N
N

N

HAL

open science

On finite embedding problems with abelian kernels

Francois Legrand

» To cite this version:

‘ Frangois Legrand. On finite embedding problems with abelian kernels. 2022. hal-03517543

HAL Id: hal-03517543
https://hal.science/hal-03517543

Preprint submitted on 7 Jan 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03517543
https://hal.archives-ouvertes.fr

ON FINITE EMBEDDING PROBLEMS WITH ABELIAN KERNELS
FRANCOIS LEGRAND

ABSTRACT. Given a Hilbertian field k£ and a finite set S of Krull valuations of k, we show
that every finite split embedding problem G — Gal(L/k) over k with abelian kernel has a
solution Gal(F/k) — G such that every v € S is totally split in F//L. Two applications
are then given. Firstly, we solve a non-constant variant of the Beckmann—Black problem
for solvable groups: given a field k and a non-trivial finite solvable group G, every Galois
field extension F/k of group G is shown to occur as the specialization at some to € k of
some Galois field extension E/k(T) of group G with E € k(T). Secondly, we contribute
to inverse Galois theory over division rings, by showing that, for every division ring H and
every automorphism ¢ of H of finite order, all finite semiabelian groups occur as Galois
groups over the skew field of fractions H(T, o) of the twisted polynomial ring H[T, o].

1. INTRODUCTION

1.1. Main result. The inverse Galois problem over a field k, a question going back to
Hilbert and Noether, asks whether every finite group occurs as a Galois group over k, i.e.,
as the Galois group of a Galois field extension of k. A stronger version asks for solutions
to finite embedding problems over k. As in, e.g., [FJ08| §16.4], say that a finite embedding
problem over k is an epimorphism « : G — Gal(L/k), where G is a finite group and L/k a
Galois field extension, and that « splits if there is an embedding o' : Gal(L/k) — G such that
aod’ = idgayr/k)- A solution to o is an isomorphism § : Gal(F/k) — G, where F is a Galois
field extension of k containing L, such that cvo3 is the restriction map Gal(F/k) — Gal(L/k).

The following conjecture is a special case of the Debes-Deschamps conjecture (see [DDI7]):

Conjecture 1.1. Fach finite split embedding problem over any Hilbertian field has a solution.

Recall that a field k is Hilbertian if Hilbert’s irreducibility theorem holds over k. For example,
all global fields are Hilbertian. We refer to, e.g., [F'JO8] for more on Hilbertian fields.

The main interest of Conjecture is that it generalizes and unifies several conjectures
in classical inverse Galois theory. For example, it allows to solve both the inverse Galois
problem over every Hilbertian field (in particular, over Q) and the Shafarevich conjecture,
the latter asserting that the absolute Galois group of the maximal cyclotomic extension of
Q is profinite free and being intensively studied (see, e.g., [Pop96], HS05, [Par09, Des15]).

So far, Conjecture has been proved if the base field is a rational function field of one
variable over an ample field'] or if the base field is ample and Hilbertian (see [Pop96, [H.J98]).
On the other hand, no counter-example to Conjecture is known.

There is, however, a weaker result, originating in a work of Ikeda (see [Ike60]), which holds
over every Hilbertian field (see, e.g., [EJO8, Proposition 16.4.5]):

(%) Given a Hilbertian field k, every finite split embedding problem « : G — Gal(L/k) over
k with abelian kernel has a solution f : Gal(F/k) — G.

IRecall that a field k is ample (or large) if every smooth geometrically irreducible k-curve has zero or
infinitely many k-rational points. Ample fields include algebraically closed fields, the complete valued fields
Qp, R, k((Y)), the field Q" of totally real numbers, etc. See, e.g., [Jarlll [BSF13| [Pop14] for more details.
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Our main aim is to show that there are solutions 5 to a which are “totally split” at any
finitely many given Krull valuations of k. In the next result, which improves on Statement
(%), we let k" denote the Henselization of a field k at a Krull valuation v of k (see .

Theorem 1.2. Let k be a Hilbertian field, S a finite set of Krull valuations of k, and
a: G — Gal(L/k) a finite embedding problem over k. Assume « splits and ker(«) is abelian.
Then o has a solution Gal(F/k) — G such that F C L - k" for everyv € S.

We point out that there are other results on solving finite embedding problems over Hilber-
tian fields with local conditions (see, e.g., [KMO04} [JR18|, [JR19, JR20} [FL20, [CE21]), possibly
with a wider range of local conditions and/or kernels. However, those results hold only over
some specific classes of Hilbertian fields and consider more restrictive classes of valuations.

The proof of Theorem (see follows the main lines of that of (). Recall that the
latter mainly consists in viewing G as a quotient of the wreath product ker(a)?Gal(L/k), in
realizing the latter as the Galois group of a Galois field extension of k(773,...,T,) containing
L, where n = [L : k], and in using the Hilbertianity of k to specialize T1, ..., T, suitably. To
get our extra local conclusion, we use various tools, such as ramification in higher dimension,
several lemmas of general interest on specializations of function field extensions in several
variables that we establish, and the fact that, given a field k, every finite abelian group is
the Galois group of a Galois extension E of the rational function field £(7") with £ C k((T)).

1.2. Applications. We then give two applications of Theorem to the Beckmann—Black
problem (see §1.2.1)) and inverse Galois theory over division rings (see §1.2.2)).

1.2.1. On the Beckmann—DBlack problem. The geometric approach to realize a finite group G
as a Galois group over a number field k£ consists in realizing G as a regular Galois group over
k, i.e., as the Galois group of a Galois field extension E/k(T) with E Nk = k. For such an
extension F/k(T), Hilbert’s irreducibility theorem provides infinitely many ¢ € k such that
the specialization Ey, /k of E/k(T) at ty has Galois group G (see for basic terminology).
Several finite groups, including non-abelian simple ones, have been realized by this method.
See [Ser92l V6196, [FJOS, MM18] for more details and references within.

The Beckmann—Black problem asks whether this approach is optimal: given a field & and
a finite group G, is every Galois field extension F'/k of group G the specialization at some
to € k of some Galois extension E/k(T) of group G with £ Nk = k? If k is ample, the
answer is Yes for every finite group G (see [CT00, MBO1]). If £ is a number field, the answer
is known to be Yes for only a few groups G, including abelian groups (see [Bec94l, [Deb99]),
symmetric groups, and alternating groups (see [Mes90, [KMO1]), and no counter-example is
known. See also théoreme 2.2 of the survey paper [Deb01].

Given a number field k£ and a finite solvable group G, it is widely unknown whether G is
a regular Galois group over k. As G is a Galois group over k by Shafarevich’s theorem (see
INSWO08| Theorem 9.6.1]), a positive answer to the Beckmann-Black problem for G over k
is even harder to reach. The next theorem (see Corollary , which was not available in
the literature, establishes a necessary condition for such an affirmative answer:

Theorem 1.3. Let G be a non-trivial finite solvable group, k an arbitrary field, and F/k a
Galois field extension of group G. There exist ty € k and a Galois field extension E/k(T) of

group G with E ¢ k(T) such that the specialization Ey, /k of E/k(T) at to equals F/k.
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In fact, we have the following stronger result. Given a finite embedding problem « : G —
Gal(L/k) over a field k, denote the restriction map Gal(L(T)/k(T)) — Gal(L/k) by res,
and say that a solution to the finite embedding problem res™ o a over k(T) is a geometric
solution to a. We derive from Theorem that, if ker(a) is abelian, then every solution
Gal(F/k) — G to a occurs as the specialization at some ¢y € k of some geometric solution
Gal(E/k(T)) — G to a with ENk = L (see for more details on specializations at the
level of finite embedding problems and Theorem for our precise result).

That is, our result solves the Beckmann—Black problem for finite embedding problems with
abelian kernels over arbitrary fields and, in particular, widely extends both Debes’ theorem
(see [Deb99]) solving the Beckmann—Black problem for abelian groups over arbitrary fields
(the case L = k of our result) and the affirmative answer to the Beckmann—Black problem
for Brauer embedding problems (see, e.g., [MMIS8], Chapter IV, §7.1] for more details). To our
knowledge, only one other result about the Beckmann—Black problem for finite embedding
problems was available in the literature. Namely, the answer is affirmative if the base field
is PACP} as a combination of a result of Bary-Soroker (see [BS09, Corollary 3.4]) and the
result asserting that every finite embedding problem G — Gal(L/k) over a PAC field £ has
a geometric solution Gal(E/k(T)) — G with ENk = L (see [Pop96]).

1.2.2. Inverse Galois theory over division rings. According to Artin, if H C L are division
ringﬂ L/H is Galois if every element of L which is fixed under all automorphisms of L
fixing H pointwise is in H (see [Jac64, [Coh95] for more on Galois theory of division rings).
With the latter definition, inverse Galois theory can be studied over arbitrary division rings.
Yet, it is striking that not much is known in the non-commutative case (see [DL20), [ALP20),
Beh21l BDL20| Des21l, [FL20] for recent works on that topic).

