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ABSTRACT
In this paper, we present a new approach to study Lamb-type waves of anisotropic elastic plates in a
probabilistic framework. The study and analysis are carried out on an elastic plate whose randomly
varied elastic properties in the through-thickness direction. By introducing a stochastic model for
quantitative description of heterogeneous elastic properties in the plate, the effect of material het-
erogeneity on Lamb modes may be investigated from a stochastic point of view. To the our best
knowledge, this study is the first to investigate Lamb-type waves in a probabilistic framework. Dif-
ferent plate thicknesses are considered and associated dispersion curves are computed. A sensitivity
study is performed, highlighting effect of the uncertainty of elasticity properties on the fluctuation of
Lamb modes via phase velocities, energy velocities and modes shapes. Next, we discuss the relevance
of introducing random media to identify branches associated with experimental dispersion curves.

1. Introduction
Ultrasonic Guided-Wave (UGW) method is one of most

used methods in the domain of the non-destructive evalua-
tion (NDT) techniques for inspecting and screening themany
kinds of natural or artificial structures such as composite
beams and shells among which we find, for instance, the
railway rails, pipelines transport or long bones in the hu-
man body. Themethod is based on analyzing the mechanical
waves that propagate along an elongated structure bounded
by its boundaries.

Due to the presence of boundaries (or interfaces), guided-
waves are strongly dispersive, i.e. their characteristics (phase
velocity, energy velocity and attenuation) depend on emitted
frequency which may typically vary from hundreds of kilo-
hertz to several megahertz depending on the applications.
Mechanical and geometric properties of the medium influ-
ence also the dispersion of guided-waves. The study of guided-
waves in different media, so-called Lamb wave in isotropic
waveguide, was the object of a large number of works in the
literature. For a fundamental analysis of guided waves in
isotropic/anisotropic plates and cylindrical waveguides, one
may refer the reader to the books that serve as benchmarks
on the subject [25, 35, 33] for instance . The case partially
or totally loaded plates by fluids has been studied by many
authors because the energies of waves propagating in waveg-
uides may be radiated into the fluid. This effect is known
as leaky Lamb waves for which it has been shown that high
density fluids may have an significant influence on the Lamb
wave dispersion [24, 9].

As an example of the interest to carry out the study and
analyse of Lamb waves in the probabilistic framework, in
this paper, we are mainly interested in quantitative ultra-
sound evaluation of cortical long bones by using the so-called
axial transmission techniques [21, 20]. In principle, it is pos-
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sible to estimate the material properties of the plate from
guided Lamb modes. In this context, many attempts have
been done for evaluating bone properties by extracting infor-
mation from the dispersion of guided waves in long bones
[39, 38, 7, 30, 42]. Direct simulations of ultrasound wave
propagation in long bones have employed both two-dimen-
sional models [29, 28, 34] or three dimensional ones [2, 8,
22, 32] have been employed. However, most of studies in
literature on Lamb waves have been carried out in determin-
istic frameworks in which material and geometrical proper-
ties are given. Nevertheless, for bone tissue, as well as a lot
of other materials, experimental observations showed that
those properties are not deterministic but random. Thus, it
would be necessary to consider the influence of uncertainty
of input parameters to the ultrasonic responses. Among the
other methods, the probability theory provides an efficient
and robust framework to consider the uncertainty of differ-
ent parameters, which allows us to assess their effects on
the quantity of interest. Here, we aim at studying the ef-
fect of anisotropy and of heterogeneity of elastic properties
in the solid layer on the potentially measured phase veloci-
ties. The parametric probabilistic method, which is based on
the maximum entropy principle, was used to generate an op-
timal probabilistic model. This model allows to describe the
random tensor field of the elastic moduli in the solid layer
by using a minimal set of parameters. Similar models have
been developed to investigate the effect of random tensor
field of the elastic moduli to the First Arriving Signal (FAS)
velocity [13, 14, 23] or to the coefficient of refection [26].
Note that even though wave propagation problem in random
layered media or waveguides has been studied in few works
[31, 1, 17, 6, 5, 16, 10], the dispersion of phase and energy
velocities in random waveguides, to the best knowledge of
the authors, has not been investigated.

This study aims at investigating the sensitivity of disper-
sion curves of guided-waves in elastic plates according to
material heterogeneous random properties. To the our best
knowledge, this study is the first to investigate Lamb-type
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Dispersion of guided-waves in random plates

waves in a probabilistic framework. The proposed prob-
abilistic framework, which was presented in our previous
work [26] for studying the reflection and transmission co-
efficients, is employed here to study the phase and group ve-
locities of guided waves in random plates. In this stochas-
tic model, the random tensor of the elastic tensor, of which
the mean-value was a transversely isotropic one, becomes
anisotropic one and is spatially varied along the thickness di-
rection. The semi-analytical finite element method (SAFE),
which has been shown to be very efficient for computing
the dispersion curves layered or functionally graded waveg-
uides, was employed.

