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We report on the effect of retrace error during measurement of freeform optics using a commercial coherence scanning interferometer (CSI), and its in-built stitching capabilities. It is shown that measuring segments of freeform optics under non-null conditions, results in artifacts on the measured zone, similar to the Seidel aberrations. An experimental approach is used to quantify the induced aberrations based on the local slopes of the surface. Simulation of surfaces containing different order aberrations is shown to have a significant effect on the measurement data. A correction method is proposed that uses experimental measurements to determine the required correction based on local slope and position in the aperture. These corrections reduce the measurement difference from a comparison measurement using a Fizeau interferometer.

Introduction

Freeform optics enhanced the design space of optical systems significantly. Compact optical systems with lower aberrations are achievable with such optics [START_REF] Thompson | Freeform optical surfaces: a revolution in imaging optical design[END_REF][START_REF] Wills | Freeform optics: notes from the revolution[END_REF][START_REF] Rolland | Freeform optics for imaging[END_REF]. Flexible manufacturing techniques such as ultra-precise machining [START_REF] Tohme | Machining of freeform optical surfaces by slow slide servo method[END_REF] or sub-aperture CNC polishing [START_REF] Fang | Manufacturing and measurement of freeform optics[END_REF], enable economic small lot manufacturing. A full aperture interferometer setup for freeform optics metrology typically requires a null and may not be financially feasible for some applications. Instrumentation that provides metrology for a range freeform optics often rely on sub-aperture stitching [START_REF] Supranowitz | Enhanced resolution and accuracy of freeform metrology through Subaperture Stitching Interferometry[END_REF][START_REF] Murphy | Stitching interferometry: a flexible solution for surface metrology[END_REF] . Due to the varying slopes across the surface, a "null" (i.e., slope free) measurement of such areas is often not an option. Non-null measurements contain errors and artifacts that can skew the full aperture measurement after stitching. These errors, also known as retrace errors, have been investigated by many researchers [START_REF] Liu | Practical methods for retrace error correction in nonnull aspheric testing[END_REF][START_REF] Geary | Retrace error: a case study[END_REF][START_REF] Kreischer | Retrace error: interferometry's dark little secret[END_REF], in the context of form measuring laser Fizeau interferometers where measurements contain spurious aberrations which are a function of local slope and instrument design.

The bias in interferometric measurements due to non-nulled measurement conditions was first addressed in the measurement of aspherical optics with low departure from sphericity [START_REF] Kurita | Influeace of system aberrations on interferometric aspheric surface testing[END_REF][START_REF] Huang | Propagation errors in precision Fizeau interferometry[END_REF][START_REF] Lowman | Interferometer errors due to the presence of fringes[END_REF]. Evans and Bryan [START_REF] Evans | Compensation for errors introduced by nonzero fringe densities in phasemeasuring interferometers[END_REF] investigated the errors produced in measuring optical components under such conditions in a laser Fizeau interferometer. They show that in the presence of dense fringes, i.e., local slopes, of measuring planar and spherical samples, comatic and spherical aberrations arise, respectively. The amplitude of the errors is proportional to the fringe density (i.e. local slope in the non-null measurement setup [START_REF] Zhang | Non-null annular subaperture stitching interferometry for steep aspheric measurement[END_REF].

CSI stitching and the impact of retrace error

CSI stitching is a valuable tool in measuring some freeform optical components. While the available computing capacity and NA of the objective required drive the maximum measurable aperture size, the high-resolution measurement of a freeform component using stitching can provide an alternative technique for measuring form and mid-spatial frequency that are conventionally not measurable with classical Fizeau interferometers without null correctors. CSI instruments exhibit retrace errors similar to those of the Fizeau interferometers. Recent study Su [START_REF] Su | Lens aberration compensation in interference microscopy[END_REF] has shown the existence of such errors and their impact on measuring steep surfaces where null measurements are not a possibility.

Retrace errors are not typically a significant issue in measuring the surface texture, except in the case of low NA measurements of steep aspheres [START_REF] Deck | High performance Fizeau and scanning white-light interferometers for midspatial frequency optical testing of free-form optics[END_REF][START_REF] Deck | Method for compensating errors in interferometric surface metrology[END_REF]. During a stitching operation, the accumulation of the retrace error in each measuring aperture, can give a significant measurement error. For freeform surfaces it is expected that the part exhibit various local slopes within a single aperture of measurement and that the mean local slope will reflect the slopes in the prescription of the surface. Each sub-aperture measurement will have varying local slope and, hence, varying local systematic bias. In addition, the residual error of the reference surface on each measurement panel could have similar effect on the final stitched measurement [START_REF] Disciacca | Interferometric measurements of mold-plate assemblies designed for high-volume manufacturing of aspheric microlenses[END_REF].

