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Abstract 

Coccoliths are calcite platelets produced inside coccolithophore cells and extruded to form a covering 

on the cell surface called a coccosphere. The size of coccoliths is an important parameter often used to 

identify species, and observations on extant species have shown an influence of abiotic parameters (e.g., 

CO2, light, nutrient concentration) on coccolith size. However, the sometimes large range of coccolith 

sizes occurring within a single coccosphere questions the mechanisms controlling coccolith size. A link 

was previously shown between cell/coccosphere size and coccolith size called the “coccolithophore size 

rule”. In this study, we query the mechanisms controlling the size of a coccolith during 

coccolithogenesis. Two working hypotheses are formulated: (1) coccolith size is smaller than cell 

diameter, and (2) coccolithogenesis mainly occurs during a specific growth phase (G1 interphase). We 

propose two numerical models (each with two variants) to test the constraining effect of these 

hypotheses on coccolith size distribution within a population. Neither model can accurately reproduce 

the size distribution of an empirical coccolith population, indicating that additional factors likely 

influence coccolith size. According to both hypotheses, the comparison of coccolith size and cell size is 

only pertinent at the time of formation of a coccolith. In light of these results, we suggest that application 

of the coccolithophore size rules model should be limited to multipopulational studies, and we confirm 

the basis of the link between coccolith number and cell cycle. The coccolith size rule model proposed 

here requires verification with further observations of coccolithophore and coccolith growth data. 

 

Introduction 

Coccoliths are small (1-15 µm) platelets produced by unicellular coccolithophore algae. Made of calcite, 

coccoliths are produced intracellularly and are then extruded to cover the cell in the form of a test, called 

a coccosphere. There are two types of coccoliths: holococcoliths formed by small rhombohedral calcite 

crystals and heterococcoliths formed by relatively large and complex, interlocked calcite crystals. In the 

following text, only heterococcoliths will be discussed and referred to as “coccoliths”. The capacity for 

calcification by coccolithophores can be tracked down to the Late Triassic (~210 Ma; Gardin et al., 

2012). The emergence of large-scale, massive pelagic calcification by coccolithophores and the resulting 

calcium carbonate accumulation, known as the Kuenen event (Roth, 1989), tremendously modified the 

regulation of the carbonate system and the carbon cycle in the oceans (e.g., Zeebe and Westbroek, 2003). 

This regulation depends on two factors i) the quantity of coccoliths produced and exported to the 

lithospheric reservoir, and ii) the mass of each coccolith produced (e.g., Suchéras-Marx and Henderiks, 

2014). The quantification of coccolith mass is challenging and is often based on coccolith size and 

derived thickness estimations (e.g., Beaufort and Heussner, 1999; Young and Ziveri, 2000). More 

recently, new birefringence-based methods (Beaufort et al., 2014; Bollmann et al., 2014; Fuertes et al., 

2014; Gonzáles-Lemos et al., 2018; Beaufort et al., 2021) and 3D reconstructions (Beuvier et al., 2019) 

have been developed to estimate coccolith mass independent of coccolith geometry models. Whichever 

the methodology adopted, micropaleontologists routinely measure coccoliths and their size is considered 

an important taxonomic criterion. Fossil coccolith size variations have also been linked to environmental 



conditions such as CO2 concentration, sea surface temperature and other environmental conditions (e.g., 

Bornemann and Mutterlose, 2006; Suchéras-Marx et al., 2010; Bolton et al., 2016) or used to reconstruct 

biological parameters like cell volume/surface and growth rate that are used for paleoenvironmental 

reconstruction (e.g., Henderiks and Pagani, 2008; Zhang et al., 2020). 

A study published in 2008 highlighted the isometric linear relationship between coccolith and 

coccosphere sizes at the genus level in Coccolithus, Cyclicargolithus, Dictyococcites and 

Reticulofenestra (Henderiks, 2008; previously partly published in Henderiks and Pagani, 2007). Based 

on the assumption that the internal coccosphere diameter is equivalent to the cell diameter, a relationship 

between coccolith size and cell size was also established. This set of biometric rules (termed 

“coccolithophore size rules”) was critical to comprehension of the biometric constraints of coccolith 

formation and clearly advanced the state-of-the-art on the mechanistic understanding of coccolith 

biometry. These coccolithophore size rules have been extensively applied to estimate coccolithophore 

cell size in the Cenozoic fossil record, providing a key parameter for, for example, the reconstruction of 

atmospheric pCO2 based on carbon isotope fractionation by coccolithophores (e.g., Henderiks and 

Pagani, 2007; Plancq et al., 2012; Bolton et al., 2016; Zhang et al., 2020). However, the coccolith size 

range within individual coccospheres is not negligible and can be almost as large as the coccolith size 

range within a species or population (Beuvier et al., 2019), thus calling into question the applicability 

of the coccolithophore size rules model. More recently, Gibbs et al. (2013) proposed a new model 