The paper is organized as follows: In Section 2 the geom-
etry description and governing equations will be presented.
Section 3 presents a semi-analytical finite element formula-
tion for determining the dispersion curves. Then, Section 4
presents the procedure used to generate the random elasticity
tensor in the thickness direction of the plate. Next, in Sec-
tion 5, numerical examples on cortical bones are displayed
and detailed discussion is provided. Finally, concluding re-
marks are made in Section 6.

2. Geometry description and governing
equation
We consider an infinite solid layer occupying the do-

main Ωb with a constant thickness ℎ placed in vacuum, as
shown in Fig. 1. The upper and lower plane surfaces of the
solid layer Ωb are denoted by Γb1 and Γb2, respectively. Let
(O; e1, e2, e3) be the Cartesian reference system, where O
is the origin of the space and (e1, e2, e3) is the orthonor-
mal basis. The coordinates of a point M are specified by
(x1, x2, x3) in.

Vacuum

Solid layer (Ωb)

Vacuum

e1
h

O

nb
1

nb
2

Γb
1

Γb
2

e2

Figure 1: Description of the geometrical configuration.

As a consequence, the displacement component in e3-direction is assumed to be zero and the elastodynamic field
will be independent to x3 due to the source and to the ge-
ometrical configuration. Hence, a two-dimensional plane
strain problem in the plane (O, e1, e2) will consider. In whatfollows, we note respectively ∇, ∇⋅ and ∇2 the gradient, di-
vergence and Laplacian operators in two-dimensional space
(2D). The time derivative is denoted by a superimposed dot.
We denote respectively by )i and )2i the partial derivatives
of first and second orders with respect to xi. In general,
the boldface symbols are used to designate the matrices, the
fields of vectors and tensors in two-dimensional or three-

dimensional spaces.
In the plane of the plane strains, we denote by u(x, t) =

(u1 u2)T the displacement vector and its components at a
pointM ∈ Ωb where the superscript “T ” denotes the trans-pose operator. By neglecting body forces, the equation of
motion in Ωb is given by:

�ü − ∇ ⋅ � = 0, ∀M ∈ Ωb, (1)
where � is the volumetric mass density and � is the stress
tensor. This equation can be rewritten in a vectorial form:

�ü − LT s = 0, ∀M ∈ Ωb, (2)

where s =
(

�11 �22 �12
)T is the vector of the components

of the stress tensor �, and the operator L is defined by:

L = L1)1+L2)2, L1 =
⎡

⎢

⎢

⎣

1 0
0 0
0 1

⎤

⎥

⎥

⎦

, L2 =
⎡

⎢

⎢

⎣

0 0
0 1
1 0

⎤

⎥

⎥

⎦

. (3)

Using theVoigt notation, the constitutive relation of the solid
layer is governed by the Hooke’s law which is given by:

s = ce, (4)
where e is a vector containing the components of the in-
finitesimal strain tensor which is defined by

e =
(

�11 �22 2�12
)T = Lu,

and c is the elastic modulus tensor:

c =
⎡

⎢

⎢

⎣

c11 c12 c16
c12 c22 c26
c16 c26 c66

⎤

⎥

⎥

⎦

. (5)

In this study, it is assumed that the elastic constants only
depend on x2, i.e. c = c(x2).At the surfaces Γbv1 and Γbv2 , the free-traction conditions
read:

�nb� = 0, ∀M ∈ Γb� (� = 1, 2), (6)
where nb� is the normal unit vector to the surface Γb� . For theconsidered plate, nb1 = −nb2 = (0 1)T , Eq. (6) may be written
as follows:

t = 0, at x2 = 0 and x2 = −ℎ, (7)
where t = (�12 �22)T = LT2 s. Since s = ce and e = Lu
into (7), the surface traction vector t may be expressed in
function of u as follows:

t = (LT2 cL1)1+L
T
2 cL2)2)u. (8)

3. Dispersion analysis by using semi-analytical
finite element method (SAFE)
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3.1. Equations in the frequency-wavenumber
domain

We look for the solution of a harmonic wave propagating
along the axial direction e1. The wave solution in the solid
loyer may be expressed in the following form:

u(M, t) = û(x2) exp[i(k1x1 − !t)], ∀M ∈ Ωb, (9)
where i2 = −1, û = (û1, û2)T ,! is the angular frequency and
k1 denotes the wavenumber in the direction e1. As a result,the time derivative and the spatial differential operator with
respect to x1 turn into simple factors: )t(∗) ⟶ −i!(∗),
)1⟶ik1(∗). Consequently, the equation of motion (2) can
be written as a system of partial differential equations of the
displacement û which only respect to x2:

(

−!2A1 + k21A2
)

û − ik1AT3 )2û − )2 t̂ = 0,
∀x2 ∈ [−ℎ, 0], (10)

where t̂ = (ik1A3 + A4)2)û (see Eq. (8)); the two-by-two
matrices A� (� = 1, ..., 4) are defined by:

