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Abstract

Material and structural non-destructive evaluations using guided-wave (GW) testing techniques
rely on the knowledge of wave dispersion characteristics. When studying coupled fluid-solid waveg-
uides having complex geometries using the semi-analytical finite element (SAFE) method, an ex-
cessive computational effort may be required, especially at high-frequency ranges. In this paper,
we show the robustness of an efficient computational approach so-called the semi-analytical isoge-
ometric analysis (SAIGA) for computing the wave dispersion in 3D anisotropic elastic waveguides
coupled with acoustic fluids. This approach is based on the use of Non-Uniform Rational B-splines
(NURBS) as the basis functions for the geometry representation as well as for the approximation of
pressure/displacement fields. The obtained results are compared with the ones derived from using
the conventional SAFE method which uses Lagrange polynomials. It is shown that for computing
the dispersion of GWs, using SAIGA leads to a much faster convergence rate than using the con-
ventional SAFE with the same shape function’s order. For hollow prismatic structures immersed
in fluids, using high-order NURBS (e.g, p = 8) is particularly efficient as it only requires a few ele-
ments to achieve solutions having the same precision as the ones obtained by SAFE which requires
up to five times of DoF number. Moreover, the continuity of normal displacement at fluid-solid
interfaces could be significantly improved thanks to the smoothness feature of NURBS, showing
the advantage of SAIGA over SAFE in the evaluation of the shape modes of GWs in coupled
fluid-solid systems.

Keywords: Immersed waveguides, Guided waves, Dispersion curve, Isogeometric analysis,
NURBS basis, Semi analytical finite element (SAFE)

1. Introduction

Guided-wave (GW) technology, which is based on the analysis of the behavior of waves propa-
gating along surfaces or interfaces, is widely known as a robust technique and an economical way
for fast non-destructive evaluation of structures [1]. Among the wide variety of applications, one
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may cite the near-surface geophysics and geotechnical site characterization [2], the damage detec-
tion in composite materials [3], the characterization of fluid loaded structures [4], or more recently
the ultrasonic imaging of biological tissues [5, 6, 7.

Due to the presence of interfaces and/or free surfaces, the waves guided along the structure have
dispersive behavior, in which the phase velocity and attenuation vary with the frequency content
of the wave packages. The dispersion of guided waves has been shown to strongly depend on the
geometry of the structures, on the heterogeneity of material properties as well as the existence
of surrounding media (most commonly fluid). Knowing the dispersion characteristics of guided
waves, one may perform inversion problems to identify the geometrical and mechanical properties
of the structure. Basically, the inversion procedure is performed by minimizing the error between
the dispersion curves obtained from experiments and modeling [1]. Therefore, the development of
low-cost and accurate computational methods for evaluating the wave dispersion is very important
to enhance GW-based non-destructive techniques.

One of the most common models for studying GWs is the cases where the medium could be
assumed to be homogeneous along one (or two) directions. In these cases, the analytical methods
were usually used for computing the dispersion curves, due to their efficiency in solving wave
equations, especially in waveguides with simple cross-section geometry such as plates or cylinders
[1]. When the section is not homogeneous but consists of multilayer materials (i.e the variation of
properties are piecewise constant functions), the analytical solutions may also be derived by using
e.g the transfer matrix method or the global matrix method [1]. The analytical methods have also
been used to consider functionally-graded waveguides [8].

The limitations of analytical models can be circumvented by a more versatile numerical ap-
proach so-called semi-analytical finite element (SAFE) which has become popular in recent decades
[9, 10, 11, 12]. The idea of SAFE method is to assume a harmonic form of the solution in one
(or two) direction and employ finite element discretization in the cross-section of the considered
waveguide. In many circumstances, the considered waveguide is coupled with one or several fluid
media, and we must deal with a vibroacoustic problem. While the displacement-based equation is
applied in the elastic solid, the fluid may also be modeled as an elastic material with very weak
shear modulus [13], or by an acoustic fluid for which the pressure-based equation is employed
[14, 15, 16]. Using the elastic model employs the displacement-based equations for the fluid, which
are easier to be implemented in the SAFE formulation, but it may cause spurious modes due to
the zero shear modulus. Using pressure-based equations is better for describing the acoustic fluid,
but continuity conditions need to be introduced between the pressure field (of the fluid) and the
displacement field (of the solid) at the fluid-solid interfaces. Astaneh et al. [17, 18] presented a
CFEM for fluid coupled waveguides with cross-section which uses linear midpoint-integrated finite
elements with specially designed set of complex-valued lengths. The proposed method has fast
convergent, but only simple geometry could be considered. Zuo et al. in [16] developed SAFE
formulation derived from pressure-displacement equations for considering 3D waveguides coupled
with a fluid. Basically, the proposed approach is quite general and can be applied for solving
any cases with arbitrary cross-section geometries. However, in practice for studying the guided
waves in structures with complex cross-section geometry, a significant mesh refinement may need
to be required to obtain the converged solutions, especially at high frequencies because of several
reasons. First, for considering complex interfaces defined by high-gradient curves, the mesh using
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conventional Lagrangian finite elements needs to be extensively refined; second, as the equations in
the fluid are written in terms of the pressure, the continuity conditions of normal displacement at
the fluid-solid interface may not be numerically achieved due to the numerical errors of the differ-
entiation approximation. The mesh refinement leads to larger complex-valued eigenvalue problems,
causing a significant increase in computational cost.

Based on recent innovations, we propose to employ the isogeometric concept instead of con-
ventional finite element-based discretization in the context of SAFE analysis. The isogeometric
analysis employs the Computer Aided Design (CAD) concept of Non-uniform Rational B-splines
(NURBS) tool to represent not only the complex geometries but also to construct approximations
for finite element analysis [19, 20, 21]. In the context of the wave propagation problem, the use of
NURBS basis functions, yields more accurate solutions compared to the conventional finite element
analysis (FEA) using the same number of degrees of freedom [22, 23, 24, 25]. For the simulation
of GWs in elastic plates, Willberg et al. [26] compared several higher-order finite element schemes
and their convergence when studying the first Lamb modes at low frequencies. In the context of
GW?’s dispersion study, the NURBS basis functions were employed by Gravenkamp et al. [27] in
the scaled boundary finite element method for the dispersion analysis of homogeneous 3D solid
waveguides with arbitrary cross-section. Liu et al. [28] also applied IGA to numerical investigation
of dispersive behavior of waves in helical thread waveguides. In these studies, the advantage of
using IGA for the simulation of GWs in complex geometry structures has been studied. However,
the presence of fluids has not been considered. Recently, by comparing with the Lagrange based ap-
proach for the computation of dispersion curves in 2D plates (with 1D discretization) coupled with
fluids, we have shown that NURBS based approach allows to improve significantly the precision
and reduce the computational cost, especially at high-frequency ranges [29].

In summary, although the conventional SAFE approach has been applied widely for guided-
wave analysis, the coupling between 3D prismatic solid and fluid has been much less investigated.
Furthermore, to our knowledge, when using isogeometric analysis in SAFE context, most of existed
works only considered simple geometries (e.g rectangular section) and without fluid coupling. In
this work, a semi-analytical isogeometric formulation (SAIGA) was proposed for analyzing the wave
dispersion in arbitrary cross-section structures immersed in fluids. To do so, the NURBS basis
functions were used within the SAFE formulation established for an anisotropic elastic domain
coupled with acoustic fluids in the frequency-wavenumber domain. It is expected that using high-
degree NURBS basis functions could significantly improve the accuracy of the numerical solutions
of the wave dispersion with a significant reduction of computational cost. The convergence analysis
was carefully performed for several cases including an empty /fluid-filled cylinder and an arbitrary
cross-section waveguide, which represent a typical cortical long bone geometry, in order to find
optimal NURBS order for these cases. We were particularly interested in studying the continuities
of stress and displacement at solid-fluid interfaces, which are important for the evaluation of the
mode excitability, computed by the proposed NURBS-based analysis.

