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LOCAL MINIMALITY OF RY-VALUED AND SY-VALUED

GINZBURG-LANDAU VORTEX SOLUTIONS IN THE

UNIT BALL BV

RADU IGNAT AND LUC NGUYEN

ABSTRACT. We study the existence, uniqueness and minimality of criti-
cal points of the form me ,(x) = (fe,(|z]) 57, 9=.n (|2])) of the functional

1 1 1
E. lm] = /BN (319 + 5oz = )+ gz da

for m = (ma,...,mn,mns1) € H'(BY, RN with m(z) = (,0) on
OBY. We establish a necessary and sufficient condition on the dimension
N and the parameters € and 7 for the existence of an escaping vortex
solution (fen,9ge,n) with g, > 0. We also establish its uniqueness
and local minimality. In the limiting case n = 0, we prove the local
minimality of the degree-one vortex solution for the Ginzburg—Landau
(GL) energy for every e > 0 and N > 2. Similarly, when ¢ = 0, we
prove the local minimality of the degree-one escaping vortex solution to
an SY-valued GL model in micromagnetics for all n>0and 2 < N <6.
Keywords: minimality, stability, uniqueness, Ginzburg—Landau vortex.
MSC 2020: 35Q56, 35B25, 35B35, 35J20, 35J50.
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2 RADU IGNAT AND LUC NGUYEN

1. INTRODUCTION

The minimality of the degree-one vortex solution for the Ginzburg-Landau
system in the unit ball BY ¢ RY in dimension 2 < N < 6 is an important
open question for which a rich literature is available. In dimension N > 7,
this has been proved recently in a joint work of the authors with Slastikov
and Zarnescu [28]. In this paper, we address the local minimality of this
solution. Motivated by the theory of magnetic materials, we also consider
the local minimality of a similar vortex structure taking values into the
unit sphere SV. Our strategy is to treat the local minimality of the vortex
solution for an extended model of which the previous two models are special
limit cases.

We introduce first the Ginzburg-Landau (GL) functional

1 1
EGL — - 2 - 1— 2 d
i) = [ [5I90R + 55wl - )] do.

where ¢ > 0, W (t) = % and u belongs to the set
# = {ue H'(BY,RY) : u(z) = z on BV},

The functional EgGL has a unique radially symmetric critical point of the
form (see Definition and Lemma in Appendix [A))
x

(1.1) us(z) = fo(r)n(z) € %L, n(z) = o= ||,

where the profile f; is the unique solution to the ODE (see e.g. [22] 24])
N-—-1 N-—-1 1 .

(12) - =W f2)f i (0,1),

(13) L) =1

Note that f-(0) = 0 (see Lemma. Here a map uerir € <L is said to be a
bounded critical point of EST if ug.;y € L°(BYN,RN) and (DES [uerit], o) :=
%‘tZOEEGL[um-t +tp] = 0 for all p € C(BY \ {0}, RY) (which is dense in
HY(BN,RY)), and is said to be a radially symmetric critical point of ES if
Uerqt 18 Tadially symmetri(ﬂ in the sense of Deﬁnitionand <DEEG Lltterit], @)
=0 for all ¢ € C°(BY \ {0},RY). By Lemma radially symmetric crit-
ical points of EST are bounded.

The map u. in , called the (RN -valued) Ginzburg-Landau vortex so-
lution of topological degree one, can be considered as a regularization of
the singular harmonic map n : BY — SNV=1 given by n(x) = I%\ for every
x € BN, which is the unique minimizing SV ~!-valued harmonic map for
N > 3 within the boundary condition n(z) = x on 9B" (see Brezis, Coron
and Lieb [9] and Lin [34]). It is not hard to see that, when ¢ is sufficiently
large, EEGL is strictly convex and so u. is the unique bounded critical point
of EST in &/CL for every N > 2 (see e.g. [7] or [29, Remark 3.3]). In

1By Lemma radially symmetric maps in H*(BY,R") belong to L{2, (BN \ {0}, RY).
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dimension N = 2, Pacard and Riviere showed in [39] that, for small € > 0,
ue is the unique critical point of ESL in &/CL; however, whether u, is the
unique minimizer of EEGL for all € > 0 remains an open question. In di-
mensions N > 7, it was shown in a recent work of Ignat, Nguyen, Slastikov
and Zarnescu [28] that u. is the unique minimizer of EST in o/GL for every
e > 0. It is not known whether u. minimizes E* in /%" in dimensions
3 < N < 6 when ¢ is small.

A different way to regularize the singular harmonic map n is to add an
(N + 1)-st direction in the target space while keeping the constraint of unit
length and minimize

1 1
MM 2 2
B M [m] = /BN me] + 2772W(mN+1) dx

where i > 0, W (t) = t and m belongs to
MM — L e HY(BY,SY) : m(z) = (x,0) on 9BV}

This model comes from micromagnetics where the order parameter m stands
for the magnetization in ferromagnetic materials (see [18] )EL and also the
Oseen-Frank theory for nematic liquid crystals (see [5]). Considering radially
symmetric critical points of E,]7W M in a7MM one is led to (see Appendix )

(1.4) my(x) = (fy(r)n(z), gy(r)) € /™M
where the radial profiles fn and g, satisfy
(1.5) fPtgi=1 in (0,1),
and the system of ODEs:

s N—-1, N-1;: P
(16) 7,7/ + r f1/7 - ’I"2 f77 = _)\(T)fn m (0’ 1)7

N -1 1 - )
(1.7) g+ =0 = ?W’(gi)gn —A(r)g, in (0,1),
(1.8) fn(l) =l and gy(1) =0,
where
N

- —1- 1 -~
(1.9) Ar) = (f)*+ —5—F7 + (9,)" + ﬁW’(Qﬁ)gﬁ
is the Lagrange multiplier due to the unit length constraint in 7™M

2There is also a thin-film regime different from [I8] where in the reduced micromagnetic
model in dimension N = 2 (see e.g. [I4], Section 4.5] or [23] Section 7]), after a rotation by
Z in the first two components, the condition V x (m1,mz2) = 0 is imposed in the space of
admissible configurations in @/™™ . Note that the vortex solution m,, in satisfies the
above curl-free condition and we will prove its local minimality in the larger class of H{
perturbations (that are not necessarily curl-free in the in-plane components). A related

model appears in the study of the cross-tie walls, see [4].
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REMARK 1.1. We will see in Lemma that solutions to — satisfy
the dichotomy: either f,(0) = 0 or f,(0) = 1. Furthermore, in the latter
case, it holds that N > 3 and (fn = 1,9, = 0) in (0,1), which corresponds
to the equator map

m(x) = (n(zx),0).

In dimension N > 7, m is the unique minimizing harmonic map from BN
into SN in MM (Jiger and Kaul [30]; see also [29, Example 1.6]), and so
is the unique minimizer of E%M in o/ MM for every n > 0.

We will focus on “escaping” solutions m,(z) = (f,(r)n(z), +g,(r)) satis-
fying g, > 0 in (0,1) which exist only in dimension 2 < N < 6 (see Theo-
rem . More precisely, we will show in these dimensions that, for every
n > 0, there exists a unique solution (fmgn) with g, > 0in (0,1) of the sys-
tem ([L.5)—(L.8) and we call the two configurations m,, = (fo(r)n(x), 295 (r))
c MM the escaping (S"-valued) Ginzburg-Landau vortex solutions, or
simply the micromagnetic vortex solutions. In addition, the micromagnetic
vortex solutions m,, have lower energy than the equator map; in particular,
the equator map is no longer a minimizer of E,];/[ M in oMM (see Proposi-
tion . It is not known whether the micromagnetic vortex solutions m;,
minimize E,QWM in oMM in dimension 2 < N < 6.

The goal of this paper is to study the local minimality of the vortex
solutions u. and m, with respect to EST over the set «/¢L and E,]]V[M
over the set @MM respectively. We will in fact consider C? potentials
W : (—00,1] = [0,00) and W : [0,00) — [0, c0) more general than the ones
described above. We make the following assumptions:

(1.10) W(0)=0,W(t) > 0,W”(t) >0 in (—oo, 1]\ {0},
(1.11) W(0) =0,W(t) >0, W (t) > 0in (0,00).

We point out that implies that W’(0) = 0 and tW’'(¢) > 0 in (—o0, 1]\
{0}. Likewise, implies that W’(0) > 0 and W'(t) > 0 in (0,00).
However, we allow the possibility that W or W are zero in a neighborhood
of the origin. This leads to new difficulties as well as new behaviors of
solutions; see for example Proposition [B.1](ii).

Under assumptions and for W and W, we will prove the
existence and uniqueness of the radial profiles f. and ( fn, gn) with g, >0
solving f and 7, respectively. See Theorems and
where the global minimality of these solutions in the class of radial symmet-
ric maps is also established. For these unique radial profiles, we will continue
to refer to the maps uc(z) = fo(|z|)n(x) and my,(z) = (f,(r)n(z), g,(r)) as
the RV -valued and S"V-valued Ginzburg-Landau vortex solutions. Our main
results concern the local minimizing property of these vortex solutions, in
particular the positive definiteness of the second variation at those solutions
(see Section |3 for the definition).
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THEOREM 1.2. Let W € C?((—o0,1]) satisfy (1.10). For N > 2 and every
e > 0, the RN -valued Ginzburg—Landau vortex solution u.(x) = f-(r)n(x) is
a local minimizer of ES in o/ %Y with a positive definite second variation.

THEOREM 1.3. Let W € C2([0,00)) satisfy (L.11). For2 < N <6 and every
n > 0, the escaping SN -valued Ginzburg-Landau vortex solution my(z) =
(fo(r)n(x), go(r)) with g, > 0 is a local minimizer m, of E,zv\/[M in o MM
with a positive definite second variation. For 3 < N < 6 and every n > 0,
the equator map m = (n(x),0) is an unstable critical point of E,éVIM in o/ MM
and Ef]\/[M(mn) < Eé‘“/f(m)

REMARK 1.4. (a) In Theorem[1.5, we can replace ([L1.11]) by
W e C%([0,1]), W(0) = 0, W (t) > 0, W"(t) >0 in [0,1],

since any such function W can be extended to a function satisfying (1.11]).
(b) In dimension N = 2, the equator map m ¢ H'(BYN,SV), so m ¢
MM - However, the second variation of Ef,VIM at m can still be defined and

it is negative in a certain direction compactly supported in BN \ {0}, leading

to the instability of m also for N =2 (see (2.27))).

In the R¥-valued Ginzburg Landau case, when N = 2, Theorem [1.2
was proved by Mironescu [36] for W (t) = % Also when N = 2, the non-
negativity of the second variation was proved by Lieb and Loss [33] for
potentials W which are strictly increasing and convexﬂ in [0, 1]. In dimension
N > 7, the global minimality of the vortex solution was proved by Ignat,
Nguyen, Slastikov and Zarnescu [28, 29]. When the domain is RY (instead
of BY), the local minimality of the entire vortex solution (in the sense of De
Giorgi) was obtained in Mironescu [37] for N = 2, Millot and Pisante [35]
for N = 3, and Pisante [40] for N > 4. For the stability of the entire vortex
solution, see Ovchinnikov and Sigal [38], del Pino, Felmer and Kowalczyk
[13] for N = 2, and Gustafson [19] for N > 3.

In the micromagnetic case, in dimension N = 2 and for W (t) = t, The-
orem was proved by Hang and Lin [20]. For dimension N > 7, see
Rema See also Li and Melcher [32] for related stability analysis in the
study of micromagnetics skyrmions.

More generally, we consider a family of extended energy functionals E. ,
depending on two positive parameters e, of which EgGL and E,]ZVIM are
limiting cases:

1 1 1 -
E. ,im] = /BN b\Vm]Q + Z—EQW(l — \m]Q) + WW(m?VH) dr, &,m1>0,

where W and W satisfy (1.10)-(T.11)) and m belongs to
o ={me H (BN, RN . m(z) = (2,0) on dBV}.

3See Remark for a related comment for E. ,.
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Under suitable conditions on W (e.g. W (t) > 0 for t > 0), it can be shown
that for a fixed € > 0, minimizers of E. , in &/ converge in H 1 to minimizers
of ESF in &/%" as ) — 0. Likewise under suitable conditions on W, for a
fixed > 0, minimizers of E., in & converge in H! to minimizers of E,]]V[ M
in oMM as ¢ — 0. We hope that having a good understanding on critical
points of E.; would lead to new insights on the open problem concerning
of the minimality of the vortex solutions u. and m,,.

We define a map meiy € & to be a bounded critical point of E., if
Mg € L®(BN, RN and (DE. y[merit], @) i= 5 |,_Bemlmerit + ] = 0
for all ¢ € C°(BN \ {0},RN¥*1)) and to be a radially symmetric critical
point of E., if me. is radially symmetric in the sense of Deﬁnition‘ 1
and (DE; ,[merit], @) = 0 for all ¢ € C2°(BN \ {0}, RV*1). By Lemma [2.7
radially symmetric critical points of E. , are bounded. Radially symmetric
critical points of I, ; in &/ take the form

(1.12) (fen(r)n(), ge (1)) € o
where (fz ), ge,n) satisfies the system of ODEs

N -1 N
1 /
(113)  foy+ ——fen —

N -1 1 1 -
(L14) gy + =gl = —5W'(1 - f20 = 920)9em + ?W'(gf,n)ga,n,
(1.15)  fen(1) =1 and g.,(1) = 0.

Note that the above implies f; ,(0) = 0 and g_,(0) = 0 (see Lemma [A.5).
Of special interest to our discussion will be solutions to l)
satisfying the sign constraint g., > 0 in (0,1). It is easy to see by the
strong maximum principle that either g., = 0 or g.,, > 0 in (0,1). When
gey = 0, we obtain an n-independent solution given by (f:,0) where f. is

the unique radial profile in (|1.1)—(1.3)). We will sometimes refer to (fc,0) as
the non-escaping solution to (1.12)—(1.15)) and

ms(x) = (fs(r)n(l‘)a 0)

as the non-escaping (radially symmetric) critical point of the extended en-
ergy functional E., in /. In contrast, we refer to solutions (f:,g.y) of

(1.12)—(L.15)) with g., > 0 as escaping solutions and the corresponding maps
ms,n(x) = (fa,n(r)n($)7iga,n(r))

a&ﬁ escaping (radially symmetric) critical points of the extended energy func-
tional F. , in «/. The escaping phenomenonﬂ refers to the positivity of g. .
We will prove that such escaping solutions satisfy f., > 0 in (0,1), see
Proposition [2.10

-1 1
7"2 f€y77 = _E?W,(l - f€2,77 - gg;r])fc’,na

“When discussing escaping and non-escaping critical points, we will drop the term
“radially symmetric” as we only study here radially symmetric critical points.
5For more about escaping phenomena in the context of harmonic maps, see e.g. [0].
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There exists a sufficiently large e, such that E., is strictly convex for
all e > g, and n > 0 and so m. is the unique critical point and hence the
unique global minimizer of E. , in &/ if N > 2. In dimensions N > 7, it
follows from [28, Theorem 2]E| (compare [29, Theorem 1.7]) that m.(x) is
the unique global minimizer of F., in &/ for every € > 0. In dimension
2 < N <6 and for small € > 0, it is not known if a solution to f
satisfying g. , > 0 gives a global minimizer of F. , in &/. Our next theorem
concerns the existence, uniqueness and local minimality of these solutions.
See Figure [I}

THEOREM 1.5. Let N > 2, W € C?((—00,1]) and W € C?([0,00)) satisfy

and .

(a) Thereis at most one escaping critical point me y(x) = (fen(r)n(x), gey(r))
of Ee ) in & with g-, > 0. Moreover, if such escaping critical point ex-
ists, then it is a local minimizer of E , in o/ with a positive definite sec-
ond variation, and the non-escaping critical point m.(x) = (fe(r)n(x),0)
is unstable for E.,.

(b) An escaping critical point me,(x) = (fen(r)n(z), gen(r)) with g > 0
exists if and only if 2 < N <6, W/(1) >0, 0 < e < gy and n > no(e)
for some €9 € (0,00) and a continuous non-decreasing functiorﬂ Ny -
[0,e0) — [0,00) with 1np(0) = 0.

(¢) In the absence of an escaping critical point me ,(x) = (fe(r)n(z), gen(r))
with g., > 0 for E.,, the non-escaping solution m.(z) = (f-(r)n(z),0)
is a local minimizer of E., in &/ with a positive definite second vari-
ation unless 2 < N < 6, W/(1) > 0, W'(0) > 0, 0 < & < e and
n = no(e). Moreover, in the latter case, the second variation of E., at
me 18 non-negative semi-definite with a one-dimensional kernel gener-
ated by (0,q.) € C*(BN,RN*1) for some positive smooth function q. > 0
in BN with g. =0 on 0B

A main part of our paper concerns the local minimality of vortex solutions.
Let us explain our strategy for the Ginzburg—Landau model. We establish

ES [ 4] > EST [ug] + c||v]|3p for ue +v € /O ||o|gn < 6,

for some small ¢ > 0 and § > 0. This draws on a careful study of the
second variation of ES at u. based on a separation of variables and a Hardy
decomposition technique [25]. To separate variables, we first decompose v =
sn + w where w -n = 0, and then, for each 0 < r < 1, we use the Helmholtz
decomposition to write w = w + Dy on OB, where w is a divergence-
free vector field on OB, and I is the gradient operator. In the context of
Ginzburg—Landau theory, our use of the Helmholtz decomposition appears
new in dimension N > 3. The contribution of w to the second variation
is treated at once using the sharp Poincaré inequality in Appendix [C] and

6m [28], beside the convexity of W, it is assumed that W is positive away from 0; but
it can be seen from the proof there that non-negativity W > 0 is sufficient as in ([1.10]).
"For more about €o and 7o, see Lemma c) and Remark
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the Hardy decomposition technique. Finally, we decompose s and % into
spherical harmonics and treat them using again the Hardy decomposition
technique with special choices of factoring functions.

FIGURE 1. Radial critical points of the extended functional E. ,
when W’(1) > 0 and W’(0) > 0. In the escaping region, there is
a co-existence of non-escaping and escaping critical points. In the
non-escaping region, only the non-escaping critical point exists.

