of the spectrum of composite fermions. In this section we limit ourselves
to operators (i) with canonical dimension < 9/2, likely to be the most relevant even in the
strongly-coupled regime, and (ii) containing spin-1/2 components only, with no spin-3/2 or
larger components. We refer the Reader to appendix A for a more general list of fermionic
operators, and for the explicit contractions of HC and spinor indexes, that here we drop
for simplicity.

The minimal fermionic operator is made by two constituents only,
F= F¥Y'o, (2.2)

where F* is the HC field strength, which transforms in the adjoint representation. For
an Sp(2N¢) group, the adjoint coincides with the two-index symmetric representation of
X', allowing to form a HC-invariant combination. The operator F has canonical dimension
7/2, which is the smallest possible value for a composite fermion, in theories with no scalar
constituents.

The next-to-minimal fermionic operators are fermion trilinears, with canonical dimension
9/2. There are four independent operators involving two 1) and one x constituents,

Fo = gloxg® B = ploxgt Byt = gloggtl, By = ¢y, (23)

where [ | and { } indicate antisymmetrisation and symmetrisation in the flavour SU(2Np)
indexes, respectively. Note that F3 has no symmetric counterpart, see appendix A for
details. In the model with x replaced by x/, that is symmetric in its HC indexes, the only
difference is a reversed flavour symmetry,

R I e T - A R A N e X

Concerning the flavour of these operators, one should notice that (i) the two-index symmetric
representation of SU(2Np) and Sp(2Np) coincide; (ii) the two-index antisymmetric of
SU(2Np) contains an Sp(2Np) singlet, obtained by tracing with the tensor ., plus a
traceless antisymmetric of Sp(2Np); (iii) the operators Fy and Fj reduce to an SU(2Np)
singlet, obtained by tracing with 6ba, plus an SU(2Nf) adjoint, and the latter decomposes
under Sp(2Np) into a symmetric plus a traceless antisymmetric.

There are also two independent operators involving three x constituents,

Fy=xxx,  Fy=xxx. (2.5)

The analogous operators obtained by replacing x with x’ vanish identically, see appendix A
for the explicit index contractions.



We will be interested in two-point correlators of fermionic operators, as their poles
correspond to the masses of composite fermion resonances. At leading order in the number
of hypercolours, one can check diagrammatically that

(FF) ~ N&, (2.6)

when F' is any of the operators in egs. (2.2)—(2.4), with fixed flavour indices. Note that
the large-N¢o behaviour is due to the presence of the field x, which transforms under a
two-index representation of the HC gauge group. This is the case we will analyse in the
dual holographic theory. For the operators in eq. (2.5), the two-point correlator grows with
Ng, a behaviour that could also be described holographically in an analogous fashion. Note
that one may also consider mixed correlators, between two different fermionic operators,
which may be non-vanishing when the operators belong to the same Lorentz and flavour
representations. The non-standard scalings with N are essentially due to the two HC
indexes of x (X’), to be contrasted with QCD-like theories with only fermions in the
(anti-)fundamental representation. Nonetheless, it is important to notice that the fermion
operators F' ~ 1y share some important properties with meson operators M ~ ) their
mass gap does not scale with N (contrary to e.g. baryon masses in QCD-like theories), so
that generically one expects mp ~ mys ~ m,, and their trilinear coupling to mesons scales
with N51/2, namely ggpar ~ GMMM ~ Gx-

We will be especially interested in the scaling dimension of the operators I when the
HC theory lies close to an interacting fixed point. While such fixed point is required to be
strongly coupled in order for anomalous dimensions to be large, perturbative estimates may
still provide some guidance. The one-loop anomalous dimension of three-fermion operators,
defined by [F] = 9/2 + ~, were computed in general in [43]. Particularising these results to
the operators of eq. (2.3), we find

2
_9eNer o g 0. -
N2aa = o |(0.—4, 0, =3) + O(1/No)| . (2.7)

The operators of eq. (2.4) have the same anomalous dimensions, up to different O(1/N¢)
corrections. Note that 713 do not grow with N¢, however this may well be a one-loop
accident: higher-loop contributions to +; have not been evaluated to date, but the contribu-
tion to ; at n loops is generically expected to be of order A"/(1672)™, where A = g2 N¢
is the 't Hooft coupling. We also remark that O(1/N¢) corrections may be quantitatively
relevant even for Ng ~ 10. These anomalous dimensions should be evaluated at the fixed
point, where the HC gauge coupling takes some value go. The perturbative two-loop
(renormalisation-scheme independent) estimate for the latter [44] is given in our model
by [1] .

A geéNc 99— 2zxp

1672 1672 13zp — 18

Let us consider e.g. a partial compositeness operator Fbfsys, which mixes F» with a SM

+ O(1/N¢). (2.8)

fermion fgpr. Such operator becomes marginal when 49 >~ —2, and this requires xp ~ 2.1.
However marginality corresponds to a large 't Hooft coupling, A\/(167%) ~ 1/2, so that
the above perturbative result should be taken at most as an order-of-magnitude estimate.



In particular, the position of the fixed point is very sensitive to higher orders — for
example, by replacing the two-loop HC beta-function with the four-loop beta-function
in the MS scheme, the fixed point is reached for significantly smaller values of zp: the
condition s ~ —2 is realised for xy ~ 0.4. Higher order beta and gamma functions are in
general scheme dependent; perturbative scheme-independent approaches to higher loops
have been developed for some QCD-like anomalous dimensions (see e.g. [45, 46]), but not
for the F' operators relevant here. On the other hand, as xp grows, the fixed point rapidly
becomes weakly coupled and the perturbative estimate of eq. (2.8) can be trusted, e.g.
M/ (1672) ~ 1/34 for xp = 4. This regime appears to be far from the floor of the conformal
window, it corresponds to small anomalous dimensions, and moreover it does not admit a
simple holographic description in terms of gravity.

Having completed the survey of the most relevant fermionic operators, let us discuss
their SM quantum numbers. The SM symmetries are embedded in the unbroken flavour
group Hp, as they should be preserved down to scales well below f. The minimal model
for composite quark partners has Np = 5, with

Hp = Sp(lO) D) SU(3)C X SU(2)L X SU(Q)R X U(l)B,
Y~ 10gp10) = [(3,1,1)1/3 + (3,1, 1) 15 + (1,2, 1)0 + (1,1,2)0]sUs00: -

Here SU(3). is identified with ordinary colour, SU(2); x SU(2)g with weak interactions
including custodial symmetry, and U(1)p with baryon number, and there are two possible

(2.9)

embeddings of hypercharge, Y = +T3r+B/2. The bosonic operator (1)) contains a Higgs
component, h ~ (1,2,2)g. Composite partners for the quark doublets, Qr ~ (3,2,1);/3, as
well as for the up- and down-quark singlets, Qr® = (Tr% Br®) ~ (3,1,2)_1/3, can be found in
any of the fermionic operators of eq. (2.3) or eq. (2.4). Indeed, such components are contained
in both the two-index symmetric and antisymmetric representations of Sp(10), see eq. (A.6).
There is also an alternative embedding for the down-quark singlet partner, Br® ~ (3,1,1), /3-
Such component is present only in the Sp(10) two-index antisymmetric operators.

Therefore, the model allows to implement partial compositeness for any SM quark,
by coupling it with one or more composite operators with the corresponding quantum
numbers. One expects that the composite-elementary mixing is the largest for the most
relevant operator, thus it is sufficient to consider a single operator for each SM quark. This
allows, in turn, to induce the quark Yukawa couplings to the composite Higgs. In fact a
single Sp(10) two-index fermion is sufficient, in principle, to embed a whole quark family.
However, the Yukawa hierarchies, such as the small ratio y3/y, are more easily explained
by introducing couplings to operators with different scaling dimensions for the different
quarks. Note that the fermion operators in eqgs. (2.3) and (2.4) contain, beside SM quark
partners, several other components which do not mix with the SM quarks, and may also
have an interesting phenomenology, in particular if they result in states significantly lighter
than the HC mass gap, m, ~ 47 f.

The above discussion focused on models for a composite NGB Higgs boson, accompanied
by composite partners for the SM quarks. However, composite fermions may have a number
of different phenomenological applications, and we will see that the holographic theory,
described in the following, is largely independent from the specific embedding of the SM



symmetries within Gg, and from the specific couplings of the various SM fields to the
HC sector. One example is provided by composite twin Higgs models [47-49], engineered
to protect the Higgs mass in the absence of new coloured states: in this case the role of
top-quark partners is played by composite fermions with only electroweak charges, whose
mass is significantly less constrained. Such scenarios correspond to different cosets Gp/Hp,
but typically they also require a large Ng. Another possibility is that the lightest composite
fermion may be stable, for example due to a non-trivial baryon number: it may then provide
an interesting candidate for dark matter, carrying electroweak charges or even being a SM
singlet [50-52]. Such dark matter candidates may already be present in models for Higgs
and top partners, or they may motivate a HC sector on their own. Finally, note that a
composite fermion may be arbitrarily light when it is a SM singlet, i.e. a sterile neutrino,
with various, associated phenomenological implications [53-55]. Our holographic analysis
of the spectrum of composite fermions may be of interest in all these contexts.

2.2 The holographic theory
2.2.1 Bosonic sector

Three models of composite Higgs, referred to as Models I, ITA, and IIB, were introduced
in [1], which focused on their bosonic sectors. In this paper, we restrict our attention
to Model I and IIB, the latter of which we henceforth simply refer to as Model II. The
main results that we will use in our analysis of the fermionic sector concern the form
of the background solutions, as well as the calculation of the Goldstone decay constant,
which we will use to normalise the fermionic spectra. Both models consist of gravity,
an SU(2NF) gauge field Ajy,' as well as a scalar sector. The scalar sector contains the
antisymmetric complex scalar ®,;, dual to 1%)® and responsible for flavour-symmetry
breaking. In addition, Model II also contains a flavour singlet scalar field ¢, responsible for
breaking scale invariance. The action can be written on the form

S= Sgrav + Sgauge + Sscalar ) (2'10)

where the gravity and gauge field parts, respectively Sgray and Sgauge, are the same for all
the models:?

R 1
SgraV:N(%/ch\/ng, Sgauge:ch/dkszm/ngr {QQMPQNQ.FMN.FPQ] . (2.11)

with R the five-dimensional Ricci scalar, and Fjsn the field strength associated with Ajyy.
The scalar part Sgcalar Of the action is model dependent, and for Model I it is given by

SUhe == [ Cov=g {NeTe [V (Dyo)Dya] 4 NEV@)}, (212)

'For the reasons discussed in [1] (see the two paragraphs around eq. (4.3) therein), we do not include the
U(1)y and U(1), sectors in our analysis.

2We correct a typographical error, relative to [1], which appeared in the numerical factor in front of the
kinetic term for the gauge field.



while for Model II, it takes the form
St =~ / &z g {NcTr [6¥ (D1 ®) Dy

1
+ NgigMNanbaN(b + NZV(@, ¢)} : (2.13)
In both models, the potential V is chosen such that it allows for solutions that in the UV
approach that of AdS with unit scale. The background solutions for the metric and the
anti-symmetric complex scalar are taken to be on the form

ds? = dr? + 2400da? | B(r) = ”(27")2, (2.14)
where the warp factor is given by A(r), while the radial profile of ®(r) is parametrised by
the function o(r) and is proportional to the real, antisymmetric matrix 3 introduced after
eq. (2.1). All background functions are assumed to only depend on the radial coordinate r,
including the background profile of the scalar ¢(r), present in Model II.

Focusing our attention on Model I, the scalar potential V is given in terms of a
superpotential WV as

V(®) = leFW’(I)Z — gwg)?, (2.15)
W(T) = —g 1 4 zp sinh? (\/gz) (2.16)

Here, Z is an SU(2Np) invariant built from @, the precise form of which does not presently
concern us; we only mention that it evaluates to Z = o(r) on the background solutions (for
details, see [1]). The parameter A is related to the scaling dimension of the operator dual
to ®, while zp = Np/N¢ is the ratio between the number of flavours and colours. With
this choice of potential, we find the background solution

3
o(r) = \/garctanh (e_AT) , A(r)=r+ ;—2 log (1 — 6—2Ar) . (2.17)

The end of space, conventionally chosen to be at r = 0, is generated dynamically by the
backreaction of the scalar ® on the metric. As can be seen from the form of the warp factor
A(r), this backreaction is large when the number of flavours x is large, while in the limit
xr — 0 the background approaches that of an AdS geometry. The scaling dimension of
the operator O, = Tr(X¥%)?) dual to o is given by [O,] = 2+ |2 — A|. Furthermore, for
A > 2, the radial profile of o(r) has the dual interpretation in terms of O, developing a
VEV and breaking the flavour symmetry (purely) spontaneously.

Coming to Model II, the scalar potential V is again given in terms of a superpotential
W as

xR

R ) .



where

A A
WI(Z, ¢) = _% 1 + zp sinh? (,/31) + sinh? ( 3%) : (2.19)
leading to the background solution
/ A
o(r) = A3¢aurctaur1h (qbc ?)d)e_A¢T) ,
A(r)=r+ o log (1 — 672&’) + L log (1 — ¢2A¢62A¢T> (2.20)
2A 2A4 “3 ’

with o(r) the same as in eq. (2.17) for Model I. The parameter Ay governs the scaling
dimension of the operator Oy dual to ¢, such that [Oy] =2+ (2 — Ay|. For 0 < Ay < 2,
the profile of ¢(r) has the interpretation as introducing the relevant deformation Og in the
dual field theory, thus explicitly breaking conformal invariance. The integration constant ¢,
governs the size of this deformation.? Expanding ¢ asymptotically in the UV, one obtains

¢=cee M40 (2.21)

such that, for Ay < 2, ¢, is equal to the source for Oy. In order for the flavour-symmetry
breaking scale to become dynamically related to the mass gap, we require that it is the
profile of o(r), rather than ¢(r), that is responsible for the end of the geometry in the
IR, which implies that ¢. < \/Aqu' In particular, it follows that for a nearly marginal
deformation Ay ~ 0, the maximum allowed value of the source ¢, is large.

In addition to knowing the background solutions themselves, we will also need to
compute the Goldstone decay constant f. Decomposing the gauge field as Ay = A MTA +
VanT4, where T4 (T#) are the broken (unbroken) generators of SU(2NF), the axial-vector

A (g, r) satisfies the equation of motion
(02 +24'0, — (g™ + g2o®) | P A, (q,7) = 0, (2.22)

where g5 is the bulk gauge coupling, and ¢* is the four-momentum. After writing
P A,(q,7) = A*(q)a(q,r) and imposing the TR boundary condition d,al,, = 0, we obtain

{ 24 9,a

the decay constant as

2 1.
17 =i,

gs a

q2o} . (2.23)

Taking out the overall factor of N¢, we define f = Ne 1/2 f-
As usual, the holographic radial direction is related to energy scale on the field theory
side. One may estimate the relation between the two by defining the scale A(r) through [56]

At = / dF e A (2.24)

3Comparing to the notation of [1], we have that ¢. = ¢, /Aias'



This expression is motivated by the fact that A(r)~! is the time it takes for a massless
particle to reach from the boundary to the value of the radial coordinate r. We further
define the characteristic IR scale as

Alr = ll_l’}% A(r). (2.25)

Since in the IR the integrand appearing in eq. (2.24) scales as

e A iR (2.26)
one obtains that A;jg = 0 when xr > 2A. In proximity to the limiting case, when xp ~ 2A,
one obtains a parametrically small Ajgr. In Model II, there is an additional way for this to
happen. Close to the upper bound ¢, < A%ﬁ in a range of the radial coordinate, one has

the following scaling of the integrand appearing in eq. (2.24):

—E_ L 3 — ¢2A 1 1
—A | 5 28734, 2P < m< i R 2.27
e T , 6A, <7 < min A A, ) ( )

When Ay < ﬁ, this may lead to a suppressed Ag, provided ¢, is sufficiently close to
saturating its upper bound. We will see later that the multi-scale dynamics that results
from a small Ajg has interesting effects both on the spectrum (sections 3 and 5), as well as
on the RG flow arising in the context of partial compositeness (section 4).

The relation between the two energy scales A and f is non-trivial, and in general
needs to be determined numerically. When presenting our results for the fermionic spectrum
in sections 3 and 5, we will mostly normalise the masses in units of f. The choice of f
is suitable when discussing phenomenology, since the (non-)observation of experimental
deviations from the SM predictions directly provides information about the ratio v/f, with
v the electroweak scale, and thus about f given a choice of N¢o. However, in some instances,
we will find it more convenient to present our results in units of Ajg. This includes the case
when A < 2, such that the flavour symmetry is explicitly broken, and there are no exact
NGBs. Moreover, in some regions of parameter space, associated with multi-scale dynamics,
there is a large separation between Ajg and f. The mass of the lightest fermionic composite
state may be governed by the former, making it the more natural unit, in particular when
discussing light states in the partially composite spectrum of section 5.

