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475 Dien Bien Phu, P2, Binh Thanh, Ho Chi Minh City, Vietnam

Abstract

Understanding dispersion relations and wave mode shapes is vital in nondestructive control of
dynamic behaviors of poroelastic composites. In the framework of semi-analytical finite element
(SAFE) method, this paper presents two numerical approaches so-called semi-analytical isogeomet-
ric Galerkin (SAIGA-G) and semi-analytical isogeometric collocation (SAIGA-C) for computing
dispersion of guided-waves in anisotropic poroelastic plates immersed in acoustic fluids. Biot’s the-
ory was used for describing the dynamic behavior of anisotropic poroelastic material. Assuming the
structures is homogeneous along its axial direction, the Non-Uniform Rational B-splines (NURBS)
was successful employed in procedures using isogeometric Galerkin and collocation methods. The
numeral studies showed that the SAIGA-G method using high continuity NURBS basis allowed to
significantly improve the accuracy as well as the convergence rate of the wave dispersion solutions
in compared with the conventional SAFE method, which used Lagrange basis functions. Other-
wise, the SAIGA-C method was shown to have similar performance in terms of accuracy to the

SAFE method.

Keywords: Guided-waves, anisotropic poroelasticity, wave dispersion, isogeometric analysis,

NURBS basis, IGA collocation

1. Introduction

A poroelastic material consists of two phases, being the elastic solid phase and the fluid phase
filling the pore spaces. Many materials encountered in civil, mechanical, geophysical and biomedical
engineering can be considered as poroelastic media such as composites, rock, bone, etc. This
work is concerned by studying the guided-wave propagation behavior in poroelastic media, which
has a broad range of applications, for (non-exhaustive) example, the design of sound absorbing
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materials [1, 2, 3] or the development of non-destructive testing (NDT) methods [4, 5, 6]. The
wave propagation problem in poroelastic materials has been studied many investigations. When
the dominant wavelengths of interests are sufficiently large with respect to the characteristic length
of microscopic scale, Biot’s and mixture theories were mostly employed [7], for which the governed
dynamic equations are based on the displacement field of both solid and fluid phases.

Many analytical and numerical methods were developed for studying the propagation of guided-
waves in poroelastic media. For example, Green’s function of a homogeneous poroelastic halfspace
may be found in [8, 9]. Transmission and reflection phenomena from poroelastic plate were carefully
studied in many works [10, 11]. To study multi-layered poroelastic media, the dynamic stiffness
method has been used for deriving the solutions in both frequency and time domains dynamic
stiffness method [12, 13]. When the material properties are not piecewise-constant as in layered
media but continuously varied, the asymptotic formulation using Peano’s series has been developed
[14, 15]. Although the analytical methods are generally fast, it has been shown that numerical
instabilities may occur due to positive exponential terms for the cases of large layer thickness
(in comparing with wavelengths in the medium), requiring some particular techniques [16, 17].
Moreover, analytical methods don’t allow to consider the structures with complex geometries.
Therefore, aside from developed analytical techniques, the so-called semi-analytical finite element
method (SAFE) has been widely used. The core idea of SAFE method is to apply the Fourier
transform along the direction in which the structure is assumed to be have infinite extent, and
use FE discretization in its cross-section’s plan. In many studies on visco-elastic waveguides,
SAFE method has been shown to be very efficient for determining the primitive characteristics of
dispersive guided waves (such as phase velocity, group velocities and attenuation), even when the
coupling with surrounding fluids were considered [18, 19]. Using SAFE allows to easy handle the
waveguides with functionally-graded properties [20, 21] or with arbitrary section’s geometry [22, 23].
SAFE method was also successfully used for computing solutions of transient waves propagating in a
anisotropic viscoelastic[24], poroelastic plates [25], multi-layered periodic piezoelectric composited
plates [26] or thermo-acousto-elastic plates [27].

The accuracy of FE solution of wave propagation problems may be improved by employing
smooth and higher-order basis functions. It has been shown that using higher-order FE methods

(spectral element or p-FE) are efficient for the simulation of wave propagation in poroelastic layered



59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

structures [28, 29, 30]. In some studies of guide-waves in elastic structures, spectral element
methods (SEM) were also used. In [31], SAFE-SEM coupled with PML has been applied for
modeling the leaky wave propagation in the embedded waveguides with cylindrical and square
cross-section. Their results of convergence analysis show that the using high order SEM reduces
the Ngof to achieve a given precision at the high frequency regime. Kalkowski et al. [32] recently
used a SAFE-SEM formulation based on Gauss-Lobatto-Jacobi (GLJ) to examine buried and
immersed fluid filled pipes. Although attractive features, the computational cost of SAFE for the
estimation of high-frequency modes was still expensive because some extensive h- or p- refinements
would be required. Moreover, when considering waveguides coupled with fluids, the mode shapes
computed by SAFE may have some significant discontinuities at interfaces due to numerical errors
of derivative approximation [33].

Isogeometric analysis (IGA) [34, 35], which uses the NURBS for the approximation of solutions
fields, turned out to be very interesting technique as it exhibits increased accuracy and robustness
in comparison to standard FE methods in the context of wave propagation simulation [36, 37]. In
a recent work [33], NURBS basis functions was introduced within the SAFE framework and was
shown to significantly increase the accuracy of dispersion curves of elastic guided waves in com-
parison to the standard SAFE method. Moreover, by employing this isogeometric-based approach
(denoted by semi-analytical igeometric analysis - SAIGA), the continuity in mode shapes due the
numerical errors at fluid-solid interfaces was much better described, even when simple geometry
(plate-like) was considered. Using NURBS has also been shown to better describe the complex
section’s geometry and curvilinear interface between the solid and the fluid [38].

Although the NURBS-based discretization has been proposed for studying the guided-wave
propagation in elastic media in numerous works [37, 39], its benefits when considering poroelastic
media have not been investigated. For modeling poroelastic materials saturated by a fluid, the
system of equations is more complex as it also includes the generalized Darcy’s law, of which the
resolution has usually numerical difficulties. Especially when the porosity is important and the
problem is studied at high frequencies, the attenuation induced from interaction between the fluid
and solid phases become much more significant and the robustness of numerical procedure for find-
ing complex eigenvalues needs to be carefully investigated. In the literature, it has been shown that

using IGA leads to a superior accuracy over FEA [40] for modeling static behavior of poroelastic
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media,. In the dynamic context, Morganti et al. [41] presented an isogeometric collocation method
for studying an 1D poroelastic wave propagation problem. The IGA collocation method [42] has
been developed to combine the accuracy and the smoothness advantages of the IGA method with
the computational efficiency of the collocation method. Since there are no volume integrals in the
IGA collocation, the collocation methods is considerably cheaper from a computational point of
view. Moreover, its implementation is simple, since one only need to evaluate the shape functions
and the right-hand side data at chosen collocation points. The boundary conditions are imposed as
additional constraints in the linear system, which is typically non-symmetric even for self-adjoint
problem but more sparse as in the Galerkin method.