Ui

@ Escaping region

1 Q Non-escaping region

An important point in proving our results resides in the analysis of the
radial profiles f., (fy,9y) and (f:,ge,,) for general potentials W and W
that goes beyond the existing (very rich) literature. For example, the choice
of factoring functions in our use of the Hardy decomposition technique is
based on the positivity and monotonicity of (a-priori, nodal solutions) f, fn
and f;,. The proof uses the moving plane method for cooperative systems
[12, 16, 42]. A novel part of our argument is in the fact that cooperativity
is obtained alongside the application of the moving plane method. Another
issue is the uniqueness of the radial profiles, which is proved again using the
Hardy decomposition technique that handles the nonlinear part in the ODE.
This analysis enables us to show the dichotomy of escaping vs. non-escaping
critical points in the extended model introduced here for the first time.

The rest of the paper is organized as follows. In Section [2] we establish
the existence and uniqueness of vortex radial profiles and discuss their min-
imality within radially symmetric configurations. In Section [3| we analyze
their stability and give the proof of the main theorems. We include also four
appendices on some miscellaneous results.

Acknowledgment. R.I. thanks the Mathematical Institute and St Edmund
Hall, University of Oxford and L.N. thanks the University of Toulouse where
part of this work was done.

2. EXISTENCE AND UNIQUENESS OF VORTEX RADIAL PROFILES

We study existence and uniqueness properties of radially symmetric crit-
ical points of EEG L Eé” M and E. ;. We define the following reduced energy
functionals relevant in the discussion of radially symmetric critical points in

AL MM and of (see Appendix .
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e The reduced R¥-valued Ginzburg Landau functional

IEH(f] = e EEH S (aln)

1t N-1 1
:2/0 (724 2= 4 W= )Y dr

where f belongs to 21 = {f : T¥f',7“¥f € L*(0,1), f(1) = 1}.

e The reduced SV-valued Ginzburg-Landau functional:

11,0 = = By M (). )]

where (f,g) belongs to ZMM = {(f,g
L*(0,1), f*+g¢*=1,f(1) =1,9(1) =0

e The reduced extended functional

L,lf.g) = |SN11|Ea,n[(f(7“)TZ(fv)79(7’))]

) —

N -1
r2

1 1 1= -
P SW = 2= g) + SW(gh)] ™ ar

1
_ N\ 2 N2
=5 [ [erewr+ -
where (f, g) belongs to Z = {(f,g) : r%f’,r¥f, r%g’, T%g € L*(0,1),
f(1) =1,4(1) = 0}.

Note that (f, g) € % if and only if m(z) = (f(r)n(z), g(r)) € H' (BN, RN+
with m(z) = (2,0) on dBY, in which case,
! N-1
[ 1vmde =851 [ [+ g S
BN 0 r

It is straightforward to check that bounded critical points of I, EGL , If]\/[ M and

I, correspond to bounded radially symmetric critical points of EEG L E,]]V[ M
and E. ), respectivelyﬁ

The R¥-valued Ginzburg-Landau model. We prove the following:

THEOREM 2.1. Let N > 2 and W € C?%((—o0,1]) satisfy W(0) = 0 and
W > 0. Then, for every e > 0, (1.2)—(1.3) has a solution f. such that
e ¢([0,1]), 0 < f. < 1in (0,1), and f-(0) = 0. If, in addition, W

satisfies (1.10), then f. > 0 in (0,1] and f. is the unique solution to (1.1])-
(1.3); in particular, f. is the unique minimizer of IS in BT,

8In this radially symmetric setting, when W and W satisfy ([.10) and (T.11)), the
boundedness assumption on critical points can be dropped, in view of Lemma
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REMARK 2.2. The existence and uniqueness of the vortex radial profile for
the RN -valued Ginzburg-Landau model has been studied by many authors.
Closely related to our result above is a result in [28] which gives the unique-
ness in dimensions N > 7. Earlier results in [2, 11, 15, 22, 24] are for all
dimensions N > 2 but assume the inequality W"(0) > 0, while Theorem
above allows the case W"(0) = 0.

Let f. be the radial profile in Theorem Note that (fz,0) is the non-
escaping critical point for the extended functional I ;, for any n > 0. For the
existence of escaping solutions in the extended model, we give an estimate
on the first eigenvalue £(g) of

1
(2.1) L& = —A - SW'(1 - f2)
3

in BN with respect to the zero Dirichlet boundary condition. Note that since
the potential E%W’ (1 — f2) is radially symmetric, any first eigenfunction of
LEL is also radially symmetric. It is clear that, under , we have
{(e) > —W'(1)e2 for every £ > 0.

LEMMA 2.3. Let W € C?((—o0,1]) satisfy (I.10). Then £ is a continuous
function in e with
(2.2) e2l(e) > E%() for all 0 < & < & < o0,
and the following estimates hold.
(a) If W'(1) =0, then W =0 in (0,1), LEL = —A and
l(e) = M(—=A) >0 for all e > 0,
where A\{(—A) is the first eigenvalue of the Laplacian on BN with respect
to the zero Dirichlet boundary value.
(b)) If N >7,
(N —2)?
4
(¢c) If 2 < N < 6 and W/(1) > 0, then there exists 9 € (0,00) such that
l(e) < 0 and increasing in (0,£0), £(co) = 0 and £(g) > 0 in (g9, 00).
Furthermore, for some €1 € (0,£¢) and ¢; € (0, W'(1)),
w'1)
2

le) > — (N —=1)>0 for alle > 0.

C1
2 < le) < 2 fore € (0,e1).

The extended model. We are now in position to give a necessary and suf-
ficient condition for the existence of an escaping solution of ((1.12)—(L.15]).
For an illustration see Figure

THEOREM 2.4. Suppose W € C%((—00,1]) and W € C?([0,00)) satisfy
[CT0) and (TTT).
(a) If N > 7 or W/(1) = 0, then for every e,n > 0, (1.12)—(1.15) has

no solution (fen,gen) which satisfies g, > 0 in (0,1). Moreover, the
non-escaping solution (fc,0) is the unique minimizer of I, in %.
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(b) Let 2 < N <6, W'(1) >0, g € (0,00) be as in Lemma 2.5 and

no(e) = "/ZSE € [0,00) for e € (0,e0).

(b1) The system (1.12)—(1.15) has an escaping solution ( f- y, gen) which
satisfies gy > 0 in (0,1) if and only if 0 < & < eg and n > no(e).
In this case, it is the unique escaping solution of (1.12))—(1.15),
fi:n7g€,T] e 02([07 1])7 fa2777 +g§,77 < 17 fE,T] > 07 f{i‘,']] > 07 g;,n < 0 Zn
(0,1), and there are exactly two minimizers of I, in & given by

(fs,na igz—:,n)-
(b2) If ¢ > g9 or 0 < n < no(e), the non-escaping solution (f,0) of

(1.12) ~(1.15)) is the unique minimizer of I, in . Otherwise (i.e.

0 <e<eyandn > no(e)), the non-escaping solution (f,0) of

(1.12) ~(L.15)) is an unstable critical point of I.,, in A.

We note that if 2 < N < 6, W’/(1) > 0 and W’(0) = 0, then 79(e) = 0 for
all € € (0,e9). In this case, the theorem asserts for all n > 0, an escaping

solution of (1.12)—(1.15) exists if and only if € € (0, &¢).

REMARK 2.5. By Lemma when 2 < N < 6, W/(1) > 0 and W'(0) >

0, the function ny defined in Theorem (b) belongs to C([0,¢e0)), 7'06(6) is
increasing with respect to €,

lim 79(e) = 0o, limno(0) =0,

e—eqQ e—0

and, for some C > 1 and ¢; € (0,¢e9), V[/C:(o)e < no(e) < C/W'(0)e for

every € € (0,e71).

Theorem can be viewed as an extension of the results in [29] but
within radial symmetry, relating the escaping phenomenon with the stability
property of critical points.

The SV-valued Ginzburg-Landau model

THEOREM 2.6. Suppose that W € C2([0,00)) satisfies (L.11)).

(a) If N > 7, then for every n > 0, the system (1.4)—(1.8) has no escaping
solution (fy, gn) with g, >0 in (0,1).

(b) If 2 < N < 6, then for any n > 0, (L4)—(L.8) has a unique escaping
solution (fy, gn) with g, > 0. Also, (f,, £gy) are the only two minimizers

of the functional I,]]V[M in BMM %,gn € C%([o,1)), fn >0, f{, >0 and
g,’7 < 0in (0,1). In addition, for 3 < N < 6, the non-escaping solution
(1,0) is an unstable critical point of I,]y\/[M in BMM

Recall that, when N > 7, the non-escaping solution (1,0) is the unique
minimizer of If?\/[M in MM for every n > 0 (see Remark . Note that
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when N = 2, the non-escaping solution (1,0) ¢ #MM; however, the sec-
ond variation of I,J,VI M at (1,0) can still be defined and it is negative in a
certain direction with compact support in the interval (0, 1), leading to the
instability of the non-escaping solution (1,0) also for N = 2 (see (2.27)).

The rest of the section is organized as follows. In Subsection 2.1} for
the extended model, we prove the monotonicity (see Proposition [2.9) and
uniqueness (see Proposition of escaping solutions @D if ex-
ist, together with the positivity of f., in Proposition [2.10} we also prove
the boundedness of arbitrary solutions to (1.12))—(1.15]), see Lemma In
Subsection for the RYN-valued GL model, we give the proof of Theorem
and Lemma In Subsection 2.3 we give the proof of Theorem [2.4] for
the extended model. Finally, Theorem for the S¥-valued GL model is
proved in Subsection

2.1. The extended model: Monotonicity and uniqueness. In this
subsection we establish the monotonicity and the uniqueness of escaping
radially symmetric critical points of the extended functional E.,, which
correspond to escaping solutions (fz ), ge,n) With g, > 0 of the ODE system

(1.12)—(L.15)). Furthermore, we show that f., > 0 and prove the minimality
of this escaping solution with respect to radially symmetric competitors.

The next lemma shows that, under ((1.10)—(1.11}), all solutions to (1.12))—
(1.15) are bounded in (0,1). To dispel confusion, in this result, we do not

assume a priori the boundedness nor the non-negativity of f., and g ,.

LEMMA 2.7. Let N > 2, ¢ > 0, 7 > 0, W € C?((—o0,1]) and W €
C*([0,00)) with [LIO)-(L11). If (fey,gen) satisfies [L12)-(L.15), then

fﬁm + ggm < 1in (0,1) and the map x — mey(x) = (fen(r)n(x), gey(r)) is
C%(BN). In particular, f.,(0) =0 and 9:.,(0) =0.
Proof. Note that m., € H'(BY) (as (f-, ge,y) € %) and, by (L.13)-(L.15),
(2.3)
By = =25 W' (1 = e PJme + 5T (52)genven in B\ {0}
Mep(z) = (n(z),0) on BN,
Let M = ffm + ggm. Note that M (1) =1 and

N -1 N -1
r2

1 1
g (M + ———=M) = (f,))* + (6,)" + —5—F2y — W' (1= M)M

1 - 1
+ ?W’(gin)ggm > —gwl(l — M)M.

In particular, the function X = 1 — M satisfies

N-1
(2.4) X'~ 20X 4 2a(r)X > 0
T
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where a : (0,1] — [0, 00) is given by

'(1—M(r)) .
(2.5) a(r) = { %V%M(r) ?fM(r) f 1,
=W"(0) if M(r) = 1.

Note that (1.10) and the continuity of M in (0,1] imply @ > 0 and a is
continuous on (0, 1]. Now, define

ro = inf{r €(0,1: M <1in[r, 1]}.
The aim is to show that rg = 0.

Step 1: We show that if ro > 0, then M > 1 in (0,79). Assume by contra-
diction that M (r1) <1 for some 1 € (0,79). Multiplying by rN1X
(where X* = max{0,+X}), noting that X (1) = X~ (r1) = 0, and inte-
grating over [rq, 1] give lel rNTH((X))2+2a(r) (X 7)?] dr < 0. This shows
that X~ =01in [r,1], i.e. X > 0and M <1 in [r,1]. By definition of ro,
this implies that ro < r;, which contradicts the fact that r1 € (0,79).

Step 2: We show that ffm + ggm <1 in (0,1). Indeed, if ro = 0, this step is
clear. Suppose that 19 > 0. By Step 1, we have M > 1 and so W/(1—-M) <0
in (0,70). Returning to (T.13)-(T.14), as (T.11)) implies W'(t) > W’(0) > 0
for t > 0, we have that the functions f.; and g.,, considered as functions
on the ball B(0,7q) in RY, satisfy

Afs,n = les,n and Aga,n = C20en in B(O, TO) \ {0},

where ¢; = 21— LW/(1-M) > 0 and ¢z = —E%W’(l—M)—Fn%W’(ggm) >0
in (0,7r9). By Kato’s inequality (see [31] or [8, Lemma A.1]), this implies

Afgfn > 0 and Aggn >0 in B(0,70) \ {0}.

Since f:, 9y € HY(B(0,79)), these hold in B(0,79). By the maximum
principle, fgjfn < fgfn(ro) and ggfn < ggfn(ro) in B(0,79). We deduce that
ffm —I—gfy77 < M(rg) < 1in (0,79). As M = ffm —|—g§777 < 1in [rg, 1], the
conclusion of Step 2 follows.

Step 3: Conclusion. By Step 2 and the fact that m, € H'(BY), we de-
duce that holds in the whole BY; then standard elliptic regularity
theory yields me, and so X are C? in BN . In particular, Jen(0) =0 (as
fen(r)n(z) € C?(BY)) and gt ,(0) = 0 (since g, extends to an even C?
function on (—1,1)). By Step 2, we know that M < 1 in (0,1). More-
over, since f;,(1) =1, we deduce that the inequality in is strict near
r = 1, in particular, X cannot be identically 0. Thus, the strong maximum
principle applied to (2.4)) yields X > 0 in (0,1) i.e. M < 11in (0,1). O

By restricting attention to solutions with g., = 0 (for any W satisfying
(1.11)) e.g. W (t) =t), we immediately obtain:
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COROLLARY 2.8. Let N > 2 and e > 0. If W € C?((—o0,1]) satisfies (1.10]

and f; satisfies (L1)-(1.3), then |f:| <1 in (0,1) and the map x — uc(x) =
f-(r)n(x) belongs to C?(BN). In particular, f-(0) = 0.

Concerning the monotonicity of solutions of (1.12)—(1.15) satisfying g, >
0, we first prove it under an additional assumption that f,, > 0 in Propo-

sition 2.9 We then show that this additional non-negativity assumption on
fen can be removed in Proposition

PROPOSITION 2.9. Let W € C?((—00,1]) and W € C?([0, o)) satisfy (L.10)
and (L.11), and (fe,nags,n) satisfy (1.12)~(1.15) with fs,n > 0,9:y = 0 in
(0,1). Then f., >0, (%), <0 and either g, , <0 or g, = 0 in (0,1].

Proof of Proposition[2.9. To simplify notation, we write (f, g) for (fz, ge,n)-
By Lemma we know that f2 + g2 < 1in (0,1), f(0) = 0 and ¢'(0) = 0.
By the strong maximum principle applied to for f > 01in (0,1), we get
f>0in (0,1) (as f =0 in (0,1) would contradict the boundary condition
f(1) =1in (L.15)). By the strong maximum principle applied to (1.14) (as
a PDE in BY for g > 0) we get ¢ > 0in [0,1) or g = 0 in (0, 1).

Case 1: g > 0 in [0,1). For a,b € [0, 1], let

1 212 1 212 Losro
A(a,b) = —6—2W/(1—a —b%)a, B(a,b) = —?W/(l—a —b )b—l—ﬁW/(b )b.
Then (1.13) and (1.14) rewrite as
N -1 N -1 N-—-1 .
@8 ar- Nl Moy N2l A o),
N -1
(2.7) Ag=g"+——9 =B(f,9) n(01)

The convexity assumption on W in (1.10]) yields
OpA(a,b) = 9,B(a,b) > 0 for all a,b € [0,1].

These inequalities give the system f a cooperative structure, see
e.g. [12] [16, 42]. In order to prove the monotonicity of f and g, we follow
the ideas based on a moving plane argument in the proof of [27, Theorem
1.6]. See also [I] for a similar argument in the context of phase segregation
in Bose-Einstein condensates. For 0 < s < 1, define

fs(r) = f(2s —r) and gs(r) = g(2s — r) for max(0,2s — 1) < r < s.

By (L.15) and (1.10) (in particular, W'(0) = 0), we have A(f(1),¢(1)) =
B(f(1),9(1)) = 0 and recall that 0 < f <1 = f(1) and g > 0 = g(1) in

(0,1). As 0pA(a,b) > 0, we deduce that the function f = f — f(1) satisfies

N — 1f _ NT; lf(l) _|_A(f7g) — A(f(l),g(l))

> A(f.9) — A(f(1),9) = c(r)

Af -
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for some continuous function ¢ € C[0,1]. As f(1) = 0 and f < 0 in (0,1),
we deduce from the Hopf lemma (see e.g. [I7, Lemma 3.4]) that f'(1) > 0.
Likewise, we can show that ¢’(1) < 0. Consequently, there is some small
d > 0 such that f; > f and g5 < ¢ in max(0,2s — 1) < r < s for any
s€ (1—0,1). We define

s = inf{s €(0,1): fy > f and ¢+ < g in (max(0,2t—1),¢) for all ¢ € (s, 1)}

It follows that s € [0,1 — 4.

Claim: s =0, f' >0 and ¢’ <0 in (0,1].

Proof of Claim: Assume by contradiction that s > 0. Then
(a) f/>0and g <0in (s, 1),

(b) and fs > f > 0 and g5 < ¢ in max(0,2s — 1) <r < s.

Combined with the monotonicity of A(a,-) and B(-,b), it follows for every
s € [s,1) and every r € (max(0,2s — 1), s):

) -2 rm = s - Y s - N e

(2.8) < A(f(2s —1),9(25 — 7)) = A(fs(r), 95(r)) < A(fs(r), 9(r)),

(2.9) Ags(r) = B(fs(r),9s(r)) = B(f(r),gs(r)),

and equality in all the inequalities (2.8)) (resp. in (2.9))) for some s € [s, 1)
implies that, for every r € (max(0,2s — 1), s),

(2.10) f'(2s —7) =0 (resp. ¢'(2s —r) = 0).
Combining (2.8) and (2.9) with (2.6) and (2.7)), we have for all s € [s, 1):
N -1

Alfs = Nr) = —5= (s = ) < A(fs,9) = A(f,9) = (fs = Nea(r),
A(gs — 9)(r) = B(f,9s) — B(f,9) = (g5 — g)ca(r),

with ¢1, c2 being two continuous functions on [max(0,2s — 1), s| and equality
in the above inequalities implies again .