To the best of the author’s knowledge, the NURBS-based modeling guided waves in 3D coupling
solid-fluid structures has not been investigated in the literature. It is worth to notice that the term
“semi-analytical isogeometric analysis” has also been used in the literature but in in different
contexts. For example, in the so-called IGA-SBFEM method [27], the IGA was used for computing
the coefficient matrices of SBFEM (Scaled Boundary Finite Element Method). In [30], the W-IGA
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(Wave Isogeometric Analysis) method was used for the simulation wave propagation in periodic
media, in which the IGA can be used for dealing with cell problems derived from Floquet-Bloch
theory . In [31], a “semi-analytical isogeometric analysis” approach named as SIGA, was used for
studying two-dimensional Rayleigh waves in layered composite piezoelectric structures. However,
the term SIGA also widely stands for the so-called Stochastic Isogeometric Analysis and hence, we
would like to not use this term to avoid confusion.

The paper is organized as follows. Section 2 describes the governing equations for three-
dimensional waveguides coupled with fluid. After introducing the concept of isogeometric analysis
and NURBS basis functions, Section 3 formulates the SAIGA method. Section 4 subsequently
carries out the numerical dispersion analysis through several numerical examples including the free
waveguide, the waveguides coupled with interior and/or exterior fluids. The convergence analysis of
the phase velocities will be studied for these cases. The mode shapes and their continuities will be
carefully investigated for each case. The last section ends with some conclusions and perspectives.

2. Problem formulation

2.1. Governing equation

Geometry description. The geometry of an immersed waveguides with arbitrary cross-section is
shown in Fig. 1. The structure is described in the Cartersian coordinate system with an orthogonal
basis (e1, ez, e3) and the position vector & = (x1, 2, x3). The cross section of the solid is constant
along e3. The surfaces of the solid body my be free or loaded by two inner and outer fluids (Q{ and
Qg as shown in Fig. 1). The domains occupied by the solid body and the fluids are denoted by * =
{(z1, 9, 23)|x3 € [—00, +00], (21, 22) € O}, QF = {(w1, w9, 23) |3 € [—00, +00], (x1,22) € Q{} and
QO = {(z1, 20, 23) |73 € [—00,+00], (x1,22) € O}, where Q¢ , ©f and Q) are the cross-section
of the solid and two fluid domains. The interfaces between Q2 and Qf, (o = {1,2}) are denoted
by rsf (a = {1,2}). As the cross sections are unchanged along es, the outward directed, normal
vectors of 2° at I‘Zf are always perpendicular to e3 and may be represented by n® = {ny, n, 0}7.
In what follows, the symbol 9;(x) (i = 1,2, 3) stands for the partial derivative of (x) with respect
to z;.

I
Fluid Q] 2\ .
N % Fluid
Solid O
Fluid 0
PML layer
Xt\‘ixﬁﬁe,&,\@(}‘ =

Figure 1: Schematic of (a) fluid-filled solid waveguide with arbitrary cross-section immersed in an infinite fluid (b)
cross-section with the PML layer
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Dynamic equations in the solid layer. In the solid domain 2%, the infinitesimal displacement vec-
tor at a point & and at time ¢ is denoted by w®(x,t) = {u1,us,u3}’. For the purpose of conve-
nience, here we use the Voigt notation which represents the stress and strain under the vectorial
form as follows S(X7 t) = {0’11, 092,033,0923,013, 0'12}T and €<X7 t) = {811, £922, €33, 2823, 2613, 2812}T,
respectively. As g;; = %(87;’&]‘ + 0ju;), the strain vector e can be expressed by: e = Lu?,
where . = L10; + Lods + L303. The matrices Ly, Ly and L3 are 3 x 2 matrices of which the
nonzero entries are: Lj(1,1) = L1(5,3) = L1(6,2) = 1, La(2,2) = Ly(4,3) = L2(6,1) = 1 and
L3(3,3) = L3(4,2) = L3(5,1) = 1, respectively.

The balance equations of linear momentum at a point & € 2° and the linear elastic constitutive
law read

pir’ —LTs =0, (1)
s =Ce, (2)

where p is the mass density, Cgxg is the matrix containing the components of the anisotropic elas-
ticity tensor. In this problem, the structure is assumed to be homogeneous along the longitudinal
direction ez but it could be heterogeneous in the section Q°, i.e. p = p(x1,22) and C = C(z1, x2).

Wave equations in the fluids. In the fluid domains Qf, (a = 1,2), the linearized wave equations
can be expressed as

plpa — KIV?pa =0, (3)

where p, are the acoustic pressure fields in Qg, Kg: and pf; are the bulk modulus at rest and the
mass density at rest of the Qé, respectively; V2(x) is the Laplace operator. The wave celerity in

Q,’; can be defined as cf; = \/K&c/pé.

Boundary and interface conditions. The boundary conditions of this system (Eqgs. 1 & 3) consist of
the continuity conditions of the traction and of the normal displacement at the solid-fluid interfaces
[5/ (o = {1,2}), and the radiation condition at infinity, i.e.

t = —p,n’ _
L fo‘ } v e T3 (4)
u'-n®=ul n
Pa — 0 when || — oo, (5)

where n® is the outward unit vector at the interfaces (Fig. 1), which is is opposed to the one of
the fluid domain: n®*=—n/. It is worth noting that t = o - n® = (n1L{ + naL¥)s and the fluid
displacement may be calculated from the pressure field by using the Euler’s equation:

pgxc'&(fx + Vpo = 0. (6)

2.2. Perfectly Matched Layer (PML)

In order to introduce the behavior of the infinite exterior fluid domain, we used the perfectly
matched layers (PML) in the cross-section plane, following the procedures proposed in [16, 9].

5
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From a mathematical point of view, the PML can be considered as a result of a mapping into
complex coordinates, where the solutions of wave equations decay exponentially [32]. Therefore,
the infinite medium can be truncated into a finite domain as shown in Fig. 1. The new stretched
coordinates Z1(z1), Z2(x2) in the waveguide are defined as

1 T2
Ti(z1) = / (w1)dry,  To(w2) = / Yao(w2)d2, (7)
0 0
where 71 (z1) and 7y2(x2) are called PML functions, which satisfy:
vj(zj) =1 for |z;| < d; and Im{v;(z;)} > 0 for |z;| > d;, for j ={1,2}, (8)

On the exterior boundary of the PML, the boundary condition can be arbitrarily chosen (Dirichlet
or Neumann type). The absorption efficiency of leaky waves in the PML strongly depends on
the choice of the PML function (71,72), the position of the interfaces (di,ds) and the thickness
(hlfml, hgml) in the e; and ey directions, respectively. There are a number of variants to choose
for the 1 and 7o functions. For this study, a continuous parabolic function for both the real and
imaginary parts of the PML function, which has been demonstrated to be efficient in the frequency
domain [9, 16], was used:

1 if |z;| < dj,

2 for j = {1,2} (9)
A z;|—d; . ; )
1+fyj('hmﬂ) if o] > dj,
J

vj(25) =

where 4; = a; +ib; quantify the PML absorption and will be given explicitly in each case study. As
leaky waves grow exponentially in the transverse directions, placing the PML close to the waveguide
can reduce the effect of the exponential growth of the leaky modes. In order to estimate the length
of the PML, a simplified 2D plane wave propagation model can be used to approximately predict
the length of the PML:

l .
hE™ >
J kleakbj 7

for j = {1, 2}, (10)

where kjeax represents the wavenumber of the longitudinal wave in the fluid. When the PML
function is given, b; can be determined as Im(%;). The length of the PML can be obtained by
calculating the smallest wavenumber in the frequency range of interest [16].

