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ON THE RELATIVE MOTIVE OF A COMMUTATIVE
GROUP SCHEME

GIUSEPPE ANCONA, ANNETTE HUBER, AND SIMON PEPIN LEHALLEUR

ABSTRACT. We prove a canonical Kiinneth decomposition of the relative
motive with rational coefficients of a smooth commutative group scheme
over a noetherian finite dimensional base.

April 16, 2015
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INTRODUCTION

Let S be a noetherian scheme of finite dimension and G' a smooth com-
mutative S-group scheme of finite type. The main objective of this paper
is to establish the following canonical Kiinneth decomposition of the motive
Mg (G) associated to G in the triangulated category of motives over S with
rational coefficients (see Theorems 3.3 and 3.7):

kd(G/S)
(*) Ms(G) = | @ Sym"Mi(G/S) | @ M(mo(G/S)) -
n>0
In the above, M;(G/S) is the rational 1-motive of G, i.e., the motive in-

duced by the étale sheaf represented by G ® Q, the motive M (7o(G/S)) is

a fibrewise Artin motive related to the connected components of fibres of G
1
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and kd(G/S) is a non-negative integer. This decomposition is natural in G,
it respects the structure of Hopf objects and it is compatible with pullback
for morphisms f: 7T — S.

This level of generality makes it possible to treat examples like degenerat-
ing families of abelian or semi-abelian varieties, in particular Néron models
or the universal family over toroidal compactifications of mixed Shimura va-
rieties of Hodge type. Note also that there are no assumptions on regularity
or the residual characteristics of S. Moreover, we show that this Kiinneth
decomposition also holds when G is a commutative group in the category of
smooth algebraic spaces over S. However, the argument uses rational coeffi-
cients in many places. One does not expect such a direct sum decomposition
with integral coefficients, even when S is the spectrum of a field.

This result has several interesting consequences. First, the motive M;(G/S)

is geometric and the motives Mg(G) and M;(G/S) are of finite Kimura di-
mension in the sens of [Kim05]. Second, the Chow groups of G with rational
coefficients decomposes into a finite sum of eigenspaces with respect to the
multiplication by n (Theorem 3.10); this generalizes the result of Beauville
for abelian varieties [Bea86]. Third, it is now possible to construct the mo-
tivic polylog on G\ {eq} for all S and G as above (with eq the zero section).
This is a tremendous generalization from the cases G = G, or GG an abelian
scheme over a regular base available before. At the same time, the system-
atic use of motives over GG simplifies the construction even in the classical
case; for details see the upcoming paper [HK14].

The motive M;(G/S) is a prime example of a relative homological 1-
motive, i.e., a motive in the triangulated subcategory generated by the rel-
ative homology of curves over S. In fact, the results of Section 5 below
suggest that M;(G/S)[—1] is in the heart of the conjectural standard mo-
tivic ¢-structure on homological 1-motives. The upcoming thesis [PL] will
make this statement rigorous.

Some special cases of the main theorem are already known. The case
of abelian schemes over a regular base was treated in the setting of Chow
motives by Kiinnemann in [K{in94]. Building on this, the case where S is the
spectrum of a perfect field and general G was treated by the first two authors
together with Enright-Ward in [AEWH13]. We refer to the introduction of
[AEWH13] for a more complete discussion of earlier work.

Indeed, the present note is a follow-up to [AEWH13]. The idea of the
proof is simple: once the morphism (x) is written down, we can check that
it is an isomorphism after pullback to geometric points of .S, where we are
back in the perfect field case.

However, a number of difficulties arise. Firstly, there are technical advan-
tages to working in the setting of motives without transfers (see Remark 2.4)
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and it is in this setting that we define the morphism (). So we will be forced
to compare to the approach of [AEWHI13] which uses Voevodsky’s category
of motives with transfers. Secondly, the sheaf represented by G is not cofi-
brant for the A'-model structure, hence it is not obvious how to compute
the left derived pullback f*M;(G/S). This is overcome by an explicit res-
olution defined by rational homotopy theory. Finally, the crucial reduction
that allows to check that a morphism is an isomorphism after restriction to
geometric fibres (Lemma A.6) is only available in the stable case.

All these technical difficulties give rise to results that have their own
interest. In particular we show that the sheaf represented by G ® Q admits
transfers (Theorem 2.8).

We will (mostly) work with stable categories of motives with rational
coefficients. There are several version of such categories available in the
literature, namely:

(1) the original definition of Voevodsky of DM(S, Q) based on finite
correspondences and sheaves with transfers,

(2) the étale motives without transfers DA (S, Q), introduced by Morel
and studied in [Ayo07a], [Ayo07b], [Ayol4],

(3) h-motives DM}, (S, Q), originally introduced by Voevodsky and stud-
ied in [CD09, CD13],

(4) Beilinson motives DMg(.S) introduced in [CDO09].

All these categories are related by functors, and moreover are equivalent
for good base schemes (e.g. S regular) by [CD09, Theorems 16.1.2, 16.1.4,
16.2.18).

We have several reasons here to work with DA (S, Q); for instance, the
morphism (%) is easiest to write in this context (again, see Remark 2.4).
The comparison functors mentioned above allow us to transpose the main
theorem to the other categories (see Theorem 3.7 and Remark 3.9).

Organization of the paper. Section 1 deals with generalities on com-
mutative group schemes. Section 2 introduces the motive M;(G/S) and
gives its basic properties. Section 3 states the main theorem and its conse-
quences. The proof is then given in Section 4. We study the Betti, f-adic
and Hodge realizations of the Kiinneth components in Section 5. In Sec-
tion 6 we present the straightforward generalisation of our results to the
setting of smooth commutative algebraic group spaces.

The reader who is not familiar with the triangulated categories of mixed
motives over a base [Ayol4, CD09] may find Appendix A useful. The three
other appendices deal with technical points of the proof of the main theorem
explained above. In Appendix B we develop the tools needed to translate
the main result of [AEWH13] to motives without transfers. In Appendix C
we establish gfh-descent for the presheaf given by a commutative group.
Appendix D deals with the construction of a functorial cofibrant resolution
for the sheaf G ® Q.
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CONVENTIONS

Throughout let S be a noetherian scheme of finite dimension. Let Sm/S
be the category of smooth S-schemes of finite type and Sch/S the category
of S-schemes of finite type. We also write Sm and Sch when there is no
ambiguity on the base. By sheaf we mean an étale sheaf on Sm/S, unless
specified otherwise. By G, we denote either a group scheme or an algebraic
group space that is always assumed to be commutative, smooth of finite
type over S. In this situation, we often write G/S for concision. For any
morphism f: T — S we will write

GT/T:G X8 T/T

for the base change of G/S along f. We write cGrpg for the category of
smooth commutative group schemes of finite type over S.

Throughout, we write G/S or more briefly G for the presheaf of abelian
groups on Sch/S or Sm/S defined by G. We write G_/SQ (or Gg) for the

presheaf tensor product G/S ®z Q.

We use the cohomological indexing convention for complexes, except in
Appendix D where we follow the homological convention of [Bre70] for ease
of reference.

As discussed in the introduction, we need to consider various triangulated
categories of mixed motives with rational coefficients. See the Appendices A
and B for the set-up we use. In particular, we write DA(S) for DA(S, Q).

At several points, we have parallel statements in effective and stable cat-
egories of motives. They are indicated by an (eff) in the notation.

1. GROUP SCHEMES

Let S be a noetherian scheme of finite dimension and G/S a smooth
commutative group scheme of finite type.

Since G/ S is smooth, the union of the neutral components G? for s € S is
open in G by [ABD*65, Exposé VIg Théoreme 3.10]. We write G for the
corresponding open subscheme of G and 7(G/S) := G/G° for the quotient
étale sheaf on Sch/S. We also write 7o(G/S) for its restriction to Sm/S.
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By definition of G, the formation of GV and mo(G/S) for G/S smooth
commutes with base change.

The following statement uses the notion of an algebraic space. For basics
on algebraic spaces, see Section 6 below.

Lemma 1.1. The scheme GV is a smooth S-group scheme of finite type and
70(G/S) is an étale algebraic group space. If GV is closed in G (for instance
if S is the spectrum of a field) then mo(G/S) is a scheme. Moreover, there
is a canonical short exact sequence of étale sheaves

0— G — G 2% 10(G/S) — 0 .

Proof. Since G/S is smooth of finite type and S is noetherian, G° is also
smooth and of finite type.

As the quotient of the smooth equivalence relation G xg (G xg G), the
sheaf G/GY is an S-algebraic group space (see e.g [LMBO00, Corollaire 10.4]).