By the definition of s, fs > f and g5 < g in (max(0,2s—1),s) for s € (s, 1).
By the Hopf lemma, applied to the above differential inequalities, we have
fi(s) < f'(s) and ¢.(s) > ¢'(s), i.e. f'(s) > 0 and ¢'(s) < 0 for s € (s,1).
We now show that these assertions continue to hold with s = s, i.e.

Fact 1: f; > f and g, < g in max(0,2s — 1) <r < s.

Fact 2: f'>0and ¢ <0 in [s,1).

Indeed, since f' > 0and ¢’ < 0in (s, 1), does not hold and so the above
differential inequalities for fs — f and gs — g are strict in (max(0,2s— 1), s).
Since fs — f > 0 and gs — ¢ < 0 in (max(0,2s — 1), s), the strong maximum
principle applied to those differential inequalities gives Fact 1. By the Hopf
lemma, we then have f!(s) < f'(s) and ¢i(s) > ¢'(s), i.e. f'(s) > 0 and
g'(s) <0, and Fact 2 follows.
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Conclusion: We now show that Facts 1 and 2 contradict the minimality of
s. Indeed, observe first that (fs — f)(maX(O, 25 — 1)) > ( since

—_

fs(max(0,2s — 1)) =1 > f(max(0,2s — 1)) when 3 <s <1,

fs(max(0,2s — 1)) > 0 = f(max(0,2s — 1)) when s < —.

N —

Likewise, we have (g5 — g)(max(0,2s — 1)) < 0 since
1
gs(max(0,2s — 1)) = 0 < g(max(0,2s — 1)) when 3 <s <1,

gh(max(0,2s — 1)) = —¢'(2s) > 0 = ¢’(0) = ¢’(max(0,2s — 1)) when s < %
(in the latter case, this is combined with g5 < g on (0, s) by Fact 1). Thus,
thanks to Facts 1 and 2, we deduce by continuity the existence of a small
d > 0 such that, for every s € (s—9,s], fs > f and gs < ¢g in max(0,2s—1) <
r < s, contradicting the minimality of s. Thus, s = 0. Also, by Fact 2, f' >0
and ¢’ < 0 in (0,1]. The Claim is proved.

Case 2: g = 0 in (0,1). The above argument applies to solutions f > 0
of 7, where equation is replaced by Afs(r) — %fs(r) <
A(fs(r),0), yielding f’ > 0. (Note that the assumption W” > 0 is no longer
needed in this case, though the condition W’(0) = 0 is used.)

Proof of (%)’ < 0in (0,1). Indeed, by Lemma |A.5{ we know that v := % €

C?([0,1]). To prove that v is decreasing, we follow the argument in [24]
Proposition 2.2]: by (1.10) we have W’ > 0 in (0, 1) so that

N+1

r

(rN T (1)) = W'(1—f?—g*v(r) <0, re(0,1).

-
This implies that 7V*1¢/(r) is a nonincreasing C' function in [0, 1]. Since
lim, o 7V +1/(r) = 0 (as v € C1([0,1])), we have v/(r) < 0 in [0, 1]. O

Next, we prove the positivity of f., when g., > 0. When g., = 0, the
result was obtained in [22, 25] under some slightly different condition on W.

PROPOSITION 2.10. Suppose W € C?((—o0,1]) and W € C2([0,00)) satisfy

(1.10) and (L.11), and (fen,gen) satisfies (L.12)-(1.15) with ge, > 0 in
(0,1). Then f., >0 in (0,1).

Proof. As in the proof of the previous proposition, we drop off the indices ¢
and 7, so that in the following we denote f and g the solution considered in
1.127. Suppose by contradiction that f changes sign in (0,1). Let
r1 € (0,1) be such that f(r;) =0 and f > 0 in (r1,1]. Applying the Hopf
lemma to in (r1,1), we have f/(r;) > 0. In particular, f < 0 in some
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small interval (r; — d,71). Note that (|f], g) satisfies distributionally
N -1 ] N —
A|f’_ r2 ’f‘ :A(‘f‘mg) mn (7'1,1), A|f’_ r2

N -1 )
Ag// + Tg/ = B(|f|ag) mn (07 1)>

Lf1 = AQf), 9)in (0,1),

where A and B are as in the proof of Proof of Proposition[2.9] Consequently,
we can apply the proof of Proposition to the pair (|f], g) to obtain

(IfDs > |f| and gs < g in max(0,2s — 1) <r < sforall r; <s <1,

where (|f|)s(r) = |f|(2s — r) and gs(r) = g(2s — r). Observe also that, by
definition, both |f| and (| f|),, have the same first left-derivative at r1; thus,
we deduce by the Hopf lemma that (|f|),, = |f| and f'(2r1 —7) = 0 in
max(0,2r1 —1) < r < rq (see (2.10)). The latter identity is impossible, since
f(r1) > 0. We conclude that f > 0 in (0,1). The positivity of f follows by
the strong maximum principle applied to (as f(1) =1). O

Applying Propositions and to the solution (f:,0), we obtain:

COROLLARY 2.11. Suppose W € C?((—o0, 1)) satisfies (1.10)), and f- satis-
fies (LI)-(L3). Then f- >0, fL >0 and (£) <0 (0,1].

Finally, we prove the uniqueness of escaping solutions of (|1.12)—(1.15]).

PROPOSITION 2.12. Let N > 2 and suppose that W € C?((—o0,1]) and

W e C%([0,00)) satisfy (L.10) and (L.11)). Then, for every e > 0 andn > 0,
the system (1.12)~(1.15) has at most one escaping solution (fey,gen) with
gey > 040 (0,1). Furthermore, when it exists, (fzn, £9en) are the only two

minimizers of I, over the set B; in particular, I.,[f-,0] > Icy(fen, Gen)

where f. is the radial profile satisfying (1.2])—(1.3)).

Proof. We use ideas from [28|, 29]. Suppose that (f:,,gen) solves (1.12)—
(1.15) and g., > 0 in (0,1). By Proposition [2.10] f., > 0 in (0,1). For
(f,9) € B, wewrite (f,9) = (fen ge)+(5,¢) and V(2) = (s(r)n(z),q(r)) €
HY(BN,RN+1). By the convexity of W, W and (.13)—(T.14),

1 1
Lenlfs 9] = Il fems Geml = 2/0 {Qfé,nsl + (3’)2 + 29;,?7‘]/ + (q,)Q
N —1 2 AN i / 2 2 2 2 2
+ r2 ( f&ns +s ) €2W (1 fs,n ge,n)[ (fa,ns + ge,nq) +s5°+ q }

1 - _
oW 02,) 2gea + )

- ;/01{(s’>2+(q’)2+ S

r2
1

1 -
- ?W’(l - 52,77 - 93,77)(32 +q%) + ?W/(gg,n)qz}rjv_ldr
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1 9 1 )
ZQ‘SN_H/BN{VV! -V 1—f2, -2 V> + W/(ggm)VNJrl}d

V]
L oSN

Claim 1: For every V(z) = (s(r)n(z),q(r)) € H}(BY,RN¥+1) it holds

Fv) = [ {r200D] (55) e[+ a2 )| () (o)}

and as a consequence, (fcy, gey) minimizes I, in 4.

Proof of Claim 1: Since F, is continuous in H} (BN, RN*1) (because W/ (1—
f62,71 — ggw), W’ (ggm) € L>=(B") by Lemma , by standard density results
and Fatou’s lemma, it suffices to show the claim for V' = (s(r)n,q(r)) €
C>®(BN\ {0}, RV*1). For that, we will apply [24, Lemma A.1] for

L:= —A—s%wl(l—fgn_g?,n)v B
Ti=—A—SW1—f2,—g2)+EW(g2,).

Indeed, writing V = (s(r)n, q(r)) = (Vi,..., Vi, Vns1) € C2(BN\{0}, RV+1)
and decomposing V; = fe,nf/j with f/j = f‘:—Jn forj=1,...,N and V41 =

9epVN+1 with Vi = ﬁ,

(2.11)

N
V]:Z/ ij'vjda;ju/ TVni1- Vg do
/By BN

N
j=1

PN o] (22 ) (o[ e

E’,r)

- /B At fjf;l)n(w))

(2.12) :/BN {fin(|x\)‘<;>/(|x‘)‘2+gg,n(’$|)‘(gj)/(|$’)‘2}d:c,

E’,r) ?/)7

becauseLfgn:—Nflfan,TgEnzo by- - and (‘71,...,VN):

ff(’}% (z) with |Vn|? =

Step 1: We prove that {(faﬂ, +ge.)} is the set of minimizers of I, in . In-

deed, we have seen that (f. ), £g.,) minimizes I. , in . Suppose (f-.,Jen)
also minimizes I. ,, in %, in particular, I. ,[fz n, ge.n] = Lol fens Gy s0 that,

for V = ((f&77 — fe)n(x), Gep — 95777)’ one has F[V] = 0 leading to:

fEﬂ? f5777 nd gEﬂ? — 95777

are constant in (0, 1).
fs,n gE,TI
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This together with fg,n(l) — fen(1) = 0 gives fsm = fep and gey = agey in
(0,1) for some a € R. Since g., > 0, this implies that g., has a fixed sign.
Furthermore, either a =0 (so g., = 0), or |g.»| > 0 in (0,1) in which case,
we can interchange g., and £g., if necessary (note that ( fgm, —Ge,n) also
minimizes I, , in %), so that we may always assume that 0 < a < 1.

To finish the proof, we prove that a =1, i.e., gy = gey in (0,1). Assume
by contradiction that 0 < a < 1. We will show that

(2.13) W'(1—f2,—¢2,)=0in (0,1).

Once this is done, we deduce from ([1.14) that —Ag. , + 'rz%W/ (ggm) Gey =0
in BN. Since W' > W’(0) > 0 in [0, 00) (by (T.11)) and g, = 0 on BN, we
deduce that g., = 0 in BV which gives a contradiction to the assumption
gen > 0in BV, and completes the proof.

Let us now prove (2.13). Returning to ((1.13)), we see that
(2.14) Wi(1—f2, —g2)=W(1-f2 —a’g?,) in[0,1].

Therefore, to prove , it suffices to show that W’'(t) = 0 for every
0 <t < max) (1 - f2, — azgfm) =: 7. For that, we have ffm + a,zgtf,,7 <
f62,71 + ggm < 1in (0,1) by Lemma and hence 7 > 0. Note that the
range of 1 — f€2,17 - a2ggm over [0,1] is [0,7] because of (L.15]). Set ty =
inf{t >0 : W'(s) = W(r) for all s € [t,7]}. We show that t, = 0. For
that, let o € [0, 1] such that 1— f2, (ro) —a?gZ, (ro) = to. By the continuity
of W’ and (2.14), we deduce for t; := 1 — f2,(ro) — g2,(r0) < to that
W'(t1) = W'(tg) = W'(7). As W' is nondecreasing (because W is convex),
we deduce that W/(s) = W'(r) for every s € [t;,7]. By the minimality
of tg, it means that t; = tg, i.e., ggn(ro) = 0. Since g.,, > 0 in [0,1)
(which is a consequence of the strong maximum principle applied to ,
considered as a PDE on BN)7 this yields rg = 1, i.e., tg = 0. It follows that
W' = W'(0) = 0 on [0,7] as desired (where we use that 0 is a minimum

point of W by the assumption ([1.10))).

Step 2: We prove the uniqueness of escaping solutions of (1.12)—(1.15)). In-

deed, assume that (f-,, =) is also a solution to (T.12)—(L.15) with g=,, > 0
in (0,1). Then Claim 1 yields that both (f-,ge) and (f ., ge ;) minimize

I., in #. By Step 1, we have f., = f., and g., = gc, as desired. The
proof is complete. O

2.2. The RV-valued model: Existence and uniqueness. We prove ex-
istence and uniqueness of the radial profile and its minimality for IaGL as
stated in in Theorem Then we prove Lemma [2.3

Proof of Theorem[2.1 Let f. be a minimizer of the reduced energy func-
tional I¢F in BYL. (It is easy to see that such minimizer exists.) Since
IGL[f] > I€F[min{|f|, 1}], we may also assume that 0 < f. < 1. In addi-
tion, we have that f. satisfies (.2), f-(1) = 1 and f. € C*((0,1]). Noting
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also that the constant functions 0 and 1 are a solution and a super-solution to
(1.2) respectively (since W’(0) = 0), the strong maximum principle implies
that 0 < f- <1in (0,1). By Lemma’EL f-/r € C?([0,1]) and f-(0) = 0.
If holds, then by Corollary [2.11{ we have f/ > 0 in (0,1]. Also, the
same argument as in the proof of Proposition applies giving also the
uniqueness of f. as solution of —, in particular, as unique minimizer
of IGL over Z9L. We omit the details. O

We next prove estimates for £(e).

Proof of Lemma[2.3. Note that by the definition of the first eigenvalue for
LSL and standard elliptic regularity, £ depends continuously on €. Let us
prove (2.2)) for 0 < & < ¢ < co. We have, for all ¢ € H}(BY),

/BN [\V80!2 - éW’(l - f?)@ﬂ dz > 0(2) /BN o dr.

By rescaling, we deduce for all 1) € Hg(B(0,1/£) that

[ el -wia- pEae] =200 [ an
B(0,1/2)

B(0,1/¢)

As B(0,1/¢) € B(0,1/¢), by the strict monotonicity of the first eigenvalue
with respect to domains (due to the positivity of the first eigenfunctions),
we have, for all 0 # ¢ € H}(B(0,1/¢)),

[ vl -wia- e > 200 [ wan
B(0,1/2) B(0,1/¢)

Now using the inequality 1 > f.(e|z|) > fz(£|z|) > 0 (see Proposition[B.1j(a))
for |z| < 1/e and the monotonicity of W', we deduce that

[ e -wia - 2] > 200 [ v
B(0,1/¢) B(0,1/e)
for all 0 # ¢ € H}(B(0,1/¢)). Rescaling once again we get that

1 525(5)
\V4 2 Hr/ 2\, 2 2
/BN D 7l g2 (1= f)e } ” g2 /BNSO 4,

for all 0 # ¢ € H}(BY), which is equivalent to (2.2)).
Assertion (a) is clear because if W’(1) = 0, then ((1.10]) implies that W = 0

in (0,1). Assertion (b) for N > 7 is a consequence of the inequality

N —2)? 2
/ LEy v dx > <u — (N — 1)) / U—Qdm for all v € H(BY),
BN 4 BN T
which was proved in Step 4 of the proof of [28, Theorem 2].
We next prove assertion (¢) for 2 < N < 6 and W’(1) > 0. We have seen
that £(g) > —W’'(1)e~2. We prove the rest in 2 steps.



LOCAL MINIMALITY OF VORTEX SOLUTIONS 21

Step 1: We show that there exist e1 > 0 and c1 > 0 such that £(e) < -5
for e € (0,e1), by exhibiting a function 0 # q = q-(r) € Lip.((0,1)) with

c
/ LELQ‘qd(E < ——; ¢ dx.
BN 5 BN

(Note that by the lower bound of ¢(¢), it is clear that ¢; < W'(1).)
Note that, by [25, Lemma A.1], for every positive function ¢ € Cllo’cl ((0,1)),
we have the following identity for every ¢ = f.oq§ € Lip.(BN \ {0})

LGL
(2.15) / Lqu-qda::/ soQ{ff!Vd\QJris (Sofa)f‘gtf}dx
BN BN 2

We chooseﬂ Y= r T € C*°((0,1)), and note that, by (1.2,

GL _ (V28N +8)f2p
L7 (pfo) fe = 42

The idea now is to exploit the negativity of N 2_8N+8for2< N <6
to reach the desired conclusion. Let to = sup{0 <t < 1: W(t) = 0}. By
Proposition [B.1j(b), for every small § > 0, there exists C5 > 0 such that for
every a > Cs we can find 1 = £1(6, a) for which

(2.16) 1—tyg—6 < f2<1—tyin [Cse,ae] for all € € (0,e1).

—2fflo" in (0,1).

The contribution of the term —2f. f/¢’ in the above expression of LEL (o f.) f-
to the right hand side of is handled as follows. (Note that if N = 2,
then ¢’ = 0 so that term vanishes and the reader can proceed directly to
estimate below.) We impose that ¢ = ¢(r) is supported in [Cse, ag],
then integration by parts combined with and (T‘N _1(@2)’)/ = 0 for
r € (0,1) yields by Cauchy-Schwarz:

1 1 1
_2/ N-1 2fafg§0¢ dr = 2/ N7162(1 tO_f2)/( )'dr
0
1 N-22_ 1§
:—/ NG (1 —to — £2)( dr<6/ rdr—i—
0

q
—6 | —dr
4 o T "
Since 2 < N < 6 implies N := N2 — 8N + 8 < 0, using (2.16)), we deduce

/BN 18- q+° ]dx<\SN 1;/ {01+ 0@
N1 —to—086)+ (N —2)2 ¢rr?
(2.17) +T2[ y + |} ar

We now specify ¢ € Lip.((0,1)) by setting g(r) = sin (ln In &7 6) for
r € (Cse, ae) and §(r) = 0 otherwise. Note that N (1 —tg— )+ (N —2)26 =

9See [28, inequality (6)] for an explanation of this choice of .
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N(1 —to) + ¢d for ¢ = 4N — 4 > 0. Inserting into (2.17), we get
2
(2.18) / 165 q+ 2| dx
BN &g

SN & o N2 N(1—to) +¢b
< 5 _ R S A 2 .
< 5 ((lnc‘g) (1—to+06)+ ; +cla>

Recalling N = N2 — 8N + 8 < 0 for 2 < N < 6, we can choose § > 0 small,
a = as > 0 large and then ¢; = ¢1(d) > 0 small such that the right hand
side of (2.18]) is negative for ¢ < €1(6), yielding Step 1.