It is worth noting that in the context of the SAFE analysis, several techniques have been
proposed for representing the radial boundary condition in semi-infinite domains. For example,
in [15], the coupled boundary element and finite element method (referred as 2.5D FEM-BEM)
has been used. However, this method leads to a nonlinear eigenvalue problem that requires an
expensive solution strategy. In [33], an iterative procedure was proposed to solve the nonlinear
eigenvalue problem derived from exact radiation condition. For the case of an immersed plate,
the nonlinear eigenvalue problem with exact radiation condition was transformed into a cubic
polynomial eigenvalue problem using a change of variables [34]. However, its extension to 3D cases
is not trivial. Although using a PML within SAFE formulation requires a supplement layer with
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a thickness about two wavelengths, it has some attractive advantages because (i) it allows us to
avoid the nonlinear term in the exact radiation condition and thus the final eigenvalue problem
established for the coupled fluid-solid system still has the quadratic polynomial form, which may
efficiently be solved (as it will be shown in Sec. 3); (ii) the implementation of PMLs in the SAFE
formulation is straightforward and requires very little modifications.

2.3. Weak formulation in the frequency-wavenumber domain

We look for the solution of harmonic waves propagating along the axial direction (eg) which
may be expressed by the following form

u® (21, 2, 23, 1) = @' (21, 29)e kT3 =01 (11a)
Pa(@1, 72,23, t) = Pal@1, 72)e!F375 71 (11b)
where i? = —1; w € R is the angular frequency; ks is the wavenumber in the es-direction; the

vector @®(z1,x) = (11,79, U3)’ and Po(x1,72) = Po which represents are the amplitudes of the
displacement vector in the Q° and of the pressures in Q{;, respectively. By applying harmonic forms
(Egs. 11a,11b), the problem presented in Sec. 2.1 can be transformed to a 2D system of equations
with respect only to 1 and xy (see Appendix A for the detailed development)

Upon integrating Eqgs. (A.3)-(A.4) against test function d® and 6p,, respectively, then applying
the Gauss theorem and taking into account the interface conditions (A.5), the weak formulation of
the boundary value problem in the solid layer Q2 and in the fluid domain Qf (o = {1,2}) may be

derived as in [35]:

— w? / 5u’ - pu®dQ® + / (L101+Lyd,—iksLs)6a” - (C(Ly + Loda+iksLs)u®)dQ’
Q Q

+ [, 0 (pam®)dls =0, Véa® e ¢ (12a)
T
—? / 0paplpadQ) —w? | opnpl Kl - nidls + k3 / 0pa K] PadS
al rsf Qf
+ / , ((aléﬁa)*Kgalp; + (626ﬁa)*K£82ﬁa)dQ£ =0, Vop,€C™ (12b)
Q

@

3. NURBS-based isogeometric approximation

The formulation presented in Eqs. (12a)-(12b) is valid irrespective of the numerical discretiza-
tion employed in the cross-section. In the framework of conventional SAFE, the Lagrange poly-
nomials are used to discretized these equations. The main drawback of this approach, which is
also called a SAFE method, is the fact that discretization should be fine enough to achieve the
required accuracy. The consequence of fine discretization is a significant increase in computational
cost. Furthermore, the Lagrange PML functions give a non-smoothness profile across the PML
interfaces, which leads to imperfect absorption of the leaky modes. We propose to use a differ-
ent technique for computational efficiency. The idea is based on the NURBS-based isogeometric
analysis allowing the use of globally C*-continuous basis functions, with & < p — 1, p being the
polynomial degree. In this section, we briefly recall the concept of isogeometric analysis with the

7
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main focus on the B-spline and NURBS basis functions, their properties, their use for the geo-
metrical representation as well as incorporating the interface with the C%-continuity. For a more
detailed review of these topics, we refer the interested reader to [36, 37].

3.1. Geometrical representation

NURBS are piecewise rational functions of degree p that are connected in so-called knots. Let
E={&,£,83, ... ntpr1} and H = {n1,m2, 03, ..., Dm+p+1} be the knot vectors in the bi-dimensional
parametric domain Q, each consisting of nondecreasing real numbers &; and 7;, respectively. The
bivariate NURBS basis functions are defined by:

N,P(g)NJ q(n)wij
D =1 21 Nip(E)Neg(n)wre”

where N; ), denotes the ith B-spline basis function of p-degree, wy, € R is the weight values and
n,m are the numbers of basis functions used to construct the B-spline curve in each dimension. By

REA(€,n) = (13)

using the well-known Cox-de Boor formula, the B-spline basis functions are defined recursively as:

' _ 1 if§i<§<fi+1,
Niol€) = {O otherwise, (14)
Nip() = =5 Ny () + S N (o). (14)
’ fz—l—p fz ’ §i+p+1 - fi-&-l ’

Note that the quotient 0/0 is assumed to be zero. By introducing a set of control points P;; € R2,
the NURBS surfaces are constructed by:

ZZRM . (15)

=1 j=1

3.2. Solution approximation
Let v" denotes the approximation of a function v(z1,xs) defined in the physical domain €.

h

According to the isogeometric concept [37], the function v" may be given by a composition between

a function 0", defined in the parametrlc domain ), with the inverse of geometrical mapping:

=il ox 1. The function ¢" is built over the parametric domain by:

BTN (16)

=1 j=1

where the coefficients Vj; € C are the corresponding control variables (values at the control points
P;;). The properties of the function o" follow those of the NURBS basis functions.

In this study, by using Galerkin’s method, the same approximations are applied for both func-
tions @" and 6a” (as well as for p! and §p") on each patch:

a" = R'U, " = RU, (17a)
=RPP,, &p =RPIP,, (17D)
8



where R", R? are the interpolation matrix containing the NURBS basis functions (Eq. 13); U and
0U are the vectors of control displacements; P, and P, are the vectors of control pressures. By
substituting the approximations (Egs. 17a-17b) into the weak formulations (Egs. 12a-12b), then
assembling the elementary matrices, one obtains

(—w’M + Kq + ik3K; + E2Ko)V =0, (18)

where V = (P1, U, P5)” containing the global eigenvectors of pressure (P, P3) and of displace-
ment (U); the global matrices M, Ky, K;, Ko are defined by:

M/t MSfis 0 Kgl 0 0

M=|0 M 0 |,Ky=|K/1 K§ K¥2|, (19a)
0 M2 M/ 0 0 K
0 0 0 KI' 0o o

K= |0 Ki 0|, Ky=|0 K; 0 |, (19b)
0 0 0 0 0 KJ

in which the sub-matrices are determined from the assembling of corresponding elementary matrices
in solid and fluid domains: the sub-matrices (with superscript ®) representing the behavior of the
solid domain are defined by:

= U (R")T pR™dQ?, (20a)
Qs(e)
K: = U/S(e> ai(R™)TA;0; R“)dQS for i,j = {1,2}, (20D)
U / - BRYTA30,R + 9; (R“)TA,;;R“) dQ®,  for i = {1,2}, (20c)
Qs(e)
Ks = J /Q (RO AgRA0 (20d)

the sub-matrices (with superscript /) representing the behavior of the fluid domains are defined by

Mo = U / R pf 4172 RPdDS (21a)

K= / . Oo(RP)T K y1720:RPdQY, (21b)
e Qo

K = U/_f(Rp)TKi’ymedQﬁ, (21c)
e Qo
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and sub-matrices Mfe* and K5/« representing the coupling operator at fluid-solid interfaces:

M= [ (R K[R T, (22a)
Ty

Ko/ = / f(R“)Tdefgf : (22b)
T

The matrices M, Kg, K1, Ko are computed by using two-dimensional Gauss—Legendre quadra-
ture formula with r = p + 1 quadrature nodes per element along each parametric direction which
has been shown to be efficient [38]. Due to the fact that A,5 = Ag;a, it can be shown that that M,
Ky, Ko are symmetric while the matrix K; is anti-symmetric. In this paper, where the material
is assumed to be elastic, these matrices are real and constant with respect to w and k3. In the
case where viscoelastic materials are considered, the elasticity tensor C can be by replaced by a
complex tensor C(w), which depends to the frequency. Then same formulations (Eqs. 20a-22b)
can be used for taking into account viscosity effects. In that case, the matrices Ko, K, Ko will
depend on w, but still independent to k3.

