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THREE SCALE UNFOLDING HOMOGENIZATION METHOD APPLIED TO
CARDIAC BIDOMAIN MODEL

FAKHRIELDDINE BADER*, MOSTAFA BENDAHMANE, MAZEN SAAD, AND RAAFAT TALHOUK

ABSTRACT. In this paper, we are dealing with a rigorous homogenization result at two different
levels for the bidomain model of cardiac electro-physiology. The first level associated with the
mesoscopic structure such that the cardiac tissue consists of extracellular and intracellular do-
mains separated by an interface (the sarcolemma). The second one related to the microscopic
structure in such a way that the intracellular medium can only be viewed as a periodical layout
of unit cells (mitochondria). At the interface between intra- and extracellular media, the fluxes
are given by nonlinear functions of ionic and applied currents. A rigorous homogenization process
based on unfolding operators is applied to derive the macroscopic (homogenized) model from our
meso-microscopic bidomain model. We apply a three-scale unfolding method in the intracellular
problem to obtain its homogenized equation at two levels. The first level upscaling of the intra-
cellular structure yields the mesoscopic equation. The second step of the homogenization leads to
obtain the intracellular homogenized equation. To prove the convergence of the nonlinear terms,
especially those defined on the microscopic interface, we use the boundary unfolding method and
a Kolmogorov-Riesz compactness’s result. Next, we use the standard unfolding method to homog-
enize the extracellular problem. Finally, we obtain, at the limit, a reaction-diffusion system on a
single domain (the superposition of the intracellular and extracellular media) which contains the
homogenized equations depending on three scales. Such a model is widely used for describing the
macroscopic behavior of the cardiac tissue, which is recognized to be an important messengers
between the cytoplasm (intracellular) and the other extracellular inside the biological cells.
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1. INTRODUCTION

The heart is a hollow muscle whose role is to pump blood to the body’s organ through blood
vessels. It is located near the centre of the thoracic cavity between the right and left lungs. It is
a muscular organ which can be viewed as two pumps that operate in series. The right atrium and
ventricle, which pump blood from systemic circulation through the superior and inferior vena cava,
to the lungs where it receives oxygen. While the left atrium and ventricle, which pumps blood from
the pulmonary circulation through the aorta, to every other part of the body. These four cavities
are surrounded by a cardiac tissue that is organized into muscle fibers (see Figure 1 and see [31] for
more information). Specifically, the cardiac muscle cells are connected together to form an electrical
syncytium, with tight electrical and mechanical connections between adjacent cardiac muscle cells.
These fibers form a network of cardiac muscle cells called ”cardiomyocytes” connected end-to-end
by the gap junctions. The mechanical contraction of the heart is caused by the electrical activation
of these myocardial cells. For more details about the physiology of heart, we refer to [32] and about
the electrical activity of heart we refer to [41].
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vena cava
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Right atrium
atrium
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ventricle

F1GUure 1. Composition of the heart
http://pennstatehershey.adam.com/content.aspx?productid=114&pid=2&gid=19612,http:
//ressources.unisciel.fr/physiologie/co/4a_1.html

In this paper, our attention is initially directed at the organization of cardiac muscle cells within
the heart. The structure of cardiac tissue studied in this paper is characterized at three different
scales (see Figure 2). At mesoscopic scale, the cardiac tissue is divided into two media: one contains
the contents of the cardiomyocytes, in particular the ”cytoplasm” which is called the ”intracellular”
medium, and the other is called extracellular and consists of the fluid outside the cardiomyocytes
cells. These two media are separated by a cellular membrane (the sarcolemma) allowing the pen-
etration of proteins, some of which play a passive role and others play an active role powered by
cellular metabolism. At microscopic scale, the cytoplasm comprises several organelles such as mi-
tochondria. Mitochondria are often described as the ”energy powerhouses” of cardiomyocytes and
are surrounded by another membrane. In our study, we consider only that the intracellular medium
can be viewed as a periodic structure composed of other connected cells. While at the macroscopic
scale, this domain is well considered as a single domain (homogeneous). It should be noted that
there is a difference between the chemical composition of the cytoplasm and that of the extracellular
medium. This difference plays a very important role in cardiac activity. In particular, the concen-
tration of anions (negative ions) in cardiomyocytes is higher than in the external environment. This
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FIGURE 2. Representation of the cardiomyocyte structure
http://www.cardio-research.com/cardiomyocytes

difference of concentrations creates a transmembrane potential, which is the difference in potential
between these two media. The model that describes the electrical activity of the heart, is called by
”Bidomain model”. The authors in [11] established the well-posedness of this microscopic bidomain
model under different conditions and proved the existence and uniqueness of their solutions (see also
[28, 45, 13] for other approaches).

We start from the microscopic bidomain model, resolving the geometry of the domain, which con-
sists of two quasi-static approximation of elliptic equations, one for the electrical potential in the
intracellular medium and one for the extracellular medium, coupled through a dynamical bound-
ary equation at the interface of the two regions (the sarcolemma). Our meso-microscopic model
involves on two small scaling parameters € and § whose are respectively the ratio of the microscopic
and mesoscopic scales from the macroscopic scale [28]. For more details about the modeling of the
electrical activity of the heart, the reader is referred to [21, 41].

Our goal in this paper is to rigorously derive, using the unfolding homogenization method, the
macroscopic (homogenized) model of the cardiac tissue which is an approximation of the microscopic
bidomain one and consists of equations formulated on the macroscopic scale. The macroscopic model
consists of a system of reaction-diffusion equations with homogenized coefficients, approximating the
microscopic solution on the two connected components of the domain. In general, the homogeniza-
tion theory is the analysis of the macroscopic behavior of biological tissues by taking into account
their complex microscopic structure. For an introduction to this theory, we cite [30], [18],[43] and
[9]. Applications of this technique can also be found in modeling solids, fluids, solid-fluid interaction,
porous media, composite materials, cells and cancer invasion. This technique also has an interest in
the field of numerical analysis where various new computational techniques (finite difference, finite
elements and finite volume methods) have been developed, we cite for instance [1],[10]. Several
methods are related to this theory. Classically, homogenization has been done by the multiple-scale
method which was first introduced by Benssousan et al. [12] and by Sanchez-Palencia [30] for linear
and periodic operators. The two-scale convergence method introduced by Nugesteng [39] and devel-
opped by Allaire et al. [3]. In addition, Allaire and Briane [4], Trucu et al. [44] introduced a further
generalization of the previous method via a three-scale convergence approach for distinct problems.
Recently, the periodic unfolding method was introduced by Cioranescu et al. in [16] for the study
of classical periodic homogenization in the case of fixed domains and adapted to homogenization in
domains with holes by Cioranescu et al. [19, 15]. The unfolding reiterated homogenization method
was studied first by Meunier and Van Schaftingen [34] for nonlinear partial differential equations
with oscillating coefficients and multi scales. The unfolding method is essentially based on two
operators: the first represents the unfolding operator and the second operator consists to separate
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the microscopic and macroscopic scales. The idea of the unfolding operator was introduced firstly
in [7] under the name ”dilation” operator. The name "unfolding operator” was then introduced in
[16] and deeply studied in [19, 17, 15]. The interest of this method comes from the fact that we
use standard weak or strong convergences in L? spaces. On the other hand, the unfolding operator
maps functions defined on oscillating domains into functions defined on fixed domains. Hence, the
proof of homogenization results be comes quite simple.

Now, we mention some different homogenization methods that are applied to the microscopic
bidomain model to obtain the macroscopic bidomain model. Krassowska and Neu [37] applied the
two-scale asymptotic method to formally obtain this macroscopic model (see also [5, 28] for different
approaches). Furthermore, Pennachio et al. [40] used the tools of the I'-convergence method to
obtain a rigorous mathematical form of this homogenized macroscopic model. Amar et al. [6]
studied a hierarchy of electrical conduction problems in biological tissues via two-scale convergence.
Recently, the authors in [11] proved the existence and uniqueness of solution of the microscopic
bidomain model based on Faedo-Galerkin method. Further, they used the unfolding homogenization
method at two scales to show that the solution of the microscopic biodmain model converges to the
solution of the macroscopic one.

The main of contribution of the present paper. The cardiac tissue structure viewed as double-
periodic domain and studied at the three different (micro-meso-macro) scales . The aim is to derive
the macroscopic (homogenized) bidomain model of cardiac electro-physiology from the microscopic
bidomain model. This paper presents a rigorous mathematical justification for the results obtained in
a recent work [8] based on a three-scale asymptotic homogenization method. For this, we will apply
a three-scale unfolding method on the intracellular problem by accounting two scaling parameters
€ and 6 to obtain its homogenized equation. Further, to pass to the limit in nonlinear terms,
we use the technique involving the unfolding operator introduced in [26] and a Kolmogorov-Riesz
compactness’s result. Second, we will follow the standard unfolding method on the extracellular one
(similar derivation may be found in [11]). An important motivation for our investigations is their
application to unfolding homogenization method proposed to the effective properties of the cardiac
tissue at micro-meso-macro scales.

The outline of the paper is as follows. In Section 2, we give a precise description of the geometry
of cardiac tissue and introduce the microscopic bidomain model featured by two parameters, ¢ and
6, characterizing the micro and mesoscopic scales. Furthermore, the existence of a unique weak
solution for the microscopic problem is stated and a priori estimates for the microscopic solutions
are derived. Moreover, the main result is presented in this section. In Section 3, we recall the
notion of the unfolding operator and the convergence results used for homogenizaton. Section 4 is
devoted to homogenization procedure. The three-scale unfolding method applied in the intracellular
problem is explained in Subsection 4.1. The homogenized equation for the intracellular problem is
obtained, at two levels, in terms of the coefficients of conductivity matrices and cell problems. The
first level of homogenization yields the mesoscopic problem and then we complete the second level
to obtain the corresponding homogenized equation. In Subsection 4.2, the homogenized equation
for the extracellular problem is obtained at one level using a standard unfolding method. Finally, in
Subsection 4.3, we derive the macroscopic bidomain model. Furthermore, in Appendix A, we give a
compactness result for the space L?(2, B) with a Banach space B and Q C R

2. BIDOMAIN MODELING OF THE HEART TISSUE

In this section we define the geometry of cardiac tissue and we present our meso-microscopic
bidomain model.
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2.1. Geometry of heart tissue. The cardiac tissue @ C R? is considered as a heterogeneous
periodic domain with a Lipschitz boundary 9€2. The structure of the tissue is periodic at meso- and
microscopic scales related to two small parameters € and 9, respectively, see Figure 3.