Given an automorphism o of a division ring H, let H[T, o] be the ring of polynomials
ap+a T+ -+a,T™ withn > 0 and ao, ..., a, € H, whose addition is defined componentwise
and multiplication fulfills Ta = o(a)T for a € H. By H(T,0), we mean the unique division
ring containing H|[T, o] and each element of which can be written as ab™! with a € H[T, o],
be H[T,o]\{0}. If H is a field and o = idy, we retrieve the usual commutative polynomial
ring H|[T] and the rational function field H(T'), respectively. See for more details.

In [Beh21l, théoreme A], Behajaina shows that, for o of finite order, every finite group is a
Galois group over H(T, o), if the fixed field of ¢ in the center h of H contains an ample field,
thus yielding a non-commutative analogue of Pop’s result solving the regular inverse Galois
problem over ample fields. Under weaker assumptions on h (e.g., h of characteristic zero),
some “usual” finite groups in inverse Galois theory, like abelian, symmetric, and alternating
groups, are shown to occur as Galois groups over H (T, o) (see [Beh21l, remarque du §2.1}).

We combine Theorem and Behajaina’s method to realize another family of usual finite
groups as Galois groups over H (T, o), without making any assumption on the center (see
for the proof of the next theorem). Recall that a finite group is semiabelian if it belongs
to the smallest non-empty class C of finite groups closed under quotients and such that, if
G € C and A is finite abelian, then every semidirect product A x G is in C.

2Recall that a field k is Pseudo Algebraically Closed (PAC) if every non-empty geometrically irreducible
k-variety has a Zariski-dense set of k-rational points. See, e.g., [FJ08| for more on PAC fields.
3A division ring is a non-zero ring H such that every non-zero element of H is invertible in H. Of course,
commutative division rings are nothing but fields.
3



Theorem 1.4. Let H be a division ring and o an automorphism of H of finite order. Every
finite semiabelian group is a Galois group over H(T, o).

We also contribute to solving finite embedding problems over division rings (a topic in-
troduced in [BDL20]), by showing that every finite split embedding problem with abelian
kernel over any given division ring H of finite dimension over its center acquires a solution

over the division ring H(T') = H(T,idg). See §5.1.2| for more on finite embedding problems
over division rings and Theorem [5.6] for our precise result.

Acknowledgements. Part of this work was done during a research visit at the Université
Caen Normandie in March 2020. We would like to thank the Laboratoire de Mathématiques
Nicolas Oresme for kind hospitality and financial support. Another part of this work fits into
Project TIGANOCO, which is funded by the European Union within the framework of the
Operational Programme ERDF /ESF 2014-2020. We also wish to thank Angelot Behajaina
and Arno Fehm for helpful discussions about this work.

2. PRELIMINARIES

In this section, we collect the material on specializations of function field extensions, finite
embedding problems over fields, and Krull valuations which will be used in the sequel.

2.1. Specializations of function field extensions. Let k be a field, T = (T1,...,T),)
a tuple of indeterminates, E a Galois field extension of the rational function field k(T) of
degree d, and B the integral closure of k[T] in E. For t = (t1,...,t,) € k", the residue field
of B at a maximal ideal 3 lying over (11 —ty, ..., T, —t,) is denoted by Ex, and the extension
Ei/k is called the specialization of E/k(T) at t. Since E/k(T) is Galois, the field Ey does
not depend on the choice of the maximal ideal B lying over (T} —t1,...,T, —t,). Moreover,
the field extension Ei/k is finite and normal, and its automorphism group is isomorphic to
Dy /Iy, where Dy (resp., Iy) denotes the decomposition group (resp., the inertia group) of
E/k(T) at B. More precisely,

o0 { Dy —  Aut(Ey/k) (2.1)

o > 1% ’

where (z mod ) = o(z) mod*P for every x € B, is an epimorphism whose kernel is Iy. If
E:/k is Galois of degree d, then ¢ is an isomorphism Gal(E/k(T)) — Gal(E;/k). For t
outside a Zariski-closed proper subset (depending only on E/k(T)), E¢/k is Galois.

2.2. Finite embedding problems over fields. Given finite Galois field extensions L/k
and E/F with k¥ C F and L C E, we let resf//: denote the natural restriction map

Gal(E/F) — Gal(L/k) (i.e., resf//,f(a)(x) =o(z) for all 0 € Gal(E/F) and x € L).

A finite embedding problem over a field k is an epimorphism « : G — Gal(L/k), where G is
a finite group and L/k a Galois field extension. Say that « splits if there is an embedding o :
Gal(L/k) = G with coa’ = idgai(z/k)- A solution to « is an isomorphism 3 : Gal(F/k) — G,
where I is a Galois field extension of k£ containing L, such that co 8 = resgz. Given a finite
tuple T of indeterminates, the composed map

aper) = (resgjf”k(T))*l oa: G — Gal(L(T)/k(T))

is a finite embedding problem over k(T). A geometric solution to o is a solution to ouyr).
4



We now recall the notion of specializations at the level of finite embedding problems. To
that end, we need the following lemma:

Lemma 2.1. Let T be an n-tuple of indeterminates, o : G — Gal(L/k) a finite embedding
problem over a field k, and B : Gal(E/k(T)) — G a solution to oywry. For t € k™ such
that the specialization Fy/k of E/k(T) at t is Galois of degree [E : k(T)], the map Bo ;" :
Gal(Eg/k) — G is a solution to o, where @y : Gal(E/k(T)) — Gal(Ey/k) is defined in (2.1)).

Proof. As f3 is a solution to aj(r), we have

L(T)/k(T)\— E/k(T
(resLﬁk)/( N 1oaoﬁ:resL(/T§/k)(T),
thus yielding
_ L(T)/k(T E/k(T - E/K(T _
aofBopt :resLﬁk)/ ( )oresL{Tg/lj(T) o ;! :resL//k( )ogptl.

It then suffices to show resf//,’j T = resf;ék o . But the latter equality holds as ¢¢(0)(z) =

o(x) for every o € Gal(E/k(T)) and every x € L, by the definition of 4. O
The previous lemma motivates the following definition:

Definition 2.2. Let T be an n-tuple of indeterminates, o : G — Gal(L/k) a finite embedding
problem over a field k, and § : Gal(E/k(T)) — G a solution to agr). For t € k™ such
that the specialization Fi/k of E/k(T) at t is Galois of degree [E : k(T)], the solution
Bo;!: Gal(Ey/k) — G to a from Lemma is the specialization of B at t, denoted [;.

Finally, we observe that, to realize solutions as specialized solutions, it suffices to work at
the level of fields:

Lemma 2.3. Let a : G — Gal(L/k) be a finite embedding problem over a field k and
v Gal(F/k) — G a solution to a. Given an n-tuple T of indeterminates, let E be a
Galois field extension of k(T) containing L with [E : k(T)] = |G|, and let t € k™ be
such that the specialization Ey/k of E/k(T) at t is F/k. Then there is an isomorphism
B Gal(E/k(T)) — G which is a solution to ayry and such that the specialization By is 7.

Proof. As Ey = F and [E : k(T)] = |G|, we have [Ey : k] = [E : k(T)] and Ey/k is Galois.
Hence, the map ¢4 from is an isomorphism Gal(E/k(T)) — Gal(E;/k). Using again
Ey = F, we get that v o ¢y @ Gal(E/k(T)) — G is a well-defined isomorphism. Then
B = 7oy is a solution to o) as ao f = reslz/,’: oy = resf;ék oYy = resf//]]:(T), the latter
equality being observed in the proof of Lemma ﬁ Finally, from our choice of (3, the claimed
equality (¢ = v is clear. O

2.3. Valuations. See, e.g., [Jar91] for more on the following. An ordered group is an abelian
(additive) group together with a total ordering < such that o« < f implies a +v < 5+ 7
for all o, 8,7 € T. A (Krull) valuation of a field k is a surjective map v : k* — I", with T" a
non-trivial ordered group (the value group of v), such that v(ab) = v(a)+wv(b) for all a,b € k*
and v(a+b) > min{v(a),v(b)} for all a,b € k* with a+b # 0. Add the symbol oo to I with
the conventions oo + 00 = a4+ 00 =00+ a = 0o and a < oo for every a € I'. Extend v to k
by defining v(0) = co. Then v fulfills v(ab) = v(a) + v(b) and v(a+b) > min{v(a),v(B)} for
all a,b € k. The pair (k,v) is a valued field. Two valuations vy : k* — 'y and vy : k* — 'y
5



of a field k are equivalent if there is an order preserving isomorphism f : I'y — I'y with
f o V1 = V.