It is worth to note that the quadratic eigenvalue Eq. (18) can be converted into a generalized
linear eigenvalue problem for the media possessing orthorhombic symmetry (more detail can be
found in [18].

3.3. Dispersion analysis

The system of characteristic equations (18) is an eigenvalue problem which is used to determine
the relationship between the pulsation w and the wavenumber k3. By noting that all global matrices
(M, Ky, K;, Ko) do not depend on k3, Eq. (18) is a quadratic eigenvalue problem with respect
to k3 and could be solved by reformulating it under following linearized eigenvalue problem:

0 —w?M + Ko —w?M + K 0 vV
([—wQM + Ko iK; ] — ks [ 0 ~K, ksV ) 0. (23)

For each value of the angular frequency w, solving Eq. (23) allows us to determine the eigenvalues
ks and their associated eigenvectors (also called by wave structures), V(w, k3) of guided modes.
The frequency-dependent phase velocity (Cpp) and the attenuation (att) of a guided mode are
given by:

m.s~, att = Im(ks) [Np.m™'], (24)

where Re() and Im() denote the real and imaginary parts of a complex function.

Three kinds of modes can be found for the immersed waveguides: the trapped mode, the
leaky mode and and the radiation mode. As the name indicates, trapped modes propagate in
the waveguide with energy concentrating in the waveguide. Leaky modes propagate along the
waveguide with some energy leaking into the surrounding fluid. Radiation modes resonate mainly
in the fluid domain, and they are of less interest in practical applications [39]. For the studies
presented in this paper, the following filtering condition is applied in post-processing to identify

f
and remove the radiation modes: % > 7, where E,{ and FEj are the kinetic energy of the fluid
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domain and the total kinetic energy of all domains, respectively; 7 is a user-defined parameter,
identifying the criterion of the model and depends on PML parameters (in this paper, a value
1n=0.98 was used for all examples).

4. Numerical results

This section presents some numerical examples in order to validate the accuracy of the proposed
SAIGA formulations for the analysis of the dispersion of guided waves in 3D elastic structures.
First, a hollow cylinder in vacuum will be considered (Fig. 2(a)). Second, the wave dispersion
of the waveguides coupled with fluids (inner and outer) will be studied (Fig. 2(b) and Fig. 2(c)).
The PML is applied to absorb the leaky wave in the infinite exterior fluid. Third, the wave
dispersion within a 3D waveguide with a complex section representing an anisotropic cortical bone
will be analyzed (Fig. 2(d)). The validations were done by comparing the solutions obtained using
the proposed SAIGA approach, by the conventional SAFE method and by analytical analysis
(which are only exist for the homogeneous or layered plates and cylinders). In this study, all
analytical solutions were obtained by using the software DISPERSE [40] and the conventional
SAFE solutions by implementing the weak formulations (Sec. 2.3) into the software COMSOL
Multiphysics (COMSOL AB, Stockholm, Sweden), in which the isoparametric elements were used
for the discretization. In all examples, the order of basis functions in the direction e; and ey are
assumed to be the same and denoted by p.

The convergence analysis was performed for two cases: free hollow cylinder and fluid-filled
cylinder. In order to carry out a convergence analysis of the proposed method at a given frequency,
we introduced a function err which is estimated as the summation of the relative errors of the
numerical solutions of the first m modes:

m (C;}Tllum _ Cf)’l:ef)2

i=1 ph

where C’éﬁ“m( f) is the phase velocity of i-th mode at a frequency f calculated by using SAFE

or SAIGA, C;’ﬁef is the corresponding reference solution. For the case of a homogeneous cylin-
der, the reference solution can be obtained analytically by using Disperse software (homogeneous
cylindrical case). When the section has irregular shapes, the analytical solution doesn’t exist, then
the reference solutions were numerically computed by using the conventional SAFE method with
a very fine mesh.

4.1. Dispersion of guided-waves in a hollow cylinder

Let us first consider a free hollow cylinder, which is a well-known case and has been studied
in many works using analytical or the conventional SAFE methods (see e.g [1]). Although the
solutions of dispersed guided-waves in a free hollow cylinders were well-known, this benchmark
example will allow us to validate and show the effectiveness of the proposed SAIGA method in
compared with the conventional SAFE method, especially for the evaluation of the phase velocities
and mode shapes at the high-frequency range.
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Figure 2: Overview of the studied waveguides: (a) hollow cylinder (without fluid); (b) fluid-filled cylinder; (c)
immersed fluid-filled cylinder; and (d) cortical bone with arbitrary cross-section.

In this example, the hollow cylinder is made by 2 mm-thickness steel material with the inner
radius of 5 mm Fig. 2(a). The isotropic elastic properties of the steel are characterized by the
density p = 7840 kg.m~3, the longitudinal wave velocity cp = 5900 m/s and the shear wave
velocity c¢g = 3200 m/s. Cubic NURBS basis functions are used for SAIGA and cubic Lagrange
polynomials are used for SAFE analysis, so that the number of degrees of freedom Ngor = 1080
of both numerical approaches. When employing SAIGA, four patches are used to represent the
geometry of the annular section. Phase velocities are computed within a frequency range from 0
to 2 MHz.

The results of both numerical approaches are shown in Figs. 3 and are compared with the
analytical solution using global matrix method. Fig. 3(a) depicts all propagating modes (of which
k3 are reals and positives) computed by SAIGA ot IGA methods. Among them, three fundamental
modes were interested : axisymmetric longitudinal modes L(0, n), non-axisymmetric flexural modes
F(1,n) and torsional modes T'(0,n), where integer n represents the group order of a mode. The
filtering criteria to select these modes are presented in Appendix B. After applying the filtering
procedure to the solutions presented in Fig. 3(a), the mentioned modes may be be separated
as shown in Fig. 3(b). One may notice that in the dispersion curves obtained by using SAFE
method, some modes are missed, namely in high frequency range. It is because when the mesh
is not sufficiently fine, the fundamental modes defined by proposed criteria may not be identified
due to numerical errors. On contrary, SAIGA solutions show an very well agreement with the
analytical ones over entire frequency range and for all the considered modes. It means that by
using SAIGA formulation allows to obtain better estimations not only of the eigenvalues but also
of the eigenvectors of the considered system.

To quantify the accuracy of the phase velocity computed by SAIGA, we first study the p-
convergence of SAIGA method at two different frequencies: f = 0.2 MHz and f = 2 MHz. To do
so, the section is discretized into 4 patches (with C? continuity between the patches) and one single
span (element) in each patch (e.g. the knot vectors for p = 2 and p =3 are == H = {0,0,0,1,1, 1}
and 2 = H = {0,0,0,0,1,1, 1,1}, respectively). The p-refinement is then applied in which the order
of NURBS basis functions is varied: p = 2,3,4,6. The numerical errors of the phase velocities
(Eq. (25)) associated to different modes (see Fig. 3(b)) are presented in Table 1. At the low
frequency f = 0.2 MHz, the p-convergence could be quickly achieved. For example, using the
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Figure 3: Dispersion curves of a steel cylinder: comparison between SAIGA solution (red marker), SAFE (blue
marker) and analytical solutions (grey line); both SAIGA and SAFE used p = 3, Ngor=1080

Table 1: Case of a homogeneous hollow cylinder: error analysis of SAIGA solutions based on p-refinement (one single
element per patch)

Mode f C}];I)ﬁcact eI‘I‘SAIGA erI.SAIGA eI‘I‘SAIGA eI‘I‘SAIGA

(MHz) (m.s™!)  (p=2, Naot=72) (p=3, Naot=144) (p=4, Ngo=240) (p=6, Ngor=504)