2.2.2 Fermionic sector

In order to model fermionic states in the field theory, we supplement the bosonic part of
the action by introducing a Dirac fermion ¥ in the bulk. We have in mind that the field
theory operator dual to W is one of those listed in eq. (2.3) or eq. (2.4), that may describe
potential top partners. This leads to ¥ being in the symmetric, anti-symmetric or adjoint
representation of SU(2N). In all of these cases, in order to reproduce the N¢ scaling of
eq. (2.6), the overall normalisation of the action should be given by My = NZ. Considering
simultaneously several fermionic fields in the bulk is of course possible, but at the expense
of making the model more complicated. Also, as discussed in section 2.1, considering a
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single field ¥ is not a severe restriction: on the one hand, a two-index representation of
SU(2Np) is already large enough to provide partners for both the top and bottom quarks
and, on the other hand, we expect one of the fermionic composite operators to be more
relevant than the others and dominate the mixing with the elementary fermions at low
energies. If one is interested in flavour-singlet fermionic operators (for example, in the '
model, F' or F1), the dual fermion ¥ should be taken to be a singlet under SU(2Np), a
possibility that we will mention where relevant. With these considerations, we choose the
fermionic action Sy to be given by

1 /— - _
Ny'Sy =— /d%‘ﬁ_g [2 (\III‘MDM\II - DM\IJFM\P) + Hy U

— Z %/d‘lx\/—g@@

i=1,2

; (2.28)

T

where summation over flavour indices are implied, and Hy is a function of the scalar fields
of the model, the precise form of which is model dependent. We have introduced two
boundaries, r1 in the IR and 79 in the UV, which will later serve as regulators in our
computation of the spectrum, and § is the determinant of the metric induced on these
boundaries. We will discuss the possible choices of the signs s; = £1 of the boundary
actions in a moment. The covariant derivative is defined in terms of the spin connection

wps as
1

Dy =Dy + war, WM = SWMAB v, 4P, (2.29)

where D) is the covariant derivative corresponding to the representation of the flavour
symmetry under which ¥ transforms. We have that ¥ = Wi~ and that the flat space-time

of _

gamma matrices 74 satisfy the identities —~0, A = 4 A5t = A5 The curved

space-time gamma matrices I'™ are given by
FM = eMA’YA ) {FMa FN} = 2gMN ) (230)

M

where we used the vielbeins e 4, in terms of which the metric can be written as g™V =

eM 4eN pnAB. The components of the spin connection are equal to

wiap = enaVue g = ena (5NP3M + TNMP) e, (2.31)

where T'V y/p = %gNQ (Omgpq + Orgom — Oggmp) is the Christophel symbol associated
with the bulk metric gpy. Moreover, we decompose W into its left- and right-handed
components according to

1 5
PL,R: :':27 , UV=U; +Up, \I/L7R:PL7R\IJ, (2.32)
and use the notation
U r=V, = (PLrY) in’ =TPgy. (2.33)

Finally, we note that the action eq. (2.28) is invariant under the transformations

U, - Vg, UYrp—-Vp,
Hy — —Hy s S; — —S8; . (2.34)
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Having established our notation, let us now discuss the specific models we will study

in the following, in particular our choice of the function Hy. We decompose Hy into a

constant piece, given by the fermion mass My, and hg which is a function of the scalar
fields of the model:

Hy = My + hy, (2.35)

where it is assumed that hg is chosen such that it vanishes asymptotically in the UV when
evaluated on the background solutions. We restrict ourselves to choices of Hy giving rise to
a mass term and/or a Yukawa interaction. It turns out that writing an SU(2Np) invariant
Yukawa interaction involving the scalar ® (in the antisymmetric representation) is forbidden.
In Model I, we therefore make the choice hy = 0, such that Hy = My. In Model II, on the
other hand, it is possible to write a Yukawa interaction involving the flavour-singlet scalar
¢, and we hence choose hy(¢) = y5¢, where ys is the bulk Yukawa coupling.

In our applications, it is sufficient to consider the fermion as propagating on top of a
given background solution, which we will choose as in eq. (2.17) or eq. (2.20), corresponding
to Models I and II, respectively. Making use of the domain-wall form of the metric in
eq. (2.14), we choose the vielbein to be

eM = diag (e*A(T), e=AM) =AM o=Ar), 1) , (2.36)

after which the spin connection takes the simple form
Wy = <;8TA€A’)/M’Y5,O> . (2.37)
Using this, the Dirac equation, projected on its left- and right-handed components, becomes

(0r + 20, A+ Hy)Vp + e 40,0, =0,
— (O +20,A — Hy)¥p +e 4919, ¥p = 0. (2.38)

We will also write hy(r), with the understanding that hg has been evaluated on the
background solution.

In gauge-gravity duality with fermions in the bulk, it is either the boundary value of
W or Ui that becomes the source of the dual operator in the field theory. Because of
the invariance of the bulk action under the transformations of eq. (2.34), it is sufficient to
consider the case of ¥ being the source for the field theory operator Op, without loss
of generality. By requiring that the variation of the action Sy vanishes (for details, see
appendix B.1), it can be shown that this corresponds to the choice sy = —1, and we hence
restrict ourselves to this case in the following. Similar reasoning relates the choice of s1
to the IR boundary condition imposed on ¥, such that s; = —1 implies ¥ |,, = 0 while
s1 = 1 implies that Ug|,, = 0. We will refer to these boundary conditions as (—) and (+),
respectively. The former (latter) implies that the corresponding sector of the dual field
theory is chiral (vector-like), that is, it does (not) include a massless chiral fermion. In both
cases, the scaling dimension of Op at the UV fixed point is given by Ar = [Or| = 2 + My.
Note that, although our prototype HC theory presented in section 2.1 is a vector-like gauge
theory, the associated spectrum of confined states may or may not contain some massless
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chiral fermions. Besides, we leave open the possibility that our holographic analysis is
applicable to different classes of HC theories. Thus, in the following we will consider both
cases (—) and (4) on equal footing.

3 Spectrum of composite fermions

In this section, we show the numerical results for the spectrum of fermionic resonances,
obtained by studying a bulk Dirac fermion ¥ propagating on a background geometry which
we will take to be either that of Model I or Model II given in section 2.2. The results we
present apply to the strongly coupled sector in isolation; in section 5, we will consider the
effect on the spectrum in the case of coupling the strong sector to an additional elementary
fermion. We also study a toy model that can be solved analytically, and which captures
some of the essential features of the numerical results for Model II. The details regarding
the formalism can be found in appendix B, the main results of which we summarise here.

The spectrum of fermionic resonances can be extracted from the poles of the two-
point function (Og(q)Or(—q)), which is computed following the procedure of holographic
renormalisation [57-59] in the following way. First, we note that for the purposes of
computing two-point functions, it is sufficient to retain only terms up to quadratic order
in the fluctuations around a given background solution. In particular, one does not need
to consider the fermion gauge coupling to vector bosons, nor the Yukawa coupling to scalar
fluctuations. Second, one evaluates the action Sy given in eq. (2.28) on shell, obtaining
the regularised on-shell action Sy ;. In order to cancel divergences that may arise in the
ro — 00 limit, one then defines Sy su, = Sw reg +Sw ¢t, Where the counter-terms take the form

, (3.1)

T2

Sver =Ny [ Ao/ =GO (F(~"0,0,)iT70,) U1

and locality dictates that F be polynomial. After taking into account an overall normal-
isation?

U, = No(r), Np(r) = exp (—2A(r) + Myr — / " hq,(f)) , (3.2)

the two-point function is obtained by differentiating twice, and taking the limit ro — oo,
according to

) — lim i528\11,sub
(Or(9)Or(=q)) = lim {5¢L(—q,r2)5%(q, ) } ; (3-3)

a
where the Fourier transform is defined according to the convention ¥(x) = [ (gﬂ;é ey (q)
and we use the notation W(q,r) = WT(—q,r)i7°. After writing 1 (q,) = b(q,r)¢(¢), this
results in (for details, see appendix B.2)
} L (34)
T2

72A(T)7]V[\I,r+f:o d# hy (7)

(Or(9)Or(—q)) = lim {_N\I/N]% e5A; (62Aq2f(62’4q2) + &”b>

r2—>00 b

4For future reference, we also define Ur = Nr(r)Yr, where Nr(r) =e
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Here, the scalar b satisfies the equation of motion,
(02 4 (0 A + 2Ha)d, — ¢*e [ =0, (3.5)

derived from the Dirac equation (2.38), with IR boundary condition given by either
bl;, = 0 (=) or 0;bl;, = 0 (4+). We remind the Reader that Hy = My for Model I,
while Hy = My + y5¢ for Model II.

The first comment that we make about the expression for (Or(q)Og(—q)) given in
eq. (3.4) is that, while the counter-terms are important for cancelling UV divergences,
since F is a polynomial its precise form does not affect the location of the poles. Second,
the massive spectrum can be extracted by imposing either the (—) or (+) IR boundary
condition together with the UV boundary condition b|,, = 0, and identifying those masses
m? = —q? for which solutions to eq. (3.5) exist, while finally recovering the physical result
by taking the limits 1 — 0 (the IR regulator approaching the end of space) and r9 — oo
(the UV regulator approaching the boundary at infinity). Third, the presence of a massless
pole depends on the behaviour of the fraction % in the vicinity of ¢> = 0. In appendix B.3,
we show that when imposing the (—) IR boundary condition, (Or(q)Og(—q)) contains a
massless pole, while for the (+) case, no such massless state is present. These results are
in agreement with those for the special case of an AdS background studied in [18]. The
interpretation is that the strongly coupled sector described in the (—) case is chiral (i.e. it
contains an unpaired chiral fermion), while the (+) case describes a vector-like sector.

As mentioned above, the physical spectrum is obtained after taking the limits r; — 0
and ro — oo. In order to improve the convergence of the numerics for computing spectra,
one may make use of the asymptotic expansions of the fluctuations under study. Specifically,
we implement such a procedure when setting up the IR and UV boundary conditions for b,
as follows. Asymptotically in the UV, the general solution for b can be expanded in powers
of e™" as

b(a,r) = bi(g)(1+---) + balq) (" P20 4. (3.6)

This implies that in the limit ro — 400, the UV boundary condition b|,, = 0 selects
b1(q) = 0. Hence, in order to minimize the cutoff effects, in the numerical computations we
impose directly

b|r2 = bQ(Q)ei(lJ&M\I’)m ) arb’rz = _<1 + 2M‘Il)b2(Q)ei(1+2MW)T2 ’ (37)

where ba(q) amounts to an unimportant overall normalisation of b. Conversely, in the IR,
we set up the boundary condition for b according to either the (—) or (+) case, by making
use of the general IR expansion

- IN)2~ K 2 v 8 v
o) =hnlg) | 1+—— 2222 g (P ) @)
2wp—20)2 (1-6252) %

for Model II. The corresponding IR expansion for Model I is given by eq. (3.8) after putting
¢. = 0, thus eliminating the second factor of the denominator. The spectrum is then
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Figure 1. AdS background. Spectrum of fermionic resonances as a function of Agr normalised to
the IR scale Ajr. The left panel shows the poles extracted from the correlator (Or(q)Or(—¢q))™
while the right panel shows the poles of (Or(q)Or(—q))~

extracted by using, for each value of m? = —¢?, the equation of motion (3.5) to numerically
evolve the solutions from the IR and from the UV towards an intermediate value of r where
the two are matched.

3.1 AdS background

Before discussing the fermionic spectrum for the models presented in section 2.2, let us
first recall the results for an AdS background (for further details, see appendix B.4). In
order to obtain a mass gap, we introduce a hard-wall IR cutoff that we take to be at r =0
without loss of generality. In the case of the (+) IR boundary condition, one obtains that
the spectrum is given by those m for which the Bessel function J Ap—3 (m) = 0. Similarly,
for (—) IR boundary condition, the spectrum is given by those m for which J Ap—? (m) = 0.
Figure 1 shows the resulting spectra, in units of the IR scale Ajg = 1, as a function of
the scaling dimension Ar = [OR]. The (4) case corresponds to the dual strongly-coupled
sector being vector-like, and as a consequence the spectrum is gapped for generic values of
Apg. However, as the scaling dimension approaches A — 3/2, i.e. that of a free fermion,
there is a state that becomes parametrically light. The interpretation is that, in this
limit, a chiral fermion (in this case right-handed) decouples from the rest of the composite
sector and becomes a free, elementary-like fermion, and as a consequence its (left-handed)
chiral partner also becomes massless.” Conversely, the (—) case corresponds to a chiral
strongly-coupled sector, and hence a massless state is present for generic values of Ag.

3.2 Model I

In figure 2, we show the spectrum of fermionic states in Model I, as a function of the scaling
dimension A of Og at the UV fixed point, for different values of the number of flavours xp.

5More precisely, as shown in appendix B.4, the two-point functions ((9353>i both vanish exactly in the
limit Ag — 3/2. After introducing the normalised operator Or = Or/v/2AR — 3, one can show that close
to Ar =~ 3/2 its two-point functions approach the result for a canonically normalised free massless fermion,
together with an infinite tower of poles whose residues become vanishingly small.
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We have chosen the bulk gauge coupling to be equal to g5 = 8, motivated by the comparison
with lattice simulations, as discussed in [1] for the bosonic spectrum. As can be seen, the
results are qualitatively the same as for the case of an AdS background (shown in figure 1):
for the (+) boundary condition, there is one state that becomes parametrically light close
to the free fermion case Ar — %, while for the (—) boundary condition, there is always a
massless state, as the dual strongly-coupled sector is chiral.

The effect of increasing the number of flavours is to bring the scale of the mass gap down
relative to that of the decay constant f. There exists indeed a longstanding argument [60, 61]
for f2 to grow proportionally to the largest between N¢ and Np: this would imply that
for large Nz all boson and fermion masses should decrease relatively to f, according to
m/f ~ oy

in figure 3. Interestingly, close to the bound at xr = 2A, when the characteristic IR

2 . .
. In our context, the dependence on x g appears more peculiar, as we illustrate

scale A tends towards zero (in units of the AdS radius), the spectrum approaches that
of a continuum (in units of f). This differs from the behaviour of the bosonic spectrum
discussed in appendix C, in which case instead there is a gapped continuum (see the left
panel of figure 25). At the same time, we caution the Reader that our holographic models
may be less trustable for large number of flavours, xp > 1: see discussion in [1] as well as
below eq. (2.8). Previous studies of holographic models with, or approaching, a (gapped)
continuum include e.g. [62-64] as well as [65-68], within the bottom-up and top-down
approaches, respectively.

Finally, figure 4 shows the spectrum as a function of A, related to the scaling dimension
of the flavour-symmetry-breaking operator, including values A < 2 for which explicit
breaking is present. Again, the decrease of the mass gap (in units of f ) for smaller values
of A can be understood in terms of approaching the bound at xp = 2A.

3.3 Model II

In Model II, the inclusion of a bulk Yukawa coupling ys between the bulk fermion ¥ and
the flavour singlet scalar field ¢ allows for a fermionic spectrum with richer features than
that of Model I. In figure 5, we show the spectrum as a function of y5. While for both large
negative and positive values of y5, the masses of the heavy states increase, they may be
accompanied by light states:

(i) For large negative ys and (4) IR boundary condition, there is a state that becomes para-
metrically light. The lower the scaling dimension Ag, the more pronounced this effect.

(ii) For large positive y5 and (—) IR boundary condition, there is a light state as long
as the scaling dimension A ~ 3/2 is close to that of a free fermion. As ys is further
increased, the mass of this light state is however lifted.

While the first of these two mechanisms for obtaining a light state works regardless of the
scaling dimension Ap, the second requires being in the vicinity of the free fermion case.
Hence, we may regard (i) as being more realistic of a strongly coupled theory than (ii), in the
absence of a mechanism in strongly coupled field theories that generates scaling dimensions
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Figure 2. Model I. Fermionic spectrum as a function of Ag for xp = 0.5,2,4 (diamonds, dots,
crosses), A = 2.5, g5 = 8, r; = 10712, ro = 15. The left and right panels correspond to imposing
(+) and (=) IR boundary conditions, respectively. All plots are normalised to the decay constant f

(notice that Arg/f ~ 2.4,2.1,1.3 for zr = 0.5,2,4). The solid line in the right panel indicates the
presence of a massless state.

Figure 3. Model I. Fermionic spectrum as a function of xp for A = 1.6,2.5,4 (diamonds, dots,
crosses), A = 2.5, g5 = 8. In the numerics, we used the IR regulator r; = 10712 for zp < 4.3,
while for zr > 4.3 we used r; = 10730 in order to minimize cutoff effects; in both cases, the UV
regulator was chosen to be ro = 15. The left and right panels correspond to imposing (+) and (—)

IR boundary conditions, respectively. All plots are normalised to the decay constant f. The solid
line in the right panel indicates the presence of a massless state.

close to the free fermion case. In the next subsection 3.4, we will describe a simplified toy
model designed to capture the qualitative features of the spectrum shown in figure 5.

Let us comment that a non-zero Yukawa coupling can roughly be thought of as a bulk
mass with radial dependence determined by the background profile of ¢, and hence on the
dual field theory side as a scaling dimension that varies with energy scale (we will elaborate
further on this point in section 4 where we introduce an effective scaling dimension of Og).
One may worry that, for large negative ys, this causes the scaling dimension of Op to
effectively be lower than that of a free fermion, in apparent contradiction with unitarity
bounds [69]. Such an interpretation should however be taken with caution since, strictly
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Figure 4. Model I. Fermionic spectrum as a function of A for A = 1.6,2.5,4 (diamonds, dots,
crosses), rr = 1, gs = 8, r; = 10712, 75 = 15. The decay constant f is represented by the dashed
black line. We indicated by a vertical line the value A = 2 below which the flavour symmetry
is explicitly broken. The left and right panels correspond to imposing (+) and (—) IR boundary
conditions, respectively. These plots are normalised to the IR scale Ajg. The solid line in the right
panel indicates the presence of a massless state.

-2 —2 0 2 4
Ys

Figure 5. Model II. Fermionic spectrum as a function of ys5 for Ap = 1.51,2.5,4 (diamonds, dots,
crosses), A=3,zp =1, g5 =8, Ay =1, ¢ = 1.5, r; = 107'2, ry = 15. The left and right panels
correspond to imposing (+) and (—) IR boundary conditions, respectively. All plots are normalised
to the decay constant f. The solid line in the right panel indicates the presence of a massless state.

speaking, scaling dimensions can be given a precise meaning only at conformal fixed points,
which in our case implies that the unitarity bound is applicable only at the UV fixed point.