(hereafter called the cell geometry model) based on measurements of the length of one coccolith per 

coccosphere, coccosphere diameter and cell diameter (the latter deduced as in Henderiks, 2008). Cell 

diameter was observed to correlate with the number of coccoliths in the coccosphere and not with 

coccolith length. The authors argued that this pattern shows a link between coccolith production and the 

growth cycle of the cell, with a low number of coccoliths in the coccosphere corresponding to cells that 

have just divided, whereas a high number of coccoliths corresponds to cells that are about to divide 

(Bown et al., 2014). In the present study, we assess the isometric rule from Henderiks (2008) at the 

individual and population level. Based on data from a culture experiment, from the literature, as well as 

numerical modeling; this study identifies the relationship between coccolith and cell size as a key 

mechanism at the individual level and discusses the applicability of the coccolithophore size rules and 

cell geometry models at the population level for paleoenvironmental reconstructions.  

 

Biometric and mechanistic constraints 

The model presented in this study is centered on two hypotheses that are based on published and new 

experimental observations of coccolithophores and coccolith growth. Firstly, coccolith size is, at least 

partly, controlled by cell size (working hypothesis 1). In order to confirm this working hypothesis, we 

studied the evolution of coccosphere mass at high temporal resolution in a clonal Gephyrocapsa huxleyi 

culture strain (RCC1216 from the Roscoff Culture Collection) for which the relationship between 

coccolith size and coccolith mass has previously been reported (Beuvier et al., 2019). A multi-well plate 

containing a low-density culture of calcifying cells grown in K/2 culture medium (Keller et al., 1987) 

was placed on the stage of an inverted microscope, installed in a climate-controlled room (20°C) and 

illuminated with large-spectrum white LED lights with an intensity of ca. 100 µmol.m-2.s-1. An image 

of the field of view (observed under cross-polarized light) was grabbed using a high-resolution digital 

camera every minute for 9 hours. The mass of individual coccospheres was estimated from their 

birefringence quantified from the images (Beaufort et al., 2014). The results provide a high-resolution 

time series of the evolution of coccosphere mass, which exhibited a stepwise increase over the 9-hour 

duration of the experiment (Fig. 1A). Nine steps were observed, each with a marked shift in mass 

interpreted as the moment when newly formed coccoliths were extruded from the cell where they were 

formed. The amount of calcite added to the coccosphere during these steps was estimated by subtracting 

the calcite mass preceding and following each plateau (using the mean of the plateau and the standard 



error for statistics; Fig. 1A). The shifts in calcite mass represent the mass of the coccolith produced at 

each step. The succession of extruded coccoliths resulted in an increase in coccolith mass through time 

(Fig. 1B). The relationship between coccolith mass and length in RCC1216 (Beuvier et al., 2019) was 

used to convert mass to size (r2=0.68, RMSE = 0.15 µm (added to standard error of mass estimates for 

statistics)). The diameter of the coccosphere, measured every 100 minutes (inset in Fig. 1C), increased 

constantly. A strong correlation was recorded between coccolith length and coccosphere diameter 

(r=0.94; r²=0.88; p<0.001 (H0: uncorrelated); Fig. 1C). When coccosphere diameter increased by a 

factor of 1.3, coccolith length increased by a factor of 1.6. Despite the lack of replicates, these 

observations confirm that coccolith size is at least partly controlled by cell size (working hypothesis 1). 

Since coccoliths are produced inside the cell, it is logical to conclude that coccoliths cannot be larger 

than the cell (Fig. 2), but observations are limited and it is not possible for example to confirm whether 

coccoliths always grow to take up the maximum space available within the cell (i.e., the inner cell 

diameter). Observations by Taylor et al. (2007) do tend to confirm this latter point, which will be 

explored later in this study. It is worth mentioning that working hypothesis 1 is the cornerstone of the 

coccolithophore size rules model (Henderiks, 2008). 

 

 
Fig. 1: Coccosphere mass with coccolith production through cell growth in a G. huxleyi culture. A. 

Cross-plot showing coccosphere mass through time during a 9h experiment. Each vertical red bar shows 

a step in the increase of coccosphere mass corresponding to the production and addition of a coccolith 

to the coccosphere. B. The mass shift (red dots) corresponds to difference in mass before and after a step 

and represents the mass of the expelled coccolith. C. Cross-plot showing estimated coccolith length 

(µm) based on coccolith mass measurement and coccosphere diameter (µm); n=9; r=0.94; r²=0.88; 

p<0.001 (H0: uncorrelated); CsØ =1.829×CcL+3.0628. The inset shows images of the coccosphere used 

to generate the data in the cross-plot. 

 

Secondly, coccoliths are produced and extruded during the G1 interphase of the cell cycle (Müller et al., 

2008; working hypothesis 2). The G1 interphase is the most important organic matter accumulation 

phase before mitosis that can result in an increase in density and/or size of the cell. According to previous 

observations (Müller et al., 2008; Walker et al., 2018), there is an increase in mean cell size during G1 

interphase in coccolithophore cells. This working hypothesis is also confirmed by our experiment with 

the growth of coccosphere diameter during the phase of coccolith production (Fig. 1A-C). Combining 



hypotheses 1 and 2, coccoliths are successively produced during G1 interphase and coccolith size is 

partially controlled by cell diameter (Figs. 1-2). 