L(0,1) 0.2  2027.64 0.0082 1.8020x 104 2.5573x1076 8.8473x1077
F(1,1) 0.2 2007.44 0.0156 5.4788x10~4 2.3993x107° 8.5000x10~7
L(0,1) 2 2910.29 0.0526 0.0241 0.0044 4.7768x10~°
L(0,3) 2 5095.31 0.2002 0.0926 0.0135 1.1250x10~4
L(0,4) 2 5845.90 0.1381 0.0250 0.0068 9.0413x107°
F(1,1) 2 2912.34 0.0528 0.0241 0.0044 4.7835x107°
F(1,5) 2 5103.56 0.2021 0.0938 0.0134 1.1138x 1074
F(1,6) 2 5864.83 0.1392 0.0251 0.0069 9.1223x107°
F(1,7) 2 5403.87 - - 0.0070 3.7099x10~°
T(0,3) 2 5385.32 - - 0.0068 3.5097x10~°

cubic function (p = 3) is sufficient to obtain a good estimation (with errors of order 10~%) of the
phase velocities of L(0,1) and F(1,1) modes. At a high frequency (f = 2 MHz), the errors are
significant and have orders of 10! and 1072 when using the quadratic and cubic NURBS basis
functions, respectively. Eventually, the higher modes F(1,7) and T(0,3) cannot be identified by
filtering the numerical solutions of eigenvectors. Using higher-order NURBS basis functions (p = 4
and p = 6) clearly allows to obtain much smaller errors for all modes, showing the p-convergence
of NURBS-based formulations.
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Table 2: Case of a homogeneous hollow cylinder: error analysis of SAIGA and SAFE solutions based on h-refinement

with basis function’s order p=3

Mode f CI];I)ﬁcact errSAIGA errSAIGA errSAIG.A eITSAFE errSAFE
(MHz) (m.s™1)  (Ngor=360)  (Naor=504)  (Naot=1080)  (Naot=504)  (Naor=1080)
L(0,1) 0.2  2027.64 7.3118x1077 1.4290x10~7 5.7945x107° 3.4599x1075 2.9142x107°
F(1,1) 0.2 2912.34 8.8493x1075 1.5434x1076 4.3057x107% 1.5836x10~% 1.8420x1075
L(0,1) 2 2910.29 0.0016 3.5389x10™%  1.5429x107° 0.0047 9.0892x10~*
L(0,3) 2 5095.31 0.0046 7.6841x107%  1.5385%x107° 0.0110 0.0025
L(0,4) 2 5845.90 0.0014 2.8549x107*  5.7720x107¢ 0.0043 3.3196x10~*
F(1,1) 2 2912.34 0.0016 3.5434x107*  1.5451x107° 0.0047 9.1307x10~*
F(1,5) 2 5103.56 0.0047 7.7035x107%  1.5441x1075 0.0100 0.0054
F(1,6) 2 5864.83 0.0014 2.8804x10~%  5.8241x107° 0.0043 3.4168x10~*
F(1,7) 2 5403.87 0.0078 8.1188x107*  1.8269x10~° 0.0171 8.0496x10~°
T(0,3) 2 5385.32 0.0078 8.0536x10~*  1.8147x107° 0.0197 4.2228x10~*

Table 2 presents the numerical errors of SAIGA and SAFE solutions obtained when applying
the h-refinement. The basis function’s order was fixed at p = 3 for all cases. Note that when
using SAFE with a mesh of Ngof = 360, the studied modes could not be identified as the annular
geometry cannot correctly be described by few quadratic elements. As it would be expected, the
numerical errors of all modes, computed by SAFE or by SAIGA methods, decrease when Ngof
increases. At low frequency (f = 0.2 MHz), the SAFE results of modes L(0,1) and F(1,1) have
good precision when Ngor = 504, and the errors significantly decrease when Ngo¢ = 1080. The
precision of SAIGA solutions is even better: for example, the error of L(0,1) obtained by SAIGA
with Ngof = 360 is smaller than the one obtained by SAFE with Ngos = 1080. At high frequency
(f =2 MHz), the h-convergence is achieved much faster when using SAIGA. The errors of SAIGA
solution are typically about hundreds of times smaller than the SAFE’s ones based on the same
Ngot- Using SAIGA method with Ngor = 504 leads to similar precision than the one computed by
using SAFE with Ngor = 1080.

In Fig. 4, we present the mode shapes of displacements computed for the mode L(0,1) at the
frequency of 2 MHz. To be able to compare to the analytical solution which is derived in cylindrical
coordinates system, the normalized displacement components U, (radial), Uy (circumferential), Us
(longitudinal) along the thickness’s direction are determined from the eigenvectors U (see Appendix
B). The graphs show that the mode shapes obtained by the proposed SAIGA approach are in very
good agreement with the exact solutions. It can also be checked that the SAIGA’s solutions of
circumferential displacement Uy have vanished over the cylinder’s section, which is consistent with
our expectation for a longitudinal mode L(0,1) (Eq. (B.3)). By using the SAFE method with the
same numerical parameters (p = 3, Ngorf = 1080), the differences between numerical and exact
solutions of mode shapes are visibly much more important. In particular, one may see that the Uy
components estimated by SAFE method are not zeros along the thickness’s direction, which does
not give a good representation of the axisymmetric feature of the considered mode L(0,1). Though,
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a good precision of the phase velocity computed by the SAFE method using the same numerical
parameters has been achieved (error = 9.0892x10~%, see Tab. 2). Note that in this example, in
comparison to the SAIGA method, using SAFE method disposes of some disadvantages due not
only to the interpolation function but also to the description of the geometry.

To further investigate the efficiency of the proposed SAIGA formulation, we focus on some
specific points in the dispersion curves of the phase velocity (Cph). Fig. 5(a) depicts the numerical
errors of Cpy, of the mode L(0,1) at f = 2 MHz with respect to the total number of DOF's, which
are computed by using Lagrange or NURBS basis functions with different orders (p). Conformity
to the results presented in Tab. 2, it may be checked that the error obtained by employing SAIGA
method is much smaller than the one obtained by the conventional SAFE method which has the
same p and Ngof. Using NURBS-based basis function, even with low order (p = 2,3), is shown
to significantly improve the precision of Cl},’s numerical results. Moreover, convergence rates of
the SAIGA solutions are much faster than SAFE’s ones, especially when using high-order basis
functions, i.e p = 6. Fig. 5(b) shows the k-refinement (increasing the polynomial order and
then inserts knots (or elements)) of NURBS and Lagrange basis function at Ngof = 1080 and
Ngof = 1872. It is shown that by increasing the order of basis function p, which increase the
continuity of the NURBS basis function acorss the span, the global slope of the convergence curve
of SAIGA’s results is higher than SAFE’s one.

——U,-Exact ‘—Ur-Exact - - U-SAIGA - - U -SAFE —U,-Exact
-- U3-SAIGA -- UH-SAIGA
051 |- ~U,-SAFE - - U,-SAFE
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(a) Longitudinal displacement (b) Radial displacement (c¢) Circumferential displacement

Figure 4: Mode shape of the mode L(0,1) at f = 2 MHz of a steel hollow cylinder: comparison between SAIGA
solution (red dashed line), SAFE solution (blue dashed line) and analytical solution (grey line); both SAIGA and
SAFE solutions are computed with p = 3, Ngor=1080.

4.2. Dispersion of guided-waves in fluid-filled cylinder

Guided-wave propagation in a steel cylinder filled by water, as shown in Fig. 2(b), is considered
in this example. The steel cylinder has the same geometry and material properties as the one
studied in the previous section. The acoustic properties of water are given by the density p; =
998 kg.m ™3 and the sound speed c{ = 1478 m.s~!. The outer surface of the cylinder is assumed to
be free.

