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ABSTRACT. We consider first order local minimization problems of the form
min fRN f(u, Vu) under a mass constraint fRN u = m € R. We prove that
the minimal energy function H(m) is always concave on (—oo,0) and (0, +o0),
and that relevant rescalings of the energy, depending on a small parameter &,
I'-converge in the weak topology of measures towards the H-mass, defined for
atomic measures ZZ M0y, as ZZ H(m;). We also consider space inhomogeneous
Lagrangians f(z,u, Vu), which cover cases of space-inhomogeneous H-masses
Zi H(z;,m;), and also the case of a family of Lagrangians (f:)s converging as
e — 0. The T'-convergence result holds under mild assumptions on f, and cov-
ers several situations including homogeneous H-masses in any dimension N > 2
for exponents above a critical threshold, and all concave H-masses in dimension
N = 1. Our result yields in particular the concentration of Cahn-Hilliard flu-
ids into droplets, and is related to the approximation of branched transport by
elliptic energies.
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NOTATION
B, (x) open ball of radius r centered at x;
B open ball B,.(0);

T
A (RN)  set of finite signed Borel measures on RY;
M (RN set of finite positive Borel measures on RY;

16
16
20
25
26
26
29
30
30
30
31
32
35
36
38

Dy pushforward of a measure y € . (RY) by a map ® : RN — R*
defined as A — u(®~1(A));
Tzl Borel measure A — p(A — ) if p € #(RY) and z € RY;
CBH Borel measure 7_,(uL B) if B is the ball B,.(z);
14 %, M weak convergence of measures, i.e. weak-x convergence in duality

by set of increasing maps ¢ : N — N;
o1 X0y 01,02 € ¥ are such that o;([n, +00]) C 02(N) for some n € N ;
+ fixed to either + or — in the whole statement or proof, and

infinity;

%ﬂbl I narrow convergence of measures, i.e. weak-x convergence in

duality with the space %,(R”) of continuous and bounded
function;

T =—(%)

1. INTRODUCTION

with the space €,(RY) of continuous functions vanishing at

1.1. Setting. Let N € N* and let f : RY x R x RV — [0, +-00] be a Borel function
such that f(-,0,0) = 0. Consider the following energy functional, defined for any
fixed x € R on the set of finite Borel measures . (R™) on RY by

(1.1)

, f,uly), Vu(y) dy if p=u L™, ue W RY),
Ef(n) = q Jrv

+o00 otherwise.
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The minimization of this energy under a mass constraint gives rise to the notion of
minimal cost function, valued in [0, +oc] and defined by

(1.2)  Hj(x,m) :=inf {Sf(uﬁN) cuwe Wi 0 LHRY) such that /RN u= m} .

As a preliminary result, which applies to (1.1) and deserves interest on its own, we
will establish the following:

Theorem 1.1. Let f: R x RY — [0, +00] be Borel measurable such that £(0,0) = 0.
The function defined for every m € R by

(1.3) H¢(m) = inf{ flu, V) = we Wh!n LY (RY,R), / u= m}
RN RN

vanishes at 0 and it is either identically +oo on (0,400), or it is everywhere finite,

continuous, concave and non-decreasing on [0,+00). The symmetric statement on
(—00,0] holds as well.

The proof is very simple and works with no further assumptions on f.

Our main purpose is to prove that if (f.).~ is a family of functions f. : RY x R x
RY — [0, +-0c] which converges pointwise to f as ¢ — 0 and satisfies some conditions,
then the rescaled energy functionals £, defined for each € > 0 on . (RY) by
(1.4)

_ . 1,1
()= 4 Jan fe(,eNu(a), eV Vu(z)e N dae if p=ul™,ue W RY),
() =
400 otherwise,
I'-converge as ¢ — 0, for the narrow or weak convergence of measures, to the H-mass,

defined on . (RY) by (see Definition 2.2):
M7= [ Hy(enlla)) a0 @)

d -\ q,,d
+ H(z,07) dud (x) + Hj(2,07) dpl ().
RN RN
where = p® 4+ p? is the decomposition of 4 into its atomic part u® and its diffuse
part u?, p? = pi — u? is the Jordan decomposition of ;i into positive and negative

parts, and H}(z, 0%) is the recession at 0, that is

H
Hj(2,0%) = lim Hy@,m)

€ [0, +o0].
m—0+ |m|

Notice that the exponents over ¢ in the definition of & are tuned so that if B,.(x¢) C
RY and u. is a mass-preserving rescaling of v. given by u.(x) = ¢ N (e~ (x — x0)),
then

/ fe(z, N, (2), 5N+1Vu€(x))5_N dz = / fe(mo + ey, v-(y), Vo (y)) dy,
BT(;CO) B7-/5

so that the energy contribution of a mass m > 0 contained in a ball B,.(zq) should
be of the order of Hy(xg, m). This explains why M7 is expected to be the I'-limit
of £.. Nevertheless, it is not true in general (see Section 1.3 below), and we will need
a couple of assumptions on f and f. detailed in the next section.

This kind of singular limit of integral functionals is reminiscent of several variational
models with physical relevance which have been the object of intensive mathematical
analysis, such as Cahn-Hilliard fluids with concentration on droplets | | (which
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we recover in Section 5.5) or on singular interfaces [ ], toy models for micromag-
netism and liquid crystals like Aviles-Giga [ | and Landau-de Gennes [ 1,
or Ginzburg-Landau theory of superconductivity | ].

1.2. Assumptions and main result. Our first two assumptions are rather standard
and guarantee the sequential lower semicontinuity of the functionals £%,
(Hy) f:RY xR x RN — [0, 4] is lower semicontinuous,
(Hy) f(x,u,-) is convex for every x € RV, u € R.

In order for vanishing parts to have no energetic contribution, we will impose
(Hs) f(x,0,0) =0 for every x € RY.

We also need continuity in the spatial variable,
(Hy) f(-,u,&) is continuous for every u € R, ¢ € RV,

Next, we need a compactness assumption which ensures relative compactness in the
weak topology of VVll’p (R™M) for sequences of bounded energy &% and bounded mass;

it will also be needed in obtaining lower bounds for the energy (see Proposition 3.8):

(Hs) there exist o, 8 € (0, +00), p € (1, +00) such that for all (z,u,£) € RN x Rx RV,
f(@,u,8) = alg]” = pu.

We also impose a comparison condition on the slopes of f(z,-,&) and Hy(z,-) at
the origin, which will be needed in order to show that the I' — liminf is bounded
from below by the Hy-mass, and which rules out some non-trivial scale invariant
Lagrangians for which the expected I'-convergence result fails (see Section 1.3):

(Hg) for every z¢ € RY,

T, u

(1.5) H (w0, 0%) < 7 (2, 0%,0) = i e ) f(IUIQ
We give a general assumption (simple in dimension one but quite technical in dimen-
sion N > 2) depending only on the Lagrangian f so as to guarantee such a condition
(see (S) and Corollary 2.7 in Section 2.3).

Since our aim is not to care much about the dependence on x, we shall impose a
spatial quasi-homogeneity condition:
(H7) there exists C' < 400 such that for every x,y € RN u € R, ¢ € RV,

fy,u,§) < C(f(z,u,8) + u).
Last of all, we need the family of functions f. : RY x RxRY — [0, +-00] to converge
towards f in a suitable sense, namely, we assume

(Hs) fo 1 fand fL_(-,0%,0) 1 f(-,0%,0) as ¢ = 0.
Notice that this assumption is empty if f. does not depend on e.
Our main result is the following:

Theorem 1.2. If (f.)c>0 satisfies (Hg) with each f. satisfying (H1)—(H;) and the
limit f satisfying (Hg)-(Hy), then M*s is the I-limit as € — 0 of the functionals
&, defined in (1.4), for both the weak convergence and the narrow convergence of
measures.

In particular, as a I-limit, the functional M/ must be lower semicontinuous for
the weak convergence of measures (and so for the narrow convergence as well). This
implies that H is lower semicontinuous on R x R (see Proposition 2.4).

We point out that for the I' — lim sup, we need weaker assumptions on f. and f
(see Proposition 4.2), which will be useful for some applications (see Section 5.5).
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We will allow ourselves slight abuses of notation. First of all, we will sometimes
consider Lagrangians defined on R x R which do not depend on z and still refer to
hypotheses (H;)—(Hs) ; we will use the notation £ instead of £§ in (1.1) and consider
Hjy as a function of m only in (1.2). Besides, we will often identify functions u € L},
with the measures u = ul", so as to concisely write £(u) instead of &p(uLY).
Finally, we will also consider Lagrangians defined only for u € R, which may be
thought as defined for u € R, set to +00 when u is negative!. The resulting minimal
cost function Hy and its associated Hy-mass may be thought as defined on Ry and
M+ (RN) respectively, as they will be infinite on the respective complements.

1.3. Remarks and applications. We start with two situations where the expected
I-convergence fails and which justify the importance of (Hs) and (Hg), then we provide
examples and applications of our result, as a short summary of Section 5, where full
details are provided. We restrict our attention to positive measures and Lagrangians
defined for u > 0.