 

 
Fig. 2: Growth model starts from a naked cell with a G1 growth phase 1 producing coccoliths (white). 

The first G1 growth phase is ended with the expulsion of the fifth coccolith (in top view). When the 

growth phase is complete, two daughter cells are produced by mitosis. The coccoliths from the parent 

cell are shared between siblings following mitosis with possible coccolith loss. Then begins the process 

of coccolithogenesis to produce new coccoliths (grey) during the G1 growth phase 2 of daughter cells. 

In both growth phases, each coccolith is produced at the maximum size possible, i.e., the diameter of 

the cell (model I in the following). In the case of model II, a coccolith has a size between a fixed 

minimum size and the cell diameter when produced.  

 

Model parameters and mathematics 

We designed two numerical models in order to assess the reliability of our working hypotheses by 

simulating coccolith growth and exploring coccolith size rules. In both models, coccoliths are produced 

during a growth phase of the cell following working hypothesis 2 (Müller et al., 2008). The simulation 

algorithms rely on the following assumptions: i) cell growth is linear during G1 interphase; ii) coccolith 



production is constant during G1 interphase; iii) the simulations of coccolith size are independent events. 

These assumptions lead respectively to the following key points: i) cell diameter is modeled as a linear 

function; ii) coccolith production time is simulated using a Monte-Carlo sampling within a uniform 

density function between 0 (growth beginning) and 1 (growth end); iii) each time is simulated 

independently of previous simulated time values. In other words, for each simulation, a unique cell 

generates a unique coccolith generated randomly within the morphospace designed following different 

models (see hereafter). For each model and variant, 10 000 simulations were conducted resulting in 

10 000 coccoliths, allowing a clear simulation of a population.  

Beyond these main steps, the two models differ in the following aspects: 

Model I: Every coccolith occupies the maximum space available within the cell, thus is equal in length 

to the cell diameter. We consider the cell diameter ȻØ to be directly linked to the coccosphere diameter 

CsØ (i.e., the cell wall thickness is constant; Fig. 3A). This working hypothesis is coherent with 

observations in Taylor et al. (2007). However, this working hypothesis also constrains quite significantly 

the growth model. In this model, the coccolith diameter is directly estimated using a linear trend. 

Model II: Each coccolith is produced at a size ranging from a minimum size virtually corresponding to 

the tube rim of the smallest coccolith to a maximum size equal to the cell diameter (Fig. 3B). This model 

gives a degree of liberty that is not possible in the deterministic model I. Coccolith diameter is simulated 

through a Monte-Carlo sampling in a uniform law between the minimum diameter and the cell diameter 

estimated linearly at the simulated time. 

For both models, we also designed 3 simulation variants. Variant #1 has the beginning (i.e., 

corresponding to ȻØ min) and end (i.e., corresponding to ȻØ max) cell diameter ȻØ fixed (labelled model 

I and model II) thus corresponding to a fixed growth slope (i.e., growth rate). Variant #2 randomly 

generates ȻØ min and ȻØ max within a range with the same small degree of variability for the minimum 

and maximum cell diameter ȻØ (labelled model I’ and model II’; Fig. 3C). This tends to change the 

growth slope within a range (i.e., simulate ranges in growth rates). Variant #3 is similar to variant #2 

but with a stronger degree of variability for ȻØ max than ȻØ min (labelled model I’’ and model II’’; 

Fig. 3C). The source code written in Python is available in Supplementary Information. 

 

Results  

Coccolith growth during cell growth 

Based on both hypotheses 1 and 2, results about the relation between coccolith size and cell size can be 

deduced. The size of a coccolith size depends on the time during cell growth it is produced. After 

division of a cell which had no coccoliths, the cell will grow in diameter and periodically produce 

successively longer coccoliths (Fig. 2). Once maximum size is reached, cell growth and coccolith 

production will both stop. The cell will then divide into two, sharing its coccoliths between its daughter 

cells (Walker et al., 2018; Fig. 2). Hence, in a coccosphere: 

- the size of each coccolith is directly proportional to the cell size when it was produced; 

- coccolith size variability within a coccosphere depends on the cell size range; 

- a coccolith can be inherited from a parent cell and thus its size is not related to the growth of 

the cell to which it is attached. 

 



 
Fig. 3: A. Model I with each coccolith that grows to the maximum possible size (blue line) thus coccolith 

sizes follow cell size increases. B. Model II with each coccolith that grows to a size between a minimum 

(CcL min) and a maximum (CcL max), corresponding to the blue line in model I. The blue area is the 

full morphospace of coccoliths. For each simulation, coccolith size is randomly sampled between min 

and max. C. Models I’ and II’ (i.e., variant #2) with the beginning and end of cell growth having the 

same degree of liberty. D. Models I’’ and II’’ (i.e., variant #3) with the end having stronger degree of 

liberty than the beginning. In each model, only one coccolith is randomly produced in the timeline and 

for each model, 10 000 simulations are conducted. Abbreviations: Cell Ȼ, coccolith Cc, cell outer 

diameter ȻØ, coccolith length CcL. 