1/€d

Y  —

0

Q

(A) (B) (C)

FIGURE 3. (A) Periodic heterogeneous domain 2, (B) Reference cell Y at e-
structural level and (B) Reference cell Z at d-structural level

Following the standard approach of the homogenization theory, this structure is featured by two
parameters /™ and (™€ characterizing, respectively, the mesoscopic and microscopic length of a
cell in meso- or microscopic domain. Under the two-level scaling, the characteristic lengths ™ and
£mic are related to a given macroscopic length L (of the cardiac fibers), such that the two scaling
parameters € and ¢ are introduced by:

pmes mic

7 and 6 =

€= with (™€ << gmes,
The mesoscopic scale. The domain €2 is composed of two ohmic volumes, called intracellular Qf"s

and extracellular QF medium (see [40] for two-scale approach). Geometrically, we find that Q?"S and
Q¢ are two open connected regions such that:

= = ==
Q=0,"U%Q, with Q°° N Qs = 0.
These two regions are separated by the surface membrane I'. which is expressed by:
T, = 005 N o,

assuming that the membrane is regular. We can observe that the domain Q?’é as a perforated domain

obtained from ) by removing the holes which correspond to the extracellular domain Q.
d
At this e-structural level, we can divide © into N. small elementary cells Y; = []]0,e 2,
n=1
with £, . .., £3° are positive numbers. These small cells are all equal, thanks to a translation
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d
and scaling by ¢, to the same cell of periodicity called the reference cell Y = []]0, £2[. Next, we
n=1
denote by TF a translation of ek with k = (ky,...,kq) € Z?. Note that if the cell considered Y is
located at the kI®™¢ position according to the direction n of space considered, we can write:
VP =TF4eY ={e€:€ck +Y},
with ko := (k1075 ..., kal*).
Therefore, for each macroscopic variable x that belongs to €2, we define the corresponding mesoscopic
variable y &~ z that belongs to Y with a translation. Indeed, we have:
€

r€ Q= 3keZ such that xeﬁ@kéaﬁ:e(kg—ky)iyzg—kgeif.
€

Since, we will study in the extracellular medium Qf the behavior of the functions u(z,y) which
are y-periodic, so by periodicity we have u (1:, r_ kg) =u (x, E) . By notation, we say that y = d
belongs to Y. c c c

We are assuming that the cells are periodically organized as a regular network of interconnected

cylinders at the mesoscale. The mesoscopic unit cell Y splits into two parts: intracellular Y; and
extracellular Y. These two parts are separated by a common boundary I'Y. So, we have:

Y=Y, UY uUlY, TIY=090Y;NaY,.
In a similar way, we can write the corresponding common periodic boundary as follows:
Th=TF p eI = {e€: € € by +TY},

with T* denote the same previous translation.
In summary, the intracellular and extracellular medium at mesoscale can be described as the
intersection of the cardiac tissue Q with the cell Y]’“E for j =14,e:

G=an (YL Q=a0n|JY., T.=an JT%
kezZd kezd kezd
with each cell defined by Y]ks =TF +cY;j for j =i, e.
The microscopic scale. The cytoplasm contains far more mitochondria described as ”the power-
house of the myocardium” surrounded by another membrane I's. Then, we only assume that the
intracellular medium Qf’é can also be viewed as a periodic perforated domain.
At this d-structural level, we can divide this medium with the same strategy into small elementary

d . . .
cells Zs = []]0,d [, with ¢, ..., £5"° are positive numbers. Using a similar translation (noted
n=1
’ d .
by TF"), we return to the same reference cell noted by Z = [] |0, £2[. Note that if the cell considered
n=1

Z(’;/ is located at the k/niéme position according to the direction n of space considered, we can write:
Z¥ =TF +6Z ={6¢: C €kl + 2},

with kj, == (K{00ie, ... kL emic),

Therefore, for each macroscopic variable x that belongs to 2, we also define the corresponding
x /

microscopic variable z & Y~ that belongs to Z with the translation TF .

The microscopic reference gell Z splits into two parts: mitochondria part Z,, and the comple-
mentary part Z. := Z \ Z,,. These two parts are separated by a common boundary I'*. So, we
have:

Z=7Z,UZ. Ul'*, I%=0%Z,.
By definition, we have 0Z, = OextZ U T'Z.
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. . . . . . 5
More precisely, we can write the intracellular meso- and microscopic domain ;° as follows:

af=an | (vEn | 25
kezd k'ezd

with ZF; is defined by:
Z¥ =T 462, ={6C:C € k) + Z.}.

C,
In the intracellular medium Qf"s, we will study the behavior of the functions u(zx,y, z) which are

z k x
z-periodic, so by periodicity we have u (x, Y, 5 gz — k@) =u (;v,y, —5) . By notation, we say
€ €

that z = — belongs to Z.

€
Similarly, we describe the common boundary at microscale as follows:

rs=0n |J ¥,
k’'ezd
where F’gl given by:
IY =TF 46T = {6C: ¢ € kjy +T7},
with TF" denote the same previous translation.

2.2. Microscopic bidomain model. A vast literature exists on the bidomain modeling of the
heart, we refer to [22, 40, 20], [28] for more details. In the sequel, the space-time set (0,7) x O is
denoted by Or in order to simplify the notation.

Basic equations. The basic equations modeling the electrical activity of the heart can be obtained
as follows. First, we know that the structure of the cardiac tissue can be viewed as composed by
two volumes: the intracellular space ; (inside the cells) and the extracellular space €2, (outside)
separated by the active membrane I'Y.

Thus, the membrane I'Y is pierced by proteins whose role is to ensure ionic transport between
the two media (intracellular and extracellular) through this membrane. So, this transport creates
an electric current.

So by using Ohm’s law, the intracellular and extracellular electrical potentials u; : Q; 7 — R are
related to current flows J; : Q; 1 — R?

Jj = iju]', in Qj,T = (07T) X Qj,
where M; represents the corresponding conductivity of the tissue for j = ¢, e.
In addition, the transmembrane potential v is known as the potential at the membrane I'Y which is
defined as follows:
v = (u; — Ue)|py : (0,T) xTY — R.
Moreover, we assume the intracellular and extracellular spaces are source-free and thus the intra-
cellular and extracellular potentials u; and u,. are solutions to the elliptic equations:

(1) —divJ; =01in Q; 7, for j =i, e.
According to the current conservation law, the transmembrane current Z,, is now introduced:
(2) Iy =—J;i-ni=Jene, onT4 :=(0,T) x IV,

with n; denotes the unit exterior normal to the boundary I'. from intracellular to extracellular
domain and n, = —n;.

The membrane has both a capacitive property schematized by a capacitor and a resistive property
schematized by a resistor. On the one hand, the capacitive property depends on the formation of
the membrane which can be represented by a capacitor of capacitance C,, (the capacity per unit
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area of the membrane). We recall that the quantity of the charge of a capacitor is ¢ = Cp,v. Recall
that, the capacitive current Z. is the amount of charge that flows per unit of time:

Ic = atq = C’matv.

On the other hand, the resistive property depends on the ionic transport between the intracellular
and extracellular media. The resistive current Z,. is defined by the ionic current Z;,, measured from
the intracellular to the extracellular medium which depends on the transmembrane potential v and
the gating variable w : 'Y — R. Moreover, the total transmembrane current Z,, (see [20]) is given
by

I =Ze+ I, — Lopp on I'Y,

with Zgp), is the applied current per unit area of the membrane surface.
Consequently, the transmembrane potential v satisfies the following dynamic condition on I'V in-

volving the gating variable w : IT'V — R:
5 T = Cri0yv + Lion (v,w) — Lyp, on I,
®) Ow — H(v,w) =0 on I'Y..

Herein, the functions H and Z;,,, correspond to an ionic model of membrane dynamics.
In addition, we assume that the no-flux boundary condition at the interface I'* is given by:

(4) M;Vu;-n, =0 onTl%:=(0,T)xTI?

with n, denotes the unit exterior normal to the boundary I'*.

Statement of the mathematical model and main results. Cardiac tissues have a number of
important inhomogeneities, particularly those related to intercellular communications. The dimen-

sionless analysis done correctly makes the problem simpler and clearer [28, 20]. So, we can convert
system (1)-(4) to the following non-dimensional form:

(52) Vs (M5 ) =0 in Q0 = (0,7) x Q5°,
(5b) Vs (Mgvgaz) =0 in QF ;= (0,T) x O,
(5¢) e (8;3 + Tion (02, @2) — fappye) =7, on . :=(0,T) x L.,
(5d) —MEOVaE - ny = MEVREE - ne = I, on .7,
(5¢) O, — H(0.,@.) =0 onT. 71,
(5f) M§’5V§aj’6 ‘n, =0 on s 7.

Note that each equation corresponds to the following sense: (5a) Intra quasi-stationary conduc-
tion, (5b) Extra quasi-stationary conduction, (5¢) Reaction surface condition, (5d) Meso-continuity
equation, (5e¢) Dynamic coupling, (5f) Micro-boundary condition.