Vanishing parts do not contribute to energy. By assumption (Hs) no energy is given
to any set where a function v vanishes. It is a necessary condition for M/ to be
lower semicontinuous (a necessary condition to be a I'-limit) and not identically +oo.
Indeed if M*s is lower semicontinuous and finite for some measure p € .#(RY)
then (see Remark 2.1) M s (tp) < MH7s () for every t € (0,1) hence M¥7(0) <
lim inf; o+ M7 (tp) < MHf(u) < +oo. Thus M7 is not identically +oco if and
only if M#7(0) < +oo, ie. [pn Hy(x,0)dH%(x) < 4oo. But since Hy(x,0) =
(400) x f(z,0,0) this can only happen if f(-,0,0) = 0. This justifies imposing (Hs).

Scale invariant Lagrangians. In Section 5.1, we will see that in the particular case
fe(z,u, &) = ufp(lfp%)|§|1’ for p € (1, N) and p* = ]\’;—fp, our I'-convergence result
does not hold as a consequence of the fact that £ does not depend on . Note
that in this case, the slope assumption (Hg) does not hold, and we also provide a
simple variant of such energies which satisfies all our assumptions except (Hg) where
the T-convergence towards M/ also fails, thus justifying the need for such a slope

condition.

Concave H-masses in dimension one. Consider the energy given for = u LY by
Er(p) = / |Vul? + c(u) with Lagrangian  f(x,u,&) = [£]* + c(u).
RN

In dimension N =1, it is shown in | ] that for any concave continuous function
H with H(0) = 0, there exists a suitable ¢ > 0 such that Hy = H. As explained in
Section 5.2, Theorem 1.2 implies that the rescaled energies

(1.6) E(w)= | fENu,eNTVu)e™N :/ N2 Vu)? + e Ne(eNu).
RN RN

I-converge to M# | leading to an elliptic approximation of any concave H-mass in
dimension one. In dimension N > 2, we will show that Hy must be concave on
[0,400), and strictly concave after the possible initial interval where it is linear (see
Proposition 2.8) ; however, we have no solution to the inverse problem, consisting in
characterizing the class of attainable minimal cost functions H = H¢ for Lagrangians
f satisfying our assumptions.

INotice that if any of our assumptions is satisfied for a Lagrangian defined for v € Ry, then it
holds also for the Lagrangian extended to R in this way.
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Homogeneous H-masses in any dimension. We consider the functional given for y =
N
u L™ by

(1.7) Er(p) :/ f(u, Vu) :/ [Vul? +u®, p>1, se(-p,1].
RN RN
Then, the rescaled energies
E(p) = f(eNu, eNFIVu)e N = / ePNFTP=N |7y P 4 g (1=8)Nys
RN RN

I'-converge to a non-trivial multiple of some a-mass M® := M*~*" where the exponent
a=1-s+7)1-2+ +) 7! ranges over (1— NL_H, 1] when (s, p) varies in its range
and NV > 1. More details are given in Section 5.3.

Space-inhomogeneous H-masses. We may consider for example functionals given, for
N
p=ul”, by

&) = [ | ale)gtu(o), Vula)) da.

where a : RN — R is a continuous function valued in [M 1, M] for some M € (0, +o0)
and g : Rx RN — [0, +o0] satisfies our assumptions (H;)-(Hg), e.g. g(u, &) = [£]P +u®
with s € (—p/,1]) as above. In the latter case we obtain I'-convergence towards a
space-inhomogeneous a-mass for some « € (0, 1] given by

C Z a(z;)mg if p= Zle M0y, ,
M5 () = 1<i<e

400 otherwise,

for some constant C € (0, +00).

Cahn-Hilliard approzimations of droplets models. Following the works of | ;
], we consider the functionals

(1.8) W (u) = /RN e P (W () + £ Vul?),

where W (t) ~;_ 4100 t° for some exponent s € (—2,1). As shown in Section 5.5,
we way rewrite these functionals to fit our general framework, and recover known

I'-convergence results, under slightly more general assumptions, as stated in Theo-
rem 5.1. The I'-limit is a non-trivial multiple of the a-mass with « = %
Elliptic approximations of Branched Transport. The energy of Branched Transport
(see | ] for an account of the theory), in its Eulerian formulation, is an H-mass
defined this time on vector measures w whose divergence is also a measure,

(1.9) M () = / Hx,0(x) dH (z) + [ H'(z,0%) djw*],

b Rd
where w = 0¢ - H'LY 4+ w™ is the decomposition of w into its 1-rectifiable and 1-
diffuse parts (see Section 5.4 for more details). An elliptic approximation of Modica-
Mortola type has been introduced in | ] for H(m) = m®*, a € (0,1), and their
I'-convergence result in dimension d = 2 has been extended to any dimension in
[ ] by a slicing method which relates the energy of w to the energy of its slicings.
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The same slicing method, together with Theorem 1.2, would allow to prove the I'-
convergence of the functionals
(1.10)

£.(w) = {f]Rd felx, e | (), | Vol (z))e!~4dz ifw=0vLve Wl’l(Rd,Rd),

loc

400 otherwise,

toward Mf[f for Lagrangians f. — f satisfying (H;)—(Hsg), thus covering a wide range
of concave H-masses over vector measures with divergence.

1.4. Structure of the paper. In Section 2, we prove the concavity of the minimal
cost function H; with respect to the mass variable m in full generality (Theorem 1.1),
we establish useful properties of general H-masses, and we identify the slope at the
origin of Hy in terms of f under our assumption (Proposition 2.5 and Proposition 2.6).
In Section 3, we apply a concentration-compactness principle to provide a profile de-
composition theorem for sequences of positive measures (Theorem 3.2), which is used
to obtain our main lower bound for the energy £y (Proposition 3.10) and also yields an
existence criterion for profiles with minimal energy under a mass constraint (Proposi-
tion 3.12). Section 4 is dedicated to proving lower and upper bounds on the rescaled
energies & (Proposition 4.1 and Proposition 4.2) that imply in particular our main
I-convergence result (Theorem 1.2). Last of all, in Section 5, we provide counterex-
amples and several examples of energy functionals that fall into our framework, as
summarized in the previous section.

2. MINIMAL COST FUNCTION AND H-MASS

In this section, we study the properties of general H-masses, of costs H ¢ associated
with general Lagrangians f, and we relate the slope of H¢ at m = 0 to that of f at
(u, &) = (0,0) in the variable u, under particular conditions.

2.1. Concavity and lower semicontinuity of the minimal cost function. Be-
fore proving Theorem 1.1, let us note that it covers the case where we have a constraint
(u, Vu) € A, where A C R x R is Borel measurable, by considering Lagrangians f
taking infinite values.

Proof of Theorem 1.1. Let us first assume that f(u,&) = +o0o when u < 0, so as to
restrict ourselves to non-negative functions. We first prove that H; is concave on
(0,4+00). Let m > 0 and u € Wii! N LY(RY,R;) such that [,y u = m. We pick a
non-zero vector v € RY and for every t € R, we set u!(-) = u(- + tv) and

uAu'(-) = min{u(-),v' ()}, wVu'()=max{u(-),u'(-)}.

We have u A u! +u VvV ut = v+ ub. Hence

(2.1) /u/\ut—k/ u\/ut:2/ u = 2m.
RN RN RN

Moreover, it is standard that uAu’ = u—(u'—u)_ € WL (RN) with V(uAu') = Vu
a.e. in {u <wu'} and V(uAut) = Vul a.e. in {u > u'}. Since uVu! = u+u —uAu,
we have similar identities for u V u’, and we obtain
(2.2) Er(unul) + Ep(u v ul) = Ep(u) + Ef(uh) = 2E(u).

Now, let M : t — fRN u Awut. In view of (2.1), (2.2), and by definition of H, we have
proved

(2.3) Hy(M(1)) + Hy(2m — M(1)) < 264(u).
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Now, by continuity of translations in L' and since the map (z,y) — z Ay is Lip-
schitz on R?, we have that M is continuous on R with M(0) = m. Moreover
lim; oo M(t) = 0 by dominated convergence. So, by the intermediate value the-
orem M (R) D (0,m]. Hence, we have proved Hy(0)+ Hy(2m —6) < 2E¢(u) for every
6 € (0,m]. Taking the infimum over u such that [,y u = m, we obtain

H(0) + Hf(2m — 6)

< Hy(m), V0 € (0,m],

2
that is, H; is midpoint concave on (0, +00). Since H/ is also bounded below (by 0),
we can deduce that Hy is concave (0, +00) (see | , Section 72]), and since Hy > 0,

either H is identically +o0c on (0, 4+00), or it is finite everywhere, continuous, concave
and non-decreasing on (0, 400).

We now justify that if Hy(m) < +oo for some m > 0 and f(0,0) = 0, then
lim,, o+ Hy(m) = 0= Hy(0). Let u € W,;!(RY,R;) such that [,xu=m > 0 and
Er(u) < 400, and set

t, =sup{t >0 : M(t) >0} €[0,400], where M(t):/ uAut.
RN

Since M is continuous with M (0) = fRN u > 0 and lim;_, o, M(t) = 0 as seen above,
we have that t. € (0,+o0], lim;—;, M(¢t) = 0 and M(¢) does not vanish identically

near t,. Moreover, if t, = +oo, since u! — 0 locally in measure, by dominated

convergence,

limsup Hy(m) < limsup & (u A u') = lim sup/ f(u, Vu) +/ f(u, Vu)
m—0+ t——4o0 t—=+oo J{u<ut} {u—t>u}

< 2/(0,0)[{u = 0} = 0.