This paper aims to investigate the potential of isogeometric finite element methods for com-
puting the dispersion of guided-waves in poroelastic media. We will focus on the studying the
effectiveness of NURBS-based shape functions for the approximation of poroelastic equations in
the context of guided waves analysis. To do so, we develop two semi-analytical procedures for solv-
ing the dispersion relation equations of guided waves in an anisotropic poroelastic plate immersed
in acoustic fluids. The first one employs the isogeometric Galerkin method, which is based on
the NURBS discretization of the weak formulation derived in the frequency-wavenumber domain
to derive the eigenvalue (dispersion) system of equations. The second one uses the collocation
isogeometric method, which based on an NURBS approximation of the strong form of the consid-
ered problem to derive the eigenvalue (dispersion) system of equations. To the best of authors’
knowledge, the numerical performance of IGA-based methods for computing the dispersion curves
of guided waves in poroelastic plates has not been studied in the literature.

The paper is organized as follows. Section 2 presents the equations (in strong and weak forms)
describing wave propagation problem in coupled fluid-poroelastic system. According to the con-
ventional semi-finite element method’s framework, Section 3 presents the equations transformed
into frequency-wavenumber domain. In Section 4, after introducing the main concepts of IGA, two
methods of numerical resolution will be presented: (1) the semi-analytical isogeometric Galerkin
(SAIGA-G) method, and (2) the semi-analytical isogeometric collocation (SAIGA-C) method. Sec-
tion 5 subsequently carries out the validation and convergence analysis of the proposed methods
through several examples. The paper will end with conclusive discussions in Section 6.

In the following, the symbol 9;(x) (¢ = 1, 2) stands for the partial derivative of (x) with respect
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to x;; the symbol *-” for the scalar product and the symbol ‘:’ between tensors of any order for their
double contraction; a* stands for the conjugate transpose (or Hermitian transpose) of a matrix a.

Einstein summation convention is not used in this manuscript.

2. Problem statement

In this section, we will first describe the geometry of the fluid-solid coupled waveguide, then
the equations (in both strong and weak forms) for modeling the wave propagation phenomena in

the considered system.

2.1. Geometry description

Let us consider an anisotropic poroelastic layer (€2°) with infinite extents along e;-axis. The
thicknessof the layer is assumed to be constant and is denoted by h. The surfaces of this layer
may be stress-free or loaded by two surrounding fluid halfspaces. The domains occupied by the
poroelastic layer and the fluids are denoted by Q0 = {(z1,z3) € [—00,00] % [0, ]}, Qf = {(z1,22) €
(—00,00) X (—00,0]}, Qg = {(x1,x2) € (—00,00) X [h,+00)}, respectively. The interfaces between
Q2 and the fluid domains Qf are denoted by F?f (7 = {1,2}), respectively. As the thickness is
constant, the outward directed, normal vectors of QP at Fll’f and Fgf are given by n} = {0, —-1}T

and n} = {0,1}7, respectively.

Poroelastic layer
Qb

Fluid ©/

Figure 1: Schematic of a two-dimensional poroelastic waveguide coupled with fluid half-spaces

2.2. Gorverning equations
2.2.1. Wave equations in the fluids
The fluids occupying the domains Qj (j = {1,2}) are modeled by an acoustic fluid whose mass

density and bulk modulus at rest are denoted by K and p;, respectively. The linearized wave and

5
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Euler equations in fluids are expressed as follows:

pipj — KjVp; =0, (1)
pivj + Vp; =0, (2)

where p; and v;(x,t) denote the acoustic pressure and velocity of fluids in Qf : V(%) is the Laplace

J
operator. The wave celerity in Q{ can be defined by ¢; = \/K;/p;.

2.2.2. Dynamic equations in the poroelastic domain

The anisotropic poroelasticity theory is used to describe the behavior of porous domain (€°).
The poroelastic equations employed here are based upon Biot’s original works [43, 44, 45] as well
as the recent developments in anisotropic constitutive equations [46, 47, 48]. In Biot’s theory the
porous media is assumed to consist of a solid skeleton and a connected pore network saturated by
fluid (with mass density py). The sealed pores are considered as part of the solid. It also assumes
that the size of the pores is small compared to the characteristic wavelength, and applicability
of continuum mechanics to macroscopic two-phase medium. At a point « and at time ¢, the
vectors of displacement of the solid skeleton and of the interstitial fluid are denoted by w*(x,t) and
uf (z,t), respectively; the relative displacement between the fluid and the solid frame weighted by
the porosity ¢ is denoted by w = gb(uf —u®). For the purpose of convenience, the Voigt’s notation
was used for representing the stress, strain and Biot’s effective tensors under the vectorial forms
as : s(x,t) = {all,agg,alg}T, e(x,t) = {e11, €92, 2512}T, a(x,t) = {all,agg,am}T, where 0y, €45
and «;; are the components of the corresponding tensors. By using Voigt’s notation, the Biot’s

constitutive equations for the anisotropic linear poroelastic material [49] read:

s=Ce—ap, (3)

p=—-Mm'Lw + a’Lu®) , (4)

where p is the interstitial pore pressure; Csy3 is the drained elastic tensor; the scalar M is the
Biot’s modulus; m = (1,1,0)7; and the operator L is defined by: L = L8 + L20s, in which
L; and Lo are 3 x 2 matrices whose the elements are zeros except the following ones: Li(1,1) =
L1(3,2) = La(2,2) = Ly(3,1) = 1.

The wave propagation in the poroelastic medium is described by a system of two coupled

equations representing the momentum equation and the dynamic Darcy law [50]. Neglecting the

6
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body forces (other than inertia), this system reads:

pit® + ppib —LTs =0, (5)

pri® +axi+LImp=0, (6)

where p = ¢ps+(1—¢)ps is the mixture density (or apparent density); ps and py are mass densities
of the solid (matrix) material and the saturating fluid, respectively and ¢ is the porosity. The
viscodynamic operator a is a frequency-dependent symmetric second-order tensor which depend
on the permeability and tortuosity of the medium. For materials with orthorhombic symmetry, it
has only non-zero diagonal components. In this work, we used the Johnson-Koplik-Dashen (JKD)

model [51] in which the diagonal components of a are given by :

o) = 1 (oo ; W) | (7)

WPk
where, 7 denotes the dynamic viscosity of the pore fluid, aj° and x; are the tortuosity and the
low-frequency limit permeability of the skeleton in the direction e;, respectively.

By noting that e = Lu® and by substituting Eq. (4) into Eq. (3), the vectors s and mp in

Eqgs. (5-6) may be expressed in terms of u® and w as follows:

s=C,Lu’ +C,Lw, (8)

mp = —(CyLw + CILu®) , (9)

where C, = C+Maa®, C, = Mam™, Cy; = Mmm?”. The tensor C, is known as the undrained
elasticity tensor, which may be considered as the rigidity of an equivalent elastic medium in which
the relative movement between the interstitial fluid and solid skeleton is null (i.e. when w = 0).
One may also notice that while C, and Cj; are symmetric, C, of an anisotropic medium is not;
it could be symmetric only if the considered poroelastic medium is isotropic (i.e. when ay; = awo

and a2 = 0).

2.2.3. Boundary conditions
At interfaces between the porous media and the fluid domains. At both interfaces Flif and Fgf,
open pore condition was assumed, leading to a continuity condition of the normal velocity between

the poroelastic medium and the surrounding fluids [50] :

wonl=(v;—uf) -0}, Vel (j={1,2}). (10)
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In view of the Euler equation (Eq. (2)), this interface condition may be rewritten as:
1 .. .5 b bf /-
(;ij+w+u)-nj20, Ve e (5 ={1,2}). (11)
j
In addition, the conditions of stress continuity at the porous-fluid interfaces [50] impose that :

t = —p-nb
TV vwer¥ (j={12}), (12)

pP=Dpj

b

where n ;

is the outward normal unit vector at the interfaces from QP toward Q{ and t is the
traction vector. It is worth to note that the outward unit vector of the solid domain is related to

unit vector of the fluid domain by n?:—nf and t = LI's = {012, 002}7.