 

Simulated coccolith production 

The simulations from models I and II and variants (labelled I’-I’’ and II’-II’’) are represented in the 

form of Kernel Density Estimations (KDE, based on Gaussian kernel with range according to h = 0.9 

min (s,IQ/1.34)n-1/5; Fig. 4) computed using PAST 3.25 (Hammer et al., 2001). Model I produces a 

rectangular shape because the borders have no degree of freedom and any size between beginning and 

end are equally likely to be sampled in the simulation (Fig. 4A). The shape is closer to a normal 

distribution in model I’, both sides having a degree a freedom due to the possible changes in growth 

slope widening the morphospace, but it also leads to extreme values having less chance of being sampled 

(Fig. 4B). Model II gives a shape closer to a Pareto function with the left side being sharp because a 

minimum coccolith size limit is imposed, whereas the right side has a less steep slope (Fig. 4A) due to 

the morphospace that increase in size on the upper limit through time with the cell size increase 

(Fig. 3B). Model II’ tends to smooth both sides by increasing the size of the morphospace, particularly 

visible on the very small coccolith size and decreasing the high occurrence of small coccoliths (Fig. 4B). 

Model I’’ and model II’’ introduce an asymmetry of the distribution (Fig. 4C). Model I’’ tends to 

increase the occurrence of large coccoliths, but the rectangular shape of the distribution is conserved. In 

model II’’, there is only a small increase in the occurrence of large coccoliths, but the mode tends to 



move to the right and the distribution is again wider. All results are very different from a Gaussian 

distribution, but in both models the derived version I’-II’ tends to change the shape of the distributions 

closer to a Gaussian distribution.  

 

 
Figure 4: Results from model simulations presented in the form of Kernel density estimator of coccolith 

size CcL. A. Model I and model II with the black lines corresponding to the KDE and the grey lines to a 

fit of the result to a normal distribution. B. Same for model I’ and model II’. C. Same for model I’’ and 

model II’’. D. Comparison between model I and model I’. Model I’1 gives less freedom on the borders 

than model I’2. Same for models II-II’1-II’2. E. Comparison between model I and model I’’. Model I’’1 

gives less liberty on the right border than model I’’2. Same for models II-II’’1-II’’2. F. Coccolith size 

CcL distribution of cultured G. huxleyi (RCC1216; Beuvier et al., 2019; left) and Coccolithus braarudii 

and Coccolithus pelagicus (Daniels et al., 2014; right). 



Discussion 

Modelling coccolith size distribution 

Neither model I nor model II and their derivates can accurately reproduce the size distribution of an 

empirical coccolith population. Although the size distribution of a coccolith population is not 

systematically normally distributed (Supplementary Information), it does have a Gaussian-like 

distribution. The asymmetric models I’’ and II’’ both tend to increase the occurrence of very large 

coccolith size, but are very different from an empirical population. However, model I’ and model II’ 

tend to change the distribution towards a more Gaussian-like distribution. Model II’ seems the closest 

to an empirical distribution, but still has a strong asymmetrical shape with a sharper slope on the left. 

The fact that none of the models designed here can reproduced the coccolith size distribution observed 

within an empirical population could indicate that working hypotheses 1 or 2 or both are false. However, 

both are based on observations of living coccolithophores and thus seem unlikely to be incorrect. 

Alternatively, if we assume that both hypotheses 1 and 2 are correct, a third factor controlling coccolith 

size is missing, potentially corresponding to variation in the rate of coccolith production. By design, 

growth rate was not considered in all models. This variable was excluded by producing only one 

coccolith randomly sampled during cell growth for each simulation. Because there are 10 000 

simulations, we correctly simulated a population. However, if there is a deterministic pattern in coccolith 

growth during G1 interphase, our models cannot capture this pattern which may shape coccolith size 

distribution. For example, it seems possible that coccolith growth during the beginning of G1 phase may 

be faster simply because coccoliths are smaller at this point and thus are produced more quickly. Such 

a pattern would also be species dependent, with small coccoliths (e.g., Chrysotila carterae) likely 

growing faster than large coccoliths (e.g., Scyphosphaera apsteinii). Furthermore, the increase in cell 

surface area during G1 interphase may increase the rate of Ca2+ and HCO3
- transport into the cell for 

coccolith precipitation, but the increase in cell volume and change in cell surface/volume ratio may also 

influence coccolith growth rate. Further in situ observations and measurements are needed to constrain 

missing parameters influencing coccolith size during coccolithogenesis.  