If t, < 400, we have u A u?* = 0 a.e. and u’ — u?* locally in measure as t — t, by
continuity of translation in L!. Thus using dominated convergence again,

limsup Hy¢(m) < limsup (u A u') = lim sup/ f(u, Vu) +/ f(u, Vu)
{u<ut}

m—0+ t—(te)™ t—(ts)~ {u=t>u}

- swvo+r [ fwve
{u<ut*} {u=t*>u}
= Er(uAu) = £(0,0) x (+00) = 0.

Finally, we treat the general case (without assuming that f(u,{) = 400 if u <
0) For this, notice that for every u € VVlicl N LY(RY) such that [pxu = m > 0,
denoting uy the positive part of u and my = [,y uy, since f(0,0) = 0 we have
Jan fu,Vu) > [on fluy, Vuy) > Hg(myg), where g is defined by g(u, &) = f(u,§) if
u > 0 and is set to 400 if u < 0. Since H,, is non-decreasing and m4 > m, it yields
H;(m) > Hy(m4) > Hy(m). The another inequality Hy(m) < Hy(m) being trivial,
Hf = Hg on R+. O

Remark 2.1. Let us remark two things about the proof.
First, we actually proved the concavity and monotonicity of

m—= Hy(m) = inf{ flu, Vu) - uer’l(RN7R+),/ u:m}
RN

loc
RN

on (0, +00) for f Borel, without assuming f(0,0) = 0.
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Second, the end of the proof shows that under this extra assumption, minimizing
among signed profiles or non-negative (resp. non-positive) profiles is equivalent when
m > 0 (resp m < 0).

2.2. Definition and relaxation of the H-mass.

Definition 2.2. Let H : RV x R — [0, +00] be a Borel measurable function having
left /right slopes at the origin defined for each v € RY by

(2.4) H'(z,0%) = lim Hlz,m)

€ [0, 4+o0].
m—0% |m|

For every finite signed Borel measure u € 4 (RY), we set
H(p) = H(, p({-3) H® +H' (-, 07 ) + H'(-,07)ul,
where p = p® +p? is the decomposition of u into its atomic part u® and its diffuse (or
non-atomic) part p?, p = uﬁ'f_ — u? is the Jordan decomposition of u® into positive
and negative parts.
The H-mass of p is then defined as the total variation of H(u), that is:

M7= [ Hpllah) i @)

+ H'(z,0%) dpd (z) + H'(2,07) du® ().
RN RN

The previous definitions and notations extend in the obvious way to the case of
functions H : R — [0, 4+o00] with no space variable z, interpreted as functions inde-
pendent from x.

M# is a natural spatially non-homogeneous extension (depending on the position
z) of the H-mass of k-dimensional flat currents® from Geometric Measure Theory,
introduced by [ ] (see also the more recent works | ; D.

We say that H : RN x R — [0, +-oc] is mass-concave if m — H(x,m) is concave on
(0, 4+oc) and (—o0,0) for every x € RV. From | ], we have the following result’:

Proposition 2.3 (| , Theorem 3.3]). Assume that H : RN x R — [0, +oc0] is
lower semicontinuous, mass-concave and H(-,0) = 0. Then MY is sequentially lower
semicontinuous on M (RN) for the weak topology.

From another work from the same authors | , Theorem 3.2], we know that
under some further assumptions on H, M is the relaxation for the weak topology
of the functional

" Zle H(z;,m;) ifp= Zle m;id,, with k € N*, 2; € RN, m; € R,
Matom(:u‘) = .
+00 otherwise.
We need a slightly different result?, namely that for any function H : RV x R —
[0, +00] satisfying all the assumptions of Proposition 2.3 except the lower semiconti-
nuity, the relaxation of MZ_  for the narrow sequential convergence is M*/sc where
Hg. is the lower semicontinuous envelope of H, which can be expressed as

(2.5) Hyse(z,m) = sup{G(z,m) : G < H with G lower semicontinuous}.

2In the case k = 0, since signed measures are merely O-currents with finite mass.

3In the notation of this paper, we take u = 0 and f(z,s) = |s|; we have wf(z,0) = 0 and
ws(x,s) = 4o0if s #0.

“In | , Theorem 3.2], H is assumed to be lower semicontinuous and the authors make a
further coercivity assumption (assumption (3.5) in the paper) that we want to avoid.
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It is worth noticing that if H(-,0) = 0 and H is mass-concave, then these properties
hold also for Hig.

Proposition 2.4. Let H : RN x R — [0, +00] be a function which is mass-concave
and such that H(-,0) = 0. Then, the sequentially lower semicontinuous envelope of

M in the narrow topology of .# (RN) is given by M namely we have:
(2.6) M = sup{F : F<ME F sequentially narrowly l.s.c. on ///(RN)}.

We point out that for a general H, for M to be sequentially lower semicontinuous
(for the narrow topology) it is necessary that H is Isc on RY x (0, +00). However,
neither the subadditivity of H in m nor its lower semicontinuity on RY xR, are neces-
sary. Indeed, M is sequentially lower semicontinuous if for instance H(x,m) = +o0
when x # 0,m > 0, H(x,0) = 0 when 2 # 0 and H (0, -) is any lower semicontinuous
function. Nevertheless the subadditivity in the mass m and the lower semicontinuity
would be necessary if H did not depend on z.

Proof of Proposition 2.4. Since His is lower semicontinuous and mass-concave, we
know from Proposition 2.3 that M is sequentially lower semicontinuous in the
weak topology hence also in the narrow topology of .# (RY). Since M < M
we deduce that M is lower or equal than the sequentially lower semicontinuous
envelope of M in the narrow topology, i.e. the right hand side in (2.6), which we

denote by F : . (R™) — R,. We shall see that F' < M,
We first prove that

(2.7) F < M

atom*

For this, we let p = Zle m;d,, be a finitely atomic positive measure and we let
fn = Zle M0z, , wWhere for each i € {1,...,k}, (%in)nen is a sequence of
points converging to z; and (m;n)nen IS @ sequence converging to m, such that
Hise(xi,m;) = limy, o0 H(%4 5, Min). Then (pn)nen converges narrowly to p and, by
lower semicontinuity,

F(u) < liminf F(p,) < liminf M2 (4,)
n—o00 n—o0
k

k
= lim Z H(QL’Ln? mi,n) = Z Hlsc(x’h mi)7
n—o00 = im1

so that F(u) < M= (1)) as wanted.

We now prove that F' < M. Let y € #(RY) and u = p® + u? be the
decomposition of u into its atomic part p® = Zle m;d,,, with k& € NU {400} (here,
k = 0 if there is no atom), and its diffuse part pu?, and let pu¢ = ui — u? be the
Jordan decomposition of u? into positive and negative parts. We then discretize ud
by taking n € N*, a partition (QF)ic(1,..., (n2n)vy Of [-n,n)Y by means of cubes of

the form Q7 = ¢ +27"[-1, 1) with ¢! € RY, and we define

nAk (nzn)N (HQH)N

Hn = Zm16w1 + Z Ni(Q?)ém:‘ - Z Mi(Q?)éy:La
i=1 i=1

i=1
where for each i € {1,...,(n2")V}, 27", y" € Q" are some points such that

(2.8) Hy (27,07) = inf Hy'(2,07), Hy/(y!,07) = inf Hy'(z,07).
z€Q z€EQT
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Such points exist since @} is compact and since by concavity,

H
(2.9 ! (,0%) = sup &)
+m>0 |m|

)

so that H(-,0%) are lower semicontinuous as suprema of lower semicontinuous func-
tions.

The sequence (fin )nen converges narrowly to p. We deduce by lower semicontinuity
of F,

(2.7)
F(p) <liminf F(u,) < liminf MES, (1)
n—00 n—oo
nAk (nzn)N
= hnn—l)gf Z H]SC(.’L'Z', mz) + Z (Hlsc(x?7 MdJr(Q'TLI)) + HlSC(y'Ln7 —,U/i (Q?)))’
i=1 =1
(2.9) nAk )™
< lirginf ZHISC(xZ-,mZ-) + Z HmJ(m%OﬂNi(Q?)
i=1 i=1
(n2™)N
+ Y Hid(yf,07)ud(Q7)
i=1
(2‘8> Ak (nzn)N
< lirr_l)infz Hye(zi,m;) + Z / Hi'(-,07) dﬂi + Hy'(-,07) dut
T A =1 /e @

k
= ZHISC(xiami) +/ Hlsc/('70+)d/1*i +/ HISCI('70_)d/’L(i
i=1 RY RY
= M (),
where we have used monotone convergence in the last but one equality. O

2.3. Slope at the origin of the minimal cost function. In this section we provide
a technical assumption, that is simple in dimension N = 1, on the Lagrangian f and
which implies the comparison condition on the slopes (Hg).