Research work in quantifying and minimizing measurement errors induced during stitching has been undertaken by several researchers. For example, Supranowitz et al. [START_REF] Supranowitz | Enhanced resolution and accuracy of freeform metrology through Subaperture Stitching Interferometry[END_REF] use a least squares fitting to solve for a six-degree-of freedom rigid body motion caused by the "misalignment" error. Dresel et al. [START_REF] Dresel | Measuring topography of aspheric and other non-flat surfaces[END_REF] describe the retrace error as a function of the position and slope of the measurement map to be subtracted from the raw measurement map. Details of the quantification of the retrace function are not provided. Heikkinen et al [START_REF] Heikkinen | Multi-sensor optical profilometer for measurement of large freeforms at nm-level uncertainty[END_REF] have taken a different approach in which possible sources of uncertainty in each measurement subaperture is estimated. Integrated rotation axes are used to best align each subaperture with respect to the measuring objective.

While retrace errors pose a problem in most commercially available CSI instruments, here the effect of retrace errors on measuring a specular freeform sample using Zygo Nexview, is investigated. The measurements taken with the CSI instrument are compared with a fullaperture measurement of the sample using a Zygo Verifire laser Fizeau interferometer. Details of the metrology hardware can be found in section 3. Section 4 outlines the experimental measurement of the retrace errors, and section 5 presents a theoretical method for approximating the retrace error in stitched data. To mitigate the effect of the retrace error on the final stitched data a correction algorithm was devised. The correction to the data was calculated from experimental measurement data. Two models were used, and the details of the correction functions are given in section 6. In section 7 the stitched metrology data is compared to the measurement acquired on the reference instrument, i.e. Fizeau interferometer using statistical metrics, and the results discussed in section 8.

Metrology hardware

CSI instrument

The CSI instrument used for subaperture measurements and stitching had a detector with 1024 1024 pixels. The objective used was a 2.75 Michelson with a field of view (FOV) of 3.03 mm 3.03 mm. Four stitching algorithms are available with this instrument (Table 1). 

Reference instrument

A reference measurement of the sample was made using a Zygo Verifire AT laser Fizeau interferometer with a 1000 1000 pixels detector and an aperture of 101.6 mm. The instrument was also equipped with zoom, providing higher spatial resolution. The Fizeau interferometer is used conventionally for full aperture measurements of optics with constant radii of curvature. Detailed information regarding the instrument transfer function (ITF) of the Fizeau is provided in [START_REF] Deck | Using the instrument transfer function to evaluate Fizeau interferometer performance[END_REF].

Experimental evaluation of the measurement artifacts under non-null conditions

CSI measurements

To measure the induced aberration during the CSI measurements under non-null conditions, a polished, planar piece of SiC was used. The sample was a 50 mm diameter puck with vendor specified planarity <1 nm. The non-null measurements were taken by deliberately tilting the sample at 0.25 increments in two orthogonal directions, labeled T x , and T y . Fig. 1 is an example of the increase in the retrace error with increase in the T x tilt value. To evaluate these errors, a decomposition of the measurement data using orthonormal based polynomials was used. Since the CSI instrument, has a square aperture, a base polynomial orthogonal to the Cartesian coordinate system, Chebyshev polynomials, was used [START_REF] Rivlin | Chebyshev polynomials[END_REF].

Fizeau measurements

The same procedure of measuring a reference sample under user induced tilt, was used on the Fizeau interferometer. For this group of experiments a planar piece of polished glass with planarity better than 30 nm was used. The tilts were imposed in two orthogonal directions using the mounting fixture for the test sample. Zernike polynomials (orthogonal on the unit circle) were used for quantification of the retrace errors.

Influence of the induced retrace errors on stitching

To assess the effect of single panel, retrace error on stitching freeform optical components, first order analysis of panels with rotationally invariant errors were undertaken. This model was used since many freeform optics have a base shape with a dominant local curvature within an aperture of measurement on a freeform surface. To simplify the calculation a 1D case is illustrated in this section. The 1D second order Chebyshev is expressed as follows:

2 2 2 1 y C x (1)
Where 2 C is a constant. The peak to valley (PV) for this relation is Fig. 2 shows a schematic of the stitching operation for two panels with the second order Chebyshev shape described in eq. 1. The panels have an overlap of OL . We define an overlap parameter, , as the ratio of the length of the overlapping region to the total length of the panels, i.e.