 

Limitation of the coccolithophore size rules model 

Coccolithophore biometry is based on coccolith and coccosphere measurements. The coccosphere inner 

diameter is considered to be equal to cell size. Our analysis suggests that the positive linear correlation 

between cell size and coccolith size is only significant if the coccolith is measured directly after its 

extrusion onto the coccosphere, otherwise the cell may grow and the correlation between cell and 

coccolith sizes will decrease. Significantly, a coccolith in a coccosphere may be produced during a 

previous G1 interphase of a parent cell. Hence, at the scale of one complete coccosphere, there is no 

direct relationship between the estimated cell diameter and individual coccolith size. Therefore, the 

isometric coccolithophore size rules model is not applicable at the individual cell level. Moreover, this 

relationship between coccolith and cell size is also not observed in monospecific cultures at the 

population scale according to Sheward et al. (2017; data from Daniels et al., 2014) (Fig. 5) for 

Coccolithus pelagicus r=0.37; r²=0.14 (n=180) and Coccolithus braarudii r=0.15; r²=0.02 (n=329). 

However, plotting both of these datasets together results in an increase in the correlation coefficient and 

coefficient of determination with cultured Coccolithus r=0.53; r²=0.28 (n=509) (Fig. 5). This 

observation is explained by the fact that a monospecific population has life cycle variability that is too 

high relative to its narrow cell size range. The isometric rule will be statistically more robust by 

increasing the cell size range by including other populations with different size ranges and/or other 

species belonging to the same genus (Fig. 5). Coccolithophore size rules in Henderiks (2008) were 

statistically robust because measurements were made i) at the genus level mixing species and intra-

species populations, ii) from two sites, one from the South Atlantic and the other from the North Atlantic 

thus sampling different geographic populations, and iii) over a long time interval spanning the middle 



Eocene to early Miocene thus sampling different populations that may have evolved in terms of cell 

size. Coccolithophore size rules thus represent evolutionary isometry (Shingleton, 2010), observed at a 

multi-population scale and not within a single population. 

 
Figure 5: Coccolith length CcL versus cell diameter ȻØ (based on coccosphere internal diameter 

measurements). Black circles correspond to fossil coccospheres from the Coccolithus genus (Henderiks, 

2008), whereas light and dark grey circles correspond to cultured cells of Coccolithus pelagicus and 

Coccolithus braarudii, respectively (Daniels et al., 2014). Square root linear regressions were calculated 

using PAST3.25 (Hammer et al., 2001) with cultured Coccolithus pelagicus n=180; r=0.37; r²=0.14; 

p<0.001 (H0: uncorrelated); ȻØ =0.51778×CcL+8.2579; culture Coccolithus braarudii n=329; r=0.15; 

r²=0.02; p=0.006 (H0: uncorrelated); ȻØ =0.20368×CcL+13.453 and fossil Coccolithus n=21; r=0.88; 

r²=0.78; ȻØ =0.94×CcL+1.36. Merging culture dataset results in Coccolithus n=509; r=0.53; r²=0.28; 

p<0.001 (H0: uncorrelated); ȻØ =0.57966×CcL+8.3142. 

 

Validation of the cell geometry model 

The cell geometry model proposes the deduction of coccolithophore division rate based on the 

correlation between the number of coccoliths within a coccosphere and coccosphere diameter (e.g., 

Gibbs et al., 2013; Daniels et al., 2014; Sheward et al., 2017). The theory behind this model is that cells 

that have just divided have a low number of coccoliths per coccosphere, and cells that are ready to divide 

have a high number of coccoliths per coccosphere. This model is consistent with coccoliths being 

produced during G1 interphase before mitosis, although this was not explicitly formulated by the authors 

(Gibbs et al., 2013; Bown et al., 2014). During cell growth, the coccolithophore will continuously add 

coccoliths. When the cell divides, coccoliths are shared between two daughter cells (Walker et al., 2018; 

Fig. 2). As previously mentioned, the absence of a relationship between coccolith and cell sizes for one 

individual cell can be explained by the fact that coccoliths are proportional in size to a particular point 

in the cell growth cycle, and coccoliths forming the coccosphere can record through time as many cell 

growth phases as the cell itself (Fig. 2). This is confirmed by the observation of small cells with very 

large coccoliths. In Daniels et al. (2014), ~10% of C. braarudii samples had coccoliths longer than the 

cell diameter. Those coccoliths were most likely produced by a parent cell rather than the cell currently 



hosting them. After division, the cell will again grow, increasing its surface area that will be covered by 

newly produced coccoliths. Hence, coccospheres with a very low number of coccoliths are likely to have 

recently divided or be at the beginning of G1 interphase, whereas coccospheres with a high number of 

coccoliths are likely at the end of G1 interphase and thus close to division, validating the cell geometry 

model proposed by Gibbs et al. (2013) and Bown et al. (2014). 