Exterior boundaries. The radiation condition of fluid pressure in Qj ( = {1,2}) may be formally

written by :
p; = 0 when |x| = $oo, (13)

2.3. Weak formulations

Weak formulation in the fluid domains. The pressure field in the fluid occupying the domain Qj
is described by Eq. (1). The weak form of this equation by taking into account the boundary
conditions Egs. (13)-(11) reads

* e * * o] .. b ad
/Q , 0p; pbidY + /Q , Vop; K;Vp;d — /F ,, 05K (i +ib) -nldl% =0, vop; €c™, (14)
J J J

Weak formulation in the poroelastic domain. Upon integrating Egs. (5) and Eqgs. (6) against the
test function du and dw, respectively and considering the interface conditions Eqgs. (13)-(11), the

weak formulation of the boundary valued problem in the poroelastic layer 2 may be derived as:

ou*pu®dv —1—/ du*prwdv +/ ILT(Su*(CuLuS + C,Lw)dv —I—/ ou’* (pj'n,b)ds =0,
Qb Qb Qb ryf

dw* (aiv)dv —|—/ Sw*pru’dv —|—/ LT sw*(CpLw + CLLu®)dv +/ sw*(pjn’)ds =0,
Qb Qb Qb ot

V(du, dw) € ¢ (15)
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3. Equations in the frequency-wavenumber domain

For studying the behavior of guided wave propagating along the longitudinal direction (ey) in
the medium, we look for harmonic solutions for which a field ¢ (¢ € {u1, ug, w1, wa, p1,p2}) in Q

may be expressed under following form:
SO(IL‘1, T2, t) = ¢($2)ei(k1w1—wt) ) (16)

where i = —1; ky is the wavenumber in the ej-direction. Note that in the frequency-wavenumber
(w — k1) domain, the derivatives with respect to t and to 1 can be replaced by: (*) — —iw(*) and
O1(x) — 1iki(*), respectively. Hence, the considered two-dimensional problem may be simplified
into a system of one-dimensional (1D) PDEs with respect only to x3. Moreover, in this study,
as the semi-infinite fluid domains were modeled by using the well-known Perfect Matched Layer
(PML) technique (see Appendix A), following finite 1D domains could be introduced Q2 = [0, A],
Q= [—h{, 0] and Q/2 = [h, h + h%c] for modeling the poroelastic and fluid regions.

3.1. Strong form

By replacing Eq. (16) into Egs. (1,5 & 6), the performing some algebraic manipulations, the

later equations may be transformed into the (w — k1) domain as follows:

— prjﬁj + k%Kjﬁj — Kjé?%ﬁj =0 N V.T}Q € Q{, ] = {1,2} N (17)

— w?B,v + kiBov — ik (B1 + BY)dov — Bodiv =0, Vrp € Q. (18)

where v = (2, )7 and:

I I All All A12 A12 A22 A22
Bp _ pl2 prl2 . Bo= u o . By = U o . By— m o (19)
pils @ ALl Al A2 A2 A2 A2

in which Is denotes the 2-by-2 identity matrix; the matrices Aﬁb, Agb and A‘}\g with a,b = {1, 2}
are defined by: A% = LIC,L;, A% = LTC,L;, A% = LICy/L.
The boundary conditions (Eqs. 11,13) for the fluid domains Qi (j = {1,2}) may be now

expressed as:

~ ~ ~ Tt
Oopj = prj(uS + w3), at xo = z,’, (20)
PL=fs=0 at vy = x,’ (21)



168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

ry 3 5 ;o Is f - : - .
where z,' =0, y° = h, z,/ = —hj, v5,> = h+ h; are the vertical coordinates of fluid domains

boundaries, respectively. Similarly, the stress continuity conditions (Eq. 12) transformed into
(w — k1) domain read:
ik1 (A2 4+ AZ®) + (A2 0ha + AZ0pw) = (0, —p;) T \

b
at To = 2’ (22)
— iki M (1101 + aitie + W1) — M (120211 + ag202tg + Oatz) = P

3.2. Weak form

In the frequency-wavenumber domain, the weak formulations of the fluids (Qf/, j = {1,2}),

and of the poroelastic layer (Q2°) may be derived by replacing Eq. (16) into Eqs. (14,15):
_ w2 /f 5ﬁ;pj]5j’)/2d$2 + k‘% /f 5]5;Kj]5j72dl‘2 + /f 825}5}7(}82]%‘(1/’72)(11‘2
of af af

- w25p;~ijj (ﬂ;(:ngj) + ﬁ/ﬂx?)) =0, (23)

— w2 v -B,vdxy + k:% ov - Bovdzs + ik / (020v - B1v — dv - BoOov) dxa

Qb Qb 9)

+ - 82c5v . BQaQVdLL‘Q + (5@2(0) + (51172 (0))}51 (0) + (5ﬂg(h) + 5@2(h))}52(h) = 0, (24)

in which ~2(z2) is a continuous function which was introduced in the PMLs of the fluid domains

(see Appendix A).

4. Numerical resolutions using NURBS-based approximations

In the framework of the conventional the semi-analytical finite element (SAFE) method, the
Lagrange polynomials may be used for the approximation of the Eqs. (23)-(24). To do so, it is
well known that a sufficient number of grid points per wavelength has to be adjusted, to be able
to capture the oscillation of the solution. Thus, the quality of numerical solutions depends on the
wave-number kj. It has also been shown that for large wave-number problems, using high-order
interpolation polynomials would be better to reduce the numerical errors than using lower-order
ones with refined element sizes. In this section, we propose to use the high-order interpolation
based on NURBS for improve computational efficiency on determining the wave dispersion in
high-frequency. The idea is based on the NURBS-based isogeometric analysis allowing the use
of globally C*-continuous basis functions, with & < p — 1, p being the polynomial degree. In

this section, we firstly briefly recall the concept of isogeometric analysis with the main focus on

10
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the B-spline and NURBS basis functions. Next, we develop two numerical approaches based
on isogeometric Galerkin and collocation methods to compute the dispersion of guided-waves in

anisotropic poroelastic plates immersed in fluids.