Step 2: We prove that there exists g > 0 such that () < 0 and increasing
in (0,e0), ¢(g0) =0 and () > 0 fore > ep. Let I = {e € (0,00) : £(e) < 0}.
It is clear that £(e) > 0 for large ¢ and so I is bounded. By Step 1, I contains
(0, 61). Let

go =sup{€: {(g) <0 for e € (0,&)} € (e1,00).
By the continuity of ¢, we must have ¢(gg) = 0. Then (2.2)) yields the
monotonicity of £ in (0,e) and also, £(¢) > 0 fore > gg. Step 2is proved. O

2.3. The extended model: Existence. The aim is to prove Theorem
for the extended model.

Proof of Theorem[2.]]. Proof of (a) when N > 7. By [28, Theorem 2], when
N > 17, me(z) = (fo(|z])n(z),0) H is the unique minimizer for E. o : & C
HY (BN RN = [0, 00], i.e.

1 1
E.|m] = - 240 w1 —1m/A|d .
. colm] /B [SIVmP + oW1 = )] dz, >0

As W > 0, it follows that for every €,1 > 0, m, is the unique minimizer of
E., in &/ and so (f.,0) is the unique minimizer of I, in Z. This together

with Proposition implies that (1.12)—(1.15)) has no escaping solution.

Proof of (a) when W'(1) = 0. When W’(1) = 0, we have by (1.10]) that W =

0 in [0,1]. In particular, E. o is exactly the Dirichlet energy (and hence
convex) when restricting to the set {m € & : |m| < 1 a.e.}. This together
with the fact that for m € &7,

. " m(z) if jm| <1,
E. |m] > E; s [m*] where m*(z) = ¢ m(a) if [m(z)] > 1

[m ()]

implies that the unique minimizer of E  is the map Y (z) = (z,0) (i.e. the
unique H'(BY,RN¥+1) harmonic map with boundary value (z,0)). Also, if

W =0 in [0,1], then f.(r) = r solves (1.2)—(1.3]), so by Theorem fe
is the unique solution of (1.2)—(1.3). Thus, m. = (fen(z),0) = Y. Thus,

me is the unique minimizer of E. o, and hence of E., (since W > W(0))

10[28, Theorem 1] assumes strict convexity of W, but its proof uses only (1.10).
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in «/; in particular, (f.,0) is the unique minimizer of I., over %. By
Proposition we conclude that ((1.12)—(1.15)) has no escaping solution.

Proof of (b) First, we focus on the existence of escaping solutions of f
when 2 < N < 6 and W/(1) > 0. It is easy to see that I, admits
a minimizer (f.;,gey) € %#. Since (fey, 9ey) € B, (fes 9en) € C((0,1]).
It follows that (fs,ge,) satisfies (1.13)-(1.15) in the weak sense, and so
(fes 92m) € C?((0,1]).

Since (|feyl,|gen|) is also a minimizer of I., in %, the above argu-
ment also shows that (||, [g-4]) € C%((0,1]) satisfies (L.13)—(L.15). Since
|fenls 19e| = 0 and fz,(1) = 1, by the strong maximum principle, we have
that |f.,| > 0in (0,1), and either |g.,| > 0 in (0,1) or g., = 0 in (0, 1).
It follows that f., > 0in (0,1), and either g., > 0 in (0,1) or g., < 0 in
(0,1) or g, = 01in (0,1). Clearly, when g., =0, f-, is equal to the radial
profile f. obtained in Theorem [2.1, By considering (fc s, —gey) instead of
(fem» gen) if necessary, we assume in the sequel that g., > 0.

Claim: g, > 0 if and only if (¢,n) € A:={(e,n) : 0 < e < &9, > no(e)}.
Proof of Claim: Define

Qunfer Bl = [

BN

N -1
{L.?La'aJrLfLB-ﬁJrTO‘Z
2 o2 2 Lo o
+€2W (1_f5) e +772W(0)ﬁ dl’,

for (a, 5) belonging to the Hilbert space . = {(«, 5) : (fe+a, f) € B} with
the norm ||(«, B)[|# = |[(an, B)|| g1 gy gv+1y. This can be considered as the
second variation of I, , at (f:,0); see equation in Subsection The
C? regularity of W together with , W'(0) > 0 and the boundedness of
fe yield a constant ¢; > 0 (independent of € and 7) such that

(219)  Qegl, B 2 [0, )l — 510, 8) 3 g, for al (a, 5) € 2.

(<) If (e,n) € A, then Wééo) < —{(g). Taking 8 € H}(BY) to be any first

eigenfunction of L&Y, which is radially symmetric, we have ria g, 7’¥5 €
L%(0,1), (1) = 0 and Q. [0, 3] < 0. This implies that (f-,0) is not mini-
mizing I, , in %, and thus g., > 0.

(=) For the converse, we suppose by contradiction that there exists (¢,7) €

B = (0,00)%\ A with g. , > 0. By (2.15]) with the choice ¢ = 1 and by (1.2)),
aL,. _ 2l (& ’2_N—1 2 o
/BNL6 o adx/BN{EV(fa> 2 a}da: for a € CZ°(0,1).

By a density argument in HZ (BY) using Fatou’s lemma, we deduce by (L.10):

Qulcr, B] = /BN (2 (%) \2 (6e) + W;O))/ﬁ?} dz for (a,B) € H.

fe
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In view of Lemma we thus have that Q). , is positive definite over ¢ for
(e,n) € B = (0, 0)2\ A where 5(6)4—@ > (0. More precisely, there exists a
constant ¢ > 0 (depending on € and 7)) such that Q. ,[c, 5] > ¢||(«, B)H%Q(BN)

for every (a,3) € 4. This follows by the above inequality for Q. ,|a, ]

combined with the following estimate based on the Hardy inequality in RV *2
using r < fe(r) <1 for every r € (0,1) (see Corollary [2.11)):

1 1 N2 1
(2.20) / rN_lfg(h’)2dr2/ rN+1(h’)2dr24/ rN R dr
0 0 0

N2 1
> / A i
4 0

where h plays the role of j% Thus, by (2.19), for (g,n) € B, there exists a
constant ¢ > 0 (depending on € and n) such that

(2.21) Qeyla, B] 2 éll(a, B)|%  for all (a, B) € .

Fact: (fc,0) is a local minimizer of I, if (,n) € B. For (o, B) € A,

SV (Lenlfe + 0 6] = Tl 0)) = 5@elo B b, o(r)n, 5(r)) d,

BN
M, V) = oo (WO = 1L+ V2 = Vi) = W0 = £()?)
FW( = 0P RL0I V) +IVE) = 270 = L)L V)P
- 2}72{v~v<v]%+1> — W) = WO Vi by 7 = |2,V = (), Vivsr) € RVHL

We have h € CO(BN,C?RN*!)) (since W,W € C? and f.n € C*(BN
by Lemma , h(z,0) = 0, Vyh(z,0) = 0, V%/h(x,O) = 0 (thus, (D.1
holds true in Lemma and h satisfies the growth assumption (D.2
in Lemma E for p = 2 (due to the convexity of W and W); therefore,
Lemma [D.1] applies and yields some small radius 7 > 0 such that

[ aalrin, 507 dz = =@, 8)%  for @, B)lr <7
BN

Combined with ([2.21]), the local minimality of (fz,0) follows.

End of proof of Claim: As the constructed minimizer (f:, ge ) of Ic, sat-
isfies g, > 0, the above Fact combined with Lemma [2.13] below yield
(e,n) € B\ B and, for all (¢,7) € B, (f=,0) is the unique minimizer for I 5
in . Thanks to the latter, by considering a sequence {(£;,7;)} C B which
converges to (g,7), since fz; converges to f. in H L(BN), Fatou’s lemma im-
plies that (f:,0) is a minimizer for I., in %, which contradicts the fact that
(fem> £9e.y) are the only two minimizers of I, , in % (see Proposition .

Proof of (b1l) By the Claim, an escaping solution of (1.12)—(1.15|) exists if
and only if 0 < € < g9 and 77 > no(e). In this case, the uniqueness of an
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escaping solution and the classification of minimizers of I, , are obtained in
Proposition 2.12|7 Lemmaﬁ'yields ffm—l—ggm < 1, the regularity of (fz,, ge.n)
follows from Lemma [A.5) while the positivity of f., and monotonicity of
femy and g., are given by Propositions and

Proof of (b2) The fact that the non-escaping solution (fz,0) is an unstable
critical point (and hence not minimizer) of I., in % when 0 < € < gp and
n > np(e) was obtained in the proof of the (<) part of the claim. The fact
that the non-escaping solution (fc,0) is the unique minimizer of I, in %
when € > g or 0 < n < ny(e) follows from the claim. O

It remains to prove the following lemma used above:

LEMMA 2.13. Let N > 2, €,n7 > 0, and suppose that W € C?((—o0,1]) and
W € C%([0,00)) satisfy and ([L11)). If I.,, admits an escaping critical
point (fen, Gen) in B with g-,, > 0 in (0,1), then the non-escaping critical
point (fz,0) is not a local minimizer of I.,. As a consequence, if the non-
escaping critical point (f-,0) is a local minimizer of I.,, then (fc,0) is the
unique global minimizer of I, in % and I., does not admit any escaping
critical point (fen, geny) in B with g, > 0 in (0,1).

Proof. By Proposition (fem> £9e.n) are the only two minimizers of I,
in #. In particular, I ,[fen, 9e] < Icy[fs,0]. Suppose by contradiction
that (f:,0) is a local minimizer of I.,. We use some ideas from [3| 27]: we
show, by mean of a mountain-pass theorem, the existence of a second escap-
ing critical point ( 1, g) of I. , with g > 0 which would lead to a contradiction
with Proposition [2.12] Along the way, care is given due to the fact that I,
is not always finite in . To avoid this problem, let V,V € C?(R) be
bounded non-negative functions such that Vi 1 = Wl 1), V\[Oﬂ = W‘[OJ]
and define J : 7 — R by

1
T8 =5 [ [+ 0+ )2+

N -1
r2

(fe +O‘)2
+ V= (et ) = )+ V()]

Let # = {(a,8) € # : fo+a>0,8>0and (f-+a)?+3%<1in (0,1)}.
Then J € CY (), A is a closed convex subset of 3, J[«, 8] = I. [ f+a, 8]
for (o, B) € A, and (0,0) and (f., — fc, ge,y) are two relative minima of
J in A with J(fery — fer9e) < J(0,0). We proceed to check that J
satisfies the Palais-Smale condition on .# (see e.g. [43, Theorem I1.12.8]):
if {(oj,B;)} C A is such that {J]a, 5;]} is bounded and

(2.22)  Glay, 5] == sup (DI, Bjl, (p:4)) = 0,

(oj—p.Bi—) M| (00) || e <1

then {(oy,B;)} is relatively compact in 2. Indeed, since {J[o;, B} is
bounded, {(c;j,0;)} is bounded in 7. Thus, we assume that (o, ;) con-
verges to (au, Bx) € . weakly in ), strongly in L?(BY) and a.e. in (0,1).
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We nay use (@71/}) = t(aj — O, 6] _B*) = t((fe +a]) - (fE +a*)>ﬁj _ﬁ*)
for a small ¢t > 0 (which is independent of j) in (2.22)), since (o; — ¢, 5; — )
is a convex combination of (o, 35), (a, B«) € A and . is convex. It gives

0 > limsup(DJ ey, Bj], (j — s, B — Bs))

j*)OO

1 _

—timsup [ [(f+ a5 (o — )+ 808 - B + S+ ag)(a - a)
J—00 0

—iWu—@+%P—@Wﬁ+%x o) + B3(8; — Ba)]

+s (88,85 — 8]+ d.

Usmg the strong convergence of (aj,3;) to (ax,B«) in L2(BY) and the
boundedness of (aj,8;) in L°(BY), the last two lines above converge to
0 as j — oo. Then writing oj — o = (fe + ;) — (fe + ), by the weak
convergence of (aj,3;) in S, we get

N -1

1
0> limsup/o |:((f€ + Oéj),)2 + (5})2

Jj—00

(fe + Oéj)Q} rNldr

N -1

—Aﬁmﬁ+%mﬁumf+

Thus, [[((fe+a)n, Bj) | g1 gy w1y converges to [[((fe+au)n, Bl g gry maer
and so ((f-+a;)n, B;) converges strongly in H (BN RN*1) to ((f-+au)n, Bs).
This means also that («;j,3;) converges strongly in J2 to (ax,fs), giving
the desired Palais—Smale property for J.

Applying the mountain pass theorem (see e.g. [43, Theorem I1.12.8]), J
has a mountain-pass critical point (G, Bgm) € M relative to A, i.e.

(2.23) R sup (DJ[e,y, Bz—:,n]a (¢, ) = 0.
(ds n—®, Bs n_w)e/ﬂ:H(‘p ¢)“%§1

(fe + 04*)2] rN 1 dr,

In addition, (G, B. ) is not a local minimizer of J relatlve to /// For ease
of exposition, we write f = f. + G nand g = B. - Then means

1 A
(2.24) 0 =sup { / rNl [f’ + 9"y
0
1 PR NI 510890 A
- sW QA== (fe+av) + 7W’(92)g¢ dr
£ n
Il 1, f =0 20,5—v 2 0,(f =)+ (G- )* < 1.
To proceed, we show that f2+ g2 < 1 in (0,1), f>0in (0,1), and either
g=01in (0,1) or ¢ > 01in (0,1), so that we have in fact that (f, §) is either a

non-escaping solution (fz,0) or an escaping solution of - - Once
this is proved, by Theorem [2.I] and Proposition we then have that
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(f,g) must be identical to either (f.,0) or (fz, gey), which contradicts the

fact that (G, Bsm) is not a local minimizer of J relative to ..
Indeed, if (¢,v) = t¢(f,g) in (2.24) where ¢ € C2°(0,1) is non-negative
and t > 0 is enough small so that 0 <1 —¢( <1 in (0,1), then
1., 4 N-1, . 1. N-—-1,, A R
=Sl =)= @)+ —— @)+ () + @) +
1 20 N, 82 1 =, o0 . .
—EWA-F =P+ + 5@ <0 (0.1

N —

r2

in the sense of distribution. It follows that the function X = 1 — f2 — 42,
considered as a radially symmetric function in B, satisfies

. N -1 . s 2(N-1),
—X//—XI+2CL(T‘)XZ(T2)]C2ZOin (071)

where the continuous function a : (0,1] — [0,00) is given in (2.5). Since
X >0, we deduce from the strong max principle that either X =0 in (0, 1)
or X > 0 in (0,1). The case X = 0 is impossible since it would imply,
in view of the above differential inequality, that f = 0, contradicting that
f(1) = 1. We thus have X > 0 and f2 + % < 1in (0,1).

As f2+¢% < 1in (0,1), we may use (¢,1) = (—t¢,0) in where
¢ € C(0,1) is non-negative and ¢ > 0 is sufficiently small so that (f +
t0)2+ 9% < 1in (0,1) to get f” + Y=L —b(r)f <0 in (0,1) with b(r) :=
N — Lw'(1— f2 - ¢%) € LZ.((0,1]). Since f >0 and f(1) = 1, we have

72 loc

by the strong maximum principle that f > 0 in (0,1).

Likewise, we use (¢, 1) = (0, —t() in where ¢ € C2°(0,1) is non-
negative and ¢ > 0 is sufficiently small so that f2+(§+t¢)? < 1in (0, 1) to get
§'+ 52 —c(r)g < 0in (0,1) with e(r) := =5 W/(1— f2 = %)+ LW ().
Since § > 0, we have by the strong maximum principle that either § = 0 in
(0,1) or g > 0in (0,1). As explained earlier, this together with the previous
shown fact that f2+§2 <1 and f > 0 in (0,1) shows that the statement
that (¢,7) € B amounts to a contradiction.

Finally, we explain the stated consequence: by the proof of Theorem
b), any minimizer ( fc, gey) of Ic , in A satisfies |ge ,| > 0 or g., = 0. As we
have just proved that escaping critical points of I, , cannot exist whenever
(f:,0) is a local minimizer of I. ,, we conclude that every minimizer satisfies
geqy = 0, ie., it is given by (fe,0). O

2.4. The SM-valued model: Existence, monotonicity and unique-
ness. We start with positivity of f;, and the monotonicity for an escaping

solution ( fm gn) of (1.4)—(1.8) with g,, > 0. Next we prove Theorem
PROPOSITION 2.14. Suppose W € C%([0,00)) satisfies (L.11)), and (fn,gn)
satisfies (L.4)-(L8) with g, > 0 in (0,1). Then f, >0, f; >0, g; <0 and
(f) <0 in (0,1].
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Proof. We adapt the strategy in the proof of Propositions and
By Lemma (fny99) € C2([0,1],S') and f(0) = 0. Recalling also that
gy > 0, we may thus write f, = sinf, g, = cos@ in [0, 1] where the lifting
0:[0,1] — [-7/2,7/2] is C2, #(0) = 0 and (1) = w/2. Then 0 satisfies

N -1 N -1

: = 2\ s
(2.25) 0"+ " 0 = 2 sin 0 COSH—?WI(COS 6)sin6 cos @ =: P(r,0)

n (0,1). Since (1) = /2,0 < 7/2in (0,1), and 7/2 is a constant solution
of , the maximum principle and the Hopf lemma applied to (2.25))
yield § < 7/2 in (0,1) and €'(1) > 0
Let r; € [0,1) be such that §(r1) =0 and 6 > 0 in (r1,1]. Observe that,
if 71 > 0, then by applying the Hopf lemma to in (r1,1), we have
0'(r1) > 0. In particular, # < 0 in a small interval (r; — §,71) when 71 > 0.
Note that, since P(r, ) is odd in 6, |0| satisfies in the sense of distribution

o1+ X 2jor = P o) in (ra,1), 0+ 2y = PG o)) in 0,1).

Since P is non-increasing in r, we apply the proof of Proposition to get
(10])s > 10| in max(0,2s —1) <r < s forall r; <s <1,

where (|0])s(r) = |0|(2s — r). As in the proof of Proposition the Hopf
lemma then implies that 1 = 0, i.e. § > 0 in (0,1), and so the above gives

fs > 60 in max(0,2s —1) <r <sforall 0 <s < 1.

In addition, we have that ' > 0 in (0,1] (see Fact 2 in the proof of Propo-
sition [2.9). In particular, 0 = 6(0) < 6 < 6(1) = /2 in (0,1).