Fig. 6 depicts illustrations of meshes used for simulations using SAIGA approach. For the
geometrical description using IGA, four patches are used for the solid domain and five patches
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Figure 5: Case of a homogeneous hollow cylinder: (a) relative error of the phase velocity of the mode L(0,1) at f = 2
MHz (b) k-refinement at the Naor=1080 and Naot=1080
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Figure 6: Mesh discretization of a fluid filled cylinder using NURBS and Lagrange basis functions of order p = 3

are used for the fluid’s one (Figs. 6 (a),(b),(c)). It is worth noting that the fluid domain cannot
be meshed by using one single patch because it leads to the singularity of the stress due to the
collinearity of the control points. For the SAFE modeling, both fluid and solid domains are meshed
by using quadrilateral elements.

We first validate the proposed FE formulations for calculating Cpy,’s dispersion curves. Thanks
to the simple cylindrical geometry, the considered fluid-filled hollow cylinder can also be solved by
using the semi-analytical method [41] which was implemented in the Disperse software [40]. Note
that when analyzing a coupled fluid-solid system, solving the dispersion equation may sometimes
have numerical issues due to singularities when establishing transfer matrices. For this example,
DISPERSE software starts to have difficulties to compute analytical solutions at frequencies higher
than 1 MHz, and consequently, some modes are missed. On the contrary, using the finite element
method, which requires higher computational costs, allows to avoid this kind of difficulty.

In Fig. 7, we compare the numerical solutions of Cpy, obtained by SAIGA or SAFE methods
to the analytical ones over the frequency range from 0 to 1 MHz. The discretization is performed
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by using cubic NURBS or Lagrange basis functions, respectively. The total number of degrees of
freedom for both models equals to Ngo=1321. A similar filtering procedure as presented in the
previous section was applied to extract the modes of interest according to their symmetries. It is
shown that the dispersion curves computed by both SAIGA and SAFE methods agree well with
the analytical dispersion ones. However, at high frequencies, some of the modes obtained from
SAFE solutions couldn’t be identified due to imprecise computed shape modes.

To quantify the accuracy SAIGA and SAFE methods in guided wave dispersion analysis, the

F(1,2) 1(0,2) L(0,4)

8000 8000
7000 7000 |
% 6000 o 6000
£ £
25000 < 5000
3 3
2 4000 2 4000
> >
9 3000 9 3000
] 4]
= ~
0 2000 323 L Q- 2000 . Seseeste oo
1000 1000
|—Exact ® SAIGA (p=3)] |—Exact ® SAFE (p=3)|
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

Frequency (MHz) Frequency (MHz)

(a) SAIGA p= 3, Ndof:1321 (b) SAFE p = 3, Ndof:1321

Figure 7: Dispersion curves of a fluid-filled steel cylinder: comparison between the analytical solution (grey line)
and: (a) SAIGA solution (red marker), (b) SAFE solution (blue marker)

Table 3: Case of a fluid-filled cylinder: error analysis based on h-refinement of SAIGA and SAFE (p = 3)

Mode f Cgﬁ(aCt errSAIGA eITSAIGA errSAFE eITSAFE
(MHz)  (m.s™')  Ngor=329 Ngor=553 Nyor=616 Naor=1321

L(0,1) 0.2 198324 6.4898x10¢  6.3073x107¢  5.7993x107°  2.542x106
L(0,1) 2 1584.89  2.7430x107*  4.484077x1076 1.6472x10~*% 5.2118x1075
L(0,2) 0.2 398696 1.6823x107*  3.5105x107° 0.0076 8.8835x107°
L(0,2) 2 1497.71  1.2490x10~*  1.0421x10~* 0.0042 7.2485x107°
L(0,4) 2 1567.14 0.00753 5.2335x10~% - 0.0016

F(1,1) 0.2 1584.89 1.0500x107°  4.4841x107%  1.3547x107> 3.4830x10~°
F(1,1) 2 1478.05 1.9460x107*  1.9460x10~%  9.1997x1075 1.2939x104
F(1,2) 02 207820 5.01563x107°  7.0398x107%  3.0751x10™* 3.2647x10~°
F(1,2) 2 1488.92  1.0684x107*  1.0433x10~%  3.1601x10~*% 5.7643x1075
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Figure 8: Case of a fluid-filled cylinder: relative error of the phase velocity of the mode L(0,1) at f = 2 MHz

relative errors of the phase velocity are investigated (Eq. (25)) at two frequencies of 0.2 MHz and
2 MHz. Similar to the previous study on the free hollow cylinder, we perform a h-refinement when
fixing the basis function to be of order 3. Table 3 shows that the SAIGA solutions using Ngof = 329
or Ngof = 553 have negligible errors at both low and high frequencies. On the contrary, by
employing the conventional SAFE approach with Nqof = 616 or Ngor = 1321, which are much bigger
than the ones used for SAIGA, the errors have greater values at both low and high frequencies.
The results of a convergence analysis of Cpp, of the mode L(0,1) at f = 2 MHz, in which SAFE
and SAIGA methods are employed by using different orders of basis functions (p = 2,4,6), are
presented in Fig. 8. It is shown that by using the same basis function order p, the global slope of
the convergence curve of SAFE’s results is much lower than SAIGA’s one. Moreover, using higher-
order basis functions in SAIGA allows to manifestly reduce the numerical errors. For the SAFE
analysis, while the results using p = 4 clearly have better convergence than the ones obtained with
p = 2, the advantage of using p = 6 is not clearly found in this example. Note that the asymptotic
behavior of the errors when the becomes smaller than 107° is due to inaccurate reference solution,
which was calculated using the Disperse software. In fact, although the Disperse’s solutions were
computed by using an analytical method, the results were exported in a format with limited digits
after decimal point.

Fig. 9 presents the displacement shapes of the mode (1.(0,4)) at high frequency f = 2 MHz. As
the eigenvectors of the fluid domain derived from (Eq. 23) is defined in terms of pressures, the fluid
displacements shape modes may be determined using Euler’s equation: u/ = — %Vp. In this figure,
the color isolvalue surface represents the radial displacement component U, of particles in both fluid
and solid domains which are expected to be axisymmetric. Moreover, the radial displacements at
the solid-fluid interface should theoretically be continuous to verify the interface condition (Eq. 4).
The SAIGA solution of U, field, computed with Ngof = 553 and has a Cpy’s error of 0.052%
(see Tab. 3), shown to be axisymmetric and continuous in agreeing with mentioned conditions.
However, the solution of U, in the fluid domain computed by SAFE method with Ngor = 1321 is
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unlikely axisymmetric (Fig. 9(b)), despite the fact that a correct solution of Cp}, has been found
(Tab. 3). Moreover, the fluid’s radial displacements, computed by deriving the pressure solutions,
do not conform to tho the solid’s ones at the solid-fluid interface. The expected axisymmetry and
continuity can be found by refining the FE mesh as shown in Fig. 9(c), requiring Ngof = 1696 which
is about three times more than the number of DOFs required by SAIGA method (Ngof = 553).
Using SAIGA has a greater advantage in this coupled problem thanks to the higher continuity of
NURBS basis functions across the elements.

To further investigate the robustness of using SAIGA for mode shape calculation, in Fig. 10,
we present the results of a higher-order mode (F(2,2)) at f = 0.5 MHz, computed by using SAIGA
and SAFE approaches with different discretizations as plotted in Figs. 6. The isovalue surface
represents the radial displacement in the solid or fluid domains. Again, the displacement fields
in the fluid domain, which are derived from the pressure eigenvector, can be found to be more
smooth when using SAIGA, even with much fewer elements. The mode shape obtained by using
SAIGA with Ngor = 329 seems to have better quality than the one obtained by using SAFE with
Ngor = 1321. Figs. 11 depicts the variation of the radial displacement components U, of both fluid
and solid phases along the solid-fluid interface. It can be checked that while fluid and solid solutions
using SAIGA are perfectly matched from each to other (Fig. 11(b)), significant discontinuities are
obtained when the SAFE method is used (Fig. 11(b)). Note that the errors of the phase velocity
evaluated with SAIGA and SAFE methods are 3.297 x 107° and 8.867 x 1072, respectively.