(S) for every xy € RV,

(210) f/— (3707 Oiu O) = lim inf M > lim sup sup M

($)u7€)*>(w070j:70) |'LL‘ u—0% |€]=1 |U| ’

with p =0 if N =1 and for some p € €((0, 1], (0, +00)) satisfying

1 1

dt \N

— ) dy<+oo if N>2.
/0 (/y p(lt)>

Proposition 2.5. Let f : Ry x RY — [0, 4+00] be a lower semicontinuous function
such that f(0,0) = 0, with N > 2. For every function p € €((0,1],(0,+00)) such
that

(2.11) /01 (/yl pc(li))Ndy<+oo,

the function Hy defined in (1.3) satisfies

H
(2.12) lim Hym) <limsup sup M
m—0t m u—0+ §ESN*1 u
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Proof. For every y > 0, we let

p(t)

The function F is decreasing, and belongs to €1((0, 1]) and LY ((0, 1]) by assumption.
We now consider the solution of the ODE v, = —p(v.), with v.(0) = ¢, given by

F(y) :/ . € [0, +o0].

() = {F‘l(F(s) +7), if0<r < F(0) - F(e),

) 0 if r > F(0) — F(e),
with F'(0) possibly equal to +o0o0. Notice that v, € V[/licl(R+) because it is non-
increasing and bounded, hence it has finite total variation, and because it is of class
€* except possibly at r. == F(0) — F(¢), where it has no jump. As a consequence the
radial profile defined by u.(z) := v.(|z|) belongs to W, (RY) and we compute, using
the change of variables s = ve(r) (i.e. 7 = F(s) — F(e)) and an integration by parts
combined with monotone convergence.

The equality on the last line holds because lim;_,o+ [, (F — F(g))¥ < 400 (since
F € LY ((0,1])), hence lim;_,o t(F(t) — F(¢))"™ exists by existence of the limit in the
previous line, and it must be zero (again, because F € L ((0,1])).

Moreover, since supjg ) V= = €,

_ [ oo (). v (P E) N1 N-1 r<m. su f(u, p(w)§)
gy = [ [ S0l @ dr sme s FBEE,

By assumption, we deduce that

lim sup M < lim sup M < limsup sup M

m—0+ m e—0t  Me u—0t gesSN-1 u

O

In dimension N = 1, we need no other assumption than Hy < 400, as stated
below.

Proposition 2.6. Let f : R x RY — [0, +00] be Borel measurable with N = 1.
The minimal cost function Hy is either identically infinite on (0,400), or it satisfies
(2.12) with p =0, i.e.

Hy(m) f(u,0)

lim —————= < limsup ——.
m—0t m w—s0+ u

Proof. One can assume that there exists u € Wl’l(]R, R4) with 0 < fRu < 400 and

loc
E(u) < +oo. In particular, up to changing the value of v on a negligible set, u is
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continuous on R. Let € € (0,supg u), set A; .= {x : u(x) = €} which is non-empty by
the intermediate value theorem and integrability of u, and define

inf A, if inf A, > —o0,
A =
c any point in (—oo, —e ') N A. otherwise,

sup A, if sup A. < 400,
| any point in (¢7!,400) N A,  otherwise.

By continuity and integrability of u, u(a:) = u(be) = ¢ and

sup  u(z) <eV sup u(z) — 0.
2€R\[ac,be] |@|>e—1 =0

Moreover a., b, converge to points —oo < a < b < 400, hence u = 0 on R\ (a,b) and
by dominated convergence, since Vu = 0 a.e. on {u = 0},

+oo > lim u+ f(u, Vu) = f(0,0) LR\ (a,b)).
e—0+ R\[ae,be]

Notice that this limit is necessary zero. Let m > 0. If ¢ is small enough, then
fR\[aE’ba] u < m so that we can take . > 0 such that eR. = m — fR\[aa’bE] u. We then
define
u(x) if z < ac,
us(z) = Qe if ac < < ac + R.,
u(b. +x — (a. + R.)) if x> a.+ R,

so that [, v. = m. Moreover,

E(ve) = E(u, R\ [ac, b)) + R f(g,0).

m-+o(1)

—— as € — 0,

Hence, as R, =

Hy(m) < limsup &(ve) = mlimsup M 0

e—0t e—0t €

From Proposition 2.5 and Proposition 2.6 we obtain the following corollary.

Corollary 2.7. Let f : R x RN — [0, +0c0] satisfy (Hy), (H3) and (S). Assume in
addition that Hy < +oo if N =1. Then (Hg) holds.

Proof. If N =1 we apply Proposition 2.6 to get
f(u,0) © f(u,0)

H
lim Hylm) < lim sup < liminf =~ = f" (0%,0),
u

m—0+ m w—s0+ u m—0+
and if N = 2 taking a function p as in (S) and applying Proposition 2.5 yields

H )
fim 2 g sup sup 280w D p P00 g g
m—0t m u—0%E |£]=1 |u| m—0t U

The analogous inequality when m — 07 is obtained by considering the symmetric
Lagrangian (u, ) — f(—u, —£). O
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2.4. Strict concavity of the minimal cost function in dimension N > 2. We
show that in dimension N > 2, the minimal cost function must be strictly concave
away from the possible initial interval where it is linear:

Proposition 2.8. Assume that N > 2 and that f : R x RN 3 (u,§) — f(u,§) €
[O7+OO] satisﬁes (Hl); (H2)7 (HS)} (HS) and (HO) Let
my =sup{m >0 : Hy is linear on [0,m]},

where Hy is defined in (1.3). Then, H; is strictly concave on (m.,+o0). A similar
statement holds on R_.

A similar result does not hold in dimension 1 since any continuous concave function
H : Ry — Ry with H(0) = 0 can be written as H = H; with f satisfying all our
assumptions (H;)—(Hg) (see Section 5.2).

We denote by M/, the set of non-negative minimizers of mass m € R.:

(2.13) M= {u e W RN R,) : &(u) = Hy(m) and /]RN u= m}.

loc

The proof of Proposition 2.8 is based on the following observation:

Lemma 2.9. Let f : Ry xRY — [0, 400] be Borel measurable and let u; € M{, with
m; € Ry fori=1,2. Let also u, = min{uy,us}, u* = max{us,us}, my = fRN Uy
and m* == [pn u*. If Hy is affine on [m,,m*] then u, € M, and u* € M.
Proof of Lemma 2.9. We use the same observations as in the proof of Theorem 1.1.
In particular, we have m, +m* = m; + mo; since Hy is affine on [m,, m*], it yields
Hy(m.) + Hp(m") = Hy(my) + Hy(my).

But we have also

Hy(m.) + Hy(m") < Ef(us) + Ep(u”) = Ep(ur) + Ep(uz) = Hy(ma) + Hy(mo),
so that the inequalities we used, i.e. Hy(m) < Ef(uy) and Hp(m*) < E¢(u*), are

actually equalities. O

We also use an elementary Sobolev type inequality:

Lemma 2.10. Let N > 2, p € (1,+00) and w C RN™L be a bounded open set. For
every u € W,hP(R x w),

ou
6$1

p—1
P

/W@fmwmﬂfﬁwmﬂmm+W| |
w Lr (RXw)

Proof of Lemma 2.10. We prove the lemma when u € €*(R x w); the general case
follows by approximation. For every x1,7; € R, 2’ € w, we have
1 9u
u(ry,2’) = u(yy, ') +/ —(t,2’)dt.
Y1 8.1‘1

By averaging in the variable y;, we deduce

/ 1ty /
uer )| < [ futon )l o+ [
T

1
1—3 T1—3

911+% ou
7(1571'/)

dt.
8.131

The result follows from Hoélder inequality after integrating over w. [
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Proof of Proposition 2.8. Assume by contradiction that the concave function Hy is
not strictly concave on (m., +0o) which means that there exists m € (m.,, +00) and
n > 0 such that Hy is affine on [m —n,m +n]. (Note that n < m — m, by definition
of m,.) Moreover, we will see in Proposition 3.12 that ./\/lfn is not empty because Hy
is not linear on [0,m]. We let u € M/ .

As before, we shall use the notations A and V for the minimum and maximum;
we also let (e1,...,ex) be the canonical basis of RY. Knowing that 7+ u(- + 7) is
continuous in RY for every u € L*(RY), that u + u(- + 7) is isometric in L!(RY) for
every 7 € RV that the map (z,y) — = Ay is Lipschitz on RY x R¥, and since the
set M, +12 is compact in L' up to translations in view of Remark 3.13, we deduce
that there exists §yp > 0 such that

(2.14) lu Au(-+dez)| L1 ryy >m  forall 6 € (0,d0) and u € ./\/lj;_irg.