OL (2)

To stitch two individual panels seen in Fig. 2, the slopes of the curves are matched at the midpoint of the overlapping region. Assuming sin and cos 1 for the small approximation, we arrive at the new polynomial relation in the stitched coordinate system in eq. 5 by applying -to the left panel of the stitch (see below)
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The minimum value for is attained at where 0 d dx , whereas the max value for occurs at x = -1. Subtracting the maximum and minimum value of will amount to the new PV value of the stitched curves, i.e. PV b as in eq. 6 Eq. 6 is derived for 2 panels; however, it can be easily extended for n number of even panels to the following relation. Fig. 3(a) shows the increase in the total PV error of the stitched data as a function of number of panels and panel overlap. The calculation was done for equal PV values for all panels of 2 nm and for values of 20% to 80%. As expected, the smaller overlap length between the panels results in a larger error.

Note that the analysis above is agnostic to the source of the quadratic error. A small quadratic error in the calibration of the reference surface in the interferometric object propagates in the same way. Amplification of other higher order terms should be explored.

Cubic one theta terms can also propagate and induce spurious lower order components. Fig. 3(b) shows a simple example where 3 sub-aperture profiles are measured at the same, uniform nominal slope with 10% overlap. No analysis is required to see that, depending on the stitching algorithm, a spurious ripple at a wavelength equal to the aperture is introduced. If, the slope varies across the part, the amplitude of the cubic terms varies -but agrees in the overlap region. Hence for stitching of a freeform with rotationally invariant base aspheric, the cubic one theta term can result in a spurious ripple at a spatial frequency given by the test aperture and a low order form error that depends on the stitching algorithm, the overlap, and the nominal form (see Hovis et al. [START_REF] Hovis | Observations on the effect of retrace error in scanning white light interferometry of smooth optical surfaces[END_REF]). Conceptually, all one theta odd order aberration terms propagate depending on the overlap. The propagation, if any, of higher order terms (for example 3 theta) is not conceptually obvious, but the bias in individual sites is correctable using the methods described below. 

Orthogonal decomposition of the retrace error

As outlined in section 4.1 the retrace errors can be quantified using a Chebyshev decomposition of the measurement data. The fitting was done up to the 5 th order, i.e. 21 terms. The evaluated Chebyshev scalars as a function of the tilt of the part were fitted to a best fit line. The produced fit serves as a predictive model of retrace error at any point in the aperture as a function of the tilt of that point. To illustrate this point attention is focused on the dominant error terms when the surface was purely tilted around the x and y axis, see Fig. 5. shows the evolution of these errors with tilt around the x and y axis, respectively. The surface is tilted with increments of approximately 0.25 . As evident in Fig. 6 the errors follow a similar linear trend and coefficients match very closely. The increase in the induced errors is expected as increase in the tilt introduces higher degree of slope during the measurement. At this state it is expected to see 3 rd order comatic errors to dominate the aberrations induced on the transferred wavefront. The terms in Fig. 5 are the key terms for construction of a comatic shape described by the Seidel aberrations. 

Gradient calculation algorithm

The local gradients on the 3D maps are calculated using a 5-point finite difference scheme. Eq. 8 shows the expression used for such calculations. 2 8 8 2
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Where M(x,y) is the measured surface topography, see Fig. 4. The scheme will have an error of the 4th order of the data spacing, i.e.

4

O x . The scheme is implemented in both directions.

In the neighborhood of the boundaries of the measurement area a linear extrapolation was applied for the two points that did not exist for the gradient calculation.

Correction implementation

The value of the expected induced retrace error at each point in the measurement was calculated based on the position in the aperture and the slope of the point, i.e. , , ,

x y z f x y M M (9)
where

x M M x and y M M y .
The corrective function is basically the linear superposition of all the decomposed Chebyshev terms at various tilt angles. In other words , , , , ,
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)
Where ij P are the Chebyshev polynomials of the i th and j th order (being only a function of the position in the aperture, and ij C are the respective Chebyshev coefficients (only as a function of the local gradient). The corrected value is calculated by subtracting the original measured data from that predicted by the f function.

Addition of provision for rotational tilt

To assess the effectiveness of the correction method, the correction function f , was used to compensate retrace errors on single aperture measurements on the SiC flat, deliberately tilted equally around the x, and y axis.