The algebraic group space mo(G/S) is locally of finite presentation (be-
cause both G and G are locally of finite presentation) and formally étale
(let T° — T be an infinitesimal thickening; then (G/G°)(T) — (G/G°)(T?)
is surjective because G is smooth, and injective because G is open in G).
We conclude that 7o(G/S) is an étale algebraic space.

If GY is open and closed in G then 7(G/S) is separated. A quasi-finite
separated algebraic space of finite presentation is a scheme by [Knu71, II,
Theorem 6.15]. O

The function s — |mo(G5/5)| (where § is any geometric point above s) is
locally constructible on S by [Gro66, Corollaire 9.7.9]. In particular, it is
bounded since S is quasi-compact. This justifies the following definition.

Definition 1.2. The order of mo(G/S), denoted o(mo(G/S)), is defined as
the least common multiple of the order of all the elements of the groups
m0(Gs/S) (with § geometric point of S).

Definition 1.3. For any point s € S, we write G for the fibre, gs for its
abelian rank and rs for its torus rank. The Kimura dimension of G/S is:

kd(G/S) := max{2¢gs + rs|s € S}
This terminology will be justified by Theorem 3.3.

Lemma 1.4. The value kd(G/S) is the mazimum of 2gs + rs for s varying
in generic points of S.

Proof. After replacing G by G°, we can suppose that G is fibrewise con-
nected. Let us fix t € S. After base changing to the strict henselization of
the local ring at ¢, we can assume S is strict henselian. It is enough to show
that, under this hypothesis, 2g; + rs > 2g; + 1, for all s € S.

Let us fix a prime ¢ which is coprime to the residual characteristic of S
and, for all natural n, consider the multiplication map [¢("] : G — G. The
integer 2gs + 7 is the rank of the f-adic Tate module of Gs. By [BLR90,
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§7.3 Lemma 2(b)], the group scheme ker[¢"] is étale over S. So, by Hensel’s
Lemma, any section of this étale morphism at ¢ extends to a section over
S. In particular the rank of the Tate module of G4 has its minimum at
s=t. (]

2. THE 1-MOTIVE M;(G)

Definition 2.1. Let G/S be the étale sheaf of abelian groups on Sm/S
defined by G, i.e.,
G/S(Y) - MorSm/S(Yv G)
forY € Sm/S.
Let
ags : ZMorg(-,G) — G/S
be the morphism of presheaves of abelian groups on Sm/S induced by the
addition map
We may omit S from these notations if the base scheme is clear.

Remark 2.2. By étale descent, G_/S is a sheaf; G/S 0 is then also a sheaf
by a quasi-compactness argument [AEWH13, Lemma 2.1.2]. However, the
presheaves ZMorg(-, G) and QMorg(-, G) are not sheaves.
Definition 2.3. (1) Define
M(G/S) € DACE(S)
to be the motive induced by the sheaf G_/SQ and

M (G/S) = Ly M (G/S) € DA(S) .
(2) Define
ays + ME'(G) — M{™(G/S)
to be the morphism in DA(S) induced by the sheafification of ag/s ® Q

and
ag/s = LEooozgf/S : Mg(G) — Mi(G/S)

Remark 2.4. The reader should compare with [AEWH13, Definition 2.1.5]
which is an effective analogue with transfers over a perfect field. A compar-
ison between the two morphisms will be made in Section 4.1. The definition
in op. cit. cannot be generalized over a general S, because it is not yet
known that finite correspondences from X to Y are related to morphisms
from X to a symmetric power of Y. This point is studied in the upcoming
work of Harrer [Har|.

Remark 2.5. The assignment
G/S — M(G/S)
naturally extends to a functor
M, : cGrpg — DA(S) .
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Lemma 2.6. (1) The functor My is Z-linear. Moreover, it sends short
exact sequences in cGrpg to exact triangles in DA(S).
(2) The inclusion G° — G induces an isomorphism M;(G) ~ M;(G°).
(3) The morphism agys is natural in G € cGrpg.

Proof. (1) The functor from cGrpg to the category of étale sheaves of
Q-vector spaces on Sm/S which sends G to G/S 0 is Z-linear and

exact. The statement then follows from the construction of DA(S).
(2) As the quotient G//G? is a torsion sheaf the map G° — G induces

an isomorphism of sheaves G°/S Q = G/S 0

(3) The morphism ag/g ® Q is natural in G € cGrpg, and so is its
sheafification.
U

Proposition 2.7. Let f : T — S be a morphism and G — S a smooth
commutative group scheme. Then with the notation of Definition 2.3 there
are canonical isomorphisms

FME @GSy =~ M (Gr/T)

and, modulo these isomorphisms, we have equalities of morphisms

s (eff)y  (eff)
f (O‘G/S) = QG T -

Proof. Since pullbacks commute with suspension (Lemma A.5(3)) it is enough
to treat the effective case. In this proof, we write for clarity f* for the un-
derived pullback on complexes of sheaves and Lf* : DAT(S) — DAT(T)
for the triangulated pullback functor.

By the universal property of fibre products, we have

[fG=GxgT.

By applying Theorem D.1 to the sheaf G and switching to cohomological
indexing we obtain a complex A(G) € Cpl=Y(Shg(Sm/S,Z) together with
a map

r:AG) - G
with the following properties.

(1) For all i € N, the sheaf A(G)™ is of the form ("} Z(G*(") for
some d(i),a(i,j) € N. In particular Ag(G) := A(G)®Q is a bounded
above chain complex of sums of representable sheaves of (Q-vector

spaces; hence it is cofibrant in the projective model structure that

we use to define DAT(S).
(2) There is a morphism ag/g : Z(G) — A(G) lifting ag/s.
(3) The map g :=r ® Q is a quasi-isomorphism.
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There is a complex A(Gr) € Cpl="(Shg(Sm/T,Z)) and a map rr :
A(Gr) — Gr with the same properties, and all those objects are com-
patible with pullbacks. Putting all of this together, we obtain canonical
isomorphisms of objects

Lf*(rq) Q
Lf*Mi(G/S) «—— [*(Aq(G)) = Ag(Gr) ——— Mi(Gr/T)

and, modulo these isomorphisms, equalities of morphisms:

Lf*Oéecﬁ/s = fHag/s ®Q) = a7 ®Q = OéeGHT/T
This finishes the proof. U

The rest of the section is devoted to study the 1-motive with transfers of
G and to compare it to M;(G). It will be used only in section 4 and can be
skipped on a first reading.

Theorem 2.8. Let G be a smooth commutative group scheme over an excel-
lent (noetherian and finite dimensional) scheme S. The étale sheaf G/SQ on

Sm/S represented by G has a unique structure of étale sheaf with transfers,
which we denote G/Sg. Moreover, there is a unique map

s - QG)* — G/
of sheaves of transfers extending ag/s-

Proof. This comes from the fact that G/S Q is a qfh-sheaf (Proposition C.2)

and that such sheaves have a unique structure of sheaves with transfers (as
follows from Theorem B.3 and the Yoneda lemma). The morphism atGr /s is

defined by taking the gfh-sheafification of ag/s and using the natural iso-
morphisms of Theorem B.3 and Proposition C.2. Uniqueness follows again
from Yoneda. (]

We can then proceed as in the case of M;(G).
Definition 2.9. (1) Define the (effective) 1-motive of G
M{(G/5)" € DMED (5)
to be the motive induced by the sheafG_/SQ (analogously to Definition

(2) Define
ag/s : Ms(GY" — My(G/S)™

to be the morphism in DM(S) induced by atGr/S.
Recall the adjoint pairs of functors (see §B.1 and §B.2)
7" : Shg; (Sm) 2 She (Sm™) : 7

and
L~* : DAT(S) = DMH(S) : , .



ON THE RELATIVE MOTIVE OF A COMMUTATIVE GROUP SCHEME 9

Proposition 2.10. Let S be excellent. Let G be a smooth commutative
group scheme over S.

(1) The natural morphism induced from the counit of v* - 7. for étale
sheaves

NG 17 wG/Sy = G/Sy
18 an isomorphism of sheaves with transfers.

(2) The natural morphism (induced from the counit of Lvy* - ~. for
effective motives, followed by infinite suspension in the stable case)

Lo s Ly M (G/S) — M (G/S)"
18 an isomorphism.
Proof. We have
Ly My (G) = Ly*LE* M{(G) = LS Ly M{T(G)

by Lemma B.9 (2). Since this isomorphism is compatible with the counit
maps Lng and LneGH, it is enough to treat the effective case in (2). We first
reduce to item (1) as follows.

