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ACCESSIBILITY FOR DYNAMICALLY COHERENT PARTIALLY
HYPERBOLIC DIFFEOMORPHISMS WITH 2D CENTER

MARTIN LEGUIL* AND LUIS PEDRO PINEYRUA

ABSTRACT. We show that for any integer r > 2, stable accessibility is C"-dense
among partially hyperbolic diffeomorphisms with two-dimensional center that sat-
isfy some strong bunching and are stably dynamically coherent.
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1. INTRODUCTION

In 1871 L. Boltzmann stated his ergodic hypothesis when he was studying the
motion of gases and thermodynamics. He wanted a property that could let him
“characterize the probability of a state by the average time in which the system is
in this state”. Since then, ergodicity has played a key role in dynamical systems,

*M.L. was supported by the ERC project 692925 NUHGD of Sylvain Crovisier and the NSERC
Discovery grant of Jacopo De Simoi, reference number 502617-2017.
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physics and probability. Recall that a dynamical system f: M — M preserving a
finite measure m is ergodic if every f-invariant set has zero or total measure.

After Birkhoff’s ergodic theorem, E. Hopf proved in 1939 the ergodicity of the
geodesic flow on a surface of constant negative curvature, introducing an argument to
get ergodicity which is now called Hopf’s argument [H]. Twenty eight years later, D.
Anosov [A] improved Hopf’s results by proving the ergodicity of the geodesic flow on
surfaces of negative (non necessarily constant) curvature and compact manifolds of
constant negative curvature. He also showed the ergodicity of uniformly hyperbolic
diffeomorphisms, now called Anosov diffeomorphisms. Since hyperbolicity is a C'-
robust condition, Anosov diffeomorphisms became the first example of stably ergodic
diffeomorphisms, that is, a C" ergodic diffeomorphism (preserving a measure m) that
remains ergodic after a C''-small perturbation.

For almost thirty years Anosov diffeomorphisms were the only known examples of
stably ergodic systems, until 1995 when M. Grayson, C. Pugh and M. Shub [GPS]
proved the C? stable ergodicity of the time-one map of the geodesic flow on surfaces
of constant negative curvature, hence the first non-Anosov stably ergodic example.
Despite being non globally hyperbolic, this example has a weak form of hyperbolicity
called partial hyperbolicity. With the evidence of this work they formulated in a 1995
conference [PS] the following conjecture:

Conjecture 1.1 (Pugh-Shub’s stable ergodicity conjecture [PS, PS1]). On any com-
pact connected Riemannian manifold, stable ergodicity is C"-dense among the set of
volume preserving partially hyperbolic diffeomorphisms, for any integer r > 2.

They also proposed a program in order to prove this, and split the conjecture into
two conjectures:

Conjecture 1.2 (Accessibility implies ergodicity). A C? partially hyperbolic volume
preserving diffeomorphism with the essential accessibility property is ergodic.

Here, essential accessibility is a measure-theoretic version of the accessibility prop-
erty.

Conjecture 1.3 (Density of accessibility). For any integer r € [2,+0o0], stable acces-
sibility is open and dense among the set of CT partially hyperbolic diffeomorphisms,
volume preserving or not.

There has been a lot of progress on these conjectures, mostly depending on the
topology and the dimension of the central bundle.

The main conjecture was proven in [RHRHU] in the case where dim E¢ = 1 and
for the C™ topology (in fact the authors showed C*°-density). Recently in [ACW]
the conjecture was proved in its full generality (any central dimension) for the C*
topology. Despite these remarkable results, in the C" case for r > 2 the conjecture
is far from being solved. Recently, M. Leguil and Z. Zhang [LZ] obtained C"-
density of stable ergodicity for partially hyperbolic diffeomorphisms (for any center
dimension) with a strong pinching condition, introducing a new technique based on
random perturbations.

With respect to Conjecture 1.2, C. Pugh and M. Shub [PS2] proved that a C?
volume preserving partially hyperbolic diffeomorphism that is dynamically coher-
ent, center bunched and with the essential accessibility property is ergodic. The
state-of-the-art on Conjecture 1.2 is the result of K. Burns and A. Wilkinson [BW1]
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where the authors improved Pugh-Shub’s result by removing the dynamical coher-
ence hypothesis, and weakening the center bunching condition. In other words, by
these works, a possible strategy to show that stable ergodicity is typical in the C"
topology would be to go further towards Conjecture 1.3, i.e., that stable accessibility
is C"-dense.

Regarding Conjecture 1.3, in [DW, ACW?2] stable accessibility is obtained for a
C'-dense set of e all ® volume preserving e symplectic partially hyperbolic diffeo-
morphisms. The authors strongly use C! techniques which seem hard to generalize
to other topologies.

For the dim E¢ = 2 case, there has been many results lately. The first one is
the remarkable result by F. Rodriguez-Hertz [RH] where he classified the central
accessibility classes and obtained stable ergodicity of certain automorphisms on the
torus T¢ := R?/Z<. Elaborating on these ideas, in [HS] V. Horita and M. Sambarino
proved stable ergodicity for skew-products of surface diffeomorphisms over Anosov
diffeomorphisms. Recently, A. Avila and M. Viana [AV] obtained C'-openness of
accessibility and C"-density for certain fibered partially hyperbolic diffeomorphisms
with 2-dimensional center bundle using different techniques.

Our purpose in this article is to contribute to the accessibility conjecture (Conjec-
ture 1.3) by proving the C"-density of accessibility for (stably) dynamically coherent
partially hyperbolic diffeomorphism with 2-dimensional center bundle which satisfy
some strong bunching condition, for any integer r > 2.
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2. PRELIMINARIES

2.1. Partially hyperbolic diffeomorphisms. Let us fix a compact Riemannian
manifold M of dimension m > 3. We denote by Vol the volume form, and we
denote by || - || the norm on T'M associated to the Riemannian metric. We say
that a diffeomorphism f of M is partially hyperbolic if there exist a nontrivial D f-
invariant splitting T M = E;@EJ%@E}L of the tangent bundle and continuous positive
functions v, 7, v, ¥ with

(2.1) vv<l, v<y<Al<o
such that for any (x,v) € T M, it holds
1Dz f (0)]| < v(z)[lv]], if v e Ej(z) \ {0},
y(@)llll < [1Daf ()] < A() o]l if v e Ef(z) \ {0},
o(@) "Ml < [[Daf (W), if v e Ef(z)\ {0}.

For any integer r > 1, we denote by PH"(M) the set of all partially hyperbolic
diffeomorphisms of M of class C"; we also denote by PH" (M, Vol) C PH" (M) the
subset of volume preserving partially hyperbolic diffeomorphisms.
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In the rest of this section, we fix an integer » > 1 and we consider a partially hyper-
bolic diffeomorphism f € PH"(M). We will denote d, := dim £} and dy, := dim E}.
The strong bundles EY and E% are uniquely integrable to continuous foliations Wy
and W; respectively, called the strong unstable and strong stable foliations. For
x = u, s, and for any x € M, we denote by W}k(x) the leaf of W; through x. The
foliation W} is invariant under the dynamics, ie., f(Wj(z)) = W}(f(x)), for all
x € M. Moreover, each leaf Wy (z), x € M, is an immersed C" manifold.

2.2. Dynamical coherence, plaque expansiveness. The partially hyperbolic
diffeomorphism f is dynamically coherent if the center-unstable bundle Ef = E{®
E}‘ and the center-stable bundle E]‘is = Ej‘i &) E;L integrate respectively to foliations
Wj‘i“, Wjﬁs, called the center-unstable foliation, resp. the center-stable foliation,
where W¢ subfoliates Wi, while Wi subfoliates W4, In this case, the collection
W} obtained by intersecting the leaves of W5 and Wit is a foliation which integrates
E%, and subfoliates both W5* and Wi¥; it is called the center foliation.

In the following, for any * € {s,c,u,cs,cu}, we denote by dyy+ the leafwise dis-
tance, and for any x € M, for any ¢ > 0, we denote by W;?(x,a) ={y € W}‘(a:) :
dw; (z,y) < e} the e-ball in W; of center z and radius e.

It is an open question whether dynamical coherence is a C'-open condition. A
closely related property is plaque expansiveness.

Definition 2.1 (Plaque expansiveness). We say that f is plaque expansive (see
[HPS, Section 7]) if f is dynamically coherent and there exists € > 0 with the follow-
ing property: if (pn)n>0 and (gn)n>0 are e-pseudo orbits which respect W5 such that
d(pn,qn) < € for alln >0, then g, € W;(pn) It is known that plaque expansiveness
is a Ct-open condition (see Theorem 7.4 in [HPS]).

The following result is due to Hirsch-Pugh-Shub.

Theorem 2.2 (Theorem 7.1, [HPS], see also Theorem 1 in [PSW2]). Let us as-
sume that f is dynamically coherent and plaque expansive. Then any g € PHl(M)
which is sufficiently C'-close to f is also dynamically coherent and plaque expansive.
Moreover, there exists a homeomorphism b = by: M — M, called a leaf conjugacy,
such that b maps a f-center leaf to a g-center leaf, and ho fF(WF(-)) = go b(W5(-)).

2.3. Holonomies. Let us assume that the diffeomorphism f is dynamically coher-
ent. Let #1 € M and let zo € M be sufficiently close to z;.! By transversality,
there exist a neighbourhood U of x1 within Wj‘iu(xl) and a neighbourhood Uy of x4
within W]Cc“(xg) such that for any z € Uy, the local stable leaf through z intersects
Us at a unique point, denoted by H $ 21,39 (2) € Ug?. We thus get a well defined local
homeomorphism
Hith U > Us C W]Ccu(xg),

called the stable holonomy map. Note that as a consequence of dynamical coherence,
if 25 € Wi o.(21), then the image of the restriction H;,xl,x2|umvv;(x1) to the center
leaf W$(z1) is contained in the center leaf W§(z2). Unstable holonomies are defined
in a similar way, following local unstable leaves.

"p the rest of the paper, all the constructions will be local.
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Definition 2.3 (Center bunching). We say that f is center bunched if the functions
v, 0,7,% in (2.1) can be chosen such that

max(v, ) < v7.

Theorem 2.4 (see [HPS] and Theorem B in [PSW1]). If f € PH2(M) is dynami-
cally coherent and center bunched, then local stable/unstable holonomy maps between
center leaves are C' when restricted to some center-stable/center-unstable leaf and
have uniformly continuous derivatives.

Indeed, the authors prove that the strong stable/unstable foliation is C'' when
restricted to a center-stable/unstable leaf. However, from their proof, it is not
clear how the holonomies Hjsf,m,wz’W;,loc(zl)’ resp. H}"II’IQIW;JOC(“) vary in the C'-
topology with the choices of the points x1 and xo € ijyloc(ml), resp. xo € W}floc(xl).
This question is investigated in Obata’s work [O], where it is shown that under
some stronger bunching condition, these holonomy maps vary continuously with the

choices of the base points x1, xo.

Definition 2.5 (see [0O]). For any integer r > 1, we denote by PH,(M) the set of
all partially hyperbolic diffeomorphisms f € PH" (M) such that, for some 6 € (0,1),

m(Dzflee) [ Daf|eel]
1D2flegll ™ m(Daflss)
ID2 f 5| < m(Da fles)m(Da fg3)’,
1D f 1551l - |1 Daf Ly |” < m(D fli)-

Note that any diffeomorphism f € PH, (M) is automatically center bunched.

1D f 13 ]° < < m(Dy fley)’,

Theorem 2.6 (Theorem 0.3 in [O]). Assume that f € PH2(M). Then, for x = s, u,

the family {H*,wlm’W?,1oc(x1)}a:leM,azzeW}"loc(xl) is a family of C* maps depending

continuously in the C'-topology with the choices of the points x1 and xo € W}k,loc(wl)'

2.4. Accessibility classes. A f-accessibility sequence is a sequence [z1, ..., x| of
k > 1 points in M such that for any i € {1,...,k—1}, the points z; and z;11 belong
to the same stable or unstable leaf of f. In particular, the points 1 and z; can be
connected by some f-path, i.e., a continuous path in M obtained by concatenating
finitely many arcs in W; or W}‘ We will refer to the points z1,...,x; as the
corners of the accessibility sequence [x1, ..., x].