For convenience, the superscript = of the dimensionless variables is omitted. Observe that the
bidomain equations are invariant with respect to the scaling parameters € and . Now we define the
rescaled electrical potential as follows:

xT

uf";(t,x) =y (t,:z:, - %) ;o us(t, @) i= e (t,:z:, g) .

Analogously, we obtain the rescaled transmembrane potential v, = (uf‘s —ug)|r. , and gating
variable w.. In general, the functions v. and w. does not depend on J, we omit the index § when
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non confusion arises. Next, we define also the following rescaled symmetric Lipschitz continuous
conductivity matrices:

(6) ME? () == M; (:vg%) and M:(z) == M, (xg)

satisfying the elliptic and periodicity conditions: there exist constants a, 5 € R, such that 0 < a < 8
and for all A € R? :

(7a) MA-A > A,
(7h) MG < BIA, for § = e,
(7¢) M; y- and z-periodic, M, y-periodic.

We complete system (5) with no-flux boundary conditions:
(MPVui?) = (MiVug) n =0 on (0,7) x 9o 2,

where n is the outward unit normal to the exterior boundary of 2. We impose initial conditions on
the transmembrane potential and the gating variable:

(8) 0:(0,2) =voe(x) and we(0,2) =woc(z) ae onl,.

We mention for instance some assumptions on the ionic functions, the source term and the initial
data:

Assumptions on the ionic functions. The ionic current Z;,,(v,w) can be decomposed into
Iion(v) : R = Rand Iy jon (w); R = R, where Ziopn (v, w) = It ion(v) + I2,ion(w). Furthermore, I jon
is considered as a C! function, Iy o, and H : R? — R are linear functions. Also, we assume that
there exists r € (2, 400) and constants i, as, az, aq, a5, C > 0 and S, f2 > 0 such that:

1 . .
02 ol < aon ()] @ ([ 4 1) Lo (0)] < (] + 1),
(9b) |H(v,w)| < as(|v] + [w| + 1), and Iy ion (w)v — ayH (v, w)w > as |w|?,

(9¢) I~1’Z—on 2z It ion(2) + P12 + B2 is strictly increasing with liH(l) flwn(z)/z =0,
z—

- = 1 r—
(9d) Va2 € R, (Dion(21) = Trion(2)) (21— ) = 5 (L [+ [2a]) 2 1 — 2l

Remark 1. Few models to these functions are available, we mention for instance the Hodgkin-Huxley
model [29], the Mitchell-Schaeffer model [35], the Roger-McCulloch model [42] and the Aliev-Panfilov
model [2]. Here, we take the Fitzhugh-Nagumo model [24, 36] which is defined as follows

(10a) H(v,w) = av — bw,
(10b) Zion(v,w) = (A(1l —v)(v —0)) + (—Aw) := 1 ion (V) + L2, i0n (W)
where a,b, \, 0 are given parameters with a,b >0, A <0 and 0 < 6 < 1.

Assumptions on the source term. There exists a constant C' > 0 independent of € such that
the source term Z,,, . satisfies the following estimation:

(11) Hsl/ 2 e

<C,

L2(Tc 1)

where I'c 7 := (0,T) x T'..
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Assumptions on the initial data. The initial conditions vy . and wg . satisfy the following
estimation:
(12) [et/7vo.c wo,e

)

1/2
+ H6 / V0,e

4 Hsl/z

<
Lr(e) L2(T¢) L2(Te)

for some constant C' independent of e. Moreover, vy . and wy . are assumed to be traces of uniformly
bounded sequences in C'*(Q).

Clearly, the equations in (5) are invariant under the simultaneous change of uf"s and uf into
uf"s + k; ué + k, for any k € R. Hence, we may impose the following normalization condition:

(13) /Q wi(t)de =0 for ac. t€ (0,7)
We start by stating the weak formulation of the microscopic bidomain model as given in the
following definition.
Definition 2 (Weak formulation). A weak solution of problem (5)-(8) is a four tuple
(WS us, ve, w.) such that us® € L2 (0, T, H' (95)) us € L2 (0,T; HY(QF)) , v € L2(0, T; HY/2(T.))

NL"(Ter), r € (2,+0), we € L*(Ter), Ow. € L*(0,T; HY2(T.)) +L7/=U(T. 1), dyw. €
L3(T. ) and satisfying the following weak formulation for a.e. t € (0,T) :

// €0 p doydt + // M?’g(a:)Vuf’é -V, dxdt Jr/ ME(2)Vug - Vo, dxdt
(14) Cer Q?g QZ,T

+ // eZion (Ve, we)p dogdt = // Lapp,cp doydt,
FE,T Fe,T

(15) // w9 dozdt — // H(ve,we)o dogdt =0,
FE,T FE,T

for allg; € 12 (0,75 HY (957)) | o € L2 (0,73 H' (9)) with o = (5 — 0) I, € L7 (0,73 V(L))

NL"(Ter) and ¢ € L*(Te 7). Moreover, the weak formulation makes sense in view of the following
initial conditions:

(16) 0(0,2) =voe(x) and w.(0,z) =wo(z) ae onT..

Then, the existence of the weak solution is given in the following theorem with the proof can be
found in [11] where the mesoscopic domain is ignored.

Theorem 3 (Microscopic Bidomain Model). Assume that the conditions (6)-(13) hold. Then the
microscopic bidomain problem (5)-(8) possesses a unique weak solution in the sense of Definition 2
for every fixed £, 6 > 0. Moreover, there exists a constant C' > 0 not depending on € and § such
that:

(17) ||\£v5||L°°(O,T;L2(FE)) + HﬁwEHLOO(O,T;L%FE)) <G

(18) ’ u

£,0
i

[
(o (ar) = O el om0 = €

(19) Hel/rvel <C

Lr/(rfl)(FE’T) -

<C and HE(T_D/T I ion (Ve)
LT(F&T)
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Furthermore, if vo . € Hl/Z(I’E) N L"(T), there exists a constant C' > 0 not depending on & and &
such that:

(20) H\/gat”EHLQ(r + Hﬁ@tngLz(st) =C.

E,T)

The existence and uniqueness of weak solutions for the microscopic bidomain problem (5)-(8)
for every fixed e, 4 > 0 is standard, e.g., by using the Faedo-Galerkin method based on a priori
estimates (17)-(20). We notice that we get the same energy estimates as in [11], this comes from
the consideration of homogeneous Neumann type conditions on the microscopic scale.

Main results. In this part, we highlight the main results obtained in our paper. Based on a priori
estimates and the convergence results of unfolding homogenization method, we can pass to the limit
in the microscopic equations and derive the following macroscopic problem:

Theorem 4 (Macroscopic Bidomain Model). A sequence of solutions ((uf’é)gﬁ7 (Uee)e, (wg)g) of
ith

the microscopic bidomain model (5)-(8) converges (as €,0 — 0) to a weak solution (u;, Ue, w) wi
v = U — Ue, uj,u. € L20,T; HY(Q)), v € L2(0,T; HY(Q)) N L™ (Q7), dpw € L2(0,T; H-Y(Q)) +
L/ 0=1(Qz) and w € C(0,T; L*()), of the macroscopic problem

HmOpv + V- (MeVue) + pmZion(V, W) = pmZLapp i O,
(21) mOv — V - (Bx/[qul) + timZion(V,w) = i Lapp i Qr,
ow — H(v,w) =0 on Qr,
completed with no-flux boundary conditions on u;, Ue 0N Oegyf :
(1\N/IeVue) ‘n= (ﬁiVui) n=0 on Sp:=(0,T) x ders2,
and initial conditions for the transmembrane potential v and the gating variable w :
(22) v(0,z) = vo(x) and w(0,2) = wo(x) a.e. on Q,

where v, wo € L?(Q) are defined in Remark 22-(b). Here, pi, = |TY|/|Y| is the ration between the

surface membrane and the volume of the reference cell. Moreover, n is the outward unit normal to

the exterior boundary of Q). The first-level homogenized conductivity matrices Mj = (ﬁl?q)Kp g<d

for j =i,e and the second-level one 1\711 = (I?lfq) are respectively defined by:
1<p,q<d

d d
_ 1 ox4 _ 1 0001
23 mP9 = 72 Pq pkZAe ) g mP? = 72 pq pEZ7 ) g
(252) ‘ IYkzl/ye (me e 8yk> oo IZIH/ZC (mi TG, )

mle. ~pkaxz ~pq>
m ! + d
|Y|Z/ (G v

k q q
¢ k

where the components x2 of xe and X;;I of x; are respectively the corrector functions, solutions of the
e-cell problems:

(23b)

|Y| |Z|,M 1

,Vy . (MeVyXZ) = Vy . (Meeq) in Y,
(24a) x4 y-periodic,
MV, x? - ne = —(Meeg) - ne on TV,
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—Vy - (f/[ivyx;?) =V,- (Mieq) inY;,
(24b) X? y-periodic,
Mivyx? n; = — (Mieq) -n; on IT'Y,

and the component 0] of 0; is the corrector function, solution of the §-cell problem:

V. (M;V,00) =V, (Me,) in Z,
(25) 07 y- and z-periodic,
M; V.07 - n, = —(M;e,) -n, on T,

foreq, ¢ =1,...,d, the standard canonical basis in R%. System (21)-(22) corresponds to the sought
macroscopic equations. Finally, note that we close the problem by the normalization condition on
the extracellular potential for almost all t € [0,T],

/ ue(t, z)de = 0.
Q

The proof of Theorem 4 is given in Section 4. The uniqueness of the solutions to the macroscopic
model can be proved by standard methods. This implies that all the convergence results remain
valid for the whole sequence. It is easy to verify that the macroscopic conductivity tensors of the

intracellular Ml and extracellular Me spaces are symmetric and positive definite.