Returning to (fy, g,), we have shown that f, >0, f; > 0 and g; < 0 in
(0,1]. The statement (%)/ < 0 in (0,1] is obtained in the same way as in
the last part of the proof of Proposition using the following equivalent

form of [6): (rN+1(L2)) = —rNFIA(r) 2 <0, for r € (0,1). O
Next we prove the uniqueness of escaping solutions of (|1.4)—(1.8]).

PROPOSITION 2. 15 Let N >2,1>0and W € C*|0,00)) with (L.11)).
Then the system (|1.4] . ) has at most one escaping solution (fmgn) with
gy > 0 in (0,1). Furthermore when it exists, then (fn,:lzgn) are the only
two minimizers of the functional IéVIM mn ,%’MM.

Proof. By Proposition we have fn > 01in (0, 1) for any escaping ( fn, an)
with g, > 0 in (0,1) of the system —(1.8)). To prove the uniqueness
we follow a similar argument to the proof of Proposition [2 adapted
to the new target space SV. Indeed, denoting m, = (f,(r)n ( )7977( r)) €
HY(BN,SN) for a solution (f,,g,) in (0,1) of the system (T.4)-(L.8) with
gy > 0in (0, 1), take an arbitrary radial configuration m = (f(r)n(z), g(r)) €
HY(BN,SY) withm = (n,0) on dBY. Setting V = m—m,, = (s(r)n,q(r)) €



LOCAL MINIMALITY OF VORTEX SOLUTIONS 29

H{ (BN, RN*1) the constraints |m| = |m,| = 1 yield fys+ g,q = my -V =
—%|V\2 in BY. By the convexity of W and ([L.6)—(1.7), we have
- 1 [ -
LM gl = L™ fy, gn) = 2/0 rN1 {2f/78’ + () + 2914 + (¢')?
N_ /
+ @R+ 5 + W(gn><2gnq+q>}dr

L[ N 2 2, N—-1,
:2/0 r {(s’) +(q) +T + W’(gn)q +2)\(f,78+g77q)}dr

= 2\811V—1| /BN {\VVP + T;W’(gn)VNH — AV }da: =: 2|S]1V_1’F7$4M[V].
Claim: For every V(z) = (s(r)n(z),q(r)) € H}(BY,RN+1) it holds
Bz [ {70]9 () 0] + 0o (L) b } e
n

Proof of Claim: Since FM is continuous in H (BY,RN¥*1) (because A, W’(g%)

€ L>®(B") by Lemma/|A.6)), by standard density results and Fatou’s lemma,
it suffices to show the claim for V = (s(r)n, q(r)) € C(BN \ {0}, RV *1).
For that, we apply [25, Lemma A.1] to

L:=—A— A(r) and T:=—A+ 771217[//(93777) = A(7).

Writing V = (s(r)n,q(r)) = (V1,..., VN, Vys1) € C(BN \ {0}, RN+,
V; = f,V; with V; = % for j=1,...,N, Vay1 = ggViy1 with Vi = £
n

N
FMMIy) = Z/ LV - dex—i—/ TVyyi1- Vg da
BN BN

/ {fz,VV|2+V2Lf77 fn}d:ch/ {g,%\VVNHPJrV]%HTgn.gn}dx

[, (e
-,

x))’Q— Nr e ]v( ) ()| } de

m] ( )m] i e|v (- )<\x|>)}dx,

because Lfn = ]\2 T = 0 (by (1.6)—(1.7)) and (Vl,...,VN) =
) 1 (z) with |vn\2_

fu(r) N .
Consequently, (f,,4g,) minimizes Ié”M in MM 1f (f,,Gy) also min-
imizes IMM in MM the argument in Step 1 of the proof of Proposi-

tion [2.12| gives f”f_f" and g”g_ng” are constant in (0,1). This together with

n

fn(l) — fn(l) = 0 gives fn = fn and g, = agy, in (0,1) for some constant
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a € R. Since fg +g727 =1= fg —I—Q% we deduce that g, = £g, in (0,1). This
proves that ( fm +g,) are the only two minimizers of 1717\4 M in MM | Lastly,
if (f;,9y) is also a solution to (L.4)—(L.8) with g, > 0 in (0,1), then the
claim yields that ( fn, Gn) also minimizes Ié\/" M in MM and by the above,

fo= fn and g, = g, in (0,1). The proof is complete. O

Proof of Theorem [2.6 Recall that for N > 7, since W > 0, the equator map
m(z) = (n(x),0) is the unique minimizer of ET]]V[M in &7 for every n > 0 (see
Remark [1.1). Thus, by (1.11) and Proposition escaping solutions of

(1.4)—(1.8) do not exist for any n > 0.
Suppose now that 2 < N < 6 and fix n > 0. The uniqueness of escaping

solution (fy,gy) of (L.4)-(1.8) with g, > 0 together with its minimality,
monotonicity and positivity were proved in Propositions [2.14] and [2.15] and
its regularity follows from Lemma [A.6] in Appendix [A] It remains to prove
the ex1stencdz| of an escaping solution of (|1.4] . . ) for 2 < N <6 and the
instability of the non-escaping solution (1,0) for 3 < N < 6.

Proof of the instability of (1,0) when 3 < N < 6: We show the second vari-
MM
u

ation of n ZMM at (1,0) is not non-negative semi-definite, i.e. there
exists ¢ € Lip.(0,1) such that

MM vm ( (1,tq)
47 _ 5
@ 0. dt? ’t:O K ( /1 + t2q2)
1 N-1 W0 _
(2.26) :/0 [(q’)2 — ng >q2] N1 < 0.

To this end, we adapt the computation in Step 1 of the proof of Lemma, (c)
Writing ¢ = g with ¢ = r~7° and applying [24, Lemma A.1] (for the
Laplace operator), we have for N = N2 — 8N + 8 < 0:

o= [ {@r+ 5[+ 9% @) rar

In) for r € (b,a) and

For 0 < b < a < 1 to be fixed, let ¢(r) = sm(l
q(r) = 0 otherwise. We have
it < L (7Y N 0
Q0 d < lnb{(an) TR }

Noting that N <0 for 3 < N <6, we can select 0 < b < a < n such that
the above quantity is negative.

@\m

Proof of the existence of an escaping solution: Minimizing 1117\/[ M in MM,

we obtain a minimizer (fmgn) € #MM  Replacing (f},,gn) by (|f,7|, lgn|) if
necessary, we have f,;, > 0 and g,, > 0. It is readily seen that (f;, g,) satisfies

HEor the existence of an escaping solution, it suffices to assume W € C?([0, 00)) instead
of (T11).
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f. By , the fact that fn(l) = 1 and the strong maximum
principle, fn > 0 in (0,1). By and the strong maximum principle,
either g, > 0 or g, = 0in (0,1). The case g, = 0 cannot hold since it would
imply f, =11in (0,1) (since f2 + g2 =1, f,(1) = 1 and f, € C((0,1])) and
N > 3 (since P fn € L*(0,1)), which contradicts the instability statement
established above. U

REMARK 2.16. For N = 2, if we define the second variation of I,J)V[M at (1,0)
(in BMM) along directions (0,q) compactly supported in (0,1) by (2.26),
then the same proof above yields a perturbation q € Lip:(0,1) such that

(2.27) Q)"™M10,q] < 0.

REMARK 2.17. One can also prove Theorem [2.6 by considering the limit as
e — 0 of the escaping (minimizing) solutions (fz, > 0, gz, > 0) obtained in
Theorem for a fived n > 0 with W (t) = t2. The strong limit (fn,g,,) of
{(fem> 9em) Yemso in A is indeed escaping because the non-escaping solution
(1,0) (which corresponds to the equator map m(x) = (n(x),0)) is unstable
for I,;V[M. We omit the standard proof.

3. STABILITY ANALYSIS OF VORTEX SOLUTIONS

3.1. An orthogonal decomposition for the second variation. Assume
that N > 2 and W € C?((—o00,1]) and W € C?([0,00)). Let m., =
(femm, ge,y) be any (bounded) radially symmetric critical point of E. , in
o, and define the second variation Q., : H}(BY,RVT1) — R of E., at
mey, as follows. Under our assumptions on W and W, E., may take on
infinite value in any neighborhood of m, ;. To bypass this technical matter,
we first define the second variation Q. ,[V] along a direction V' = (v,q) €
C(BN \ {0}, RY) x C(BN \ {0}, R) = C=(BN \ {0}, RN*1) by

d2
QeplV] = @‘t:oE&"[me’” +tV]
1 1
_ 2 2 / 2 2 2 2 10 2 2
= [0 Ve = W= 22 = ) (o + )+ a2 )

2 2 -
(3.1) + ?Wﬂ(l B 82777 - gz,n)(fa,n” vt ga,n(J)Q + EWH(QEQ,??)QZWQQ] dz,

and extend this definition to V € H}(BN,RV*!) by density using the fact
that the right hand side of is continuous Hg(BY,RY*1) (because
fes Gery € L®(BY) and W and W are twice continuously differentiable).
We will see that this definition is appropriate for our proof of the local
minimality of the escaping critical points.

In the sequel A: B denotes the Frobenius scalar product of matrices.
Writing v = sn + w where w - n = 0 with s € C°(BN \ {0},R) and w €



32 RADU IGNAT AND LUC NGUYEN
Cx(BN\ {0}, RY), we compute
N -1
|Vo|? = |Vs|? + 752 + |[Vw|? + 2V (sn): Vuw,

V(sn): Vwdr = — A(sn) - wdr = —2 Vs ((Vn)'w) dx
BN BN BN

:—/ 2(w-V)sdar:,
BN T

where we used w-Oyn = % for 1 < k < N because w-n = 0. It follows that
QualV) = [ 195 + 255+ [Vuf = L(w- Vs + VP

- - ffn = )67 [l 4 ) W)

+ 2 W”(l — 20— ) fems + 9e00)® + 7722W”(95n)95 g | de.

We identify « = (r,0) where r = |z| > 0 and 0 = fy € SN=L Let IP denote
the covariant derivative of the standard metric g.oung on the unit sphere
SN¥=1 and do denote the surface measure on S¥~!. For a tangent vector
field w on SN~ (i.e., w-n = 0), one computes

1
(3:2) |[Vul* = [0w]* + S (jwl® + [ Pw]?),

Qo= [ [ o imst+

7\ww|2+7|w\2—7i<w Ps + (00 + Qrmqﬁ

1
% + |9pw]?

- 7W/(1 - —9Ye n)(s + "LU’2 +q ) + Wl(gs ) 2

(33) + ?W”(l - fa,n - ga,n)(fe,ns + géﬂ?Q) + EW”(ga,n)ga,an}do— dr.

We start with an orthogonal decomposition for Q. ,. Let \gp = 0 <
A1 < Ap < ... = 00 be the eigenvalues of the Laplacian —A on SN-1 and
let Co,(1,... be a corresponding orthonormal eigenbasis of L2(SV~1). In
particular, \x = N—1fork=1,...,N, A\ > 2N for k > N+1, and the first

N + 1 eigenfunctions can be taken as (p(6) = \/ﬁ, Ck(0) = ﬁ@k
for 1 <k < N. Moreover, [sy_1 (pdo =0 for all k > 1.

PROPOSITION 3.1. Let N > 2, W € C?((—00,1]), W € C%([0,0)), me, =
(fem, gen) be a radially symmetric critical point of E. , in o/ and Qe be
the second variation of E. , at m., defined by . Suppose that V = (v =
sn+w,q) € CX(BN\ {0}, RN*1) with w-n =0. Forr € (0,1], let

o w(r,-) = w(r,-) + Dy(r,-) be the Helmholtz decomposition of w(r,-) as a
tangent vector field on SN =1 where @ € C°(BN \ {0}, RY), ¢ € C(BY \
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{0}, R), D-1i(r,-) =0 and [gn—, ¢(r,0)do = 0, where we use the convention
that w = 0 when N = 2;
e the expansions of s(r,0),v(r,0) and q(r,0) in the basis {Ci}foo e

oo

(3'4) S(T,-):Z ( C@a Ty Zd)@ C@» T, ZQz Cza

1=0 1=0
with si,vi,q; € C°((0,1)) for every i > 0 Then V := (b,0),V; :=
(siGin + ¥ilPGi, 4iG;) € O (BN \ {0}, RY*) fori >0, and
(35) Qa,n[ Qa,n + Z Qa 77

For related decomposition see [13][19,[36] (in the context of the Ginzburg—
Landau energy), [20}32] (in the context of micromagnetics), [25] 27] (for the
Landau-de Gennes energy).

Proof. Observe that for a tangent vector field w (i.e., w - n = 0),
(3.6) / (w-DP)sdo = — D - wsdo.
SN-1 SN-1

Hence in the coupling term (w - ID)s between s and w in the expression for
Qe pV] in . the divergence-free part of the tangent vector field w does
not contrlbute If w = + IPv is the Helmholtz decomposition of w with

D=0 and fstl wdo = 0, then, by (13.6)),

/ |w[2daz/ || do+/ |w — w|* do,

SN-1 SN-1 SN-1

/ |0,w|?* do = / |0, |2 da—i—/ 10, (w — ) |* do,
SN-1 SN-1 SN-1

Lo isdo= [ (w=i)- D)sdo,

? = W|? do w—w)|?do
/SN1 | Dw| dor—/SN1 | D) d —I-/SN1 | D( ) d
- / oy 1P do /SNJW)Q — (N —2)| Py do

where we used the Bochner identity (see e.g. [41, Ch. I, Proposition 2.2])

Jon—1 |lD Y2 do = [ono1 [(A)? — (N —2)|D|*] do, where D% and 4&1/) are
the covariant Hessian and Laplacian of ¥. Summing up and using , the

Dirichlet part in Q. ,[V] in . becomes:

Dir ::/ erl{(f)rs)Q—l-(f)rq)z—}-]8Tw|2
SN—1
12 2 2 2 2 _ :
(105 1D D+ Do+ e Doy,

72

12Note that 1o = 0 since ¥(r,-) as well as ¢; have zero average on SN for i > 1.
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1 1 1 N -1
_ N-1 o 12 2 ° 12 2 2 2 2
_/SN_IT {10,02 + Do + 10 + (Brs)? + 5 |Psl + =552 + (By0)

1 1 4
+ 1Dl + 10, Do + — (&) - — =Dy Dsjdo

1 1 > Ni+N—1
_ N-1 212 212 212 N-1f /N2 i 2
B /SN—1T {|87“w‘ + ﬁ’lDM + ﬁ‘w’ }da—l—;r {(31) + — 3 i
NN =N +3)

A AN
+(a)* + )+ M)+ Y7 - quisi}.

Noting that, as A\j(A\i+N—1)(\i—=N+3)—4X? = \;( M+ N—=3)(\—N+1) >0
for A\; > N — 1, which holds for 7 > 1, we have
Ai+N -1 Ai( A — N +3 4N )
+72$2 + %gf — %:py >0 for all ¢ > 1.
r r r

Recall also that 19 = 0 and A\g = 0. Hence, all the summands on the right
hand side of the identity above are non-negative. Hence, by Fubini-Tonelli’s
theorem, we obtain the following formula for Q. ,[V] in (3.3)):

Qv = [ pivars [ /S PN W 2 = )6 ol 4 )

1
+ 172 W/(gs,n)q + W”(]' - fs ,n g?,n)(fE,T]S + gE,Uq)2

2
o SW"(g2,) 924" }da dr = Q. [V] + Zan

because the same computation as for the D1r1chlet energy Dir yields

1
o 1 1
2 N-1 o |2 o |2 012
HVV||L2(BN,RN+1) = /0 /SN—I T {]8Tw| + T—Q\lﬁw| + ﬁ|w] }dO’ d’l“ < oo,
1

_ i+ N -1 Ai
Hv‘/i||%2(BN7RN+1) = /0 Y 1{(8;)2 + ZTS? + (q£)2 + 72%2

ANilhi — N +3 4N
+ (Y + %w; - ﬁwz‘sz} dr < oo

which finally gives the expressions of Q. ,[V / | and Q. ,[V;] used above:

QE T) / / N 1 ’8 |2 ’me + ‘w‘Q W/(l - fe,n gs,n)‘ | }d(‘)‘ dr
' SN-1 ’
1

r

E
- Ai+ N — Ai(Ai = N +3 AN s
Qe[ Vi] =/ Y 1{(82)2+r233+Ai(w§)2+(r2)w2—;§8
0

A 1 1.
+(a)* + 54} - W - f2 = ) (st + N7 + ) + ?W’(gf,n)q?

2 2 i
(BT + W= 12— 92, (Jensi + genti)” + ?W”(gin)ginq?} dr.

Thus, (3.5) holds. O
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Strategy of the proof of the stability /instability. The aim is to study
the positivity of the terms in the decomposition of Q¢ ,[V] in (3.5)). For that,
we will use the Hardy decomposition [25, Lemma A.1] for the two operators
L and T defined in (2.11) (as in the proof of Proposition . By the
equations (1.13[)-(1.14)), one easily computes for o € R:

(3.8)

L(r foy) = =204 L, — (ala+ N =2) + N = 1)ro2f .
L(fly) = =200, + 200 f,

_E%W”(l - f£2,77 - ggm)(f?,nfém + f&ng‘fﬂ?gé,n)’

Tgé,n = _]\;glgé,n - E%W”(l - fg,n - 962,17)(957’7!705777%,77 + 96277792,77)
i
_?W”(ggm)ggmggm’

paying attention to the differences in the cases g., > 0 and g., = 0.

Stability in direction V = (10, 0).

LEMMA 3.2. Suppose N > 3 and W € C?((—o0,1]) and W € C?([0,0))

satisfy (L.10) and (1.11). Let mey = (feqn, geyy) be a radially symmetric
critical point of E. p in &/ with g., > 0 in (0,1), and let Q. be the second

variation of E., at me, defined by (3.1). Then there exists a constant
C > 0 independent of €,m > 0 such that for every w € C°(BN \ {0},RY)
with w-n=0 and Ip - =0:

Qenl(ib,0)] > C /B i d.

In the lemma above, m. , can be either an escaping solution with g, , > 0
or a non-escaping solution with g., = 0. Also, for N = 2, this inequality is
obvious since w = 0.