Let v : k* — T be a valuation of a field k. A valuation w : L* — A of a field extension L of
k extends v if there is an order preserving monomorphism f : I' — A such that w(a) = fov(a)
for a € k*; say that (L, w) is an extension of (k,v). The valued field (k,v) is Henselian if v
extends uniquely (up to equivalence) to each algebraic field extension of k. The valued field
(k,v) has a separable algebraic extension (k" v") which is Henselian and such that, if (L, w)
is an extension of (k,v) which is Henselian, then (L, w) extends (k" v"). The valued field
(kP ™) is unique up to k-isomorphism; it is the Henselization of (k,v).

3. PROOF OF THEOREM [1.2]

The aim of this section is to prove Theorem|[.2)from the introduction (see §3.3). As already
alluded to in 1.1} the proof requires several lemmas on ramification in higher dimension and
specializations of function field extensions in several variables that we establish in and

§3.2] respectively.

3.1. Ramification in higher dimension. Let F'/k be a finite Galois field extension. Sup-
pose k is the fraction field of an integrally closed Noetherian domain A. If there is no possible
confusion, we will say that a k-basis of F' whose elements are integral over A is an integral
basis. A maximal ideal p of A is unramified in F/k if there exists an integral k-basis y1, ..., yq
of F' whose discriminant Ap/i(y1,...,yq) fulfills Ap/(yr,...,y4) € A\ .

Lemma 3.1. Let k be the fraction field of an integrally closed Noetherian domain A, let
p be a mazimal ideal of A, and let E/k be a finite Galois field extension. Let F be a field
extension of k which is linearly disjoint from E over k.

(1) Assume that F/k is finite Galois, and that p is unramified in both E/k and F/k. Then
p is unramified in EF/k.

(2) Assume that p is unramified in E/k, and let B be a mazximal ideal of the integral closure
of A in F lying over p. Then B is unramified in EF/F.

We need the following classical lemma about the discriminant of a composite basis.

Lemma 3.2. Let F/k and L/k be finite Galois field extensions with L C F. Let yy,...,yq
(resp., 21, ..., %) be a k-basis (resp., an L-basis) of L (resp., of F'). If Ny denotes the norm
in L/k, then the discriminant of the k-basis y121,...,Y1%e, -+, YdZ1,-- -, Yaze Of F equals
AL/k(yla e ,yd)e . NL/k(AF/L(Zla e 7Ze>>-

Proof of Lemma([3.1. We show (1) and (2) simultaneously. As p is unramified in E/k (in both
statements), there is an integral k-basis y1,...,y. of E such that Ag/(y1,...,9.) € A\ p.
Moreover, E and F' are linearly disjoint over k. Then y,...,y. yield an integral F-basis
of EF, and the discriminant of the latter basis cannot be in 3. Hence, P is unramified
in FF/F, thus establishing (2). Now, in the situation of (1), there is an integral k-basis
21,...,2p of F' such that Ap/(z1,...,27) € A\ p. From our assumption that £ and F
are linearly disjoint over k, the elements y121,...,y12f, ..., Ye21, .. ., Ye2s provide an integral
k-basis of FF. Lemma then yields that the discriminant A of the latter basis equals

Apsi(zry -5 20)° New(Bprr(ys %)) = Az, 20)  Nep(Dpm(ys - -5 %))
= AF/k(Zl,...,Zf)e'AE/k(yl,...,ye)f.



Since neither Agk(y1, ..., ¥e) nor Ap/p(21,...,2f) is in p, we get A & p, as needed. O
3.2. Specialization lemmas. We start with specializations of composite field extensions:

Lemma 3.3. Let E/k(T) = E/k(Th,...,T,) be a finite Galois field extension and let t =
(t1,...,tn) € K™ be such that (T\ — ti1,...,T,, — t,) is unramified in E/k(T).

(1) Let F/E(T) be a finite Galois field extension such that E and F are linearly disjoint over
k(T). Then the specialization (EF)y/k of EF/k(T) at t equals EyFy/k, where Ey/k (resp.,
Fi/k) is the specialization of E/k(T) (resp., of F/k(T)) at t.

(2) Let U be a new indeterminate. Then the specialization (E(U))wy)/k of E(U)/k(U,T) at
(u,t) equals the specialization Ey/k of E/k(T) at t for every u € k.

Proof. (1) Let P be a maximal ideal of the integral closure of k[T] in E containing T} —
ti,...., Ty —t,. As (T1 — t1,...,T,, — t,,) is unramified in E/k(T), there is an integral k(T)-
basis y1, .. ., y. of £ such that A(t) # 0, where A(T) € k[T] is the discriminant of y1, ..., ¥e.
Let B denote the integral closure of k[T] in EF. As E and F are linearly disjoint over
k(T), the elements ¥, ..., y. yield an integral F-basis of EF. Now, given x € B, there are
Ay Ae € Fwith @ = My + -+ + Aetye. For i € {1,..., e}, we then have

trer/p(2y) = Mtrerp(iys) + -+ Aetter/r(Yeli),
with trgp/p the trace in EF/F. As x,y1,...,y. € B, we get that A(T)\; is in the integral

closure of k[T] in F for every i € {1,... e}, by applying Kramer’s law. Hence, if £ denotes
a maximal ideal of B lying over B, then the reduction modulo 9 of

A(T)\ A(T)A.

lies in the compositum of Ey and Fi, thus showing (EF)y C E¢Fy. As to the converse, it
suffices to notice that £ C EF and F C EF yield Fy C (EF)y and Fy C (EF)y.

(2) As above, there is an integral k(T)-basis y1,...,y. of E with A(t) # 0, where A(T) €
k[T] is the discriminant of yi,...,y.. As E and k(T,U) are linearly disjoint over k(T), the
elements yi, . .., y. provide a k(T, U)-basis of E(U), which is contained in the integral closure
B of k[U, T] in E(U). Moreover, we have A(T)B C k[U, T|y; & --- & k[U, T]y.. Let u € k.
As A(T) does not depend on U and A(t) # 0, the above inclusion yields that (E(U)).z) is
the field generated over k by the reductions of yy, ..., y. modulo a maximal ideal of B lying
over (U —u, Ty —t1,...,T, —t,), i.e., equals E. O

=Myt Acye =

The next lemma deals with successive specializations:

Lemma 3.4. Let E/k(T) = E/k(Ty,...,T,) be a finite Galois field extension, t; € k, and
t' = (to(Th), . .., tn(Th)) € K[Th]"! such that the specialization FEy [k(Ty) of E/k(Th)(Ty, ..., T,)
at t' is Galois. Then the specialization Ey/k of E/k(T) at t = (t1,t2(t1),...,t.(t1)) is a
subextension of the specialization (Ey )y, [k of Ey k(1)) at t;.

Proof. Denote the integral closure of k(11)[T5, ..., T,] (resp., of k[T]) in E by By (resp., by

B). Clearly, B C B,. For a maximal ideal By of By lying over (Ty — to(T1), ..., T, — t,(T1))

and © € By, we denote the reduction of x modulo 3, by . Then the reduction T of any

element x of B is integral over k[T}], i.e., is an element of the integral closure By of k[T}]

in By = By/%Bs. Let P; be a maximal ideal of B; containing 77 — t;. Composing the

inclusion B/(BNPy) C By with the canonical projection By — By /B, yields a well-defined
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homomorphism ¢ : B — By /B satisfying (7 —t1, To—ta(t1), ..., Tn—t,(t1)) C ker(¢)NE[T].
Hence, (Th —t1,To —ta(t1), ..., Tn —tn(t1)) = ker(¢p) NEk[T], as the ideal in the left-hand side
is maximal and k[T] Z ker(¢)). Consequently, the ideal ker() of B lies over (T} — t;,T5 —
to(t1),..., Ty — t,(t1)) and it is maximal. Hence, Fy = B/ker(v) C By /B1 = (Ey )¢, - O

Our last lemma gives a situation where the inclusion of Lemma [3.4]is actually an equality:

Lemma 3.5. Let E/k(T) = E/k(Ty,...,T,) be a finite Galois field extension, t; € k, and
t' = (to(Th), ..., ta(T1)) € k[T L. Suppose the following three conditions hold:

o (Ty —to(Th),..., T, — t,(11)) is unramified in E/k(T))(Ts,...,Ty),

e the specialization Ey /k(Ty) of E/k(T1)(Ts,...,T,) att’ is Galois,

e t1 is outside some finite set S depending on E/k(T) and t'.

Then the specialization Fy/k of E/k(T) att = (t1,t2(t1), ..., t.(t1)) equals the specialization
(Ey)y, [k of By /k(T)) at ty.