As discussed in section 2.2.1, when Ay < ﬁ, it is possible to induce a small Air
by increasing the source ¢. of the flavour singlet operator Oy. We illustrate this effect in

figure 6 for two values of the Yukawa coupling y5. Close to the upper bound ¢, < %,
the spectrum approaches that of a continuum, similarly to what happens in figure 3 for
large number of flavours . However, there is an important difference in that the bosonic
spectrum (shown in the right panel of figure 25) now approaches a continuum that is no

longer gapped. Furthermore, as is apparent from the bottom panels of figure 6, for which
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Figure 6. Model II. Fermionic spectrum as a function of ¢, for Agr = 1.6,2.5,4 (diamonds, dots,
crosses), A =3, zp = 1, g5 = 8, Ay = 0.2, r; = 10712, ry = 15, and y5 = 0, —2 (top, bottom
panels). The maximum allowed value of ¢, is given by 1/3/A, ~ 3.87. The left and right panels
correspond to imposing (+) and (—) IR boundary conditions, respectively. All plots are normalised
to the decay constant f. The solid lines in the right panels indicates the presence of a massless state.

ys = —2, the effect of the Yukawa coupling on the spectrum becomes more pronounced
as ¢. is increased, eventually resulting in a light state for the case of (4) IR boundary
condition. We also note that for ¢, = 0, the fermionic spectrum of Model II is the same as
for Model I, since in this case the background geometries of the two models coincide while
¢(r) vanishes identically such that the Yukawa coupling has no effect.

Finally, in figure 7 we show the spectrum as a function of A, for a particular value
of the Yukawa coupling y5 = —2. The parameters are chosen such that for A, = 1, the
spectrum is the same as that of figure 5. Interestingly, the effect of the Yukawa coupling
becomes more pronounced as Ay — 0, when the scaling dimension of Oy approaches that
of the marginal case. In particular, this leads to a smaller mass for the light state present
in the vector-like case, corresponding to the (+) IR boundary condition.

3.4 Toy model

In order to gain insight on the fermionic spectrum in models where the bulk fermion mass
varies radially, such as Model II, let us consider a toy model that can be solved analytically.
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Figure 7. Model II. Fermionic spectrum as a function of A, for Ag = 1.51,2.5,4 (diamonds, dots,
crosses), A=3,xp =1, g5 =8, ys = —2, ¢. = 1.5, 11 = 10712, 7, = 15. The left and right panels
correspond to imposing (+) and (—) IR boundary conditions, respectively. All plots are normalised
to the decay constant f. The solid line in the right panel indicates the presence of a massless state.

Take a Dirac fermion ¥ propagating on an AdS geometry, introduce a hard-wall cutoff at
r = 0, and assume as usual a left-handed source ¥, dual to a right-handed operator in the
field theory. The AdS case with a constant bulk-fermion mass is analysed in appendix B.4.
To capture the effect of a bulk mass that varies radially, we let ¥ have mass M, in the
region 0 < r < 7, and mass My in the rest of the geometry r > r,. In other words, we have

H\I;:M\I;—{—MA-@(’I“*—T), Ma =M, — My . (3.9)

In comparing with Model II, r, is of order A;l, while M is analogous to ysAy [~ dr ¢(r).
This model is solvable: the equation of motion for b, given in eq. (3.5), is satisfied by

o (Mits)r [cl(Q)YM*Jr%(e_TQ) + CQ(Q)JM*_'_%(G_TQ)} for 0 <r <ry, (310)
b= 3.10
_ 1 _ _
e (Mt 3) (41 (Q)Y gy 11 (677 Q) + da(Q)pgy 11 (677Q)] For m > 1,
where Q? = —¢? and Y,,, J, are Bessel functions. The ratio of the integration constants c;
and ¢ is determined by imposing either the (+) or (—) IR boundary conditions,

a@  Juxi(@Q)

Q) Yy 1(Q)

where we used dC,(z)/dz = C,_1(z) — vCy(2)/z for C =Y, J. In addition, d; and dy are
determined by requiring continuity of both ¥y and g at r = r,, which in turn implies

(+), (3.11)

continuity of both b and 0,.b. This determines b up to an overall normalisation that plays
no role in the following.

As usual, following the argument given in appendix B.3, there is a massless mode for (—)
IR boundary condition, while in the (4) case no such state exists. In order to compute the
massive spectrum, one should first impose the UV boundary condition b|,, = 0, which implies

d1(Q) _JMW%(e*”Q)
Q) Yy, 1(eQ)’

(3.12)
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and then take the limit ro — 4-o00. Since the right-hand side vanishes in this limit, one
finds that the (massive) spectrum is determined by those ) = m which satisfy d;(Q) = 0.
Having required continuity at 7., this condition can be written as

Yar, 41 (e7Q) Inrg -1 (e Q) — Y1 (eQ) Iy +1 (e™Q)

# 2 [Tty (€7@ Ty (77Q) = Ty (7@ Ty ()] =0 (313)

In order to study light states, one may expand in powers of e~"*(@), obtaining the condition
D (Mo+}) T(Mo—})(Mg—M.)
T (My+}) ar (Mg +3)

6—2T*Q2+O <€—4T*Q4)] (3‘14)

e\ 2M 1 Q)N | 27 @M (My — M) o2 _
+(eQ) (tan(ﬂM*) cl(Q)) [F(M@+§>F(M*+§>+o( 2 Q2)]_0.

Starting from this expression, we will now argue that a parametrically light state is
present in the two following cases:

(i) Consider (+) IR boundary condition, in which case

e2(Q) —tan (7M., ) = Q' l22M*_1F (M*_l) r (M*—i_;) +O (Qz)] - (3.15)

CI(Q) ™ 2

Taking My to be constant and M, to be large and negative, the two lines of eq. (3.14)

2M+1)74

can be made to be of the same order if Q% ~ e . Solving for @2, we obtain

the estimate for the mass of the light state,

m? (2My + 1)(4M? — 1)6(2M*+1)r*
2(My — M)

: (3.16)

which is exponentially suppressed.

(ii) Consider (—) IR boundary condition, in which case

2283 —tan (rM,) = Q~M-+1) lwi“r (M*"F;) r (M*-i-g) +0 (Q2)1 , (3.17)

and furthermore take the scaling dimension Ar = My + 2 to be close to the free

fermion case, namely My = —% + €. For large positive M,, the second term on the

first line of eq. (3.14) is of the same order as the second line, if Q% ~ e(1=2M)rs

Keeping also the first term on the first line, which is of order O(e), and solving for
Q?, we can estimate the mass of the light state as

5 8M,—4

m* = ——

14 2M,

such that asymptotically, for large M,, one obtains the small finite value for the mass

e e+ 2(2M, — 1)e172M)rs (3.18)

m = 2y/ee™. Notice that while in case (i) it was possible to obtain a light state for
any value of the UV scaling dimension Apg, in this case the argument crucially relies
on taking Ar ~ 3/2 to be close to that of a free fermion.
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Figure 8. Toy model. Fermionic spectrum as a function of Ma = M, — My for r, = 1 and
Apr = 1.51,2.5,4 (diamonds, dots, crosses). The left and right panels correspond to imposing (+)
and (—) IR boundary conditions, respectively. All plots are normalised to the IR scale Ajg. The
solid line in the right panel indicates the presence of a massless state. Rather than using the analytic
expressions, we found it convenient to use the same numerical procedure in extracting the spectrum
as for Models I and II, and in so doing we used the UV cutoff ro = 15. Finally, the black lines are
obtained from the approximations written in eq. (3.16) and eq. (3.18).

We show the spectrum of this simplified model, as a function of Ma, in figure 8. It can
be seen that the approximations of eq. (3.16) and eq. (3.18) work well as long as |Ma] is
sufficiently large. Note that the dependence of the spectrum on Ma is qualitatively similar
to the dependence on y5 of the spectrum of Model II in figure 5.

3.5 Comparison with lattice results

Let us briefly discuss how our results may compare with existing lattice simulations. For
gauge theories with symmetry breaking patterns related to composite Higgs scenarios, lattice
studies of the fermionic bound states remain scarce to date, in contrast with simulations
addressing the properties of the corresponding mesonic spectra, for which several studies
are available, see the references and discussion in [1]. One elaborate analysis is provided
by ref. [12], considering an SU(4) gauge theory and, for technical reasons, a simplified
fermion content with a symmetry pattern that does not accommodate the SM Higgs: two
Dirac fermions ¢ in the fundamental (dim-4) and two Dirac fermions @ in the two-index
antisymmetric (dim-6) representations. The fact that two dynamical fermion species are
simulated simultaneously provides a realisation, within this specific model, of the fermionic
states described by the operators in eq. (2.3) above.

The masses of the lightest fermionic bound states obtained after taking the continuum
and chiral limits are displayed in table II and figures 8 and 10 of [12], and they are also
compared with the masses of the mesonic bound states obtained previously for the same
theory [70]. Restricting our attention to the spin-1/2 states, we approximately find, in our

normalisation,®

M0u _126(8), X =86(6), 3.19
7 (8) 7 (6) (3.19)

where we also quote the mass of the lightest vector meson for comparison.

SWe identify Fy of [12, 70] with v/2f, and moreover use Fs = v/2F, [70].
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Quite recently, results for fermionic bound states were also obtained for an Sp(4) gauge
symmetry [13, 14], with two dynamical, Dirac fermions in the fundamental and three in the
antisymmetric representations. From figure 4 of [13], one extracts

MQqq ~ 2my . (3.20)

Given that in these papers the gauge [12] and flavour [12-14] groups are different
from the ones considered here, and that moreover both simulations may not be close to
near-conformal dynamics,” a quantitative comparison with our results is not pertinent. We
can nevertheless examine if some qualitative features reasonably match, by considering our
Model II, with sizeable values of Ay and ¢, controlling the explicit breaking of conformal
symmetry, £z ~ 1, and fermionic anomalous dimension presumably not too far from its
canonical value, Ar < 9/2. With all such caveats, a rather generic trend is that, for Ag ~ 4,
the Model II results for the fermionic states appear roughly consistent with the masses of
eq. (3.19) or eq. (3.20), see figure 6 (top-left panel). In our analysis such masses have a
milder sensitivity to Ay and ¢, as long as ¢, is not very large. Note that for comparable
parameter choices we had obtained my /f ~ 7 — 8 [1].

4 Partial compositeness and holographic Wilsonian RG flows

Fermion partial compositeness is realised by coupling linearly an elementary fermion x, to a
fermionic composite operator Op, issued from the strongly-coupled sector: [ d4ac()\ OgrxrL +
h.c.).® In holography, such a coupling is provided between the boundary value of a bulk
fermion, and the operator Opr for which it is a source in the dual field theory. In order to
describe partial compositeness, we also need to make the source dynamical on the boundary,
that is, add a four-dimensional kinetic term for x. Furthermore, we would like to describe
how the coupling A runs with energy scale. In particular, we will identify scenarios where
the IR value of A can be enhanced, despite A\ being irrelevant in the UV.

One expects the coupling A to be generated by some UV physics at a scale Ayy well
above the HC mass gap m,, while observations are sensitive to its infrared value after
RG evolution, A(m.). Let us briefly discuss the phenomenological constraints on the size
of m, and Ayy, in turn. In partial compositeness one needs to introduce one coupling A
for each of the SM fermions y, in order to reproduce the SM Yukawa couplings. This
implies a lower bound on A(m,), in particular in the case of the top-quark Yukawa coupling,
Y ~ Ay Mg /9« =~ 1. In turn, via the couplings A, a generic strong dynamics would induce
all sorts of higher-dimension operators suppressed by powers of m., especially flavour and
CP violating ones. This sets a lower bound on m, which, in the case of generic strong
dynamics, is of the order of ~ 10? (~ 10%) TeV for partial compositeness of quarks [72]
(leptons [73]). In order to keep m. as low as ~ 10 TeV, one needs global symmetries of the
composite sector to forbid e — p flavour transitions, as well as electric dipole moments of

"We note that, in different contexts, such as QCD with a large number of flavours, many elaborate lattice
analyses have been performed, with results approaching near-conformal dynamics (see [71] for a review).

8Here, xr is not to be confused with the two-index representation fermion Xi; of the gauge theory
discussed in section 2.1.
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quarks and leptons. Let us remark that these estimates hold assuming a single mass scale
my for the lightest composite states. When a SM fermion mixes with a composite fermion
with mass mp significantly smaller than m, (the typical mass of a composite vector), then
some flavour-violating operators may be enhanced by powers of m.,/mp, thus strengthening
the constraints [4].

Beside the O g1, operators, that are linear in the elementary fermions, the UV physics
could typically induce also four-fermion operators involving two or more elementary fermions
(as in e.g. extended technicolour models), suppressed by powers of Ayy. For an anarchic
flavour structure, this leads to a lower bound Ayy 2 10° TeV [74], which can be relaxed to
Auy 2 103 TeV by flavour selection rules suppressing the first-family couplings [75]. One
thus concludes that flavour constraints require at least m../Auy < 10~2. In the following we
will study the RG evolution of A between Ayy and Ajg. The latter is defined by eq. (2.25)
and is a good proxy for the vector resonance mass my, as long as the strong dynamics is
characterised by a single scale. We will discuss interesting limits where this is not the case,
and Ag ~ mp < m, is realised instead. In such case, the Yukawa couplings are obtained
by evaluating A(mp) at the lower energy scale mp (rather than m,). We will find that
the IR region of the geometry may significantly modify the running of A, and lead to a
significant mixing between the elementary fermion and the strongly coupled sector, even for
irrelevant scaling dimensions Ag, provided that Ayy /AR is not too large.

We will show here how to use the formalism of the holographic Wilsonian RG [41, 42]
in order to derive a beta function for A. In particular, the treatment of fermionic operators
was developed in [76, 77]. We first consider the case when the bulk Dirac fermion ¥ is
uncharged, so that it does not couple to gauge fields. We also assume that no Yukawa
interaction with bulk scalar fluctuations is present, although we allow the fermion mass
term Hy(r) = My + hyg(r) to depend on the radial coordinate. Furthermore, we treat the
background geometry as fixed. In this way the action is quadratic in the fermionic fields,
allowing for Gaussian integration. Later we will comment on the possible impact of cubic
or higher order interactions, whose treatment is considerably more involved.

4.1 Holography at finite cutoff

An initial assumption of holographic Wilsonian RG is that the GKPW relation [78, 79],
relating the boundary values of bulk fields to sources for composite operators in the field
theory, continues to hold also at generic finite values 7 of the radial coordinate. The finite
radial cutoff in the bulk corresponds to the introduction of a finite UV cutoff on the field
theory side. We hence write the bulk partition function restricted to values of the radial
coordinate r < 7:

Zyouik [, (), YL (F); 7] = /D@Dlﬂrd eiSulr s =1], (4.1)

Here, the action Sy restricted to an interval 1 < r < rq is defined by
T2 1 /— I —
Sylr1,72; 51, 82] = _/ dr/d4x\/—g [2 (\IJPMDM\II - DM\IIFM\I/) + H@\w}
T1

- %/d‘*aﬁ/—g@\lf - %/d%\/—g@@
r1

: (4.2)

T2
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where ¥y = Ny, and ¥ = Ngyr with the normalisations given by eq. (3.2) together
with the accompanying footnote 4, while sq 2 encode the signs of the boundary actions at
r = ri2. Note that, as a consequence of choosing s = —1 in eq. (4.1), the value of the
left-handed component 17, and its conjugate v, are kept fixed at the radial cutoff r = 7.7
The reason for this is that we will consider the case when 17, is the source of a composite
operator in the dual field theory (as explained before, the case of a right-handed source
can be treated analogously). Furthermore, we have kept the IR regulator r1, with the
understanding that physical quantities are obtained in the limit r; — 7, where r, is the
value of the radial coordinate at the end of the space. Finally, as before, we choose the IR
boundary condition (+) on vy, corresponding to the sign s;, which we keep general in the
following discussion.

The GKPW relation at finite cutoff, postulated to hold at any value of #, now becomes

Zbulk[@L(f),dJL(f);f] = /'DMA(;) exp {iSQFT[M;A(?:)] —l—i/d4aj(6pﬂ/JL(7:) —I—wL(f)OR)} ,
(4.3)
where we have collectively denoted by M all the fields appearing in the field theory, and
introduced a field theory cutoff A. The details regarding how the radial coordinate is related
to A and in particular which regularisation scheme is used in the field theory are difficult
questions that have not been fully answered (although see [80-82]). We leave both the
functional dependence of A on the radial coordinate, as well as the precise form of the
field theory action Sqpr[M;A], unspecified for the moment. Later on, we will make the
assumption that A is given by eq. (2.24).
As a next step, consider the field theory with partition function given by

ZQFT[A7§] - /DYLDXLDMAQZS[YL’XL?I}/I:Ayﬂ ,
S[Xes vz Hs Ai€] = SaenlMiA] = [ d'a X (~q)igxe (@)

+ [ d'a(Ng6@0R(-a)xia) + bic) (4.4)

describing an elementary fermion xj with canonically normalised kinetic term, coupled to
a strongly-coupled sector with strength & that depends on the four-momentum squared ¢2.
Here it is understood that the composite operator O may refer to some specific component
of a larger flavour multiplet. In general, the coupling ¢ can be expanded in powers of ¢>
leading to higher derivative terms.'® We also normalised ¢ to be Ng-independent in the
large-N¢ limit, by including the factor Ny, V2 ¢ compensate for the Ng-scaling of Op.
As shown in section 2.1, the operators needed to realise partial compositeness of the SM
fermions scale with Ng = N(%. After the change of variables'!

vr(a,7) = Ng €@ (a), (4.5)

9For a detailed derivation of this correspondence, see appendix E of [76].

¥Fven if not turned on initially, the RG flow will generate such terms, and hence it is necessary to include
them in the analysis. Note that such higher derivative operators, accounting for the UV physics being
integrated out, are still quadratic in the fields.