Proof. Note that f., > 0 by Proposition Let @ € R to be chosen
later (see at the end of the proof). We factor w = rf. ;i with
W = (1,...,0y) € CX(BN \ {0},RY) and we apply [25, Lemma A.1] for
the operator L in :

N
Qe pl(w,0)] = /BN Z;ij'ﬁ)j dx
]:

N
- Z /BN {r2“f3,n|ij|2 + wyzL(TafE,n) : (Tafs,n)} dx
j=1

1 20 /
= / / r204+N—1f€27n{‘aTw’2 o f&n’w‘2
0 JSN-1 rfa,n

1 N — 1
St VO g L (il - o) o dr.

(3.9)

r2
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because of (3.2 for the tangent vector field w and (3.8)). By the Poincaré
inequality for divergence-free vector field on the sphere (see Lemma ,

/ D2 do > (N—2)/ 1 [2do.
gN-1 gN-1
We then choose a € (—(N — 2),0) yielding

(3.10) a<0 and (a+1)(a+N-3)<N-3.
Since f., > 0 (see Proposition and &% > 1in (0,1), it follows that
Qenl(w,0)] > C||]|2, for a constant C' > 0 independent of &,7 > 0. O

3.2. The extended model: Stability of the escaping vortex solution.
Stability for the zero-mode V4. Recall that Ay = 0 and (j is a nonzero con-

stant that satisfies [|Col|f2gn-1) = 1, in particular, D¢y = 0; thus, the zero-
mode in (3.5) is given by Vp = (s¢on, ¢{p) for two functions s,q € C2°(0,1).

LEMMA 3.3. Let N > 2, W € C?*((—00,1]) and W € C?([0,00)). Let
Mey = (feqn, gey) be a bounded radially symmetric critical point of E.,, in
o/ and let Q. be the second variation of E., at m., defined by . If
fen >0 and go,, > 0 in (0,1), then for (s,q) € C°(0,1),

b oNeif sy qy
Qnl(stom,ao)) = | g2, (=) +a2(
0 fem 9en
2 2 -
WO Sy = 02) e+ 9e0)? + 57 (2,)020” | -
Proof. Recalling the operators L and T defined in (2.11)), by (3.7),

N —
Qual(som.90)) = g [ {5+ T+ Tag

2 2
+92

2 -
+ ?W”(l - fa,n - ge,n)(fEJYS + gE,nq) + ?W//(gg,n)gg,nq2} dx.

We factor s = f. ;5 and ¢ = gc G and (3.8) combined with [25] Lemma A.1]
yields the conclusion. (For details, see (2.12)).) O

Stability for the modes V;, ¢ > 1.

LEMMA 3.4. Assume N > 2 and W € C?((—o0,1]) and W € C?([0,00))

satisfy (L.10) and (L.11). Let mey, = (feyn, gey) be a radially symmetric
critical point of E., in </ and let Q. , be the second variation of E., at

me, defined by (3.1)). Suppose that g.,, > 0 in (0,1). If s,,q € C(0,1)
then, fori > 1 and V; = (s¢n + Y1, qG),
T¢ 12 , 2 q !/
(£ + @)

1 s \/|2
Qatvilz [ {u2|(57) o

S fen £ Nf;:]ls B \/2:1”)2}& =0

N :
27&m
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Moreover, there exists a constant C' > 0 independent of €, > 0 such that

QenVil 2 C'||ViH%Q(BN) for every 1> N + 1.

Proof. By Proposition fey > 0in (0,1). By Proposition we have
that f., > 0 and g, < 0 in (0,1). We factor s = f 3, ¢ = =14, and

T

€
q= gém(j. Recalling the operators L and T defined in (2.11)), by (3.7)),
1 Ai+N—-1,
ng[‘/:i] = ’S]V_”\/BN {LSS+A1wa+qu+TS
+¥¢2_ 5 81/1+r—2q2

r2 r

2 2 -
+ ?W//(l - 52,71 - gz,n)(f&’ﬂs + g€7ﬂq)2 + ?W”(gin)ggqu} dx

! L ANi—(N—=1) ., .
) = [ per s 2T g e
2(N -1 ! A )‘Z Y 2)\1 ;0
+ ( r3 )fe,n fg,nsz + ﬁff7ﬁ(¢ )2 + Ffs,nfa,nw2

Ai(Ai — (N —1 - , M= (N=1), , .
p AN o e Dy g+ N g e

. 2 .
+ (gé,n)2(q/)2 - ?W”(l - ff,n - g?,n)fa,nfé,nga,ng::,n(s - Q)2} d’l“,

where we used [25, Lemma A.1] and (3.8). As f., > 0, fém > 0, and
N>N—1fori>1,

4N
r3

Mo gy e WA VD) o gy VAR INZI ey

For i > 1, 43/ Xi(N — 1) + 2/ (N — (N — 1)) — 4\ = 2V N[(VA — 1) —
(VN —1-1)2] >0, so

2vAi(A\i — (N - 1)) 4/ Ai(N —1)

. 4N\ — A
3 fem FLgl30] > ——5 Jea Jen30-

Putting these inequalities in (3.11]), we conclude

1 )\Z N / ;
QualVil = [ P2+ S P20+ (o)
b 2 e (VN = T8 = N}

This proves the first assertion.

Consider the second assertion concerning the case i > N + 1. We prove a
uniform L? lower bound by a different Hardy decomposition using A; > 2N .
Indeed, we factor s = f. 5, ¢ = fgmq/; and ¢ = g. ,q and we compute using
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[25, Lemma A.1] and (3.8):

1 B B ~ ~
QealVi) = vy [ {20V PLLen Fet N (£20/V58 + 0Ly fo)

5 MAHN—1, MAN-N+3 AN A
+ G|Vl + T s+ i = Jy2 - 35U+ 50

.
2 2 .
+ W= f2y = G2g) (fens + 9en) + ?W”(gg,n)gi#} da

)\i >\z —2N +14 ~ )\1
2+ ( )1/]2_{_9?’7]((1/)2_’_ 2

1
)\. ~
_ N-1 2 ~1\2 1 2 2 /
= [+ S e L) = 5

A 2 2
— s W= £ = 02,)(fens + 0en0)” + ?W”(gfw)gg,nqz} dr
(3.12)
> ! N-1 2 (2 s 2 (712 )\'L ) 2 )\'L 2 d
= /s r fe,n(s ) + zfa,n(¢ ) + ﬁ(s - w) + ﬁq Ty

where we used (I.10) and )\; > 2N for i > N + 1. Finally, the L? lower
bound (uniform in €, > 0) follows by the Hardy inequality in RV*2 using

r < fep(r) <1 (as in (2.20)):

1 1 N2 1
(3.13) /erfgn(h/fdrz/ rN+1(h’)2drz4/ rN R dr
0 0 0

N2 1 B
2 /O rNTLf2 R2 dr,
where h stands for either § or . O

We are in position to give:

Proof of Theorem[1.5(a) and (b). By Theorem we only need to prove
that, when an escaping critical point m.,(x) = (fe,(r)n(z), ge n(r)) with
gen > 0 exists, the second variation Q. of E., at m., is positive definite,
and that m,, is a local minimizer of E. .

Proof of the positive definiteness of Q. ,. Fix some V € C2°(BN\{0}, RN *+1)

and define V = (1,0), V; = (si¢in + ¥ 1D¢;, ¢:¢;) as in Proposition . By
the orthogonal decomposition (3.5)), Lemmas and we have

N 9 N
(3.14) QenlV] ECHV—;VQ L2(BN)+QO+;QZ'
where
Q():/erl{fQ ()T el (2]
0 SN fen TG

2 2 -
+ ?W”(l - f€2m - gg,n)(famso + QEWQO)Q + ?W”(Qin)ggnqg} dr,
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1 N /
o= [ (G Y ()

N2 9N — 5 PN 2
+ (gé,n)ﬂ(gz;) ’ + (Tg)fe,,7 fgm(f;n - fi) }dr, 1<i<N.
By the density of C2°(BM\ {0}, RN*1) in H}(BY,RN¥*+1) and Fatou’s lemma,
the above inequality holds for all V € H}(BY ,R¥*1) proving that Qe is
non-negative semi-definite.

Suppose next that Q. ,[V] = 0 for some non-trivial V € H} (BN RN*).
The above inequality implies that V' = Zf\; o Vi, s0 = cofens Q0 = CoGen,
8;i = Cift Vi = %fs,n, ¢ = GigL, in (0,1) for 1 <4 < N and some constants

2 N 2

»77

¢i, Giy ¢ As V; are compactly supported in BY and f. (1), fia(),92,(1) #
0, we deduce that V =V = (0, qo¢p)-

Suppose by Contradiction that ¢y # 0. Then gg has no zeros inside (0, 1),
therefore W" (1 — -9z, = W”(gin) =01in (0,1). It follows that W’
is constant in [min(l - f677 g2,),max(1 — f2, — g2 )] =: [0,7] and hence
W’'=0in [0,7] smce W’(0) = 0 (by (L.10)). Recalhng (1.14), we thus have
that —Ag., + VV’(g8 77)g877 = 0in BN. Since W > W’(0) > 0 in [0, 00)

(by (1.11] - and gey = 0 on 0BY | we deduce that geyp = 01in BY which gives
a contradiction to the assumption g., > 0 in BN. Thus, é = 0, leading to
go = 0 and V = 0. This proves that Q. n is positive deﬁmte

By (3.1)), the convexity of W and W, the fact that W’ > 0 and the
boundedness of (f: ;, ge,n), we have for some constant C; = C1(e) > 0 that

QenlV] > [IVVI[72(pny = CillVI[72(pny for all V € Ho(BY RV,
This together with the weak lower semi-continuity of Q. , in Hg(BY, RN +1)
implies that min{Q.,[V]: V € H}(BY,RN*1), IVll2(pvy = 1} is achieved
and positive (as Qe is positive definite), yielding for Cy = Ca(e,n) > 0

Qen[V] = ||VHL2 gy forall Ve Hy(BY, RV,
The above two inequalities imply for C3 = C3(e,n) = 14 Co(C1 + 1) that

QenlV] > ||VHH1 vy forall vV e Hy(BY, RM*1),

Proof of the local minimality of m. ,. We note a subtlety in this step due to

the fact that E.;, may not be finite in a H& neighborhood of m., as we

make no growth assumption for W and W. Since M,y is a critical point for
E., in o, we have, for V = (v,q) € H}(BY,RV*1),

1
Peglme + VI = Beglmes) = 5QeV] = [ ha. V(@) da.
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W) = 5 {W (L = Imeg(@) + yP) = WL = ey (@)P)

+ W/(l - |m£777(:v)|2)(2m5777(a:) Y+ |?/|2) - QW”(l - ‘ma,n(fz)‘Q)(ma,n(‘T) ’ y)2}
1 ¢~

+ 2772{W((gs,n(~’v) +yn1)?) = W(g2,(2)) = W(g2,,(2)) (292 (x)yn+1 + YR 1)

— 2" (g2, (@))g2 ,(@)yhes |-

Note that h € CO(BN, C*(RN*)), h(z,0) = 0, Vyh(z,0) = 0, V2h(z,0) = 0
(thus, (D.1) holds true in Lemma [D.1)) and, due to the convexity of W and
W, h satisfies the growth assumptions in Lemma for p = 2, namely

1 1 -~
h(z,y) > —;W"(l — M (2)]?) (e (2) - y)? — ?W"(gg,n(iﬂ))g?,n(ﬂf)y?\fﬂ
> —C(e,n)|yl?

for every € BY and y € RN+ and a constant C(e,n) > 0. Combining
Lemma, with the positive definiteness of Q. , yield for some 6 > 0 and
C > 0 (depending on ¢ and 7),

Eeplmey + V] = Ecylme ] + éHVH%-Il(BN)
for all V € Hg(BN,RNT) with ||V |1 vy < 0. a
REMARK 3.5. The above result can be used to obtain the local minimality
of any escaping radially symmetric critical point me, = (feqn, gey) of Ecy

with gy > 0 and fg’,7 + ggm < 1 under a slightly weaker assumption that
W e C%([0,1]), W € C?([0,1]) and

(3.15) W(0) =0,W(t) >0 in (—oo, 1], W"'(t) > 0 in [0,1],

(3.16) W(0) =0, W (t) >0, W"(t) >0 in [0,1], W (t) > W(1) in [1,00).
In the Ginzburg—Landau context, similar conditions appeared in [33].

Proof. For m € &/, define the truncation T'm € < of m by

m(x) if \m(x)| S ]-a
T'm(x) ={ ﬁ% if |m(z)| > 1.

Observe that, by (3.15)-(3.16), E.,[m] > E.,[T'm] for m € &. On the
other hand, by applying Theorem to a pair of potentials satisfying
(L.10)—(1.11)) which agree with (W, W) in [0,1] (e.g. by using suitable qua-
dratic polynomials outside of [0, 1]), we obtain that there exist 6 > 0 and
C > 0 such that E.,[Tm] > E. ,[mey] + &||Tm — Me |l gy mv+1) When-
ever m € &/ and ||[Tm — meyl g1 gy gv+1y < 6. Therefore, to prove the
local minimality of m, ,, it suffices to show that the truncation map is con-
tinuous at me ), i.e. if m; = me,, in HY(BY, RV 1), then Tm; — me,, in




LOCAL MINIMALITY OF VORTEX SOLUTIONS 41
H' (BN ,RN*1), Indeed, observe that, for a,b € RN with |a| > 1,[b] < 1,

b-a\2 b-a |2 b-a\?2 b-a |2 a 2
b2 = (la|— 22 ‘b—— > (122¢ ‘b—— ( :‘——b‘.
la=bf* = (ol -7) +p-gal = () +p-Tpel =l

This implies that

2 2
Hm] — Mgy L2(BN RN+1) > Hij - ms,nHLQ(BN’RNJrl)’

and so Tmj — m., in L2(BY,RV*1). Since | Tmjl g gy < llmll g gy
{T'm;} has a H'-weakly convergent subsequence {Tm,, }, whose weak limit
must be m.,, (in view of the strong L? convergence of T'm;), and

IVmepllLzay prey < lim inf IVTmy, ||L2(pr mr+y-

On the other hand, by construction,
IVTmjl L2 gy gy < (VM| ey gyveny = ([Vme gl L2 gy g,

We thus have that HVijkHLQ(BNyRN+1) — ”Vm;.;,nHLQ(BN,RN+1) and so
Tmj, — mey in H' (BN ,RN*1). Applying the above argument to any sub-
sequence of {T'm;}, we get Tmj — me,, in H(BY,RNT1) as desired. O

3.3. The RV-valued model: Stability of the vortex solution. Let
N >2and W € C%((—o0,1]) satisfy . Let u. = f.n be the radially
symmetric critical point of ES” in #“* obtained in Theorem and let
QS be the second variation of EST at ue = fon,

1
ol = [ (170 = SWa = P
BN 9
2
(3.17) + ?W”(l — ) f2(n- U)ﬂ dz, for every v € H} (BN, RMY).

Proof of Theorem[1.3. We will only prove the positive definiteness of QST
in C°(BY \ {0},RY). As in the proof of Theorem (a), the estimate
we obtain (see (3.18) below) implies that Q%*[v] > C||1)H§{1(BN) for v €
H&(BN RN ) and that u. is a local minimizer of EEG L'in 7" more precisely,
for some constants § > 0 and C' > 0 (depending on ¢),

ESLu+v] > EEGL[uE]—I—CN'HvH?{l(BN) for all v € HY (BN, RY), ]l g1 gy < 0.

Take an arbitrary v € C®(BY \ {0},RY). We use the decomposition
in Proposition in the orthonormal basis ((;)i>o of L2(SV~1). We write
v = sn+w+ Py with s € C(BN\ {0}), w € C*(BN \ {0},R"Y) being
a tangent vector field (i.e., w-n = 0) with I - w(r,-) = 0 on S¥~! and
Y € C(BN \ {0}, R) satisfying [on_1 ¢(r,0)do = 0, and decompose

o0

8(7“,0) = Si(T)Q(Q), 1/1(7“,9) = Z¢1(T)Cz(9)7
=0

1=0
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with s;,¢; € C((0,1)) for all i > 0 and all 7 € (0,1]. We will prove

ez Z/ Nl fe (f’)

N
Llw] ZCHU—

Q(N ) 53 r1; Twz 12
(3.18) g (fs - ) ( i )| }ar,
where v; = s;Gn + @mﬁg € (BN \ {0},RY), i > 0. By Proposition
) = QF [w] + ) Q"
i=0

First, Lemma yields a constant C' > 0 independent of ¢ such that
QT[] = CllwliZ

for every tangent vector field w € C°(BYN \ {0},RY) with D - w(r,-) = 0.
Second, for the zero mode vy = so{yn, the proof of Lemma [3.3] yields

YL soCon] :/o V- l{fe (2) ‘2 SW"(1 - f2) sSO}dT

2 N2 N?
> N+1‘<0>‘d>/N12d_ 2
> [ -/ r= "ol

where we used » < f. < 1in (0,1) and the Hardy inequality in RN*+? (as
in ([2.20))). Third, for the modes v; = SZCm + D¢ for 1 < i < N (so that

Ai = N —1), we factor s; = f.§; and 1); = wz, and the computation in the
proof of Lemma [3.4] yields

1
Q" [vi] = /0 rN‘1{<f;)2<§;>2 + QU\;;”J; P - Y 2(1]12)2}dr > 0.

Finally, for the modes v; = s;(;n + i IP¢ for i > N + 1, we factor s; = f.5
and v; = f-1);; by the computation in the proof of Lemma (see (3.12)),

QEL[W] > CHU’L'H%Z(BN) for every i > N + 1

for some C' > 0 independent of ¢ and i. These estimates yield (3.18]). O

3.4. The extended model: (In)stability of the non-escaping solu-
tion. Let N > 2, W € C?((—o0,1]) and W € C?([0, 00)) satisfy and
. Let m. = (f-n,0) be the in-plane radially symmetric critical point of
E. ,in o/, where f. is given by Theorem Let QEW be the second variation
of B, at m.: For V = (v,q) € H} (BN, RY)x HY(BY | R) = HY (BN RN+,

Q=nlV] = QEF[v] + Q= [(0, 9)],

_ 1 1 -
Qeal®a) = | [IVal* = WA= f)a" + 5W(0) | de

i
J

1 -
[Lqu‘qu —W'(0)¢*| dz,
BN n
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where QEGL is the second variation at the critical point u. = f.n of the
Ginzburg-Landau energy ES* given in (3.17) and LEL is defined by (2.1] ﬁ

Proof of Theorem |1 -( 11.5(c). We will only dlscuss the positive definiteness of
ng77 As in the proof of Theorem 1 ), in the case when Q. . 1s positive
definite, we have that Q. ,[V] > C’HVHH1 gy for Ve HE (BN, RN*1) and

that m. is a local minimizer of E., in #/: for some § > 0 and C >0
(depending on ¢ and 7) and all V € H}(BY RN*1) with V[ g1y <6,

Es,n[r‘ns +V]> Ez—:,n[ms} + C~1||V||§1?1(BN)'

By Theorem SL is positive definite. Therefore, Qem is positive
definite if and only if Q. ,[(0,-)] is positive definite, i.e. £(c) + W%VNV’(O) > 0,
where £(¢) is the first eigenvalue of LS on BN with zero Dirichlet boundary
value. Recalling that we are assuming that (| - - ) has no escaping
solutions, we deduce from Theorem 2.4 - ) and (b), Lemma and the fact
that W’ (0) > 0 that the above inequality fails if and only if 2 < N <6,
W'(1) > 0, W'(0) > 0,0 < e < gy and 5 = mo(e). In this case, £(e) +
n%W’ (0) = 0, Q. is non-negative semi-definite with the one-dimensional

kernel {(O,Q) :q € HY(BN), LS q = E(e)q} generated by (0,¢.) for any

first eigenfunction ¢, of LEGL. O

3.5. The SV-valued model: Stability of the escaping vortex solu-

tion. Assume that N > 2 and W € C?([0,00)). Let m, = (f,n,gy) be the

escaping radially symmetric critical point of EM M in oMM with f77 > 0

and g, > 0, and let QMM be the second Varlatlon of EMM at m,: For

V= (v,q) € H(}(BN,RN) x H}(BY,R) = H}(BY RN+ with V-m, =0,
d? ‘ v M[ my +tV }

dt? =0 " |my, +tV|

1 - 2 -
= [ IOVE-XIWVE + W ) + (632 7] do
where A € C*([0,1]) is given by (L.9), so Q)" is continuous in Hg (BY, RN ).