We now construct by induction a sequence (¢, )nen in Ry and a sequence (uy,)nen in
M, such that
(2.15) tne1 >ty + 00 and w,(x) < U(x) AU(x +tpes) Vo € RV,

where we have set
U(z) = esssupu(zx + tey).

teR
To this aim, we first set ug := w and ty = 0. Then, if we assume that ¢, and u,
are constructed as before, we first pick an 6} € R, such that v, = u, V u,(- +

Sley) satisfies fRN vn = m+ 4, which is possible since 7 < m, as we argued in the
proof of Theorem 1.1. Similarly, we pick a 62 € R, such that w, 11 = v, Av, (- +02ez)
satisfies fRN Upt1 =M, and we set tp11 =1, + 5%. By Lemma 2.9, v, € an+% and
u, € MJ,. By (2.14), we have 62 > &y, thus insuring the first condition in (2.15). For
the second condition, we observe that for all x = (x1,z') € RV,

Up+1(z) < (supu,(x +ter)) A (sup up(x + teg + 5262)) <U(x) NU(x + tpire2),
teR teR

where in the last inequality we have used the induction hypothesis (2.15).

We now show that the sequence (u, £™),cn is vanishing which will contradict the
compactness of M/ in L' up to translations.

For this, we let (x)reny be a sequence in RY and (un, )ken be a subsequence of
(tn)nen such that

limsup sup / U, = lim Up,, -
n—o00 zeRN Jz4[0,1)N k=00 fz) +[0,1)N

By (Hj), we have g—; € LP(RY). Using this fact, estimate (2.15), and Lemma 2.10
with w a unit cube in RV~ we obtain

lim Uy, < hminf/ U/\/ U
k=00 Jay+10,1)¥ k=00 Ja+[0,1)N Tty ea+[0,1)N

ou

8%1

o ou
AUminE [ull 22 (g, <@—a0)-ea<tn, +13) + PN

< liminf(||u||L1 0<(z—zk)-e2<1}) T ‘ )
oo ({0s(@=aw)-e2<1h) Lo ({0<(v—24)-e2<1})

Lp({tnk S(x_xk)'e’zgtnk +1}))

and the conclusion follows since the sequences (zy - e2)gen and (tn, + Tk - €2))keN
cannot be both bounded as limy_, t,, = 00. O
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3. LOWER BOUND FOR THE ENERGY AND EXISTENCE OF OPTIMAL PROFILES

Our main tool to localize the energy and obtain a lower bound relies on a profile
decomposition for bounded sequences of positive measures, which is reminiscent of
the concentration-compactness principle of P.-L. Lions. This differs from classical
strategies to localize the energy which are based on suitable cut-offs. Naturally, this
concentration-compactness result also provides a criterion for the existence of optimal
profiles in (1.2). Nothing can be said beyond existence of a minimizer at this level of
generality. Further properties such as uniqueness and radial symmetry would require
conditions on the Lagrangian f and not only on the cost function Hy. We deal with
these questions in a particular case in Section 5.3.

3.1. Profile decomposition by concentration-compactness. We prove a profile
decomposition theorem for bounded sequences of positive measures over RY, which
is essentially equivalent to | , Theorem 1.5] in the Euclidean case. We have
added an extra information on mass conservation that will be useful, and provide a
self-contained simple proof. We start with a definition.

Definition 3.1. A sequence of positive measures (jin )nen € A4 (RY) is vanishing if

sup pn(Bi(x)) —— 0.
zERN n—oo

Any bounded sequence of positive measures over RV may be decomposed (up
to subsequence) into a countable collection of narrowly converging “bubbles” and a
vanishing part, accounting for the total mass of the sequence, as stated in the following
theorem.

Theorem 3.2. For every bounded sequence (pin)nen of positive Borel measures on
RY, there exists a subsequence (un)nea(N), o € X, a non-decreasing sequence of inte-
gers (kn)neovy converging to some k € NU {+00}, a sequence of non-trivial positive
Borel measures (u')o<i<k, and for every n € o(N), a collection of balls (B:)o<i<k,
centered at points of supp un such that, writing for all n € o(N),

(3.1) fin = [l + iy, where pb = " pn LB},
0<i<kn

24 ] 5

(A) bubbles emerge: (i fin)neo ) —2 it for every i < k,°
" n—00
(B) bubbles split: ming<;<j<y, dist(BY, Bj) —— +o0,
- n—o0

(C) bubbles diverge: ming<;<y, diam(BY) — o too,
(D) the bubbling mass is conserved: ||u? || P Do<icnlletll;
(E) the remaining part is vanishing: sup,epn py(B1(x)) — 0.

Before proving Theorem 3.2, we introduce the “bubbling” function of a sequence
of finite signed measures (fi,)nen:

Cg/
(3:2) m((pn)nen) = SHP{HMH t (Tap iy Ho(0)en —= 1, 0 € X, Ty € RY (W)}~

Although we will use this function on signed measures, we will start from a sequence
of positive measures and use the following characterization of vanishing sequences,
which holds only in the case of positive measures:

SRecall that cpp = (@ +— z — y)y(uL B) if B = By(y) and p € #(RN).
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Lemma 3.3. A sequence (jin)nen of finite positive measures over RN is vanishing if
and only if m((fin)nen) = 0.

(g/
Proof. Assume that (pn)nen is vanishing and that (7, Ho(r))een —= pu for some
o € ¥ and some sequence of points (24(¢))een. Then, for every x € RY,

/J,(Bl(il')) < hgirolfT,xU(e)ug(g) (Bl(LL')) = hglorolfp,g(e) (Bl(.’l,' + xg([))) = 0’

i.e. =0 and thus m((ue)ren) = 0.
Conversely, if (in)nen i not vanishing, then there exists ¢ > 0, 0 € ¥ and a
sequence of points (z,)neo v in RY such that p,(Bi(z,)) > ¢ for every n € o(N).

(g/
Up to further extraction, one can assume that (7_,_ , to(e))een — p € A (RY). We
have

1(B1(0)) > limsup 7, po(e) (B1(0)) = 11?1 sup fio () (B1 (o)) > € >0,
—o0

{— 00

which entails m((ue)een) > € > 0. O

Proof of Theorem 3.2. If (fn)nen is vanishing, then we take o = Id and k& = 0, so
that pe) = pe = py, (A) to (D) are empty statements and (E) is satisfied since
(t4n)nen is vanishing. Assume on the contrary that (u,)nen is not vanishing. We
shall construct the bubbles by induction and prove their properties in several steps.

Step 1: construction of bubbles centers. At first step (step 0), since m((in)nen) > 0,
there exists oy € ¥ and a sequence of points (x%)neao(N), such that

€, . 1
(3‘3) (T*I%Mn)neoo(N) —= /~LO € '///(RN) with HMO” > im((ﬂn)nGN)'

We then set u) := Hon —T0 10 and we continue by induction, starting from the sequence
(y%)nEUO(N). More precisely, assume that for a fixed step k — 1 € N, for every i € N
such that 0 < i < k — 1, we have built ' € #(RY), 0; € I, points (z},)neq, vy and
sequences (1} )neq; (v € 4 (RN) such that for every 4,

(3.4) 0; 2 0i-1,

(3.5) o =tn— Y T, (Vn€ai(N)),
0<5<i

(3.6) (e 15 Do)~ 4

(37) > G ne ) > O

where o_1 = Id, (u; 1) == (in). If m((ufb_l)negk_l(N)) = 0, we stop; otherwise, we
proceed to the next step k to build oy, pi*, (xfl)negk(N), (1) as we did at step k = 0,
starting with (uﬁ_l)neghl(N). Either the induction stops at some step kK — 1 € N for
which m((ufjl)negkﬂ(N)) = 0 or the previous objects are defined for every ¢ € N, in

which case we let k = +o0.
Step 2: splitting of bubbles centers. We prove that
(3.8) lim  dist(z},2%) = 400 for every i,j € N with 0 < j < i < k.

n?’ n
o;(N)on—o0
Indeed, assume by contradiction that there is a first index 7 < k such that for some
Jo < i, (dist(z},,7}°))neo,(v) is not divergent. In particular, there exists o < o;
such that (2, — /°),comy — = € RY. Moreover, (dist(z},27))neq,avy — 00, for
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every j < i, j # jo by minimality of i and the triangle inequality dist(x,zd) <
dist(z?), 2%)) + dist(x%, 27°). Notice by (3.5) that for every n € o(N),

n’ n
- _— ) )
=T = T = Y T,
Jo<j<i
hence taking the translation 7 ,
- - . )
T b= Ty (Tl T ) = Y T i,
Jjo<j<t
and passing to the weak limit, knowing that /0 — 2! — —z and dist(z/, 2! ) — +o0
for jo < j <,
Mz‘ _ T_m(lujo _ ujo) _ Z 0=0.

Jo<j<i
. 74 .
This contradicts the fact that (T—x;iLMfl_l)neo(N) —= u® # 0 and proves (3.8).
Step 3: weak convergence of bubbles. From (3.5) we get

(3.9) Tl =T it = Y T i
0<5<i
and by (3.8), the sum converges weakly to 0, and so

/

(3.10) (T—ai Hn)neo, (N) o, pt for every i € N with i < k.

Step 4: construction of the bubbles with mass conservation. We now construct the
extraction o € ¥ that we need by induction: we set ¢(0) = 0 and, assuming that
o(0) < -+- < o(¢ — 1), with £ € N*, have been constructed, we set o(¢) := n with
n € opnr—1(N) large enough so that n > o(¢ — 1) and for every i < £ Ak,

(3.11) i (Be(a)) < ]| +27°,

and

(3.12) min dist(z’,z7) > 4¢.
0<j<1

Such an n exists by (3.8) and (3.10), noticing that pu, (Be(2},)) = (7_zi fin)(B). Then
for each n = o ({), £ € N, we set k, = £ Ak, and for each i € {0,...,k, — 1},
B! = By(x!).