Proof. Denote the integral closure of k(T1)[T5,...,T,] (resp., of k[T]) in E by By (resp., by
B). For a maximal ideal By of By lying over (Ty — to(T1), ..., T, — t,(T1)) and = € By, we
denote the reduction of x modulo By by T. As (Ty — to(Th), ..., T, — t,(T}1)) is unramified
in E/k(Ty)(Ts,...,T,), there exist yi,...,y. € By such that £ = k(T)y; & --- & k(T)ye,

A(yb s aye)BQ g k(Tl)[T27 e 7Tn]y1 ©---D k(Tl)[T27 cee aTn]yev

and such that the discriminant A(yi,...,y.) € k(T1)[Ts,...,T,] of y1,..., 9. is not in the
ideal (Ty — to(TY), ..., T, — t,(T1)). In particular, we have

v Ye
A(yl,...,ye) A(yr, -5 Ye)
Pick b(T7) € k[T1] \ {0} such that z; = b(7})y; is in B for every i € {1,...,e}. Then, from
(3.1), we have Fy = k(T1)z1 + - - - + k(T1)Z.. Up to reordering, there exists ¢ < e such that

By =k(T)E @ - & KTz (3.2)

Let A(Ty) € k[T1] \ {0} be the discriminant of z7,...,Z; and let S be the set of all roots
of A(Ty). For t; € k\ S and a maximal ideal J; of the integral closure By of k[T] in Ey
containing 17 — t1, (3.2) and t; € S yield that (Ey),, = B1 /% is the field generated over k

by the reductions of z7, ..., z; modulo ;. Since these reductions are necessarily in Fy, we
get (Fy )y, C Fy. Lemma then yields (Ey);, = E, thus concluding the proof. O

Remark 3.6. Under the extra assumptions that [Ey : k(T1)] = [E : k(T)] and v, ..., y. are
integral over k[T, the set S is reduced to the set of all roots of A(yi,...,y.) € k[T}].

3.3. Proof of Theorem [1.2] Since « splits, there exists an embedding o : Gal(L/k) — G
satisfying

aod’ =idgar/m- (3.3)
Set G’ = o/(Gal(L/k)) C G, and A = ker(a) C G. Then

AxG — G
where G’ acts by conjugation on A, is an isomorphism. Let ¢y, ..., ¢, be a k-basis of L and

set Gal(L/k) = {o1,...,00}.
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Let T be an extra indeterminate, and let F'//k(T") be a Galois extension of group A in which
(T) is unramified and whose specialization Fy/k at 0 equals k/k; such an extension exists by
the twisting lemma (see [Deb99]). From the unramifiedness condition, there is a k(T')-basis
21,...,24) of F, which is integral over k[T and such that A(0) € k*, where A(T) € k[T
denotes the discriminant of zy,. .., 24. Then consider the Galois field extension E/L(T) =
FL/L(T). As FNk =k, we have Gal(E/L(T)) = A. Let P(T,Y) € L[T][Y] be the minimal
polynomial of a primitive element of E/L(T), assumed to be integral over L[T]. Given i €
{1,...,n}, let U; be a new indeterminate and E® the field generated over L(U;) by one root,
say y;, of 0;(P)(U;,Y) € LIU;][Y], where 0;(P)(U;,Y) is obtained from P(U;,Y") by applying
o; to the coefficients. We then let M@ denote the field E® (U, ..., U1, U1, ...U,) and
set M = MM ... M™_ The extension M/L(U) = M/L(Uy,...,U,) is Galois of group A".

Lemma 3.7. (1) There is an L(U)-basis of M which is integral over L{U| and whose discri-
minant equals (A(Uy) - A(U)A"" for some A(T) € k[T] with A(0) € k*. In particular,
(Ui, ..., U,) is unramified in M/L(U).

(2) The specialization M, .. /L of M/L(U) at (0,...,0) equals L/L.

-----

Proof. We work with the k(7')-basis zy,...,24 of F' from the above. Since F'N k =k,
the elements 2, ..., 24 yield an L(T)-basis of E which is integral over L[T] and whose
discriminant equals A(T'). In particular, (T') is unramified in £/L(T). By Lemma [3.3|1),
the specialization Ey/L of E/L(T) at 0 is L/L. Next, let i = 1,...,n. The elements
0i(z1),...,0:(2)) of E® are an L(U;)-basis of E) which is integral over L[U;]. Its dis-
criminant A;(U;) is obtained from A(T) by replacing T by U; and by applying o; to the
coefficients. But, since A(T') € k[T], we have A;(U;) = A(U;). In particular, A;(0) # 0
and (U;) is unramified in E® /L(U;). Moreover, the specialization (E®),/L of E® /L(U;)
at 0 equals L/L. Lemma (2) then shows that (Uy,...,U,) is unramified in M@ /L(U).
Moreover, by Lemma (2), the specialization (M) _o)/L of MW /L(U) at (0,...,0)
equals L/L. Finally, by Lemma [3.1[1), (Uy,...,U,) is unramified in M/L(U). Then the
L(U)-basis {01(2;,) - - - 0n(2i,) }1<is,..in<ja] Of M is integral over L[U]. By the construction
and Lemma , its discriminant equals (A(Uy) - - - A(U,))" ™", thus proving (1). As to (2),
as (Uy,...,U,) is unramified in M@ /L(U) for each i € {1,...,n}, Lemma (1) yields
Mo, .0 = (M(l))(o 0 (M("))(O 0); i-e., M(o,.. 0y = L. This completes the proof. O

....................

Now, there is a unique tuple T = (T, ...,T,) of indeterminates fulfilling:
oi(c)Th +oi(c) T+ -+ +o1(c,)T, = Ui
. = ... . (3.5)
on(c)T1 + on(c2)To + -+ + on(cn) Ty U,
Lemma 3.8. (1) The extension M/k(T) is Galois.
(2) The specialization of M /k(T) at (0,...,0) equals L/k.
(3) The mazximal ideal (Ty,...,T,) of k[T| is unramified in M /k(T).

Proof. (1) The extensions M/L(T) and L(T)/k(T) are Galois. Given ¢ € {1,...,n}, it
then suffices to find 7; € Aut(M/k(T)) such that the restriction of 7; to L is ;. To that
end, note that the multiplication on the left by o; yields a pemutation ¢; of {1,...,n}.
Then consider the automorphism 7; : M — M defined by 7,(U;) = U,,;) and 7;(y;) = %)

3.5)

for j € {1,...,n}, and 7|, = 0;. The automorphism 7; permutes the equations of (
9
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(r:(Th), ..., 7(T})) is a solution to (3.5). As the solution to (3.5) is unique, we have
7,(T;) = T; for every ¢ € {1,...,n}. Hence, ; is in Aut(M/k(T)) and extends o;.

(2) By the definition of T, the integral closure of L[U] in M equals the integral closure of
L[T] in M, and a maximal ideal of the latter integral closure contains 71, ..., T, if and only
if it contains Uy, ..., U,. The claim then follows from Lemma [3.7)(2).

(3) By Lemma [3.7(1), there is an integral L(U)-basis by, ..., bapn of M whose discriminant
is (A(UL) -+ A(U) A" for some A(T) € k[T] with A(0) € k*. Clearly, by, ... ;b yield
an integral L(T)-basis of M whose discriminant A(T), as an element of L[T], equals

(A(oi(en) Ty + -+ + o3(ca) o)A

>
E
I
.,:13

As applying any element of Gal(L(T)/k(T)) to A(T) permutes the factors, we have A(T) €
k[T], and A(T) does not vanish at (0, ... ,0). Moreover, ¢y, . .., ¢, yield a k(T)-basis of L(T),
which is integral over k[T| and whose discriminant, which is in £*, cannot be in (T}, ...,T},).
Lemma (3.2 then shows that the discriminant of the integral k(T)-basis {b;c;}1<i<jami1<j<n
of M is not in (T1,...,T,). Hence, (T}, ...,T,) is unramified in M/k(T). O

Given groups G4 and Gs, recall that G1°? denotes the group of all functions f : Gy — Gy,
and that Gy acts on G1“2 by f7(0) = f(70) (T € G2,0 € G3). The corresponding semidirect
product will be denoted by G1%? x G5, and the projection map G192 x Gy — G5 by pr.

The first part of the following lemma is a special case of [F.JO8, Remarks 13.7.6 and 13.7.7].
As to the second part, it is [FJ08, Lemma 16.4.3].