We apply Theorem D.1 to the sheaf on Sch/S represented by G (that we
also denote by G for simplicity). This yields a resolution

1+ Ag(G) — 74(Go)"

where Ag(G) is a bounded above complex of sheaves of Q-vector spaces
whose terms are finite sums of sheaves represented by smooth S-schemes.
Hence (rq)|sm is a cofibrant resolution of G in the projective model struc-
ture on complexes of sheaves on Sm/S. By definition of the derived counit
of a Quillen adjunction, the counit map Lnerf is the image of the following
composition at the model category level:

V Ag(@sm | B A1 (G)T 1 (Go)®
The assumptions of Lemma B.4 are satisfied for Ag 8 Gg- By point (i) of
that lemma, the first map of the above composition is a quasi-isomorphism.
It thus remains to show that the second map is an isomorphism, which is
precisely item (1).

The functor ~, at the level of sheaves with transfers is conservative so it
is enough to show that v.7nq is an isomorphism. By Lemma B.4 (ii) and
the triangular identity of adjunctions we have the following commutative
diagram:

—T T
VY G Go —= 7" Go

Nk

(QQ)qﬂl|Sm-
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Proposition C.2 shows that the map ¢ is an isomorphism. Together with
the diagram, this finishes the proof. O

3. STATEMENT OF THE MAIN THEOREM

Definition 3.1. Let M(Bﬂc (G)9), G/?g be as in Definition 2.5. For any

integer n > 0 write A, for the n-fold diagonal immersion.
(1) We define gogjfg to be the morphism

(eff) AR (eff)®n
o MED(G) TS MEP(@) SR (9

As A is invariant under permutations, this factors uniquely

oG oM G (Ag)

MED (@) M Gy

k /
SOn,G'
Sym"(M{*V(@))

(2) Let kd(G/S) be the integer in Definition 1.3. Define the morphism
kd(G/S) kd(G/S)

oS = Z o ST GB Sym"(M{"(G/9)).

(3) Let pc be as in Lemma 1.1. Define the morphism
kd(G/S)
s M@ — | @D sym M (G/8) | @ MY (mo(G/S))
n=0

eff eff eff eff
to be iers = (g5 @ MG (pa)) o MG (AZ).

Remark 3.2. The Kiinneth formula holds by Proposition A.5(1). This is
used in the definition above to get a morphism

MED(AR) : (ef”(G) = MEG xs - x5 Q) = MED (@)
as well as to define wG / S

The morphisms @E;H) and 1#(5% are the unique extensions of ag compat-

ible with the natural comultiplication on both sides; see [AEWH13, Section
3.2] for a more detailed discussion.

The main result of the paper is the following theorem.

Theorem 3.3. Let S be a noetherian finite dimensional scheme and G/S
a smooth commutative group scheme of finite type over S.

Form € Z, let [m] : G — G be the morphism of multiplication by m. Let
Mi(G/S) € DA(S) be the motive from Definition 2.3, 1q/g be the map as
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in Definition 3.1, o(mo(G/S)) and kd(G/S) be the integers in Definitions
1.2 and 1.3. Then the following statements hold.

(1) The relative motive My(G/S) is odd of Kimura dimension kd(G/S)
(i.e. Sym"M;(G/S) is zero for n > kd(G/S) and non zero other-

wise).
(2) The map
kd(G/S)
vays s Ms(G) — | €D Sym"Mi(G/S) | @ M(mo(G/9))
n=0

s an isomorphism of motives. It is natural in G € cGrpg, it com-
mutes with base change (in S) and it respects the natural structures
of Hopf algebras.

(3) The motives Mi(G) and M(mo(G/S)) are geometric motives and the
motive Mg(G) is finite dimensional in the sens of [Kim05].

(4) The direct factor

0,(G/S) =¥ (Sym™ M1 (G/S) ® Ms(mo(G/S)))

of Ms(QG) is intrinsically characterized as follows: for m € Z that
is equal to 1 modulo o(mo(G/S)), the map Mg([m]) operates on
hn(G/S) as m™id.

Remark 3.4. Mg(G) and M (mo(G/S)) carry a Hopf algebra structure be-
cause G/S and my(G/S) are group objects. The Hopf algebra structure on
D, Sym" M (G/S) is the one of the symmetric coalgebra; see [AEWH13,
Appendix BJ. It is isomorphic but not identical to the symmetric Hopf al-
gebra.

Remark 3.5. We expect the morphism 1/)er5 g to be already an isomorphism.

Most steps of the proof take place in DAeH(S ). When S is of characteristic
0, the result of [Ayoar, Annexe B.] can be used to show that ¢er-f/S is an
isomorphism; since this requires some extensions of results from stable to
effective motives, which are easy but not in the literature, we do not write
the proof here. An effective proof in general would require a comparison
between effective étale motives with and without transfers over an arbitrary
field, see the discussion in Appendix B. An alternative approach would
be to try to redo [AEWH13] in the category of motives without transfers.
There the missing ingredient is a special case of the comparison, namely a
transfer-free computation of the effective motivic cohomology of curves.

Remark 3.6. The theorem above holds in the more general context of com-
mutative algebraic group spaces; see Section 6.

As a consequence, we also get a version of the theorem for motives with
transfers.
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Theorem 3.7. Let S be an excellent (noetherian and finite dimensional)
scheme and G/S a smooth commutative group scheme of finite type over
S. Let Yg/s be the map as in Definition 3.1 and Ly* the functor defined in
§B.2. Let Ms(G)™ and Mg(mo(G/S))™ be the relative motives with transfers
of G and mo(G/S) and M;(G/S)* € DM(S) as in Definition 2.9. Then

kd(G/S)
v Ms(G)" = | @ Sym"Mi(G/S)™ | ® Ms(mo(G/S))™
n=0

is an isomorphism and the analogous of Theorem 3.3 holds.

Proof. First, apply the functor L~* to the isomorphism in Theorem 3.3.
Its image is of course an isomorphism. One concludes by the following
proposition. O

Proposition 3.8. Let S be excellent. Modulo the isomorphisms of Proposi-
tion 2.10, v* sends the morphism ag /g to atGr/S and L~* sends the morphism
ag to al, the morphism ¢g to ¢% and the morphism V¢ to PY@.

Proof. The construction of ¢ and ¥¢g from ag together with the fact that
L~* is monoidal (Lemma B.9 (4)) shows that it is enough the statement
for aug. As in the proof of Proposition 2.10, it is then enough to treat the

effective statement.
We have a natural commutative diagram of sheaves without transfers

QG) ——Gy
|

lN
e

7% Q(G)" — 7 (G)™

where the left vertical map is the unit map €g(g). This diagram induces a

commutative diagram in DAT(S ) whose left vertical map is the derived unit
Map €y/ef(G)- We apply the functor L~*, and stack the resulting diagram

with a diagram coming from the naturality of the derived counit maps:

Ly*ag

M (Gt Ly*M{%(G)
L’y*eMgﬂ(G) \L lN
L,Y*,Y*atr
Ly M (Gt “s Ly v MEE(G)Y

nhjgﬂ(g)tr \L anff(G/S)tr lw
tr
G

MG M (G)".

The left vertical composition is the identity by the triangular identity for
the object MEH(G) and the right vertical composition is the isomorphism of
Proposition 2.10. This finishes the proof. O
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Remark 3.9. (1) Using Theorem B.3 one can give an alternative de-
scription of Ly*g/s using qfh sheafification. Recall that the mor-
phism tg/g is formally constructed from a morphism of sheaves
ag/s ®Q (Definition 2.1). If one replaces in this formal construction
ag/s ® Q by its qfh sheafification and DA(S) by DM(S) one ends

(2) By the work of Cisinski and Déglise, the different categories of mo-
tives are related by functors. By replacing L~* by those functors
one obtains analogous results in the other categories of motives.

More precisely, for the category DM, (S, Q) of h-motives use [CD09,
Theorem 16.1.2] (one needs to suppose S excellent noetherian and fi-
nite dimensional) and for the category DMp (S) of Beilinson motives
use [CD09, Theorem 16.2.18] (S noetherian and finite dimensional).

Theorem 3.10. Suppose that S is reqular. The i-th Chow group of G with
rational coefficients decomposes as

kd(G/S)
CH'(Go= P CH(G),
Jj=0

where
CH;-(G) ={Z e CHi(G)Q | Im]*Z = miZ ,Ym=1 (mod o(my(G/9)))} .