Finally, for every n € o(N), we decompose p,, as expected:

fin = pb + b, where pb = Y pnLBj,.
0<i<ky
Let us check the four first items (A)—(D). Notice that (C) is fulfilled because
diam(Bg ) = ¢ — 400 as £ — oo, and (B) because of (3.12). Since for every i < k,
lim, (n)5pn 00 diam(B;,) = +o0 and cpi i = (T_4i (un L By)) for every n € o;(N),
(¢Bi fin)neo) converges weakly to u* by (3.10), and together with (3.11) it implies
that

G i
(eBi Bn)neom) — H's
i.e. (A) is satisfied. Moreover, by (3.11) again,

lmswp 3 oo (Bi) < 3 il + limsup(C A K2 = 3 [l
£ 0<i<ho 0<i<k £—o0 0<i<k
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and since k, — k, by Fatou’s lemma we have,

>l < lim inf > o (Bl
0<i<k 0<i<ho (s

which proves (D) because ZOSKkU(z) /,Lo.(g)(Bg(e)) = H/I,l;(e)H.

Step 5: wvanishing of the remaining part, proof of (E). By Lemma 3.3, it suffices to
prove that m((i;)neo)) = 0. We claim that:

(313) m((IU‘Z)nEU(N)) < m((:uiL)nEoi(N))a for every i € N with i < ka

which concludes since m((f),eq, ) = 0if k < oo, and m((p},))neq; ) — 0 as
i — o0 if k = co. Indeed, if k = 0o, we have by (3.7) and (D),

1 i i . . .
B > (i) neon) < DIl = qugollui(e>ll < liminffuo ()| < oo
1€N €N

Let us show (3.13). Let 0 < 0 and (2, ),es(v) be a sequence of points such that

(g/
(Tt )mea() — 1 € M (RY).

We need to prove that [|u]| < m((uf)neo,v) for every i < k. Assume without loss of
generality that ||| > 0. Then for every i < k,

(3.14) (dist(zn, 2},))nes @) — 0.
Otherwise, up to subsequence, (dist(x,,z%)), would be bounded by some constant
M, and for every r > 0,

(T—a, i) (Br) < NZ(BT+M($:.1)) —0,

n—oo

because p? is supported on RN \ Up<;<k, Bl and B,y (zf) C Bl for n large enough
by (C). Hence p would be 0, a contradiction. Up to further extraction, one can assume
that (T_g, fn)nesv) converges weakly to a measure fi € . (R™). Since pf) < i, we
have p < ji. Moreover by (3.5), for every i < k and n € (N) large enough,

i . J
T—aptpy = T—zphn — Z Tod —gn
0<y<s

. !
and because of (3.14) the sum converges weakly to 0, so that 7_, pi —> [, and
consequently,

el < 1Al < m((en)nes:on):
which is what had to be proved.

Step 6: re-centering of the bubbles at points of supp pin. By (3.10), (T_zi fin)neom)
converges weakly to the non-trivial measure u; for every i < k, thus

(3.15) R;/2:= limsup dist(supp pin, ") < 400.

o(N)on—+o0

Therefore, for every n large enough, there is a point # such that |zf — &% | < R;
and 7!, € suppp,. After a further extraction, one may assume that for every i,
|zt, — &,| < Ry < r]" where diam B}, = 2r}, for every n, and (2}, — Z},)neov) con-
verges to some p; € RN. Finally, we set 7 = r? — R; and B! = B(#',7}) C B:.
After replacing the balls B by B, (B) and (C) are satisfied by definition. No-
tice that (7_gi fin)neo(y) converges weakly to ' := 7, u* with |4 = [u']], and
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limsup,, [|cps pn || = limsup,, i, (B%) < limsup,, p1, (B) = ||| hence (A) holds. Be-
sides, using Fatou’s lemma,

lim sup Z pin(BY) < lim sup Z pin(BL)

" i<kn " i<kn
= llpl <> liminf p, (B) < liminf Y (B})
i<k i<k " " i<knp

so that lim, Y ; ;- tin(BL) = 37, and (D) is satisfied. In particular,

lim Y pn(B)\ By) =lim Y pua(By) —lim Y pn(B;) =0,

i<kn i<ky i<kn

and (E) holds as well. O

Remark 3.4. If the sequence of families of balls (Bf)o<i<k, satisfies the conclusion of
the theorem, i.e. (A)-(E), then it is also the case for any family of balls (B%)o<i<k,
with the same centers as those of B!, and with smaller but still divergent radii (i.e.
satisfying (C)). It can be easily seen following the arguments at Step 6 of the proof.

3.2. Lower bound by concentration-compactness. We will first establish a lower
bound for the minimal energy along vanishing sequences defined on varying subsets of
RY. We say that a sequence of Borel functions (u,,)nen, each defined on some open set
Q,, € RY is vanishing if the sequence of measures (|u,| N L2y )nen is vanishing in
the sense of Definition 3.1, namely if [Jun |1 (q,) = 0 as n — oo, where L. (Q)is

the set of uniformly locally integrable functions on the open set €2, i.e. Borel functions
u on ) such that

(3.16) lullps oy = sup / lu| < 400,
i z€RN JQN(z+[0,1)N)

It will be convenient to first extend our Sobolev functions to a neighbourhood 25 of
Q where for every § > 0 and every set X C R, we have set

Xs = {z e RN : dist(z, X) < d}.

We will need to consider sufficiently regular domains for which we have an extension
operator WP N LY (Q) - WP LL  (Qs). We will only apply it to domains with
smooth boundary, in which case we can use a reflection technique. Since we want
quantitative estimates, we will use the notion of reach of a set X C RY (see | D-
We say that X has positive reach if there exists § > 0 such that every x € X has
a unique nearest point 7(x) on X. The greatest ¢ for which this holds is denoted
by reach(X) and the map = € X,eacn(x) = 7(z) € X is called the nearest point

retraction.

Ezample 3.5. Assume that 2 is a perforated domain B?\ Ule B? where the B are
disjoint closed balls included in some open ball BY (possibly B® = R"). Then,
reach(9Q) = inf{radius(B") : i =0,...,k} U {dist(OB",0B7) : i # j}.
By | , Theorem 4.8], we have
(i) if 2,y € Xs with 0 < § < dp = reach(X), then |7(z) — 7w (y)| < 60526|x -9,
(ii) if z € X and D, is the intersection of X,cach(x) With the straight line crossing
00 orthogonally at x, then w(y) = « for every y € D,.
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Lemma 3.6 (Extension). Let Q C RY be an open set such that its boundary 09 is
€' with positive reach®. Then, for every § € (0,reach(d9)), every p € [1,+00) and
every u € L N W1P(Q), there exists u € L' N W1P(Q;5) such that u = u a.e. on (2,
and

@l s < AllullLiy, [l

uloc

@) < Allullzr, @) IVullre,) < AlVullro),
with a constant A < +oco depending only on N,§ and reach(99).

Proof. Let o : (0Q)s — (09)s be the reflection through 0%, defined by o(zx) =
2m(x) — x. By the properties (i) and (ii) of the nearest point retraction, we have
that 0 = o~ ! (simply because 7(o(z)) = m(z)) and o is L-Lipschitz with a constant
L < +00 depending on § and reach(9S2) only.

We define” % by 4 = u on  and @ = uw oo on Qs \ . This map is well-defined
since (25 \ Q) C Q. Indeed, if we had x,0(x) € Qs \ Q, then the line segment
[z, 0(z)] would meet OQ orthogonally at its center 7(z), and would remain out of €,
because otherwise there would exist a point y belonging either to 0Q N (z,7(z)) or
0NN (m(x),o(x)) thus contradicting the definition of 7(z). Such a situation is not
possible for a ! boundary.

Moreover, by the change of variable formula and the chain rule, u satisfies the
desired estimates since ¢ is bi-Lipschitz with its Lipschitz constants controlled in
terms of 4 and reach(99). O

We will need a localized version of the Gagliardo—Nirenberg—Sobolev inequality in
a particular case:

Lemma 3.7. Let Q C RY be an open set such that O is € with positive reach, let
p € [1,400), let 7 > p(1 + %), and assume that v < ﬁ—fp when p < N. Then for
every u € L' N WHP(Q),

[l

Lr(@) < C(HVUHLP(Q) + ||u||L1(Q))a||u||1LEsC(Q)7
where o € (0,1] is the unique parameter such that + = a(% — )+ (1 —a), and the
constant C' < +oo depends on N,r,p and reach(952).