The first row in Fig. 7 shows the measurement data without application of any correction. These measurements were taken at 0°, 2° and 2.25°. In the second row of Fig. 7 the measurement data is corrected using the f function. While the corrected data shows an improvement of about 60% in the surface RMS, they have RMS values of approximately 10 of the surface measured under null conditions.

To address this issue, the model was complemented by calculating the Chebyshev scalars at this particular plane of tilt. It was compelling to think that the Chebyshev scalars would vary with change in the direction of the tilt axis. To include such variations a Gaussian fit was applied to the three Chebyshev scalars at the x axis, y axis, and the xy axis tilt. The new correction function, called g f , was used to correct the aberrated xy axis tilt measurement data, see the third row in Fig. 7. As evident in the figure, the measurement results have improved by 50% percent, to that of the data corrected using the f function.

Due to the results obtained and presented here, it was therefore, decided to use the g f function for correcting a full measurement of a freeform surface. 

Example of the application of the correction method

To verify the effectiveness of the proposed method, measurements on a 40 mm planar piece of BK7 glass with total departure of 6.8 PV from planarity were taken. The sample was generated on a QED Q-22 XE magnetorheological finishing (MRF) machine.

The sample was measured using the reference metrology instrument, i.e., Zygo Verifire, and the CSI stitching instrument. The Fizeau interferometer used a 101.6 mm plano reference surface with a surface irregularity of better than /20 (where 633 nm). The measurement parameters for the CSI instrument are available in Table 2. To quantitatively compare the stitching data, stch M , with the reference measurement of the Fizeau interferometer, ref M ,the two data sets needed to be subtracted from one another. To fulfill this computation two steps were needed to be taken first; (1) mapping the measured data sets to a common domain size, and (2) ensuring the surface maps aligned in the lateral directions as well as polar direction.

Due to the much larger number of pixels of stch M , the raw surface data was mapped to a smaller 1000 × 1000 pixels plane, which equates to the map size of ref M . This mapping was done using MATLAB's imresize function and the bilinear method. The bilinear method is the interpolation technique whereby the value of each output pixel is calculated by averaging the nearest 2-by-2 pixel sets [25]. We denominate the mapped surface as stch M . To minimize computational error during the subtraction, the part was marked with fiducial marker on the outer diameter. Based on the reference mark the part was clocked such that the raw measurement data were closely aligned. Lateral and vertical alignment was achieved by moving The RMS of the residual surface res M and res M , were 147.7 nm and 100.4 nm respectively. These values indicate a 32% improvement in matching between the metrology data from stitching and that of the reference instrument, i.e., Zygo Verifire. Table 3 summarizes the statistical data associated with the measurements from the Fizeau interferometer, the CSI data without any corrections, and the CSI data with application of the correction function. . These values are typically sufficient to make an optic out of the specification intended for visible light applications. As seen in Table 1, with applying the relatively simple and cheap correction method described in this article, the discrepancy between the measurement data can be reduced to about half of that of the original data.

Admittedly, the method requires further refinement and data acquisition to correct the metrology data further. However as shown in the previous section the technique successfully reduced the total RMS error by 32%, with measurements taken across three traces (x, y, and xy plane). This technique can be extended for measuring freeforms on a spherical base geometry as well. This technique assumed a Gaussian distribution for the Chebyshev scalars across the plane of tilt in the measurement. Experimental evaluation of the true distribution of such errors can be measured in a similar fashion demonstrated for the x axis and y axis tilt planes which could further improve the corrective function of the method. In addition, the reference error of the instrument is a limiting factor to the extent the errors can be minimized.

Last but not least, computational errors are unavoidable given the nature of the method in several stages of the technique. No optimization efforts, as far as the adopted numerical methods are concerned, were undertake in this work. Using more adaptive and smart fitting techniques could further improve the correction function.

Summary and future work

In this paper one of the shortfalls of CSI stitching for measuring freeform optical elements was studied. CSI instruments exhibit measurement artifacts as a result of local slopes and deviation from a non-null measurement state. Such aberrations can pose a challenge in using the stitching capabilities for measuring the form of freeform optics. This article introduced a cheap computational technique based on empirical data that can be used for correcting the errors due to the non-null measurement. It was seen that using this technique can reduce the residual error between a reference measurement data and that measured through CSI stitching. It is believed that with a few additions to the approach introduced here, the capability of measuring freeform surfaces with CSI stitching can be greatly enhanced. Such considerations are as follows.

I. Measurement traces across more than three tilt planes to better fit the evolution of the aperture as a result of azimuthal change in the aperture of the microscope. II.