Proof. Since S is regular noetherian, by [CD09, Corollary 14.2.14] (and
[Ful98, 20.1] for the comparison between Chow groups and K-theory), there
is a canonical isomorphism

Hompyg, 5)(Ms(G), Q(i)[2i]) = CH'(G)q -

Moreover, there is a canonical equivalence between DMp(S) and DA(S)

[CDO09, Theorem 16.2.18]. Hence the decomposition Mg(G) = @figG/S) hn(G/S)
of Theorem 3.3 implies the one in the statement. O

Remark 3.11. (1) In the same way one has a decomposition of the higher
Chow groups or of the Suslin homology.
(2) Some of the eigenspaces CH;-(G) above should be zero. For example,
if S'is the spectrum of a field and G is an abelian variety of dimension
g, then Beauville [Bea86] proved that CH;-(G) is zero if j < @ or if
j > g +1, and that, in general, CH;'-(G) is non-zero for i < j < 2.
Conjecturally CH;-(G) should be zero if j > 2i, this is part of the
(still open) Bloch-Beilinson-Murre conjecture.
In our general setting one can hope to show similar vanishings of
some of the eigenspaces CH;(G) following the methods of Sugiyama
[Sugl3] for semiabelian varieties.
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4. PROOF OF THE MAIN THEOREM

4.1. The case over a perfect field. In this section let S = Spec(k) be
the spectrum of a perfect field. Recall that in this case 7o(G/k) is a group
scheme by Lemma 1.1 so we do not have to consider motives of algebraic
spaces in this section. We show Theorem 3.3 for all commutative group
schemes of finite type G over k. This is essentially the main result of
[AEWHI13|, with exception that in loc. c¢it. the authors work in the ef-
fective category of motives with transfers and in this paper we primarily
work in the stable category of motives without transfers. The point is then
to compare the two approaches.

Proposition 4.1. Let G be a smooth commutative group scheme over k.
Then My(G) is odd of Kimura dimension kd(G/k) and the morphism ¢,

18 an isomorphism.
Proof. By Theorem B.6 and Proposition 2.10 it suffices to show that
Ly*Sym" (Mi(G)) = Sym™(Ly"M1(G)) = Sym™ (M1(G)")
vanishes for n > kd(G) and that
Ly g, = zbté/k
is an isomorphism.

As LY is monoidal (see B.9(1)) and commutes with direct sums, we
have an isomorphism

k k
P Sym" My (G)" ~ LY <@ Sym”Ml(G)eH’tr> .
n=0

n=0
Modulo this isomorphism, & agrees with the morphism deduced by apply-
ing LYY to

Ve MG — [ @@ Sym" M{T(G/R)™ | @ M (mo(G/K))™ .
n>0
On the other hand, by the uniqueness part in Theorem 2.8, the morphism
¢er£/,]? is exactly the morphism considered in [AEWH13, §7.4] (although with
different notation). We are now able to apply [AEWH13, Theorem 7.4.6],
which concludes the proof. O

4.2. The general case. We return to an arbitrary base scheme S.

Proof of Theorem 3.3. (1) We consider the Kimura dimension kd(G/S)
of Mi(G/S). We claim that
Sym™(M,(G/S)) =0

for n > kd(G/S). By Lemma A.6, we can test this after pullback
to all geometric points iz : 5 — S. The functor ¥ commutes with
tensor product and hence with Sym”™. By Proposition 2.7 we have
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it M (G/S) = M;i(Gs). By definition kd(G/S) > kd(G5). Hence the
vanishing holds by Proposition 4.1.

By Lemma 2.6(1) the morphism ag/g is natural in G € cGrpg.
This implies naturality for the morphism /5. Naturality implies
that the morphism /g is a morphism of Hopf algebras by the same
argument as in the absolute case; see [AEWH13, Proposition 3.2.9,
Theorem 7.4.6].

By Proposition 2.7 the morphism « /g commutes with base change.
As the pullback on motives is a monoidal functor (Lemma A.5 (4))
the morphism ¢/g also commutes with base change. Since the for-
mation of 7(G/S) commutes with base change, so does ¢/ g.

We turn to the claim that ¢ /g is an isomorphism. By Lemma A.6,

it suffices to check the assertion after pullback via iz : 5 — S for all
geometric points 5§ of S. On the other hand i3 q,5 = Vg, /s, as the
map 9g/s commutes with base change. This is an isomorphism by
Proposition 4.1.
If 7o(G/S) = S, then M;(G) is geometric because it is a direct
summand of a geometric object by part 2. This also implies the
general case because M;(G/S) = M1(G°/S). Finally, M(mo(G/S))
is geometric because it is a direct factor of Mg(G) by part 2.

Finite dimensionality is a notion stable by tensor product, finite
sums and direct factors [And05, Lemme 3.7(3)], hence Mg(G) is
finite dimensional.

By Lemma 2.6(1), we have M;([m]) = m -id for all integers m, so
that Sym"™M;([m]) = m™d for all n € N. To conclude, note that if
m is equal to 1 modulo o(my(G/S)), the multiplication by m is the
identity on the space my(G/S).

O

5. REALIZATIONS

We want to study the image of our decomposition under realization func-

tors. We use the existence of realizations functors compatible with the six
functors formalism. We have decided against axiomatizing the statement
but rather treat the explicit cases of Betti and ¢-adic realization.

5.1. Betti realization. In this section, we assume all schemes are of finite
type over C. For such a scheme S we denote by S?" the associated complex
analytic space, equipped with its natural topology. Let D(S*",Q) be the
derived category of sheaves of Q-vector spaces on S* and D2(S%", Q) be
the subcategory of bounded complexes with constructible cohomology. By
[Ayo10] (see also [CD09, 17.1.7.6] for an elaboration in terms of ring spectra)
there is a system of covariant functors

Ry : DA(S) — D(S*", Q)
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compatible with the six functors formalism on both sides (note that some
commutativity morphisms are shown to be isomorphisms only when applied
to constructible motives). It maps the Tate object Q(j) to Q. Moreover,
as the relative Betti homology of a smooth S-scheme lies in DIC’(San,Q),
constructible motives are sent to D%(S*", Q).

Proposition 5.1. Let 7 : G — S be a smooth commutative group scheme
of relative dimension d with connected fibres. Then:
(1) Rp(Ms(G)) = nf™ (™)' Qs = 7" Qq[2d)
(2) Rp(M1(G)[-1]) = R*172Qq with fibre in s € S™ given by Hy (G5, Q).
We set H1(G/S,Q) = Rp(My(G)[-1]).

(3) 7 Qa(d)[2d) = DSV (N HLU(G/S))i).

Proof. First notice that 7 is separated by [ABD* 65, Exposé VIg Corollaire
5.5] so that the exceptional operations m and 7' are well-defined. We have

Ms(G) = m74Q¢ = mm' Qg

because 7 is smooth. The first assertion then follows from the same state-
ment in DA(S) and the compatibility theorem [Ayol0, Theoreme 3.19].

By our main Theorem 3.3, RgM;(G) is a direct factor of Rp(Mg(G)) ~
mm' Qg. Its fibre over s € S2" is given by Rp(M;(Gy)). This was computed
in [AEWH13, Proposition 7.2.2] via a Hopf algebra argument which also
applies in our setting with the difference that in loc. cit. the realization
functor was assumed to be contravariant, i.e., M (G4) was mapped to m,w*Q.
In that language, the realization of M;(Gs) was concentrated in degree 1
and equal to H'(Gs, Q) as a direct factor of H*(Gy, Q). Hence in the present
setting, the realization is concentrated in degree —1 and equal to Hy(Gs, Q).

This shows that indeed Rp(M;(G)[—1]) ~ R 17inQg.

The last statement follows by functoriality of Rp. (]

Remark 5.2. (1) H1(G/S) has an explicit description as
1,(G/S) = Ker (Lie(Ga“) oD, G_“) Q.

A similar description holds integrally. This can be shown directly in
the setting of constructible sheaves or from an explicit computation
of Rp(M;(@)), see the upcoming thesis [PL] of the third author.

(2) The assumption on the connectness of fibres is not needed, but sim-
plifies notation for the result.

Remark 5.3. (1) The statement in Proposition 5.1 (3) means that our
canonical motivic decomposition is a decomposition into relative
Kiinneth components with respect to the conjectural standard mo-
tivic t-structure.

(2) If G has constant abelian rank and torus rank over a regular scheme
S, then H1(G/S,Q) is a local system and thus (up to a shift) a
perverse sheaf. We do not know if this is true in general and expect
it to be false; however see the following example.
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Example 5.4. Let S be regular of dimension 1 and G/S be a degenerating
family of elliptic curves with multiplicative or additive reduction. In both
cases Rp(M1(G/S)) is a perverse sheaf.

5.2. (-adic realization. In this section, we fix a prime £ and assume that all
schemes are Z[]-schemes. For such a scheme S, let D.(S, Q) be subcategory
of complexes with constructible cohomology in the derived category of Q-
sheaves S in the sense of Ekedahl [Eke90]. By [Ayol4, Section 9] there are
covariant functors
Ry : DAC(SaQ) - Dc(Sa QZ)

compatible with the six functors formalism on both sides. It maps the Tate
object Q(j) to Qy(j)-

For a smooth group scheme G/S with connected fibres, we can deduce,
by the same argument as in Proposition 5.1, an analoguous decomposition
for Ry(Mgs(G)). The corresponding object H1(G/S,Qy) has fibre over s € §
given by the rational Tate module Vy(Gs). The analogues of Remark 5.3
also hold in this setting.