 

Measuring coccoliths for paleoenvironmental reconstructions 

Coccolith biometry is often used in micropaleontology for paleoenvironmental reconstructions because 

coccolith size is related to cell size in most placolith genera, which in turn is influenced by abiotic factors 

(e.g., Bolton et al., 2016). However, as discussed, the size of a coccolith is also linked to the cell growth 

cycle and by growth rate which is broadly negatively correlated with cell size (Aloisi, 2015). The size 

of the coccosphere/cell within a population is also influenced by ecological interactions such as 

predation (Monteiro et al., 2016). The size of a single coccolith is thus influenced by three types of 

factors with different time ranges (hours to days for cell growth, days to seasons for ecological 

interactions, days to millennia for abiotic factors) complicating the interpretation of such data. As an 

example, the size of a species holotype cannot be a strict and robust reference for a population or a 

species because coccoliths have variable sizes within a range linked to the cell growth cycle. Hence, the 

size of a holotype cannot be used for paleoenvironmental reconstruction as previously suggested by 

Erba et al. (2010) who used holotype sizes of several species to deduce dwarfism due to oceanic 

acidification during Aptian oceanic anoxic event 1a. 

When applying biometry studies with paleoenvironmental goals (e.g., to reconstruct temperature 

(Bollmann, 1997), salinity (Bollmann et al., 2009) or [CO3
2-] (Beaufort et al., 2011)), a sufficient 

quantity of coccoliths and coccospheres within a population should be sampled to identify the cell 

growth cycle factor influencing size variation and/or a dataset that includes several species with different 

size ranges should be used. In this manner, the influence of ecological interactions or abiotic parameters 

should be able to be identified. As an example, Ferreira et al. (2017), who explored the information 

contained in size variations of the Lotharingius genus, minimized the uncertainty generated by the cell 

growth cycle by working on a whole genus and on a long-time interval and thus can clearly discuss 

environmental versus evolutionary (or ecological) forcing on coccolith size variations. Similarly, 

biometric studies at the scale of a family over short- (e.g., Badger et al., 2019) or long-time scales (e.g., 

Henderiks and Pagani, 2008) should sample enough of a population to minimize the uncertainty 

generated by the cell growth cycle. Inversely, biometric studies at the scale of a unique species over a 

long-time scale may also sample several populations to limit the uncertainty linked to the cell growth 

cycle variability (Gollain et al., 2019). The understanding of coccolith size in terms of cell growth, 

ecological interactions, evolutionary trends or environmental proxies is thus only possible with 

statistically robust sampling. 

 

Conclusion 

Coccolith size has been considered to be a key parameter to monitor past environmental changes such 

as ocean acidification (e.g., Erba et al., 2010; Beaufort et al., 2011). This was partly based on the 

coccolithophore size rules model linking the size of coccoliths to the size of the cell, and the fact that 

cell size is influenced by environmental conditions. Henderiks (2008) was clearly innovative and 

revolutionized biometric studies on coccoliths but the coccolithophore size rules have limitations that 

have often been ignored in subsequent studies. Such limitations are highlighted by observations of an 

important size range of coccoliths within individual coccospheres (e.g., Beuvier et al., 2019) and by the 

presence of large coccoliths on small coccospheres (e.g., Daniels et al., 2014). We validate the coccolith 

size rules based on the facts that coccoliths grow inside the cell during the GI interphase of the cell cycle 

and their growth is limited by cell diameter. However, alone these two hypotheses cannot fully 



reproduce the coccolith size distribution of a monospecific population, thus a third parameter is missing 

in our model. However, model I’ and II’ and the general rules stand, offering a satisfactory 

approximation of the mechanism constraining coccolith size during coccolithogenesis. Together, these 

biomechanical constrains result in the fact that within a coccosphere, coccolith size is linked to cell 

diameter when the coccolith was produced, and a coccolith hosted by a cell may have been produced by 

a parent cell. These observations thus exclude the application of coccolithophore size rules on samples 

restricted to a single population or even a single species. Conversely, our model confirms the cell 

geometry model, albeit linking growth cycle observations to multi-millennial environmental 

perturbation is outside the scope of this study. Lastly, understanding both coccolithophore size rules and 

coccolith size rules is necessary when undertaking a biometric study on coccoliths. The coccolith size 

rules model presented here, as well as the coccolithophore size rules, are limited to placolith 

heteroccoliths. For example, the model is likely not applicable to Braarudosphaera bigelowii which 

produces coccoliths outside of the cell (Hagino et al., 2016), holococcoliths which have a different 

crystallographic structure (Langer et al., 2021), highly elongated cells such as Placorhombus ziveriae 

or Calciosolenia brasiliensis (Young et al., 2003), or coccolithophores with a very high number of 

coccoliths and very low coccolith size variability (e.g., Florisphaera profunda, Coronosphaera maxima; 

Young et al., 2003). Further coccolith growth and cell life cycle observations of various species are 

critically needed to extend the taxonomic range of applicability of the coccolith size rules model. 
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APPENDIX 

Analytic solution for Model I, variant #1, no variability in minimum and maximum diameters 

CcL min and CcL max are, respectively, the minimum and the maximum diameters of the coccoliths. Let 

t be the relative time during a growth cycle such as t=0 corresponds to the beginning of the growth and 

t=1, the end, hence 𝑡 ∈ [0; 1]. 