4.3. Dispersion of guided-waves in a hollow cylinder immersed in fluid

Let consider a water-filled steel cylinder immersed in an infinite water domain (Fig. 2(c)),
which has been considered in numerous works [42] to investigate a numerical solution of leaky
wave propagation in fluid immersed structures. The material properties of the steel cylinder and
of the water are the same as the ones presented in the previous section. The infinite water domain
is described by introducing a Perfectly Matched Layer (PML) as described in Section 2.2. The
PML functions in the simulation are chosen as 73 = 72 = 3 + 12i as given in [16]. The minimum
thicknesses of the PMLs can be based on Eq. (10), which allows us to choose hlfml = hgml = 3.5
mm for both PML domains in e; and e; directions.

We first perform a validation of the proposed FE formulations for calculating the dispersion
curves of the phase of the considered fluid-filled and immersed cylinder within the frequency range

(a) SAIGA, Naor=553 (b) SAFE, Naor=1321 (c) SAFE, Naor=1696

Figure 9: Displacement U, mode shape for L(0,4) at the frequency f =2 MHz (a) SAIGA with p = 3, Naor=553, (b)
SAFE with p = 3, Naor=1321 and (b) SAFE with p = 3, N4or=1696
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Figure 10: Displacement mode shape (U,) of a flexural mode (F(2,2)) at low frequency (f=0.5 MHz) and
Cpn=2452.5 m/s: (a,b,c) SAIGA with p = 3; (d,e,f) SAFE with p = 3
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(a) SAIGA (p =3, Ndof:553) (b) SAFE (p =3, Ndof:616)

Figure 11: Continuity of displacement for the solid-fluid interfaces of flexural mode (F(2,2)) U; (solid domain) and
U/ (fluid domain) of fluid-filled cylinder (a) SAIGA solution (b) SAFE solution

f=0-1 MHz. In Fig. 12, we compare the analytical solutions of the phase velocities over the
frequency range from 0 to 1 MHz with the numerical ones obtained by SAIGA and SAFE methods.
The discretization is performed by using cubic NURBS basis functions. The total number of degrees
of freedom required for the SAIGA and for SAFE equal to Ngot=1508 and Ngor=1945, respectively.
A similar filtering procedure as presented in the previous section has been applied to extract the
modes of interest according to their symmetries. It is shown that the dispersion curves obtained
from the proposed approach agree well with the analytical dispersion curves.
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Figure 12: Dispersion curves of a fluid-filled and immersed steel cylinder: comparison between (a) SAIGA solution
(red marker), (b) SAFE solution (blue marker) and analytical solution (grey line).
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Figure 13: Displacement U, shape for a flexural mode (F(3,3)) at the frequency of f=0.5 MHz and Cpr,=3791 m/s
(a) SAIGA with p = 3, Naor=1508 (b) SAFE with p = 3, Naor=1945 (b) SAFE with p = 3, Naor=9001

Mode shapes in terms of radial displacements are presented in Fig. 13. One may observe
that leaky waves are totally damped in a very short distance when they go into the PML. It
has been numerically checked with several larger domains (data not shown) that the solutions of
interests don’t depend on the location of the PMLs, showing the PML could efficiently attenuate
leaky waves. As discussed previously, the displacement field in the fluid domains simulated by
using the conventional SAFE method may have some discontinuities, as shown e.g in Fig. 13b
(Ngot = 1945), due to the smoothness drawback of the Lagrange polynomials. Consequently,
the FE mesh should be extensively refined to obtain an accurate calculation of differentiation
operators (Fig. 13c with Ngof = 9001). Using SAIGA approach allows significantly improves the
smoothness of fluid’s displacement with much fewer elements (Fig. 13a with Ngof = 1508) thanks
to the higher continuity of NURBS basis functions across the elements. Moreover, the conventional
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SAFE approach suffers from a non-smoothness profile across the PML interfaces, which leads to
imperfect absorption of the leaky modes. Using NURBS leads to better continuity of solid and fluid
normal displacements at the interface, and consequently, it would be preferable to use higher-order
NURBS basis functions for modeling leaky wave in fluid-solid coupled systems.

4.4. Anisotropic waveguide with arbitrary cross-section coupling with fluids

As a final example, we demonstrate the merits of using SAIGA in the analysis of guided wave
propagation in a more complex geometry structure. Let us consider a waveguide representing a
long cortical bone with real cross-section, which has been reported by many authors using the
conventional SAFE method in the literature [13, 43]. The domain of interests consists of one
transversely isotropic elastic solid sandwiched between two homogeneous fluid domains, which
represents the cortical bone, the marrow (inner fluid) and the soft tissue (outer fluid), respectively.
The cortical has a mean thickness of 7 mm . The inner fluid (bone marrow) has approximately
15 mm-diameter and the outer fluid (soft tissue) has a thickness of 3 mm-thickness (Fig. 2(d))
[44]. The mass density of the cortical bone is given by p = 1722 kg.m 3. The non-zero entries of
the elasticity tensor taken by: Ci; = Cog = 15.1 GPa, Ci13 = (o3 = 8.7 GPa, (33 = 23.5 GPa,
Cyy = Cs5 = 4.7 GPa and Cgs = 3.3 GPa [14]. The bone marrow and soft tissue were modeled
as homogeneous idealized acoustic fluids. The bone marrow is characterized with the density
p{ = 930 kg.m ™ and sound speed c{ = 1480 m.s~!, while the characteristics of soft tissue are
given by the density p; = 1043 kg.m~® and sound speed cg = 1561 m.s~! [13].

The geometry is built from 13 patches including four patches for the outer fluid domain, four
patches for the bone’s section and five patches for the inner fluid domain. Thus, we have several
interfaces with C%-continuity between the patches and CP~*-continuity between the elements within
the patches, which is a useful feature in the majority of practical applications. The NURBS
geometries and positions of control points for these three domain are depicted in Figs. 14(a,b,c).

000 ; 009 o
? 001 org ports
0.02 0.02 ’
0.005
0.01 0.01 .
><(\l ><N ><N 0
0 0
-0.005
-0.01 -0.01 . 0.01
L] L]
-0.02 ° -0.02 -0.015
-0.03 -0.02 -0.01 0 001 0.02 -0.03 -0.02 -0.01 0 0.01 0.2 -0.01 0 0.01
x1 X1 X1
(a) Outer fluid (b) Solid bone (c) Inner fluid

Figure 14: Geometry illustration and position of control points created from NURBS of p=3 for (a) outer soft tissue
(b) core of cortical bone and (c) inner bone marrow.

As the analytical solution doesn’t exist for this coupled system, the validation of SAIGA method
was performed by comparing to SAFE solution. Figs. 15 depicts the fine FE mesh of cubic La-
grangian elements (Ngor = 12929) used to obtain a “reference” solution. We also present Figs. 15a
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and 15b two NURBS-based meshes which are built with cubic ans eight-order NURBS basis func-
tions, respectively. Note that the numbers of DoF's associated to these meshes are nearly equals,
which are Ngor = 2683 and Ngof = 2689, respectively. As NURBS allows represent exact curvature
of this geometry, the SAIGA meshes shown in Fig. 15b,c require less number of elements and
are much more regular than the FE mesh with triangular elements (Fig. 15a) which requires fine
refinement at high curvature zones. When using p = 8, only one element is needed for each patch.
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Figure 15: Meshes of a bone’s section coupled with marrow and soft tissue

Fig. 16 presents the dispersion curves of phase velocity in the frequency range 0-100 kHz,
computed by using SAFE and SAIGA methods. The SAIGA solutions were computed with p = 3,
p =06, p=_8andp = 10. Similar to the examples previously presented, using SAIGA with all orders
p = 3,6,8,10 allows to capture very well the reference solution at low frequencies. Figs. 17(a,b,c)
depict the mode shape in terms of the radial displacement computed by using SAIGA method
with (p = 3 or p = 8) or using SAFE method (p = 3) with very fine discretization. The presented
mode is found at f = 50 KHz and Cp,=1160 m/s. It may be observed that SAIGA results of the
considered mode shape, which are computed by using p = 3 and p = 8 and have almost the same
Nyof, have both good agreements with the reference solution.