Remark 5.5. The (-adic sheaf H;1(G/S,Qy) is given by the system of con-
structible torsion sheaves G[¢"]. This also holds integrally. Again this can
be seen either directly in f-adic cohomology or via a computation of the
realization of M;(G); see [PL].

5.3. Hodge realization. Let S be separated of finite type over C. We
expect the existence of Hodge realization functors

Ry : DA.(S) — D*(MHM(S))

(where MHM(S) is Saito’s category of mixed Hodge modules over S) com-
patible with the six functors formalism and such that the forgetful functor
to the underlying derived category of sheaves is equal to Rp. This would
yield a refinement of Proposition 5.1. Note that Ry (M;(G/S)) is a mixed
Hodge module (up to shift) if and only if Rp(M;1(G/S)) is a perverse sheaf
(up to shift).

Ivorra has constructed a functor Ry for S/C smooth quasi-projective
[Ivol4], but the compatibility with the six functors (in particular the tensor
functor!) is still open. Hence we get a partial result. There is also upcoming
work of Drew [Drel3a, Drel3b] defining a Hodge realization R); with values
in some triangulated category Dpge(S) compatible with the six functors
formalism. It is known that Dyqe(C) ~ D?(MHS) (so that R}, puts in family
the Hodge structures on the (co)homology of fibres) but the comparison with
mixed Hodge modules over a more general S is still not understood.

6. ALGEBRAIC GROUP SPACES

We extend our main result from commutative group schemes to com-
mutative algebraic group spaces. First we discuss generalities and some
examples.
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Recall (see e.g. [LMBO00, Chapter 1]) that an algebraic space Y is an
étale sheaf of sets over the site Sch/S with the étale topology induced by
a scheme X and an étale equivalence relation R. This means that Y is the
cokernel of the diagram of étale sheaves of sets

R=X.

It is smooth (resp. étale) if X is smooth (resp. étale) over S. An algebraic
group space is defined to be a group object in the category of algebraic
spaces (which does not mean that we can find a presentation as above with
X a group and R a subgroup).

Algebraic group spaces are closer to schemes than general algebraic spaces.

Proposition 6.1. [Art69, Lemma 4.2] If S is the spectrum of a field and
G/S an algebraic group space of finite type over S, then G is a scheme.

By a spreading-out argument, one deduces the following seemingly stronger
result.

Corollary 6.2. Let S be a noetherian scheme and G/S an algebraic group
space of finite type. Then exists a stratification of S such that G restricted
to any stratum is a scheme.

Commutative algebraic group spaces that are not group schemes appear
naturally in algebraic geometry. We have already seen the example of the
étale algebraic space mo(G/S) in Lemma 1.1, which was an instance of a very
general result of Artin of representability of quotients [LMBO00, Corollaire
10.4]. In the same vein, we have the following useful fact.

Lemma 6.3. [FK88, Proposition 4.6] Let S be a scheme. The constructible
étale sheaves of sets (resp. of abelian groups) are exactly the étale algebraic
spaces (resp. étale algebraic group spaces) of finite type over S.

A fundamental source of examples are Picard functors of proper flat coho-
mologically flat morphisms [BLR90, 8.3]; they are not of finite type, smooth
or separated in general, but see [BLR90, 8.4].

Finally, the Weil restriction along a finite flat morphism sends (smooth)
algebraic group spaces to (smooth) algebraic group spaces (see [BLR90, 7.6]
and [Ols06, Theorem 1.5]).

For the rest of this section, we adopt the following shorthand

Definition 6.4. A group space is a smooth commutative algebraic group
space of finite type.

Lemma 6.5. Let G be a group space. Then there is a short exact sequence
of group spaces

0—G° =G — 7m(G/S) =0
such that all fibres of G° are connected and 7o(G/S) is an étale group space.
The formation of this sequence commutes with base change.
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Proof. The union G° of neutral connected components of fibres is an open
subset of the set of points of the algebraic space G by applying [Rom11,
Proposition 2.2.1] to the zero section of . Hence G° corresponds to an
open group subspace of G. One then defines my(G/S) as the quotient étale
sheaf G/G° and proceeds as in the proof of Lemma 1.1. (The paper [Rom11]
describes an étale group space m(G/S) via its functor of points (see [Rom11,
Definition 2.1.1.(1)] and [Rom11, 2.5.2.(i)]). One can show that it coincides
with the one in the Lemma above using [Rom11, 2.5.2.(ii)].) O

We define the Kimura dimension kd(G) of G and the order of mo(G/S) as
in Section 1. The Kimura dimension is well-defined: assume G is represented
by a smooth scheme X with relations in R. Then the fibre dimension of G
is bounded by the fibre dimension of X and hence kd(Gjy) is bounded by
2dimg X. The order is well-defined by Lemma 6.5 and the fact that the
sheaf 7y(G/S) is constructible by Lemma 6.3.

Remark 6.6. We do not know if Lemma 1.4 holds in this more general set-
ting. If G/S is separated, the proof given there works because the group
spaces G[I"] are then schemes by [Knu71, II, Theorem 6.15]. There are non-
separated group spaces over discrete valuation rings, but in standard exam-
ples the non-separatedness comes from removing connected components in
the special fibre, which does not affect kd(G/S).

Let M&H(G) (vesp. Mg(G)) be the effective motive (resp. motive) of G
as in Appendix A.

Lemma 6.7. Mg(G) is geometric.

Proof. By Corollary 6.2 we have a stratification such that for any stratum
i: T — S, the restriction Gr is a scheme. We have i*Mg(G) = Mr(Gr)
by Proposition 2.7. The result then follows by induction on strata and
localisation. O

In analogy with the scheme case, we define M{f(G/S) to be the image
of Glgm/s ® Q in DM (S) and M;(G/S) to be the object LX*° M (G/S)
in DM(S). The definitions of ag/g, ¢¢/s and ¥g/s in Definition 2.3 and
Definition 3.1 work without changes.

Theorem 6.8. Let G be a group space in the sense of Definition 6.4. Then
all assertions of Theorem 3.3 hold true.

Proof. Let f : T — S be a morphism of schemes. First, we want to show
that f*Mi(G/S) = Mi(Gr/T). We use again the resolution of M;(G/S)
obtained by Theorem D.1. This time it is not clear if its terms are cofi-
brant. However, by Proposition A.8, the pullback of Mg(Y) is given by
Mp(Yr) when Y is an algebraic space. Hence, the pull-back of the reso-
lution of M;(G/S) agrees with the resolution of M;(Gr/T'), which implies
[*My(G/S) = My(Gr/T).
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Now all steps in the proof work in the same way as in the scheme case, i.e,
by reducing to the case of S = Spec k with k an algebraically closed field.
By Proposition 6.1, we are then back to the case of group schemes settled
by Proposition 4.1 (in particular we do not need to consider transfers on
algebraic group spaces). O

Remark 6.9. Applying the realization functors Rp or Ry, we also obtain
a computation of the Kiinneth components. In particular, RgM;(G) and
RyM;(G) are concentrated in degree —1. Conceptually this means that
M;(G) should still be a homological 1-motive when G is a group space.
Note, however, that the results are a bit weaker than in Section 5 because
there are not as yet categories of triangulated motives over algebraic spaces
satisfying the six functors formalism.

APPENDIX A. GENERALITIES ON RELATIVE MOTIVES

Let S be noetherian and finite dimensional. There are various approaches
to the theory of mixed motivic sheaves over S, even when working with
rational coefficients. We refer to the end of the introduction for a brief dis-
cussion. We use the category of étale motives without transfers introduced
originally by Morel and studied by Ayoub with the notation DA®(S,Q).
In the work of Cisinski and Déglise (see [CD09, 16.2.17]) DA (S, Q) is the
category Dy1 ¢ (Sm/S,Q). By [CD09, Theorem 16.2.18] it is equivalent to
their category of Beilinson motives. Since we systematically use the étale
topology and rational coefficients, we simply write DA(S).

Definition A.1. Let X be a smooth S-scheme. We write Q(X) € She(Sm)
for the sheafification of the presheaf

QMorg(—,X) ,

which associate to each smooth S-scheme Y the Q-vector space with basis
the set of S-morphisms from'Y to X.

Write T' for the sheaf cokernel of the unit section Q(S) — Q(G, 5); we
view T" as a convenient model for the Tate motive. The category DA(S) is
defined to be the homotopy category of a certain stable A'-local model cate-
gory of symmetric T-spectra of complexes in the abelian category She;(Sm)
of étale sheaves in Q-vector spaces on Sm/S. For simplicity, we refer to
an object in this model category as a motivic spectrum. The analogous
construction without spectra leads to the category DA®T(S) of effective tri-
angulated motives, which is the A'-localization of the derived category of
Sh¢:(Sm). For simplicity, we refer to an object in this category as a motivic
complez.