As it is assumed that the cell growth has a linear trend, it yields 

𝐶𝐶𝐿(𝑡) =  𝐶𝐶𝐿𝑚𝑖𝑛 + 𝑡 . (𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)  (1) 

 with 𝐶𝐶𝐿(𝑡) the coccolith diameter produced at time t of the growth phase.  

The time t is simulated via a Monte-Carlo sampling in a Uniform law varying between 0 and 1. It means 

that the continuous random variable of the time 𝑇 ↪  𝑈(0,1)  

Let CI be the continuous random variable of the simulated coccolith diameter with Model I, variant #1. 

CI is a linear transformation of T. Therefore, CI is a uniform distribution (Devroye, 1986, p.569) 

between 𝐶𝐶𝐿𝑚𝑖𝑛 and 𝐶𝐶𝐿𝑚𝑎𝑥. 

Demonstration: 

Let X and Y be two continuous random variables. Let assume the linear function 𝑦(𝑥) = 𝑎. 𝑥 +

𝑏 with 𝑎, 𝑏 ∈  ℝ 𝑎𝑛𝑑 𝑎 ≠ 0. The inverse function 𝑥(𝑦) =  (𝑦 − 𝑏) 𝑎⁄ , with derivative 𝑥′(𝑦) =  1 𝑎⁄  

Then, Y = y(X). 

If 𝑋 ↪  𝑈(0,1), then 0 ≤ 𝑋 < 1 and 𝑃(0 ≤ 𝑋 < 1 ) =  ∫ 𝑓(𝑥)𝑑𝑥
1

0
, where f is the probability density 

function (pdf) of X and f(x)=1, x[0,1]. 

The function y is strictly increasing, then 0 ≤ 𝑋 < 1 ⇒   𝑦(0) ≤ 𝑌 < 𝑦(1) ⇒   𝑎 ≤ 𝑌 < 𝑎 + 𝑏  

Then, 

𝑃(0 ≤ 𝑋 < 1 ) =  𝑃(𝑎 ≤ 𝑌 < 𝑎 + 𝑏 ) =  ∫ 𝑓(𝑥)𝑑𝑥
1

0

 

𝑃(𝑎 ≤ 𝑌 < 𝑎 + 𝑏 ) =  ∫ 𝑓(𝑥(𝑦))
𝑑𝑥

𝑑𝑦
𝑑𝑦

𝑦(1)

𝑦(0)

 

𝑃(𝑎 ≤ 𝑌 < 𝑎 + 𝑏 ) =  ∫ 𝑓(𝑥(𝑦))𝑥′(𝑦)𝑑𝑦
𝑎+𝑏

𝑎

 

Let g be the function equal to: 𝑔(𝑥) =  𝑓(𝑥(𝑦)). 𝑥′(𝑦) = 11/a = 1/a 

In our case, 𝑎 =  𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛, then 𝑔(𝑥) =  1 (𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)⁄ , which is the pdf of a 

uniform distribution between CcL min and CcL max. 

Therefore, 𝐶𝐼 ↪  𝑈(𝐶𝐶𝐿  𝑚𝑖𝑛, 𝐶𝐶𝐿  𝑚𝑎𝑥)  

 

Analytic solution for Model II, variant #1, no variability in minimum and maximum diameters 

The time t is simulated via a Monte-Carlo sampling in a Uniform law varying between 0 and 1. It means 

that the continuous random variable of the time 𝑇 ↪  𝑈(0,1) . 

Similarly to the Model I, the cell growth is considered as linear: 

𝐶𝐶𝐿(𝑡) =  𝐶𝐶𝐿𝑚𝑖𝑛 + 𝑡 . (𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)  (1) 

 with 𝐶𝐶𝐿(𝑡) the coccolith diameter produced at time t of the growth phase.  

Let CII be the continuous random variable of the simulated coccolith diameter with Model II, variant 

#1. 

The coccolith diameter c is simulated via a Monte-Carlo sampling in a Uniform law varying between 

𝐶𝐶𝐿𝑚𝑖𝑛 and 𝐶𝐶𝐿(𝑡). It means that the continuous random variable 𝐶𝐼𝐼(𝑡)  ↪  𝑈(𝐶𝐶𝐿𝑚𝑖𝑛, 𝐶𝐶𝐿(𝑡)) . 

The model is graphically represented in the Figure 6. 

 



 
Figure 6: Diagram showing the graphical representation of the pdf variability in function of t. A. 

Diagram of the implemented model II. B. The local uniform pdf law of CII(t) corresponding to the 

random variable at time t. C. diagram showing the variability of the pdf in function of t. On the diagram, 

1/ is set because lim
𝑐→𝐶𝐶𝐿𝑚𝑖𝑛

1

𝑐− 𝐶𝐶𝐿𝑚𝑖𝑛
 =  +∞. 