4.1. B-spline and NURBS basis functions

In the framework of standard SAFE method, Lagrange polynomials usually served as interpo-
lation functions for the discretization of weak formulations presented in Sec. 3.2. In this paper, we
adopt isogeometric-based approaches where the NURBS basis functions are used for discretizing
the problems (in strong or weak forms) presented in Sec. 3. Basically, B-spline basis functions of
order g are determined in a parameter domain QcCR using a sequence of non-decreasing set of
coordinates called knot vector defined as Z = {&1,&2,&3, ..., €ntq+1}, where § € R (i =1,2,...,n) is
the i knot and n is the number of basis functions used to construct the B-spline curve. For a given
knot vector, the corresponding set of B-spline basis functions B;, are defined by the well-known

Cox-de Boor recursion formula as:

1 if ¢ i+1,
G=0: Bio(é) = Mo <i<ln (25a)

0 otherwise,

450 Big©) =" B, 1@+ F 8 B ), (25b)
ferq fz £z+q+1 ferl

Note that the quotient 0/0 is assumed to be zero. Open knot vectors, where the first and the last
knot each have a multiplicity of ¢ + 1, are standard in CAD NURBS basis functions are built from

the B-spline functions by assigning a weigh w; to every B-spline function B; 4(&):

_ Bi ¢(§)w;
> i1 Big(w;

The NURBS basis functions have some advantage such as higher continuity across the element

Riq(€) (26)

boundaries, partition of unity, variation diminishing, linear independence and compact support.
Such a complete set of basis functions can be employed in any finite finite element or collocation
framework. According to the isogeometric concept in which the same basis functions are used
for the approximation of solution fields and for geometry representation, the approximation of a

complex-valued function ¢(z), denoted by @", is given by :

p(z) 2 "= Rig(&)%; (27)
=1

11
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199

where the complex-valued coefficients ®; are the corresponding control variables (values at the

h

control points). Using the inversion of geometrical mapping z2(§) the function ¢ over the physical

h 1

domain Q can be define such that v" = 9" o 7 1.

4.2. Semi-analytical isogeometric Galerkin method (SAIGA-G)

For simplify the presentation, we assume that each domain Q{ , Qg and QY is discretized using
only one patch with ny, ny, ng being the number of basis functions in the patches of Qf1, Q0. Qf2,
respectively. By using the Galerkin finite element method, same approximations are applied for

both functions @" and da” (as well as for w" and d@"; pP and 6p!) on each patch:

a" = RYU, da" = RYU, (28a)
w" = RYW, dw" = RY6W, (28Db)
P} =RIP;, 6p) = RIGPy, (28c¢)

where R5, 5, . Rj\yq,, and (R§)1an are the interpolation matrix containing the NURBS basis
functions (Eq. (26)); Usgp,x1 5 0U2p,x1 , Wap,x1 and dWyy, «1 are the vectors of control dis-
placements; (P;),,x1 and (6P;)n;x1 are the pressure vectors of control pressures. In this work, we
used the same NURBS basis functions for approximation of the solution fields in Eqgs. (28a-28c¢).
By substituting the approximations (Eqgs. 28a-28¢c) into the weak formulations (Eqgs. 23-24), one

obtains a eigenvalue problem:
(—w’M + Kq + ik K; + B Ky)V =0, (29)

where V = (P1, U, W, P5)7T contains the global eigenvectors the fluid pressures (P, P3) in fluids
and of displacements (U, W) in the poroelastic domain, respectively; the global matrices M and

Ko, K;, Ky are are square matrices of order (ny + 4np + ng) and may be determined from the
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assembling of corresponding elementary matrices in poroelastic and fluid domains:

(MPT MPIE MP
M =

0 Mw MY

0 MP2 MP2w

0 0 0 O
K _ |0 Ki Koo
1 —_—

0 Kt K¥ 0

0 0 0 o0

0

K 0
K" Ky
KBUPI KE)uu
i 0 0
0 0
Ky Ky
Kyv  KY
0 0

0o o
Kyv Ky
KZ)U Kng
0 K|
.

0

Ik

K2 |

(30a)

(30b)

In these matrices, the sub-matrices related to the poroelastic solution fields (U, W) and fluid

pressure fields (P, P2) may be distinguished. For the poroelastic layer, the matrices related to

the U are defined as:

MY = / RYHYT pRYdzy, MW = / R pRYdx>
Q Qb
5= / (RY)TA} R dzy, Kb = / (RY)TAL R dxy
Q Q

?zAbQ{(ﬁzR“)TAﬁlR“}adazg, Kyw:/sz{ag(R“)TAilRw}ad@,

U= [ HRYHTAEGR dry, Ky = / D(RHTAZ9,RYdzs |
Ob

ab
(Kgpl)gk = 0020k, » (Kgm)% = Oy(2ny)Ok1,

(31a)
(31b)
(31c)
(31d)

(31e)

where {-}, denotes the anti-symmetric part of a matrix; d;;, denotes the Kronecker’s delta; the

upper indexes “* or “P represent the couplings between U & W or U & P, respectively. Similarly,

the matrices related to the W are given by :

MY = / RY)TaRYdzy, MY = / R p;Rdzs
Q Qb
W= / RYTARYdzy, Ky* = / R)TANR"dz,
Q Q

11":/ 2 {(0,R")TAFR"}_daxs K}”“:/ 2 {(0,R")TAZR"} duy
Qb Qb

¢ = / (RY)TAF R day , K{* = / (0R")TAZ?0,R"ds
Q Qb
(KBUZH)HC = 65(2nb+2)5kn17 (K?)Um)ﬂc - 55(4nb)5k17 )

13

(32a)
(32b)
(32c)
(32d)

(32e)
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where the upper indexes “* or “P represent the couplings between W & U or W & P, respectively.

The matrices related to the P; and Py are defined as:

M = /Q pin2i(RY) T RYdas, (33a)
Ky = /Q(Kj /120)(0:R})" Qo Rjda, K = /QKj’m(Rp)Tde:cQ, (33b)
(Mpw)fk = p1K104(ny)0k2, (Mplw>£k = P1K10¢(n)Ok(2np+2) (33¢)
(Mmu)gk = pQKZCSKl(Sk(an)v (MpQw)gk — p2K26€15k(4nb) (33(].)

Further more due to the fact that A,z = Aga, it can be shown that that the sub-matrices of the
M, Ky, Kq are symmetric while the sub-matrices of K is anti-symmetric. Note that the in the case
where there is no fluid half-spaces the fluid contribution and the corresponding coupling matrices
are zeros matrices. All these sub-matrices are computed by using Gauss—Legendre quadrature
formula with » = ¢ + 1 quadrature nodes per element along each parametric direction which has

been shown to be efficient [52].

4.8. Semi-analytical isogeometric collocation (SAIGA-C)

To construct the 1D isogeometric collocation method, we follow [42] by firstly choosing three sets
of collocation points 77! (i = 1,..,n$%), le? (G=1,.,n and 72 (k = 1,..,n$") for Q1, Q2 and
Q. respectively. Then we seek the approximations of the fields py, p2, @, W at the collocation points
by using the associated NURBS basis functions. In this study, the employed collocation points
(77) of a field ¢ (¢ = {u1, ug, w1, w2, p1,p2}) are located at the images of the so-called “Greville
abscissa”. In general, using a given open knot vector = = {&; = 0,£2,&3, ..., {ntg+1 = 1}, in which

the first and the last knots have multicity ¢ + 1, the Greville abscissae points & (i = 1,2,...,n) in

a parametric space are calculated by

£ — Eit1 +&it2+ ... +&igg
T .
q

(34)

By building matrices which contain the k-th derivatives (k = 0,1, 2) of the NURBS shape functions

of the field ¢ at all collocation points (77°), the k-th derivatives of ¢ may be approximated by

14



215

216

217

A p(rf) oY) AR e AVRLLGD) | [ @

k

Kewf) | | R VRS - o >sz1< O || e )
el | |V RN) AR R | \ B

where ®; denotes the solution of (77

) at the control points.