Proof of Lemma 3.7. We let u € L'NW1P(Q) and we extend u to u € L* NWHP(Qy)
as in Lemma 3.6, with § = reach(f2)/2. By the Gagliardo-Nirenberg-Sobolev in-
equality (see | ]) on the hypercube Qs = [—%, %)N C Bs, we have for some
C depending on N, 4,

13l 2 @s) < ClIVElZo @ lEll 3, + Cllall@y-
We then cover Q with the disjoint hypercubes Qs(c) = ¢+ Qs C Qs centered at points

c on the grid € = QN %ZN. Since r > p(1 + 1/N), we can check that

1

(3.17) roa =

Vv
bS]

r
1+

2l |
D =

6Thanks to [ , Remark 4.20], 99 is actually of class €11
"Note that 4 is not defined on 0%, but this set is negligible.
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By superadditivity of s — 57 and of s — ™, we obtain

ey < Dl @y
cEC

r(l— a _
< "SIVl s o T ey + ClallE s @y oy
cEE

r(l1— r(l1—
< IVl a0, + Ol ) lall %,

< C"(IVullzrey + llull )™l 5~ 0
Proposition 3.8. Assume that f : RN xRxRY — [0, +00] satz’sﬁes( 1) and (Hs) for
some p € (1,400). Consider a vanishing sequence (up)nen in W1 Y(Qn, Ry, where
the Q, C RN are open sets with €' boundary such that inf,cy reach(aﬁn) > 0, and
a sequence (P, )nen of Borel maps @, : Q,, — RN such that sup,cq |®n(y) —xo| = 0
as n — +oo for some xo € RN, If 0, = fﬂn Up # 0 for every n and (0, )nen is
bounded, then:

lminf 2 [ (@), wn(y), Vun () dy > f (20, 0%,0),
n—+oo |6,] 2,

where f' (xg,0%,0) was defined in (2.10).

Proof of Proposition 3.8. Suppose for example that u,, > 0 a.e. for every n. Without
loss of generality, we may assume after extracting a subsequence that:

18 Kimswg [ @) Vaa ) dy -+, < +x.

For all n € N, we consider the measure v,, € .#Z,(RY x R x RY) defined as the
pushforward of the probability measure ji,, = iun LY LQ,, by the map (P, Un,, V),
that is:

Vp == ((I)'m Unp, Vun)ﬁ(ﬂn)

We are going to show in several steps that v, o, (x0,0,0) and deduce the result.
It suffices to show that the three projections v} = (7%)svy, i € {1,2,3} converge
narrowly to d,,,dp and &y respectively. Indeed, this would imply that (1,) converges
narrowly to a measure concentrated on (zo,0,0), hence to 64, 0,0y since the v, are
probability measures. First of all, since (v,,) has bounded mass and (6,,) is bounded,

we may take a subsequence (not relabeled) such that v, .y and 6, — 0 asn— oo
for some v € (RN x R x RY) and 6 > 0.

!

3
Step 1: v} —> 8,,. This is a direct consequence of the fact that v, is concentrated
on ®,(RY) for every n and dist(®,,(RY),z9) — 0 as n — oc.

(g/
Step 2: v2 —= . By (3.18) and our assumption (Hj), there is a constant K; > 0
with

(3.19) / |Vup|P < Kl/ Up, n €N
Qnp

n
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We deduce from Markov’s inequality, and Lemma 3.7 applied with r = p(1 + &),

corresponding to o = NL_H, that

1
Ao =g [
n {unzn}

1
_ 1—r, r
= u Uy,

On S,y "

1 s
< 707177“1 o u,

C ro r(l—a)
S g1 (IVunllze @) + lunllzr@n) ™ lunllzs 6,

C/

777"—1

< (14027 ffun |5

Lioe(@n)?

where in the last inequality, we have used the identity ar = p and (3.19), and C,C’
depend only on N, r,p and inf,, reach(9€,).
Since (un)nen is vanishing and (6,,),en is bounded, the last term in the previous

<€I
inequality goes to zero as n — oo and it follows that v2 —= .

Step 3: v3 G, dp. Fix M > 0 and n > 0. One has by (3.19),

(M, +o0) = 5 un < it [,
" 0 0 0
n J{|Vun|>M} n S{un <n}{[Vun|>M} n J{un>n}

% LN ({|Vun| = M}) + v ([n, +00))

IN

n 1 p 2
< g [, [Vl (D +oo)
< Nk,
S
By the previous step, we know that lim, . v2([n,+00)) = 0, hence taking the
superior limit as n — +o0o then n — 0 we get lim,_, oo 2 ([M, +00)) = 0. Since this

+ ([, +00)).

. . ,
is true for every M > 0 we obtain v —= &.

’

€,
Step 4: conclusion. By the previous steps, we deduce that v, —= (20,0,0) @8 M —> +00.
We define g : RY x R, x RY — [0, 400] as the lower semicontinuous envelope of
RY x Rj— x RN 3 (ac,u,{) = %f(‘rauag)' By (Hl)a we have g(x,u,f) - %f(x,u,f) if
u > 0, and by definition of f (see (2.10)), we have g(x,0,0) = f’ (x,0%,0) for every
x € RN, Hence, by lower semicontinuty of g and weak convergence of (v,), we get

f(@’nﬂ uTL? vun)

lim inf f(®,, upn, Vu,) > liminf U,
n—o00 Q n—oo {un>0} U,
:hmlnf/ g(z,u,f)dyn(x,u,f)
n=o0 JRN xRxRN

> /N g(mv u, g) d(s(:co,0,0) = fl—(an O+7 O)a
R
which ends the proof of the lemma. O

As a corollary, we may now relate the slope at 0 of Hy to that of f.
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Corollary 3.9. Assume that f : RY xRxRN — [0, +-00] satisfies (Hy), (Hs) for some
p € (1,400) and (Hg). Fiz x € RN. If either N > 2 or (N =1 and Hy(x,-) # +00
on Ry ), then Hj(z,0%) = ' (x,0%,0).

Proof. The inequality H}(m,Oi) < f'(x,0%,0) is precisely (Hg), and the converse
inequality H(z, 0%) > f” (x,0%,0) comes from Proposition 3.8. Indeed, if (u,)nen €
Wli’cl(RN ,Ry) is a sequence of functions of mass 6,, = f]RN Uy, going to 0 and which

is almost minimizing in the sense that lim,, 5’ie(u|") = liminf, _ H(w 92) then

(un)nen is vanishing and Proposition 3.8 yields

£
lim inf f( n)

n—oo |9 |

> f' (z,0%,0).
|

‘We now establish our main energy lower bound along sequences with bounded mass
(not necessarily vanishing):
Proposition 3.10. Assume that (f.)c>o is a family of functions f- : RY xR xRN —
[0, 4+00] satisfying (Hy), (H2), (Hs) and (Hs) where f = lim, f.. Let (en)nen be a
sequence of positive numbers going to zero, (Rp)nen and (rn)nen be two sequences
in (0,+00] such that limnﬁOO rrn = liMy oo Ry — 7 = 400, (Un)nen be a sequence
of functions u, € WIOC( s Ry) with finite limit mass m = lim,, fB’ Uy, and
(®,)nen be a sequence of Borel maps ®,, : B, — RY such that

(3.20) sup |®,(y) — 20| — 0 for some xo € RY.
ye Rn n— 00

Then there exists a family (u No<i<k of functions in V[/lic1 (RN, Ry) with k € NU{+o0},
such that m; = f]RN u' € RYL for every i, and

(3.21) m=m, + Z m;  with £m, >0,
0<i<k
(3.22)
P > / +
hnrglgf o Jer (®r, tun, Vuy) > [my| fL (20,07, Z / f(zo,u’, Vub).

0<i<k

Proof. Suppose for example that u, > 0 a.e. for every n. We first assume, up to
subsequence, that the left hand side of (3.22) is a finite limit. We apply the profile
decomposition Theorem 3.2 to the sequence of positive measures p, = u, N LB,
where, we assume the extraction ¢ to be the identity for convenience, and we use the
same notation as in Theorem 3.2. In particular, for each bubble B! = B, (z%), with
0 <1 < kg, we have le € supp tn C Brn. By assumption, we have lim,, . (R,
rn) = +00; hence, up to reducing the radii of the balls B if necessary, in such a way
that their radii still diverge (see Remark 3.4), we can assume that

(3.23) B CBg,1, 0<i<k,.

For each 0 < i < ky, we let u, == u, (- + 2!). Since (3.22) is assumed to be finite,
we get that the sequence (ul), is bounded in Wl‘f(RN) by (H 5). Hence, after a
further extraction if needed, we get that (ul,)pen — u’ weakly in W, ¢ LP(RN) for some
limit u’, for every 0 < i < k = limk,. Setting m; = [, u' for every i, by (D) in
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Theorem 3.2, we have

My = M — E m; = lim Uy -
ry )
0<i<k "7 J B, \Uo<i<kn BE

Fix € > 0. We decompose the energy as

(3.24) Fo(@ sty Vity) = / Lo (@i, Vi)

Bg, Br, \Uo<i<k, B},

+ Z / (b)), ul, Val,).