Proof of Theorem[I.3. By the instability of the equator map proved in The-
orem [2.6(b), we only need to prove the stability and local minimality of the
escaping solution ms,.

Proof of the positive definiteness of QM M Tet W(t) = t* and let g9 and

no € C°([0,&0)) be as in Theorem [2.4f those are well-defined as W’(1) > 0.
If W’ (0) > 0, then 7 is increasing and lim, ¢, 70(€) = 0o (see Remark [2.5),
so 1o has an increasing inverse 1, ' : [0,00) — [0,£). If W/(0) = 0, then
no(e) = 0 for all & € (0,£p) and by abuse of notation, we set 1, (n) = o
for every 7 > 0. In both cases, by Theorem for 0 <e <ny'(n), (LI12)-
has an escaping solution (f:,,g:,) with fo, > 0 and g., > 0. By

Q)M V] =
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Remark (fen> 9em) — (fmgn) in # as ¢ — 0, and so uniformly on
compact subsets of (0, 1].

We will prove the positive definiteness of QQ/I M from the positive defi-
niteness of the second variation @, of the escaping critical point m. , =
(femm, gen) of E., (established in Theorem [1.5(a)). Fix some V = (v,q) €
C>(BN\ {0}, RVT) with V - m,, = 0 in BY. We write v = sn + w + D1
with s € (BN \{0}), w € C*(BN\ {0},R") being a tangent vector field
(i.e., w-n = 0) having vanishing covariant divergence - (r,-) = 0 on SV—1
and ¢ € C°(BN \ {0}, R) satisfying [qn_, 9(r, 0)do = 0.

For 0 <e < 170_1(17), define g, = ¢ — fem—tng gsg’g:yg"q and V. = (v,¢.) €

Ge,n
C(BN \ {0},RV*1). Then suppVz C suppV C BV \ {0}, and V. — V in
COBNYNHY(BY) as e — 0 and Vz - m., = 0 in BY. We decompose

s(r,0) =Y si(r)G(0),  w(r0) =Y hi(r)G(6),
=0 1=0

q(r,0) = _qi(r)G(0),  qe(r,0) = q-i(r)¢i(0),
=0 1=0

define V = (,0), V; = (si(in + ¥ PG, iG;) and Ve = (siGin + ¥ilDGi, ¢e,iGi)
as in Proposition Note that V.; — V; in CO(BYN)N HY(BY) as e — 0

for~ every ¢ > 0, 0 =V -my, = sf, +qg, = Zio(sifn + qigy)¢ and so
sify + qign = 0 for all 4 > 0. By the positivity inequality (3.14]), we have

o2 [ G
T e g T 21\ T

N 1 N | |
=03 [ G R (G - )

2
dr

(3.19)  QeylVe] > o\

Claim: Q. ,[V:] — Q%M[V] as ¢ — 0. Indeed, as f., converges to f, in
H! (0,1), we have for any open set K compactly supported in BV \ {0} and
(p:) C H}(K) converging in H! to ¢ € Hi(K), by multiplying from (L.13)

and (1.6) with ./ fc, and ¢/ fn respectively,

: Lo 2 2 _
gl_% BN ?W (1 e,n gs,r])@e dx = /BN A(T)QO dx.

Recalling the expressions of Q. ,[Vz] and Qg/[ MV together with the fact that
$fem+4egey = Ve -meyy = 0, suppVe C suppV C BN\ {0}, and |V|2 — |V |?
in H}(suppV), the claim is readily seen from the above identity.
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Passing ¢ — 0 in (3.19) using the claim on the left hand side and Fatou’s
lemma on the right hand side, we obtain

N /!

3 i+ [ HIGI T

(3'20) _1 Z/ N-3 f2 7"%)’ *f f (;i _T;ﬁi>2}dr
n

for any V € Cg°(BN \ {0}, RV *1) satisfying V - m,, = 0 in BY.

Suppose next that V € H&(BN,RNH) with V - m, = 0 in BN . Pick a
sequence {V;} C C°(BN \ {0},RY*1) which converges in H'(BY RN *1)
to V. Let V; = V; — (V; - my)m, € C2(BN \ {0},RN+1). Then {V;} also
converges in H'(BY,RN*1) to V. Applying (3.20) to V; (since V;-m,, = 0),
and sending j — oo (using the continuity of QMM on the left hand side
and Fatou’s lemma on the right hand side), we see that ( - ) holds for

QMM V] > CHV—

V € Hy(BN,RN*1) satisfying V- m, = 0 in BY. Moreover, if @,"[V] = 0,
then V = YNV | Vi, and 80 T}‘” are constant and ;’ — de” =0for1<i<N.
n n

Recalling also that szfn —|— ¢igyp = 0in (0,1) and s;(1) = ¢;(1) = 0 for all
1 > 0, we deduce that V' =0, i.e., the positive definiteness of Qg/[M.

Proof of the local minimality of m,. We relate the functional E%M in a
QM M
n

neighborhood of m,, to the second variation notwithstanding the fact
that H'(BY,S") is not a manifold. )
Consider a map m, +V € MM and write V = (v,q) and V := V —
(V -my)m, = (9,q) so that V,V € H}(BY,R¥*1) and V - m,, = 0. By the
Euler-Lagrange equation for m,, (as a critical point for EM M in o7MMY and
V-my = —3|V|? (since |m, + V|* = |m,|> = 1),
1 -
By [my + V] = By my] = SQu Y[V
1 - -
=5 [ AawvE =19 - aeqve - v
BN

(3.21) + 7712 [W’(gg) + QW"(gg)gi] (¢* — cjg)} dx + /BN h(z,V(x)) dz,

M, w) = 5 L (gal@) + unn)?) — W(g2())

2n?
— W'(g7())(2gn(@)yn11+ yRr1) — QW”(gi(w))gi(w)y?vH}-

As in the proof of Theorem (a), the positive definiteness of Qéw M implies
that there is a constant ¢ > 0 depending only on 7, W and W such that

QMM[ ] > c|VV|2, (pny for every V € HY (BN, RN with V - m,, = 0.



46 RADU IGNAT AND LUC NGUYEN

Since h € CY(BN,C*(RN*)), h(z,0) = 0, Vyh(z,0) = 0, Vih(z,0) = 0
and h satisfies the growth assumptions in Lemma m for p = 2 (due to the
convexity of W) by Lemma m for any a > 0, there exists § > 0 such that

/ B, V(@) dz 2 —al|VV |22 gy 1 V € HY(BY, RV, V] g oy < 6.
BN

Let us consider the first integral on the right hand side of (3.21). We
start with the term |V|* — |V|?, using the fact that V - m, = —3|V[?,
V2= V]2 =|V-m,|? = 1IV[*. Likewise, since |¢| < |V, |g] < V| < |V,
O0<gy<landq—q¢= (V- -my)gy,

0" = %) =lg— dllg+al < 2]V -my||[V] = [VI.

Next, the term [VV|> — [VV|? is estimated using that V(V — V) = V((V -
my)my,) = —3V(|V|?*my) and —m,, - 9; V =09;m,-Vfor1<j<N,

IVVI2 = |[VV2 = |V(V = V)2 42V(V = V) : VV = |[V(V = V)|?

N
= V(VPmy) : VV = [V(V = V)P +)_o(IVIV - 05my
j=1
— [VIPVm, : VV > [V(V = V)? = CIVI2(|[VV| + [V]?)

for some C' = C(|[Vmy|c1(pwy), where we have used |V| < |my+V|+[m,| =
2 and |[VV| = [VV + 1V(|V|*m,)| < C(IVV] + [V]?).

Putting things together in with a = %min(c, 1), by the Cauchy-
Schwarz and triangle inequalities, we get for all m, +V € & MM with
HV||H1(BN) S 0 that

1 .
E%M[mn—i—V] _E%M[msn] HVVHL2 BN) §HV<V_V)H%2(BN)
—a|VV | 72pny — C(HVVHL2(BN)HVHL4 vy FIVILaany + 1VI7s )

mm(c 1)

2 HVVHL2(BN) (HVHL4(BN) + HVHLB BVY)-

Note also that, since |V| < 2 and by the Sobolev embedding theorem for
V € H}(BY), we have for any fixed 2 < p < min(3, 2%) that

' N—2
”VHL4 BN) + HVHL3 BN) < HVHLP BN) < CNPHVVHLQ BNY:
By the last two estimates, for small § > 0, we obtain for some C>0:

EyMm,+V] = Ey"Mm, |+ C|VV|[72 gy if my+V € MM V| g,

yielding the desired local minimality of m,, for EM M iy oMM, O

<9
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APPENDIX A. RADIALLY SYMMETRIC VECTOR-VALUED MAPS

In the sequel, let SO(N) denote the group of N x N special orthogonal
matrices, equipped with the Haar measure. Naturally, SO(N) x BY is
equipped with the product measure.

DEFINITION A.1. Let N > 2 and k > 0. A measurable map m : BN — RNk
is said to be SO(N)-equivariant, or simply radially symmetric, if

m(Rxz) = Rm(z) for almost all (R,x) € SO(N) x BY,
where R = ( B ONX’“) € SO(N+kE), and 0;x; and Iy denote respectively

OrxN Ikxk
the i X j zero matrixz and the k X k identity matriz.
LEMMA A.2. Let N >2, k>0 and m € L} (BN, RNTF).
(a) If N > 3, then m is radially symmetric if and only if there exist functions
fo91,- . gk € L}, (0,1) such that m(z) = (f(]x\)f;—',gl(\xl), o 9:(z)))
for almost all x € BN

(b) If N =2, then m is radially symmetric if and only if there exist functions
fi,f2,91, -, gk € L,.(0,1) such that

x l'J'
m(z) = (fl(!w\)m + f2(\x!)m,gl(!x\), - gk([2]))

for almost all x = (x1,22) € B2, where '+ = (—x2,21).

Proof. 1t is clear that if m has the stated form, then m is radially symmet-
ric. For the converse, suppose that m is radially symmetric. Let us make
an observation on mollifications of a radially symmetric map. Let (o-) be
a sequence of smooth radially symmetric mollifiers (i.e. o-(z) = o:(|z|))
satisfying supp . C (—¢,¢) and let m. = m % g. in Bj_. where B, is the
ball centered at zero of radius r > 0.

We claim that m. is radially symmetric in Bi_.. Indeed, by Fubini’s
theorem, for almost all R € SO(N), we have

m(Rz) = Rm(z) for almost all z € BY.
Therefore, for almost all R € SO(N) and for all 0 < |z| <1 —¢,

me(Rx) = /BN m(y)o:(Rx —y)dy = /BN m(Rz)p:(Rx — Rz) dz

_ / Rin(2)o-(x — 2) dz = Rme (),
BN

which proves the claim. Thus, it suffices to consider continuous m in our
proof. In this case,

(A.1) m(Rz) = Rm(z) for all (R,z) € SO(N) x BY.

Clearly (A.1) implies that, for 1 < j < k and # € BY, myy;(Rx) =
mn+;(x) for all R € SO(N) and so my4j(x) = g;(|z|) for some g; € C(0,1).
We thus assume without loss of generality that k = 0, i.e., m : BY — R,
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Let ey = (0,...,0,1). For r € (0,1), we write m(rey) = (a(r),b(r))
where a(r) € R¥=1 and b(r) € R. Since m is continuous, a,b € C((0, 1)).

Case (a): N > 3. Taking R of the form R = ( 5 0("_11)“) where S €

01%(n—1)
SO(N — 1), we obtain from that a(r) = Sa(r) for all S € SO(N —1).
As N > 3, there exists S(r) € SO(N — 1) so that S(r)a(r) = —a(r) and
so the above implies that a(r) = 0. In particular, m(rey) = b(r)en for
every r € (0,1). Now if |z| = r € (0,1), we select R € SO(N) such that
R(rey) = x and obtain from that

m(x) = m(R(rey)) = Rm(rex) = b(r)Rey = b(r)=.
The conclusion follows with f(r) = b(r).

Case (b): N = 2. In this case, a(r) is a scalar so that m(rez) = —a(r)ey +
b(r)es. Now if x = (7 cos g, rsinp) for some r > 0 and ¢ € [0,27), setting
R, = ( sin COS“’) € SO(2), then we have Ry,(re2) = z and Ry(rey) =

—cos  sin g

zt. By ,

1
m(xz) = m(Ry(rez)) = Rym(res) = —a(r)Rsoeé‘—Fb(T)R(peg = —a(r)w?—kb(r);
The conclusion follows with fi(r) = b(r) and fo(r) = —a(r). O

REMARK A.3. In a similar fashion as in Definition[A.], one can also define
O(N)-equivariant maps. It is easy to see from the above lemma that, for
N > 3 and k > 0, SO(N)-equivariant maps are O(N)-equivariant. For
N =2and k >0, m € L. (B%R*%*) is O(2)-equivariant if and only if

loc
there exist functions f, g1, ...gx € L},.(0,1) such that
x
m(z) = <f(|x|) |x|,g1(|x|), . ,gk(|x|)) for almost all z € B?.

This is because the map x +— f2(|a:\)% is O(2)-invariant if and only if
fo = 0, because (Rx)t = —R(z') with R being the reflection about the
x1-azis, i.e. R(x1,x9) = (1, —x2).

LEMMA A.4. Suppose N > 2, ¢ > 0 and W € C?((—o0,1]). If m is
a boyndeﬂ radially symmetric critical point of EEGL in Gl then m €
C?(BN) and takes the form m(x) = f(\x|)|§—‘ for some f € C?([0,1]) with

% € C?([0,1]). In particular, f(0) =0 and m is O(N)-equivariant.

LEMMA A.5. Suppose N > 2, e.n > 0, W € C?*((—o0,1]) and W e
C?([0,00)). If m is a boundeﬁ radially symmetric critical point of Ec,
in o, then m € C?(BN) and takes the form m(x) = (f(]x\)ﬁ,gﬂx!)) for
some f,g € C%([0,1]) with % € C?([0,1]). In particular, f(0) =0, ¢’'(0) =0
and m is O(N)-equivariant.

I31f W satisfies (1.10)), then the boundedness of m is a consequence of Corollary
141f W and W satisfy (L.10)-(T.11)), then the boundedness of m follows from Lemma
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We will only give the proof of the latter one. The proof of the other one
requires minor modifications and is omitted.

Proof of Lemma[A.5. As m is bounded, it satisfies

(A.2)

{ —Am — ZW'(1—|m|*)m + 77%T/T/"(m?\,ﬂ)m]\urle]\prl = 0in BV \ {0},
m(z) = =z on 0BY.

Due to m € H'n L=(BY) (in particular, W'(1 — |m|?), W'(m3%,) €

L>(BY)), it follows that holds in all of BY, and, by elliptic regu-

larity theory, m € C?(BY). On the other hand, using Lemma and the
regularity of m, we write

filla g + fallaD B g(lal)) i N =2,
fillal) & g(l=)) if N >3,

where fi, f € C? N L>®((0,1]), g € C*([0,1]), f1(0) = f2(0) =0, ¢'(0) = 0.

To conclude, we show that % € C?%([0,1]) and, when N = 2, fo = 0 in
(0,1). For the last claim, we use ideas from the proof of |26, Proposition
2.3]. From (A.2)), we have that

V - (—maVmi +miVmg) = (my,ma)" - A(my,ms) = 0 in B2,

(A.3) m(z) =

Integrating over balls B, of radius r € (0, 1), the Gauss formula yields

(A.4) / (mq, mg)J‘-&«(ml,mg) dS = (—m20rmi+my10,me) dS = 0.
OB, 0B,

Using (A.3) in (A.4), we obtain

(A.5) — fife+ fafr=01in (0,1).