Recall that to compute derived functors in this setting, one chooses a
specific model category structure on (spectra of) complexes of sheaves pre-
senting the categories of motives such that the functors of interest are Quillen
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functors. For this paper, we use indifferently the projective model structures
(adapted from presheaves to sheaves) of [Ayol4, Section 3] or the descent
model structures of [CD09, 5.1.11].

There is a sequence of functors (see [CD09, 5.3.23.2] for more details on
the last one, the infinite T-suspension functor)

(A.0.1) Shy(S) — D(Shg(Sm)) — DA (g) =7

Definition A.2. Let X be a smooth S-scheme.

(1) The (relative, homological) effective motive M (X) is defined as
the image of Q(X) in DAT(S).
(2) The motive Ms(X) is defined as LY M (X) in DA(S).
Motivic complexes (respectively, spectra) of the form Q(X) (respectively,
Y°Q(X)) are called representable.
The category DAgm(S) of constructible or geometric motives over S is
defined as the thick triangulated subcategory of DA(S) generated by the mo-

tives of the form Mg(X)(i) for any smooth S-scheme X and any integer
1€ 7.

DA(S).

Remark A.3. The projective model structures that we are using have rel-
atively few cofibrant objects - as they should, since we want to use them
to compute left derived functors - but crucially representable objects are
cofibrant (by definition for the descent model structure of [CD09, 5.1.11],
and as they have the left lifting property with respect to surjective quasi-
isomorphisms for the projective one).

Remark A.4. A motive is constructible if and only if it is a compact object
of the triangulated category DA(S) (see [Ayol4, Proposition 8.3]).

By [Ayo07a] and [Ayo07b] (see also [CD09]), the categories DA (S) satisfy
a full six functors formalism. We are only going to use explicitly the tensor
product and the pullback f* for morphisms f : T — S. The following
proposition sums up the computational properties we need.

Lemma A.5. Let f: S — T be a morphism of noetherian schemes of finite
dimension.

(1) All functors in the sequence (A.0.1) are monoidal. In particular, if
X,Y are objects in Sm/S, then

QX)2QY)~Q(X xY),

MED (X))o MV (v) ~ MED (X x v .

(2) For X € Sm/S, we have canonical isomorphisms:

FQX) ~Q(Xp) and f*MEV(X) ~ MV (x7) |

(8) There is a canonical 2-isomorphism LY. f* ~ f*[3°°.
(4) The pullback functor f* is monoidal.
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Proof. Assertion (1) follows from the universal property of fibre products,
the fact that the tensor product on sheaves of QQ-vector spaces is exact, and
[Ayo07b, Corollaire 4.3.72].

Let us prove assertion (2). The formula for the pull-back of Q(X) follows
from the universal property of the fibre product. As the functors f* on mo-
tivic complexes and spectra are left Quillen (by combining [CD09, 5.1.14]
and [CD09, 5.3.28]) and representable objects are cofibrant, the same for-
mula also holds in the categories of effective and non-effective motives.

Assertion (3) holds by [CD09, Section 5.23].

Assertion (4) follows from the analoguous property for the pullback on
motivic complexes (spectra), for which we refer to the proofs of [Ayo07b,
Propositions 4.5.16, 4.5.19]. O

Lemma A.6. (1) Let M € DA(S) be a motive. Then M is zero if and
only if the pullback it M to any geometric point

i§I§—>S

18 zero.

(2) Let f be a morphism in DA(S). Then f is an isomorphism if and
only if the pullback i%(f) to any geometric point 5 — S is an iso-
morphism.

Proof. The second statement follows from the first by the axioms of a tri-
angulated category.

We turn to the proof of the first. By [Ayol4, Proposition 3.24] the family
iy for all points s € S is conservative. Hence, we may now assume that
S = Spec k is the spectrum of a field. Let k* be the inseparable closure of k.
It is well-known that pull-back induces an equivalence of categories between
the category of étale sheaves on Spec k and the category of étale sheaves on
Spec k. It is much more difficult, but nonetheless true, that it induces an
equivalence between the categories of motives (see [CD09, Proposition 2.1.9]
and [CD09, Theorem 14.3.3]).

We may now assume that k is perfect. Let k be an algebraic closure of
k. Let P € DA(Spec k) such that the pull-back i* to Spec k vanishes. As
the category DA(S) is compactly generated by [Ayol4, Proposition 3.19],
it suffices to show that all morphisms f : M — P with M compact vanish.
By assumption, the morphism ¢*(f) vanishes. By [Ayol4, Proposition 3.20]
this implies that the pull-back of f to some finite separable extension of k
vanishes. By [Ayol4, Lemme 3.4] such a restriction is conservative and so
f=0. O

We need to consider motives of algebraic spaces. The definition follows
the method of Choudhury [Chol2], who considered the case of stacks over
a field. We only develop the minimal amount of results necessary.

Let Y be an algebraic space presented by a scheme X and an étale equiv-
alence relation R, i.e., Y is the cokernel of the diagram of sheaves of sets
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over the site Sch/S with the étale topology
R=X.

Definition A.7. Let Y be a smooth algebraic space. Let Q(Y) be the
sheaf associated to the presheaf QY|gm/s(-). We define the relative motive

M (Y) € DA(S) as the image of the sheaf Q(Y) and Ms(Y') € DA(S)
as LY M (Y).

If Y is a scheme, this agrees with the definition given before.

Proposition A.8. Let f : T — S be a morphism and Y/S a smooth alge-
braic space. Then there are canonical isomorphisms

FMED vy ~ M (vy).

Proof. By Lemma A.5(3) it is enough to settle the effective statement.

We follow the method of [Chol2, Cor. 2.14] which was considering Deligne-
Mumford stacks. Let (X, R) be a presentation of Y and X, be the Cech
nerve of the cover X — Y. By general principles, the covering map

Xe — Y

is a weak equivalence of simplicial sheaves. Hence it induces a quasi-isomor-
phism of complexes of sheaves of Q-vectors spaces

Q(X.) = Q(Y) .

We are going to show that X,, is a smooth S-scheme. Assuming this, we
compute f*Mg(X) as

[TQ(Xe) = Q((Xe)7) -
(Xo)7 is the Cech nerve of the cover X7 — Y7, hence the latter is quasi-
isomorphic to Q(Y7).
By definition, X, is the (n 4 1)-fold fibre product of sheaves of sets
Xp=XXy xX - xy X=X xyX)xx - xx (X xy X).

Since X Xy X ~ R we see that X, is a smooth X-scheme. As X is smooth,
this makes X, a smooth S-scheme. O

APPENDIX B. MOTIVES WITH AND WITHOUT TRANSFERS

Let S be a noetherian scheme of finite dimension.

B.1. Sheaves with and without transfers.

Definition B.1. (1) Let Sm' be the category of smooth correspondences
over S. Its objects are the objects of Sm and morphisms are finite
Q-correspondences in the sense of [CD09, Definition 9.1.2 - Defini-
tion 9.1.8]. (This category has also other notations in the literature

as Sm" in [CDO9] and SmCor in [Voe00]).
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(2) Let Shy (Sm'™) be the category of additive presheaves of Q-vector
spaces on Sm' whose restriction to Sm is an étale sheaf. We call
these objects étale sheaves with transfers.

(3) Let X € Sm. Then Q(X)™ is defined as the representable presheaf
with transfers cg(-, X) (which is in fact an étale sheaf).

The category She;(Sm') is monoidal. The tensor product is character-
ized by the formula

Q)" 2 Q)" =Q(X xY)"

for X,Y € Sm.
By [CD13, Corollary 2.1.12] , there is an adjoint pair of functors

7* : Shg; (Sm) 2 Shg (Sm™) : v, |

where 7, is simply the restriction from sheaves with transfers to sheaves
without transfer, and v* verifies the following properties.

Lemma B.2. Let v* and v, the functors defined above. Then, for all S-
smooth schemes p : X — S and all sheaves with transfers F, the following
statements hold:

(1) v*Q(X) = Q(X)*,

(2) the functor v* is monoidal.