A1 = �Id , A2 = LT1 cL1,
A3 = LT2 cL1, A4 = LT2 cL2,

(11)

where Id is the two-by-two identity matrix.
3.2. Weak formulation and finite element

formulation
3.2.1. Weak formulation

Theweak formulation of the problem defined fromEq. (10)
may be derived using standard procedure used in the finite el-
ement method [4]. Let ad be the admissible function space
constituted by all sufficient smooth complex-valued func-
tions x2 ∈ ]−ℎ, 0[ → �u(x2) ∈ ℂ×ℂ, whereℂ denotes the
set of complex numbers. The conjugate transpose of �u is
denoted �u∗. By multiplying the equation (10) with the test
function �u∗ ∈ Cad then integrating by parts, we obtain:

∫

0

−ℎ
�u∗

(

−!2A1 + k21A2 − ik1AT3 )2
)

û dx2

+ ∫

0

−ℎ
)2(�u∗)t̂ dx2 −

[

�u∗ t̂
]0
−ℎ = 0. (12)

The last term in Eq. (12)may vanish by using the free-surfaces
boundary conditions (7). Thus the weak formulation of the
problem reads: Find u ∈ ad such that:

∫

0

−ℎ
�u∗

(

−!2A1 + k21A2 − ik1AT3 )2
)

û dx2

+ ∫

0

−ℎ
)2(�u∗)

(ik1A3 + A4)2
)

û dx2 = 0, (13)

for all �u∗ ∈ Cad .

3.2.2. Finite element formulation
The finite element mesh of the linear domain [−ℎ, 0]

contains nel elements Ωe: [−ℎ, 0] = ⋃

eΩe (e = 1, .., nel).
The Galerkin finite element method is used. Both functions
ũ and �ũ in each element Ωe are approximated using the
same interpolation function:

û(x2) = NeUe, �u(x2) = Ne�Ue, ∀x2 ∈ Ωe, (14)
where Ne is the interpolation function, Ue and �Ue are re-
spectively the vectors of nodal solutions of u and �u in Ωe.By substituting Eq. (14) into Eq. (13) and assembling the el-
ementary matrices, we obtain the following quadratic eigen-
value problem: Find non trivial triplet (!, k1,U) such that
:

[−!2K1 + k21K2 + ik1K3 +K4]U = 0, (15)
where U is the global nodal displacement vector and:

K1 =
⋃

e ∫Ωe
NTe A1Nedx2,

K2 =
⋃

e ∫Ωe
NTe A2Nedx2,

K3 =
⋃

e ∫Ωe
2
[

N′T
e A3Ne

]

a
dx2,

K4 =
⋃

e ∫Ωe
N′T
e A4N′edx2,

(16)

in which the notation [⋆]a denotes the antisymmetric part of
[⋆] and ⋆′ the derivative with respect to x2. In this study,
Gauss quadrature rule has been used for computing the inte-
grations over the elements.
3.3. Dispersion relation

In order to determine the relation between the angular
frequency ! and the axial wavenumber k1 from the eigen-
value equation (15), two approaches may be used: (i) by fix-
ing the axial wavenumber k1, and solving for angular fre-
quency ! (wavenumber sweep), or (ii) by fixing the angu-
lar frequency !, and solving for axial wavenumber k1 (fre-quency sweep). In this study, we employed the second one.
For a given real value !, Eq. (15) can be rewritten as the lin-
earized eigenvalue problem which leads to the relation given
by:

[

A(!) − k1B(!)
]

V = 0, (17)
where A(!), B(!) and V are defined as follows :

A(!) =
[

0 D
D iK3

]

,B(!) =
[

D 0
0 −K2

]

,V =
[

U
k1U

]

,

(18)
with D = −!2K1 +K4.The matrices A and B have size of 2N ×2N whereN is
size of the vector U, which corresponds to the total number
of degrees of freedom of the finite element model. Solu-
tion of the characteristic equation det[A(!)] − k1B(!)] = 0
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leads to 2N eigenvalues k(m)1 (m = 1..2N) and 2N associ-
ated with modes V(m). Due to the symmetric of the matri-
ces K1, K2 and K4 and the anti-symmetric of the matrice
(i.e.K3 = −KT

3 ), one can demonstrate that if k1 is an eigen-value of (18),−k1 is another eigenvalue as well. Indeed, halfof the 2N eigenvalues associated with Re(k1) > 0 physicallycorrespond to the travelling waves in the positive e1-axiswhile the other half express the backward waves Re(k1) < 0.
3.3.1. Phase velocity and attenuation

The real and imaginary parts, given respectively by :
(Re[k(m)1 ]) and (Im[k(m)1 ]), of the complex wavenumber k(m)1represent the wave spatial frequency in e1-direction and the
wave amplitude decay of the mode (m), respectively. For a
given angular frequency !, the phase velocity C (m)pℎ and the
attenuation att(m) of the m-th mode are defined respectively
by:

C (m)pℎ = !
Re[k(m)1 ]

, att(m) = Im[k(m)1 ] (19)