Experimentation with other distributions of the aberration coefficients in the measurement aperture or attempt to fit such aberrations with several measurements along a constant radial position.

III.

Extension of the technique for CSI instruments used for measuring shapes with base spheres. IV.

Better understanding the limits of the technique imposed by the errors present in the reference surface of the instrument. V.

Investigation on the effect of noise on the uncertainty of the correction method.

Most of the research work done previously assumes a uniform, time invariant, Gaussian, and statistically stationary distribution. As shown by the work of Venditti [START_REF] Venditti | Design for metrology of freeform optics[END_REF] this is not always true and while is believed to be a small error the impact of such noise left for future work. These points will be investigated for future work and in efforts to establish simple and cheap computational modules for enhancing the CSI stitching capabilities to a form measuring instrument.
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 1 Fig. 1. Tilt induced aberration artifact during CSI measurements of polished SiC sample
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 2 Fig. 2. Stitching two panels with 2 nd order Chebyshev (defocus) error (a) before stitching (b) after stitching

  small retrace errors over a single aperture of measurement the slopes between the panels can be matched by simply applying a rotation matrix to the original Chebyshev polynomial.The rotation angle can be approximated by Eq. 3, since tan dy dx . The rotated polynomial can then be calculated with the equation below:

Fig. 3 .

 3 Fig. 3. (a) Stitching error vs number of panels for various overlap values (b) Propagation of one theta r 3 term6. Proposed correction methodFig.4Shows a sample measurement area and the designated coordinate system associated with it. This sample measurement was taken with the CSI used. The correction function to each measurement was applied on a point-by-point basis.
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 4 Fig. 4. Sample measurement area and the working coordinate
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 5 Fig. 5. Dominant error terms in the presence of tilt purely in the x and y direction respectively Fig. 6(a), (b)shows the evolution of these errors with tilt around the x and y axis, respectively. The surface is tilted with increments of approximately 0.25 . As evident in Fig.6the errors follow a similar linear trend and coefficients match very closely. The increase in the induced errors is expected as increase in the tilt introduces higher degree of slope during the measurement. At this state it is expected to see 3 rd order comatic errors to dominate the aberrations induced on the transferred wavefront. The terms in Fig.5are the key terms for construction of a comatic shape described by the Seidel aberrations.
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 6 Fig. 6. Evolution of the Chebyshev coefficients of the main retrace error contributors (a) for surface purely tilted around x-axis (b) for surface purely tilted around y-axis
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 7 Fig. 7. Comparison between the application of the f and g f functions to arbitrary tilted plane at various angles
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 88 Fig. 8(a), (b) depict the 3D surface heightmap obtained on the Fizeau ( ref M ) and CSIinstrument ( stch M ), respectively. While the overall metrology data resemble one another, the

M

  every single pixel in the vertical and lateral direction until the overlapping area (OA) was maximized, see Fig.9(a), (b).
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 9 Fig. 9. Measurement data alignment; (a) lateral alignment, (b) vertical alignment, (c) polar alignment Fig. 9(c) illustrates an example of a small polar rotation between the measured data. To minimize the polar misalignment, stch M was rotated at 0.1 increments around the center of the height map, using the MATLAB imrotate function. The rotated

Fig. 10 .

 10 Fig. 10. (a) res M map, i.e. residual data of ref

Table 1 . Zygo NexView in-built stitching algorithms

 1 

	Stitching algorithm	Description
	Cartesian	Adjusts each panel with 5 degrees of freedom
	XY adjust	Only adjusts each panel in the X and Y directions
	Adaptive adjust	Proprietary method made by Zygo
	Overlay	Does not adjust the panels, meant to be used for intensity stitching

Table . 2 stitching parameters

 . 

	Objective	FOV/aperture	Stitching algorithm	Stitching overlap
	2.75	3.03 mm 3.03 mm	Cartesian	20%

Table 3 . Surface statistics of the metrology data

 3 

	Measurement data	PV (µm)	RMS (µm)
	M	ref		6.8	1.03
	M	stch		7.4	1.14
	M	stch		6.9	1.08
	8. Discussion	
	The example measurement taken in this article had an RMS slope value of 1mrad (4.2' of arc)
	and total departure of 6.8 µm PV from the base geometry of the lens. Yet, this relatively small
	amount of departure resulted in a 0.11 µm RMS and 0.6	PV discrepancy between the
	reference data	ref M and the mapped data from the CSI instrument	M	' stch

2C . The expression is normalized over a length of 2, i.e. 1 1 x .
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