Lemma 3.9. (1) There exists an isomorphism ¢ : Gal(M/k(T)) — A% x G’ satisfying
prog=a'o res%/kk(T) (3.6)
(2) The following map is an epimorphism:
{ A x G — Ax G
(f,a'(0)) = (f(a/(00)) ) - (o (0))¥ ) o (o)
Let us next consider N = M*'(¥°¥°9) where ), ¢, and ¢ are defined in (3.4), (3.6), and
(37), respectively. By Lemma [3.9(1), Gal(M/L(T)) = ¢~ (A" x {1}). Hence, L C N by
the definition of . Moreover, by Lemma [3.§(2), the specialization Ny, ..0)/k of N/k(T) at
(0,...,0) equals L/k. Finally, there is an isomorphism £ : Gal(N/k(T )) — G satisfying

Boresylii) = o@od. (3.8)
We then have a o § = resg//k . Indeed, given o € Gal(N/k(T)), let 7 € Gal(M/k(T)) be
such that resJJ‘V/I//:(%) (1) = 0. Since gives ¥ 0 (A9 x {1}) C A (= ker(a)), we have:
08(0) B a0vopos(n) B aoutprosr) B acut,a ores) ™M (r)

B oa'o res%/kk(T) (1)

(3.7)

B3 M/k(T
= resL/k )(7')
10



s} ™(o)

Lemma 3.10. Let k be a Hilbertian field, S a finite set of valuations of k, and o : G —
Gal(L/k) a finite embedding problem over k. Assume there are a tuple T = (Ty,...,T,) of
indeterminates and a solution  : Gal(N/k(T)) — G to o) such that the ideal (T, ..., T,)
is unramified in N/k(T). Then the specialization N, . 0y/k of N/E(T) at (0,...,0) is Galois

-----

.....

Addendum|3.10] The field F' can be chosen as follows. Given a new indeterminate 7', consider
the Galois field extension N(7T') of k(7,T). Then there exist a € k[T]" and ¢ € k such that
e the specialization (N(T))a/k(T) of N(T)/k(T)(T) at a is Galois of group G,

e the specialization ((N(T))a):/k of (N(T))a/k(T) at t is Galois of group G,

o = ((N(T))a)t-

Proof. We break the proof into five parts.

(a) Let P(T,Y) € k[T][Y] be the minimal polynomial of a primitive element of N/k(T),
assumed to be integral over k[T]. As k is assumed to be Hilbertian, there is t = (¢1,...,t,) €
k™ such that P(t,Y) € k[Y] is irreducible over k and separable. Hence, the specialization
Ni/k of N/E(T) at t is Galois of degree [N : k(T)] and N is the splitting field over k of
P(t,Y). Given a new indeterminate T, fori € {1,...,n}, fix a;(T) € k[T] with a;(0) = 0 and
a;(1) = t;. Consider the Galois extension N(T')/k(T)(T) of group G and its specialization
(N(T))a/k(T) at a = (ay(T),...,a,(T)). As P(t,Y) is separable and a;(1) = t; for every
i € {1,...,n}, the polynomial P(a,Y’) is separable. Hence, (N(T")), is the splitting field
over k(T) of P(a,Y) and (N(T))a/k(T) is separable. Using again that P(t,Y") is separable
and a;(1) = t; for every i € {1,...,n}, we get that ((N(T))a): is the splitting field over k
of P(t,Y), i.e., equals Ny. As [Ng : k] = [N(T) : k(T,T)], we get the equality [(N(T))a :
K(T)] = [N(T)  K(T)(T)].

(b) The maximal ideal (T") is unramified in (N(7T))a/k(T). Indeed, as (T, ...,T,) is unra-
mified in N/k(T), there is a k(T)-basis 41, . .., yq of N which is integral over k[T] and whose
discriminant A(T) € k[T] fulfills A(0,...,0) € k*. As k(T,T) and N are linearly disjoint
over k(T), the elements yi,...,yq yield a k(T,T)-basis of N(T') which is contained in the
integral closure B of k(T')[T] in N(T') and with A(T)B C k(T)[T)y1 & --- & k(T)[T]ya. As
A(ay(0),...,a,(0)) = A(0,...,0) # 0, we have A(a) # 0 (in particular, (11 —a(T), ..., T, —
a,(T)) is unramified in N(T')/k(T)(T)). Hence, if B is a maximal ideal of B lying over
(T —ay(T), ..., T, — an(T)), we have (N(T))a = B/B = k(T)77 @ - -- ® k(T)yg, where 7;
is the reduction modulo B of y; (1 < i < d). As the discriminant A(ay(T),...,a,(T)) of
U1, ...,y does not vanish at 0, the claim holds.

(c) The specialization ((N(T'))a)o/k of (N(T'))a/k(T) at 0 equals N, 0)/k (in particular,
77777 0)/k is Galois by (b)). Indeed, as (T}, ..., T,) is unramified in N/k(T), Lemma [3.3)2)
yield that the specialization Noyp,. 0)/k of N(T)/k(T,T) at (0,0,...,0) equals N, 0)/k.
Moreover, (T — ay(T), ..., T, — a,(T)) is unramified in N(7T)/k(T)(T) (see (b)). The claim
then follows from Lemma [3.5] if 0 is not in the exceptional set from that lemma, when
applied to N(T')/k(T,Ty,...,T,). But, in the present situation, the latter set is reduced to

the set of roots of A(ai(T),...,an(T)) (see Remark [3.6), which does not contain 0 (see (b)).
11



(d) We now specialize T suitably. As (T') is unramified in (N(7))a/k(T") (see (b)) and k is
infinite, there is a primitive element of (N(7'))a over k(T'), which is integral over k[T and
whose minimal polynomial Q(T,Y") € k[T][Y] is such that Q(0,Y") € k[Y] is separable (see,

g., [Deb09, corollaire 1.5.16]). Krasner’s lemma and the “continuity of roots” (see, e.g.,
[Jar91l Proposition 12.3]), applied to the separable polynomial Q(0,Y") over the Henselian
valued field (k" v"), provide an element «, of the value group of v such that, if t € k fulfills
v(t) > o, then the splitting fields of Q(0,Y) and Q(t,Y) over k* coincide.

Next, as k is Hilbertian, [Jar91, Proposition 19.6] yields ¢t € k such that v(t) > «, for
every v € S, and such that Q(¢,Y") € k[Y] is irreducible over k and separable. Let F' be the
field generated over k by one root of Q(¢,Y). As the latter is irreducible over k, we have
[F: k] =[(N(T))a: k(T)] and F/k is the specialization ((N(T'))a):/k of (N(T))a/k(T) at t.
In particular, ((N(T))a):/k is Galois of degree [((N(T))a : k(T)].

Finally, as Q(0,Y) is separable, the splitting field of Q(0,Y) over k equals ((N(7'))a)o,
i.e., equals N o) (see (c)). Hence, for v € S, we have N . o) - kh=F .k

(e) Finally, as 8 : Gal(N/k(T)) — G is a solution to aj(r), the map 3o restk()r_/F?(TT) :

Gal(N(T)/k(T,T)) — G is a solution to agrm) = (arer))eer)(r)- Since (N(T))a/k(T) is a
Galois field extension of degree [N (T') : k(T')(T)], Lemma|2.1{shows that (ﬁores%g()él;(T’T))a ;
Gal((N(T))a/k(T)) — G is a solution to ayr). Moreover, F' = ((N(T))a): is a Galois field

extension of k of degree [(N(T))a : k(T)]. Applying Lemma [2.1| once more then shows that

((Bo restk()/l;(T T)) )t : Gal(F'/k) — G is a solution to a. This concludes the proof. O

By Lemma and the above, to conclude the proof of Theorem [I.2] it would suffice to
show that the ideal (T1,...,T,) is unramified in N/k(T). As proved above, (T1,...,T,) is
unramified in M/k(T) and N C M. However, with our definition of “unramified”, which
is designed for computing residue fields, it is not clear that unramifiedness is closed under
subextensions. To conclude the proof of Theorem [1.2] we proceed as follows.

With I' = Gal(M/k(T)), consider the finite embedding problem resL/k(T) I' —» Gal(L/k)
over k. Clearly, id : Gal(M/k(T)) — I is a solution to (res%/kk(T))k(T). By Lemma ,

we may apply Lemma [3.10| and its addendum at the level of M. Namely, given a new
indeterminate 7', there exist a € k[T]", t € k, and a solution Gal(F/k) — I to res]LV[/kk(T)
such that the following conditions hold:
e the specialization (M(T))a/k(T) of M(T)/k(T)(T) at a is Galois of group T,
e the specialization ((M(T))a):/k of (M(T))a/k(T) at t is Galois of group T,
o = ((M(T))a): and F C L - k" for every v € S.

Finally, we proceed as in the last part of the proof of Lemma Consider the solution
B Gal(N/k(T)) = G to ay(r). Then

Boresyy ™™ Gal(N(T)/k(T, T)) = G

is a solution to (ou(r))krym). As (M(T))a/k(T) is Galois of degree [M(T) : k(T)(T)], the
specialization (N (T'))a/k(T) of N(T)/k(T)(T) at a, which is a subextension of (M (T))a/k(T),
is Galois of degree [N(T') : k(T)(T)]. Lemma-then yields a solution Gal((N(T"))a/k(T)) —

G to au(ry. Again, ((M(T))a):/k is Galois of degree [(M(T'))a : k(T)]. Hence, ((N(T))a):/k is
Galois of degree [(N(T'))a : k(T)]. Lemmal2.1] then yields a solution Gal(((N(T))a):/k) = G

k
to a such that (N(T))a): € ((M(T))a): C L- k" for every v € S, thus concluding the proof.
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4. ON THE BECKMANN-BLACK PROBLEM

The following theorem, which solves the Beckmann—Black problem for finite embedding
problems with abelian kernels over arbitrary fields, is the aim of the present section:

Theorem 4.1. Let a : G — Gal(L/k) be a finite embedding problem with abelian kernel
over any field k and v : Gal(F/k) — G a solution to o. There are ty € k and a geometric
solution 3 : Gal(E/k(T)) — G to o with ENk = L such that Ey, [k = F/k and By, = .