HgGince x 1 couples to a specific component Or of a complete flavour multiplet, in a slight abuse of notation

we refer to 11, as the corresponding component of the source multiplet.
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we can use eq. (4.3) to rewrite Zqpr[A; €] in terms of bulk quantities, as

Zaur( A €) = [ DBLFDOLE) Zourl 1 (7), 60 ()7
<exp (<io [ateican glsinlen) ). (@6)

The usefulness of this relation stems from the fact that it holds at any 7 and for any given
coupling £. Finally, we comment that it is useful to keep in mind the scaling dimension of
the various quantities as a function of the scaling dimension A of Og(z) at a fixed point:
one has in particular [¢1(q)] = —Ag and [{] =5/2 — Ap.

4.2 Integrating out higher energy modes

The main idea of the holographic Wilsonian RG is to introduce a cutoff surface at some
finite value of the radial coordinate » = ¢, and divide the path integral in the bulk into two
pieces corresponding to r < v and r > t. Integrating out the latter part of the geometry is
analogous to integrating out high momentum (UV) modes in the field theory. In this way,
one can derive a bulk description of the four-dimensional Wilsonian action, as a function of
the cutoff scale A(r). To this end, we consider the field theory defined at some UV scale
Ayyv = A(ryv) with partition function given by Zgrr[Ayuv;£&uv], and rewrite it in terms of
bulk quantities, by making use of eq. (4.6) at 7 = ryy. Next, we divide the bulk partition
function into IR and UV parts:

Zouk [V, (ruv), YL (ruv); ruv] = /D@DMKWV eiSelriruvisi,—l]

= /DEL(t)DT/JL(t) [ (/ DYDiplr < €i3@[rl’t;sl’_1]>

X (/ D@R(t)lwg(t)/DEDWKNTUV eis@[t,rUV;+17_1]>]

~ [ DOLODELE) Zou P (6), 1 (03]
X Zuv[Up(v), ¥r(v), ¥ (ruv), vr(rov); v, rov] (4.7)

where we introduced an intermediate value of the radial coordinate t, separating the IR
and UV contributions. In the last equality, we used eq. (4.1) and defined the UV functional

Zuv[g (v), (), ¥ (ruv), vr(ruv); v, rov]

- / D () DYg(x) / DYDY |e<raryy €SHT0ViHLL (4.8)

which encodes the effect of integrating out the UV degrees of freedom.
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After plugging eq. (4.7) into eq. (4.6) evaluated at 7 = ryy, we obtain!?

Zarr[Avv; Euv] = /D@L(t)pl/m(t) Zi[01,(v), 1, (v); ]t SoviErov] (4.9)

etSuvlrov] = /DEL(TUV)D#)L(TUV) Zuv [ (©), ¥ (x), ¥ (ruv), ¥r(ruv); v, rov]

X exp <—1N\11/d q¥(—q,ruv) zg( )w (quUV)> . (4.10)

‘SUV
Note that, since we assumed the bulk action Sy contained in Zyy to be quadratic in the
fields, exp(iSyvy/[t, ruy]) remains Gaussian as v is varied. Let us parametrise it according to

‘S‘UV[‘t TUV Nﬁ’/d q¢L —-q, )é-z(g )UJL((L )’ (411)
where we have allowed £ to depend on t. In other words, after imposing the boundary
condition that its initial value at ryy is given by £(q,ruv) = {uv(q), the full functional
dependence of £(q,t) on v is defined by eq. (4.11). After plugging eq. (4.11) into eq. (4.9),
and using eq. (4.6) at 7 = ¢, one finally obtains

Zarr[Avv; Euv] = /DXLDXLDMA iS[Xr,xL.MAuv;Euv]

— / DX DX 1 DMy (e SXEXLIAE@R] = Z0Lr[A (), E(q,v)],  (4.12)

for any . In other words, S[xy, xr,M; A(r); (g, v)] defined in eq. (4.4) is to be interpreted
as the Wilsonian action, where the t-dependence of the coupling £(g, t) encodes the effect
of integrating out higher energy modes corresponding to the UV part of the bulk partition
function.

4.3 RG flow equation

In order to derive the beta-function for £, we note that since the left-hand side of eq. (4.9)
does not depend on t, neither should its right-hand side. In the large- N¢ limit, this implies
that

Ok (Sq; [Tl, t; 81, —1] + Suv [t, TU\/]) =0. (4.13)

After also demanding that the variation §(Sy[r1,v;s1, —1] + Suv|[t, ruyv]) vanishes on-shell,
one can derive the flow equation

t€2 2 —5A 2—|—N2 3A§4 (414)

where N, () is defined in eq. (3.2) and, at a fixed point, has scaling dimension [Ny] = Ar—2.
We provide more details regarding the derivation of eq. (4.14) in appendix D.!3 Given a

12Cf. eq. (6.9) of [76].

13We also note the correspondence with the flow equation given in eq. (3.26) of ref. [76] with the
identification F' = — .1 e N2¢2. Here, one also has to take into account a change in sign due to the assumed
(opposite) direction of the radial coordinate.
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background geometry, determined by the warp factor A(r), and a choice for the bulk fermion
mass Hy(t), this allows us to study the RG flow of .

However, we already note a problem with interpreting eq. (4.14) as describing the flow of
a coupling & of an elementary fermion to a strongly coupled sector: namely that {(g,t) =0
is not a solution. In other words, even if one imposes that £(q,ryyv) = 0, so that the
elementary fermion completely decouples from the strong sector, the RG flow for £ induces
higher derivative couplings at the lower cutoff A(t) < Ayy. These should be interpreted
as belonging to the strongly-coupled sector in isolation, by making the observation that
if one integrates out the external fermion x in eq. (4.4), one generates a double-trace
operator proportional to Or@Ogr. The RG flow of the associated coupling was studied in
refs. [76, 77]. Crucially, in a strongly-coupled theory considered in isolation, even if such
double-trace coupling is turned off initially, it is generated by the RG flow as the cutoff A is
lowered. This can also be expected on general grounds from field theory considerations [41].
To see how this comes about, we start from eq. (4.12) and use eq. (4.4) to obtain

Zarr[Avvi€uv = 0] = Zqrr[A(v); €9 (g, 1)) = /DYLDXLDMABZ'SWL’XL’M;A(Y);f(O)(q’t)}
- / Dy exp (ISR A®)]) . (4.15)

Sheltts A = Sqerlth Al - Ny [ d' for(a. OR(-0)if)Or(),  (416)

where we denote by the superscript (0) that we are considering the RG flow generated by
solving the flow equation eq. (4.14), having imposed the boundary condition £(9) (g, ryv) = 0.
As anticipated, the integration over x1 (X ) has generated a double-trace operator with
coupling defined by

0) 2

that satisfies the flow equation
Oefor = —Np e P + N7 iy . (4.18)
Even though, by definition, fpr(q,ryyv) = 0, such that no double-trace coupling is present
at the UV scale Ayy, eq. (4.18) leads to a non-trivial RG flow for fpr as the cutoff A is
lowered. We also note that the potentially troubling non-local nature of the factor 1/¢? in
eq. (4.17) is offset by the fact that a derivative expansion of eq. (4.14) yields (€)% = O(¢?),
so that fpr = O(q%) (we will return to this point later).
In the context of partial compositeness, it is necessary to separate the double-trace
coupling fpr, which is present already in the RG flow of the strongly coupled theory in

isolation, from the linear coupling to the external fermion. Hence, considering a general

RG flow for £, we have that
Zqrt[Avv;§uv] = ZorT[A(r); €(q,v)] = /DYLDXLDMMZSWL’XL’M;A(t);/\(q’t)]7 (4.19)

S[Xr, xz, M A; Al ESg)I;T[M;A] - /d“qYL(—q)inXL(Q)

+ [ d'a(Ag M@ OR(-axe (@) + e (4.20)
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where the coupling A is defined by

)‘Q(qv t) = 52(% t) - q2fDT(Q7 t) : (421)

The effective action S[X;, xr,M; A; \] given in eq. (4.20) then separates into a part that
describes the RG flow of the strongly-coupled sector considered in isolation and another that
describes the effect of its coupling A to the elementary fermion x. Note that, due to the
factor of ¢% in eq. (4.21), the distinction between ¢ and A only matters for higher-derivative
operators. Finally, the flow equation for the linear coupling A is given by

0N = NEHN? (32 + 242 forr ) (4.22)

and admits, as it should, A = 0 as a solution.

We would like to write the flow equations (4.14), (4.18), and (4.22) in terms of di-
mensionless couplings, &, A, and fpr. However, scaling dimensions of operators are only
strictly defined at fixed points, away from which they are subject to regularisation-scheme
dependence. Furthermore, we need a precise relation between the radial cutoff and A, which
we from now on assume takes the form given in eq. (2.24). With these considerations in
mind, we define the effective scaling dimension for Og as

AT (A) = (Adpvt)Hy +2 = A 'e  Hy + 2, (4.23)

where we inverted eq. (2.24) to compute t(A). Our definition (4.23) is indeed consistent with
the expectation at fixed points: for an AdS geometry with radius L, such that A(t) =t¢/L
and A(r) = exp(r/L), and for constant mass Hy = My, one obtains Agﬁ) = LMy + 2.
We assumed this to be the case in the far UV, that is for A — oo, with L = 1. However,
our definition also works as expected for more general geometries that may flow close to
an IR fixed point with a different AdS radius. We furthermore note that, under rather
general assumptions, eq. (4.23) implies that ASH) becomes equal to two in the deep IR.
More precisely, if one assumes the following to hold at the end of space: (i) the warp factor
A diverges to —oo (i.e. the end of space is dynamically generated), (ii) the IR scale Ajg > 0
does not vanish, and (iii) the radially dependent mass Hy remains finite, then it follows that
Ag%eﬁr)(AIR) = 2. While the first assumption is violated in the case of an AdS background
with a hard-wall cutoff, all these assumptions are satisfied for Models I and II, given the
background solutions that we consider.
We now define the dimensionless couplings

§(q,\) = F(A)E(g,A),  Ag,A) = F(A)Mg, A), (4.24)

and
for(g, A) = F2(A)A2 fpr(g, ), (4.25)

where
_ > dA (eff) % An_5
F(A) = exp </A < [ar-af (A)])A -

= A" Y2exp Mq,t—/ drhq,(r)> , (4.26)
v
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and Ar = My + 2 is the scaling dimension of O at the UV fixed point. We then obtain
the flow equation for £ as

AONE? = ﬁ +2 (A(eﬂ) ) &2 48, (4.27)

while the corresponding flow equations for A and fpr are given by
A8A5\2:2<A§§ )—7+—f ) A2+ X4,

Aorfor = —1+ (2857 = 3) for+ 15 F3r. (4.28)

where the double-trace coupling satisfies the UV boundary condition fDT(q, Auy) =0.
When the four-momentum is small compared to the renormalisation scale, i.e. ¢> < A2,
one may consider the derivative expansion of the coupling :

Mg, A) = Xo(A) + A (AMA2% + -, (4.29)
and similarly for the double-trace coupling fpr:
for = foro(A) + for i (MA 2% + -+ (4.30)

At the lowest order, we obtain
AOANE =2 <A(eﬁ) 5) 2+ Ad, (4.31)

which, as can be seen, does not require knowing the solution for fpr. As expected, since the
lowest order coupling Ao describes the most relevant deformation, its flow is also independent
from that of higher-order operators. The flow equation (4.31) can be solved formally to give
- F?2(A
B = ( )AUV e (4.32)
F (AUV))‘O,UV + /i < F (A)

where /N\O,UV = S\O(AUV) is the value of the coupling at the UV cutoff.

While at the lowest order in the derivative expansion there is no distinction between &
and )\, this is no longer true at subsequent orders. For the purpose of illustrating this, we
therefore also write explicitly the flow equations at the next order:

- o) 1 3\ < 2
AOpA = (Ag%ﬁ) —3 + 2)\3) A1+ XofpT0 s (4.33)
where fDT,o satisfies
A foro = (QA(QH) ) foro—1, (4.34)

with boundary condition fDT,o(AUV) = 0. As can be seen, the lowest order coupling o
drives the flow of the coupling at the next order Aj, such that even if \; is put to zero as
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an initial condition, it becomes generated by the flow provided Mo is non-zero. Also, the
flow of the double-trace coupling fDT,o enters non-trivially in the RG equations.

Finally, let us make a few comments regarding the assumptions we have made in our
derivation of the RG flow equations. The first is that we considered a single fermion in the
bulk, whereas in the field theory there may be several different fermionic composite operators
of interest, and they may mix. Such mixing would be easily incorporated into the formalism
by simply generalising it to n bulk fermions and a non-diagonal matrix Hy. The result would
be a coupled system of RG flow equations for n couplings that generalizes eq. (4.14) for &.

Secondly, as mentioned, the reason that the effective action of eq. (4.4), and hence
eq. (4.20), remains of the same form along the RG flow is due the absence of interaction
terms in the bulk action Sy, which ensures that exp(iSyy/[t, ryy]) remains Gaussian along
the flow. In other words, we have treated the bulk fermion as propagating on top of a given
background, having neglected the fluctuations of all other fields. The full treatment of
Models I and II should include fluctuations of the entire bosonic sector, in particular the
gauge field associated with the part of the flavour symmetry under which Op is charged.
As a consequence, exp(iSyuv|[t, ruy]) no longer remains Gaussian along the flow, and hence
the Wilsonian effective action should contain all possible operators consistent with the
symmetries, built from an arbitrary number of fields, as is usually the case. In this more
general treatment, the RG flow equation (4.14) for £ (and hence A) would remain the same,
but it would need to be supplemented by additional RG flow equations for the couplings
associated with operators of higher order in the number of fields.

In the following, we will primarily focus on the RG flow for Xo, as it describes the
most relevant deformation, and being at the lowest order in the derivative expansion, it is
the coupling that most affects the masses of light states. We will consider three explicit
examples for the background: AdS, Model I, and Model II.

4.4 AdS background

Let us specialise the general flow equations to the case of an AdS background with constant
Hy = My. Without loss of generality we fix the end of space to be at r, = 0. The
field-theory energy scale is given by A(r) = e”, which implies that Ajg = 1, and the
effective scaling dimension of Op is constant, Agﬁ) (A) = Ar =2+ My. In this case the
dimensionless coupling ¢ reads

~ 5
£(a, M) =A"¢(q, ), dr=AR—3, (4.35)
and the flow equation (4.27) simply becomes
NONE? = —A 2% + 202 + &1 (4.36)
Its general solution is given by!'4
~ J, A1Q) — ce(Q)Y; AL

A 5 (AT1Q) — (@ )YéR(A‘lQ) ’

Note the similarity between eq. (4.36) and the differential equation for z = — 22, that can be derived
from the equation of motion (3.5): Adyx = —A~2¢* — (1 4+ 2Myg)x + 2*. Hence the snmlarlty between the
solutions: eq. (4.37) and eq. (B.32), respectively.
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Figure 9. The coupling Ao as a function of the energy scale A for an AdS background. The two
panels show a few possible RG flows for the cases of a relevant deformation with Ar = 1.75 (left),
and an irrelevant deformation with Ag = 3.25 (right). The dashed red line indicates the position of
the IR fixed point (left panel).

where J, and Y, are Bessel functions, and the integration constant c¢(Q)) determines the
boundary value £2(Q, Ayv).

Although eq. (4.37) gives the general solution for ¢, from which A2 = £2 — /'{—22 for can be
determined, we find it illustrative to study the derivative expansion of A given in eq. (4.29).
The flow equation (4.31) for the lowest order coupling Ao becomes

AR = 20p N2+ 08, (4.38)

whose solution is

Ao(A) =
O( ) 25R AUV 20R
/\O,UV

where Ayy = €"VV is the UV scale at which we specify the initial value S\O(AUV) = 5\07UV.

, (4.39)

For dr > 0, the operator Oy, represents an irrelevant deformation of the CFT, and the
RG flow approaches an IR fixed point at Ao = 0. Conversely, for 6z < 0, one has that
Opxr is relevant, and the RG flow approaches a non-trivial IR fixed point, at A2 = —2d.
In the latter case, there is also a UV fixed point at A9 = 0. We illustrate a few examples of
RG flows in figure 9.

Finally, we note that if one makes the requirement that \g does not reach a Landau
pole at a scale A < Ayy, then eq. (4.39) implies that its IR value /N\OJR must be restricted
to the range

0 < |Aor| < )\&III?{X) = (4.40)

Suppose the UV cutoff Ayy is large compared to IR scale Ajg. Then, for dg > 0, the

maximum allowed IR value of the coupling is suppressed as
x A\
MY ~ /205 ( = ) , (4.41)

Ayv
while for gz < 0, it approaches that of the IR fixed point Agffﬁx) ~ \/—20R.
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4.5 Model I

Let us now consider the flow of \g in the background of Model I. The geometry is determined
by the warp factor given in eq. (2.17), i.e. A(r) =r+zp/(2A)log (1 - e*QA”), and depends
on the number of flavours zp, as well as A, related to the scaling dimension of the flavour-
symmetry breaking operator, as explained in section 2.2. We recall that the end of space
is located at r, = 0. As before, we have constant Hy = My. Remarkably, it is possible
to solve analytically the flow equation (4.31) for Xo, even for this non-trivial background.
First, one evaluates eq. (2.24) in terms of a hypergeometric function

e
. 1. -
LR (j R l+gaie 2At>
Then, the solution of eq. (4.31) becomes
. 20R 2P (g5, 553 1+ g 2
A(v) = (3 81+ ) (4.43)

_ ) d _ ’
)\Ce 20RY — 9 (ﬂ,—KR; _KR§6 2At)

where A¢ is an integration constant, that can be written in terms of the IR value of the
coupling \g(0) = Ao 1r as

~ T
=I|1—-—
Ac ( 2A)

We illustrate a few examples of RG flows in figure 10. In the far UV, Ag‘;ﬁr) ~ Ag, and
hence the RG flow is close to that in the AdS case. The main qualitative difference with
AdS occurs in the deep IR, where at the end of the space Agﬁ) (A1r) = 2. For the case of a
relevant deformation, this has the effect of diverting the RG flow of A from the would-be
fixed point at \g = v/5 — 2Ag, corresponding to the AdS case, towards Ag ~ 1.