Remark 5. The authors in [11] treated the initial problem with the coefficients m?q depending only
on the variable y for j = i,e. Comparing to [11], in our work the microscopic conductivity matriz
M; of the intracellular space depends on two variables y and z. Using a three-scale unfolding method,
we derive a new approach of the homogenized model (21) from the microscopic problem (5). Our
homogenized problem is described in three steps. First, we unfold the weak formulation of the initial
problem and prove the convergence results of the corresponding terms using the properties of the
unfolding operators. Next, we pass to the limit in the unfolded formulation and we find the explicit
forms of the associated solutions. Finally, the last step describes the two-level homogenization whose

the homogenized (macroscopic) conductivity matrix MZ of the intracellular space are integrated with
respect to z and then with respect to y.

3. THE UNFOLDING METHOD IN PERFORATED DOMAINS

In this section, we give the definitions for the concepts of unfolding operator defined on the
domain Q7 and on the membrane I'}.. Further, we recall some properties and results related to these
concepts used in our paper.

3.1. Unfolding Operator. For the reader’s convenience, we recall the notion of the unfolding
operator. The following results can be found in [15].

3.1.1. Definition of the unfolding operator. In order to define an unfolding operator, we first
introduce the following sets in R? (see Figure 4)

o =, ={keZ ek +Y)CQ}, where kp := (k1 £, ..., kqlT),
o 55 ={K €Z% 6(kj, + Z) C Q}, where kj, = (Kj £, ... kL 0mic),

e OF = interior { | e(ke+Y)},

kEE,
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o O = interior { |J e(ke + Yo)},
kEE.
Q2 = interior { |J e(ke +7¢5)}, Y;? = interior { U 6ky +2Ze)},

kEE. k' E€Es
e I.={yeTv:yecQr},

o A°=0Q)\QF,

Qs = (0,T) x QF,

Q0 =(0,T)x Q% Q2 =(0,T) x

A5 = (0,T) x A°.

. ﬁie‘ﬁ . AiE'E Q
o B
|

FIGURE 4. The sets ﬁf"s (in blue), QF (in red), A5 (in white) and AS (in green).

e

For all w € R?, let [w]y be the unique integer combination of the periods such that w— [w]y € Y. We
may write w = [w]y + {w}y for all w € RY, so that for all € > 0, we get the unique decomposition:

xzs([gy—i—{g}y), for all z € RY.

Based on this decomposition, we define the unfolding operator in perforated domains.

Definition 6. For any function ¢ Lebesque-measurable on (0,T) x QS (the intracellular medium at
mesoscale), the unfolding operator T is defined as follows:

x ~_ '
(26) TH6) (b 3y) = {¢ (t,s [E}Y —I—ey) a.e. for (t,z,y) € Q5 x Y,
0 a.e. for (t,z,y) € A X Y,

where [-] denotes the GaupB-bracket. Similarly, we define the unfolding operator TS on the domain
(0,T) x Q.

We readily have that:
~ . €T
Vo e 0 N0, TH9) (ta {Z} ) = lt.).
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3.1.2. Properties of the unfolding operator. The following results summarizes some basic prop-
erties of the unfolding operator and we refer the reader to [19, 15] for more details.

Proposition 7. For p € [1,+0), the operator T is linear and continuous from LP ((0,T) x Qf)
to LP(Qr x Y;). For every ¢ € L' ((0,T) x Q%) and u,v € LP ((0,T) x QF), the following formula
holds:

L T (w) = T2 (u) T2 (v),
1

2. —
|Y| QxY;

T@)tw9) dudy = [ ota) do= [ o(ta)de= [ olt.a) o

Qs Af
3. |‘7;i(u)HLP(Qx)’i) = |Y|1/p Huﬂﬁf's L

1/p
o ) < ‘Y‘ ||u||Lp(Q7§)7
4. Vy']?(u)(t,x,y) = 57?(Vmu)(t,iﬂ,y)-

In the sequel, we will define W;’p the periodic Sobolev space as follows

Definition 8. Let O be a reference cell and p € [1,+00). Then, we define
(27) W#p(O) = {u € W'P(0) such that u periodic with Mo (u) = 0},

1
where Mo (u) = @/ w dy. Its duality bracket is defined by:
o

F(u) = (F, u)(W;,p(O)),’W;,p(O) = (F, u)(Wl,p(o))/7W1,P(O), Yu € W;’p(O)
Furthermore, by the Poincaré- Wirtinger’s inequality, the Banach space W;’p has the following norm:
HUHW;P(O) = ||VU||L,,(@) ,Vu € W;p(o)-

Notation: We denote W;&’Q(O) by Hy(O) forp=2.

We turn now to the convergence properties for the corresponding unfolding operator, see for e.g.
Proposition 2.8 and Theorem 3.12 in [15].

Proposition 9. Let p € [1,+00).
1. For ¢ € L?(Qr),

T2 (9) = ¢ strongly in LP(Qp x Y;).
e—
2. Let {¢°} be a sequence in LP(Qdr) such that :
¢ — ¢ strongly in LP(Qr)
e—0
Then, ‘
T2 (9%) = ¢ strongly in LP(Qr x Y;).
E—r
Theorem 10. Let p € (1,400). Suppose that u® € LP (0,T; WHP (Q5)) satisfies
Hua||Lp(07T;W1,p(Qf)) <C.
Then, there exist u € LP (O,T; Wl’p(Q)) and u € LP (O,T;LP (Q, WLP(YZ))) , such that, up to a
subsequence, the following hold when ¢ — 0 :
1. TX(u®) = u weakly in L? (0,T; LP (Q, WP(Y))),
2. TH(Vuf) = Vu+ V,u weakly in LP(Qr x Y;),
with the space W#p is defined by (27).
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3.2. Composition of unfolding operators. In the intracellular problem, since the electrical po-
tential u?"s depends on the mesoscopic variable y and the microscopic one z so we will define a
composition of two unfolding operators. In this section, we compose unfolding operators with the
following convention:

Any unfolding operator acts on the two last variables of a function. Herein, we will state the result
for a composition of two unfolding operators (see [34]). Let Y and Z be two reference cells (see
Figure 3). For ¢,6 > 0, with § < ¢, the unfolding operators T and 75 are respectively associated to
Y; and Z.. The unfolding operator 75 is defined on Q7% x Y; as follows:

{1/1 (t,x,é [%}Z + 52) a.e. for (¢,z,y,2) € QET xY; X Z,,

(28) Ts(W)(t,2,y,2) =
0 a.e. for (t,z,y,2) € A5 xY; x Z,

for any function ¢ Lebesgue-measurable on (0,7) x Qf"s x Y;.
First, we define the composition of the unfolding operators associated to Y; and Z. as follows:

10) (t,e E}Y + &6 [%}Z + 552) a.e. for (t,z,y,2) € (AZET xY; x Z,,

(29) 75 (T2(9) (t 2y, 2) =
0 a.e. for (t,z,y,2) € A5 xY; x Z,

for any function ¢ Lebesgue-measurable on (0,7T) x Q?’[s.
We see immediately that for all x € fo’é, we have:

T (T(0) |t {2} - t} = o(t, )

Next, we also have some properties for this composition of unfolding operators (see [34] for more
details).

Proposition 11. Forp € [1,400), the operator Ts (TZ(+)) is linear and continuous from LP ((0, T) x Qf’é)
to LP(Qr X Y; x Z,.). For every ¢ € L* ((O,T) X Qf’é) and u,v € LP ((O,T) X Qf"s) , the following

formula holds:

(1) T5 (T (w)) =T (T2 (w)) T5 (T2 (v))

1 1 i
(2) |Y||Z|///Q o Ts (’7';(¢))) (t,z,y,2) dedydz = /555 o(t,x) dx,
XY X Z, i
(3) ||7:5 (7?(“))””(9“@“26) = |Y‘1/p |Z‘1/p Hu]lﬁf,s < |Y|1/p |Z|1/P ||“||Lp(ﬂf*5)'

Le(Q5°)
(1) V.75 (Tiw) = 675 (V, T (w) = 07 (T2 (V)
Using the convergences properties of each unfolding operator, we can prove the following results:
Proposition 12. For p € [1,4+00). Let {¢°°} be a sequence in LP(Qr) such that :
¢ = ¢ strongly in LP(Qr)

Then, |
5 (T2(67)) 3 @ strongly in LP(Qr x Y; x Z).
e—

Finally, we end by stating the main convergence result which proved as Theorem 4.1 and Theorem
6.1 in [34] (see also Theorem 5.17 in [15]):
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eorem . Let qu;’ e sequence in , 43 ’ - orp e (1,4+00). satisfies
Th 13. Let {uS°} b in LY (0, T; Whe (Q°)) f 1 isfi

|

Then, there exist u; € LP (0,T; WhP(Q)) ,4; € LP (O,T; L (Q, W;&p(Yl))) and
u; € LP (O,T; Lp (Q X Yi,W;p(Zc))) , such that, up to a subsequence, the following convergences
hold as € goes to zero:

1. Ts (ﬂl(ufé)) — u; weakly in LP (0, T; LP (Q x Y; x Z.)),

2. T (7‘;(%575» — Vu; + Vi + V. ii; weakly in LP(Qr x Y; x Z),

£,0

%

<C.

Le(0,T;wie(Q5°))

with the space W#p is given by the expression (27).

3.3. The Boundary Unfolding Operator. Note that the meso-microscopic bidomain model is a
dynamical boundary system at the interface of the intracellular and extracellular regions. We need
to define here the unfolding operator on the boundary I'c, which developed in [19, 15, 27]. To do
that, we suppose that I'? has a Lipschitz boundary.

Definition 14. For any function ¢ Lebesque-measurable on (0,T) x I'c, the boundary unfolding
operator T2 is defined as follows:

a’: ~

te|— .e. t Q5 x TV

(30) Ty = [ £ (b [E], ren)we for () €O
0 a.e. for (t,x,y) € A5 x T'V.

We also list some properties of the boundary unfolding operator as given in [15].