For any point x € M, we denote by Accs(x) the accessibility class of x. By
definition, it is the set of all points y € M which can be connected to x by some
f-path. We also let

Cy(x) := cc(Accy(x) N Wi(z, 1), x)

be the connected component containing x of the intersection of the accessibility
class of x and the local center leaf through z. Similarly, for any ¢ > 0, we let
Cy(z,e) := cc(Accy(z) N Wi(z,€),x). By definition, accessibility classes form a
partition of M. We say that the diffeomorphism f is accessible if this partition
is trivial, i.e., the whole manifold M is a single accessibility class; we say that f
is stably accessible if the diffeomorphisms which are sufficiently C'-close to f are
accessible.
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Moreover, given any f-accessibility sequence ~ = [z1,...,75], we let
Hyp oy Wioo(@1) = W5 .(z) be the holonomy map obtained by concatenating
the local holonomy maps along the arcs of v, i.e.,

(2.2) Hy i=H "' o...0H}!

f:xkflzxk f:xlyxZ’

where for j € {1,...,k — 1}, x; € {s,u} is such that ;1 € W}kj (x5).
The next lemma is elementary; it follows from the local product structure and the
continuous dependence of the invariant foliations with respect to the diffeomorphism.

Lemma 2.7 (Continuation of accessibility sequences). Let v = [zg,x1,...,zk]| be a
f-accessibility sequence, for some integer k > 0. Then there exist a neigbourhood O

of xog and a C'-neighbourhood U of f such that for any point x € O, and for any

diffeomorphism g € U, there exists a natural continuation yv*9 = [z,x77,... ,mi’g]

of v for x and g. Indeed, the g-accessibility sequence v*9 is defined as

o = Hyh oy (2);

x,9 .__ *1 Z,9Y\.
i B (6T

Z,9 .__ *k—1 Z,9 \.
xk T HQ@?fﬁ@k (xk_1)7

here, for each j € {0,...,k — 1}, we let x; € {s,u} be such that zj11 € W;j (xj).
Moreover, v*9 depends continuously on the pair (x,g).
Definition 2.8. Given a point x € M and an integer n > 2, a 2n us-loop at (f, o)
is a f-accessibility sequence vy = [xg, 21, Ta,. .., Top] € M2 with 2n legs such that

21 € Wi loe(%0),

T2 € Wiioe(21), - - -

v Topn—1 € Whoe(Tan—2) N Wi (@0),
Ton = Hjf 4, | o(T2n-1) € WFoe(T0).
We define 2n su-loops accordingly (with x1 € Wji,loc(xo) etc.).
The length of a 2n us-loop vy = [wg, T1, X2, . .., Ton] € M?"F1 is defined as

n—1
() := dwy (w0, 1) + > {dW; (T2i-1,T2i) + dwye (1'21'71'22'-',-1)] + dyves (T2n—1, T0).
i=1
Moreover, we say that the us-loop v is
e closed, if xon, = o;

e trivial, if xo =1 =22 = -+ = Xop;

e non-degenerate, if 1 is distinct from the other corners xg,xa,...,Zop.
We also denote by 7 the 2n su-loop ¥ := [T2n,Ton_1,...,T2,T1,20] € M* L at
(f,x2n). Finally, given an integer m > 2 and a 2m us-loop v = [xop, 2, ..., xh,,]

at (f,zan), the concatenation vy of v and +' is the 2(m + n) us-loop vy =
[0, 1, ... Ton, &), ..., 2h] at (f,x0).

Definition 2.9. Given x € M and n > 2, a one-parameter family v = {y(t) =
[z, 21(t), ..., 220 ()] }iej0,1) Of 2n us-loops at (f,x) is said to be continuous if for any
i=1,...,2n, the map t — x;(t) is continuous. We define £(y) := supyco 1] £(7(t))-
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2.5. Structure of center accessibility classes. Let M be a compact Riemannian
manifold of dimension d > 4. Let r > 2 be some integer, and let f € PH"(M) be
a partially hyperbolic diffeomorphism with dim Ef =2 that is center bunched and
dynamically coherent.

By Theorem 2.4, for x = s,u, the x-holonomy maps are C' when restricted to
a Wi* leaf; by C'-homogeneity arguments, this allowed [RH, RHV] to obtain a
classification of center accessibility classes.

Theorem 2.10 ([RH, RHV]). For any point x € M, and for any sufficiently small
e > 0, the local center accessibility class Cy(x,€) can be either

e trivial, i.e., reduced to a point;

* a one-dimensional submanifold of W§(x);

e open; in this case, Accy(x) is also open.

In the following, for any subset . C M, we let
. F?(ﬂ) ={z € 7 : Cy(x) is trivial};
. F}(Y) = {x € &/ : C¢(x) is one-dimensional};
o I'y(S) = F?(Y) U F}(y)
In particular, ./ \ I'y(.) is the set of points € . whose accessibility class
Accy(z) is open. When . = M, we abbreviate F(}(Y), I‘}(&”), I'¢(7) respectively
as r‘}, r}, Ly

3. MAIN RESULTS

We fix a compact Riemannian manifold M of dimension d > 4 and an integer
r > 2. Our main result is about the C"-density of the accessibility property for
partially hyperbolic diffeomorphisms with two-dimensional center which are stably
dynamically coherent and satisfy some strong bunching condition as in Definition

2.5, ie., f € PHI(M).

Theorem A. For any partially hyperbolic diffeomorphism f € PHL(M), resp. f €
PH.(M,Vol), with dim E$ =2, that is dynamically coherent and plaque expansive,
and for any § > 0, there exists a partially hyperbolic diffeomorphism g € PH" (M),
resp. g € PH"(M,Vol), with der(f,g) < §, such that g is stably accessible.

In particular, by the work of Burns-Wilkinson [BW1]|, this implies that for any
partially hyperbolic diffeomorphism f € PHL(M,Vol), with dim E§ = 2, that is
dynamically coherent and plaque expansive, and for any § > 0, there exists g €
PH"(M,Vol), with der(f,g) < 0§, such that g is stably ergodic.

One intermediate step is to show that trivial accessibility classes can be broken by
C"-small perturbations. This part of the proof also holds when the center is higher
dimensional and only requires center bunching.

Theorem B. For any partially hyperbolic diffeomorphism f € PH' (M), resp.
f € PH"(M,Vol), with dim B > 2, that is center bunched, dynamically coher-
ent, and plaque expansive, and for any § > 0, there exists a partially hyperbolic
diffeomorphism g € PH" (M), resp. g € PH" (M, Vol), with dc-(f,g) < 0, such that
Cy(z) is non-trivial, for all x € M.

Let us briefly summarize the main steps of the proof:
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(1) we study the structure of local center accessibility classes, i.e., the set of
points which can be attained within some small center disk around a given
point, following accessibility sequences with a given number of legs of pre-
scribed size; in particular, we identify which are the configurations to break
in order to make each accessibility class open;

(2) given a small center disk D, we construct continuous families of local acces-
sibility sequences at points in D; these families depend on the nature of the
center accessibility class of the base point (which can be zero, one or two-
dimensonal), and allow us to have sufficiently many “degrees of freedom” to
create local accessibility after perturbation;

(3) once these families are constructed, we design families of perturbations, lo-
calized near one of the corners of the accessibility sequences, and which
depend in a differentiable way on the perturbation parameter;

(4) we study the variation of the endpoint of these accessibility sequences once
the perturbation parameter is turned on, and show that for suitable pertur-
bations, we obtain a submersion from the space of perturbations to the phase
space; in particular, bad configurations in phase space (non-open accessibil-
ity classes) correspond to special configurations in the space of perturbations,
which can be broken to create local accessibility;

(5) we globalize the argument using spanning families.

Let us say a few more words about the previous points.

The details about point (1) are given in Section 4. For partially hyperbolic dif-
feomorphisms with two-dimensional center that are center bunched, it is known (by
the works of Rodriguez-Hertz [RH|, Rodriguez-Hertz and Véasquez [RHV] etc.) that
center accessibility classes are zero, one or two-dimensional submanifolds. Moreover,
Horita-Sambarino [HS] have studied the organization of center accessibility classes
within a small center disk all of whose points have non-trivial center accessibility
classes; in particular, they have shown that the set of one-dimensional center ac-
cessibility classes of points in the disk forms a C! lamination. In Section 4, we go
further in this direction, and investigate the variation of center accessibility classes
for perturbations of a given partially hyperbolic diffeomorphism. In particular, we
show that if the center accessibility class of a point  remains one-dimensional after
perturbation, it stays in a certain “cone” around .

The construction of loops mentioned in point (2) is outlined in Section 5. Indeed,
in the subsequent argument, given a point x whose accessibility class is not open,
we need to construct (non-trivial) closed accessibility sequences at x; moreover, we
show that it is possible to construct these loops in such a way that they depend
nicely on .

The details about point (3) are in Section 6, and follow the arguments of [LZ].
Given a point x € M that is non-periodic, we construct a family {y(t)};c[,1) of
contractible us-loops at (f,x), and we define a family of perturbations such that
the support of the perturbations is contained in some small neighbourhood of the
first corner of v(1). By taking the loop sufficiently small, the first return time to
the support of the perturbation can be made arbitrarily large, and we show that it
induces a change of the holonomy along the continuation of (1) for the perturbed
diffeomorphisms. More precisely, by the results of [LZ], we get a submersion from
the space of perturbations to the phase space — here, the local center leaf of x.
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The submersion property is sufficient to show that after perturbation, the center
accessibility class of x can be made non-trivial. This part of the proof is explained in
Subsection 7.1 and holds in a more general setting, as it does not require the center
to be two-dimensional. When the center accessibility class of x is one-dimensional,
by point (1), it varies continuously with respect to the diffeomorphism in the C*
topology. In particular, if the center accessibility class of x were one-dimensional for
every diffeomorphism in a C"-neighbourhood of f, then all those classes would stay
in some cone around the point z; but this is in contradiction with the submersion
property for the family of perturbations we construct. The details of this part are
given in Subsection 7.2.

The details about point (5) are given in Section 8, where we explain how to glob-
alize the arguments in order to verify the accessibility property, through the notion
of spanning family of center disks, as in [DW] (see Subsection 8.1). In Subsection
8.2, given some small center disk in the family, we explain how by a C"-small per-
turbation, it is possible to make the center accessibility class of each point in the
disk non-trivial. One difficulty is that the perturbation used to break trivial center
accessibility classes may create new trivial classes in other places (at points with
non-trivial, but very small center accessibility classes). The idea to bypass this dif-
ficulty is to take two families of us-loops which we can perturb “independently”, in
order to increase the codimension of “bad” situations for which the center accessi-
bility class of some point in the disk would be trivial. Once all classes in the disk
are non-trivial, we have to make a further perturbation to make all these classes
simultaneously open. One important step in the argument is the aforementioned
result (inspired by the work of Horita-Sambarino [HS]) that within the center disk,
one-dimensional center accessibility classes vary C'-continuously both in perturba-
tion space and phase space. In particular, if the center disk is chosen sufficiently
small, then the set of tangent directions associated to one-dimensional classes (even
for small perturbations of the diffeomorphism f) stay in a small cone that is uniform
in the points of the disk. Thanks to the submersion property, we can then choose
a perturbation for which each point z in the center disk will have a point y in its
center accessibility class lying outside this cone, which forces the accessibility class
of  to be open. There again, one difficulty is to check that the perturbations which
we make preserve the accessibility classes which were already open. Repeating the
same argument for each center disk in the spanning family, we thus construct a
C"-small perturbation of f that is accessible.

4. VARIATION OF ONE-DIMENSIONAL CENTER ACCESSIBILITY CLASSES

In this section, given an integer r > 2, we prove that the set of one-dimensional
center accessibility classes varies continuously in the C' topology with respect to
f € PHL(M). The idea of the proof is similar to Proposition 2.19 from [HS] where it
is proved that for a fixed partially hyperbolic diffeomorphism, and for a given center
disk, the one-dimensional accessibility classes form a C'-lamination. To prove this,
we have to see that for a given x € M, the direction T,,C¢(z) varies continuously
with respect to f in the C! topology.

Let us fix an integer » > 2. We denote by # C PHL(M) the set of C" dy-
namically coherent, plaque expansive, partially hyperbolic diffeomorphisms with
two-dimensional center which satisfy the bunching condition in Definition 2.5. Let



10 MARTIN LEGUIL AND LUIS PEDRO PINEYRUA

f € 7. By center bunching, for x = s, u, forany x € M,y € W}, (), the holonomy
map H} ,  is C! when restricted to the leaf WJ?*IOC(:U) For any C'! neighbourhood

U of f, we will denote by U7 the set U7 :=UN Z.
In the following, we will need to have uniform control of the differential of the

holonomies H .y 0 two ways:

e with respect to the points x,y (in the same stable/unstable manifold);
e when the diffeomorphism f is replaced with another C™ partially hyperbolic
diffeomorphism in a C'-neighbourhood of f.

This is the content of the next lemma.