3.3.2. Energy velocity
By definition, the wave energy velocity vector is equal

to the Poynting vector (i.e. the power flow density vector)
divided by the total energy (kinetic and strain) per unit vol-
ume. Considering the m-th mode, for which the displace-
ment, the strain and the stress vectors at a point are denoted
by û(m)(x2), ê(m)(x2) and ŝ(m)(x2), respectively. The tempo-
ral average of the kinetic and strain energy densities may be
expressed, respectively, as (see e.g. [35]):

⟨

e(m)k

⟩

T
= 1
4
�!2Re (û(m) ⋅ û(m)) , (20)

⟨

e(m)p

⟩

T
= 1
4
Re (ŝ(m) ⋅ ê(m)) , (21)

where ⟨⋆⟩T = 1
T ∫ T0 (⋆)dt is the temporal average operator

over a unit period of time T = 2�∕!.
The local complex Poynting vectorP(m) (power flow den-

sity vector) of the m-th mode is defined by:

P(m) = −1
2
!Re [(LT1 ŝ(m)

)

⋅ û(m)
]

, (22)

The energy velocity of m-th mode in e1-direction is thenobtained by:

V (m)e =
∫ 0−ℎ

[

P(m) ⋅ e1
]

dx2

∫ 0−ℎ
[

⟨e(m)k ⟩T + ⟨e(m)p ⟩T

]

dx2
(23)

The operator and matrices defined in Eq. (3) are used for
rewriting Eq. (22)-(20) in matrix forms, next, Gauss quadra-
ture rule has been used for computing the integrations of to-
tal energy and Poynting vector over thickness in Eq. (23).
3.4. Mode separation of heterogeneous plates

For a homogeneous plate, in which the plane of mate-
rial symmetry coincides to the plane of symmetry of the

plate, the mode shapes obtained by solving Eq (17) may be
symmetric or antisymmetric depending whether vertical dis-
placement field may be symmetric or antisymmetric with re-
spect to the median plan x2 = −ℎ∕2:
- for a symmetric mode (S-mode) : û1(x2) = û1(x2 − ℎ∕2),
û2(x2) = −û2(x2 − ℎ∕2)

- for an anti-symmetricmode (A-mode) : û1(x2) = −û1(x2−
ℎ∕2), û2(x2) = û2(x2 − ℎ∕2).
For the stochasticmodel presented here, thematerial prop-

erties are not homogeneous but heterogeneous. Hence, the
perfect symmetric or antisymmetric modes can not generally
be achieved. In order to study the influence of heterogeneity
on the guided-wave modes, the so-called quasi-symmetric
and quasi-antisymmetric modes may be defined basing from
following conditions:
- for a quasi-symmetric mode (S-mode) :

∫

0

−ℎ∕2
|u1(x2) − u1(x2 − ℎ∕2)|2dx2 ≤ TOL × ‖U1‖

2,

∫

0

−ℎ∕2
|u2(x2) + u2(x2 − ℎ∕2)|2dx2 ≤ TOL × ‖U2‖

2.

(24)

- for a quasi-antisymmetric mode (A-mode) :

∫

0

−ℎ∕2
|u1(x2) + u1(x2 − ℎ∕2)|2dx2 ≤ TOL × ‖U1‖

2

∫

0

−ℎ∕2
|u2(x2) − u2(x2 − ℎ∕2)|2dx2 ≤ TOL × ‖U2‖

2,

(25)

where ‖U1‖2 = ∫ 0−ℎ |u1(x2)|
2dx2, ‖U2‖2 = ∫ 0−ℎ |u2(x2)|

2dx2and TOL is a numerical tolerance value. In this paper, the
quasi-symmetric and quasi-antisymmetricmodes are also de-
noted by S-modes and A-modes, respectively.

4. Stochastic model
4.1. Probabilistic model of the elasticity tensor

This section provides a brief description of the proba-
bilistic model of the random tensor field of the elastic mod-
uli. We only sketch out the main features of the model in the
context of this study. This model is proposed by [37] for the
construction of the random elastic modulus tensor in order
to describe the random heterogeneity in the solid layer along
the e2-direction. The maximum entropy principle [18, 19]
and the random matrix theory [26] are used in the three-
dimensions space to describe the model. Although the ran-
dom elastic modulus tensor (n×n) has been generated in the
three-dimensions space (n = 6) with a high value of the spa-
tial correlation lengths in the e1 and e3 -directions, only het-erogeneous six components, which correspond to the ones
defined in the plane (e1, e2), are extracted to be used for the
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simulations. Indeed, the solid layer is assumed to be invari-
ant in the e3-direction and homogeneous in the e1-direction.In what follows, the random elastic modulus matrix at
x2 is denoted by C(x2) ∈ M+

n (ℝ) and its mean value by
c(x2) ∈ M+

n (ℝ), where E{⋆} designates the mathematical
expectation,M+

n (ℝ) the set of all the (n × n) real symmetric
positive-definite matrices andℝ the set of real numbers. The
following relationship must be satisfied by the random elas-
tic modulus matrix C(x2): E{C(x2)} = c(x2). The matrix
c(x2) can be decomposed into a product of a unique upper
triangular real matrix (x2) with strictly positive diagonal
entries and its transpose:

c(x2) = T (x2)(x2). (26)
The random matrix C(x2) is parameterized by its mean

value c(x2), a dispersion level �, which is a scalar, and a
correlation length � in the e2-direction, which is denoted
by C(x2; c, �, �) and may be decomposed into the following
form:

C(x2; c, �, �) = T (x2)G(x2; c, �, �)(x2), (27)
where G(x2; c, �, �), called the stochastic germ matrix, is a
homogeneous and normalized non-Gaussian positive-definite
matrix-valued second-order randomfieldwith values inM+

n (R).The dispersion parameter � controls the dispersion of the
random matrix G(x2; c, �, �) and must satisfy the following
inequality 0 < � <

√

(n + 1)∕(n + 5), which allows the
mean-square convergence condition for the germ matrix to
be hold [36]. It is proved that the dispersion parameter � is
related to a parameter �C , which evaluates the dispersion of
the random matrix C(x2) by the relation given by:

�C (x2) =
�

√

n + 1

{

1 +

{

Tra(c(x2))
}2

Tra([c(x2)]2)

}1∕2

, (28)

The correlation length �, which is a scalar, is a measure
of the distance up to which one has spatial memory of the
spatial variations in the material properties.
4.2. Stochastic solver and convergence analysis

TheMonte Carlo numericalmethod is used as the stochas-
tic solver of the problem. For a given parameter set c, ℎ,
� and �, the one-dimensional domain [−ℎ, 0] is discretized
by using quadratic Lagrangian elements. The global x2-coordinates of the Gauss points in all elements are denoted
by x�2 for � = 1, ..., ngp, where ngp is the total number of the
Gauss points in the mesh.

Let nr be the total number of realizations, we may con-
struct the set of the independent realizations C[j] (j = 1..nr)as follows:

 =
{

{

C[1](x�2)
}

�=1,...,ngp
, ...,

{

C[nr](x�2)
}

�=1,...,ngp

}

(29)
in which C[j](x�2) (� = 1, ..., ngp) is j-th statistically inde-
pendent realization of random elastic modulus tensor fieldC

indexed by [−ℎ, 0] at points x�2 as described in Section 4.1
(see [37] and [14]). For each statistical independent real-
ization, the random phase velocity C [j]pℎ , the random energy
velocity V [j]e and the associated mode shapeU[j] may be cal-
culated by using the semi-analytical finite element (SAFE)
procedure presented in the previous section.

Convergence analysis with respect to the number of real-
izations nrmay be performed by studying the convergence of
statistical estimates of the second-order moments of random
fields (phase velocity, energy velocity and displacement).
For instance, the second-order moment of random phase ve-
locity of a given Lamb mode at a fixed frequency is defined
by:

ConvCpℎ (nr) =

{

1
nr

nr
∑

j=1
[C [j]pℎ ]

2

}1∕2

. (30)

5. Numerical results
Although the framework presented in this paper aims

at the study of a wide variety of wave-guides with random
functionally graded properties, the numerical examples pre-
sented in this section will focus on studying cortical bone
long bones in the context of quantitative ultrasound charac-
terization by using the axial transmission technique. Bone
tissue has been shown to be a heterogeneous, anisotropic
and porous material. Osteoporosis in long bone may re-
duce bone’s layer thickness and bone’s rigidity by increas-
ing porosity, especially in the endosteal region, and by de-
grading the mineral content of bone matrix. In the context
of bone characterization using axial transmission technique,
ultrasound responses of cortical bones plates have been in-
vestigated in the time domain [12, 28, 29, 34] and frequency
domains [3]. In most studies, the bone plate has been con-
sidered as a mediumwhose the material properties are deter-
minist and perfectly known. Recently, probabilistic studies
haven been conducted by our group to examine the effect
of the random heterogeneity in bone plates to different ul-
trasound responses such as the FAS velocity or the reflec-
tion coefficient. The dispersion of guided-waves, which has
been shown to be able to provide richer information on the
characteristics of bone plates [32, 40, 21], has still not been
investigated from a probabilistic point of view.
5.1. Deterministic homogeneous model

Before investigating the ultrasonic behavior of plates whose
the material properties are uncertain, we begin with present-
ing some typical results of homogeneous models. Basically,
cortical bone material may be assumed to have a transver-
sally isotropic (TI) elastic properties. In this study, the mean
model of the bone plate is considered as a TI elastic homoge-
neous plate of which the isotropy plane is the cross-section
one (e2 − e3). We use typical values for cortical bones,
which are taken from the mechanical test results obtained
by [15], as follows: � = 1722 kg.m−3, c11 = 23.05 GPa,
c22 = 15.1 GPa, c12 = 8.71 GPa, c66 = 4.7 GPa Note
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that the other components of the elastic modulus tensor are
given by c22 = c33, c12 = c13 = c21 = c31, c23 = c32and c55 = c66. Figures 2(a,b) show the typical relationship
between the phase velocities and energy velocities and fre-
quency obtained by using SAFE method. Three homoge-
neous plates corresponding to different values of the thick-
ness (1 mm, 2 mm, and 4 mm) have been considered. One
can observe that thinner plates have less propagation modes
than the thicker ones. A convergence study has been per-
formed on the accuracy of SAFE solutions and the analyt-
ical one obtained by using the software DISPERSE (data
not shown). For the 4mm-thickness plate, the SAFE method
needs 24 quadratic elements to capture all modes in frequency
range of 0-2 MHz. It is worth noting that, as the considered
transversely isotropic plate is homogeneous, the graphs of
the phase velocity Cpℎ corresponding to these 3 thickness
cases do coincide if Cpℎ is plotted with respect to f × ℎ in-
stead of f [33].
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Figure 2: (a) Phase velocity dispersion curves in deterministic
models. (b) Energy velocity dispersion curves in deterministic
models.