Proposition 15. The boundary unfolding operator T2 has the following properties:
(1) T2 is linear operator from LP(Te 1) to LP(Qr x TY),

(2) T () = T2(@)T2 (), Yo, € LP(Terr), p € (1,+00),

(3) For every ¢ € L ( eT

// )(t, z,y) dedoy 7/ o(t,x) dog,
|Y| QxTy .

(4) For every ¢ € LP(T'; p) with p € (1,400), one has:

), we have the following integration formula:

1 1
172 poaxrny = /2 IV TP 0ll oy < PV @l oirsy »

(5) For every ¢ € D(Qr x T'Y) and ¢p € WHY(0,T, LY (T.)), the following integration by parts
holds:

T
][ 70 dudoyit - / [ e waoa.
0 QxTv QxT'y

Remark 16. Note that the last property (which not listed in [19, 15]) is a direct consequence of the
integration by parts formula and the integration formula in property (3) of Proposition 15.

Remark 17. Ifu; € L? (0, T; W“’(Qj)) forp € (1,400), T2(u;) is the trace on TV of T (u;) with

j =1t,e. In particular, by the standard trace theorem in Y}, there is a constant C' such that

HTEb(“J HLP(QTXF?J) > (HT Uj HI;P(QTXY +[|Vy T (uy) HLP(QTXY))
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From the properties of T?(+) in Proposition 7, it follows that

b p
T2 gty = € (Wil + € 1900 )
This inequality can be found as Remark 4.2 in [15].

The next result is the equivalent of Proposition 9 and Theorem 10, to the case of functions defined
on the boundary I'..

Proposition 18. Let p € [1,400).
1. Let p € LP(0, T; WYP(Q)). Then, one has the following convergence:

T2 () ¢ strongly in LP(Qp x TY).

E—r

2. Let {¢°} be a sequence in LP(0,T; WHP(Q)) such that :
»° ¢ strongly in LP(0,T; WP ().
e—
Then,

T2 (%) ¢ strongly in LP(Qr x TY).

E—r
Theorem 19. Let p € (1,400). Suppose that v. € LP(L'. 1) satisfies

el/r vell Lo, 7y < C-

Then, there exist v € LP (Qr x TY) such that, up to a subsequence, the following convergence hold
when € — 0 :

T2 (ve) — v weakly in LP (Qp x T'Y).

Proof. The proof of this theorem can be found as Proposition 4.6 in [14] and Lemma 22 in [26] for
other details. g

Remark 20. Fiz j € {i,e}. Suppose that u5 € L* (0,T; H' (95)) satisfies [|u
Let

Moo rian ey =€
g5 =ujr. € LQ(FE)T),

be the trace of u§ on I'c. Then, there exist u; € L? (O,T;Hl(Q)) (c¢f. Theorem 10) such that, up to

a subsequence, the following hold when € — 0 :

7?(9?) — u; weakly in L* (Qp x TY).

We can prove this remark by following Remark 22-(a).

4. UNFOLDING HOMOGENIZATION METHOD

In this section, we will introduce a homogenization method based on the unfolding operator for
perforated domains and on the boundary unfolding operator. The aim is to show how to obtain
the macroscopic model from the meso-microscopic bidomain model. First, the weak formulation of
the meso-microscopic problem is written by another one, called ”unfolded” formulation, based on
unfolding operators. Then, we can pass to the limit as ¢ — 0 in the unfolded formulation using some
a priori estimates and compactness argument to obtain finally the macroscopic bidomain model.
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4.1. Intracellular problem. Our derivation bidomain model is based on a new three-scale ap-
proach. We apply the composition of unfolding operator 75(72(+)) in the intracellular problem to
obtain its homogenized equation. Recall that uf"s the solution of the following initial intracellular
problem:

SV (MSVE) = 0 in Q2.

(31) _M?gvuf’g Ny =€ (8157}5 +Iion<U5a wa) - Iapp,a) =1In on I'c 7,
Owe — H(ve,we) =0 onTI'. 1,

fo";Vuf’é n, =0 onI's 7,

where the intracellular conductivity matrices M5 = (m??);<,, ,<a defined by:

r X

1) d
M;°(z) = M; ( , 5) , a.e. on R,
ele

satisfying the elliptic and periodic conditions (7).

The problem (31) satisfies the weak formulation (14). Since Z;op (ve, We) = It jon (Ve) + Iz i0n (We),
we can rewrite the formulation (14) as follows:

// €0y p; do,dt + // Mf’5Vuf’5 -V, dxdt

Ter f’f"

(32) + // €lhion (Ve )i doydt + // ela ion(we)p; doydt
FE,T FE,T

= // eLapp,epi dozdt.
FE,T

We denote by F; with i =1,...,5 the terms of the previous equation which is rewritten as follows
(to respect the order):
Ey+FEy+FE;+E,=Es.

4.1.1. ”Unfolded” formulation of the intracellular problem. The unfolding operator is used
below to unfold the oscillating functions such that they are expressed in terms of global and local
variables describing positions at the upper and lower heterogeneity scales, respectively. Using the
properties of the unfolding operator, we rewrite the weak formulation (32) in the "unfolded” form.
Using property (3) of Proposition 15, then the first term is rewritten as follows:

FEi = // 0 p; dogdt + // €0 p; dogdt
fe,T Fe,TmA%

1

Y /// T2(0p0e) T2 (i) dadoydt + // €0, p; do,dt
|Y| QprxT'v T.rOA

= J1 + Ry.

Similarly, we rewrite the second term using property (2) of Proposition 11:

B = 1 //// To (T2 (ME) T3 (T2 (Vs ) To(T2 (Vepy)) dardydzdt
‘Y| |Z| QrXY; X Z,

+ // Mf";Vuf"é -V, dxdt
ADT

= JQ +R2
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Due to the form of Ij ;on, we use property (2)-(3) of Proposition 15 to obtain T2 (I ion(-)) =
I ion (TEZ’()) for k = 1,2 and we arrive to:

1
E3=— /// ’st (Il,ion(va)) 7;b(<,0i) dl‘d(fydt + // 511,ion(vs)ﬁpi do,dt
|Y| Qp xI'y F€7T0A;

1

= — /// Ilﬁion (7-517(1)5)) sb(@i) dxdgydt+ // EIl,iO’n(vs)@i do_zdt
|Y| Qp xT'y FEYTF]A%

=J3+ Rs

1
Ey= — /// 7;17(12,1'071('105)) €b((pi) dxddydt + // 512,i0n(w5)90i do,dt
|Y| Qp xT'v FEYTF]A%

1

= — /// IQ’ion (Eb(wg)) ’7;17(%01) de'dO'ydt"_ // EIQ,iOn(ws)(pi dedt
|Y| Qp xT'v T.rAS,

=Jys+ Ry

1
Bs =51 / / / T (Lapp,e) T2 (i) dwdo,dt + / / Tapp.c i dogdt
|Y| QpxT'v T.rAS,

= Js + Rs

Collecting the previous estimates, we readily obtain from (32) the following ”unfolded” formula-

tion:
1 . ,
VGl T2 (00e) T2 (pi) dadoydt
|Y| QrxI'v

: ol //// 73(7?(M?é))%(Ei(v“?[s))%(zi(v%)) dxdydzdt
Y11Z] QrXY;xZ.
1
(33) + — /// Ii ion (7?(@6)) 7;1)(%_) dadordt
IY‘ QrxTY
+ i /// IQ,ion (7?(11)8)) 7-517(801') d$d0'ydt
IY‘ QrxTY
1
= /// ﬁb(Iapp,s)Eb(w) dxdoy,dt + Rs — Ry — Rs — Ry — Ry
|Y| Qr xTY

Similarly, the "unfolded” formulation of (15) is given by:

%///Q r T2 (0iw:) T2 (9) dadoydt
1
Y ///Q | H(TX(we), T2 (we) ) dindoydi

=—¢ // Qrw:¢ dogdt + 5// H(ve,we)¢ dogdt
Te rNA% De,rNAS,
= Rg + Ry

(34)

The intracellular homogenized model has been derived using the unfolding homogenization method
at two-levels. The first level homogenization concerns the asymptotic analysis § — 0 related to the
electrical activity behavior in the micro-porous structure situated in Qf";. At the second level ho-
mogenization, the asymptotic analysis ¢ — 0 is related to the electrical activity behavior in the
mesoscopic structure situated in Qj"s. Since § < e, we pass to the limit directly in the unfolded
formulation when ¢ — 0.
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4.1.2. Convergence of the ”Unfolded” formulation. In this part, we establish the passage to
the limit in (33)-(34). First, we prove that:

R1 R7—>0

e—0

by making use of estimates (17)-(20). So, we prove that Ry — 0 when ¢ — 0 and the proof for the
other terms is similar. First, by Cauchy-Schwarz inequality, one has

1/2
Vi l? dedt .
£2(933) <//Af’;| pil” de )

In addition, we observe that ’A?"s‘ — 0 and Vy; € L? (Qf‘s) Consequently, by Lebesgue dominated

//AM|V<,0¢|2—>O7 as € — 0.

Finally, by using Holder inequality, the result follows by using estimate (18) and assumption (7).

Let us now elaborate the convergence results of Jy, - - - , J5. First, we choose a special form of test
functions to capture the mesoscopic and microscopic informations at each structural level. Then,
we consider that the test functions have the following form:

(35) <pf’5 = U,(t,z) + eV (t,2)D5 (x) + 06Uy (t, 2) D5 ()0 (),
with functions ®f and O defined by:

Bi(e) =@ (Z) forb=1.2and 0°°) =0 ().

where W;, Wy, are in D(Qr), @) in Hy(Y;) for k=1,2 and © in Hy(Z.). We have:

Ry = // M (2) Vs Vi dandt < Hva‘*vufv‘sl
ADr

convergence theorem, one gets

Vi = VU, + 0V, 05 + Uy®5V,0%° + eV, 0,05 4 6V, 085070 4 60, V, 0505
Due to the regularity of test functions together with Proposition 12 and Proposition 18, there holds:
Ts (Tl( ‘?’6)> — W, strongly in L? (Qr x Y; x Z,),
Ts (TZ(0197)) — ¥y (t, )P (y) strongly in L (Qr x Y; x Z,),

(TZ(U2D50°°)) — Wo(t, 2)P2(y)O(z) strongly in L (Qr x Y; x Z,),

A A

T (v@f 5)) — Vo0, + UV, 8, + Uy®,V, 0 strongly in L2 (7 x Yi x Ze) |

T2(e5 %) — W, strongly in L*(Qg x I'Y).