Proof. By [CD09, Corollary 10.3.11], the functor v, induces an adjunction
of abelian P-premotivic categories [CD09, Definition 1.4.6] (with P = Sm).
This implies both properties of the statement. Indeed, by definition, v* is in
particular a morphism of monoidal P-fibered categories [CD09, Definition

1.2.7] (which implies 2) and commutes with the functors p4 (which implies
1). O

There is an alternative description of v* via the category of qfh-sheaves.
Let Sch be the category of schemes of finite type over S. The inclusion
of categories induces a morphism of sites p : Schg; — Smyg; and a pair of
adjoint functors

p* : Shg (Sm) = She(Sch) : p,
where p, is simply the restriction. We also write more suggestively Flgm =
p«F'. Recall the qfh-topology on Sch from [SV00, Section 4.1] . Roughly,
it is the topology generated by open covers and finite surjective morphisms.
As the gfh topology refines the étale topology, there is a morphism of sites
r: Schym — Schg; and a pair of adjoint functors

r* : Shgi(Sch) = Shys, (Sch) : r,.
We also write more suggestively Fgps, = r*F. In particular, Q(X)qm is
the sheafification of the presheaf Q(X) on Sch. As usual we denote by
Q(X)' € Shy (Sm'™) the representable sheaf with transfers defined by X.

The following result is due to Suslin and Voevodsky [SV00, Proposition
4.2.7, Theorem 4.2.12].
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Theorem B.3. For X € Sm, the canonical map Q(X) — v.Q(X)™ factors
through the qfh sheafification and induces an isomorphism:

Q(X)qfh’Sm = ’Y*@(X)tr .

This implies that any qfh-sheaf has canonical transfers; see [CD09, Propo-
sition 10.5.8].

A priori, the functor * is only right exact. (The above theorem suggests
that «* should be equal to p.r.r*p*, the source of non-exactness being r..)
It is not clear whether it is also left exact. However, we have the following
criterion.

Lemma B.4. Assume S normal. Let F be an étale sheaf of Q-vector spaces
on Sch and
C*— F
a resolution in the same category such every C* is of the form Q(X;) for
some smooth X;. Then the following holds.
(i) The complex
Y (C*[sm) = 7" (Flsm) = 0

of objects in Shg (Sm™) is exact.
(i) There is a canonical isomorphism

(quh)‘Sm o ’Y*’Y*(F‘Sm)'

and this isomorphism identifies the unit map F|sm — V7" (F|sm) and
the unit map Flsm — (Fym)|Sm-

Proof. The complex C;fh — Fym — 0 is an exact complex of gfh sheaves
on Sch. We claim that its restriction to Sm is an exact complex of étale
sheaves. Since S (and hence every scheme in Sm) is normal and we work
with sheaves of Q-vector spaces, this follows from a trace argument (see
[Voe96, Theorem 3.4.1]).

Because of the assumption on the C?, Theorem B.3 implies that the nat-
ural map C*[gm — 7+7*(C*|sm) factors through Cjy [sm and that we get
an isomorphism of complexes in Shg(Sm):

§: Comlsm — 17" (C*|sm)

This implies that the complex v,7*(C*|sm) is exact. Since 7* is right
exact and 7, is exact, we get that the complex

%Y (C 7 sm) = %7 (C%lsm) = %Y (Flsm) — 0

is also exact. Put together, this implies that v,.7*(C*|sm) = 77" (F|sm) —
0 is exact. Since 7, is exact and faithful, this proves point (i). Now the
isomorphism ¢ induces an isomorphism on H which proves the first part of
(ii). The second part is formal from the definition of the map. O
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B.2. Triangulated categories with and without transfers. We can
now introduce the triangulated categories of motives with transfers DM®(S)
and DM(S) which are defined in a completely parallel manner to DA®(S)
and DA(S) by replacing sheaves with sheaves with transfers. They also
occur as homotopy categories of model structures, for which we do not go
into details and refer to [CD09, Definition 11.1.1].

We have a sequence of functors for motives with transfers

Lxg°
(B.2.1) Sh¥ (S) — D(Shg (Sm™)) — DMT(S) "= DM(S) .

The functors v* and v, between abelian categories of sheaves induce
Quillen adjunctions at the level of the model categories on motivic com-
plexes and spectra (see [CD13, 2.2.6] for the case of the descent model
structures):

Ly* : DA®H(S) = DML(S) : ~, .
Ly* : DA(S) =2 DM(S) : R, .
The notation reflects:

Lemma B.5. The functor y* on motivic complexes preserves A'-equivalences.
Proof. The proof of [Ayoar, Lemme 2.111] also works in our setting. O
Theorem B.6. [CD09, Theorem 16.2.18] and [CD09, Theorem 16.1.4] Let

S be noetherian, finite dimensional, excellent and geometrically unibranch.
Then the functor
Ly* : DA(S) =2 DM(S) : 7« .

18 an equivalence of categories.

Remark B.T. (1) Thereis an integral version of this in [Ayol4, Théoréme B.1]
(there the functor Ly* is denoted Lay,.)
(2) In the effective case, the optimal comparison result is not known.
For the state of the art in the effective case, see [Ayoar, Annexe B.]
(for a base of characteristic 0) and [Vezl4, Theorem 3.19] (a weaker
version over a perfect base).

Definition B.8. Let X be a smooth S-scheme.
(1) The (relative, homological) effective motive with transfers Mg (X )"
is defined as the image of Q(X)%" in DM®(S).
(2) The motive with transfers Mg(X)™ is defined as LY MEE(X)™ in
DM(S).
We collect some useful computational properties:

Lemma B.9. The following statements hold:
(1) All functors in the sequence (B.2.1) are monoidal.
(2) There is a functorial 2-isomorphism Ly*¥%° ~ %20 L~*.
(3) For all X € Sm, we have Ly*Mg(X) ~ Mg(X)™.
(4) In both the effective and non-effective case, the functor Ly* is monoidal.
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Proof. Assertion (1) follows from [CD09, Proposition 10.1.2] and the general
machinery of monoidal P-fibered categories of loc. cit., together with the
fact that the tensor product of sheaves with transfers with QQ-coefficients is
exact.

Assertion (2) is contained in [CD09, Corollary 10.3.11] and [CD09, 5.3.28].

For Assertion (3), the motivic spectrum X*°Q(X) is cofibrant for the
model structure on motivic spectra by A.3. Moreover the functor v* on
motivic spectra is left Quillen (this is also in [CD09, Corollary 10.3.11] and
[CDO09, 5.3.28]) and commutes with suspensions by (2). To conclude we
apply Lemma B.2 (1).

Assertion (4) is a formal consequence of Lemma B.2 (2).

APpPPENDIX C. qfh-DESCENT FOR SMOOTH GROUP SCHEMES

Let S be a noetherian excellent scheme. In this section we study the qth
sheafification of smooth commutative group schemes over S.

Remark C.1. Let Nor be the full subcategory of S-schemes of finite type
which are normal. Let 7" be an S-scheme of finite type. Then there is a
normal S-scheme T’ and a finite surjective morphism (hence a qfh cover)
T — T take the normalisation of the reduction of the union of irreducible
components of 1. In particular the subsite Nor equipped with the induced
qfh topology is dense in Sch, and by [SGAT2, Exposé I1I Théoréme 4.1] the
inclusion induces an equivalence of topoi.

Let G/S a smooth group scheme and G be the étale sheaf on Sch/S
defined by GG. The main result of this appendix is the following.

Proposition C.2. Let G be a smooth commutative group scheme over S.
Then Go|Nor is a qfh sheaf, and the natural morphism

Go — (Gg)gm
imnduces isomorphisms when evaluated on normal schemes.

The second statement is a reformulation of the first by Remark C.1. The
proof of the fact that Gg|Nor is a qfh sheaf will take the rest of this appendix.

Lemma C.3. Let f : X — Y be a dominant morphism with Y reduced.
Then G(Y) — G(X) is injective. In particular the presheaf G|Nor 1S sepa-
rated with respect to the qfth-topology.

Proof. The morphism f is schematically dominant since Y is reduced [Gro66,
Proposition 11.10.4]. Let g : ¥ — G such that go f = 0 € G(X). Since
the scheme G is separated, we can now apply [Gro66, Proposition 11.10.1
d)] to g and the constant zero morphism X — G which shows that g =0 €
G(Y). The gfh-separation property then follows from [Voe96, Proposition
3.1.4]. O
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Lemma C.4. Let m: U — X be a finite surjective morphism of normal ir-
reducible schemes. Then G satisfies the sheaf condition for the qfh cover .

Proof. Let V' be the normalisation of the reduction of U x x U. We have to
show that the sequence

0-GX)eQ—=GU)2Q—->G(V)2Q

is exact (the map G(U) ® Q — G(V) ® Q being induced by the difference
of the two projections V' — U).

As X and U are normal, there exists 7’ : Y — U finite surjective such
that 7'm factors as w,m; with s, m; finite surjective, m, generically Galois and
m; generically purely inseparable. Because of Lemma C.3, a diagram chase
shows that the sheaf condition for 7 is implied by the sheaf condition for 7
and ; separately. In other words we can assume 7 to be either generically
Galois or generically purely inseparable.