Col )

In the fluid domain Qf (j = 1,2), giving a set of collocation points Tf T(i=1,. one may

a priori derive from (Eq. (17)) a system of (n COI) equations at every collocations points:
- KK K;025;(r) =0 36
w pjpj( 7) + ]pj( 7) - i (757) : (36)

However, as this system should satisfy the boundary conditions (20), two equations at the first and

last collocation points should be replaced, for instance in the lower fluid domain Q{ , by:

pi(r{") =0, (37)
01 (Tl + pr? (ia(7}) + da(r) ) = 0. (38)
Similar conditions may be set for the upper fluid domain Qg .

Considering the poroelastic domain °, the approximate solutions % and w are evaluated at

the collocation points 77 (i = 1, ...,n°) should satisfy (18):
— W*B, V(1)) + kIBov(7?) — ik1(B1 + B)av(7?) — Bodav(r!) = 0, (39)

At the Fl{f (interface between Q{ and %), the stress continuity conditions (22) may be expressed

in matrix form as follows:

A21 A22 A21 A22 0
ik ¢ Co v+ * “lov)=-| 1 |ml)
[Mall,Malg] [1,0] [MOCIQ,MO{QQ] [0, 1} 1 1
(40)

Again, a similar condition may be set at the interface Fgf .
By applying the approximations (35) to the Egs. (36-40), then performing some algebraic

manipulations for assembling the matrices, we can establishing a eigenvalue system containing
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n$ +4 x nfo 4+ ns°! equations which has the same form as the one derived by SAIGA-G procedure

(Eq. (29)):
(Ko + ik1K; + 2Ky — w*M)V =0, (41)

4.4. Resolution of dispersion equations

The system of characteristic equations (29) and (41) are an eigenvalue problem which are used
to determine the relationship between the pulsation w and the wavenumber k;. By noting that
all global matrices Ko, K;, and Ko do not depend on ki, Egs. (29) and (41) are a quadratics
eigenvalue problem with respect to k1 and could be solved by reformulating them under following

linearized eigenvalue problem:

0 —wM + K, —w*M+Ky; O \%
0. (42)

—w*M + K iK; 0 -Ko kV

For each value of the angular frequency w, solving Eq. (42) allows us to determine the eigenvalues
k1 and their associated eigenvectors (also called by wave structures), V(w, k1) of guided modes.
The frequency-dependent phase velocity (Cph(w)) and the attenuation (y(w)) of a guided mode are
given by:

Re(kl)

Con = m.s™'), ~v=Im(k;) [Np.m™!], (43)

where Re() and Im() denote the real and imaginary parts of a complex function.

5. Numerical examples

In this section, we will investigate the performance of the proposed NURBS-based methods (i.e
SAIGA-C and SAIGA-G methods) for computing the dispersion of poroelastic guided-waves in
free and fluid coupled anisotropic poroelastic layers. For all examples, the evaluation of the phase
velocities, the attenuations as well the mode shapes have been performed by using three approaches
SAIGA-C, SAIGA-G and conventional SAFE. As the closed form of analytical solutions are not
available, the SAFE’s solutions obtained by very fine meshes, which are assumed to be the converged

solutions, are served as the reference ones for estimating the numerical errors.
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5.1. Case of free-boundaries homogeneous poroelastic layers

5.1.1. Reference solutions

We consider a 4-mm-thick saturated anisotropic poroelastic plate, which represents a typical
cortical bone sample [25]. The porous bone material is assumed to be saturated by water of which
the bulk modulus is Ky = 2.5 GPa and the density is py = 1000 kg.m 3. The bone’s matrix has a
density ps = 1772 kg.m~3 and its components of the elastic tensor (using the Voigt’s notations) are
given by : cfj = 28.7 GPa, cj} = 23.6 GPa, c = 9.9 GPa, cgy = 7.25 GPa and c§ = chy = 0 GPa.
By using the procedure presented in Appendix B, one can estimate the components of the drained
elastic tensor C . For example, the components of C are given in Tab. 5.1.1 for the porosity of
¢ = 0.1 and ¢ = 0.5 . In this numerical study, we assume that the permeability an the tortuosity
in the considered medium are isotropic. The diagonal terms of the tortuosity tensor is given by:

ai] = asg = 1.

Table 1: Parameters of the poroelastic medium for different values of the porosity.

o C11 C12 C22 Ce66 Ci6 = C26 M K11 = K22
- (GPa) (GPa) (GPa) (GPa) (GPa) (GPa) (m?)

0.1 2484 727 175 549 0 18.32  3.33x 10713
05 12.76  2.33 5.71 1.87 0 419  1.67 x 10712

We first present in Figs. 2(a,b) the results of the phase velocity and attenuation computed by
using the conventional SAFE formulation with a very fine mesh (Ngof = 404 and ¢ = 2), which
would be sufficient to be considered as a reference solutions. Due to the presence of fluid-filled
pores, there exist some guided-wave modes with high attenuation. In Fig. 2(a,b), the dispersion
curves are displayed in two different colors for separated the “low attenuation” (group 1) and
“high attenuation” (group 2) modes, which have attenuation (v = Im(k;)) greater or smaller than
a value 4 = 100 m~!, respectively. The phase velocity curves of low-attenuation modes (Fig. 2a)
are similar to the well-known Lamb-type modes in elastic plates, which are usually designated
by the modes A or the modes S in depending to their antisymmetric/symmetric natures. For
these modes, the relative fluid-solid displacement (w), which is the main cause of viscous effect in

poroelastic materials, are much weaker than the displacements of the solid (u). As an illustration,
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Fig. 3(a) depicts the shape modes of uy and wy of the mode A; at the frequency f = 1 MHz, in
which ws is found much smaller than us. Moreover, for this anti-symmetric mode, one may check
that u2(0) = ug(h) and we(0) = wo(h) with one wavelength over the plate thickness. Figs. 3(b,c)
present the in-depth variation of us and ws of two high attenuated modes, which correspond to
two points B and C at the same frequency (f = 1 M Hz) as marked in Fig. 2. One may observe
that the orders of these modes are higher with more wavelengths over the thickness. Moreover, the
fluid-solid relative displacement becomes more significant in comparing to the solid displacement

us, which induce more important attenuation as expected.

10000 300

8000

"0 —200F

E 6000t E

2 e

8 2

= L ©

g 4000 S 100}

o 2

s , < . ‘.
£ 2000 A e ko
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Frequency (MHz) Frequency (MHz)
(a) phase velocity (w/Re(k1)) (b) attenuation (Im(k1))

Figure 2: Dispersion curves (a) phase velocity versus frequency and (b) attenuation versus frequency of a free
poroelastic bone layer; groups 1 and 2 represent low and high attenuated waves, respectively; a filtering criteria

7 =100 m™*
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(a) low att. mode (point A) (b) high att. mode (point B) (c) high att. mode (point C)