€

Next, we want to use the a priori estimates (17)-(20) to verify that the remaining terms of the
equations are weakly convergent in the unfolded formulation (33)-(34). Using estimation (18), we

deduce from Theorem 13 that there exist u; € L? (O,T;Hl(Q)) ,U; € L? <O,T; L? (Q,H#(Yl)))
and u; € L? (0, T;L? (Q xY;, H;E(ZC))) such that, up to a subsequence, the following convergences
hold as € goes to zero:

Ts (T2 (u?)) — u; weakly in L? (0,T; L2 (2 x YV x Z)),

Ts (T (Vus?)) = Vu; + Vyi; + V. a; weakly in L*(Qr x Y; x Z),
with the space H;E is given by (27). Thus, since 75 (T; (Mf‘s)) — M; a.e in Q x Y; x Z., one

obtains:

1 1 N
2 — mm //// M, [V’U/’L + Vyﬁ@ + VZ’U%] [Vm\lll + \Iflqu)l + \112<I>2VZ®] dxdydzdt.
QrxXY;xXZ
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Remark 21. Since u; is independent of y and z then it does not oscillate "rapidly”. This is why
now expect u; to be the "homogenized solution”. To find the homogenized equation, it is sufficient
to find an equation in Q) satisfied by u; independent on y and z.

Furthermore, we need to establish the weak convergence of the unfolded sequences that corre-
sponds to v.,we and Zypp .. In order to establish the convergence of T2(dve), we use estimation
(20) to get

b 1/2 1/2
1720w o oy < €2 1Y 1Y 1000l 2y < C-

So there exists V' € L?(Qr x I'Y) such that T2(9;v.) — V weakly in L?(Q7 x I'V). By a classical
integration argument, one can show that V' = 0;v. Therefore, we deduce from Theorem 19 that

T2(0pv.) — Oyv weakly in L*(Qp x TY).

Thus, we obtain

1 1
Ji=— / / / TL(0pv) T2 (i) drdoydt — — / / / OV, dado,dt.
Y] QpxTy Y] QpxT '

Remark 22. (a) We observe that the limit v coincides with u; — ue. Indeed, it follows that, by
using property (3) of Proposition 15,

5// Vep do,dt = 5// Vep do,dt —1—5// Ve dogdt
Te,r T, D rNAS,

T
1
= — /// T2 (ve) T () dado,dt + // evep dozdt
|Y| QpxT'y e, rNAL
=Je + Re,

for all ¢ € C*(Qr). We can similarly prove that R. — 0 as in the proof for the terms
Ry, ..., Ry when € goes to zero. Then, it sufficient to prove the convergence results of J.
when € — 0. On the one hand, to establish the convergence of T2 (v.), we use estimation
(19) to get
b 1/2 (v 1/2
H7:-: <UE)HL2(QTxry) <el2y| HU'SHLZ(FE,T) <C.

So, we deduce from Theorem 19 that there exists v € L?(Q x V) such that T2(ve) — v
weakly in L?(Qr x T'Y). Therefore, we obtain

1 1
J = — / / / T2 (ve)TE () dadoydt — —— / / / v drdo,dt.
Y1 J ) Japxre Y1 JJJarxry

On the other hand, since ve = (u§ — ug) |r. . and, due to the fact that Tgb(uj) is the trace
on T of TZ(uf) for j =i,e (consult Remark 17), we can rewrite J. as follows

Jg — i /// 7—€b(1}6)7—€b(§0) d.’EdO'ydt
|Y| QTXFy
- 7 /// T2 (w5 = ug) Ir...) T2 () dadodt
|Y| QrxT'y ,

1 ,
=[] T 0 = T ) b T2) .

Now, by using Theorem 10, there exist u; € L? ((),T; Hl(Q)) such that T2 (u5) — u; weakly
in L* (0,T; L* (0, H'(Y;))) , for j =1i,e. Thus, we deduce

1
Jo — — /// (u; — ue) lorxrvy drdo,dt.
|Y| Qr xT'y
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Herein, we used the integration formula of the operator T2 in the first step and exploited
that v is independent of y and v coincides with u; — u. in the last step. This prove Remark
20 for ve = (u§ — us)|r..

(b) Moreover, we have assumed that the initial data vo e, wo. in (8), are also uniformly bounded
in the adequate norm (see assumption (12)). Therefore, in the same way as the previous
proof (a), using again the integration formula (3) of the operator T?, we know that there
exist vy, w) € L2(Qq x TY) such that, up to a subsequence,

184
15 V¢ doy — —— [ voo dz,
. Y| Jo
I
e Woc® dog = 7 wo¢ dzx,
r. Y1 Ja

1 1
for all p € C=(Q), where vy = w7 vy doy and wo = w1 Jo wy doy.

(c¢) Finally, one can pass to the limit in the normalization condition defined by (13) to recover
a condition on the average of u. (the limit of T*(ug)) and we get the following equation, for
all € C([0,TY),

T 1 /7 T
0 :/ / ucdx | @ dt = —/ (/ Ee(ui)dxdy> @ dt+/ / ugdx | @ dt
0 Qs Y1 Jo QxY, 0 As
e
— 0= uedz | p dt,
Y1 Jo \Jo *

where the second term in the previous equality goes to zero as the proof for the terms
Ry,...,R; when € — 0. This implies that we have, for almost all t € [0, T,

/ ue(t, z)dz = 0.
Q

Now, making use of estimate (17) with property (4) of Proposition 15, one has

1/2
172 @l sy < M2 VT2 Iwellgage, 2 < €.
Then, up to a subsequence,

T2 (w.) — w weakly in L?(Qr x T'Y).

So, by linearity of I3 o, we have:

L 1
Jo= /// Ly ion (T2 (we)) T2 (i) dwdoydt — — /// Ly ion(w)¥; dzdo,dt.
Y] QT Y QpxT

Similarly, we can prove the convergence of T(Z,pp.c), by using assumption (11), to get

1/2
HTeb(Iapp,E)HLz(QTxry) <el/? Y] / HIapp’EHLz(Fs,T) <G

So we can conclude from Theorem 19 that there exists Zypp 0 € L2(Q x I'Y) such that T2 (Zupp.e) —
Tupp.o weakly in L2(Qr x TY). Thus, we obtain the following convergence:

1 Iy
Js = / / / TL (Zapp,e) T2 (p3) dado,dt — I / / Zopp¥i dadt,
|Y| Qp xT'Y lY‘ Qr

1

where Z,,, = ﬁ .

Iapp’() dO'y.



THREE SCALE UNFOLDING HOMOGENIZATION METHOD APPLIED TO CARDIAC BIDOMAIN MODEL 23

It remains to obtain the limit of J3 containing the ionic function I jon. By the regularity of ¢,
it sufficient to show the weak convergence of Iy ;on (7;1’(115)) to I1ion(v) in L2(Qr x T'¥). Due to the
non-linearity of I ;on, the weak convergence will not be enough. Therefore, we need also the strong
convergence of T2(v.) to v in L%(Qr x T'¥) by using Kolmogorov-Riesz type compactness criterion
26. Next, we prove by Vitali’s Theorem the strong convergence of I; ;o (Eb(vs)) t0 Ij ion(v) in
Li(Qp xTY), Yg e [1,r/(r — 1)) with r € (2, +00).

To cope with this, we derive the convergence of the nonlinear term I, ;,,, in the following lemma:

Lemma 23. The following convergence holds:
T2(v.) — v strongly in L*(Qr x TY),
as € — 0. Moreover, we have:
L1 ion (TEb(’Us)) — Liion(v) strongly in LY(Qp x I'Y), Vg € [1,r/(r — 1)),
ase — 0.

Proof. We follow the same idea to the proof of Lemma 5.3 in [11]. The proof of the first convergence
is based on the Kolmogorov compactness criterion, which is recalled for the convenience of the reader
in Proposition 26. It is carried out in three conditions:

(i) Let A C Q a measurable set. We define the sequence {v5 }e>0 as follows:

v5(t,y) = /147?(115)(25,3:,3/) dx, for a.e. t € (0,T), y € TY.

It remains to show that the sequence v§ € L? (O,T; H/? (Fy)) is relatively compact in the space
L2 (0,75 L*(I'Y)) . Since the embedding H/(I'¥) < L?(I'"Y) is compact, we have to show that the
sequence v4 is bounded in L? (0,T; HY*(I¥)) N H* (0, T; L*(IV)) .

We first observe that

9352 = [ | [ T t0) do
Ty A
f /m%vs)(t,x,yn7;b<v5><t,x,y2>|2
T'vxIl'v JA

d+1
ly1 — v

2
doy

dxdoy, doy,
2 2

= ||U,54||L2(py) + HUZHH;/Z(W) :

With Fubini and Cauchy-Schwarz inequality and the a priori estimate (17), one has
T
2 2
[l <€ [ [ [ T a0)] doydade
2
<cC HﬁUEHLz(I‘E‘T) <C

Next, we need to bound the HS/ ? semi-norm. Since v, = (u§ — u)|T'., we use again Fubini and
Jensen inequality together with the trace inequality in Remark 17 to obtain

2 2
”Uf‘l”Hg/Z(ry) <C [/ Hﬁb(UE)HHg/Q(ry) dxdt}
Q

2 2

€,0
i

<c U u R A O [P A A e

L2(Q5° L2(Q5°

Hence, integrating over (0,7') and using the a priori estimates (18), we have showed that the sequence
v§ is bounded in L? (0,7 H/2(I'v)) .
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By a similar argument and making use of the estimate (20) on £'/29;v., we can also show that
HatUZ”L?(rg) <C.
Finally, we deduce that the sequence v5 is bounded in L? (0, T;H'Y? (Fy)) NnH! (O7 T; L? (Fy)) and
due to the Aubin-Lions Lemma the sequence is relatively compact in L? (O7 T; L? (Fy)) .