Lemma 4.1 (See [O], and also [B, BW2|). Let f € #. Then there exists a C*
neighbourhood U of f such that for x = s,u and U7 = U N .F, the family of C*
maps {H;,x,y|wg(x)}geu9,meM, yEW} () depends continuously in the C! topology with

the choices of the points x,y and of the map g € U7 .

Remark 4.2. In fact, Obata [O] shows that for x = s,u, the family of holonomy
maps {H;,;p,y|wje(m)}xeM,yeW;(:c) depends continuously in the C' topology with the
choices of the points x,y, when f is dynamically coherent and satisfies a strong
bunching condition. For our purpose, we also need to have a uniform control with
respect to the diffeomorphism g in a C'-small neighbourhood of f. It is indeed possi-
ble as the estimates in [O] are written in terms of the functions as in (2.1) controlling
the growth rates along the different invariant bundles, which depend continuously on
the map g in the C* topology.

The holonomy map associated to some accessibility sequence is obtained by com-
posing the holonomy maps between two consecutive corners (recall (2.2)). By the
previous lemma, we thus have:

Corollary 4.3. Let f € .Z, and let v = [x1, 22, ... 2] € M* be a f-accessibility
sequence for some integer k > 1. We take a small neighbourhood O C M of x1
and a C' neighbourhood U of f such that for any = € O and for any g € U, the
continuation v*9 = [z, 59, ... ,xi’g] of v starting at x given by Lemma 2.7 is well-
defined.

Then, the family of C* maps {H 20

the C' topology with the choices of the point x € O and the map g € U7 .

IWe(a) baeo, geu depends continuously in

For any point x € M and any subset ¥ C .%, we let % (x) C ¢ be the subset of
maps f for which the center accessibility class Cy(x) is one-dimensional. For any
f € % (z), and for any sufficiently small 6, > 0, we let ¢ (z,0,¢) C Wi(z)NB(z,¢)
be the set of points in the e-ball B(x,¢) centered at x which belong to (the image
by the exponential map of) the cone of angle 6 around T,C¢(x), i.e.,

(4.1) Cr(x,0,¢) :=exp,{y € T, M : L(y, T.Cs(x)) < 6} N B(x,¢).
The main result of this section is the following:

Proposition 4.4. Teke f € % and v € M such that C¢(x) is one-dimensional,
i.e., f € F1(x). Then, for every 6 > 0 there exists a C* neighbourhood U of f such
that for every g € U (x), the angle at x between Cy(x) and Cy(x) satisfies

L(TCy(x), T:Cy(x)) < 6.
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Moreover, there exists €9 > 0 such that for any g € U7 (z) and & € (0,&0), it holds
Cy(x,e) C €r(x,0,¢).

W
A

FIGURE 1. Variation of 1-dimensional center accessibility classes.

The idea of the proof consists in showing some “uniform” homogeneity of one-
dimensional center accessibility classes Cq(x) of all maps g € U7, for a sufficiently
small C! neighbourhood U of a fixed f € .#. Indeed, the tangent spaces at two
points z,y in the same center accessibility class are naturally related through the
differential of the holonomy map along an accessibility sequence connecting x to y.
Since everything we are doing here is local, we are able to compare angles and norms
of vectors in different tangent spaces, using trivialization charts as follows. Recall
that d := dim M, and that we denote d; := dim E;}, dy, = dim E}‘

Lemma 4.5 (see Construction 9.1, [LZ]). There exist C%-uniform constants h =
h(f) > 0 and C = C(f) > 1 such that for any x € M, there exists a C" volume
preserving map ¢ = ¢p: (—h, h)? — M such that ¢(0ga) = = and
(1) Wi(a, B) € 6((=2, B2 s {0yrte)  p(—2E, )2 x o) € Wi, )y
(2) llgllc2 < C;

(3) DH(0,R? x {Oga.+a. }), DH(0, {0z} x R™ x {0ga. }), D0, {Op2+a, } x RT)
are respectively equal to E(x), EY(z), E}(x);

(4) for any y € ¢((—h,h)%), TUD(p1),: ES(y) — R? has determinant in
(671,6), where TI°: R? ~ R? x R%+tds — R? is the canonical projection;

(5) for any ¢ > 0, there exists a C'-uniform constant he = he(f) € (0,h)
so that if h € (0,h¢), then for any y € ¢((—h,h)?%), the norm of
I1¢(Dp~1),: Ed(y) — R? is smaller than C.

In the following, we will denote by I1¢ the map IS := 1€ 0 ¢, 1+ M — R2,
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Before giving the proof of Proposition 4.4, let us state an elementary lemma and
introduce a notation. Let a: [0,1] — M be a C! arc of M and given € > 0, consider
an € tubular neighbourhood .47, ¢ of a. This tubular neighbourhood is diffeomorphic
to [0,1] x [—¢,€e]9"L. We identify points in A, with pairs (¢,s), where t € [0,1]
and s € [—¢,¢]?"!. We call the boundary {0} x [—¢, €]t the left side of A, and
we call the boundary {1} x [—¢,€]?"! its right side. We denote by £: A, ¢ — o the
projection &: (t,s) — a(t).

Lemma 4.6. With the notation above, given & > 0, there exists € > 0 such that
if B:[0,1] = Aae is a Ct curve in N from the left to the right side, then there
exists some (t,s) = B(t) with t € [0, 1] such that the angle between o and 3 satisfies

L(a(t), B(T)) < 6.
Proof of Proposition 4.4. Let us show the first part. Suppose by contradiction that
for some 1 > 0, there exists a sequence (g,)n>0 € F" of maps such that g, — f in
the C! topology, with g, € .%1(z) and

(4.2) Z(TCy(x),T:Cy, (x)) >n, foralln>0.

Since Cy(z) is one-dimensional, for some integer n > 2, there exists a 2n us-loop
v = [z,x1,...,T2,] at (f,x) such that za, # z. By shrinking the size of the legs,
we get a one-parameter family {y(t) = [z, 21(f),..., 72, (t)] }1eo,1) of 2n us-loops
at (f,z), where v(1) = v and 7(0) is trivial. By Lemma 2.7, there exists a C*
neighbourhood U of f such that for any g € U and for any t € [0,1], there exists a
one-parameter family {y*9(t) = [z, 77 (t), ..., 257 (t)]}1e(0,1) of 2n us-loops at (g, x)
such that v*9(0) is the trivial loop. We also denote o, : ¢t — 259 (t) € Cy(x).

For each pair (g,t) € U x [0,1] we have the corresponding holonomy map

H! = Hg;ya:,g(t)’WgC’loc(x): We oe(2) = WS (x). Given some small & > 0, and

assuming that U is sufficiently small, then for every map g € u’ , we take a C!
chart ¢y 4: (—h,h)? — W oc(%) as in Lemma 4.5; as center leaves vary continu-
ously with respect to g in the C! topology, the map g — ¢z, depends continuously
on g in the C' topology. After replacing H! with ¢, o H} o ¢4 4, we can com-
pare angles and norms of vectors for diffeomorphisms in a neighbourhood of f; by
a slight abuse of notation, we will still denote this map by H; for simplicity. By
Corollary 4.3, and by compactness of [0, 1], we deduce that the family of holonomy
maps {Hé}(t,g)e[o,l]xf{? is uniformly C'. In particular, for any § > 0, there exists a

C' neighbourhood Us of f such that for Z/Ifz = Us N Z, it holds

(4.3) sup  ||DH] — DH}| < 6.
(t.9)€[0,1]xUs”

Therefore, for every 8 > 0, there exist dg > 0, pg > 0 such that for g € Z/I(‘f and for
any t € [0,1], if y € WY ..(2) is such that d(z,y) < po and if the vectors v,w € R?
satisfy Z(v,w) > 6, then we have

(4.4) L(DyH}(v), DyH}(w)) > .

As invariant manifolds depend continuously on the diffeomorphism ¢ € Z/I(‘;’f , for
any €p > 0, there exists p(eg) > 0 such that for any y € B(x, p(ep)), for any ¢ € [0, 1]
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and for any g € Ug{f (taking a smaller &y if necessary), it holds

(4.5) d(H}(x), £(Hy(y))) < €o.

Since the center accessibility class C¢(x) is C!, the map Cs(z) 2 z — T,Cy(x)
is continuous, hence, if €9 > 0 is chosen sufficiently small, then for any ¢ € [0,1],
g€ L{gf, and y € B(x, p(€p)), we have

1)
(4.6) LTyt Cr(@), Teayy ) Cr (@) < -

Now we argue as in Proposition 2.19 of [HS]. For # = n (recall (4.2)) we take
dp = 00(f) > 0 as in (4.4) and we set § := %0 > 0.

Since g, — f, we can take n large enough so that g, € Z/l{ and such that the arc
{ag,.z(t) }rejo,) 18 a curve that crosses A4, ¢ from the left to the right side. Set
B := oy, .. Note that if ¢ € [0, 1] is such that B(t) € oy ,.e» then

(4.7) Span(4(t)) = D, Ht (T%Cy, (x)).
Then, by (4.2), (4.4), (4.6), (4.7), we deduce that for any ¢ € [0, 1],
Z(B(8), Te(aey Cr (@) = £(DyHy, (ToCl, (2)), Tz, () Cr ()
> 4(Da:H§n(T:can(ﬂ7))aTH;(x)Cf(x)) - 4(TH;(x)Cf( ), Te(z () Cr())
= L(D.H; (T:Cy,(x)), Do H}(T:Cy(x))) — (T () Cr (), Te(mg, (2 Cr ()

>50—§:5,

which contradicts Lemma 4.6.

FIGURE 2. Tangent spaces to Cs(x), resp. Cy, (x) at £(B(t)), resp. S(t).

The proof of the second part of the proposition is similar. We know from the
previous part that given 6 > 0 there is a C' neighbourhood U of f such that
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for every g € U (x), it holds Z(T,Cy(z), TCy(x)) < 6. Now we want to see the
variation of the leaves at uniform (small) scale. Let us then suppose by contradiction
that there are sequences g, — f and @, — & such that z,, € Cg, (z, 1)\ €y (.6, 1).
By Lagrange Mean Value Theorem, this implies that there is y, € Cy, (2, %) such
that (7T, Cy, (z),T:Cs(x)) > 0. Take dp = do(0) > 0, ¢o > 0 sufficiently small,
and n > 0 sufficiently large such that g, € Z/{Sf, Yn € B(z,p(eg)), and such that
the curve g1: t — H;n (yn) crosses Ji{lfm ¢, from the left to the right side. Now we

argue as above, the only difference being that the role of the “big angle” is played by
Z(Ty,Cy, (x), T:Cs(x)) instead of Z(T,Cy, (x),T,C¢(x)): for any t € [0,1], it holds

L(B1(1), Te(a ) Cr () = £(Dy, Hy (T, Cop (), Teaae, () Cr ()
> /(Dy, H, (T, Cy, (), Tyt () Cr (1)) = £(Tht @) Cr (@), Te(ay, () Cr (7))
on (

= Z(Dy, H, (T,,Cy, (x)), Do H;(T.Cy(x))) — (Tt @) Cr (@), Te(my, () Cr (7))
1
>%—§:@
which again contradicts Lemma 4.6. This concludes the proof. O

As it will be used in the proof, let us recall the following result of [HS]:

Proposition 4.7 (Corollary 2.20, [HS]). Let C be a center disk of f such that
cn F(} = (. Then the set F}(C) of points with 1-dimensional center accessibility

classes in C admits a C lamination whose leaves are the manifolds C¢(y) NC,
AS F}(C).

5. CONSTRUCTION OF ADAPTED ACCESSIBILITY LOOPS

Let r > 2, and let us consider a partially hyperbolic diffeomorphism f € PH" (M)
with dim E]‘i > 2 that is center bunched, dynamically coherent, and plaque expan-
sive. In this section, given a point x € M, we build suitable loops starting at x
which will later be used to construct perturbations to break non-open accessibility
classes. The loops which we construct will depend on whether the accessibility class
of the point x is already open or not. In fact, although the accessibility class of x is
a homogeneous set, when working with specific families of loops with a prescribed
number of legs of a certain size, the set of points which we can reach from x moving
along these loops may not exhibit the global structure of the accessibility class (for
example, if the class of = is open, to be able to reach any point in a neighborhood
of z, we may need to consider very long accessibility paths instead of local ones),
which leads us to the following definitions.

Fix a subset . C M. For any o > 0, we let f(}(y,a) be the set of all points
x € . whose center accessibility class is locally trivial in the following sense: for any
4 us-loop v = [z, 1, w2, 23, 24] at (f, x) such that £(y) < 10~ 20, we have 4 = . We
also set f(}(f) = UGG(PJ)F?C(? o). When . = M, we abbreviate I'¥ (S 0), f?c(f)
respectively as F(} (o), F‘]Jc.