As usual, when the flow is expressed as a function of the coupling in the IR, one must

T (1+2%) 20p r(i-%)

r (1 — ng_1> 5‘(2),IR r (1 — %) (4.44)

check whether the flow can be extrapolated up to the desired UV scale. In order to avoid a

Landau pole at A < Ayv, )\0 IR is constrained to be in the range 0 < |)\0 R| < )\(()HIIEX), with

Xénf;X)Q _ 20r I’ ( 2A) I'(1-35)r (1 — :EF;A%R) [625RTUVF (1 TR+ 253)
) T (1 _ mgigl) 2A

-1
S CRRISEAN(R)
><2F1<2A Ril-Rie r(1-55)r(1-3% . (4.45)

(eff)

One may ask whether it is possible for the effective scaling dimension A}, to remain close
to 2 over a sufficiently large range of energies that it leads to significant deviations of the
RG flow in the IR, compared that of the AdS case. It would be especially interesting if even
for irrelevant deformations, when Ar > 5/2, one can reach sizeable values of the coupling

Ao in the IR. This leads us to consider the number of flavours close to the upper bound
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Figure 10. Model I. The coupling Ay as a function of the energy scale A, for A = 2.5 and zp = 3.
The two panels show a few possible RG flows for the cases of a relevant deformation with A = 1.75
(left), and an irrelevant deformation with Ap = 3.25 (right).

xp ~ 2A, where the background solutions exhibit multiscale dynamics (see section 2.2).

We have that the maximum IR value of ) is

O (=3) = 9 (&) + B, sargy (28,

AT =1 4

0) (2A —zp) + O ((QA - xF)2) ,

4A
(4.46)
where ¢(9) (z) is the digamma function and B, (z, ) is the incomplete beta function. As can
be seen, when the bound is saturated at xp = 2A, one has that S\gnfgx) =1, independent of

the scaling dimension Ag of Og at the UV fixed point. In the left panel of figure 11, we
show the effective scaling dimension A(eff) (A) as a function of the energy scale A for a few
different values of 2. As anticipated, when 2z ~ 2A, one has that AT (A) ~ 2 over a
large range of energies. The maximum IR value S\&IIIQX) of the coupling is illustrated in the
right panel of figure 11. It will be especially relevant in the next section, where we compute
the spectrum as a function of 5\071R. Figure 12 shows a few examples of the RG flow for
different values of xp with the parameter S\OJR chosen such that the RG flows coincide
in the UV. As can be seen, proximity to the upper bound at zp = 2A may lead to the
multiscale dynamics responsible for generating sizeable values of g in the deep IR. While
this is an interesting result, we remind the Reader that our models are less trustable when

the number of flavours is large [1].

4.6 Model I1

The background solutions of Model II are given in eq. (2.20), i.e. the warp factor is A(r) =
T+ 5% log (1 — e_zAT) + ﬁ log (1 — gbg%e_QAW) while the profile for the flavour-singlet
scalar is ¢(r) = A%}arc‘canh (gbc\/ % e‘AW). We remind the Reader that Hg = My +y50.

Hence, compared to Model I, there are three additional parameters: Ay, ¢. (governing the
scaling dimension and strength of the relevant deformation Oy, respectively), and ys5 (the
bulk Yukawa coupling). In order to study the flow of Mo in the background of Model II, we
need to resort to numerics. We have confirmed that moderate values of Ay =1, ¢. = 1.5,
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Figure 11. Model I. The left panel shows the effective scaling dimension AE;H) as a function of the
energy scale A, for A = 2.5, xp = 1,3,4.7,4.9 (short-dashed, dashed, long-dashed, solid lines), and
two choices Ar = 1.6,3.5 (in blue, black). The right panel shows the maximum IR value S\SE?{X) as a
function of z, for A = 2.5, ’/\\% =103, and Ag = 1.7,2.3,2.6,3 (short-dashed, dashed, long-dashed,

solid lines).
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Figure 12. Model I. The coupling Ay as a function of the energy scale A, for A = 2.5 and
zp =2,4.2,4.7,4.9 (short-dashed, dashed, long-dashed, solid lines), and A = 2.75,4.5 (left, right
panels). For each of the flows depicted, the parameter Ao g is chosen such that the Landau pole is
at 4w =10°.

IR

and ys = 0 leads to similar RG flows as those depicted in figures 10 and 12. In particular,
as for Model I, it is possible to obtain large deviations in the IR, compared to the AdS case,
when zp ~ 2A.

In Model 11, it is also possible to construct such flows when the number of flavours
is far from the aforementioned bound. As shown in figure 13, taking y5 to be large and
negative leads to the effective scaling dimension ASH) being substantially smaller than its
UV value Ap in a sizeable region (left panel), which consequently may result in a large
IR value of the coupling Xéﬁ?ﬁx) even in the irrelevant case Ar > 5/2 (right panel). This is
further illustrated in figure 14, where we plot the coupling Ao as a function of energy scale

A. Conversely, a large positive y5 may suppress S\ér?gx), even when Ap < 5/2.
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Figure 13. Model II. Both panels have A =3, zp =1, Ay =1, and ¢. = 1.5. The left panel shows

the effective scaling dimension ASH) as a function of the energy scale A, for y; = 1.5,0.5,—0.5,—1.5

(short-dashed to solid lines), and two choices Ar = 1.6,3.5 (in blue, black). The right panel
(max)

shows the maximum IR value S\O’IR as a function of ys, for i\% ~ 103, and Ap = 1.51,2.5,3,3.4
(short-dashed to solid lines).
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Figure 14. Model II. The coupling Ag as a function of the energy scale A, for A = 3, zp = 1,

Ay =1, and ¢, = 1.5. In the left panel Ar =3 and y5 =0, —1, —2, —3 (short-dashed to solid lines),

while in the right panel Ag = 4.5 and y5 = 0, —2, —4, —6 (short-dashed to solid lines). The boundary
condition for Ag is chosen such that, for all RG flows shown, the Landau pole is at I}\% ~ 103.

Another mechanism, by which one may obtain large values of g in the IR even when
AR > 5/2, is given by taking the scaling dimension of Oy to be A, < ZA% together with

TF
the source ¢. ~ |/3/A4 close to its upper bound (see the discussion around eq. (2.27)).

As can be seen from the left panel of figure 15, taking ¢, close to this bound pushes the

effective scaling dimension towards its IR value Aggff) = 2 over a range of energies, such

that the maximum IR value of the coupling S\éi??{x) becomes large for any value of Ag (right
panel). We illustrate a few examples of RG flows for the coupling Ao in figure 16.

Finally, we note the similarity between the right panels of figures 11 and 15. In both
cases, the dynamics allowing for large IR values of the coupling S\éﬁﬁx) involves significantly

deforming the geometry of the background, by pushing either xr or ¢. towards their
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Figure 15. Model II. Both panels have A =3, xp =1, Ay = 0.2, and y5 = 0. The left panel shows
the effective scaling dimension AESH) as a function of the energy scale A, for ¢, = 1,2.5,3.3,3.7
(short-dashed to solid lines), and two choices Ar = 1.6,3.5 (in blue, black). The right panel
shows the maximum IR value ;\(()I’III;X) as a function of ¢, for 1}\% ~ 10%, and Ap =1.7,2.3,2.6,3
(short-dashed to solid lines).
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Figure 16. Model II. The coupling Ag as a function of the energy scale A, for A = 3, zp = 1,
Ay =02, y5 =0, and Ag = 3,4.5 (left and right panels), for ¢. = 1,2.5, 3.3, 3.7 (short-dashed to
solid lines). The maximum allowed value of ¢, is given by /3/As = 3.87. The boundary condition
for \o is chosen such that, for all RG flows shown, the Landau pole is at //\\% ~ 103.

respective upper bounds. In contrast, the dependence of S\énfax) on ys5, as seen from the

right panel of figure 13, is qualitatively different: (i) the maximum IR value of the coupling
does not approach Xg?;x) =1 as a limiting case, and (ii) it is possible to suppress /N\(()Irfﬁx)

even in the relevant case Ap < 5/2.

5 Spectrum of partially composite fermions

In this section, we study how the spectrum is modified by coupling the strong sector to
an elementary fermion, as in section 4. In particular, we will show how the RG flow of g
towards the IR may be used to predict when large mixing causes the spectrum to change
significantly with respect to that of the isolated strongly coupled sector studied in section 3.
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5.1 Two-point functions and spectrum

Let us first consider the two-point function of Og, computed at finite cutoff A, in the case of
& = 0, such that the strongly coupled sector can be considered in isolation. The calculation
proceeds along the same lines as outlined in section 3, with a few important differences.
We start from the assumption that the GKPW relation is valid at finite cutoff, i.e. that
eq. (4.3) holds at any value of the radial coordinate. As a consequence, we do not add
counter-terms to the regularised on-shell action Sy ;g before differentiating with respect to
the source. Also, rather than taking the limit of the UV regulator r9 — oo as in eq. (3.4),
since the cutoff A(r) is kept finite, we evaluate the expressions at a finite value of the radial

coordinate r = t. With these considerations, the result for the two-point function is

1 6%Sy reg
6@L(_q7 t)(sq/}[/ (Q7 t)

Note that this expression differs from that of eq. (3.4) by the absence of the term containing

= —NgNje’=— (5.1)

(Or(Q)OR(-0) 3l " =

F that originates from the counter-term action S;;. We also comment that, since the
counter-terms are unimportant for the computation of the spectrum, for £, = 0, one
recovers the same mass spectrum as in section 3 in the limit A — oo, when cutoff effects
can be neglected.

In order to derive two-point functions for the case of non-zero coupling &, we write the
partition function of the field theory eq. (4.4) in the presence of sources:

— — . or— . 4 —
Zowr[Tr. Jr, T, Jui A(F): €] = / DX, Dy DVpeSRexe il [ da(OrisXy Jthe)

(5.2)
This has the effect of changing eq. (4.6) into
Zarr[J R, Jr, I, Jo; A(F); €] = /DaprLZbulk[@L(f) + JL, Yo (7) + Jp; 7l (5.3)
‘ _ i
X exp {_ZN\I/ /d4Q¢L(—Q)§2(Zj)¢L(Q)

N / d'q ( : (q{ 7R nla) + h.c.> } .

Using eq. (5.1), this then leads to the following two-point functions:

XL (DXL (=))aw) = 1 — — €a=0 2 Q_g 5A Orb
4—€(q,0Ng (Or(@Or(—))°  PHENFAGE|

5 —iNg P OR@OR(—) ™" NG PeNFet A
Or(—q)) A = = b
(x£(@)ORr(—=q))a g 52({], ) < R(q)@ (— )>§\|E\t) 0 q2+§2Nge5A%

4 (Or(0)Or(—q))§ _ —NyNie by

ﬂ 5 ((L ) <OR(Q)@R( ))ié\t):l) - q2_|_§2N%65ABZb )

(OrR(Q)OR(—=Q) ) =

Note how (x1(¢)x1(—q))a agrees with the expected result from resumming the perturbative
series expansion in . Again, these expressions for the two-point functions hold for any value
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of the cutoff A(r). Although they depend on the cutoff, as expected, the mass spectrum
that can be extracted from their poles is physical and hence RG invariant. We will show
explicitly that this is the case for the example of an AdS background in a moment.

In practice, it is convenient to extract the spectrum from egs. (5.4) at the UV cutoff
ryy for the following reasons. In the derivative expansion of eq. (4.29), we can expect the
UV values of the couplings S\i,UV to be order one, having been generated in an underlying
theory with characteristic scale Ayy. Provided that the resonances that we are interested
have masses m < Ayy, we can therefore safely neglect all couplings except the zeroeth
order one and put éyy = 5\0,UV in our computation of the spectrum, from which it follows
that one should impose the UV boundary condition

@+ §2Ng€5A% ~ ¢+ A2N2 Aoxb1 . (5.5)
b lryy b Ay

In the limit of X&UV — 0, this boundary condition reproduces the prescription b|,,, =0,
used for computing the spectrum in the strongly coupled sector without a dynamical
source. Conversely, in the limit X%,Uv — 00, one obtains the Neumann boundary condition
Orblryy = 0, which reproduces the prescription given in ref. [18] for a dynamical source.
Following the reasoning of appendix B.3, one can show that, for non-zero coupling \, the
presence of massless poles is the opposite of what was the case with a non-dynamical source:
for the (+) IR boundary condition, a massless pole is present, whereas for (—) IR boundary
condition, there is no massless state. Furthermore, we note that in this section, we will
compute the decay constant by using the finite cutoff version of eq. (2.23), i.e.

. (5.6)
g5 a 1¢?=0,r=ryy

Finally, we comment on a relation between the spectra of the strongly coupled sector
in isolation and the partially composite spectrum at infinite coupling 5\0va. In the range
% < Agp < %, these two spectra are identical provided that one makes the replacements
Hy — —Hy together with (£) — (F) for the IR boundary conditions (as well as use same
UV cutoff Ayy in the two computations). This property of the spectra follows by making
use of eq. (B.23), which relates the ratio 9,b/b for different solutions b of the equation of
motion (3.5). For our models in particular, the first of the two replacements implies that one
should take Ar — 4 — AR for the scaling dimension of Og in the UV, as well as y5 — —y5
for the Yukawa coupling present in Model II. We will return to these observations later,
when we discuss the spectrum in more detail.

5.2 Low energy effective actions

We will now write the low energy effective actions that contain up to and including the
lightest massive fermionic resonance. Consider first the case of (—) IR boundary condition.
This implies that the strongly coupled theory in isolation is chiral, and contains a massless
state. When coupling it to the elementary fermion xp, it combines with O to form a vector,
lifting the mass of this state. The denominator appearing in eqs. (5.4) can be expanded
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close to the pole of the lightest state (with mass m) as

)b
q2 + §2N[2,65A87

() (57)
We may now write the low energy action
S = [ aa [~ X (-0igxe (@) - Tr(-0igxe(@)+ (I Fr(-Oxe(@+he) |, (53)

which reproduces the two—point functions of eq. (5. 4) close to —¢?> = m?, provided one

Ff

makes the identification A, = f

ORHsign(f)e%NLNl/QH bbé’(R. (5.9)

Similarly, in the case of (4) IR boundary conditions, the low energy effective action
can be written as

st = [ ata] - Xu(-0)igxa (@) - Te(-0)igXe(a) — n(~0)igXn(a)
+ (mo Zr(-0)XL(q) + [h Xr(-a)xe(e) +he.) |, (5.10)
where m? = m3 + f2)\i with mg the mass of the lightest resonance in the isolated strongly-

coupled theory, and, as expected, a massless state is also present.

The coupling A, appearing in the low energy effective actions of egs. (5.8) and (5.10),
is related to the IR value S\O,IR of the coupling Ao studied in section 4, though the two are
not identical since S\O,IR is normalised in units of Ajg rather than f, and also because of the
fact that it appears as the lowest order in a derivative expansion which strictly speaking
only is valid for Q = \/—¢? < Ar. Nevertheless, we will see that 5\0713 captures well the
qualitative features of the spectrum, namely the size of the mixing of the elementary fermion
with the strongly coupled sector, and since it is also more convenient to work with in the
holographic description, we hence use it, rather than \,, to parameterize our results for the
partially composite spectra.

5.3 AdS background

As in subsections 3.1 and 4.4, we introduce a hard-wall IR cutoff at » = 0, in order to
obtain a mass gap. Furthermore, we parametrize our results for the spectrum in terms of
the scaling dimension [Og] = Ag and the IR value of the coupling o (Ar) = S\O,IR-
Figure 17 shows the spectrum as a function of o 1r for a few different values of Ag.
The maximum value of the coupling )\(() IR) depends on Agr and was given by eq. (4.40)
after making the requirement that the RG flow does not result in a Landau pole at a scale
below Ayy. When Ayy is large and finite, this implies that one can reach values of S\O,IR
that are slightly above the IR fixed point. For (+) IR boundary condition, the strongly
coupled sector in isolation is vector-like. In the partially composite case, the elementary

fermion mixes with the composite states, however there is always a massless state in the
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theory which will be more or less elementary depending on the strength of 5\071R. Conversely,
for (—) IR boundary condition, the strongly coupled sector in isolation is chiral-like, and
contains an exactly massless state. As the strength of S\O,IR is increased, the elementary
fermion pairs up with this mode, lifting the mass of the lightest state. We also note that in
the irrelevant case, when Agr > %, the maximum value of 5\0713 is suppressed by the factor

(Ar/ AUV)AR_g appearing in eq. (4.41), such that for large UV cutoff Ayy the low energy
spectrum remains almost identical to that of the strongly coupled sector in isolation (with
the exception of the presence or not of a massless state).

From figure 17, we can also observe how the spectra of the composite and partially
composite cases are related to each other in the range % <Ap< g The spectrum of the
strongly coupled sector in isolation is given by taking Aojr — 0, and removing/adding
the massless state for (+)/(—) IR boundary condition. This spectrum is identical to that
for the maximum value of S\OJR, after making the replacement Arp — 4 — Ap while also
switching the IR boundary condition (+) — (F). In particular, the diamonds (Agr = 1.7)
of the left panel for S\OJR = 0 are the same as the dots (A = 2.3) of the right panel for
5\07IR = 5\8}1;)(), and vice versa.