The present section is organized as follows. In §4.1, we prove Theorem [£.1 under the extra
assumption that « splits, and then show in that the latter assumption is redundant.
Finally, in §4.3] we derive a more precise version of Theorem

4.1. Proof of Theorem [4.1I] under an extra assumption.

Proposition 4.2. Let o : G — Gal(L/k) be a finite split embedding problem with abelian
kernel over an arbitrary field k and y : Gal(F/k)_—> G a solution to a. There are a geometric

solution 5 : Gal(E/k(T)) — G to a with ENk = L, such that the specialization Ey/k of
E/k(T) at 0 equals F/k, and such that the specialization By of B at 0 equals .

Proof. First, as a splits, there is an embedding o/ : Gal(L/k) — G with a o o/ = idcai(z/k)-
Set G' = a(Gal(L/k)). Then G’ acts on ker(a)) by conjugation and
| ker(a) G — G
¢{ <a7g/) — a'gl

is an isomorphism. Moreover, since « splits and has abelian kernel, we may apply Theorem
to get the existence of a geometric solution 8 : Gal(E/k(T)) — G to « such that the
inclusion £ C L((T)) holds.

Now, we identify Gal(EF/k(T)) and a subgroup of (ker(a) x G') x (ker(a) x G'). Since
ENk =L, the fields E and F(T) are linearly disjoint over L(T). Hence, with

G ={(0,7) € Gal(E/K(T)) x Gal(F(T)/k(T)) : res; (s} z(0) = resy )iz (7},

v { Gal(EF/k(T)) — G

EF/k(T EF/k(T
o S (resE/k/(T() )( ), resF(T/)/(k()T) (0))

is an isomorphism. Next, ¢! o 3 : Gal(E/k(T)) — ker(a) x G’ and ¢t oo res?%)/k(T) :
Gal(F(T)/k(T)) — ker(«) x G" are isomorphisms. Then consider the monomorphism
5 G —  (ker(e) x G') x (ker(e) x G')
(0,7) +— (6710 B(0),¢ oy oresy " (7))

We claim that the image of 6 equals G = {((a,¢’), (b, ")) : (a,b) € ker(a) x ker(a), ¢ € G'}.
Hence, from the above, the composed map # o ¢ : Gal(EF/k(T)) — G is an isomorphism.

To show the claim, for (o, 7) € Gal(E/k(T)) x Gal(F(T)/k(T)), set ¢ *oB(c) = (a,g}) €
ker(a) x G’ and ¢t oyo resig)/k(T)(T) = (b, g5) € ker(a) x G'. Set g; = /(¢;) with ¢g; € G
for + = 1,2. We then have

g1 =aod (g1) = alg) = alag;) = a0 B(o) = res; )" (o) = res; D (ves] 117 1 ()

and, similarly, g, = reség)/ R (resfg)) //:g)) (7)). Hence, the image of 6 equals G, as claimed.



Finally, consider the subgroup H = {((a,1),(a,1)) : a € ker(a)} of G. As ker(a) is
abelian, 7 is normal in G. Hence, with M = (EF)@¥) ™ () the extension M /k(T) is Galois
of degree [E'F : k(T)]/|ker(a)| = |G|. Moreover, as 8 o p(Gal(EF/L(T))) = {((a,1),(b,1)) :
(a,b) € ker(ar) x ker(a) }, we have L(T) € M. Furthermore, as M and E are linearly disjoint
over L(T), and as [M : L(T)] = |ker(«a)|, we get EF = EM. Hence, the specialization
(EF)o/k of EF/k(T) at 0 is the specialization (EM)y/k of EM/k(T) at 0. But, as F C
L((T)), the ideal (T") is unramified in E/k(T). By, e.g., [FJ08, Lemma 2.4.8] (or Lemma
3.3(1)), we then have (EF)y = Eo(F(T))y = EoF and (EM)y = EyM,. Using again
E C L((T)), we get Ey = L and so FF = M,. It then remains to apply Lemma to
conclude the proof of the proposition, up to showing M Nk = L. But Mk O MF = EF,
ie., Ek C Mk. As [Ek : k(T)] = [E : L(T)] = [M : L(T)], we get [Mk : k(T)] = [M : L(T)],

thus showing the desired equality M Nk = L. 0

4.2. Proof of Theorem [4.1. Denote the canonical projection G — G/ker(a) by ¢. Set
G2 ={(91,92)) € G* : v(g1) = ¢(g2)} and, for i € {1,2}, consider
{ G, — G
R .
(91,92) —> g

We also denote the kernel of m; by N; for i € {1,2}.

Since we are given the solution v to «, whose kernel is abelian, we may combine the
weak— split reduction (see [Pop96, §1 B) 2)] and [DDI7, §2.1.2]) and, e.g., [FJO8, §16.4] to
get that « has a geometric solution § : Gal(Fy/k(T})) — G fulfilling Fy Nk = L.

Lemma 4.3. (1) The following map is a well-defined isomorphism:

' { Gal(FFy/k(Ty)) — G2

FFsy/k(T FFs/k(T .
o — (yoresF/,f/ ( 1)(0),(50restfk/(T(l)l)(U))

(2) We have e(Gal(FFy/L(T}))) = ker(a) x ker(a).
Proof. Let 6 : Gal(L/k) — G /ker(a) be the unique isomorphism satisfying # o @ = ¢. As

oo resiﬁ/km) =foaoyo resli/F,i/k(Tl) =6fo resgllz o res?f;/km) =0o l"esffk?/k(Tl)a
FF/k(Ty) FRy/k(Ty) Fo/k(Ty) FF/k(T1) _ FFy/k(Ty)
podo reSFg/Qk(Tl)l =fOoaodo resF2/"’k(T1)1 =f0o resLQ/k Yo 1resF2/2,€(T1)1 =0o feSL/zf Y

¢ is well-defined. Moreover, ¢ is clearly injective and, since F, Nk = L, the fields F(T}) and
F, are linearly disjoint over L(7}), thus showing that e is also surjective. Hence, (1) holds.

As for (2), for 0 € Gal(FFy/L(Ty)), we have aoyoresiflj/km)(a) = resf;,ﬁores?f]j/km)(a) =

idGai(z k) and, similarly, ao&oresgﬁi(’;(f)l)(a) = idgai(z k), thus showing e(Gal(F'Fy/L(T1))) C
ker(a) x ker(a). Since both groups have the same order, we are done. O
).

Now, consider the finite embedding problem 6~' o my : G7 — Gal(Fy/k(T1)) over k(T
Then 6! o 7, splits and its kernel N; is abelian. Moreover, the isomorphism € from Lemma
4.3((1) is a solution to § ! om,y. Consequently, we may use Proposition to lift the solution
€ to a geometric solution. Namely, there exists a geometric solution 8 : Gal(E/k(T1)(13)) —
G2 to 0~ omy with ENk(Ty) = F, such that the specialization Ey/k(Ty) of E/k(T1)(T3) at
0 equals F'F,/k(Ty), and such that the specialization of 5 at 0 is e.
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Lemma 4.4. (1) We have E°~ ™) N E(Ty) = L(Ty).
(2) The specialization (E®~ ND)o /k(Ty) of BP0 /k(T))(Ty) at 0 equals F(Ty)/k(TY).

Proof. Let ¢q : Gal(E/k(T1)(1T2)) — Gal(Fy/k(T1)) be the isomorphism defined in ({2.1)).
(1) By the definition of g, we have

vo(Gal(E/L(Ty)(T3))) = Gal(Ey/L(Th)) = Gal(FFy/L(T})) = € ' (ker(a) x ker(a)),

the last equality being Lemma(2). As Bogy! = €, we get Gal(E/L(Ty, T3)) = B~ (ker(a) x
ker(a)) and, as Ny C ker(a) x ker(a), we get L(Ty,T5) € EF (™) In particular, L(T}) C
BT ND A E(TY).

For the converse, the equality £ N k(Ty) = F, yields B~ M) 0 k(T)) = B (M) 0 R,
Hence, (BN 0 k(T}))(T3) is a subfield of

EFI O A By(Ty) = BF O B8 ) U8 (N8 () i (e xker(a)

Y

i.e., a subfield of L(T},Ty). We then have B (M) N k(Ty) C L(TY).