 

By considering the Figure 6C, it may be observed that the total probability of choosing c along time is 

the integral of the local pdf from 𝑥 =  𝑐 to 𝑥 =  𝐶𝐶𝐿𝑚𝑎𝑥. 

Let consider 𝐴 ∈ ℝ the normalization factor of the pdf, it may be written that: 

𝑃(𝐶 = 𝑐) =  𝐴 . ∫
𝑑𝑥

𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥

𝑐

=  [𝐴 . ln (𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)]𝑐
𝐶𝐶𝐿𝑚𝑎𝑥

 

𝑃(𝐶 = 𝑐) =  [𝐴 . ln(𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)]𝑐
𝐶𝐶𝐿𝑚𝑎𝑥

= 𝐴 [ln(𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛) − ln(𝑐 − 𝐶𝐶𝐿𝑚𝑖𝑛)] 

𝑃(𝐶 = 𝑐) =  − 𝐴 [ln (
𝑐 − 𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛
)] 

 

To compute A, the equation below must be honoured: 

∫ −𝐴 ln (
𝑐 − 𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛
) 𝑑𝑐  = 1

𝐶𝑚𝑎𝑥

𝐶𝐶𝐿𝑚𝑖𝑛

 

 

The function, on which to apply an integral calculus, is of the following shape:  

ln(𝑎𝑥 + 𝑏) 𝑤𝑖𝑡ℎ 𝑎 =  1
(𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)⁄ , 𝑏 =  −𝐶𝑚𝑖𝑛

(𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛)⁄  𝑎𝑛𝑑
𝑏

𝑎
=  −𝐶𝐶𝐿𝑚𝑖𝑛 

 

By considering: 𝑢(𝑥) = ln(𝑎𝑥 + 𝑏) 𝑎𝑛𝑑 𝑣′(𝑥) = 1, then:  𝑢′(𝑥) =
𝑎

𝑎𝑥+𝑏
𝑎𝑛𝑑 𝑣(𝑥) = 𝑥 + 𝑏/𝑎 

and by using the formula of the integration by parts, it yields: 

 

−𝐴. ∫ ln(𝑎𝑥 + 𝑏) 𝑑𝑥 =  −𝐴. {[(𝑥 +
𝑏

𝑎
) ln(𝑎𝑥 + 𝑏)]

𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥

−   ∫
𝑎𝑥 + 𝑏

𝑎𝑥 + 𝑏
 𝑑𝑥

𝐶𝐶𝐿𝑚𝑎𝑥

𝐶𝐶𝐿𝑚𝑖𝑛

} = 1
𝐶𝐶𝐿𝑚𝑎𝑥

𝐶𝐶𝐿𝑚𝑖𝑛

 

−𝐴. {[(𝑥 +
𝑏

𝑎
) ln(𝑎𝑥 + 𝑏)]

𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥

−   ∫  𝑑𝑥
𝐶𝐶𝐿𝑚𝑎𝑥

𝐶𝐶𝐿𝑚𝑖𝑛

} = 1 

−𝐴. {[(𝑥 +
𝑏

𝑎
) ln(𝑎𝑥 + 𝑏)]

𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥

−   [𝑥]
𝐶𝐶𝐿𝑚𝑖𝑛
𝐶𝐶𝐿𝑚𝑎𝑥

} = 1 

 

The first part of the integration vanishes because: 

• lim
𝑥→𝐶𝐶𝐿𝑚𝑖𝑛

(𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛) ln (
𝑥−𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥−𝐶𝐶𝐿𝑚𝑖𝑛
) = 0 



• (𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛) ln (
𝐶𝐶𝐿𝑚𝑎𝑥−𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥−𝐶𝐶𝐿𝑚𝑖𝑛
) = (𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛). ln(1) = 0 

Thus, it yields: 

−𝐴(𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛) = 1   thus:  𝐴 = 1/(𝐶𝐶𝐿𝑚𝑖𝑛 − 𝐶𝐶𝐿𝑚𝑎𝑥) 

Therefore, the probability density function of the model II may be written as: 

𝑓(𝑥) =  
1

𝐶𝐶𝐿𝑚𝑖𝑛 − 𝐶𝐶𝐿𝑚𝑎𝑥
 ln (

𝑐 − 𝐶𝐶𝐿𝑚𝑖𝑛

𝐶𝐶𝐿𝑚𝑎𝑥 − 𝐶𝐶𝐿𝑚𝑖𝑛
) 

An example of the density function shape is shown in Figure 7, computed with 𝐶𝐶𝐿𝑚𝑖𝑛 = 15 and 

𝐶𝐶𝐿𝑚𝑎𝑥 = 25. 

 

Figure 7: Example of a computed pdf of CII, using 𝐶𝐶𝐿𝑚𝑖𝑛 = 15 and 𝐶𝐶𝐿𝑚𝑎𝑥 = 25. The sample is 

evenly defined every 0.1 between 15 and 25. 

 

 

 