Figure 18 shows the spectrum as a function of the scaling dimension Apr for the
maximum value of the coupling S\O,IR. We have superimposed the spectrum of the strongly
coupled sector in isolation, previously displayed in figure 1, in order to make apparent the
effect of turning on the maximum allowed mixing between the elementary and composite
sectors. When A > %, the coupling )¢ is irrelevant, and hence for large UV cutoff Ayy the
massive spectrum is approximately the same as the case of the composite sector in isolation,
with a larger deviation close to the marginal case A ~ g However, in the relevant case
Ap < %, the spectrum changes drastically. In particular, for the (—) IR boundary condition,
the previously massless state, present due to the chiral nature of the theory, is lifted as it

mixes with the elementary fermion, with a resulting mass that becomes progressively larger
3
i.
Before discussing the results for the spectra of Models I and II, let us take a slight

as one approaches the free fermion case, Ag ~

detour to demonstrate that the mass spectrum indeed is RG invariant; in other words that
if one takes into account the RG flow of the couplings, the locations of the poles in the
correlators of eq. (5.4) do not depend on the cutoff A. To show this, we use the analytical
solution for & given in eq. (4.37), and focus on the two-point function (xz,(q)xz(—q)):

—4

(xz(@XrL(=a))a = pERwETERn (5.11)

In order to proceed we use eq. (B.32) which we reproduce here for convenience:

Aonb _ Q  Jsp(AT'Q) — e+ (Q)Y5,(AT'Q)

=—— ) 5.12
b AT (A1Q) s Qs (A1Q) (42
where the integration constant c4 (@) depends on the IR boundary condition and is equal to
Jo5p+1(Q) J5x(Q)
c—(Q) = F——=, c+(Q) = —=. 5.13
( ) Y;SR+1(Q) +( ) }%R(Q) ( )
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Figure 17. AdS background. Fermionic spectrum as a function of S\OJR for Agp = 1.7,2.3,2.6
(diamonds, dots, crosses). The corresponding IR fixed point values (Mg = v/5 — 2Ax when A < 2.5
and X\g = 0 when Ap > 2.5) are indicated by vertical dashed lines. The left and right panels
correspond to imposing (+) and (—) IR boundary conditions, respectively. The solid line in the left
panel indicates the presence of a massless state. The ratio between the UV and IR energy scales is
equal to /}\% =103,
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Figure 18. AdS background. Fermionic spectrum as a function of Ag for S\O,IR = S\éﬁgx). The left
and right panels correspond to imposing (4) and (—) IR boundary conditions, respectively. The solid
line in the left panel indicates the presence of a massless state. The ratio between the UV and IR
energy scales is equal to 1)\% = 103. The dashed lines indicate the spectrum of the strongly coupled
sector in isolation, computed in the limit Ayy — oo, and is the same as the one shown in figure 1.

A direct calculation, making use of eq. (4.37), now yields that

(xe(@O)xL(=a)a

d Tt . i
T (@) (@ [zA Q7 (Jopi(A7'Q) = e QY5 (AT'Q))  (5.14)

% (5 (A71Q) ~ ce(Q)Vs, <A—1Q>)] .

The (massive) pole structure follows completely from the very first factor, and leads to the
condition c4(Q) = c¢(Q), which as advertised does not depend on the cutoff A.
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5.4 Model I

In figure 19, we show the spectrum as a function of S\OJR for a few different values of the
scaling dimension Ag of Og at the UV fixed point. Notice that these numerical results
allow to extract the coupling Ay, appearing in the low energy effective action of eq. (5.8),
as a function of S\O,IR: the lightest massive state in the right panel of the figure is given
by m/f = /\XNé/z. Similarly, the parameters in the action of eq. (5.10) are related to
the lightest massive state in the left panel, according to m/f = (m3/f? + )\i)l/QNé/Q.
The maximum allowed value of the coupling S\ét??{x) is given in eq. (4.45), which implies a
smaller range of 5\0,IR when Ap has larger scaling dimension. The resulting spectrum is
qualitatively similar to that shown in figure 17 for an AdS background. This is consistent
with the fact that, since we have chosen moderate values of zp = 3 and A = 2.5, the
running of Ao depicted in figure 10 only shows small deviations from that of the AdS case
in figure 9.

Figure 20 shows the spectrum as a function of the scaling dimension Ap for a few

different values of xp, and with the maximum allowed value of the coupling ;\O,IR = )\(()rfllgx).

Comparing with figure 2, we see that for A > %, the spectrum remains virtually unchanged
with respect to that of the strongly coupled sector in isolation. Conversely, for Ar < %,
the mixing between the elementary and strongly coupled sector becomes large, significantly
modifying the spectrum. In particular, the mass of the lightest state, which was previously
massless for the (—) IR boundary condition, is lifted and becomes of the same order as the
mass gap close to Ag ~ % While all this is qualitatively in agreement with the results for
an AdS background, shown in figure 18, the spectrum depends non-trivially on the number
of flavours, resulting in a lower mass gap (compared to f ) and a more densely packed tower
of states, as xp is increased. We recall that this also was the case for the strongly coupled
sector in isolation, as apparent from figure 3, when the number of flavours is taken to be
close to the upper bound at xp = 2A.

We further explore the flavour dependence of the partially composite spectrum in
figure 21. In order to obtain the largest possible effect, we choose S\OJR = S\éfrfﬁx) to be
its maximum possible value. As was shown in figure 11, this value of the coupling in the
IR can be made to be large close to xr ~ 2A even when the scaling dimension Agr > %
This was also illustrated in figure 12, which depicts the running of Ao with energy scale
for different values of zr. Keeping in mind that, close to the upper bound for zp, the
spectrum becomes densely packed in units of f, we instead plot the spectrum in units
of the IR scale Ajg. The result, shown in figure 21, is consistent with what might be
expected from the study of the RG flow of Ao, namely that for zp ~ 2A close to its
upper bound, it is possible to lift the mass of the light state, present for (—) IR boundary
condition, even when Ag > % This can be interpreted as that there is significant mixing
between the elementary and composite sectors, and shows that despite the coupling o
being irrelevant, the details of the IR physics, captured by the bulk geometry near the end
of space, may lead to results that deviate to a large extent from models based on an AdS
background.
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Figure 19. Model I. Fermionic spectrum as a function of S\O’IR for A =25, zp =3, g5 =8, and
Ap =1.7,2.3,2.6 (diamonds, dots, crosses). The left and right panels correspond to imposing (+)
and (—) IR boundary conditions, respectively. The solid line in the left panel indicates the presence
of a massless state. The ratio between the UV and IR energy scales is equal to //\\% =103%. We used
the IR regulator r; = 1072 in the numerics.
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Figure 20. Model I. Fermionic spectrum as a function of Ag for A = 2.5, g5 = 8, S\O,IR = AoIR
and zp = 0.5,2,4 (diamonds, dots, crosses). The left and right panels correspond to imposing (+)
and (—) IR boundary conditions, respectively. The solid line in the left panel indicates the presence
of a massless state. The ratio between the UV and IR energy scales is equal to /}\% =103. We used
the IR regulator 7, = 10~!2 in the numerics.

5.5 Model I1

For Model 11, it is possible to obtain a large IR value of the coupling Ao even when it
is irrelevant, in two additional ways compared to Model I. As shown in section 4, this
may happen when either (i) the Yukawa coupling ys is large and negative, illustrated in
figure 14, or (ii) the scaling dimension of Oy is Ay < ﬁ and its source ¢. < \/3/A
is large, illustrated in figure 16. In our study of the partially composite spectrum of
Model II, we therefore choose to concentrate on these two different cases. Again, we choose
S\OJR = S\éﬁlﬁx) to be its maximum possible value, in order to obtain the largest possible
effect on the spectrum.
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Figure 21. Model I. Fermionic spectrum as a function of xp for A = 2.5, g5 = 8, :\OJR = /N\((E;X),

and Ar = 1.6,2.5,2.75 (diamonds, dots, crosses). The left and right panels correspond to imposing
(+) and (—) IR boundary conditions, respectively. The solid line in the left panel indicates the
presence of a massless state. The decay constant f is represented by the dashed black line. The
ratio between the UV and IR energy scales is equal to ?\% = 103. In the numerics, we used the IR
regulator 7 = 1072 for xp < 4.5, while for zr > 4.5 we used r; = 10730 in order to minimize the
cutoff effects. Even though, for large zp ~ 4.9, these unphysical effects are visible for the heavy
states, we still chose to display the results of the numerical calculation, since we checked that lightest
states are less sensitive to the position of the IR regulator.

Figure 22 shows the resulting spectrum as function of the Yukawa coupling y5. Com-
paring to figure 5, which shows the spectrum for the strongly coupled sector in isolation, we
see that the mass of the light state, present for (+) boundary condition and large negative
ys, can be lifted by making |ys| sufficiently large, even when the scaling dimension Ap > %
is irrelevant. Similarly, the exactly massless state, present for (—) boundary condition in
the isolated strongly coupled sector, can also be lifted by making ys large and negative,
with a smaller effect for larger scaling dimensions. We stress that, contrary to the case
represented by taking xp ~ 2A, the spectrum does not become densely packed in units of
f. We attribute this to the fact that in the expression for the effective scaling dimension
Aggﬂr) given in eq. (4.23), it is the factor Hy = My + y5¢, rather than the warp factor A,
that is responsible for the large deviation from Ap in the deep IR.

In figure 23, we show the spectrum as function of the source ¢.. We remind the Reader
that when the strongly coupled sector is considered isolation, the spectrum becomes densely
packed in units of f for large ¢, as can be seen from figure 6. We therefore choose to display
the partially composite spectrum in units of Ajg. For large values of ¢. the spectrum shows
similar features as that of Model I with large zp ~ 2A, displayed in figure 21. In both
cases, the IR scale Ajg becomes parametrically small compared to the AdS scale associated
with the UV fixed point, leading to multi-scale dynamics in the dual field theory. An
important difference, previously discussed, is that the bosonic spectrum, shown in figure 25,
approaches a gapped continuum for xr close to 2A, whereas for large ¢. the continuum is
no longer gapped: the masses of the lowest resonances approach zero in units of f both for
the fermionic and bosonic states.
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Figure 22. Model II. Fermionic spectrum as a function of y5 for A =3, 2p =1, g5 =8, Ay =1,
¢ = 1.5, S\O’IR = 5\(()1’111?)’ and Ag = 1.51,2.5,3 (diamonds, dots, crosses). The left and right panels
correspond to imposing (+) and (—) IR boundary conditions, respectively. The solid line in the left
panel indicates the presence of a massless state. The ratio between the UV and IR energy scales is
equal to ’[\\% = 103. We used the IR regulator r; = 1072 in the numerics.
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Figure 23. Model II. Fermionic spectrum as a function of ¢. for A =3, 2p =1, g5 =8, Ay = 0.2,
ys = 0, S\O,IR = )\(()frlllzx), and Ar = 1.6,2.5,3 (diamonds, dots, crosses). The maximum allowed value
of ¢ is given by \/m ~ 3.87. The decay constant f is represented by the dashed black line. The
left and right panels correspond to imposing (+) and (—) IR boundary conditions, respectively. The
solid line in the left panel indicates the presence of a massless state. The ratio between the UV and

IR energy scales is equal to ’}\% = 10%. We used the IR regulator r; = 10712 in the numerics.

6 Conclusions and outlook

We presented holographic models which aim to elucidate the strong dynamics of the
composite Higgs scenario in the Veneziano limit. We focused our attention on the fermionic
sector, complementing the study carried out for the bosonic sector in [1]. The new results
that we presented fall into three categories. First, we calculated the spectrum of fermionic
resonances in the strongly coupled sector considered in isolation. Second, we incorporated
partial compositeness by coupling this sector to an external elementary fermion, and found
a connection to the formalism of holographic Wilsonian RG. Third, we explored the effect
of the fermion partial compositeness on the physical spectrum.
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Incorporating the Veneziano limit in holographic models necessitates considering back-
ground solutions that deviate from AdS to a significant degree, due to the effect of backreac-
tion of the flavour sector on the bulk geometry. We considerered two models [1] where the
backreaction arises due to the dynamics of bulk scalar fields that acquire non-trivial radial
profiles on the background. In Model I, only one such bulk scalar field is present, introduced
in order to describe flavour-symmetry breaking. The free parameters are A, related to the
scaling dimension of the flavour-symmetry breaking operator in the dual field theory, the
number of flavours xr, and the bulk gauge coupling gs. In the present study of the fermionic
spectrum, gs only enters into the calculation of the decay constant f, which provides the
units in which we present the majority of our results. Model II contains a second bulk scalar
field, associated with the explicit breaking of conformal invariance, leading to the additional
parameters Ay, related to the scaling dimension of the dual flavour-singlet operator, and
the source ¢, which parameterizes the size of the deformation due to such operator.

Common to Models I and 1T is the scaling dimension Ag of the fermionic operator of
the dual field theory, related to the mass of the corresponding bulk fermionic field, as well
as the choice of IR boundary condition on the bulk fermionic field, which governs whether
the dual strongly-coupled sector is chiral (—) or vector-like (+). For Model II, we also
considered the effect of the Yukawa coupling ys between the flavour-singlet scalar field and
the bulk fermion. We remind the Reader that the masses for flavour singlet and non-singlet
fermions are the same, as long as the above parameters are chosen to be the same.

For the case of the composite sector in isolation, and for generic choices of the parameters,
we found that the results of the spectrum for both models are qualitatively similar to that
of a slice of AdS, obtained in our models as xp, ¢, — 0. In particular, it remains true for
our models that, when the spectrum of the dual strongly-coupled sector is vector-like, there
may be a light fermionic state when A ~ 3/2, corresponding to an approximately free
fermion. Additionally, we identified three possible regions of parameter space — illustrated
by means of a few examples in figure 24 — in which the spectrum deviates substantially
from the minimal AdS case, leading to fermionic states parametrically lighter than 47 f:

(A) An interesting limiting case is to take the number of flavours zp close to 2A. As
one approaches this upper bound on xp, the backreaction of the flavour-symmetry
breaking scalar on the bulk geometry becomes large, inducing multi-scale dynamics
in the dual field theory. This can be anticipated in the bulk theory, where the IR
scale Ajg becomes parametrically small, in units of the AdS curvature in the UV
of the geometry. This manifests in a characteristic spectrum, shown for Model I in
figure 3 for the fermionic sector, and in the left panel of figure 25 for the bosonic
sector. Close to zp ~ 2A, the fermionic spectrum approaches that of a continuum
(in units of the decay constant f), while the bosonic spectrum becomes that of a
gapped continuum, accompanied by two kinds of light states, namely the NGBs,
associated with the flavour-symmetry breaking, and the dilaton, associated with the
breaking of scale invariance. Therefore, the low energy spectrum is characterised
by a dilaton and a number of NGBs, accompanied by a tower of fermionic states,
beginning at the scale mp ~ Ajg < 47 f. The remaining towers of bosonic states
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Figure 24. Bosonic and fermionic spectra for three especial scenarios described in the text.
Scenario (A) corresponds to Model I with A = 2.5, 2 = 4.6, g5 = 8, Ag = 2.5, r; = 10716 (bosons),
r1 = 10739 (fermions), 7 = 15. The remaining two scenarios correspond to Model IT with A = 3,
zp =1, 95 =8 Agr =25, 71 = 10712, ry = 15. In addition, for scenario (B) we took A, = 1,
¢ = 1.5, y5 = —2, and for scenario (C) Ay = 0.2, ¢. = 3.7, y5 = 0. All plots are normalised in
units of the decay constant f. Below the plots, we indicated by .J g: ~g the spin J and parity P of
the various bosonic states, as well as whether they transform in singlet (S) or non-singlet (N.S)
flavour representations. For the fermionic states, J = 1/2, the superscripts (+) and (—) refer to
the choice of the IR boundary condition, corresponding to the composite sector being vector-like
or chiral, respectively. The various sectors from left to right are: singlet scalar (blue, solid lines),
non-singlet scalar (blue, dashed lines), non-singlet pseudoscalar (black, solid lines), fermion in the
vector-like case (purple, solid lines), fermion in the chiral case (orange, solid lines), non-singlet vector
(green, solid lines), non-singlet axial-vector (green, dashed lines), singlet tensor (red, solid lines).

The non-singlet scalar spectrum is computed using the invariant Z, (for details see [1]).

appear only at a significantly higher scale governed by the NGB decay constant.
Although we illustrated this scenario for Model I, the spectrum of Model II shows the
same qualitative features close to xp ~ 2A, for moderate values of ¢. and Ay.

(B) In Model 11, it is possible to obtain parametrically light fermionic states by dialling the
bulk Yukawa coupling ys5 to large and negative values. This effect, shown in figure 5,
concerns the case when the IR boundary condition for the bulk fermion is chosen to be
(4), corresponding to the dual strongly-coupled sector being vector-like. Here, the scale
associated with the typical bosonic and fermionic resonances is m, ~ 47 f. However,
we interestingly found that an isolated light fermionic state can be obtained, for any
value of Ag, by making the Yukawa coupling sufficiently large and negative. We were
also able to capture this effect in a simple toy model that can be analytically solved,
see section 3.4. In addition to this light fermionic state, the low energy spectrum
also consists of a number of NGBs accompanied, when the singlet operator is close
to marginal (Ag ~ 0), by a light dilaton (see [1] for further discussion on this point).
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(C) In Model II, there is an additional limit, in which one obtains a large backreaction on
the bulk geometry, and which leads to multiscale dynamics in the dual field theory. For
sufficiently small Ay, one may increase the source ¢, for the flavour-singlet operator,
such that the backreaction of its corresponding bulk scalar field causes the IR scale
A1r to become parametrically small. For large ¢, the resulting fermionic spectrum,
depicted in figure 6, shows similar features as in scenario (A), namely it approaches
that of a continuum (in units of the decay constant f) However, as can be seen
from the right panel of figure 25, the bosonic spectrum no longer contains a gapped
continuum, but also approaches a continuum that starts at zero. In this scenario, one
therefore finds that the low energy spectrum contains a number of NGBs, accompanied
by both fermionic and bosonic towers beginning at the scale Ajg < 47f.