The next lemma explains how to construct closed us-loops at points & whose
center accessibility class is (locally) one-dimensional; it will be useful later to show
that after a C"-small perturbation, the accessibility class of x can be made open.
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Lemma 5.1. There exist C%-uniform constants o9 = oo(f) > 0, Ko = Ko(f) > 0
such that for any o € (0,00), for any point x¢ € F} \fg)c(a), if ¢ = ¢g, is the chart
given by Lemma 4.5, then for any point v € F} N ¢(B(Opa, %U)), there exists a
non-degenerate closed us-loop v, = [x,21,...,x9,2] at (f,z) such that

(1) L(yz) < o5

(2) B(z1,Koo) N{z,22,...,29} = 0, where z = ¢~ (), and z; = ¢~ (x;), for
each integer 1 = 2,...,9;

(3) the map I'y N ¢(B(0ga, %’U)) S X >y 1S continuous.

Proof. Fix some small o > 0, let 29 € F}\fg{(a), and let o’ € (55, 55). By definition,
there exists a non-degenerate 4 us-loop v = [zg, z1, T2, T3, 4] such that

® I € W}L(xo), with %: < dw}t(l'o,xl) <o;

o 7y € Wi(z1), with § < dyys (21, 22) < a's

o x3:=H}, . (v2) € Wi(z2,0") N WE(20,0);

o xy:=Hj . (x3) € Wi(x3,0") N Wi(zo,0"), with 24 € Cp(x) \ {20}

FiGure 3. Construction of a non-degenerate closed us-loop.

As Cy(xo) is one-dimensional, for the chart ¢ = ¢, given by Lemma 4.5, we
can assume that ¢~ (Cy(zg,0)) = (—p1, p2) X {Oga—1} 2= (—p1, p2), With p1, p2 > 0,
xo ~ 0, and x4 ~ p € (0,p2). By varying the size of the legs, we can construct
a continuous family {v(t) = [Z‘o,.’L'1<t),[Eg(t),$3(t),.%'4<t)]}t€[%’p] of non-degenerate 4
us-loops at (f,zo) such that z4(t) ~t € [§, p].

Let us takt/e z € Wil(o, %) \ Wi (o, %) and to € [§, p) close to p. As in Lemma
2.7, we let y%0'/ (to) = [z}, ¥}, 2h, 2%, 2] be the natural continuation of (o) starting
at zj in place of zg. Since Wi(z)) = Wi (z4) = W5 (z0), we can also define
{at} = H}L@NO () € Wi e (@) N W5y, (20), and we set o' = [20, 20, 27, ..., 5.
In particular, 2§, € Cy(z,0), and 7, ~ p for some p' € (0,p). As xf = z4(p’), we can
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concatenate the 4 us-loop y(p') at (f,z) with the 6 us-loop 7 at (f,x%) to produce
a closed 10 us-loop vz, :=v(p’) at (f,zo). By construction, 74, is non-degenerate,
and we have £(vz,) < 0.

Let us check that d(z',21(p’)) > gf5 provided that o is taken sufficiently small.

By definition, we have dyys (z0, ) € [535, 355]- Since we work in a o-neighbourhood

of 29, and as the map z — E¥}(z) is Holder continuous (see [PSW1]), we deduce
that the distance between the unstable bundles at any two points z1 € W} (xg,0),
zp € W§(2o,0) is at most é10?, for two C2-uniform constants 0 = 0(f) > 0, & =
¢1(f) > 0. Integrating the discrepancy along the unstable arcs from z{, to z} and
from z to x1(p’) yields

d(z}, z1(p)) > d(zh, z0) — éa0? x 0 > @ — &yt

for some constant ¢ > 0. We conclude that d(z7,z1(p")) > g provided that
o is chosen sufficiently small, i.e., ¢ € (0,00), for some C?-uniform constant
oo = oo(f) > 0. Moreover, by construction, B(x1, 155) N {zo, 22, x3,24} = 0.
Similarly, we have B(CEl, 305) N {zo, zg, o5, 2%, wy, x5} = 0 and B(x1(p'), 555) N
{@o, w2(p"), 3(p"), 2a(p')} = 0.

Let us now explain how this construction can be performed for points x near g
whose center accessibility class is also one-dimensional. By Lemma 2.7, for any point
x € M which is sufficiently close to xg, and for any ¢ € [£, p], the us-loop v(t) admits
a natural continuation (v(¢))*/ =: 5%(t) that is a 4 us-loop at (f,z). Moreover, the
map t — 4% (t) is continuous. Similarly, the 6 su-loop 4" has a natural continuation
(V)2 =[x, (zh)®), ..., (25)®/]. The point (5)*/ depends continuously on z,
hence we can choose a continuous map p/(+) such that p'(x¢) = p’ and such that the
endpoint of 5%(p'(z)) coincides with the endpoint (x5)*/ of (v/)%/. In particular,
the continuations (7/)%/, 4% (o' (z)) depend continuously on . We conclude that the

closed 10 us-loop v, := (v)*f4*(p'(x)) at (f,z) depends continuously on the point
x in a small neighbourhood of xg. In particular, for x sufficiently close to xg, we
have 4(v;) < o. O

Actually, given a small center disk D, we will need to construct closed us-loops
at points x € D whose center accessibility class is not open, i.e., either zero or
one-dimensional. Let us introduce some notation. Fix some small ¢ > 0. For any
rzely :F?CUI‘l, we let

o let T'p(x) := f‘(}(a) and n(x) :=2,if z € fo( );
e otherwise, let T'y(x) := I‘1 \I‘O( ), and n(x) =5, if z € F \FO( ).

Lemma 5.2. There exist C%-uniform constant K = K(f) € (0,1), 6 = 6(f) > 0
such that for any Ry > 0, for any integer ko > 1,2 for any o € (0,6), and for any
point xo € I'y there exists a continuous map T f(zg) N Wi(zo, Ko) >z + " such

that v* = {y*(t) = [z, 27 (1), ..., 25, (t)]}+epo,1) %5 a continuous family of 2n us-loops
at (f,z), with n :=n(xo) € {2,5}, £(v*) < o, such that v*(0) is trivial, and for any
integer k € {1,...,ko}, 75‘(%) is a non-degenerate closed us-loop.

Proof. Let Ry > 0, and let kg > 1 be some integer. Let oy :go(f) > 0, Ko =
Ko(f) > 0 be as in Lemma 5.1, and take some small o € (0, min(h, 09)).

2We will apply this lemma with ko = 1 or 2 in the following.
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We consider a point z € 'y and set n := n(zg) € {2,5}. Let h = h(f) > 0 and
¢ = ¢puy: (—h,h)? — M be given by Lemma 4.5. We distinguish between two cases.

(1) If 9 € f‘?(a), then there exists a non-degenerate closed 2n us-loop ¥ =
[x0, 1, 22, 23, 2o] at (f,zo) with n =2, £(¥) < § and B(z1, Koo) N {0ga, 22, 23} = 0,
where z; := ¢~ 1(z;), for i = 1,2,3. By decreasing continuously the size of the legs
of 4, we obtain a family of 2n us-loops {y(t) = [zo,z1(t), z2(t), 3(t), To]}eepo,1)

t (f,zo) such that v(0) is trivial and (1) = 4. Moreover, by choosing the
map t — ~(t) carefully, we can ensure that for any & € {1,... ko}, it holds

B(zl(kk) KOO’) N {Opa, zz(kko) z:;(kko)} = (), where Zz(lf) = (b*l((xi)(k—’z)), for
i=1,2,3, and d(21(£), 21(£)) > 520, for all & € {1,..., ko} \ {k}.

For any point = € fg)c( o) OW§ 1, (0) with d(Oga, ¢~ Ya )) < Ifga and for ¢ € [0, 1],
let v (t) = [z, 27 (t), 25 (t), 25 (), z] be the closed 2n us-loop whose corners are:

o 27(t) == Hp, . (1)(2) € Wi () N WF (21(2));
o 3(t) = fo (),IQ(t)(ff:f(t)) € Wf,loc(ml( ) ﬂWfloc( 2(t));
o 23(t) = HY a4 0 (25(1) € Wi (25 (1)) N Wiioe (2)-

We let 7* be the continuous family v := {7*(t) }+c[0,1)- If o is sufficiently small, then
(") < o, and for any k € {1,. ko} vy (kﬁ) a non—degenerate closed us-loop
at (f,z). Let 2§ := ¢~ 1(z), and 2 ( =) =07 (= f)( )) for i = 1,2,3. Arguing
ki) Lo ) N {zo,zz(ﬁ)) Zs(ko)} =0,
1,...,ko} \ {k}, provided that o is

as in the proof of Lemma 5.1, we have B(z§(
and d(z7(£),28(£)) > £2o, for all K € {1,
sufficiently small.

(2) Otherwise, we have z¢ € F} \ ﬁ}(a). By Lemma 5.1, after possibly taking
smaller, then for any pomnt x € N xg) such that a, 0 () < o,
Ky smaller, then for any poi Tf NW§ (o) such that d(Oga, ¢~ (2)) < 48

there exists a non-degenerate closed 2n us-loop v, = [z, z1,...,22,—1,2] at (f,x)
with n = 5, £(7:) < §, such that the map I'y N qb(B(ORd,%U)) STy s
continuous, and such that B(z¥, Koo)N{2%,2%,...,2% |} =0, where 2% := ¢~ 1(x),
and 2% 1= ¢! (a:'f), for each integer i = 1,...,2n — 1.

By decreasing continuously the size of the legs of 7;, keeping wan—1(t) € W (z)
and letting zo,(t) = H}i,mgn,l(t),x(x?n—l(t))? we obtain a continuous family 7% =
(@) = [z,25(), . .., 25, ()] }refo,1) of 2n us-loops at (f, x) such that 4*(0) is trivial,
Y (1) = 7z, and £(77) < o.

Moreover, by choosing carefully the map t — ~*(t), we can ensure that for any
integer k € {1,...,ko}, 'yx(k—ko) is a non-degenerate closed us-loop at (f,z). Indeed,
as in the proof of Lemma 5.1, we consider a one-parameter family (%(¢)).e[o,1 of 4
us-loops at (f,z) such that 4%(0) is the trivial loop and such that the first corners
of %(t) and 5*(¢') are distinct for t # ¢’ € [0,1]. We can also perform the same con-
struction as in Lemma 5.1 in order to obtain a closed 10-us loop v* (¢ ) at the times ¢ =

1, k%I, k%Q, e k , and such that B(zl( ), Igoa) {zg,zg(k—ko) 25 1(k0)} =0,

3For instance, we choose the map t — z1(t) € W¥ oc(0) in such a way that d(z1(t), z1(t")) =
d(Oga,21) - |t — t'|, for all ¢, ¢’ € [0,1].
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where we Iet z (ki 2

(=) - qb_l((x?”)(k—’z)), for + = 1,...,2n — 1, and such that
(27 (& £)) = £2o, for all K € {1,...,ko} \ {k}. O

We will also need to construct certain us/su-paths for all points in a small center
disk. Take f € # and let o > 0 be small. We assume that for some point g € M,
and some constant K > 0, it holds = ¢ f?(a), for all z € W§(zo, Ko). Fix 6 > 0
small. By Proposition 4.7 and Proposition 4.4, there exists a C! neighbourhood U
of f such that for any g € Y7 and for any x € I‘; N Wj‘i(acg, Ko), it holds

(5.1) II5.Cy(x,100) C 1,

where %) C R? is the cone of angle @ centered at Og2, and I1¢: M — R? is the map
in Lemma 4.5 for f. In the following, we let ¢ := (R?\ %)) U {Og2}, we denote
by €., %, the two components of the set € \ {Og2}, and let €+ := €,;F U {Op2},
¢~ :=%; U{Op2}. Assume that €, resp. ¢~ is the top, resp. bottom component
in Figure 4.

Lemma 5.3. Take f, xo, 0, 0, U as above, and let €, €T, and €~ as defined
above. After possibly taking K smaller, there exist continuous maps WJ?($0, Ko) >
x = 7,75 such that for any x € W]Cc(xo,Ka), W o= [z,af, .. W], resp. 5 =
[z,03,...,w]], is a non-degenerate closed 10 us-loop, resp. 10 su-loop at (f,x) such
that £(77),4(v5) < o, such that the endpoints wi = H.z(x), w§ = Hyz(v) satisfy

(ISwi, Mws) € (T xE7)U (€™ xET),
and such that for x = 1,2, for some C?-uniform constant K, >0, we have
(5.2) B(a®, K,0)N{z} =0, for any corner z # o of »~.