(ii) Due to the decomposition of the domain in Definition 3.1.1,  can always be represented by
a union of scaled and translated reference cells. Fix € > 0 and let k£ € =, be an index set such that

OF = | elhe+Y), with kg := (ki 55, kal™).
keE.
Note that z € e(k, +Y) & [g] = ky. For every fixed k € =, we subdivide the cell e(k; +Y) into
Y
subsets ¢ (k; + Y)? with o € {0,1}", defined as follows

g
r+eg—
€ly

eke+Y) :=qaxecelke+Y):e¢ .

*E(kg%—o‘) ,

Y

for a given h € R. Tt holds e(k, +Y) = |J (ke +Y)7.
0c{0,1}4
We use the same notation as in Proposition 26. Now, we compute

HThTeb(“f) T2 (ve HL2 ((0,7)xQlxTv) — HThTab(va) - Teb(vf)HiZ((o,T)x(ngﬁs)va)

b b 2
+ |72 (ve) = T2 (UE)||L2((0,T)x(9§\§s)xry)
=E}_+FEl..

Proceeding in a similar way to [23, 38], we first estimate Eﬁa using the above decomposition of the

domain as follows:
( {x + h} > x
ve [ tye | — | +ey | —ve (t,e [f} +5y)
ey ely

R |
b Z (ke+Y) JTw

kEEe

2
dordxdt

2

=> > / / / Ve (t,a <k5+a+ [h} ) -l—Ey) — v (t,eky + ey)| doydadt
kE€E: 0e{0,1}7 (ke+Y)e JTY Ely
A 2
<> N / / / v, (t,s <k4 +o+ [} ) +6y> — v (t,eke +ey)| doydadt
k€E: 5e{0,1}% elke+Y) JIW “ly
L 2
/ / / T2, <t T+e (0+ { ] ) ,y) — Tv. (t,2,y)| do,dxdt,
oe{0,1}¢ s/
which by using the integration formula (4) (for p = 2) of Proposition 15 is equal to
L 2
|Y|/ / Ve (tx—l—a(a—i—[ ] ))—ve(t,x) doydt.
oe{0, 1}d
. h .
For a given small v > 0, we can choose an ¢ small enough such that |eo 4 ¢ L] < . This
Y

amounts to saying that in order to estimate Efs, it is sufficient to obtain estimates for given £ € Z¢,
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lel] <y of

2
(36) [[ve (£, 2 +€) = ve (8, @) | 20,7y w1 1) »

where I'. g =T'. N K with K C € an open set.
In order to estimate the norm (36), we test the variational equation (14) for 7.pué — u: with

0, = n? (Teguf"s — uf"é) and ¢, = n? (reouS — ug), where n € D(K) is a cut-off function with
0<n <1 n9=1in K and zero outside a small neighborhood K’ of K. Proceeding exactly as
Lemma 5.2 in [11], Gronwall’s inequality and the assumptions on the initial data give the following
result:
2

€ |lve (¢, z + el) — ve (t7$)||L2((0,T)><rEyK) < Celel,
where C' is a positive constant. Then, we obtain by using the previous estimate
(37) Bt < C(hl+e).
Hence, we can deduce that Efg — 0 as h — 0 uniformly in e, as in [26]. Indeed, to prove that
(38) Vp > 0,3 > 0 such that Ve > 0, VA, |h| < p= E}'_ < p,

one identifies two cases:

(a) For0<e < % : take p = %, then, from (37), we get that condition (38) holds for |h| < p.
1
(b) For % < e < 1: we consider sequences ¢ of the form ¢ = T k € N, there are finitely many

elements €y in the interval (5%, 1) and for each e, 3ur = p(ex) such that Vh, |h| < g,
condition (38) holds, due to the continuity of translations in the mean of L2-functions. Thus
choosing p1 = min{ %, pr }, property (38) is proved.

It easy to check that

EQL’E = HThst(”E)Hiz((o,T)x(Qg\ﬁa)xry) < HTh,T&b(UE)||i,2((0,T)><(QA\§AZE)><Fy) :
Hence, we can deduce that Eé’ﬁa — 0 as h — 0 uniformly in . Indeed, to prove that
(39) Vp > 0,3u > 0 such that Ve > 0, Vh, |h| < p= EQS < p,
one identifies two cases:
(a) For  small enough, say € < g9, 5 C ¢, then E}_=0.

1
(b) For g9 < & < 1: we consider sequences ¢ of the form e, = —, k € N, there are finitely many

elements € in the interval (eo,1) and for each ey, Iur = p(ex) such that Vh, |h] < py,
condition (39) holds, due to the continuity of translations in the mean of L2-functions. Thus
choosing p = min{uy }, property (39) is proved.
This ends the proof of the condition (ii) in Proposition 26.
(iii) The last condition follows from the a priori estimate (19). Indeed, we have:

T —2 r % r—2
L[ P as <0000 ([ 7o) wi) < el
0 Ja\a, Qr

The conditions (i)-(iii) imply that the Kolmogorov criterion for 72(v.) holds true in L?(Qr x T'Y).
This concludes the proof of the first convergence in our Lemma.

Next, we want to prove the second convergence. Note that from the structure (10) of Iy ;o,, and
using Proposition 15, we have

7—5b (Il,ion(vs)) = Il,l’on (Tgb(vs))
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Due to the strong convergence of 72 (v.) in L?(Qr x T'¥), we can extract a subsequence, such that
Tb(v.) — v a.e. in Qp x I'Y. Since Ii son is continuous, we have

i ion (T;(UE)) — I1 jon(v) ace. in Qp x TV,

Further, we use estimate (19) with property (4) of Proposition 15 to obtain

<C.

, < |Y|(T—l)/r i <
Lr/(r 1>(F5,T)

H7:-:b (117i0n<v€))’ Lr/(r=1)(QpxTV) E(r_l)/rll,ion(vs)

Hence, using a classical result (see Lemma 1.3 in [33]):
I ion (7?(115)) — I jon(v) weakly in LT/(T_I)(QT x TY).

Moreover, we use Vitali’s Theorem to obtain the strong convergence of It jon, (72(v:)) t0 I jon(v) in
Li(Qpr xTY), Vg € [1,r/(r — 1)). |
Finally, collecting all the convergence results of Ji,...,Js obtained above, we pass to the limit
when £ — 0 in the unfolded formulation (33) to obtain the following limiting problem:
I
V1 /o,

1 1 N
+ //// M; [Vuz + Vyﬂl + Vzul] [VI\IJZ + U VP + ‘IIQ(I’QVZG] dxdydzdt
‘Y‘ |Z| QrXY; XZ

I ), dadt + — I w) U, dadt
|Y| o 11,on T + |Y‘ o 2wn xz
TY
|y|| / / Topp¥; dudt

Similarly, we can prove also that the limit of (34) as € tends to zero, is given by:

|TY| 153!
Y1 JJa, Y1 JJar

OV, dxdt

(40)

(41) Oywe dxdt — H(v,w)¢ dxdt = 0.

4.2. Extracellular problem. The authors in [11] have applied and developed the two-scale un-
folding method established by Cioranescu et al. [19] on a problem defined at two scales to obtain
the homogenized model (see also [17, 15]). Whereas for the intracellular domain, we develop a
three-scale approach applied to the intracellular problem to handle with the two structural levels of
this domain (see Section 4.1). We recall the following initial extracellular problem:

g __ 3 153
Aui =0 in QF 7,

42

( ) szuz *Ne =€ (atve +Ii0n(v67 we) - Iapp,e) =1n on F(—:,Ta

with A = =V - (M:V), where the extracellular conductivity matrices M = (mP2?);<,, 4<q defined
by:

M (x) = M, (E) , a.e. on RY,
€
satisfying the elliptic and periodic conditions (7).

In our approach, we investigate the same technique used in [11] for problem (42). So, we unfold
the weak formulation (14) of the extracellular problem using only the unfolding operators 7° and
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T2 to obtain:

% ///Q r T2 (00e) T2 (e) dadoydt

+ / / T (ME) T2 (Vi) T (Vipe) drdydt
|Y| QTXYe

) " ITI/I ///QTXNJ Lion (T2 (v)) T2 (pe) dadodt
|Y| ///QTXW Iy ion (T2 (we)) T (e) dadoydt

|Y| ///QTXm (Zapp.e)TE (pe) dxdoydt + Ry — Ry — Ry — Ry — R}

with Rf,..., R are similarly defined as Ry, ..., Rs in the previous section.
Proceeding similarly for the extracellular problem by taking into account that the test functions
have the following form:

(44) po = Ve(t, x) + W1 (t, 2) @7 (2),
with function ®{ defined by:
x
€ — —
f(2) = 21 (2),

where U, ¥y are in D(Qr) and @4 in H# (Y.). Then, we can prove that the limit of (43), as € tends
zero, is given by:

y
i OV, drdt + —/// M, [Vue + V| [V¥e + U1V, O] dedydt
Y Y1 JJ) Jarxy.

LI // ) il
45 12 ion \I’ dadt + — Il,ion(v)qje dxdt
5, w1 o,
) Il
= — Lo Ve dxdt.
v/ Jo, T

4.3. Derivation of the macroscopic bidomain model. The convergence results of the previ-
ous section allow us to pass to the limit in the microscopic equations (14)-(15) and to obtain the
homogenized model formulated in Theorem 4.