We remark that out of these three scenarios, the first and the last both rely on large
deviations of the bulk geometry, compared to the AdS case, which is the reason that also the
bosonic part of the spectrum is significantly affected. Conversely, the mechanism described
in scenario (B) relies on dialling the bulk Yukawa coupling ys, and hence only affects
the spectrum of the fermionic sector. We also note that, as we chose A > 2 to realise a
spontaneous breaking of the flavour symmetry, scenario (A) requires taking the number
of flavours to be large, xp 2 4, thus entering a regime in which our models may be less
trustable, see [1] as well as the discussion after eq. (2.8).

By making use of the formalism of the holographic Wilsonian RG, we were able to derive
a flow equation for an infinite number of couplings, collectively contained in ), between an
elementary fermion and the strongly coupled sector. Focusing on the most relevant coupling
Ao, obtained at the lowest order in a derivative expansion of A, we studied the dependence
of its RG flow on the parameters. For generic choices of the model parameters, the RG flow
is qualitatively the same as for the AdS case, with only slight deviations in the deep IR.
However, the RG flow can be radically different in all of the three scenarios outlined above.
Remarkably, it is possible to induce RG flows leading to sizeable values of the coupling Ao
in the IR, even when the associated operator is irrelevant at the UV fixed point, Ar > 5/2.
Examples of such special RG flows are shown in figures 12-16.

Finally, we investigated the effect of partial compositeness on the spectrum of fermionic
resonances. The presence of an exactly massless fermionic state is reversed with respect
to the case of a strongly-coupled sector in isolation: when the strong sector is chiral,
the coupling to the elementary fermion causes the previously massless state to be lifted,
whereas for a vector-like strong sector, there is always a massless state present after partial
compositeness is incorporated. In the former case, how much the mass of the light state is
lifted depends on the IR value of the coupling g, with larger mixing leading to a larger
mass, in agreement with the expectations from the analysis of the RG flow (see figure 19).
As can be seen from figure 20, for generic values of the parameters, the effect of partial
compositeness on the spectrum is simply controlled by the scaling dimension Ag at the
UV fixed point: RG flows induced by relevant deformations produce the largest deviations
from the low energy spectrum of the strongly-coupled sector in isolation (see figure 2). Of
particular interest is whether the masses of light states can be significantly affected even
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when Ag > 5/2. Our models allow for such dynamics in the following cases:

(i) When the (—) IR boundary condition is chosen (chiral strongly-coupled sector) one
may significantly lift the mass of the light state, provided the model parameters are
chosen to be in the regimes corresponding to the scenarios (A—C) described above.
This is illustrated in figures 21-23.

(ii) In Model IT with (+) IR boundary condition (vector-like strongly-coupled sector) the
mass of the light state present for large negative ys5 in scenario (B) can be significantly
lifted provided |ys| is taken sufficiently large. This is illustrated in figure 22. In
scenarios (A) and (C) the mass of the lightest vector-like fermion was of order (a
few) Amr in the composite sector in isolation: partial compositeness has the effect of
enhancing it, most significantly when S\O,IR becomes sizeable.

Under these conditions, the operator O may be considered to be dangerously irrelevant,
in the sense that it can have a large effect on the low energy physics, despite its irrelevant
nature from the point of view of the UV fixed point.

Let us draw some phenomenological implications from the above features of the fermionic
spectrum. Recall that, for the composite sector in isolation, each resonance corresponds to a
full representation of the unbroken flavour group, Sp(2Nr), specifically either a singlet or a
two-index representation, see the last column of table 2. While SM singlet fermions can be
light or even massless if sufficiently decoupled, the two-index representations contain several
components in exotic SM representations, see eq. (A.6) for the minimal case Np = 5. As
the latter have not been observed, a realistic model requires a (4) IR boundary condition,
to remove these components from the chiral content of the theory.!> Given such large,
composite vector-like multiplet, an elementary SM chiral fermion can have a linear coupling
to the corresponding component of the multiplet, i.e. the one carrying the conjugate quantum
numbers: this results in a partially composite chiral fermion, as well as a state with mass
raised with respect to the other components of the multiplet.'® The magnitude of the mass
splitting depends crucially on the IR value of such coupling. In particular, the smaller Ag,
the more relevant Op, resulting in a larger effect.

The generic mass for a composite vector-like fermion is my ~ 47 f. Figure 24 illustrates
two scenarios (A) and (B) where, instead, the first fermion resonance becomes parametrically
lighter. Additionally, in scenario (C), all resonances become parametrically lighter than
47 f: the resonance gap is controlled by a flavour-singlet operator, and it is significantly
smaller than the scale of flavour-symmetry breaking. The experimental lower bounds lie
in the few-TeV (few-hundred-GeV) range for coloured (electroweak) vector-like fermions,
while SM singlet fermions could be much lighter. At the same time one needs to keep
f = +Nof > 1TeV. If light fermions will be discovered, this may imply a stronger

15 Alternatively, for (=) IR boundary condition one needs to introduce as many exotic elementary fermions,
to pair with their composite partners and thus lift their mass from zero. This scenario is possibly more
peculiar, but interestingly it allows to keep massless only desirable components, e.g. to realise a right-handed
top quark that is fully composite.

For simplicity we are neglecting, throughout the discussion, the effect of SM gauge and fermion loops, that
may lift significantly the lightest states in the spectrum, in particular in the case of gluon or top-quark loops.
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lower bound on f, and thus no observable deviations e.g. in SM Higgs couplings. Vice
versa, if the latter are observed first, one cannot approach too closely the limiting cases of
scenarios (A-C). Note also that, as a vector-like fermion multiplet becomes lighter, the
component mixing with a SM chiral fermion becomes progressively heavier than the others:
consequently one might discover exotic states before observing an actual top prime. The
light fermion resonances may or may not be accompanied by light bosonic ones (beside the
NGBs): as illustrated in figure 24, a light dilaton may or may not be present and, in the
case of scenario (C), all bosonic sectors may feature a relatively light state as well.

The above scenarios (A—C) illustrate how light fermionic modes may emerge in certain
bottom-up holographic models, proposed to capture the strongly-coupled dynamics of a class
of HC theories in the Veneziano limit. It would be interesting if future lattice simulations
could identify regions in the (N¢, Nr) plane leading to spectra with the same qualitative
features as in these scenarios. At present, typical lattice simulations of UV-complete gauge
theories in the composite-Higgs context (see section 3.5) are realised for a small number
of hypercolours, and are likely to be far from the near-conformal regime where anomalous
dimensions could be large. Complementarily, one may ask whether one can build models
that implement partial compositeness within the context of top-down gauge-gravity dualities.
Such top-down models are rigidly constrained, as their field content and dynamics are
dictated by supergravity, and thus allow for greater predictability. In particular, operator
scaling dimensions are calculable rather than appearing as free parameters, in contrast
with bottom-up models. It would be especially interesting if one could find regimes in
which the dynamics is comparable to our scenarios (A—C), leading to parametrically light
fermionic states.
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A Inventory of composite fermionic operators

Given a HC theory with gauge group Sp(2N¢), one can combine the constituent fields into
composite, HC-invariant operators, which are suitable to describe the confined phase of the
theory. In table 1, we collect the properties of the constituent fields with respect to Lorentz
(gauge bosons and Weyl fermions), hypercolour (one- or two-index representations), and
the flavour symmetry Gp = SU(2Np) x U(1). In appendix C of ref. [1] we classified all
possible bosonic operators, while here we present all possible fermionic operators. We only
list operators with no (covariant) derivatives, as these can be added straightforwardly, by
acting on constituent fields in all possible ways.
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X ($) (1/2,0) Hij (Ci5) * o (av)
X5 =Qaxgg Q. () | 01/2% |H, @) | e | —ac (—ay)

Table 1. The constituent fields of the HC theory: the gauge bosons A, the Weyl fermions v and x
(or x') and their conjugates. In our convention 4, j, ... are Sp(2N¢) indexes, u, v, ... Lorentz vector
indexes, o, ... and &, 3, ... Lorentz spinor indexes, a,b, ... flavour SU(2N) indexes. Singlets are
indicated by a bullet. The ratio of U(1) charges is determined by the requirement of a vanishing
U(1) — Sp(2N¢) — Sp(2N¢) anomaly: ¢, (Nc — 1) = —qyNp [or ¢ (Nc + 1) = —qy Nr].

A.1 Fermion trilinears

Let us begin by considering HC-invariant operators made of fermion constituents only.
Fermionic operators should include 3 + 2k constituents, for £ = 0,1,2,.... The unique
invariant tensor with only indexes in the fundamental of Sp(2N¢) is Q;; = —Qj;. Therefore,
it is easy to identify all possible contractions of HC indexes,

WTOO) FHy, br [Q()HH] (A1)

where each 9 () can be replaced by v (X, X/, X'), as they transform in the same HC
representation.

Since the canonical scaling dimension of these operators is 9/2 + 3k, one expects that
the fermion-trilinear operators (k = 0) are the most relevant ones, and that they therefore
are those with the largest mixing with the SM fermions. Moreover, naively one may expect
the mass of a composite fermion to grow with the number of constituents, Mp o (3 + 2k)m..
In this case, the fermion-trilinear operators should be sufficient to describe the spectrum
of the lightest composite fermions. There are, however, potential exceptions, because (i)
composite fermions which are non-generically light are possible, e.g. zero modes, and (ii)
such light states may belong to a specific Lorentz and flavour representation, which may
not be realised for k£ = 0. Keeping this caveat in mind, in the following classification we
limit ourself to fermion-trilinear operators only.

The interplay between the HC and Lorentz contractions of three fermions is non-trivial,
therefore let us analyse these contractions in detail, before presenting the complete list of
independent operators. The Sp(2N¢) contraction of two fundamental representations with
a two-index representation reads explicitly

PO = Yixp i Q- (A.2)

With y antisymmetric (X’ symmetric), such contraction is antisymmetric (symmetric) under
the exchange of HC indexes between the two v¢’s. The contraction of three two-index
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representations reads
tr (W) = Xij Xk Xmn ik i - (A.3)

With x antisymmetric (x’ symmetric), such contraction is symmetric (antisymmetric) under
the exchange of HC indexes between two x’s. Note that we defined 1) and ¥ such that
they transform under HC in the same way as 1 and Y, see table 1. Therefore egs. (A.2)
and (A.3) hold when one or more fermions are barred as well.

Coming to Lorentz representations, we work with the conventions of [83] for spinor
indexes. The combination of three spin-1/2 fermions should contain two spin-1,/2 components
and one spin-3/2 component. In the case of three left-handed spinors, e.g. ¥y, the
components in (1/2,0)3 =2 x (1/2,0) + (3/2,0) can be identified as

Ff =9 ear, B = (@ = X0 ear "
1 1 A4
G = ey - SFE 4 o (Pge™ - Fje?) .
The spin-1/2 operator F; (F») is symmetric (antisymmetric) under the exchange of the
two v’s, by taking into account the anticommutation of the spinors. The spin-3/2 operator
G satisfies G¥7 = —G7P*. Any other product of three left-handed spinors, e.g. xxX,

decomposes in the same way. In the case of two left-handed and one right-handed spinor,
e.g. ¥X®, the components in (1/2,0)? x (0,1/2) = (0,1/2) + (1,1/2) can be identified as

FY =% Veny,  HE, = 0% 0, (00)d) - (A.5)

The spin-1/2 operator F3 is symmetric under the exchange of the two ’s. The operator
H, despite being Lorentz irreducible, contains a spin-1/2 and a spin-3/2 component, both
antisymmetric under the exchange of the two 1’s. Indeed, the spin corresponds to the vector
subgroup of the Lorentz group, SU(2)spin C SU(2)1eft X SU(2)right- Therefore, in order to
distinguish the spin components of H, one can identify dotted and undotted indexes and
develop the same decomposition as in eq. (A.4).

Armed with these tools, one can identify the non-vanishing trilinear operators, that we
list in table 2. Let us make some remarks to clarify how the list of independent operators is
established, and how to identify their flavour representation. First of all, In the cases ¥y
and 1y, the replacement x < X’ inverts the symmetry in flavour indexes. In the case
XXX, the Fy-like contraction vanishes because of antisymmetry under exchange of the two
contracted spinors, and the analogue of G also vanishes because it is fully antisymmetric
in o, 5,7 = 1,2. In the case x'x'x/, both F} o-like contractions vanish because the two
spinors contracted by an e-tensor are antisymmetric in HC. In the xxx (X'X'x') case, the
H Ey—like (Ff -like) contraction vanishes by antisymmetry.

Let us discuss the flavour assignment of fermion-trilinear operators. Since each ¢ carries
an SU(2Np) index, the ¢yt operators transform in SU(2Nr) two-index representations
(symmetric, antisymmetric or adjoint), which all reduce to Sp(2/Np) two-index symmetric or
antisymmetric representations, up to traces that are flavour singlets. The xxx operators are
SU(2Np) singlets. The trilinear U(1) charge, not shown in table 2, is simply the sum of the
three corresponding constituent U(1) charges, shown in table 1. Larger operators, those with
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\ Lorentz \ SU(2NF) Sp(2NF)
b = g Too0y 0y ey [x ¢ X a/20°0 |H" [0®] | H,, + e [Tl
B = T - T 0 ey o x| (17200 |C0* [HY] | [H,, + ]
G — yTeeOxBp® — (spin 1/2 pieces) x> x) | (3/2,0°0 |0 [H"] | 0w [H,, + o]
FY =tr (x*x?Qx7Q) €y (1/2,0)8 . .

[G"‘B"f =tr (X""Qx’BQXWQﬂ

[(3/2,0)287]

[e]

B = yTeaqgbQyitea, [x  X] 01/2¢ |H* [0*] | B, + e [Tal
HJZ = 9T 0xP Qut (o)) [x > X') a2, (o [BY] | e [H,,+ ]
Fjy = 0T 0eap [x 4 X'] ©,1/2)7 | TOJp+ed | [as+H,, +%a
HI% = gT0xP0Y) (o) [x ¢ X'] (1,1/2)) 5 +e¢ | [Mas +Bab + ®aa
B = tr (x> QxPx7Q) €ary (0,1/2)8 . .
(1 = (> 0X2,2) (00| ((1,1/2)5.] g o}

Table 2. The fermion-trilinear operators, and their transformation properties with respect to
Lorentz and to the flavour symmetry, before and after SSB. HC indexes (not shown) are contracted
according to egs. (A.2) and (A.3). The case when Y;; antisymmetric is replaced by Xéj symmetric is
shown in squared brackets everywhere.

k> 0in eq. (A.1), transform in the same SU(2Np) representations as the corresponding
k = 0 fermion trilinear, however the non-vanishing components may be different, due to the
different HC and Lorentz contractions. Of course, the operator U(1) charge also depends
on k.

The operators with non-trivial SM charges come from the decomposition of the Sp(2Np)
representations [T, oOr Bab. In the minimal case Np = 5, defined by eq. (2.9), such
decomposition under SU(3)c x SU(2)r x SU(2)r x U(1)p is given by

(55S)Sp(10) = |:<17 17 1)0 + (17 27 2)0 + (17 17 3)0 + (17 37 1)0 + (87 17 1)0 + (67 17 1)2/3

(6,1, ) /3 + (3.2 013+ (3.2 1) 1js + (B, L 21s + LD ygal g

(44A)Sp(10) = {2 X (17 17 1)0 + (]-7 27 2)0 + (87 1, 1)0 + (37 1’ 1)—2/3 + (g’ 1, 1)2/3

+ (37 2, 1)1/3 + (37 2, 1)—1/3 + (37 1, 2)1/3 + (gv 1, 2)—1/3] (Aﬁ)

SUs201

for the symmetric and antisymmetric case, respectively. As top and bottom quark partners
should belong to the (1/2,0) or (0,1/2) Lorentz representation, inspecting table 2 one
finds that the list of possible quark-partner operators is given by Ffb , F2“b, Fab, Fyy, as
anticipated in eq. (2.3), and analogously eq. (2.4) for the x’ case.
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A.2 Glue plus fermions

Let us complete the classification of composite fermionic operators, by considering HC-
invariant combinations of gauge and fermion constituents. The HC gauge-field strength can
be written as a two-index symmetric tensor,

FLY = Qu (T4 P (A7)

where A runs over the Sp(2N¢) generators T, which satisfy QT4 = —(T4)TQ, and the
contraction with € illustrates that the adjoint of Sp(2N¢) is indeed equivalent to the
two-index symmetric representation, see appendix C in [1] for more details. Therefore, FZ’JW
transforms as ng with respect to HC. One can build fermionic operators by combining the
same fermion constituents as in eq. (A.1) with one or more powers of FH: (2x1 2k pl+n)
or (\*T2*F147) for k,n = 0,1,2,..., and analogously for y <+ x’. These have canonical
scaling dimension > 13/2, therefore they are expected to be highly irrelevant.

However, in the case of an adjoint fermion Y/, there is also the possibility of fermionic
operators with a single constituent fermion, (x/F*"), with canonical scaling dimension
7/2 4 2n. Let us focus on the minimal case n = 0, where the contraction of HC indexes
reads explicitly

Fi?VXfoijli = tr (F*Q)'*Q) . (A.R)

It contains three irreducible Lorentz components,
FP = tr (F*QxQ) (0,,,)8 ~ (1/2,0)°,
9B = tr (FQ29) (0,) 7 — % (B + FP62) ~ (3/2,0)%° (A.9)
A2 = tr (F™ Q) (70)% ~ (1/2,1)2° .