Proof. As xzy € F}[ \ f[}(a), there exists a non-degenerate 4 us-loop 7 =
[0, x1, X2, x3, 24| With £(7) < o and x4 € Cs(xo) \ {xo}. By shrinking the size of the
legs, we construct a continuous family {v(t) = [0, z1(t), z2(t), 23(t), 24(t)] }1c(o,1) Of
non-degenerate 4 us-loops at (f,zo) such that v(0) is trivial and (1) = ~.

Assuming that K > 0 is sufficiently small, the family {v(t)}¢cp,1) extends to
a continuous map W§(zo, Ko) > x — v* = {7y*(t) }cj0,1) such that for each z €
Wi(zo, Ko), and for each t € [0,1], v*(t) = [z, 2{(t), 25 (1), 25(1), z1(t)] is a 4 us-
loop at (f,z), and v*(0) is trivial. Moreover, up to reparametrization, there exists
¥ > 0 such that for each x € W¥(2o, Ko), it holds

(5.3)
{15 (@5 (0) e 1) © B(W(24(3) ). 39) © B(0z2.30),
2 C ( ( %)),2)@51 ((OR2,729)\B(0R2,419)),
). 39

{10 (23 (2) )}te%
) € %7 1 (B(0p2,109) \ B(0g2,89) ),

Eﬂ
»M»—A
w\»—A

{15 (25 (t) )}tE | € B(II5 (24(1)

denoting by €] the connected component of %7 \ {Og2} containing II§ (x4). More-
over, after possibly changing the parametrization by ¢, we can also assume that for
all z € W¥(zo, Ko), we have

N 1 1
(5.4) dw}t(xl(t),x) > 200" for all t € [1’ 1}.
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Now, as in Lemma 5.1, we take 2, € Wj(zo) such that 7550 < dW;(azo,x{)) <
s0. For any t € [0,1], let 5(t) = [yo(t),...,ya(t)] be the natural continua-
tion of () starting at yo(t) = zj in place of zg. As W(ya(t)) = Wi(zs) =
Wit (20), we may also define {y5(t)} := W} .(ya(t)) N W5, (z0), and set v (t) ==
[0, yo(t), -, ya(t),ys5(t)]. In the same way, for each point x € W§(zo, Ko), we
let 47 (t) = [z, y5(t),...,y2(t)] be the continuation of v, () starting at = given by
Lemma 2.7. -

For each (z,t) € W§(zo, Ko) x [0, 1], we denote by §*(t) the continuation of vE(2)
starting at =¥ (¢) as in Lemma 2.7, and by concatenation, we obtain the 10 us-loop
V() == A ()77 (t) = [z, af(t),...,wT(t)]. If o is sufficiently small, xj, is very close
to o, and by (5.3), for any x € W§(zo, Ko), it holds

m(ef(3)) g9 M) e

Since the set {w{(f)}ic[0,1) of endpoints is connected, its image under IIf has to
cross the cone € = €T U % ~. We then let t* € [0,1] be the smallest ¢t € [0,1]
such that IIS(w{(¢)) € ¢7; we also denote by v = [z,af,...,w]] the 10 us-loop
Y (EF) = AF ()37 (t7), with of = of (t*) and w{ := w{(t*). In particular, we have
II¢ (w?) € ¢; without loss of generality, we assume that IIS(w]) € €.

6

FIGURE 4. Construction of the loop ~7.

For each s € [0,1], we also denote by 75 (s) = [z, a5(s),...,wj(s)] the 10 su-loop
obtained by taking the continuation of 7{(s) starting at = in place of w{(s). In this
case, arguing as above, we see that for certain values s € [0, 1], it holds IIS (w3 (s)) €
¢~ ; we then let s¥ € [0, 1] be the largest s € [0, 1] with that property, and we define
the 10 su-loop 73 := 75 (s*), with 4§ = [z, a3, ..., wj], and IS (w]) € €.
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Besides, (5.2) follows from arguments similar to those in Lemma 5.1, using (5.4),
and since z{, was chosen such that dec (xo,xp) > ﬁa. g

6. A SUBMERSION FROM THE SPACE OF PERTURBATIONS TO THE PHASE SPACE

As above, we consider a partially hyperbolic diffecomorphism f € PH" (M), r > 2,
with dim E; > 2 that is center bunched, dynamically coherent, and plaque expan-
sive. In Subsection 6.1, we recall some general results from [LZ] about random per-
turbations and the changes those perturbations induce on certain holonomy maps.
In Subsection 6.2, we construct a family of perturbations and show how the results
of the previous part can be applied to the particular setting we are interested in.

6.1. Random perturbations. As in [LZ], we will use the following suspension
construction to show that certain holonomy maps are differentiable with respect to
the perturbation parameter. The idea is to incorporate the perturbation parameter
into a higher dimensional partially hyperbolic diffeomorphism, which, under some
assumptions, is still dynamically coherent and center bunched.

Definition 6.1 (C” deformation). Let I > 1 be some integer, and let U be an open
neighbourhood of {0} in R, A C" map f: U x M — M satisfying f(0,-) = f and
f(b,-) € PH"(M) for all b € U is called a C" deformation at f with I-parameters.
We associate with f the suspension map T(f) defined by

N

(6.1) T=T(f):UxM—=UxDM, (bx)— (b f(bz)),

and we denote f, := f(b, ). If in addition f, € PH"(M,Vol) for all b € U, then f
is said to be volume preserving.

Definition 6.2 (Infinitesimal C" deformation). Let I > 1 be an integer. A C" map
V:R!I x M — TM s called an infinitesimal C" deformation with I-parameters if
(1) for each B € R1, V(B,-) is a C" vector field on M;
(2) for each x € M, B+ V(B,x) is a linear map from R! to T, M.

Remark 6.3. Given I > 1, an infinitesimal C" deformation V with I-parameters,
and some small € > 0, we associate with V a C" deformation at f with I-parameters,
denoted by f, which is defined by

f(b,:E) = ]:V(b,-)(lyf(x))v V(b, SL’) €U X Ma

where U = B(0,¢) C R! and for any B € RY, Fv(B,): Rx M — M denotes the C"
flow generated by the vector field V(B,-). In this case, we say that f is generated
by V. If in addition V(B,-) is divergence-free for each B € R, then f 18 volume
preserving as in Definition 6.1, and we say that V is volume preserving.

Lemma 6.4 (Lemma 4.11 in [LZ]). Let I > 1 be some integer, let U C RY be an
open neighbourhood of {0}, and let f: UXM — M be a C" deformation at f with

I-parameters. If U is chosen sufficiently small, then the map T = T(f) is a C"
dynamically coherent partially hyperbolic system for some T-invariant splitting

T(b,a:) (Z/[ X M) ~TyUDT, M = E%(b,l’) D E%(b,.%') 37, E%(b,x),
for all (b,x) € U x M. Moreover, for any (b,x) € U x M, we have
Ei(ba) = (0} @ By(x),  Wilba) = B} x Wh(z),  fors=us,



ACCESSIBILITY FOR P.H. DIFFEOMORPHISMS WITH 2-DIMENSIONAL CENTER 21

and
(6.2) E7(b, ) = Graph(vy(z,-)) © £, (z),

for a unique linear map vy(z,-): Tl — E3'(x) == Ej, (z) & E} (2).

If in addition f is center bunched, then, after reducing the size of U, u/s-holonomy
maps between local center leaves of T (within distance 1) are C* when restricted to
some cu/cs-leaf, with uniformly continuous, uniformly bounded derivatives.

Let I > 1 be some integer, let U C R! be some small neighbourhood of {0} in R,
let f: U x M — M be a C' deformation at f with I-parameters, and let T = T'(f).

Definition 6.5 (Lift of a us/su-loop). For any point x € M, for any integer n > 2,
and for any 2n us/su-loop v = [x,x1,...,xop] at (f,x), we define the lift of v as

4 :=1(0,2),(0,21),...,(0,22,)].
In particular, by Lemma 6.4, 4 is a 2n us/su-loop at (T, (0,x)).

Remark 6.6. In the following, we will mostly consider us-loops; for that reason,
we will state the technical lemmas needed for the proof only for us-loops, but similar
results hold for su-loops as well.

Similarly to Lemma 2.7, given a point € M and a us-loop at (f, z), we can define
a natural continuation for the C' deformation f with I-parameters we consider:

Definition 6.7. Let x € M, let n > 2, we say that v = {y(t) =
[z, 21(t), ..., 22n(t)] }iej0,1) 95 a continuous family of 2n us-loops at (f,x) if for each
t € 10,1], v(t) is a 2n us-loop, and for each i = 1,...,2n, the map t — x;(t) is
continuous. Given such a family, for any t € [0,1], we let 5(t) be the lift of v(t)
as above. Then by continuity, there exists a C?- umform constant & = 5( v) >0
such that B(0, 5) C U, and for any (b,y,t) € WE((0, z), 5) [0, 1], for some constant
h= iL(T, v) > 0, the following intersections exist and are unique:

o {0 O)} = Wi ioc (b)) 0 Wioc (0,01(8), )

o {(0,57(t)} 1= Wi oo (0, 277(£)), h) N WS (0, 22(1)), ).

~b, ~b, cs 7
A0, 29y (1))} = T,loc((b Lo (1)), h)ﬂ T,loc((07x)7h’);
® {(ba xQn( ))} = WT,loc((ba i'211—1( ))7 h) N ch",loc((07x)a h)

We thus have a continuous family of 2n us-loops at (fy,y), denoted by {3*Y (t) }eepo,1):
() = [y, 8(0), - 250 (D), VEe[0,1].
We define the map

< [0,1] — WE(0,x),
(byst) = Hrps(by) = (b,25(1)).

For any (b,y) € W%((O,x),g), we thus get a map ¥ = (T, x,7):

(6.4) Y(b,y,) == WM@L\(ba Y,): [O> 1] - W}:b (y),

where wyr: U X M — M denotes the canonical projection.

6.3) ©=0(T,z,7): { Wi((0,2),9)
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Definition 6.8. Let I > 1 be some integer. For any infinitesimal C" deformation
with I-parameters V: R x M — TM, we define

supp(V) := {z € M | 3B € R! such that V (B, z) # 0}.

Given an open neighbourhood U of {0} in RY, and a C" deformation at f with
I-parameters f: U x M — M, we define

supp(f) :={z € M | 3b € U such that f(b,z) # f(x)}.

We introduce the following definitions in order to control return times of a map
to the support of a deformation; they are motivated by the fact that for very large
return times, it is possible to achieve a good control on how certain holonomies
change after perturbation.

Definition 6.9. For any subsets A, B C M, and for x € {+, —}, we define
R(f,A,B):=inf{n >0 | f"(A)NB#0 or fT"(A)N B # 0};
R.(f,A,B) :=inf{n>1] f"(A)N B # 0}.

We abbreviate R(f, A, A), R.(f, A, A) respectively as R(f, A), R.(f, A). Similarly,
for a C* deformation f: U x M — M of f, and for x € {+, —}, we set

R(f,A,B) :=inf{n >0 | 3beld s.t. f(b,)"(A)NB#D or f(b,-)"™(A) N B+ 0},
R.(f,A,B) :=inf{n > 1| 3b el s.t. f(b,))"(A)N B # 0},
and we abbreviate R(f, A, A), R.(f, A, A) respectively as R(f,A), R.(f,A).

In the following, most of the time*, we restrict ourselves to the case of deformations

with 2-parameters, i.e., we take a small neighbourhood U C R? of {0g2}, we let
f:U x M — M be a C! deformation at f with 2-parameters generated by an
infinitesimal C' deformation with 2-parameters V: R? x M — TM, and we set
T=T(f).
Definition 6.10 (Adapted deformation). Let x € M, let n > 2 be some integer,
and let v = [x,x1,...,22,] be a 2n us-loop or su-loop at (f,x) with £(y) < o for
some small o > 0. Given two constants C, Ry > 0, we say that an infinitesimal C"
deformation V is adapted to (v, o,C, Rp) if

(1) allOp0:VIar + 106V ][ < C;
(2) R(f7 {Z},Supp(V)) > RO fO'I"Z:JJ,xz,...,CCQn;
(3) Ri(f: {xl}v supp(V)) > RO-

Proposition 6.11 (see Proposition 5.6, [LZ]). For any C,x > 0, there exist C?-
uniform constants Ry = Ro(f,C,k) > 0 and ko = ko(f,C,k) > 0 such that the
following is true.