We first derive the macroscopic (homogenized) equation for the intracellular problem. To this
end, we will find the expression of U; and %; in terms of the homogenized solution u;. Then, we derive
the cell problem from the homogenized equation (40). Finally, we obtain the weak formulation of
the corresponding macroscopic equation.

We first take ¥; equal to zero, to get:

1 1
QrXY; XZ

Next, to determine the explicit form of u; so we take ¥ equal to zero. Since u; and w; are independent
of the microscopic variable z, then the formulation (46) corresponds to the following microscopic
problem:

- d omP? [(ou;  Ou,
V- (M;VLT) = i in Z,,
( ) pgil Ozp <8yq - axq) e

(M;V.a; + M;Vya; + M;Vgu;) - n, =0 on I'?,

u; z-periodic.

(47)
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Hence, by the z-periodicity of M; and the comptability condition, it is not difficult to establish
the existence of a unique periodic solution up to an additive constant of the problem (47) (see for
instance the work of [8]).

Thus, the linearity of terms in the right of the equation (47) suggests to look for w; under the
following form in terms of u; and u; :

(48) ai(ta z,Y, Z) = Hz(z) ) (Vyaz + Vluz) + aO,i(tv x, y)a
where @ ; is a constant with respect to z and each element 07 of 6; satisfies the d-cell problem:
d HmP9
—V. - (MV.00) = S S (y,2) in Ze,
p=1 Ozp
(49)

07 y- and z-periodic,
M; V.0 - n, = —(M;eq) - n, on I'?,

for ¢ = 1,...,d. Moreover, the existence and uniqueness of solution 6 € H#(ZC) to problem (49)
are automatically satisfied with H#(Zc) is given by (27).

Furthermore, we take W5 equal to zero to find the form of @; (note that ¢y is now chosen different
from zero). So, we replace u; by its form (48) on the formulation (46). Then, we obtain a mesoscopic
problem defined on the unit cell portion Y; and satisfied by u; as follows:

d 6Iﬁfk 8’&2

in Y3,
(50)
(Mivym + szxuz) ‘n; =0 on I'Y,

where the coefficients of the first-level homogenized conductivity matrix M; = (m? k)lgp,kgd de-
fined by:

d X

1 00k
1 mP* (y) = — Z pk . pa 9% .
(51) m; " (y) |Z|q:1 /Zc (mz + m; azq) dz

Remark 24. Note that the y-periodicity of Ml comes from the fact that the coefficients of conduc-
tivity matriz M; and of the function 0; are y-periodic. Following [12, 18], it is easy to verify that the
homogenized conductivity tensors of the intracellular MZ and extracellular ﬁe spaces are symmetric
and positive definite.

Thus, we prove the existence and uniqueness by using same arguments from Lax-Milgram theorem
(see [8] for more details).
Hence, the linearity of terms in the right of the equation (50) suggests to look for u; under the
following form in terms of u;:

where g,; a constant with respect to y and each element Xf of x; satisfies the following e-cell
problem:

om?*

— in Y;,

Oyp

oy () - &
(53) -

Mivyxf TNy = — (Miek) -m; on I'Y,
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for e,k = 1,...,d, the standard canonical basis in R%. Since the matrix MZ is positive definite, so
we can prove the existence and uniqueness of the solution y* € H#(Yl) to problem (53).

Remark 25. At this point, we deduce that this method is used to homogenize the problem with
respect to z and then with respect to y. We remark also that allows to obtain the effective properties
at §-structural level and which become the input values in order to find the effective behavior of the
cardiac tissue.

Finally, inserting the form (48)-(52) of u; and @; into (40) and setting ¥y, U5 equals to zero, one
obtains the weak formulation of the homogenized equation for the intracellular problem:

fim / 0,00, dadt + / M, Vi - VU dadt + i / / L ion (v) U; dadt
Qr Qr

(54) v
+ m // Iz’ian(w)\lfi dxdt = Mm // Iapp\:[ji dxdt
Qr Qr
with p,, = |T¥|/|Y] and the coefficients of the second-level homogenized conductivity matrix
M; = r:ﬁf ) defined by:
1<p,q<d
- Z/ O () 4 )y
Ty D
(55)

90k dy? 90}
pt OV \ OX§ Pq pl
// (g G5 ) X+ (52 ) | sy

with the coefficients of the conductivity matrix MZ = (ﬁﬁp k

3

|Y||Z|H 1

) defined by (51).
1<p,k<d

Similarly, we obtain the second homogenized equation for the extracellular problem:

um/ OV, dxdt —I—/ M eViue - VU, dxdt + i, // Ioion (w) U, dxdt
QT QT

+ L // Iiion (V) U, dzdt = pi, // Topp Ve drdt
QT QT

with fim, = |T¥| /Y| and the coefficients of the homogenized conductivity matrices M, =
defined by:

- 1 Oxk
pk . _— pk pgZAe
(57) mb” |Y|X_:/YC (me + m? 3yq> dy.

each element y* € H#(Ye) of x. satisfies the following e-cell problem:

(56)

(ﬁlgk)gp,kgd

8mpk

d
_vy ' (M vae) = Z: Ye,

(58) o
Mevyxfj ‘ne = — (Meeg,) - ne on T'Y,

for ey, k =1,...,d, the standard canonical basis in R?.



30 FAKHRIELDDINE BADER", MOSTAFA BENDAHMANE, MAZEN SAAD, AND RAAFAT TALHOUK

5. CONCLUSION

Many biological and physical phenomena arise in highly heterogeneous media, the properties of
which vary on three (or more) length scales. In this paper, an important homogenization technique
have been established for predicting the bioelectrical behaviors of the cardiac tissue with multiple
small-scale configurations. Furthermore, we have presented via the unfolding homogenization a
rigorous mathematical justification for the results obtained in a recent work [8] based a three-scale
asymptotic homogenization method. These main mathematical models describe the bioelectrical
activity of the heart, from the microscopic activity of ion channels of the cellular membrane to the
macroscopic properties in the whole heart. We have described how reaction-diffusion systems can
be derived from microscopic models of cellular aggregates by unfolding homogenization method on
three different scales.

The present study has some limitations and is open to several improvements. For example,
analytical formulas have been found for an ideal particular geometry at the mesoscale and microscale.
Nevertheless, the natural next step is to consider more realistic geometries by solving the appropriate
cellular problems analytically and numerically.

As future plans, we intend to address the resolution of a novel problem, called ”tridomain model”,
by taking into account the presence of gap junctions as connection between adjacent cardiac cells.
We want to investigate existence and uniqueness of solutions of the tridomain equations, including
commonly used ionic model, namely the FitzHugh-Nagumo model. An additional step could be the
derivation, using the homogenization theory, of the macroscopic behaviors of heart tissue.
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APPENDIX A. COMPACTNESS RESULT FOR THE SPACE LP((, B)

In this part, we give a characterization of relatively compact sets F' in LP(Q, B) for p € [1;+00),
Q C R open and bounded set and B a Banach space.

Proposition 26 (Kolmogorov-Riesz type compactness result). Let Q C R? be an open and bounded
set. Let ' C LP(Q, B) for a Banach space B and p € [1;+00). For f € F and h € R, we define
hf(z) := f(z + h). Then F is relatively compact in LP(Q, B) if and only if

(i) for every measurable set C C Q the set { [, fdx : f € F} is relatively compact in B,

(ii) for all X >0, h € R? and h; >0, i=1,...,d, there holds

sup ||75,.f — f||Lp(thB) — 0, for h =0,
fer A

where Qf == {x € Qy:x+h € U} and Qy := {z € Q: dist(x,00) > A},
(#it) for A > 0, there holds sup fQ\Qx |f(2)|” dz — 0 for A — 0.
feF

Proof. The proof of the proposition can be found as Corollary 2.5 in [25]. |

(Fakhrielddine Bader) MATHEMATICS LABORATORY, DOCTORAL SCHOOL OF SCIENCES AND TECHNOLOGIES, LEBANESE
UNIVERSITY, HADAT BEIRUT, LEBANON & LABORATOIRE DE MATHEMATIQUES JEAN LERAY, EcoLE CENTRALE DE
NANTES, NANTES, FRANCE

Email address: fakhrielddine.bader@ec-nantes.fr

(Mostafa Bendahmane) INSTITUT DE MATHEMATIQUES DE BORDEAUX AND INRIA-CARMEN BORDEAUX SUD-OUEST,
UNIVERSITE DE BORDEAUX, 33076 BORDEAUX CEDEX, FRANCE
Email address: mostafa.bendahmane@u-bordeaux.fr

(Mazen Saad) LABORATOIRE DE MATHEMATIQUES JEAN LERAY, UMR 6629 CNRS, EcoLE CENTRALE DE NANTES,
1 RUE DE NOE, 44321 NANTES, FRANCE
Email address: mazen.saad@ec-nantes.fr

(Raafat Talhouk) MATHEMATICS LABORATORY, DOCTORAL SCHOOL OF SCIENCES AND TECHNOLOGIES, LEBANESE
UNIVERSITY, HADAT BEIRUT, LEBANON
Email address: rtalhouk@ul.edu.1lb



	1. Introduction
	2. Bidomain modeling of the heart tissue
	2.1. Geometry of heart tissue
	2.2. Microscopic bidomain model

	3. The unfolding method in perforated domains
	3.1. Unfolding Operator
	3.2. Composition of unfolding operators
	3.3. The Boundary Unfolding Operator

	4. Unfolding Homogenization Method
	4.1. Intracellular problem
	4.2. Extracellular problem
	4.3. Derivation of the macroscopic bidomain model

	5. Conclusion
	Acknowledgments
	References
	Appendix A. Compactness result for the space Lp(,B)