Each point on the dispersion curves of phase velocity
(or of energy velocity) corresponds to a particular vibration
mode. Figure 3 depicts the solutions of normalized displace-
ments associated with A0, S0, A1, S1, A2 and S2 modes,
respectively. The symmetric (S-modes) and anti-symmetric
(A-modes) features of these modes may be clearly identified

from these graphs.

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode A
0

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode S
0

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode A
1

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode S
1

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode A
2

-1 0 1

Displacement

-4

-3

-2

-1

0

x 2 (
m

m
)

Mode S
2

Figure 3: (Color online) Displacement profiles of A0, S0, A1,
S1, A2 and S2 modes, taken on the dispersion curves of 4mm-
thickness homogeneous bone plate. Dotted blue lines present
the component u1 and the solid red lines show the u2 one.

5.2. Stochastic heterogeneous model
For the stochastic model, one dispersion value � and one

correlation length � are used to control the statistical fluc-
tuations of the elastic modulus tensor in the e2-direction. Afixed correlation length � = 100 �m is used, which may be
seen as a center-to-center distance between osteons in corti-
cal bone (see [11], [41] and [27]). The dispersion level will
be varied from � = 0.1 to � = 0.3 to investigate the effect of
elasticity’s random fluctuation on the quantities of interest
which are the phase and energy velocities. For each realiza-
tion, the procedure presented in Section 3.4 was applied to
distinguish the different modes.
5.2.1. Stochastic convergence analysis

In order to study the statistical estimators of the inter-
est quantities, a stochastic convergence analysis must first be
carried out. Convergence with respect to number of realiza-
tions nr is performed in studying the convergence of the esti-
mated second-order moment. Stochastic convergence anal-
ysis leads to determine the minimal number of realizations
to accomplish by using the Monte Carlo solver.

For instance, let us consider a 1mm-thickness solid layer
with a dispersion parameter � = 0.3. This layer is discretized
into 50 quadratic elements, which impose at least 5 elements
per correlation length (� = 0.1 mm). Figure 4 shows the
graphs of function nr → ConvCph (nr) for symmetric zero-
order mode A0 (see Fig. 4(a)) and antisymmetric zero-order
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Figure 4: (a): antisymmetric zero-order mode A0. (b): sym-
metric zero-order mode S0. f = 1 MHz and � = 0.1.

mode S0 (see Fig. 4(b)) at a fixed frequency. It can be ob-
served that the graph of nr ↦ ConvCpℎ (nr) converges with
nr. The fluctuation of statistical estimator of the variance of
phase velocity of S0-mode is more important the one of A0-mode. Convergence is reached when nr ≥ 200 and nr ≥ 300for A0 and S0 modes, respectively. Basing on these conver-
gence studies, one may expect that the phase velocity of S0mode is more dispersive than A0 mode from statistical point
of view.
5.2.2. Dispersion of phase velocity

In this section, we examine the phase velocity of guided
waves in the random plate with different thicknesses ℎ (ℎ =
1mm, ℎ = 2mm and ℎ = 4mm) for which the deterministic
results have been shown in Fig. 2. For each thickness case,
we consider by 3 random dispersion levels: � = 0.1, � = 0.2
and � = 0.3. Figures 5-7 depict the phase velocity computed
by all Monte-Carlo realizations for all combination of ℎ and
�. Note that only propagating modes, which have zero or
very small attenuation are displayed. By paying attention to
the first fundamental modes, a zoom is shown from Figs. 5-7
to display in more detail the branches of A0 and S0 modes.

For a 4mm-thickness plate, the results depicted in Figs. 5
show that the fluctuation of the phase velocity is strongly
affected by the heterogeneity along the thickness direction.
For all propagating modes, higher dispersion level � causes
higher fluctuations in estimated phase velocity. Meanwhile,

the pattern of dispersion curves is globally unchanged. For
a small value of the dispersion level (� = 0.1), random fluc-
tuations of the phase velocity are small then the modes may
still be distinguished. When � becomes greater (� = 0.2 and
� = 0.3), random fluctuations of the phase velocity become
more and more important and it is harder to distinguish dif-
ferent branches, especially at high frequency region. As it
can be expected, guided-wave phase velocity is more sen-
sitive to the heterogeneity in the plate at higher frequency.
Certain propagating modes, for which the wavenumbers are
real in the mean (homogeneous) model, may be attenuated
as the wavenumbers become complex in the heterogeneous
model.