Figure 3: (Color online) (ugz,ws2) shape modes corresponding to the points (A),(B),(C) marked in Fig. 2
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The wave dispersion in poroelastic plates depends on its porosity [53]. In Fig. 4, the phase
velocity (Cpp) and attenuation () of the first symmetric mode Sy are shown to be strongly modified
while the porosity changes. To visualize the effect of porosity on the wave dispersion, we present
in Fig. 4(a) the variation of real and imaginary parts of the wavenumber (k1) versus frequency in
a 3D graph. Different to the case of elastic plates in which the real wavenumber solutions exist,
the wavenumbers of guided-waves poroelatic plates are complex. When ¢ = 0.1, Im(k;) is small
even at high frequency and the kj-curve is found closely to the plane w — Re(k1). The peaks of the
attenuation curves may be observed at frequencies where higher modes are cut-on. When ¢ = 0.5,
the imaginary part Im(k;) was found to be much higher because the viscous effect due to fluid-solid
relative movement becomes more significant, especially at high frequency. In high frequency range
([1.5-2.0] MHz), the phase velocity of Sp-mode tends to the Rayleigh wave’s velocity (let us denote
it by cg), which depend mainly to the porosity and to components of drained elasticity tensor. As
it has been shown in [54], the ratio ¢%/cge is monotonically increasing function with respect to the
porosity. However, the shear modulus cgs (estimated by using the model presented in Appendix
B) was found to be a monotonically decreasing function with respect to the porosity (see Table 1).
Hence, in contrast with the attenuation which depends on the permeability and typically increases
with higher porosity, varying the porosity may lead to insignificant change of the Sy-mode’s phase

velocity at high frequencies.
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Figure 4: (Color online) Dependence of Sp-mode dispersion on porosity: (a) wavenumber (Re(k1) and Im(k1)); (b)

phase velocity; (c) attenuation

It worth noticing that, when considering an elastic plate at very low frequency range, the phase

velocity of the Sy mode was found to be constant (non dispersive), being approximately equal to
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the compressional wave velocity. This phenomenon may be explained by the fact that, at very low
frequency, as the wavelength of the compressional wave is much longer than the plate’s thickness,
the Sy mode may be seen as a plane compressionnal wave propagating along axial direction of
the plate. In this study where the poroelastic plates were studied, the phase velocity of Sy mode
at low frequency limit (Fig. 4) was found not be constant but very dispersive, especially when
the porosity was high. In fact, it might be guessed that the dispersive feature of the Sp-branch
at low frequency range lies to the dynamic behavior of of poroelastic materials. In a pororelastic
medium, there exists not only one but two compressional waves, which are known as the fast and
slow P-waves. While the wavelength of the fast P-wave is quasi-constant and comparable to the
compressional wave in the elastic medium, the wavelength of slow P-wave is typically very small at
the low-frequency limit. The presence of the slow P-wave, which is very dispersive in low-frequency,
would be the reason for which the Sy mode is dispersive at low- frequency range. We may also
observe that when the porosity tends to zero, the Sp-mode branch tends to a constant function at

low frequency, which is similar to elastic plate cases.

5.1.2. Validation of SAIGA-G and SAIGA-C methods

The results obtained by the proposed SAIGA-G and SAIGA-C methods were validated by
comparing with the reference solution computed by conventional SAFE method. In this example,
both SAIGA-G and SAIGA-C modeling are based on a single patch in which the NURBS basis
functions with order ¢ over an uniform knot vector were used. The number of elements (spans)
in the patch is then given by Ng = np — ¢ = Ngof/ndof — q- Consequently, the total number
of degrees of freedom (Ngof) is: NiﬁIGA'G = Niﬁ}IGA'C = np X Ngof, Where np is the number of
control points (or nodes) and ngof = 4 which is the number of unknowns (uq,us, wq,ws) at each
control point. On the other hand, by using the conventional SAFE method with NeslAFE elements
with ¢*P-order Lagrange interpolation function, the total number of degree of freedom is given by:
NFAFE = (g x NSAFE 4 1) x ngor.

Dispersion curves of the phase velocity and attenuation versus the frequency of first 14 modes
in the range f = 0-2 MHz were computed by using SAIGA-G, SAIGA-C and SAFE methods.
Then theses solutions were compared with the reference solution (¢ = 2, Ngor = 404) as shown
in Figs. 5(a,b). In this example, all methods employed quartic-order (¢ = 4) basis functions and

have the same Ngof = 68 : the SAIGA-G method used 13 elements, the SAIGA-C method used 17
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Figure 5: (Color online) Case of a free poroelastic layer (¢ = 0.1): validation of SAIGA-C, SAIGA-G and SAFE
solutions computed with ¢ = 4, Naor = 68; sub-figures (c¢) and (d) are zoomed from the dashed-line windows in

sub-figures (a) and (b), respectively.

collocation points , and the SAFE method used 4 elements. At low frequencies, all of three methods
provide accurate estimations of Cpp, as well as of . However, at high frequencies (1.5-2 MHz), the
SAIGA-G solution has better precision than the ones obtained by SAIGA-C and SAFE methods,
especially the modes presented in the dashed-line windows plotted in Fig. 5(a,b), which respectively
are zoomed in Figs. 5(c,d) for a clearer comparison. Moreover, it may be observed in Figs. 5(c,d)
that SAFE solutions didn’t capture exactly the reference ones as the SAIGA-G solutions did, but
they are better than SAIGA-C ones. In Figs. 5(e,f), we present the solutions computed by using
g = 8 and by arranging the number of elements/spans (NSAIGA-C = NSAIGA-G = g apd NSAFE = 2)
so that we still have Ngor = 68. It may be seen that using ¢ = 8 improves the precision of SAFE
solution. The precision the SAIG-C solution was even more significantly improved, although the

attenuation of some modes were still not exactly predicted. This comparison affirms the fact that
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the collocation based approach generally requires a higher order of NURBS basis functions than
the Galerkin based approach.

Figs. 6(a,b) affirm the validation of Cp}, solutions computed using SAIGA-G, SAIGA-C and
SAFE methods for higher porosity cases (¢ = 0.5 and ¢ = 0.6). Similar to the case (¢ = 0.1),
the results of higher modes at higher frequency range (1.5-2 MHz) were shown to be less accurate.
Moreover, the numerical errors seem to be more important when considering plates with higher
porosity, in which the pore fluid movement becomes more significant. We may observe that the
branch of mode Sy, which was continuous in the cases (¢ = 0.1,0.5), turned out to be discontinuous
due to excessive values of attenuation when considering a higher porosity ¢ = 0.6. One may observe
that f ~ 0.3 MHz corresponds to the cut-on frequency of S; branch at which the high valued peak

was found on attenuation curve (see Fig. 4(c))
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Figure 6: (Color online) Phase velocity curves of poroelastic bone layer: comparison between the SAIGA-C (¢ = 4
and Ngor = 68), SAIGA-G (¢ = 4 and Ngot = 68) and SAFE (¢ = 4 and Naor = 68) and REF solution (¢ = 2 and
Naor = 404)

5.1.8. Convergence study
We aim to study the convergence rate of the proposed methods for evaluating the phase velocity
in poroelastic plates. In particular, we are interested in investigating the accuracy of the numerical

results when considering a specific mode over a frequency range. To do so, we introduce a function
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err(m) which estimates the relative errors of the numerical solution for a mode m as

Ny num( £ m) — CREF( £ m 2
1 Z(Cph (fl? ) Cph (fl) )) 7 (44)

Txm) =\ N, 2 CEET (f,,m)

where N7 is the number of the frequency values used for the computation in the considered fre-
quency range, Cii™ (f;, m) and CﬁlE F(f;,m) denote the phase velocities of the mode m evaluated
at the frequency (f;) by using three numerical approaches, and its reference values, respectively.

The convergence analysis were performed for the mode Sy in two cases of porosity ¢ = 0.1 and
¢ = 0.5. Figs. 7(a,b) depict the variation of the errors of the phase velocity of Sp-mode over the
frequency range f = 0 — 2 MHz versus the number of DOF. Different orders ¢ of NURBS and La-
grange basis functions were investigated. Overall, the error analysis presented in Figs. 7(a,b) shows
that all methods (SAFE, SAIGA-C, SAIGA-G) implied the h- and p-convergences as expected.