(2) By the definition of €, we have F(T)) = (FFy)< M) = (Ey)< ' (N) = (Ey)#ocf (V1)
Hence, (EP7' ™))y = F(T)) if and only if (E# (M), = (Eg)#0°?" " (™) je., if and only if
Gal(Ey/(EP (N))) = g 0 B71(Ny). As the latter equality holds by the definition of ¢, we
have (E°~ (Mg = F(T}), as needed. O

Next, as in the fourth part of the proof of Lemma [3.10] we specialize T3 suitably. By
Lemma (2), the ideal (T3) is unramified in £°~ (N1 /L(T})(T5). Then, as L(T}) is infinite,
there exists a primitive element of E#~ 1) over L(T})(Ty) which is integral over L(T})[T3]
and whose minimal polynomial P(T»,Y) € L(T}1)[T»][Y] is such that P(0,Y) € L(T})[Y]
is separable. Krasner’s lemma and the “continuity of roots” (see, e.g., [Jar91, Proposition
12.3]), applied to the separable polynomial P(0,Y") over the complete valued field L((77)),
yield a positive integer N such that, for every (7)) € L(T;) of valuation at least N with
respect to (17), the splitting fields of P(0,Y") and P(t2(77),Y) over L((13)) coincide.

Finally, by Lemma (1), we have FF' (M) N E = L. Hence, P(T,Y) is irreducible over
k(T1)(Ty). In particular, P(TNT,Y) and P(TNT,',Y) are also irreducible over k(1%)(T%).
Then apply either [FJO8, Proposition 13.2.1] if k is infinite or [FJ08, Theorem 13.4.2 and
Proposition 16.11.1] if & is finite to get the existence of t5(T1) € k(T}) such that P(T{Nt(T1),Y)
€ L(TY)[Y]and P(TNty(T1)~1,Y) € L(T,)[Y] are irreducible over k(T}) and separable. With-
out loss, we may assume that ¢5(77) is of non-negative valuation with respect to (77). Let M
be the field generated over L(T}) by one root of P(TNty(T1),Y). As the latter is irreducible
over L(T}), one has [M : k(T})] = [E®T" ™) . k(T})(Ty)] and, consequently, the fields M and
(B (N)), 7y coincide. It then remains to use the irreducibility of P(TNty(T1),Y) over
k(Ty) to get (B~ (N),, )Nk = L. Moreover, since P(TNt,(T}),Y') is separable, its splitting
field over L(T1) equals (B (1)), . Similarly, as P(0,Y) is separable, its splitting field
over L(T}) equals (E°' (V) ie. equals F(T}) (see Lemma (2)) Hence, from the previ-
ous paragraph, the completion of (Eﬂ_l(Nl))tQ(Tl) with respect to any prime extending (77)
equals F((T1)). In particular, the specialization ((E? V), ry)o/k of (P~ D) oryy /k(Th)
at 0 equals F'/k. It then remains to apply Lemma to conclude the proof of Theorem .
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4.3. Proof of Theorem [1.3] We actually have the following more precise consequence:

Corollary 4.5. Let k be an arbitrary field, G a finite group, and F/k a Galois extension of
group G. Assume G has a non-triwial solvable normal subgroup. Then there exist ty € k and
a Galois field extension E/k(T) of group G, with E ¢ k(T'), and such that F/k = Ey,/k.

Proof. By the assumption, G has a non-trivial solvable normal subgroup H. The smallest
non-trivial term H’ of the derived series of H then is an abelian characteristic subgroup of
H, and so is a non-trivial abelian normal subgroup of G. Let § : G — Gal(F/k) be an
isomorphism. Consider the finite embedding problem

00 :G — Gal(FOH) k)

— ract/k
Q= TeSpour) 4

over k; it has kernel H', which is abelian, and 6! : Gal(F/k) — G is a solution. Theorem
then yields ¢y € k and a geometric solution Gal(E/k(T)) — G to a with Ey /k = F/k
and ENk = F'H) From the latter, we have [E Nk : k] = |G/H'| and, as H' is not trivial,
this implies £ ¢ k(T), thus concluding the proof. O

Remark 4.6. (1) For n > 1, let Daa be the dihedral group of cardinality 2". The Beckmann—
Black problem for Dan over Q is known to have a positive answer only for n < 5 (see [Deb01l,
théoreme 2.2] for references), and no counter-example is known. Our method gives that, for
every field k, every n > 1, and every Galois extension F'/k of group Dan, there are tq € k and
a Galois extension E/k(T) of group Don, with [E Nk : k] = 2, and such that F/k = Ey, /k.
(2) Say that a finite group G is a non-constant Galois group over a field k if there exists a
Galois field extension E/k(T) of group G with E ¢ k(T). Corollary allows to reobtain
that, if a finite group G is the Galois group of a Galois field extension of k£ and if G has a
non-trivial solvable normal subgroup, then G is a non-constant Galois group over k.

5. INVERSE GALOIS THEORY OVER DIVISION RINGS

The present section is organized as follows. In §5.1] we collect some material from previous
papers about division rings and finite embedding problems in this context. We then prove
Theorem [1.4]in Finally, in we present our result about finite embedding problems
with abelian kernels over division rings alluded to at the end of §I.2.2]

5.1. Preliminaries. We refer to [DL20), Beh21l, BDL20] for more on the following.

5.1.1. Division rings. Let H C L be division rings. The group of all automorphisms of L
fixing H pointwise is the automorphism group Aut(L/H) of L/H. Following Artin, we say
that L/H is Galois if each element of L which is fixed under all elements of Aut(L/H) is in
H. If L/H is Galois, Aut(L/H) is the Galois group Gal(L/H) of L/H.

The following theorem, which is [DL20] corollaire 2], will be used implicitly in the sequel:

Theorem 5.1. Let L/H be a Galois extension of division rings with finite Galois group.
Assume H is of finite dimension over its center h and let { denote the center of L. Then /
is a Galois field extension of h and Gal(¢/h) = Gal(L/H).

A ring R # {0} with ab # 0 for a # 0 and b # 0 is a right Ore domain if, for all  # 0 and
y # 0, there are ;s € R with xr = ys # 0. For a right Ore domain R, there is a division
ring H O R each element of which can be written as ab™! with a € R, b € R\ {0} (see, e.g.,

[GW04, Theorem 6.8]), and H is unique up to isomorphism (see [Coh95, Proposition 1.3.4]).
16



Let H be a division ring and o an automorphism of H. We let H[T' o] be the ring of all
polynomials ag +a;T + - - - + a,T™ with n > 0 and ay, ..., a, € H, whose addition is defined
componentwise and multiplication fulfills Ta = o(a)T for every a € H. Note that H[T, o]
is commutative if and only if H is a field and ¢ = idy. In the sense of Ore (see [Ore33)),
H|[T, o] is the polynomial ring H[T',¢,d] in the variable T, where the derivation § is 0. The
ring H[T, o] fulfills ab # 0 for a € H[T,o]\{0} and b € H[T, o]\ {0}, as the degree is additive
on products. Moreover, H[T, 0] is a right Ore domain (see, e.g., [GW04, Theorem 2.6 and
Corollary 6.7]). By H(T, o), we then mean the unique division ring containing H|[T, o] and
every element of which can be written as ab™' with a € H[T,o] and b € H[T,o] \ {0}. If
o =idy, we write H[T] and H(T) instead of H[T,idy| and H(T,idy), respectively.

5.1.2. Finite embedding problems. First, let L/H and F/M be Galois extensions of division
rings with finite Galois groups, and such that the two inclusions L C F and H C M hold.

We let resgﬁ denote the restriction map Gal(F/M) — Gal(L/H) (i.e., resgg(a) (x) = o(x)
for 0 € Gal(F/M) and z € L), if it is well-defined.

Unlike the field case, resffl\j is not always well-defined. The next proposition, which relies
on the special cases III) and IV) of [BDL20, §3.1], gives two situations where it is well-defined:

Proposition 5.2. Let H be a division ring of finite dimension over its center h.

(1) Let L/H and F/H be two Galois extensions of division rings with finite Galois groups
and such that L C F. Then resgg 15 well-defined.

(2) Let o be an automorphism of H of finite order m, let L/H be a Galois extension of

division rings with finite Galois group, and let T be an automorphism of L of order m
extending o. Denote the restriction of T to the center £ of L by T, and assume

(7,Gal(¢/h)) = (F) x Gal(¢/h) [

Then L(T,7)/H(T,0) is Galois with finite Galois group and resﬁ%}T)/H(T’U) is a well-defined
1somorphism.

Now, a finite embedding problem over a division ring H of finite dimension over its center
is an epimorphism « : G — Gal(L/H), with G a finite group and L/H a Galois extension.
Say that o splits if there is an embedding o/ : Gal(L/H) — G with o o o = idgaiz/m).- A
weak solution to « is a monomorphism [ : Gal(F/H) — G, where F'/H is a Galois extension
with L C F', such that avo 3 is the map resgg (which is well-defined by Proposition (1))

If B is an isomorphism, we say solution instead of weak solution.