Let x € M, let n > 2 be some integer, and let v = [z, x1,...,%2,] be a 2n us-loop
at (f,x) of length o > 0 such that there exists an infinitesimal C" deformation V
that is adapted to (v,0,C, Ry). In the following, we denote by B = (B1,Ba) an
element of Tod ~ R%. Assume that for all z € {x,x2,...,72,}, we have

(6.5) Dg(nV (B, 2)) =0,

4Except in Subsection 8.2 where deformations with 4-parameters are needed.
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while
(6.6) |det (B — Dp(m.V(B,x1)))| > &,

where we: TM — EJCC denotes the canonical projection.
Then, the map

=. T()Z/{ — E]Cc(xgn),
= B ﬁcDHT’fY(B-i-Vo(aZ,B)),

satisfies

det = > kg,

where 4 is the lift of v for T', and #c: Ef(0,22n) = Graph(vo(wan, ) & Ef(z2n) —
E%(z9,) denotes the canonical projection.

6.2. Construction of C" deformations at f. In the following, we assume that
dim E]‘i = 2. Recall that II¢: R? ~ R? x R%+ds — R? ig the canonical projection,

and that TI¢ is the map IS :=IT°0 ¢ 1: M — R2.

Lemma 6.12. Let K = K(f) € (0,1), & = &(f) > 0 be as in Lemma 5.2. Then, for
any Ry > 0, for any integer ko > 1, for any o € (0,5), and for any point xo € I'y
satisfying Ry (f, B(xo,100)) > Ry, there exists an infinitesimal C™ deformation
at f with 2ko-parameters V: R?*0 x M — TM such that supp(V') C B(xo, 100),°
and there exists a continuous map T f(zg) N Wi(zo, Ko) > x — " such that v* =
(@) = [z, 27 (1), ..., 25, () }eo,) is a continuous family of 2n us-loops at (f,z),
with n := n(xg) € {2,5}, L(v") < o, such that 4*(0) is trivial, and for any integer
kEe{l,...,ko}, we have:

(1) Wx(k—ko) is a non-degenerate closed us-loop;

(2) V is adapted to (7“"(%),0, C,Ry), for some C2-uniform constant C' =

C(f,ko) > 0;
(3) for any z € {x,x%(k—ko), . .,x%n_l(%)}, it holds

Dp(n.V(B,z)) =0,
and there exists a 2-dimensional vector space Ej, C R?*0 such that

det (B> B DB(WCV(B,:U%(IZ))))‘ > 7,

for some C?-uniform constant & = &(f) > 0, where w.: TM — E% denotes
the canonical projection.

5Recall Definition 6.8 and Definition 6.9.
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W)

Wi(o)

Wi(wo, Ko) G:D

FIGURE 5. Localization of the perturbations.

Actually, we will apply Lemma 6.12 with ky = 1 or 2 in the following. The
construction in the proof of Lemma 6.12 is adapted from [LZ].

Proof of Lemma 6.12. Let Ry > 0, and let ko > 1 be some integer. Let K = K(f) €
(0,1), 6 =6 (f) > 0 be as in Lemma 5.2, and take some small o € (0,5).

We consider a point xg € I'y such that Ri(f, B(xo,100)) > Ry, and set n :=
n(xg) € {2,5}. Welet h = h(f) > 0 and ¢ = ¢,: (—h,h)? — M be given by
Lemma 4.5. ~

For each x € ff(:ro)ﬂW]%(xo, Ko) welet v% = {y*(t) = [z, 2{(t), ..., 25, ()] }rep,
be the continuous family of 2n us-loops at (f,z) constructed in Lemma 5.2.

For each integer k € {1,...,ko}, we let 2, = (25, 2}, 2}) = zf“(%) € (=h,h)? =
(—h,h)? x (—h, h)% x (—h, h)%. We define a collection of functions and vector fields
as follows.

For each 1 < j < 2, let Uj: (=%,4) x (—4,5)%™ x (—3,3)% — R? be a
compactly supported C°° divergence-free vector field such that U; restricted to
(—%0,%)2 X (—%,%)d“ X (—%,%)ds is equal to the constant vector e;, where
e1 := (1,0,0,...,0) € R and ey := (0,1,0,...,0) € R% Moreover, we can as-
sume that U; satisfies |Uj||c1 < Cy for some constant C, = C(d) > 0.

For any z. € R?, z, € R%, z, € R%, for any A, A\y,As > 0, and for any
2. € R?, 2, € R% 2z, € R% we set:

Ac,Au,A _
Aggz,x;t,xs (207 Zus Zs) - (xc + ACZCa Ty + )\uzuy Ts+ )\szs)-

For any j € {1,2}, any z,, € R% we let U7, (—h, h)? — R be the vector field

o o ) ko 92 —1
U - U] (AORQ ,xu,ORdS )

jazu
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The support of U7, is contained in

(=5 5 o o) = (50 5)"

g,

(KK &

2 K K _\d
Moreover, for any zc € (—150; 160 )%, for any z, € 2y + (=150, 1o5;0)™ and for

any zs € ( — %a, %U)d‘ , it holds

Uj"xu(zc,zu,zs) =ej.
We set

Viw. = Do(Uf,,)-

The vector field V)7, = is divergence-free and satisfies:
(67) O'Ha jl‘u”M + H ]IUHM < CO?

for some C2-uniform constant C’o = Co( fyko) > 0.
Let V: R%k0 x M — T'M be the infinitesimal C" deformation defined as

V(B,") = (B1aV{u + BaaValu) + (Bi12Vilw + BopVilw) + -+
(6.8) + (Bl,k0—1Vf,rZ;é071 + BQ,ko—l‘/sz,’c‘071) + (Bl,kovfzgo + BQ,kOVQ(Tz}C‘O)’
for all B = lezozl B pugg—1 + Ba pugy € R%%0 | where (uz)fiol denotes the canonical

basis of R2ko,
By definition, the map V' is linear in B. Moreover, by (6.7), (6.8), it holds

(6.9) 1002V | ar + 10V ||ar < C,

with é = 2]{060 > 0.

As {(y*) < o, we have supp(V) C B(xo,100), and for any integer k € {1,..., ko},
it holds x‘é’(kﬁo),xg(k%) X5, 1( =) € B(zo,100), for all z € Ff(xo)ﬂWf(ajo,KU)
Recall that by assumptlon we have

(6.10) Ri(f, B(xo,100)) > Ry.
By (6.9) and (6.10), we conclude that V is adapted to (y*(5 =)0, C, Ro).
By construction, for any z € {x,xQ(%), o xh, g (E )} 1t holds
Dp(n.V(B,z)) =0,
and
x k ~
det (B 5 B = Dy (reV (B,at ()| > 7
0

for some C2-uniform constant & = &(f) > 0, where Ej, := Span(ugy_1, ugp) C R0,
and m.: TM — Ef% denotes the canonical projection. (]

Corollary 6.13. For any integers ko > 1, r > 2, for any § > 0, there exist C?-
uniform constants Ko = f(o(f) €(0,1), 60 = do(f, ko) > 0, Ry = Ro(f, ko) > 0 and
o = So(f, r,6) > 0 such that for any o € (0,60), for any point xog € T'y satisfying
R+ (f, B(x0,100)) > Ry, there exists a C" deformation f: B(Ogary,d0) X M — M
at f with 2ky-parameters generated by an infinitesimal CT deformation V : R*F0 x
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M — TM, such that supp(f) C B(z0,100),% and there exists a continuous map
T(zo) N W}’(wo,f(oa) >z — ", such that
(1) v* = {7*(@t) = [z,27(t), ..., 25, ()] }+epo,1) s a continuous family of 2n us-
loops at (f,x) as in Lemma 6.12, with n := n(xg) € {2,5}, £(7*) < o,
such that v*(0) is trivial, and for any integer k € {1,...,ko}, ’yx(k—ko) is a
non-degenerate closed us-loop;

N

(2) let T =T(f), let g := (T, z,7") be the map defined in (6.4), let IIS: M —
R? be the map given by Lemma 4.5, and fork € {1,... ko}, let ®*): (b, z) —
IS4 (b, z, kﬁo), then, the map

0. { B(0gaxo, 30) % (ff(xo)ﬂW]?(xo,Koa)> ~ R2o

(b,x) (q)(k)(b’x))kzl,...,ko

is continuous; besides, for any v € ff(azo) ﬂWJ‘i(a:O, f(oa), ®(-,x) is C1, and
|det Db|b:0(<1>(-,a:))] > Ko,

for some C%-uniform constant ko = Ro(f, ko) > 0;
(3) der (f, fo) <0, for all b € B(Ogaxy,00), where fi, := f(b,-) € PH"(M).

Proof. Fix two integers kg > 1 and r > 2. Let Ko := K(f) > 0, & := &(f) > 0,
C = C(f, ko) > 0 and & = &(f) > 0 be the constants given by Lemma 6.12,
and let Ry = Ro(f,é,/?c) > 0, ko = Iﬁ()(f,a,fi) > 0 be the constants given
by Proposition 6.11. Given o € (0,5), we consider a point zy € I'y such that
R+ (f, B(x0,100), B(z0,100)) > Ry, and set n := n(zp) € {2,5}.

We let V: R?%0 x M — T'M be the infinitesimal C" deformation at f with 2ko-
parameters given by Lemma 6.12. Take a point @ € T'¢(zg) N Wé(zo, Kyo) and let
v = {y*(t) = [z, 2{(t),. .., 25, (t)] }+eo,1) De the continuous family of 2n us-loops at
(f,z) given by Lemma 6.12. Recall that the map = — ~* is continuous. Let f be

the C" deformation at f with 2-parameters generated by V', and let T = T'(f). By

the properties of V' in Lemma 6.12, we have supp(f) C B(zo, 100).
For any t € [0,1], let 4%(t) be the lift of 4*(¢) for T, and let us denote by
et B(0,2) = Graph(vo(z,-)) © Ef(z) — Ef(z) the canonical projection. Fix an

integer k € {1,...,ko}. We let E;(Uk) be the map defined as

—h). R2~ E, — chc(:p),

S B v #DHy .. \(B+w(x,B)).
k) ko

By points (2)-(2) of Lemma 6.12, and by Proposition 6.11, it holds

(6.11) |det 7| > k.

Let Jw = QZ(T, x,v") and 1, = 7TM’I,//J\1 be the maps defined in (6.3)-(6.4), and let
II¢: M — R? be the map given by Lemma 4.5. Let 6 > 0 be such that 6 < (7, 7%)
for all z € T'f(z) N Wi (zo, Koo), with 6(T, %) > 0 as in Definition 6.7. Let

(I)(k) { W%((O,:L‘()),S) - Rz:
(b,x) = T5u(b,z, £).

6Recall Definition 6.8 .
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As z +— " is continuous, the maps z — 1, and ®*) are continuous as well.
For each x € I'f(z0) N W§(zo, Koo), and for each B € R? ~ E},, we have
Da(0, B + v(x, B)) = DIman DHy oo 1 (B + vo(x, B))
) kO

(6.12) = DII; |#eDHy 5.1 (B + vo(x, B)) + v, B)] ,

where q>§c’“) = M) (., z), and mpr: R?2 x M — M denotes the projection onto the
second coordinate.

By Lemma 4.5 there exists a constant D > 0 such that for { > 0 small, if
o € (0,h¢(f)), then for any = € T¢(zp) N chc(xo,f(oa) and for any B € R?, it holds

(6.13) |1 DTG vz, B)|| < DC||B|-

If ¢ > 0 is sufficiently small (depending only on xg), then for any o € (0,d¢), with
o := min(d, he(f)) > 0, and for any x € T'¢(xg) N W]Cc(aso,f(oa), by (6.11)-(6.12)-
(6.13), we deduce that

1
‘det Db|b:0(q)§;k)|Ek)‘ > 5/@07

k
which concludes the proof of point (2), for g := (%Ho) ’ > 0.

Finally, point (3) is a direct observation.

7. LOCAL ACCESSIBILITY

Let us fix an integer » > 2, and let us consider f € .%, where as before,
F C PHL(M) is the set of C" dynamically coherent, plaque expansive, partially
hyperbolic diffeomorphisms with two-dimensional center, which satisfy some strong
bunching condition as in Definition 2.5.

In this part, we show that it is possible to make the accessibility class of any
non-periodic point open by a C"-small perturbation. First, we explain how to break
trivial accessibility classes, and then, we show how to open one-dimensional acces-
sibility classes, based on some transversality arguments.

7.1. Breaking trivial accessibility classes.

Proposition 7.1. For any non-periodic point xo € M, for any 6 > 0, and for
any o > 0, there exists a partially hyperbolic diffeomorphism g € F such that
der(f,g) < 0 and such that xo ¢ fg(a); in particular, the center accessibility class
Cy(xo) is at least one-dimensional.