Since f1(1) = 1, we have that f; > 0 in some interval (r;,1) with 0 < r; < 1.
Dividing (A.5) by f? in (r1,1), we get (f2/f1)’ = 0, and using the fact that
f2(1) =0, we have fo = 0in (r1,1). In particular f5(1) = 0. Now, by (A.2),

N-1
(A6) {4 el f=0n (0,1)
where ¢(r) := —Nrgl + SW/(1— f2 — f3 — ¢%) belongs to C*((0,1]). Since
f2(1) = f4(1) = 0, standard uniqueness results for ODEs implies that fo = 0
in (0,1) as desired.
Let us show next that % € C?([0,1]) for any N > 2. By (A.2) and (A.3)),
, N (_ N-1 1

Lt R ?W/(l - fi —92)>f1 =01in (0,1).

-1
— i+

Setting v = £ and d = E%W’(l —fA-¢) = €%W’(1 —|m|?) € C1([0,1]) (as

_ T
m € C%(BY)), we then have
N+1,
—v
,

v’ + +d(r)v(r) =01in (0,1).
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Considering v as a radially symmetric function on the (N + 2)-dimensional
ball BN*2 we have that v satisfies Av + dv = 0 in BN*2\ {0}. On the
other hand, since m € H'(BY), we have r%f{,r¥fl € L?(0,1) and so
v € HY(BN*2). Tt follows that Av+dv = 0 in BV*2 and since d € C*(]0, 1]),
we deduce that v € C2(BY*2). The conclusion follows. O

LEMMA A.6. Suppose N > 2,7 >0, and W € C([0,1]). If m is a radially
symmetric critical point of E,JIVIM in MM then m takes the form

(A7) m(x) = (f(|lz]) . 9(|z]))

with f,g € C2,((0,1]), f2+g> =1 andr" 7 (|f|+]g)+r 7 |f| € L*(0,1).
In particular, m is O(N)-equivariant. Furthermore, either %,g € C2%([0,1])
or both (f,g) = (1,0) and N > 3, where in the former case one has also
that m € C%(BY), f(0) =0 and ¢'(0) = 0.

Proof. We adapt the proof of Lemma Without loss of generality, we
may assume that W (0) = 0. As a critical point of E7]7V[M in MM m satisfies

2
x|’

(A.8) —Am — \xz)m + H%W’(m?wl)mNHeNH = 0in BV,
' m(z) = xondBY,

where A = |Vm/|? + n%W’(m%\,_H)m?VH € LY(BY). By Lemmaﬁ7 m takes
the form (A.3). In particular, A = A(r) € L} ((0,1]), which together with

(A.8) (recast as ODEs for fi, fo, g) implies that f7, f5, ¢" € L}, .((0,1]) where
fo is absent when N > 3. This in turn implies that A € C°((0,1]) and then
again, by regularity theory, fi, f2,g € C2((0,1]) (and hence m € C%(BN \
{0}). Next, as in the proof of Lemma[A.5] when N = 2, we prove that (A.4)-
hold also here yielding fo = 0 in (0,1). We have thus shown that m
has the form where f2+4¢% =1, r%(|f’| +19'|) +r¥|f| € L?(0,1),
and f,g € C?((0,1]).

Step 1: We prove f,g € C([0,1]). We distinguish the cases N = 2 and
N > 3.

Case 1: N = 2. It is known that the continuity of m in B? can be proved
using Wente’s lemma (see e.g. Hélein [21I] or Carbou [10, Theorem 1]).
However, in this ODE setting, the continuity of f (and hence of g) in [0, 1]

is a consequence of the fact that r%\f’| + r_%]f| € L*(0,1),
1 1 1 r1,rg—0
2=l <2 [ 1Ol < [ el R a .

T2 T2
Also, since r_%\f] € L?(0,1), we get f(0) = 0. It follows that m € C(B?).
Case 2: N > 3. As f,g € C%((0,1]) and f? + ¢g?> = 1, we can find a lifting

6 € C2((0,1]) such that r 2 || € L2(0,1), f = sinf, g = cosf in (0,1]
and 6(1) = w/2. (To prepare for Steps 2 and 3 later on, we note that the
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existence of such a lifting # also holds for N = 2 where we have in addition
to the above that 8 € C([0,1]), r~'/?sinf € L?(0,1) and 6(0) € 7Z.)
A direct computation using (A.8) gives

(A.9)
N -1 N-—-1 1 -
0" + §' — —5—sinf cosf + —21/1/’(cos2 0)sinf cosf =0 in (0, 1).
r r n
Set F(r) =[(N—-1)— 77% 2W'(cos? 0(r))] sin O(r) cosA(r) € L>°(0,1) so that

(A.9) is equivalent to (rV=10") = F(r)rN=3. Thus, for a constant c,

0'(1")—L+L TF(s)sN_gds— ¢ +O(1)asr—>0
T N-1 TN = o N-1 ” :

Using that T%|9’| € L?(0,1), we deduce that ¢ = 0 and

1 T
(A.10) 0'(r) = 7"N_1/0 F(s)s™ 3 ds.
It follows that, for some positive constant C independent of r,
(A.11) 10" (r)| < ¢ and |0(r)| < C(1+ |logr|) in (0,1).
T

Claim: We prove that 6 € C([0,1]) and 6(0) = *= for some k € Z.
Proof of Claim: Indeed, let

2 ~
P(r) =r(0')* + (N — 1) cos® 6 — :]—2W(cos2 9).

By (A.11)), P € L>=(0,1). Multiplying (A.9) by 2r2¢’, we see that

I
(A.12) P'(r) = —2(N — 2)r(8')? — =W (cos® 0).
n
In particular, the function P(r) := P(r) + I 727—31/1/((3082 0(s)) ds satisfies
P e L>®(0,1) and P'(r) = —2(N — 2)r(¢")* < 0. It follows that r(6')* =
mIP’! € L'(0,1) and P,P € Wh(0,1) c C(]0,1]). By (A.10) and
integrating by parts,
F(r) 1 " _
0 (r) = - F'(s)s" % ds.
)= N2 - N /0 (5) 57" ds

Since [F'(r)| < C(|0'(r)| + r) for every r € (0,1), we obtain

|F(r)| = ‘(N —2)r0'(r) + 7“]\’%2 /0?“ F'(s) V72 ds‘

c ]
S [ )R

Noting that, by Cauchy-Schwarz’ inequality,

r r 1/2
/ 10/(5)]sV 2 ds <07«N—2(/ ) ds)
0 0

< Cr? 4+ Crl|o'(r)| +
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we deduce from the above bound for |F'| that

/|F(s)|sN_3ds§C’rN—|—C/ 10/(s)] ™ 2ds+0/ / 10/ (£)[ £V~ thf
0 0

< 0rN+crN—2</ 50 (s )|2ds)

0
Returning to (A.10)), since |0’ (r)|? € L*(0,1), we have that

r 1/2
rlo'(r)] < Cr* + C(/ 5|0/ (s)? ds) / —0asr—0.
0

Recalling the expression of P and its continuity, we deduce that cos?# and
hence 6 belong to C([0,1]). By (A.10) and the continuity of F, r8'(r) =

5 F(0) + o(1) for small r > 0. Hence F(0) =0, ie. 6(0) = k” for some
k € Z. The claim and Step 1 are now completed.

Step 2: We prove that if k is odd, then (f,g) = (1,0) and N > 3. When k
is odd, f(0) # 0. We saw in Step 1 that this is possible only if N > 3.

In the absence of W (i.e. for the harmonic map problem), the assertion
that (f,g) = (1,0) can be dealt as in [30]: implies that P’ < 0, which
leads to 0 =P(0) > P(r) > P(1) = (#(1))* > 0. Thus 0'(1) = 0 since
(1) = %, uniqueness results for second order ODEs give that 0 = 7.

To account for the presence of W in , we argue as follows. By m,
P'(r) < 2ar for some constant a > 0. Since rd’(r) — 0asr — 0 and k is

odd, P(r) — 0asr — 0. Hence P(r) < ar?. By (A.12)), we have (r—2P)’ <0
and since cosf(1) =0, W(0) =0
(A.13) P(r) > P(1)r* = (#'(1))** > 0 in (0,1).

Also by (A.12)), we have that (r~1P)’ < — (N D cos? g — 2I/T/(cos2 6). Using

the fact that cos0(0) = 0, W(0) = 0 and W E Cl,in partlcular, W (t)| < ét
for t € [0,1], we thus have that (r~!P)’ < 0 in some interval (0,79). By
rtP(r) = 0asr —0 (as 0 < P(r) < ar?),

(A.14) P(r) <0in (0,79)

and so, P =0 in (0,7). Putting together (A.13]) and (A.14), /(1) = 0. By
uniqueness results for ODEs, we then have 6 = 7, i.e. (f,g) = (1,0).

Step 3: We prove that if 0(0) € ©Z and N > 2, then %,g € C?([0,1]). Since
0(0) € 7Z, F(r) = (N — 1)d(r)(0(r) — 6(0)) where d(r) = 1+ O(r* + |0(r) —
0(0)|%) as 7 — 0. We can then recast (A.9) in the form

L6 00)) = (0 - 00))" + Lo - o)y - E DM g0

It is easy to check that, for 0 € (0, 1), there exists 75 > 0 such that

r

Lr~N=D%9) < 0 and L(r'~%) < 0 in (0, 7).
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Thus, by the maximum principle (see e.g. [24, Lemma B.1]), we have that

100) = 5ON 114 1 (p(r) — 0(0) > 0 i (0.75).
s

This shows that r~ (1790 — 6(0)| € L>=(0,1) for all 6 € (0, 1).
Taking 6 = 1/2 above, we have that d(r) = 1+ O(r). Then, for some
large A > 0 and small ry > 0, we have

L(r — Ar?) <0 and 7 — Ar?> > 0 in (0, 7).

Again, by the maximum principle, we then have that

19r0) —6ON (. 4,2) £ (9r) - 0(0)) > 0 i (0, 70).
ro — Arg
Thus, r~*(0 — 6(0)) € L>(0,1). This yields F(r) = O(r) and by (A.10),

0" € L>=(0,1).
Since f(0) = sin#(0) = 0, we get % € L*(0,1). Returning to m, as |[Vm/|? =
(9’)2—1—(1\[;721”2, we see that m € C%'(BY) and A € L>®(B") (given in (A.§)),

and by bootstrapping (A-§), m € C?(BY) and A € C*(BY). By the same
argument in Lemma it follows that %,g € C?([0,1]), f(0) = 0 and
g'(0) = 0 as desired. O

APPENDIX B. PROPERTIES OF THE RN—VALUED VORTEX RADIAL PROFILE

PROPOSITION B.1. Suppose that N > 2, W € C?((—o0,1]) satisfies (1.10))
and let f- : [0,1] — [0,1] be given by Theorem [2.1] and f=* : [0,1] — [0,1]
its inverse. Then:

(i) For 0 < € <e, f.(er) > fz(ér) for 0 <r <1/e.
(i) If W/ (1) > 0 and to := sup{0 < ¢t < 1 : W(t) = 0}, then top < 1,

lime_yo 2=—0=0) — o and, for every § € (0,1—to), lim._ @ €
(0,00). In particular, for every a > 0, there exists €, > 0 such that

2 <1—tg in [0,ag] for every € € (0,4,
and, for every § € (0,1 —tg), there exists Cs > 0 such that
1 —ty—06 < f2in [Cse, 1] for every e € (0,1/C].
Proof. For € > 0, define

sy feler) ifre(0,1/e),
fa(?") - { 1 ifre (]./E,OO)
Note that

N-1, N-1,

Aé/+ fe_ r2 fEZ_W/(l_fg)fe in (0,1/6)
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and 0. := % considered as a radially symmetric function in RV¥*2 satisfies

(B.1) Abd. = —W'(1 — fHo. <0in B(0,1/e).
As in Proposition e is non-increasing in (0,1/¢) and so in (0, c0).

Proof of (i). This is equivalent to prove that fo > fsfor 0 < & < e. This

is a direct consequence of the comparison principlﬂ [24] Proposition 3.5]

and the fact that f/(0) = 0.(0) > 0 (since % = 0. is non-increasing),

f-(1/8) = f:(1/8) =1, and

m N—-1, N-1, o F -
é/“‘ r fé’_ r2 fg:—W,(l—fg)fgln (071/5)7
w N—-1, N-1, 2\ F -
bl < -W - )] i (0,1/8),

Proof of (ii). By (1.10), to < 1, W > 0 and W’ > 0 in (¢, 1]. We prove
(B.2) lim FoHVT = 1) = o0 and lim FHN/1 =g —0) € (0,00).
e e—

By (i), { fs} is non-increasing as ¢ — 0 and hence converges pointwise to
some limit function f* In particular, f*(O) =0,0< f* < 1in (0,00), f* is
continuous at 0, and, by the monotonicity of fe, f* is non-decreasing. By
the equation of fs and the bound 0 < fg < 1, for every compact interval
[1/C,C] C (0,00), the family {f.}g<c<1/c is bounded in C3([1/C, C]). By
the Arzela-Ascoli theorem, it follows that f, € C2((0,00)), f. converges to
fe in C? ((0,00)) as € — 0 and

! B = W= )f i (0,00).

£
« T

— -
Since W’ > 0 in (g, 1], one can argue as in Step 3 of the proof of [24,
Proposition 2.4] to show that W/ (1 — f,(00)?) f.(c0) = 0, which implies that
fu(o0) € {0} U [/T = 1o, 1]. Moreover, using again that W’ > 0 in (o, 1], we
can argue as in Steps 4 and 5 of the proof of [24, Proposition 2.4] to show
that f, # 0 and so f.(c0) € [/T — fo,1]. Differentiating the equation for f,
and applying the strong maximum principle, we have that fi > 0 in (0, 00).

Claim: f.(c0) = /T —fo. Once this claim is proved, since {f-'} is non-
decreasing as € — 0, the desired estimate follows.

Proof of the claim: Indeed, suppose by contradiction that this does not hold,
i.c. fu(o0) > v/T—1ty. Then we can select 79 € (0,00) so that fi(rg) =

15Though the comparison principle [24, Proposition 3.5] was stated with the assumption
that W’ > 0 in (0,1) and W”(0) > 0, it is straightforward to see that it remains valid
under the weaker condition that W’ > 0 in (0,1). Alternatively, one can first apply
[24, Proposition 3.5] for the unique radial profiles corresponding to the strictly convex
potentials ¢ — W (t) + dt* with § > 0 and then send § — 0.
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VI=to, f. € [v/1—to,1] and so W'(1 — ff) =0 in [rg,00). It follows that
7 NoLpr ]\lef* =0 in [rg,00) and so

-
f* (r) =cir + cor

1=Nip [ro,00) for some constants c1, co.

Since f, is bounded, we must have ¢; = 0, which implies that f*(oo) =0,
which gives a contradiction. The claim is proved. ([l

APPENDIX C. A SHARP POINCARE INEQUALITY FOR SOLENOIDAL
VECTOR FIELDS

LeEMMA C.1. Suppose N > 3 and let I) and do denote the covariant deriv-
ative and the volume form on the standard sphere SN~1. For every smooth
divergence-free vector field v on SN =1, ie., ID-v =10 on SN, one has

/ Dol do = (N—Q)/ |v|2da+2/ Sym (Do) do.
SN—1 SN—-1 SN—-1

In particular,

/ |Pv|? do > (N — 2)/ lv|? do,
gN-1 gN-1
and equality holds if and only if v is a Killing field, i.e. Sym(IPv) = 0.

Proof. In the following, we raise and lower indices using the standard metric
g on the round sphere, i.e. ' = gilej, v; = gijvj, etc. Also, repeated
upper-lower indices are summed from 1 to N — 1. As the commutator
[, D;]v; = Ricyv*, integration by parts yields:

lDivlejvi do = — ]ﬁjlz)ivjvi do
gN-1 SN-1
= / (JDZ lﬂjvj + Ricg; vk)vi do = —(N — 2)/ lv|? do.
sN-1 N—— e ad sN-1
=0 =(N—-2)gki

It follows that

4/SN—1 |Sym(Dv)|* do = /SN_I \Dyvj+Dvi? do = 2/ D]DUP_(N—Q)MQ] do.

SN-1

which clearly gives the assertion. (I

APPENDIX D. MISCELLANEOUS
LEMMA D.1. Suppose N > 2, M > 1, and 2 < p < o0 if N = 2 and
2<p< % if N > 3. Let Q be a bounded smooth open subset of RN and

h € C%(Q x RM) satisfies

: |h(z,y)]
D.1 lim sup—=>= =0
(D-1) W0 y£0 ety [y]?

and, for some C > 0,
(D.2) h(z,y) > —Cly*(ly[P~2 + 1) for all z € Q,y € RM.
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Then

lim inf fQ h(z,v(x))dx

2
H’UHHl(Q,]RAI)_)O HU||H1(Q7RM)
v#£0,vEH (Q,RM)

> 0.

Note that by the Sobolev embedding theorem and the lower bound of h,
the integral [, h(z,v(z))dz € RU {+o0} makes sense for v € H}(Q2,RM).

Proof. Suppose by contradiction that the conclusion fails. Then there exist
t; — 0% and v; € HY(Q,RM) with |jvj| g1 = 1 such that, for some € > 0
independent of j,

(D.3) / lzh(m,tjvj(x)) de < —e <0.
Q tj

Without loss of generality, we may assume that v; converges weakly in H 1
and a.e. in Q to some v € H(Q,RM). Fix some small § > 0. By Egorov’s
theorem, we can select a measurable set A C 2 such that v; converges
uniformly to v in A and |\ A| < §/2. Also, since v € L?(f2), then for large
K = K(0) > 1, we can select a measurable set B C A such that |v| < K in
B and |A\ B| <6/2. Thus, |v;| < 2K in B for all large j. By (D.1)),

tim [ (B v (2))| dx = 0.
j—=oo Jp tj
Let ¢ = % if N > 3 and ¢ be arbitrary in (p,o00) if N = 2. Using
the bound h(z,y) > —Cly|?(ly[P~2 + 1), Hélder’s inequality, the Sobolev
embedding theorem for ||v;||z1 = 1 and the fact that |Q\ B| < 4, we have
for some constant C’ > 0 (independent of §) that

1 p 42
/ L tjo(a)) de > —C / (2 2oty ) de >~ (1272515413,
o\B 15 O\B

Putting together the last two estimates, we get

Jj—oo j—o0

1 _9.1_2 _2
liminf/Q ﬁh(:):,tjvj(m))dw > —C'lim sup <t§ 2500 4ot 3)

J
Clearly, when ¢ is sufficiently small, this gives a contradiction to (D.3)). O
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