Remark 5.3. Let L/H be a Galois extension of division rings with Gal(L/H) finite. Then L
is a field if and only if H is a field (see [BDL20), lemme 2.1]). In particular, the above termi-
nology of finite embedding problems generalizes that from the commutative case recalled in
§2.2] and there is no possible confusion with it.

Next, let H be a division ring of finite dimension over its center h and ¢ an automorphism
of H of finite order m. Let ¢ be the restriction of ¢ to h. Let o : G — Gal(L/H) be a finite
embedding problem over H and 7 an automorphism of L of order m extending o. Let T denote
the restriction of 7 to the center ¢ of L and assume (7, Gal(¢/h)) = (T) x Gal(¢/h). Then,

4Note that Gal(¢/h) is a well-defined (finite) group by Theorem
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L(T,7)/H(T,o)

by Proposition (2), L(T,7)/H(T,0) is Galois with finite Galois group and res; ,;

is a well-defined isomorphism. Hence,
O = (vesy M) Mot G = Gal(L(T, 7)/H(T, 0))

is a finite embedding problem over H(T,0). A (o,7)-geometric solution to « is a solution
Gal(E/H(T,0)) = G to o, . If 7 =idy (and so 0 = idy), we say geometric solution instead
of (idy,id)-geometric solution. As in Remark H(T,o) is a field if and only if F is.
Moreover, we let k(%) (resp., £{7) denote the field which consists of all elements of A (resp.,
of £) which are fixed under & (resp., under 7). By [BDL20, lemmes 2.4 & 3.5], ({7 is a

Galois field extension of h{® and the (usual) restriction map 1res§</;h> 4z 18 an isomorphism.

/
Furthermore, the special case II) of [BDL20) §3.1] shows that the restriction map resf/f is

a well-defined isomorphism. We may then consider this finite embedding problem over h(®:
Tor = 108,10y O 1E8)) 0 0 G = Gal((7 /1), (5.1)

The next lemma, which is [BDL20, lemme 4.2}, shows why @, , is of interest:

Lemma 5.4. Let H be a division ring of finite dimension over its center h and o an automor-
phism of H of finite order m. Denote the restriction of o to h by o. Let a: G — Gal(L/H)
be a finite embedding problem over H and 7 an automorphism of L of order m extending o.
Denote the restriction of T to the center £ of L by T. Assume (T,Gal(¢/h)) = (T) x Gal(¢/h).
Then a has a (o, T)-geometric solution, if @y, has a geometric solution Gal(E/h') (T™)) —
G such that E C (0 ((T™)).

In the trivial case L = H (and so 7 = o), Lemma reduces to this statement: if H is of
finite dimension over its center h, then G is a Galois group over H (T, o) if there is a Galois
field extension E/h{® (T™) of group G with E C h{® ((T™)). The latter statement actually
holds without the assumption that H is of finite dimension over h, as shown in [Beh21l §2.1]:

Lemma 5.5. Let H be a division ring of center h, let o be an automorphism of H of finite
order m, and let d be the restriction of o to h. Given a finite group G, there is a Galois
extension of H(T, o) of group G, if there is a Galois field extension E/h@ (T™) of group G
with £ C RO ((T™)).

5.2. Proof of Theorem (1.4, Denote the order of o by m and the restriction of o to the
center h of H by . Let C be the class of finite groups G which occur as the Galois group of a
Galois field extension E/h')(T™) with E C k(@ ((T™)). Then C is non-empty and it is clear
that, if G € C and H < G, then G/H € C. Moreover, let G € C and consider any semidirect
product Ax G with A finite abelian. As G € C, there is a Galois field extension F/h{® (T™) of
group G with F' C b ((T™)). Theorem |1.2| then yields a Galois field extension E/h{® (T™)
of group A x G with E C F - {9 ((T™)). Since F C h\@((T™)), we get E C hi@((T™)),
which implies that A x GG is in C. Consequently, every finite semiabelian group is in C. As
every element of C is a Galois group over H(T,0) by Lemma , we are done.

5.3. Finite embedding problems with abelian kernels over division rings. Let H

be a division ring of finite dimension over its center h. As shown in [BDL20, corollaire 5.4],

any given finite embedding problem « over H with a weak solution has a geometric solution,

if h is ample. Taking o = idy (and so (7,7') = (idp,idy/)) in the next theorem, which relies
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on Theorem [[.2] and the material from §5.1], yields that the same holds if we replace the
assumption “h is ample” by the one “ker(«) is abelian”, as alluded to at the end of §1.2.2

Theorem 5.6. Let H be a division ring of finite dimension over its center h and o an
automorphism of H of finite order m. Let a : G — Gal(L/H) be a finite embedding pro-
blem over H, and let T be an automorphism of L of order m extending o and such that
(T,Gal(¢/h) = (1) x Gal(¢/h), where T denotes the restriction of T to the center ¢ of L.
Assume the following two conditions hold:

(1) ker(«) is abelian,

(2) there exist a weak solution Gal(L'/H) — G to o, and an automorphism 7" of L' of order
m extending T and such that, if T is the restriction of ' to the center ¢ of L', then

(7!, Gal(¢' /) = (77) x Gal(¢'/h). (5.2)
Then « has a (o, T)-geometric solution.

Proof. As (2) holds, we may apply the weak—split reduction for finite embedding problems
over division rings (see [BDL20) proposition 5.3]) to get the existence of a finite split em-
bedding problem o' : G — Gal(L'/H) over H such that ker(a) = ker(a’) and such that
every (o, 7')-geometric solution to « yields a (o, 7)-geometric solution to «. By the former
conclusion and (1), ker(a/) is abelian. Now, as holds, we may apply Lemma: %
has a (o, 7')-geometric solution, if the finite embedding problem o/, : G’ — Gal(¢™") /h(®))
over h'? (see (5.1)) has a geometric solution Gal(E/h{?(T™)) — G’ with E C 7 ((T™)).
Note that o/, splits (as this holds for o) and ker(c/,,) is abelian (as ker(’) is). Hence,
such a geometric solution to o/, s exists by Theorem [1.2l This concludes the proof. O

6. CONCLUDING REMARKS

Given a finite split embedding problem « : G — Gal(L/k) over a field k, producing a
geometric solution 8 : Gal(E/k(T')) — G with E C L((T')), as Theorem [1.2| does if ker(«) is

abelian, has several interests, as we have already seen in §4 and §5 Here are two others.

(1) Recall that the level of a field k is equal to either oo if -1 cannot be written as a
sum of finitely many squares in k£ or the smallest positive integer n such that there exist
Ti,..., T, € k with —1 = 22 + -+ + 22 otherwise. By a well-known result of Pfister (see,
e.g., [Lam05, Chapter XI, Theorem 2.2]), the level of a field is either oo or a power of 2.

(%) Let k be a number field of level at least 4 and G a finite group which occurs as the
Galois group of a Galois field extension E/k(T) with E C k((T)). Then G is the Galois
group of a Galois extension of the division ring Hy, of quaternions with coefficients in k (i.e.,
H,=k®kiokj®kk withi* =i =k* =ijk=—1).

Indeed, as k has level > 4, the Hasse-Minkowski theorem (see, e.g., [Lam05, p. 170]) yields
an equivalence class v of absolute values on k such that the completion k, of k at v has level
> 4. As Ey/k = k/k, we have Ey C k,. Then pick ¢y € k such that the specialization Ej,/k
of E/k(T) at to is of group G and such that E;, C k,. Hence, E;, has level > 4 and it
remains to use [DL20) théoreme 7] to conclude the proof of (x).

(2) Let h : @ — Rsq be the (absolute logarithmic) Weil height. Recall that a field L C Q
has the Northcott property (Property (N)) if {x € L : h(z) < T} is finite for every T' > 0.
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By Northcott’s theorem (see [Nor49, Theorem 1]), every number field has Property (N). But
examples of infinite algebraic extensions of Q with Property (N) are more sparse.

In [CEF21], Checcoli and Fehm give many such examples by proving that, given a sequence
(Gy)n>1 of finite solvable groups, there is an infinite Galois field extension L of Q such that
Gal(L/Q) =[]~ Gy, the completion of L/Q at p is a finite extension of Q, for every prime
number p, and L has Property (N). From the proof of [CE21, Theorem 1.3] (see also [CE21],
Remark 2.5]), the assumption that G,, is solvable is used only to guarantee the existence of
“many” Galois extensions of Q of group G,, which are totally split at any finitely many given
prime numbers. Hence, the result of Checcoli and Fehm remains true if each G, (n > 1) is
either solvable or the Galois group of a Galois extension E/Q(T) with E C Q((7)).
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