They are all flavour singlets, and they are conceivably more relevant w.r.t. to the three-
fermion operators (canonical dimension 7/2 versus 9/2), listed in table 2. It is also
conceivable that the lightest flavour-singlet composite fermions are better described as
bound states of one gluon and one fermion, rather than three-constituent bounds states.

We also note that a composite fermion operator with a smaller scaling dimension
should have a more significant mixing with elementary fermions in the same representation.
However, in order to mix the operators in eq. (A.9) with the SM elementary fermions,
one would need X’ to carry SM charges, that is, one should introduce several flavours of
constituent fermions in the adjoint. This endangers the asymptotic freedom of HC, as well
as of the SM gauge interactions, as demonstrated in appendix B of [1].

B Fermions in five dimensions and their holographic interpretation

In this appendix, we discuss some details about the treatment of fermions in holography [18,
84, 85], in particular pertaining to the computation of two-point functions using the
formalism of holographic renormalisation [57-59].
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B.1 Variational problem

Consider a Dirac fermion ¥ in the bulk with the action given by eq. (2.28) which we repeat
here for convenience (in this appendix we suppress the overall normalisation Ny )

1 /— . _
Sy = —/d%\/fg {2 (W0 Dy — Dy M) + H\p\If\If}

-y ﬁ/d‘lx\/—gﬁlll (B.1)
. 2 ri
i=1,2
Taking the variation of Sy with respect to ¥, we obtain
58y = 68y + 58,
_ 5 /e b
585 = /d‘*x\/fg qu (‘91;” ) U + 60 <512 1 ) \p] :
T1
ey _ AP o/ 5
58P = /d4;m/—g qu <3227> SV + 5T (322+'Y> q,] (B.2)
ro
Consider first the UV contribution. Suppose we take ss = —1. Then
552 = / dhe /5 [TroWs + 6T, 0] | (B.3)

T2

and when Wy, is the source its variation vanishes in the UV, so that 68\(1,2 ) —0. Conversely,
s9 = 1 corresponds to choosing Vg as the source. Because of the invariance of the action
under the transformations of eq. (2.34), it is sufficient to consider the case of Uy, being the
source. Hence, in the following, we put ss = —1 without loss of generality.

By contrast, in the IR, we do not require either of the variations 0¥ r to vanish.
Choosing s; = —1 leads to

, (B.4)

T1

58\ = /d%\/—g [@LMJR + NRWL}

and the Dirichlet boundary condition ¥r|,, = 0. Conversely, s; = 1 implies that ¥g|,, = 0.
We will consider both these cases which we refer to as (—) and (+) IR boundary conditions,
respectively. As already discussed in the main body of the paper, the (—) boundary
condition implies that the dual strongly-coupled sector is chiral, while the (+) boundary
condition describes a vector-like strong sector.

B.2 Two-point functions

Two-point functions are obtained by differentiating the on-shell action (supplemented by
counter-terms) with respect to the boundary value of the bulk field. To this end, we rewrite
the action Sy, separating it into a bulk part, that vanishes by the equations of motion, and
boundary parts. Making use of the identity

1
M _ M _ M
wyI™ =T wuy HaM (\/ gl ) , (B.5)
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the action Sy can be rewritten as
Sy =8p+ S, (B.6)

- /d%\/fg@ [FMDM T Hﬂ v, (B.7)

Sy = /dqu/< ) +/d4

where we used the explicit form of the vielbein e 4 given in eq. (2.36). After using the

, (B.)

equation of motion for ¥ given by the Dirac equation
[P Das + Hy | W =0, (B.9)

the regularised on-shell action Sy ;g Only receives a contribution from §,. Furthermore,
after imposing either Wr|,, =0 (s; = —1) or Yg|,, =0 (s; = 1), only the UV part of S,
contributes on-shell, leaving

Streg = / d'ay/~5 T, ¥a| (B.10)
After projecting with Pp, g, eq. (B.9) can be written as
(0r + 20, A+ Hy)Vg + e 19,0 =0,
— (O 4 20,A — Hy)Up, 4 e 4919, U = 0. (B.11)
We define Fourier transforms by the convention
U(x) = / (gjf)lz W (q) (B.12)

and in momentum space we use the notation ¥(q,r) = ¥f(—q,7)iy?. Solving for ¥g in
eq. (B.11), we then obtain

Urlg,r) = —;’gef‘(ar +20,A — Hy)V(q,7), (B.13)

which after plugging into eq. (B.10) gives

Syres = — / dlqPAT (g, T)Z’f(ar +20,4 Hy)¥i(q.7)] (B.14)
To this we need to add the counter-term action
Sver= = [ Aoy G OL(F(30,0,)iT70, ) v | (B.15)
= —/d4q 34 W (—q, 7“)(.7:(672Aq2)ig) \I’L(q,r)‘r2 ,
to define the subtracted action as Sy sup = Sv,reg + Sw et Here, F is a polynomial
e2442) Z File24g?) (B.16)

the order n of which depends on the dimension of the operator dual to V.
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It is convenient to rescale ¥y as

\IIL(CL T) = NL(T)¢L(Q7 T) ) (B17)
Ni(r) = exp (—QA(r) +atyr— [T hq,(f)> , (B.18)
where we anticipated that it is necessary to include the normalisation factor Np(r) so that

Y1, becomes the source of the operator Op in the dual field theory.!” In terms of ¢, the
Dirac equation (B.11) becomes

[af + (0, A+ 2Hy)0, — q2e_2A} Y, =0, (B.19)

while the two possible IR boundary conditions, (—) and (+), become Dirichlet ¥ |,, =0
(s1 = —1) or Neumann 0,9, =0 (s1 = 1), respectively.
After writing ¢ (q,7) = b(q, r)i/;L(q), where b is a scalar, we obtain

5°Sy sub 2 5Al ( 94 27 24 2y , Orb
— : = Nje> - (e “*q¢"Fle “*q°) + ) B.20
01 (—q,m2)001(q,T2) r q ( ) b/ Ir ( )
The two-point function of the operator Op is then given by
A 1528\11 sub
Or(q)Ogr(—q)) = lim — ’ . B.21
\Or(a)Or{~a)) 200 {57/@(—(]77”2)51/%(% 7"2)} (B.21)

We see that the massive poles, and hence the spectrum, can be extracted from the non-trivial
solutions that satisfy the UV boundary condition b|,, = 0. We will treat the massless case
separately soon.

Finally, we comment on a relation that follows from eq. (B.19). Given a solution
Yr(q,7) = b(q,7)U1(q) to eq. (B.19), let us define the ratio

L ob

xqu— b 3

(B.22)

where the superscript + indicates which boundary condition b satisfies in the IR, while the
subscript refers to the function Hy appearing in eq. (B.19). Then, it follows that

—2A 2
+ e 7 q
— 4y

corresponding to the invariance of eq. (2.34).

B.3 Massless poles

Whether or not the fermionic correlator of eq. (B.21) contains massless poles depends on

ng in eq. (B.20) at large 7o and small ¢?: such dependence may or may

the behaviour of

"Indeed, from eq. (B.19) we see that, for asymptotically AdS backgrounds and lim Hy = My > —%,

™00

the leading mode scales as ¥ ~ 1 in the UV of the geometry (large r).
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1

1

not lead to the cancellation of the prefactor 1 as ¢> — 0. Hence, let us expand b for small

¢ as
b(g,m) = N(g?) (0 + b () + -+ ), (B.24)
where A (¢?) is an unimportant overall normalisation, and we used the Dirac equation (B.11)

at zero momentum to fix b(*) as having no radial dependence.
Suppose we use the (+) boundary condition. Then, we have that

obt 9,63
v b0 1

e (B.25)

which when plugged into eq. (B.20) and eq. (B.21) implies that (Or(q)Or(—¢))™ has no
massless pole. On the other hand, the (—) boundary condition implies that b® =0, and

hence @
ob™  Oyb
where b2 (r) satisfies the equation of motion
[02 + (8,A + 2Hy)0,]b? =0, (B.27)

supplemented by the IR boundary condition b(?) (r1) = 0. In an asymptotically AdS
background, this leads to the UV expansion

b3 (r) = b 4 b (e OF2Mr ) (B.28)
where b?) and bg) are integration constants. Which in turn implies that
- (2)
(97~b _ _b27(1 + 2M@)€_(1+2M\p)r N (B29)
b— b(z)

1

for large 7, such that the exponential factor cancels against the factor NgeE’A in eq. (B.20).
Consequently, eq. (B.21) implies that (Or(q)Ogr(—q))~ has a massless pole, except for
special cases (e.g. when My = —1/2 such that the scaling dimension A = 3/2 is that of a

free fermion, see next subsection).

B.4 Application to AdS background

It is instructive to compute the fermionic two-point functions for the case of an AdS
background. Hence, we take A(r) = r and Hy = My constant, such that eq. (B.19)
becomes

(02 4+ (14 2Mg)d, — ¢*e ™ |b=0 (B.30)

with the solution (for ¢ < 0)

b=e " [cl(Q)Ya(e_’"Q) n 02(Q>Ja(e—7"Q)] . a=My+-, Q=/-¢2, (B3l

where ¢; and co are integration constants.

— 59 —



After imposing the two possible IR boundary conditions b|,, =0 (=) or 9,b|,, =0 (+),
one obtains

Orb™ —Qe " Ja—1 (e_TQ) Yo (G_TlQ) —Ja (6_T1Q) Yo1 (e_TQ)

, B.32
b T (€71Q) Ya (67Q) = Ju (€ 7Q) Ya (e 1Q) (5:52)
bt Jac1(e77Q) Yo 1(e7Q) — Joo1(67Q) Yo1 (67"
_Qerlarle 52) 1 (e ! Q) 1£€ Q) 1_(6 Q) (B.33)
bt Ja—1 (6 TlQ) Y, (6 TQ) —Ja (6 TQ) Yo1 (e 7"1@)
It is straightforward to verify that these expressions are consistent with the relation given
in eq. (B.23).

Recalling that the counter-terms are polynomial in ¢?, the massive poles of
(Or(q)ORr(—q))~ are given by the zeroes of b~ (Q,rs) in the limit r — co. One can
show that these are given by those @) for which

Jale Q) =0. (B.34)

Similarly, the massive poles of (Or(q)Or(—q))" can be obtained from the zeroes of b (Q, r2)
in the limit ro — oo, which leads to

Ja1(e7Q) =0. (B.35)

We showed the resulting spectrum as a function of Agr = 2 + My in figure 1.

For the computation of the two-point function, including the cancellation of potential
UV divergencies, we consider separately the two cases corresponding to non-integer or
integer values of «. In the former case, one can show that the counterterm coefficients fx
may be chosen to be'®

fo = (=1*0(a — 1)\, k=0, |al, (B.36)
(@)

where || is the largest integer smaller or equal to o and the coefficients g, ~ are defined
through the expansion
Ji-a(2)) _ 3
J_o(2)

The resulting two-point functions become equal to

gl(ca)z%—i-l ' (B.37)
k>0

2

2 <Q)2a T(1—a) Tatszs (@) (B.38)

ol +
<OR(Q)OR( Q» - :l:g F(a) Ja—%q:%(e_rlQ) >
which confirms the above statements regarding the position of the massive poles. It is also
easy to verify by expanding for small Q that, as expected, (Or(q)Or(—q))~ has a massless
pole while (Or(q)Ogr(—q))* does not. Finally note that in the limit o — 0, corresponding
to the free fermion case Agr = %, both two-point functions vanish identically.

For integer @« = n > 1, one has to take into account the presence of logarithmic
divergencies. After choosing the counterterm coefficients to be

fr = ()RR k=0,---,n—-2, (B.39)

foot = (—1)" 22@_1),;(” — (7« —log (’2‘)) + hﬁﬁl} : (B.40)

8Note that no counterterms are needed when o < 1.
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Figure 25. Bosonic spectrum for Model T (left panel) and Model II (right panel), as a function of
zp and Ay, respectively. In Model I, we used A = 2.5, g5 = 8, 71 = 1071% and ro = 15. In Model II,
we used zp = 1, A =3, g5 =8, Ay = 0.2, r; = 1072 and ro = 15. Both plots are normalised
in units of the decay constant f. The colour coding for the spectrum is: singlet scalar (blue),
non-singlet scalar (blue diamonds), tensor (red), pseudoscalar (black), vector (green), axial-vector
(green diamonds); for further details see [1]. In Model I, since A > 2, there is also a massless dilaton
in the spectrum. In both panels, it is understood that heavier states are present in the right- and
left-upper corners.

where p is a constant, kg = —2vg, kK, = (n — 1)! (n > 1), and the coefficients h,(cn) are

defined through the expansion

Yoo1l2) = §log (5) Jna(z) _ S i 2k (B.41)
Yo(z) — Zlog (3) Ju(2) k>0
one obtains the two-point functions
_ 2 /0\*" 1 Y, _1:1(e7Q) Q
—)E==(= 2732 —21 (> . (B42
e G R e g ()] e

As can be seen, we have traded the UV scale corresponding to a finite ro for the renormali-
sation scale .

C Comparison with bosonic spectrum

In order to make the comparison between the fermionic and bosonic spectra of Models I
and II, we here present two additional plots shown in figure 25, complementing the results
previously obtained in [1]. We remind the Reader that what we call Model II in the current
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paper is referred to as Model I1IB in [1]. Furthermore, the spectrum is computed using the
invariant Z = Z,, which is a choice that only affects the results for the non-singlet scalar
(for details, see [1]). The left panel of figure 25 shows the bosonic spectrum for Model I,
as one approaches the upper bound on the number of flavours zp < 2A. Conversely, the
right panel shows the bosonic spectrum for Model II, as one approaches the upper bound
on ¢, < /3/Ay for a value of Ay < ﬁ. In both limits, the spectrum begins to form a
continuum, i.e. the spacing between the heavy states approaches zero in units of f. However,
there is an important difference in that for the former case the mass gap remains of the
same order as xp is varied, resulting in a gapped continuum, while for the latter case, the
continuum that forms for large values of ¢. starts at zero. We also note the presence of
light states in both cases, namely the NGBs and the dilaton, which are both massless for
Model I, while in Model II, increasing the source ¢, results in lifting the mass of the dilaton.
The latter effect is small due to the choice of Ay = 0.2 being close to marginal.

D Holographic Wilsonian RG

For completeness, we give here a derivation of the flow equation given by eq. (4.14), following
the arguments outlined in [42] for bosons, and generalised to fermions in [76, 77]. We start
by observing that eq. (4.9) is invariant under change of the cutoff surface parametrized by
t. Recalling eq. (4.2), the actions appearing in eq. (4.9) are

Sulr1, v s1,—1] = /dr/d‘lx«/ { (\IIPMDM\I/ DM\I/FM\I/)—i—Hq,\I/\II

1 _
- 8—21/d4 + 5/d%:\/—g w\ (D.1)
T

Suvlt, ruv] /d avV=3%r(—q,v)f(q,v)¥1(g,7), (D.2)

and

where, for ease of presentation, we have defined (see eq. (4.11))
o

f(Q> ) 4AN2£2 ) (DS)

and we omitted the factor My which only appears as an overall constant, irrelevant in the
following. In the large-N¢ limit, these actions are to be evaluated on the classical solutions,
and the RG invariance of eq. (4.9) hence implies that

O (8\1/ [7’1, t; Sq, —1] + SUv['C, TU\/]) =0. (D.4)
In addition, the variational problem demands that

0 =08y [7’1, T; 81, —1] + 6Suv [t, ""UV]
— [atv=5{ [Ta(-0.9) - Tu(-0,0f(0.)] 601 0.1
+ 00100 [Vrla.t) ~ £(a.0¥1(.9)] | (D5)
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leading to the boundary conditions relating ¥ (¥g) to ¥ (¥):

@R(_% t) = EL(_% t)f(Q? t)
Vr(g,v) = f(g,0)¥L(g:v). (D.6)

Together, egs. (D.4) and (D.5) imply a flow equation for f, as follows. We have that
85\1; T1,t S1, — 1] =
1 /- . _
/d4 { (V=309) - v= [2 (WD Darw — Dy WM w) +H@w} }
— [atqetr] 204~ Hu) [Ta(-0.901000) + Tu(~0.5)Wn(a. )
+ @R(_qv t)at\IJL((L t) + 8t§L(_Qa t)\IIR(q, t)

AT )V, ) + Ta(-g.5)(ig) V(a0 (D7)

T

-/ d4qe4A{ (404 — 2Hg) Tr(~q,0) F (0, 0) V1 (g, v)
+ @L(_q? t)f(‘]a t)af\I/L((L t) + ayEL(—q, t)f(Qa t)\IIL(% t)

A0V, 0) + To (=090, ) i9)F 0.5V 0.0)] .

where we used eq. (D.5) to obtain an expression in terms of ¥y, and V. Furthermore,

0.Suvle.rov) =— [ alqe {404, (~0.0) (0.6 WL (0.0) + T -0.000:5 ) Vi 4.0
+at\I/L(_Qat)f(qat)\I/L((Lt)+\IIL(_Q7t)f(Qat)at\PL(Q7t)}v (D.8)
so that eq. (D.4) becomes
0 = 0:(Swulr1,t; 51, —1] + Suvlr, ruv])
— - [T (~q.0{auf (a0 + 2Hos (0.0)
b g+ fa0) () fla.0 [Uuan). (D)

One now observes that eq. (D.9) needs to hold for any classical solution. In particular, after
imposing an IR boundary condition on ¥y, one can think of the space of such solutions as
being parametrized by the value that U takes at the coordinate » = v, which implies that

Ocf = —2Hy f — e~ ig — f (e~ig) f - (D.10)

Using the definition of f(g,t) given in eq. (D.3), one finally obtains the RG flow equation
for &:
D2 = —N;2eP4¢? + Nie3Aeh. (D.11)
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