We first assume 7 to be generically Galois with Galois group I'. Note
that U, being normal, is the normalisation of X in x(U) so the action of
I" on the generic fibre extends to U by functoriality of the normalisation.
Moreover, the monomorphism of coherent sheaves Oy — (m.Oy)! is an
isomorphism, as can be checked on affine charts using the generic Galois
property and normality. Hence by [SGA03, Exposé V Proposition 1.3], X
is the categorical quotient of U by I'. In particular we have:

G(X)=aGU)" cq).

Let = be in the kernel of G(U) — G(V'). Then by Lemma C.3 it is also in
the kernel of G(k(U)) — G(k(U) @yx) k(U)) (recall that k(U) ®jx) k(U) is
a product of fields, hence normal). By étale descent we have z € G(k(U))",
in particular, our element is I-invariant, hence in G(X) by the above.

Consider now the case 7 generically inseparable. By Zariski’s connect-
edness theorem, a finite surjective morphism to a normal scheme which
is generically purely inseparable is purely inseparable. In particular the
diagonal morphism of 7 is a surjective closed immersion, hence after re-
duction is an isomorphism. Hence the map G(U) ® Q — G(V) ® Q is
the zero map (the identity minus the identity) and we have to show that
T™RQ:G(X)®Q — G(U)®Q is surjective. For this we will reduce to the
case where 7 is a relative Frobenius.

Let us recall some notations. For p prime, ¢ a prime power and an S-
scheme Z, we write Z(@ for the base change of Z along the absolute Frobe-

nius of S, and Frob(Zq/)S : Z — Z9 for the relative Frobenius.
We can assume that 7 is not an isomorphism. Let then p > 0 be the
generic characteristic of X. Since X is irreducible, it is an [F,-scheme. By

[Kol97, Proposition 6.6], there exists a power ¢ of p and a morphism 777 :

X — U@ such that 797 = Frobg]/)s.
(9)

U/S)* ® Q implies surjectivity of 7* @ Q.

Hence we are reduced to the Frobenius

case as surjectivity of (Frob
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Let f € G(U). By functoriality of Frobenius, we get a morphism
9 e g (U@)

such that f (Q)Frobg?/) g = Frobg} gf. The commutative S-group scheme G is
flat, so by [ABD'65, Exposé VII 4.3] there exists a Verschiebung morphism

Ver(Gq}S : G — @G such that Ver(Gq;S o Frob(Gq}S = qidg. Put

g= Verg}sf@ e GUW) |
Then 7*(g) = pf. We conclude that 7* ® Q is surjective. O

Proof of Proposition C.2. Let X € Nor and {p; : Y; — X}icr a qfh-cover
in Nor. We have to check the sheaf condition for QQ.

The presheaf G satisfyies the sheaf condition for the covering of a scheme
by the union of its connected components so that we can assume X to be
connected, hence integral. By [SV96, Lemma 10.3], the cover {p;} admits a
refinement to a cover {Z; - Z — X}jc; where Z — X is finite surjective
and {Z; — Z} is a Zariski cover of Z. Because of Lemma C.3, a diagram
chase shows that it is implied by the sheaf condition for Z — X and {Z; —
Z} separately.

By Lemma C.4, the presheaf G satisfies the sheaf condition for the mor-
phism Z — X. As G is a Zariski-sheaf, the sheaf condition is also satisfied
for the cover {Z;} of Z. This concludes the proof. O

APPENDIX D. EILENBERG-MACLANE COMPLEXES FOR SHEAVES

The main object of study in this paper is the sheaf G on Sm/S associated
to a commutative algebraic group space G/S. In the course of the proof of
the main theorem, we need to compute several left derived functors applied
to the object M (G) it represents in DM®¥(S). For this, we need a cofibrant
resolution of G ® Q. We use a construction of Breen [Bre70] that is based
on the work of Eilenberg and Maclane [EML53].

The following theorem is the main result of this appendix.

Theorem D.1. Let (S,7) be a Grothendieck site. We denote Z(—) the
functor “free abelian group sheaf” (the sheafification of the sectionwise free
abelian group functor).

There is a functor:

A:Sh,(S,Z) — Cpl,(Sh,(S,Z)
(where by Cplsy we mean homological complexes in non-negative degrees)
together with a natural transformation
r:A— (—)[0]
satisfying the following properties:
(1) For all G € Sh(S,Z) and i > 0, the sheaf A(G); is of the form
@?g 7(G*w9)) for some d(i),a(i,j) € N.
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(2) There is a natural transformation a : Z(—)[0] — A which lifts the
addition map a : Z(—) — id; that is, one has a[0] = ra.

(8) The functor A and the transformations r and a are compatible with
pullbacks by morphisms of sites.

(4) The map r ® Q is a quasi-isomorphism.

We give a sketch of the proof of Theorem D.1 based on [Bre70] and
[EML53).

Construction of A(G). The construction of the chain complex A(G) is
done in four steps.

(i) The chain complex A(G,0) is defined as Z(G)[0], equipped with its
natural ring structure.

(ii) To define recursively A(G,n + 1) from A(G,n), one applies the nor-
malized bar construction By defined in [EML53, Chapter II] (see also
Remark D.3)

A(G.n+1) = By(A(G.n)).
(iii) For all n > 1, we define A"(G) by taking the canonical truncation
(intuitively passing to the reduced homology) and shifting:

AM(G) = (150A4(G,n))[—n] .
(iv) The bar construction comes together with a functorial suspension map
S:AG,n)[l] - AG,n+1).

For all n > 1, up to a change of sign in the differential, the suspension
S induces a morphism of complexes

S:A™(G) — A"TH(G) .

The maps are well-defined by the vanishing properties in Lemma D.2
below, and they are inclusions. Define the chain complex A(G) as

AG) = J 4"(9) .

n>1

Lemma D.2 ([Bre70]). Let A(G,n); be the j-th term of the chain complex
A(G,n); then
Z n>1,7=0,
A(G,n); =40 n>10<j<n.
Z(G) n>1l,j=n
Moreover, the map A(G,1)1 — A(G, 1)y is zero. In particular, for all

n > 1 the chain complex A™(G) is concentrated in non-negative degrees and
can also be described via the stupid truncation

AY(G) = (050A(G,n))[-n]

which is still concentrated in non-negative degrees.
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Remark D.3. Recall that the bar construction By takes an augmented dif-
ferential graded chain algebra and produces another; intuitively, if D is an
augmented dg-algebra computing the homology of a space X, the dg-algebra
Bpn (D) should be thought of as an algebraic model for the homology of the
loop space of X. Note that since we work with sheaves, the correct con-
struction is to apply the bar construction sectionwise and then sheafify.

Construction of » and end of the proof. We first recall a qualitative
version of Cartan’s computation of the stable homology of A(G,n), as ex-
tended to the sheaf case by Breen (see [Bre70, Theorem 3]):

Lemma D.4. Let n > 1. Then:
0 1 <0,
(D.0.2) Hi(A™(G)) ~< G i=0,n>1,
is a torsion sheaf 0 <1 <n.
Moreover, the isomorphisms Ho(A™(G)) ~ G for n > 1 can be chosen such
that
(1) they are compatible with the suspension maps, and
(2) the composition of maps of complexes
Z(G)[0] = AY(G) — Ho(A1(9)) = G[0]
is the addition map ag (here the map Z(G)[0] — AL(G) is the inclu-

sion of the term in degree 0).

Proof. The computation of H;(A(G,n)) is contained in [Bre70, Theorem 3].
It reads

0 0<i<n,
(D.0.3) Hi(A(G,n)) ~ < G, i=n,

is a torsion sheaf, n < i < 2n,

The computation of H;(A"(G)) follows from this and the vanishing prop-
erties of Lemma D.2. Compatibility with suspensions is a consequence of
[Bre70, (eq 1.16) p.22]. The second assertion follows by a small computa-
tion from the following description of the first terms of A(G,1) (see [Bre70,

p.19]):

. —=T7(G % G) 7(G) —2 Z
9, B} ——=[g] + [h] — [g + 7]
This finishes the proof of the Lemma. O

Definition D.5. We define the map
r:AG) =JA"@9) —»g

n>1
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via the compatible system of
A™(G) = Ho(A™(9)) =g
of Lemma D.4.

Proof of the Theorem D.1. Property (1) follows from [Bre70, eq. (3.8) and
(3.9) p.31].

The morphism r satisfies property (2) by construction and Lemma D.4.
It induces an isomorphism Ho(r) : Ho(A(G)) ~ G. The construction is
sufficiently canonical to make property (3) clear.

Finally as the computation of homology commutes with filtered colimits
and Q is flat over Z, we have for all i > 0

Hi(A(G)) ® Q ~ colimen(H;(A™(G)) ® Q).

By Equation D.0.2, the last term vanishes for n > i. This proves property
(4) and concludes the proof. O
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