While using the SAFE method with ¢ = 4, we found that the numerical errors (in the both cases
¢ = 0.1 and ¢ = 0.5) are not efficiently reduced by applying mesh refinement. Using higher-orders
(¢ = 6,8,10) allows to improve significantly the accuracy solutions. Moreover, the convergence rate
(i.e the slope of the error curves) are shown to be increases when using higher-order Lagrangian
shape function. A similar comment would be made regarding the errors of SAIGA-C solutions. It
would also notice that the numerical errors of SAFE are slightly different than the one of SAIGA-C
and this difference seems to be more significant when the porosity is higher (¢ = 0.5). However, the
convergence rate of SAIGA-C, which is slower than of SAFE when using low-order basis functions
(¢ = 4,6), may be faster than when using high-order basis functions (¢ = 8, 10).

For both cases ¢ = 0.1 and ¢ = 0.5, it may be found that the SAIGA-G errors using a g-order
NURBS basis function is much smaller comparing with to the errors obtained from SAIGA-C or
SAFE methods which used the same order basis function. For example, to achieve a solution having
numerical error about 1073, while using ¢ = 6 SAIGA-C and SAFE require solving a system of
about Ngo=100, using ¢ = 6 SAIGA-G only requires a system with only Ngos=56. Overall, the
convergence rates versus Ngof using SAIGA-G method were shown to be much faster than using
SAIGA-C or SAFE methods. Moreover, the numerical errors weren’t significantly reduced by
increasing ¢ from 8 to 10. Hence, using p = 8 would be a reasonable choice for this problem in

practice.
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Figure 7: (Color online) Error convergence of So-mode computed for ¢ = 0.1 and ¢ = 0.5 by using SAFE, SAIGA-C
and SAIGA-G methods

5.2. Case of a poroelastic plate immersed in fluids

Let us consider the case of a poroelastic bone plate, which has been studied in the previous
section, but now is coupled with two half-spaces of water loaded on both sides as shown in Fig. 1.
The acoustic properties of water are given by p; = ps = 1000 kg.m ™3 and ¢; = ¢3 = 1500 m.s~!.
The infinite fluid domains Q{ and Qg are modeled as finite-thickness layers with h{ = hg =4 mm.
To avoid the non-physical reflection from the upper and lower boundaries, we introduce 2 mm-
thickness PMLs at the top Q{ and at the down of Q7 , respectively. It worth noticing that the PMLs
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have been shown to be efficient for the SAFE-based simulation of leaky guided waves in several
previous works [55, 18]. In this study, the range of frequencies of interest is from 0 to 2 MHz, then
PML parameters hP™ (PML thickness) and v3(z2) (PML function) (see Eq. A.3) were chosen by:
45 = 3 + 12i and hP™ = 2.5 mm. In addition, free pressure boundary conditions (p; = 0) were

imposed at the exterior boundaries of two fluid domains.
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Figure 8: (Color online) Dispersion curves of immersed poroelastic bone layer: comparison between the SAIGA-C
(¢ = 4 and Ngor = 118), SAIGA-G (¢ = 4 and Nqor = 118) and SAFE (¢ = 4 and Ngof = 118) and REF solution
( = 2 and Ngor = 566).

Fig. 8 aims to compare the dispersion curves of leaky guided waves obtained using SAIGA-
G, SAIGA-C and the conventional SAFE method with respect to the reference solution (REF)
obtained by using SAFE with a very fine mesh. All of three solutions were computed by using
g = 4 (NURBS or Lagrange functions), and all associated systems have Ngof = 118, in which
the numbers of DOF in the poroelastic layer and each fluid layer are Nj ; = 68 and Né‘(ff = 25,
respectively. Two cases of porosity (¢ = 0.1 and ¢ = 0.5) were considered as shown in Fig. 8(a)
and Fig. 8(b), respectively. For both porosities, the SAIGA-G solutions were shown to have
better agreement with the REF solutions. In the case ¢ = 0.1, the numerical evaluation of Cpy
using SAIGA-C or SAFE were failed for some modes (e.g on the Sy branches). Note that similar
issues were also reported in Hayashi et al [55] when studying an elastic plate immersed in fluids.

Interestingly, it was found that using SAIGA-G method (with the same shape function order ¢ = 4),
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allows to capture perfectly all the points along the dispersion curve. These results exhibits the
effectiveness of using NUBRS-based shape functions in this context. In the case ¢ = 0.1, SAIGA-C
and SAFE have a significant errors at the higher modes and frequencies whereas SAIGA-G is in
very good agreement with the REF solution. The good approximation of SAIGA-G bring to a
better presentation of discontinuous modes.

The attenuation of the Sy mode is presented in Fig 9 for the porosity of ¢ = 0.1 and ¢ = 0.5.
In the case ¢ = 0.1, it may be seen that the presence of exterior fluids completely changes the
attenuation of the considered mode. In this case, as the porosity is small, the attenuation caused by
Darcy’s infiltration effect in the considered porelastic material is weak. Hence the main contribution
to the attenuation to the Sy mode is due to the leaky phenomena, in which the some energies of
guided-waves are leaked into the surrounded fluid domains. When the porosity is more important
(¢ = 0.5), the Darcy’s infiltration effect in the porous material becomes much more important.
Consequently, the contribution of leaky effect to the attenuation of guided waves is not dominant,

even it is shown to be very significant, especially at high frequency range.

300

® ¢=0.1free loaded
¢=0.1 immersed
® ¢=0.5 free loaded

® $=0.5 immersed
— 200
E :

~ .

- /

P, /N

1.5

Frequency (MHz)

Figure 9: (Color online) Attenuation curves of Sp mode for ¢ = 0.1 and ¢ = 0.5 for free loaded and immersed

poroelastic plate

In order to examine the continuity in the shape modes, we first consider a mode in the dispersion
curve (marked as point A in Fig. 8) which has Cp,=4047 m.s™! at f=1 MHz. Figures 10(a,b)
present the shape modes of the displacement and pressure fields of this mode computed by three
proposed methods. Note that the displacements in the fluid domains were derived from the gradient

of pressure field (see Eq. 2). In the poroelastic layer, the stresses and pressure were derived the
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solutions of U and W by using Eqgs. (3) and (9), respectively. At the fluid-solid interface, the
expected conditions of continuity of us and p was perfectly verified for the SAIGA-G’s solutions.
However, some small discontinuities were found when using SAFE or SAIGA-C methods. As it
could be expected, the SAIGA and SAFE solutions of displacement (ug) and pressure (p;) fields
are progressively attenuated in the PML domains. It has also been checked that the obtained
numerical solutions are not influenced by the distance between the PML and the poroelastic-fluid
interface (data not shown). Thus, the use of PMLs as shown in Appendix A is an efficient way to

consider the halfspace fluid domains in the considered study.
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Figure 10: (Color online) Continuity of the mode shapes at f=1 MHz , C,,=4047 m.s™' (point A in Fig. 8(a))
of immersed poroelastic cortical bone plate ¢ = 0.1: comparison between the SAIGA-C (¢ = 4 and Ngor = 118),
SAIGA-G (¢ = 4 and Naor = 118),SAFE (¢ = 4 and Ngo¢ = 118) and REF solution (¢ = 2 and Naor = 566).