Moreover, the modes of higher order may be observed to
be more sensitive to the parameter �. This may be explained
by fact that, higher order modes have shorter wavelengths in
the e2-direction (see Fig. 9). For a given dispersion param-
eter �, one can observe in the zoomed part in Fig. 5 that the
S0-mode is more dispersive thanA0-mode in the considered
frequency range. This effect can be checked from probabil-
ity density functions (PDF) presented in Fig. 8. At a given
frequency, the support of S0-mode’s PDFs are much larger
than the one of A0-mode.

Similar remarks regarding to the fluctuation of phase ve-
locity may be made by considering the 2mm- and 4mm-
thickness plates. By comparing these 3 cases, we can see that
for a same mode at a same frequency, fluctuations of thinner
plates are more important than the one of thicker plates. In
the case of 1mm- and 2mm-thickness plates, some modes,
whose the patterns are completely separated from in each to
other in the case of homogeneous plates (e.g. modes A1 and
S1), may have overlap regions.

In a homogeneous plate, the phase velocity Cpℎ of Lamb
waves is a constant whose the value is calculated from the
relation ℎ × f . For a heterogeneous plate, the fluctuation of
Cpℎ can be observed to be depending of the thickness. For
a given mode, the fluctuation of Cpℎ of a thin heterogeneousplate generally is less significant than the one of a thicker
plate. In fact, the random variation of mechanical properties
in a thick plate has less effects on guided-wavemodes reflect-
ing in this way the global dynamic behavior of the plate. By
considering a fluctuation level � = 0.1, Figs. 8(a), (b) and (c)
respectively present the probability density functions (PDF)
of phase velocities of modes A0 and S0 of the 3 thicknesses(ℎ = 4mm, 2mm, and 1mm) at 3 different frequencies (f =
0.25 MHz, 0.5 MHz and 1 MHz, respectively) so that ℎ × f
has a same value: ℎ × f = 1 (mm × MHz). As mentioned
before, while the dispersion curve of the homogeneous plate
is unchanged by fixing ℎ × f , the PDFs of the phase veloc-
ity of heterogeneous plates are not the same for the different
thicknesses.
5.2.3. Mode shapes

The effect of random variation of mechanical proper-
ties on the mode shapes has also been studied. First, we
picked one of the realizations calculated for a 4mm-thickness
heterogeneous plate with � = 0.3 and visualized the com-
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Figure 5: (Color online)Phase velocity of a 4mm-thickness plate with 3 dispersion levels: � = 0.1 (black region), � = 0.2 (dark
gray region) and � = 0.3 (light gray region).

Figure 6: (Color online) Phase velocity of a 2mm-thickness plate with 3 dispersion levels: � = 0.1 (black region), � = 0.2 (dark
gray region) and � = 0.3 (light gray region).

ponents (u1 and u2) of the normalized displacement eigen-
vector (see Fig. 9). Due to the heterogeneity, the modes
lost their perfect symmetric or anti-symmetric features as
shown in case of a homogeneous plate (see Fig. 4). How-

ever, by studying the variation of u1(x2) and u2(x2), we couldidentify them by using the quasi-symmetric (S) or quasi-
antisymmetric (A) modes, respectively.

In Figs. 10 and 11, the confidence regions of the first six

Figure 7: (Color online) Phase velocity of a 1mm-thickness plate with 3 dispersion levels: � = 0.1 (black region), � = 0.2 (dark
gray region) and � = 0.3 (light gray region).
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Figure 8: (Color online) Probability density functions of A0 and S0 modes for (a) ℎ = 4 mm, f = 0.25 MHz; (b) ℎ = 2 mm,
f = 0.5 MHz; and (c) ℎ = 1 mm, f = 1 MHz.
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Figure 9: (Color online) Displacement modes at six points taken on the dispersion curves of 4mm-thickness random plate
(� = 0.3); Dotted blue lines represent the component u1 and the solid red lines show the u2 one. From (a) to (f) are plotted A0,
S0, A1, S1, A2 and S2 modes, respectively.

mode shapes are shown. Confidence regions associated with
a probability level Pc = 0.95 for random fields u1 and u2 arecalculated by using the quantile method (see Appendix A).
These results allow us to confirm the nature of capturedmodes.
As observed for the phase velocity, from a probabilistic point
of view, the mode shape of S-modes is more dispersive than
the ones of A-modes.

5.2.4. Energy velocity
In order to illustrate the behavior of the energy veloc-

ity travelling across the cross-section of the plate, the en-
ergy velocity Ve on the random plate is presented. For each
realization of the random elastic modulus tensor, by using
Eq. (23), we can extract energy velocity dispersion curves.
For illustration purpose, the graphs of the energy velocities
for a heterogeneous plate are presented in Fig. 12. The veloc-
ities obtained with the deterministic model are plotted using
a cyan color marker. For each frequency, Fig. 13 allows to
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Figure 10: Confidence regions of u1; modes A0, S0, A1, S1,
A2 and S2 modes are plotted from (a) to (f), respectively; the
red solid line represents the mean estimated solutions.

know the velocities at which Lamb waves travel along the
plate waveguide.