The calculation of higher-order modes at high frequency requires more refinement. Hence, we
focus to examine the solutions of the phase velocity in a zoomed window as shown in Fig. 16. It
is clearly seen that the difference between SAIGA solution with p = 3 and the reference ones are
significant. The solutions with p = 6 are better, yet they still do not match well with the reference
values at some locations. The solutions obtained with p = 8 and p = 10 are perfectly in agreement
with reference ones, showing that the convergence is archived. Note that while the Ngo¢ of the
cases p = 3,6,8 are quite similar (about 2600 dofs), using p = 10 requires a greater value of Nyo¢
(Ngof = 4249). Therefore, employing NURBS with p = 8, for which only one element per patch is
needed, would be the best choice for this example for calculating the phase velocities.

In Fig. 18, we investigated the continuity of solid and fluid displacements at the interfaces
of a mode at f = 100 kHz. To do so, the solid and fluid displacement components, which are
normal to the fluid-solid interfaces, are compared. It is worth noting that the SAFE’s mesh used
for the simulation has a similar Ny to the SAIGA’s one, in which each patch is modeled by only
one eight-order NURBS element. It was shown that while fluid-solid displacement’s continuity
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Figure 16: Phase velocity versus frequency in a coupled soft tissue-cortical bone system: comparison between the
reference SAFE solution (grey marker, p = 3, Naor = 12929) and SAIGA solutions (blue marker: p = 3, Nqgor=2689;
grey marker: p=6, Nqor=2683; grey marker: p = 6, Nqor=2689; black marker: p = 10, Naor=4249)

(a) SAIGA (p = 3, Naor=2683) (b) SAIGA (p = 8, Naor=2689)  (c) SAFE (p = 3, Naor=12929)

Figure 17: Displacement U, of flexural mode at the f = 50 kHz and Cpn=1160 m/s for cortical bone coupled with
bone marrow and soft tissue (a) SAIGA with p = 3, Naor=2683, (b) SAIGA with p = 8, Naor=2689 and (c) SAFE
with p = 3, Nqor=12929.

condition may be precisely satisfied by using SAIGA’s results, SAFE’s solution suffers significant
errors at both interior and exterior interfaces. Furthermore, the errors of the fluid’s displacement
seemed to be more significant than the solid’s ones. This would be due to the numerical errors of
the fluid pressure’s gradient estimation. This comparison confirms again the advantage of using
NURBS for studying the mode shapes in coupled fluid-solid system.

5. Conclusion

In this paper, a semi-analytical isogeometric analysis (SAIGA) for the anisotropic elastic waveg-
uides coupled with fluid was proposed to improve the efficiency of guided wave modeling in com-
parison with the conventional SAFE method. The convergence analysis for isotropic homogeneous
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Figure 18: Continuity of displacement for the solid-fluid interfaces of a flexural mode at the f = 100 kHz and
Con=3980 m/s : U, (solid domain) and U, (fluid domain) of cortical bone (a,b) SAIGA solution (p = 8, Naor=2689);
(c,d) SAFE solution (p = 3, Naot=2675)

hollow cylinder and fluid-filled cylinder showed that increasing the order of NURBS basis function
yields a much faster convergence rate in comparison with a similar process using Lagrange poly-
nomials. When considering elastic waveguides coupled with fluids, using NURBS basis functions
can significantly improve the evaluation of not only dispersed wavenumbers but also mode shapes.
In particular, using SAIGA allows to obtain excellent continuity at the solid-fluid interface, which
is much more difficult to achieve when using conventional SAFE. Moreover, it has been shown
that waveguides immersed in an infinite fluid may efficiently be modeled by introducing perfectly
matched layers (PML) and then employing SAIGA procedure.

In terms of computational time, our numerical experiences showed that using SAGA allows to
reduce significantly the computational time to archive a similar precision. It was also observed
that using the same number of DOFs, SAFE and SAIGA required similar computational times.
However, a rigorous comparison of computational times requires that both methods should be
implemented in a same environment. Note that in this work, while the SAFE simulation was
performed in Comsol Multiphysics, the SAIGA method was implemented in an in-house Matlab
code.
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For wave propagation simulation using FEM, it is well-known that the discretization needs to
ensure a number of elements which is sufficient not only for simulating interested wavelengths, but
also for correctly describing the curved boundaries. The advantage of SAIGA in this context, be-
sides its better continuity feature as mentioned before, is that using NURBS allows can representing
exact curvature, hence it does not require as much number of elements as the one required by the
conventional SAFE method for describing the curved interface between fluid and solid domains.
The proposed SAIGA procedure was shown to be particularly interesting for studying arbitrary
cross-section waveguides in terms of computational cost as well as of accuracy.

Extensions of the proposed SAIGA formulation may be developed for studying guided-wave
propagation in poroelastic [45] or second-gradient media [46], for which the high-order continuity
of NURBS would be interesting to improve the simulation efficiency.

Appendix A. Equations in the frequency-wavenumber domain

Noting that in the frequency-wavenumber (w — k3) domain, the time derivative and the spatial
derivative with respect to x1 can be replaced by: (%) — —iw(*) and 01 (*) — ik3(*), respectively,
then the amplitudes of the strain and stress vectors (€ and §) are expressed by:

& = (L10; + Lods + iksLs)a®, (A1)
Cé, (A.2)

v}
|

and the balance equation Eq. (1) can be reformulated as a 2D system of equations with respect to

(iEQ, :E3) :
— pw?@® — (L{ 01 + L3 05 +iksLi ) C(L10; + Lodh + iksLs)u® =0, V& € Q°. (A.3)

Similarly, by substituting Eq. (11b) into Eq. (3), the wave equations in the fluid domains are
simplified into a two-dimensional problem:

(—plw? + k2K ) po — KL(0} + 03)pa =0, V& € Q. (A.4)
The boundary conditions in Egs. (4)-(5) reads:

~ 5 s 1 ~
u® -0’ = ——(n101 + 1202)pa o
paw? vE e T% (o = {1,2}), (A.5)

t = —pn®

Do — 0 when |Z| — oo, (A.6)

where t = (n1LT + nyL1)3.

Appendix B. Mode filtering for cylindrical waveguides

In hollow cylinders, there exist several guided waves denoted by longitudinal modes L(m,n),
torsional modes T'(m, n) and flexural modes F'(m,n) where the integer m denotes the circumferen-
tial order of a mode and the integer n represents the group order of a mode [1]. The guided waves
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contain axisymmetric modes (m = 0) and non-axisymmetric modes (also known as flexural modes).
A modal filtering must be processed to identify and separate two fundamental modes: axisymmet-
ric longitudinal modes L(0,n) and non-axisymmetric flexural modes F'(1,n). In order to apply a
filtering criteria, the Cartesian displacement solution U = {Uy, Ug, U3}T must be converted into
the cylindrical coordinates solution U = {U,., Uy, U3}” as follow:

U, = Ujcos(f) + Uasin(f), Uy = —Ujsin(f) + Uz cos(6), (B.1)

where 0 = arctan(%). For modes with m = 0, the derivatives of the displacement components
with respect to € vanish [47]

9pU, = 0yUy = 93U3 = 0, (B.2)

additionally, the longitudinal waves have dominant particle motions in either the r and/or e
direction which means :

Uy =0. (B.3)
For modes with m = 1, the filtering criteria can be written as:

39Ur = 8@U9 and 89U3 =0 (B.4)
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