We next consider a mode at high frequency (f = 2 MHz) which corresponds to the point B in
Fig. 8(a)). Figs 11(a,b) depicts images of the displacement and pressure fields of this mode in the
(e1, e2) plane. The comparison of mode shapes computed by using SAFE, SAIGA-C and SAIGA-G
methods are presented in Figs. 12(a,b,c,d). For this mode , using SAGA-G method (¢ = 4 and
Ngot = 118) may produce perfectly the reference solutions of ug, wa, p and o992, which are expected
to be continuous over all domains, even at the interfaces. However, at this high frequency, the
considered mode shapes computed by SAFE and SAIGA-C methods, which were based on the
same g and Ngof, may be found to be very erroneous, not only at the solid-fluid interfaces, but also

over all domains. Hence, using the SAIGA-G method would be more appropriate for computing

27



417

418

419

420

421

422

423

424

425

426

427

428

429

430

431

432

433

434

2l....o.o.o O R
-10 -5 0 5 10 -10 -5 0 5 10
X, (mm) X, (mm)

§

SR RN
a0n
o

x, (mm)
X, (mm)
N

'
-

f2

(a) displacement u}', ua, u (b) pressure p1, p’, p2

Figure 11: (Color online) Leaky wave propagation in an immersed poroelastic plate ¢ = 0.1: symmetric mode shapes

at f=2 MHz , Cp,=2218 m.s™' (point B in Fig. 8(a)) (a) displacement and (b) pressure fields

the mode shapes when higher frequency needs to considered.

6. Conclusion

This presented works attempted to enlighten the potential of two SAIGA-based methods for
studying the guided-waves in two-dimensional poroelastic plates with or without surrounding fluids.
Two semi-analytical approaches, based on isogeometric Galerkin or collocation analysis (denoted
by SAIGA-G and SAIGA-C, respectively) were developed. Due to the presence of the interstitial
fluid phase, guided waves in the poroelastic plates are strongly attenuated, especially when con-
sidering the cases of higher porosity and/or at high frequency. From computational point of view,
determination of guided waves’ characteristics in poroelastic plates lead to quadratic eigenvalue
problems of which all eigenvalues are complex. By comparing with the conventional SAFE method
in which Lagrangian interpolation functions are used, the present study showed that using NURBS-
based interpolation function may yield much more precise numerical solutions of complex-valued
wavenumbers as well mode shapes of the guied-wave modes. Moreover, the PML technique may
be introduced without difficulties for efficiently simulating the infinite surrounding fluid domains
in proposed formulations. It was shown that using SAIGA-C method doesn’t give significant ad-
vantages in terms of accuracy in comparison with the conventional SAFE method. However, the
implementation of SAIGA-C method, which is based on the disretization of strong form equations,

is straightforward and easier than the ones of SAFE or SAIGA-G methods, which are based on
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Figure 12: (Color online) Mode shapes at f=2 MHz , Cp,=2218 m.s™' (point B in Fig. 8(a)) for an immersed
poroelastic cortical bone plate ¢ = 0.1: comparison between the SAFE (¢ = 4 and Naor = 118), SAIGA (¢ = 4 and
Naor = 118) and REF solution (¢ = 2 and Ngor = 566).

the discretization of weak form equations [56]. It worth noticing that, by considering the 2D prob-
lems, the advantages of isogeometric methods were achieved thank to the high continuity feature
of NURBS functions. For 3D problems, the SAIGA methods would be expected to be even more

efficient, because they allow to describe more precisely complex geometries [38].

Appendix A. Perfectly Matched Layer (PML)

Finite element modeling of open waveguides requires special techniques to take into account
the radiation condition of infinite surrounding media. In [57], a so-called 2.5D FEM-BEM method
in which the SAFE method coupled with the boundary element method (BEM) has been proposed

to simulate open waveguides. This method leads to a nonlinear eigenvalue problem that requires
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expensive computational effort. Another technique represents the infinite medium by an absorbing
layer (AL) [22, 58]. In this layer, a physical viscosity, which artificially increases with the distance
from the central axis for the waveguide’s core, is introduced. In practice, sufficient large layers
is required in order to avoid artificial reflections by the absorbing layer, leading to a large set of
eigenvalue equations and increases the computational cost. Recently, the Perfectly Matched Layer
(PML) is proposed to model the infinite surrounding medium (solid or fluid) in the context of
SAFE [18, 59, 60].

From mathematical point of view, the PML can be considered as a result of a mapping into
complex coordinate, where the solutions of wave equations decay exponentially (as the new coor-
dinate is complex)[61]. Therefore, the infinite medium can be truncated into a finite domain. The

new stretched coordinates Z;(x1) and Zo(x2) in the waveguide are defined as

;ﬁl(azl) =21, i‘Q(l‘Q) = /OCE2 ’)/2(.%2)d$2, (Al)

where y2(z2) are non-zero, continuous, complex-valued coordinate stretching functions, also called

PML functions, which satisfy:
vya2(x2) =1 for |z2] < dg, and Im{~2(z2)} > 0 for |xo| > d,, (A.2)

where (d,,) is the position of the interfaces. We denote by hP™ the PML thicknesses in the
eg directions. On the exterior boundary of the PML, the boundary condition can be arbitrarily
chosen (Dirichlet or Neumann type). The absorption efficiency of leaky waves in the PML strongly
depends on the choice of the PML function (v2), the position of the interface (d,,) and the thickness
(hP™1). There are a number of variants to choose for the 5 function. For this study, a continuous
parabolic function for both the real and imaginary parts of the PML function is therefore used

which has demonstrated good performance in problems in the frequency domain [59, 62]:

1 if ‘1’2’ < d:cg‘

Y2(22) = oo, \
1+~}2< zpml”) if |z2| > dy,-

Appendix B. Determination of poroelastic parameters

To describe the behavior of the poroelastic bone plate, the drained elasticity tensor C as well

as Biot’s effective coefficients o and M used in (3) and (4) should be provided. For this study,
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these parameters are derived from the characteristics of the interstitial fluid and solid skeleton
phases by using a continuum micro-mechanics model proposed by Hellmich et al. [63]. According
to this model, the micro-pores at the micro-structural scale are regarded as cylindrical pores with
a circular cross section. In drained condition, the constitutive behavior of the material inside the
pores does not possess stiffness. Hence, the estimated drained micro-structural stiffness of the bone

whose solid bone matrix’s elasticity tensor is C™ reads:

-1

C_(L—@Cm;%1—¢m+¢m—PWHCm]1} : (B.1)
where I denotes the fourth-order identity tensor; P the fourth-order tensor is the Hill’s tensor

for materials with periodical cylindrical inclusions, which may be derived in closed form [63]. The

tensor o the constant M can be then evaluated by [46, 48]:

1
a=I-C:(S":1), —M:C—QZSZQ, (B.2)

where S = (C)~! and S,,, = (C,,) ! are respectively the drained and solid material compliance
tensors, I designates the second-order tensor identity and the scalar C' denotes the effective com-

pressibility of porous matrix material, which is given by

c=—+¢<—>, (B-3)

where K = (I1:S:I)"!, Ky and K,;, = (I:Sy, : I)7! are the bulk moduli of the drained porous

matrix and of the interstitial fluid and of the poroelastic material, respectively.
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