In order to explore the energy contribution when random
properties are assumed, we plot energy velocities of all Lamb
modes detected at a fixed frequency window. Thus, veloci-
ties V (m)e for them-th guided-waves are plotted when � = 0.1
(black region), � = 0.2 (dark gray region) and � = 0.3 (light
gray region). In the Figs. 12 and 13, it can be seen that, as for
the phase velocity dispersion curves, the energy velocity dis-
persion curves have about complete branches when hetero-
geneous properties are assumed. Moreover, by increasing
the dispersion parameter, the complementary dispersion (i.e.
the dispersion due to the random fields) increases. Never-
theless, the obtained curves remain coherent with the results
obtained with the deterministic model. That is to say, predic-
tion on unknown velocities can also be performed. Hence,
the proposed method could allow to predict with sufficiently
accuracy, i.e. without overestimating or underestimating,
the rate at which the energy contribution is propagating in
the plate waveguide.

6. Conclusion
In order to interpreter the guided-wave data probed using

non-destructive techniques, an understanding of dispersion
mechanism of wave propagation is necessary. This step re-
mains a challenging area of research due to the complex-
ity of the structures such as the irregularity of geometry,
anisotropy, heterogeneity, viscosity, etc. In this paper, we
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Figure 11: Confidence regions of u2; modes A0, S0, A1, S1, A2
and S2 are plotted from (a) to (f), respectively; the red solid
line represents the mean solutions.

proposed a probabilistic framework to study the effect of the
in-depth heterogeneity of elastic properties in an anisotropic
elastic plate to the guided wave dispersion characteristics.
As the components of the elastic modulus tensor are ran-
domly fluctuated along the thickness’s direction, the disper-
sion equation was not solved by using analytical methods
but by the so-called semi-analytical finite element (SAFE)
method. It has been shown that the SAFE method is appro-
priate to derive the dispersion curves as well as the mode
shapes of guided-waves in strongly heterogeneous plates.

The Monte Carlo statistical analysis of two fundamental
dispersive modes A0 and S0 showed that the fluctuation of
S0 mode due the random heterogeneity is much larger than
the A0’s one. The higher order modes A1, S1, A2 and S2 areeven more influenced by the random fluctuation of elastic
properties in the structure, showing that it would be difficult
to identify certain higher modes, especially at the high fre-
quency range. Moreover, it has been shown that A0 and S0modes are more sensitive when the thickness changes.

This study has a few limitations. First, a free bone plate,
which may only represent in vitro, has been studied. For
the in vivo tests, the effect of soft tissue and marrow should
be considered, even though it has been reported in the liter-
ature that soft tissue does not have significant effect on the
estimation of mechanical properties of the cortical long bone
tissues. Second, in this preliminary study, we only consid-
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Figure 12: (color online) Energy velocity dispersion curves of thick plate. Deterministic results are plotted in cyan color.

Figure 13: (color online) Energy velocity dispersion curves of thin plate.

ered a two-dimensional model in which the random fluctua-
tion of elastic modulus properties in out-plan direction is ne-
glected. It would be interesting extend the present study into
a three-dimensional configuration. In the context of qualita-
tive ultrasound testing of long bones, 3D waveguide models
(with idealized circular section or with real geometry cross
section) may be employed for investigating the effect the ran-
dom heterogeneity of elastic moduli is introduced in the sec-
tion’s plan.

It is worth noting that, the numerical procedure proposed
in this paper is not only limited for long bone ultrasound
characterization but also for other non-destructive evaluation
applications in engineering, in which the random heteroge-
neous material properties should be taken into account,
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A. Appendix: Confidence regions via the
quantile method
A procedure based on the quantile method is performed

for estimating the confidence regions of random variables
displacementU1 andU2. The confidence region of u1 is lim-
ited by a lower envelope and an upper envelope, denoted by
u−1 and u+1 , respectively:

ℙ(u−1 < U1 ≤ u+1 ) = Pc , (31)
where ℙ(A) denotes the probability measure of an event A.

LetFU1 be the cumulative distribution function ofU1 de-fined byFU1 (u1) = ℙ(U1 ≤ u1). The p-th quantile (p ∈ ]0, 1[)
of FU1 is defined by:

� (p) = inf
{

r ∶ FU1 (u1) ≥ p
}

. (32)

The lower and upper envelopes u−1 and u+1 are defined by:

u−1 = �
(

1 − Pc
2

)

, u+1 = �
(

1 + Pc
2

)

. (33)

Let ũ1(1) < ... < ũ1(nr) be the order statistics associated with
U1(�1), ..., U1(�nr ), we have the following estimations:

u−1 ≃ ũ1j− , j− = fix[nr(1 − Pc)∕2], (34)
u+1 ≃ ũ1j+ , j+ = fix[nr(1 + Pc)∕2], (35)

in which f ix[⋆] denotes the integer part of the real number
[⋆].
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