Proof. Take a non-periodic point zgp € M. Fix some small § > 0, let kg := 1, and let
5o = Go(f,1) >0, Ry = Ro(f,1) > 0 and 6y = do(f,r,8) > 0 be the constants given
by Corollary 6.13. As xq is non-periodic, then for o € (0,5¢) sufficiently small, it
holds R (f, B(xg,100)) > Ry. Assume that zo € f‘(}(a) (otherwise there is nothing
to prove).

By Corollary 6.13, for n := n(xg) = 2, there exist a continuous family

(71) Y= ,YIEO = {V(t) = [330’ T (t)a 1"2(t)7 x3(t)’ xO]}tG[O,I]
of 4 us-loops at (f,xo) such that ¢(y) < o, v(0) is trivial, y(1) is a non-degenerate
closed 4 us-loop, a C" deformation f: B(Og2,d9) x M — M at f with 2-parameters,



28 MARTIN LEGUIL AND LUIS PEDRO PINEYRUA

so that supp(f) C B(xo,100), and such that the map

(7.2) Dyt B(Og2,00) 3 b (b, 20,1)

is C'! and satisfies

(7.3) |det Dp[p=0Pz,| > Fo,

for some C2-uniform constant &g = &o(f,1) > 0. Recall that in (7.2), IIS: M — R?

is the map defined in Lemma 4.5, T = T(f), and ¢ = (T, 29, 7).
Moreover, by Definition 6.7, for all b € B(Ogz2,dp) and all ¢t € [0,1], we have
¥(b, o, t) € W5 (z0) N Accy, (o) = Cp,(z0), where f, := f(b,-). Besides, (7.3)

implies that the map (-, 2o, 1) is a submersion in a neighbourhood of Ogz, hence
1/}('7 2o, 1)71{‘7:0} N B(0R2751) = {ORz}v

for some sufficiently small §; € (0,00). Fix b € B(Ogz,61) \ {Og2} such that g :=
fo € F; we have (b, g, 1) € Cy(xo) \ {z0}, and [0,1] 3 ¢t — (b, x0,t) € Cy(xp) is
a non-trivial g-path connecting zo to (b, zg,1) # x¢ within C,4(z¢). In particular,
xo ¢ f‘g(a); in fact, by Theorem 2.10, C4(zo) is at least one-dimensional. Moreover,
by point (3) of Corollary 6.13, we have dcr(f,g) < d, which concludes the proof. [

7.2. Opening one-dimensional accessibility classes. The following result
shows that local accessibility can be achieved near non-periodic points after a C"-
small perturbation.

Proposition 7.2. For any non-periodic point xqg € M, and for any § > 0, there
exists a partially hyperbolic diffeomorphism g € F such that dor(f, g) < 6 and such
that the accessibility class Accg(zg) is open.

Proof. Let us consider a non-periodic point g € M. Let ky := 1, and let 69 =
Go(f,1) > 0, Ry = Ro(f,1) > 0 be the constants given by Corollary 6.13. As z is
non-periodic, we can fix o € (0,5¢) such that Ry(f, B(xo,100)) > Ry.

Assume by contradiction that Accs(xg) is stably not open in the C” topology.
In other words, by Theorem 2.10, for some d; > 0, and for all diffeomorphism
g € PHL(M) such that dcr(f,g) < 01, we have xy € I'y. Fix some small § € (0,67).
By Proposition 7.1, there exists a C" diffeomorphism fy € % with de-(f, fo) < g

g

such that zg ¢ T 9[0(5). In particular, by our choice of 4, we have zy € F}O \

fg)co (). Besides, there exists d € (0, 3) such t~hat for any diffeomorphism g satisfying

der (fo,g) < 92, we have g € F, and z € Fé\Fg(a). In particular, with the notations

in Section 4, U7 = U;” (z0), where U is a do-neighbourhood of fy in the C” topology.
By Corollary 6.13, for n := n(xzg) = 5, there exist a continuous family

(7.4) v =7 ={y(t) = [xo, 21(t), 22(t), .., x10(V)] }tefo,1)

of 10 us-loops at (fo, zo) such that £(y) < o, v(0) is trivial, y(1) is a non-degenerate
closed 10 us-loop, a C" deformation f : B (ORQ,SO) x M — M at fy with 2-parameters,
with &y = So(fo,r, d) > 0, so that for the map Il : M — R? defined in Lemma 4.5,
T = T(f), and ¢ = (T, 20,7"), the map ®,,: B(0p2,d0) > b — I1¢ (b, xo, 1) is
C*, and for some constant &g = &o(f,1) > 0, it holds

(7.5) |det Db|b:0(1)oco| > K.
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Fix some small § > 0. It follows from the previous discussion and Proposition
4.4 that for §yp € (0,dp), €0 > 0 sufficiently small, then for all b € B(0Oge2,dp), the
diffeomorphism f, := f(b, ) satisfies f, € Uy (x0), and

(7'6) Cfb(fl‘(),&‘o) C cgfo(w()aeag())y
where €%, (x0,0,e0) is as in (4.1). Let us set
%(.’L’o, 0) = H;O (cgfo (x(), 9, 80)).

By Definition 6.7, and since (0, z0,1) = xo,” for 6; € (0,0y) sufficiently small,
we have (b, zo, 1) € Cy, (20, o), for all b € B(0ge, 1), and by (7.6), we deduce that
O (B(OR2, 51)) C Hg (Cfb(xo,é‘o)) C %(wo, 9).

On the one hand, by the definition of the cone %(zo,6), we have R? \
D, (B(ORz,Sl)) D Ay for some straight line Ay through the origin Og2. But on
the other hand, it follows from (7.5) that ®,, (B(O]Rz,gl)) contains an open neigh-

bourhood of Og2, a contradiction. By Theorem 2.10, we conclude that for some
b € B(Or2,00), Accy, (o) is open; moreover, by construction, g := f, € F satisfies
o 9

dCT(f>g) < dCT(fa fO) +dCT(f07fb) < 5 + 5 = 57

which concludes the proof. [l

8. C"-DENSITY OF ACCESSIBILITY

In this part, we conclude the proof of our main results stated in Section 3. As
above, we fix an integer r > 2, and let f € %, where % C PHL(M) is the set
of C" dynamically coherent, plaque expansive, partially hyperbolic diffeomorphisms
with two-dimensional center, which satisfy some strong bunching condition as in
Definition 2.5. Our goal is to conclude the proof of our main result (Theorem A):

Proposition 8.1. For any § > 0, there exists a partially hyperbolic diffeomorphism
g € F with der(f,g) < 0 such that g is stably accessible.

8.1. Spanning c-families. For the proof of Proposition 8.1, we combine ideas from
the last section with some global argument; this is done by means of spanning
families of center-disks; this notion was already present in the work of Dolgopyat-
Wilkinson [DW] and is also used in [LZ].

Definition 8.2 (c-disk). For each v € M and o > 0, C = W§(z,0) is called the
center disk of f (or c-disk of f for short) centered at x with radius o. We set
o(C) =0, and for any 6 € (0, 1], we also define 0C := W§(x,0o).

Definition 8.3. A collection of disjoint center disks D = {Ci,...,Cs} is called a
family of center disks for f (or c-family for f for short). In addition, we set

(D) := mf{e(C)}, T(D):=sup{o(C)}.
€D CceD
Given 0 € (0,1) and k > 1, we say that D is a (0, k)-spanning c-family for f if

M = U U Accy(z, k),

CeD zebC

"Recall that (1) is a closed 10 us-loop at (fo, o).
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where Accy(x, k) denotes the set of all points y € M which can connected to x by a
f-accessibility sequence with at most k legs of length less than one.
Given any subset C C M, and 0 > 0, we set (C,0) := {x € M|d(z,C) < o}.
Given 0 > 0 and a c-family D = {Cy,...,Cs} for f, we set
J
(D,o) = U(Cj,o*).
j=1
We say that D is o-sparse if for any two distinct C,C' € D, (C,0),(C',0) are
disjoint. Any c-family for f is o-sparse for some o > 0.

Proposition 8.4 (Corollary 6.2, [LZ]). Assume that f € PH*(M) is dynamically
coherent, plaque expansive, and that the fized points of 1k are isolated for all k > 1.
Then for every R > 1, there exist C'-uniform constants N = N(f,R) > 0, p =
p(f,R) € (O,Eil) and @ = o(f,R) > 0 such that the following is true. For all
diffeomorphism g sufficiently C'-close to f, there exists a (ﬁ,4)—spanning c-family
D, for g with at most N elements such that

(1) p<r(Dy) <T(Dy) <R '

(2) Dy is T-sparse; B

(3) R(g. (Dy0)) > .

Moreover, the map g+ Dy can be chosen to be continuous.

8.2. Density of diffeomorphisms with no trivial accessibility class. The fol-
lowing result strengthens Proposition 7.1.

Proposition 8.5. There exist C2-uniform constants 51 = 61(f) > 0, K1 = K1(f) €
(0,1) and Ry = R1(f) > 0 such that for any 6 > 0, for any o € (0,61), for any point
xo € M satisfying Ry (f, B(x,100)) > Ry, there exists a partially hyperbolic diffeo-
morphism g € F such that dor(f,g) < 6 and such that for some &' = §'(xg,g) > 0,
we have x ¢ T9 (), for all x € W]Cc(xo,f(lo) and for all h € F with dci(g,h) < ¢'.
In particular, the center accessibility class Cp(x) of each point x € W$ (o, Ki0) is
at least one-dimensional.

Remark 8.6. In order to deal with all the points in a given center disk, the idea
is to increase the codimension of “bad” configurations; this is done by considering
two 4 us-loops at each point in the center disk, and show that we can construct a
perturbation in such a way that for each of those points, at least one of the endpoints
of the 4 us-loops is not the original point.

Proof. Fix some small § > 0, let ky := 2, and let K, := Ko(f) € (0,1), 61 :=
5o(f,2) > 0, Ry := Ro(f,2) > 0 and &, := do(f,r,8) > 0 be the constants given
by Corollary 6.13. Let us take o € (0,51), and let us consider a point xy € f‘g)c(a)
satisfying R (f, B(xo,100)) > Ry.

By Corollary 6.13, for n := n(zg) = 2, there exists a continuous map f‘?(d) N
W]‘i(xg,f(la) > x = 7* such that 4% = {y*(t) = [z, 2{(t), 25(t), 25 (1), 2] }repo,1) Is @
continuous family of 4 us-loops at (f, z), with £(y*) < o, such that 4*(0) is trivial, for
k=12, ’yx(g) is a non-degenerate closed us-loop, and there exists a C" deformation
f: B(Oga,01) x M — M at f with 4-parameters, so that supp(f) € B(zo, 100), and
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such that the map

o { B(0g1,81) x ( %o )ﬁWf(ajo,Kla)) & RY=R?xR?
(b,z) — (@D (b, z),®? (b, 2))
is continuous and satisfies
|det Dylp=0(®(-, x))| > Fo,
for some C2-uniform constant &g = #o(f,2) > 0. Recall that IIS: M — R? is
the map given by Lemma 4.5, T = T(f), Yy = U(T,z,7%), and ®F) (. 1) =

TS0 (2, §), for b= 1,2,

By Lemma 2.7, we can extend the map z — ~* = {¥*(t)}icp,1) to all the
points x € W]Cc(xo,fﬁa) (note that for x € W}:(ZEQ,KlJ) \ f?(a), the us-loops
’y%%), ~*(1) may not be closed). Considering the associated maps ¥, = (T, x,7")
and &) (-, z) = T4, (-, z, 2) for k = 1,2, we can thus extend ® to a map

B(Og4,01) X Wi(x0, K10) — R*=R2? x R?
P f
(b,z) = (@D (b,x), @) (b, z))
such that )
|det Dy[p=o(®(-,2))| > 0.

Take § > 0 suitably small, and let
U W%((Ovl'o)»g) — RG = R2 X Rg X RQ,
' (b,z) + (T(z), 2D (b, z), ®3) (b, z)).

For any point = € W}:({EU, f(la), the map ®(-, x) is a submersion, and thus, the map
V¥ is uniformly transverse to the diagonal

Yo :={(z,2,2) : z € R?} C RS,
Therefore, ¥~ (%) is a submanifold of codimension 4. Let 7p: WT((O, 10),0) = R,
(b,z) — b. Let b € B(Oga,01) \ 75 (T71(%0)), and let g := f, := f(b,-) € .Z. Then,
for any x € W}:(xo,ffla), we have V((b,z)) ¢ 29’ ie., ¥y(b,z,3) € Cy(z) \ {z} or
V(b x,1) € Cy(x) \ {x}. We conclude that = ¢ I') (o).

Actually, the same holds for any diffeomorphism A that is sufficiently C'-close
to g. Indeed, for any x= € chc(azo,Kla), let ~¥, 75 be the 4 us-loops at (g,x)

coming from fyz(%), ~v*(1), with respective endpoints 1, (b, x, %), Yz (b,z,1). For
any diffeomorphism h which is C'-close to g, we let ’ylw’h, Yo " be the respective
continuations of 4{, 75 given by Lemma 2.7, and we set

U(h,z) := (H;(x),HiHhﬁf,h(:U),Hthﬁg,h(x)).

By our choice of b, and by compactness, there exists g > 0 such that
d(U(g,z),%0) = d(¥ (b, z),50) > €o,

for all x € WJ‘E(:UO, K0). Thus, there exists & > 0 such that for any diffeomorphism

h with dei (g, h) < &, and for any = € W (xo, K10), it holds

d(V(h,z), o) > %0 > 0.
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Therefore, H, oh (z) € Cp(z) \ {z} or H, Loih (z) € Cp(z) \ {z}, so that = ¢ TV (o),
s 11 312
which concludes the proof. [l

We can now give the proof of Theorem B.

Corollary 8.7. There exists a C*-uniform constant 61 = 61(f) > 0 such that for
any o € (0,61), and for any 6 > 0, there exists a partially hyperbolic diffeomorphism
g € F such that dor(f,g) < 0 and such that for some (%,4)-spannmg c-family Dy
for g, it holds = ¢ fg(a), for all C € Dy, and for all x € 2—10C. In particular, the
center accessibility class Cy(z) of each point x € M is non-trivial.

Proof. Fix some small 6 > 0. By Kupka-Smale’s Theorem (see for instance [K]),
C"-generically, periodic points are hyperbolic. Therefore, without loss of generality,
we can assume that the fixed points of f* are isolated, for all k > 1.

Let 61 = 61(f) > 0, Ky = K1(f) € (0,1) and Ry = Ry(f) > 0 be the constants
given by Proposition 8.5. For R > max(R;,1),let N = N(f,R) >0, p=p(f,R) €
(0, Ril) and & = &(f, R) > 0 be the constants given by Proposition 8.4. Then, there
exists a constant d(, € (0,0) such that for any diffeomorphism g with dei(f, g) < 97,
there exists a (ﬁ, 4)-spanning c-family D, for g with at most N elements such that
the map g — D, is continuous, and

p<r(D) <T(Dy) <R  Dyiszsparse;  Rulg.(Dy,7)) > R

Take o € (0, min (61, 1%)), and let z1, 2o, ..., 2, £ > 1, be a finite collection of points
such that for any diffeomorphism g with doi(f, g) < &, we have g € .F, and

¢

1 . -

(8.1) U 53¢ € U W§(zi, K10) C (Dg, 100).
CeDy =1

As o € (0,61) and Ry (f, B(z1,100)) > Ry, we can apply Proposition 8.5 to get a

diffeomorphism f; € . such that for some ¢} € (0,0'(21, f1)), it holds Ber(f1,67) C

Ber(f,6), and = ¢ F%(O’), for all z € Wj‘z’(zl,Kla) and for all h € Ber(f1,07).

Similarly, as Ri(fi,B(z2,100)) > Rj, we can apply Proposition 8.5 to get
a diffeomorphism f, € # such that for some 8 > 0, it holds Ber ( fa, 8) C
Ber(f1,61) € Ber(f,0)), and z ¢ I') (o), for all z € W§(z2, Kio) and for all
h € Ber(f2,0%); in fact, as Ber(f2,05) C Ber(f1,07), we have z ¢ f‘?b(a), for
all z € W]Cc(zl,Kla) U W;(ZQ,Klo').

Recursively, we thus obtain a diffeomorphism g = f; € & such that dcr (f,9) <
8y < 6 and such that z ¢ I')(0), for all 2 € Wi(z1, Kio) U -+« UW§(2, Kv0o). By
(8.1), we conclude that for each C € Dy, and for each z € 55C, we have = ¢ fg(a).
In particular, as Dy is a (%, 4)-spanning c-family for g, the center accessibility class
Cy4(z) of each point x € M is non-trivial. O

Remark 8.8. In fact, Corollary 8.7 also holds when the center dimension dim EJCc
is larger than 2. Indeed, the proof relies on the submersion from the space of per-
turbations to the phase space — here, some center leaf — constructed in Lemma 6.12
and Corollary 6.13, which can be carried out also when dim E’Jcc > 2.
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8.3. Density of accessibility. In this part, we conclude the proof of Proposition
8.1. Let us start with the following result, which strengthens Proposition 7.2.

Proposition 8.9. There exist C%-uniform constants o = G2(f) > 0, Ky = Ka(f) €
(0,1) and Ry = Ry(f) > 0 such that for any 6 > 0, for any o € (0,62), for any point
xo €M satisfying Ry (f, B(20,100)) > Ra, there exists a partially hyperbolic diffeo-
morphism g € F such that dcr(f,g) < and such that for some §" = §"(xg,g) > 0,
it holds Accy,(x0) D B(xo, Ka0), for all h € F with dea(g, h) < 6"

Proof. Fix some small § > 0. Let 6 = &1(f) > 0, K1 = Ki(f) € (0,1) and R, =
Rl(f) > 0 be the constants in Proposition 8.5. Let zg € M be a point satisfying
Ry(f, B(x0,100)) > R, for some R > R; and ¢ € (0,51), and take K € (0, K;).
Then, by Proposition 8.5, there exists a partially hyperbolic diffeomorphism f; € %

such that der(f, f1) < % and such that for some ¢’ € (0, g), we have z ¢ fg(a), for
all 2 € B(xz, Ko) and for all g € .Z with dei(f1,9) < 6.

In the following, for any z € I’é nwWg (xo,f(a), we denote by TI¢: M — R? the
map in Lemma 4.5 for the diffeomorphism f;. By Proposition 4.7 and Proposition

4.4, if ¢ is sufficiently small, then for any g € .# with dei(f1,9) < ¢’ and for any
x € F}J NW§ (2o, Ko), it holds

(8.2) Cy (w, 100) C G,

for some cone ) centered at Ogz; as in Section 5, we let ¢ := (R?\ 1) U {02},
and let €T, €~ be the closures of the two connected components of € \ {Og2}. For
any x € W§, (20, Ko), we let 4% = [z, 0%, ..., w¥], resp. 7& = [z,0%,...,w%] be the
non-degenerate closed 10 us-loop, resp. non-degenerate closed 10 su-loop at (f1,x)
given by Lemma 5.3 for f; in place of f, with

(8.3) (Iwf, Mws) € (€T x€7)U (€ x€T).

In the following, we will define a new deformation f' obtained by considering in-
finitesimal deformations localized near the points af and o3 for x € W§ (o, K o).
Arguing as in Lemma 6.12, for x = 1,2, we can construct an infinitesimal C" defor-
mation at fi with 2-parameters V, : R2 ><M — T'M such that supp(Vs) C B(zg, 100),
and such that for some constants C > 0, & > 0, we have: for any = € Wi (o, Ko),

(1) V, is adapted to (77, o, C, R);
(2) for any corner z # af of 47, it holds

Dp(7.Vi(B,z)) =0,

where 7.: TM — EJ? denotes the canonical projection, and
k

[det: D (wVi (B, (1))

> R.

Indeed, for x = 1,2, as the map W (zo, Ko) 3 2+ ~* is continuous, and by (5.2),
we can construct the infinitesimal deformation V, such that the supp(V) is localized
around the set {af}, of the first corners of the loops 7.

Let then V: R* x M — TM be the infinitesimal C" deformation defined as

V(B,) = B'Wi(") + B*Va(-), VB =(B',B?) eR*x R
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In particular, V' satisfies supp(V') C B(zo,100), for any z € W§ (z0, Ko), V is
adapted to (7{,0,C, R) and (75, 0,C, R), and for any corner z # af, of of v{, 73,
Dp(r.V(B,z)) =0,

while for By :=R? x {Op2}, B2 := {Og2} x R?, we have

(8.4) det (E. 5 B Dp(rV (B,af)))| > &, +=1,2

For some small §; > 0, let us consider the C” deformation f: B(Ogs,d1)x M — M
at f1 with 4-parameters generated by the infinitesimal C” deformation V. As before,
for any b € B(Ogs,01), we set fy := f(b,-). By (8.2), if 1 and o are sufficiently small,
then for all b € B(0Ogs,01), and for all z € ¥(0) := F}b NW3, (20, Ko), it holds

(8.5) H;Cfb(x, 100) C 6.

Let T =T(f) be asin (6.1). We denote by A4{, 45 the respective lifts of 4 and 73
for T according to Definition 6.5. By (8.4), thanks to Proposition 6.11, and arguing
as in Corollary 6.13, we obtain:

Lemma 8.10. The map
o B(Oga, 81) x W5 (29, Ko) — R'=R?x R
' (b,2) = (TWeHrs; (b,2), g Hy 55 (b,2))
satisfies
(8.6) | Dolo=0® (-, ) — Dolo—o®(-,y)| < plo),  Va,y € W (20, Ko),
for some function p: Ry — Ry such that liII[l) p(o) =0, and there exists k > 0 such
o—

that for any x € W§ (w0, Ko), it holds
(8.7) |det Dplp—o(®(:, z))| > k.

Indeed, for » = 1,2, since the map W5 (zo, Ko) 3 & — 4% is continuous, it follows
from Lemma 4.1 and Corollary 4.3 that the partial derivatives of the holonomies

Hr s with respect to b are uniformly close, for all z € ch”l (ZC(),I? o). Hence, by

the definition of ®, and by Proposition 6.11, the maps {®(-,z)} are

xEW}Jl (xo,l?a)
uniform submersions, which gives (8.6) and (8.7).
By (8.3), for each z € W5 (o, Ko), we have
®(0,z) € (6" x€)U (€ x€T).
Let us denote by ST, resp. S~ the set of all points x € Wi (:Uo,f(a) such that

®(0,2) € €T x €, resp. (0,x) € €~ x €, so that STUS™ = W]Ccl(xo,l?a). By
(8.6)-(8.7), there exists a perturbation parameter b € B(0Oga4,01) such that

IS Hyqe(b,z) € 6,5 =€\ {Oge}, forallzeST,

I3 Hrsg(b,x) € €, =€ \{0ge}, forallzeS .
As STUS™ = W (o, Ko), we deduce that for each z € W (o, Ko),

either IIZHrse(b,x) ¢ 61, or HgHrs:(b,x) & 6.
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By (8.5), we deduce that Xy(0) =0, i.e., F}b = (). Therefore, by Theorem 2.10, the

accessibility class Accy,(z) of each point z € W§ (z0, Ko) is open. Moreover, if
is sufficiently small, then by construction, the diffeomorphism g := f;, satisfies

dCT(fv.g) < dC"(fa fl) + dC”"(flvfb) < 53
which concludes the proof of Proposition 8.9. O

Proof of Proposition 8.1. Fix § > 0 arbitrarily small. Let &5 = Go(f) > 0, Ky =
Ky(f) € (0,1) and Ry = Ry(f) > 0 be the C?-uniform constants given by Proposi-
tion 8.9. By Proposition 8.4, there exist C'-uniform constants N = N(f, Ry) > 0,
p = p(f,R2) € (0,Ry") and 7 = &(f, Ry) > 0 such that for all diffeomorphism g

sufficiently C'-close to f, there exists a (ﬁ,él)-spanning c-family Dy for g with at
most N elements such that

(1) B < 1(Dy) <T(Dy) < RyY;
(2) Dy is o-sparse;
(3) Ri(g, ('Dg,ﬁ)) > Rs.
and such that the map g ~ D, is continuous. Let o € (0, min(52,7)). By

» 10
compactness, we can take a finite collection of points x1,...,x,, € M such that

m

%Df cU:= HB({BZ‘,KQO') C (Df,ﬁ)

Note that x; € M satisfies Ry(f, B(x;,100)) > Ry, for each i € {1,...,m}. There-
fore, we can apply Proposition 8.9 inductively to get a partially hyperbolic diffeo-
morphism g € .Z such that dcr(f,g) < 6 and such that Accy(z;) D B(z;, Ka0), for
all i € {1,...,m}. By connectedness of the disks in Dy, each center disk in the fam-
ily 2—10Df is contained in a single accessibility class for g. Moreover, if § is sufficiently
small, and by continuity of the map h — Dy, each center disk in the family %DQ
is contained in a single accessibility class for g. As D, is a (ﬁ, 4)-spanning c-family

for g, we deduce that g is accessible, as wanted. [l
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