0<i<ky, 7‘7’

n

Note that the domains €2, := Bg, \Uo<i<k B}, satisfy inf,en reach(99,,) > 0 as noticed
in Example 3.5, thanks to (3.23) and (B), (C) in Theorem 3.2. Hence, applying
Proposition 3.8 to the Lagrangian f., we obtain

(325) lim inf f ((Dn; Un, Vun) > mv(fs) (3707 0 O)
"¢ JBRr, \Uogi<i, Bi
Moreover, by the lower semicontinuity of integral functionals (see | , Theo-
rem 4.1.1]), in view of (3.20), we have for each i with 0 <14 < k,
(3.26) lim inf fo(@, (- + 2b), b, Vul) / fe(wo,u’, Vu').
n—oo B i

n

Finally, by (3.24), (3.25), (3.26), (Hg) together with monotone convergence, we deduce
that

hrn lnf fgn (‘I)'ru Unp, Vun)

n— 00
BRTI

> lim (mv(fa) (70,07,0) Z / fe(z0,u’, Vu' ))

e—0t
0<i<k
=my f' (20,0",0) + Z / f(zo,u’, Vub).
0<i<k
The similar statement for non-positive functions is obtained in the same way. (Il

3.3. Existence of optimal profiles. For the existence of an optimal profile in (1.2),
we need a criterion that rules out splitting and vanishing of minimizing sequences:

Lemma 3.11. Let H : Ry — Ry be a concave function. Then H is subadditive, and
if for some 0 < 6 < m one has H(m) = H(m—0)+ H(0), then H is linear on (0, m).

Proof. By concavity, t — ( )

H(m)

is non-increasing. Hence,

H(m) H(9) H(m —0)
m 0 ’

H(m)=120 p—

+(m—0) <6 +(m—0)

But, by assumption, the last inequality is an equality which means that H(m) =

Hée) = w In particular, the monotone function ¢ — ( )
[0, m], i.e. H must be linear on [, m]. By concavity this is only possible if H is linear

on [0,m]. O

must be constant on

We can now state and prove our existence result:



26 MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS

Proposition 3.12. Assume that f : R x RN 3 (u,€) — f(u,&) € [0,400] satisfies
(Hy), (Ha), (Hs), (Hs) and (Hg). Let m € Ry (resp. m € R_). If the cost function
Hy, defined in (1.3), is not linear on [0,m] (resp. [m,0]), then the minimization
problem in (1.3) admits a solution u € W51 (RN), i.e. [onu=m and [y f(u, Vu) =

Hy(m), such that u >0 (resp. u <0) in RY.

Proof. We consider the case m > 0, the case m < 0 can then be deduced by con-
sidering f(u,&) = f(—u,—¢). We assume without loss of generality that Hj is
finite on (0,400), otherwise by Theorem 1.1 there is nothing to prove. By Re-
mark 2.1, the admissible class in (1.3) can be reduced to non-negative functions.
In particular, if m = 0, then u = 0 is the only non-negative solution. If m > 0,
we apply Proposition 3.10 in the following situation: f.(z,u,§) = f(u,&) for every
(7,u,€) ERN x Rx RN e > 0, R, = +00, ®, = 79 € RY, (4 )nen is a minimizing
sequence for the minimization problem in (1.3), and (r,)nen is a sequence of positive
radii going to +o0o such that lim, fB% u, = m. We obtain

Hy(m) = mo £ 05,00+ Y [ !, v
0<i<k /RY
with & € NU {+oo}, v € W,oP(RY,R) and m = > o<ick Mi + My, Where m; =
fRN u’. By Proposition 2.5 and Proposition 2.6, in view of our assumption (Hg),
and since Hy is assumed to be finite on (0,+o00) (for the case N = 1), we have
fL(0%,0) > H(0T). Moreover, by Theorem 1.1, we have m, H}(07) > Hy(m,).
Hence, by definition of Hy,

Hy(m) > Hy(m,)+ Y Hg(m),
0<i<k

Since the concave function H; is not linear on [0, m], by Lemma 3.11, we have either
k =1 and m, = 0, and we are done, or k = 0 and m = m,. But in the latter
case, we would have Hy(m) = mH}(0%) which implies that the monotone function

t— Hff(t) is constant on [0,m], i.e. that Hy is linear on [0,m]. This contradicts our
assumption. O

Remark 3.13. Notice that the end of the proof actually shows, under the given as-
sumptions, that the set of minimizers for a given mass m is compact in L' modulo
translations.

4. I'-CONVERGENCE OF THE RESCALED ENERGIES TOWARDS THE H-MASS

We establish lower and upper bounds for the I'—1lim inf and I"—lim sup respectively,
from which we deduce the proof of our main I'-convergence result. The upper bound
on the I' — limsup holds under more general assumptions and will be needed in
Section 5.5.

4.1. Lower bound for the I' —liminf. Given a Borel function f : RN x R x RN —
[0, +00], we define for every (z,m) € RY x R,

(4.1) Hy (x,m) = Hy(x,m) A (f"(z,0%,0)|m|), if £m >0,

recalling that H is defined in (1.2) and f’ (z,0%,0) in (2.10), with the usual conven-

tion (+oo) x 0 = 0. Notice that it is concave on Ry and R_ by Theorem 1.1, and
under (Hg) we have H; (z,m) = Hy(z, m).
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Proposition 4.1. Assume that (f.).>o is a family of functions f. : RV x R x RNV —
[0, +00] satisfying (Hy), (Hs), (Hs), (Hs) and (Hg) where f = lime_q fe. Let (€4)nen
be a sequence of positive numbers going to zero, (un)nen be a sequence in Wli’cl(RN),
and let

en = fo, (,eNu,, N IVu, e N LN
be the energy measure associated with . If u, LY %, we #RY) and e, o, ee€
M(RN), then
(4.2) e > Hy (p).

In particular, T'(6}) — liminf._,o & > M5

Proof of Proposition 4.1. Set H = Hy and recall that it is concave on Ry and R_
by Theorem 1.1. Let us assume first that u,, > 0 a.e. for every n. To obtain (4.2), it
is enough to prove that for every zo € RV,

(4.3) e({zo}) = H(xo, n({z0}))-

and that if ¢ € supp p is not an atom of u, then

: e(Br(zo)) /
4.4 lim sup —————~% > H'(20,0"),
44 r—o+ H(Br(20)) (@0 )

Indeed (4.3) implies that e > (H(u))* (the atomic part of the measure H(u) de-
fined in Definition 2.2) while (4.4) implies that e > H'(-,0")u? = (H(u))4, by
Radon-Nikodym theorem (see | , Theorem 2.22]); these two relations yield
e> (H(u)*+ (H(p)? = H(u) as required.

We fix zy € supp p and proceed in several steps.

Step 1: blow-up near xo. We first take two sequences of positive radii (R¢)een — 0
and (r¢)een such that for every £ € N, r, € (0, Ry),

(4.5) (0B, (z0)) = (OB, (x5)) = 0,
and

(B, (x0)) e(Br(0))
(4.6) A (B (0) — P L B(o))

This last property is obtained by taking first a sequence (p;), such that

B
lim sup 76( r(@o)) = lim 7( pe(20))
root W(Br(20)) =00 p(By,(20))’
then using monotone convergence the measures to get first r, then R, such that
0 < re < R < pes plByy(20)) > (1= 2-)u(By, (o)) and e(Br,(z0) > (1 -
27")e(By, (20)).
By weak convergence and (4.5), according to | , Proposition 1.62 b)], we have
for every ¢ € N,
lim e, (Bg,(z0)) = e(Bgr,(z9)) and lim Uy, = By, (20))-

n—oQ n—oo Bre (IO)

Hence, there exists an extraction (n¢)eeny € X such that

(4.7 lim ~& = 400 and lim Rezme _ +00,

=00 Ep, l—oo £y,
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satisfying the following conditions:
(4.8) p({zo}) = lim Un,, €({zo}) = lim ey, (Bg, (20)),
£— 00 BW (zo l— 00
and
B n, (B
(49) limsup 6( R((xo)) — lim € e( Re(xo)).
l—00 N'(Bw (xO)) ZHOO fB (390) Un,

We may rewrite the mass and energy in terms of the re-scaled map v, defined by

(4.10) ve(y) = en tn, (2o + €n,y), yERY LEN,
as follows:
(411) / Un, = / Vg,
BT[ (xO) Ba_lv-z
ng

and
(4.12) en,(Br, (70)) = /B fen, (o +€n,y,ve(y), Vue(y)) dy.

571R£

ny

Step 2: proof of (4.3). By Proposition 3.10, we have

e({zo}) = lim 5 fen, (@0 + €n,y,ve(y), Voe(y)) dy

(4.13) “re
> mvf x070+ Z Hf Io,mz
0<i<k

Here k € NU {+o0} and m = m,, + ZO§i<k my, with m; > 0, m, > 0 and

m = lim ve = u({xo}).

{— 00 B _,
Eny e

Since the function H = HJ; defined in (4.1), is the infimum of two functions which

are mass-concave, it is mass-concave hence subadditive. From (4.13) we thus arrive
at

e({wo}) > Hiwo,my) + 3 Hwo,my) > H(wo,my+ 3 mi) = H(zo, pl{z0})).

0<i<k 0<i<k

Step 3: proof of (4.4). Fix € > 0 and assume that m = u({zo}) = 0. In that case,
we apply Proposition 3.8 to the sequence of functions (vs)een defined on the sets
Q¢ = B_-1, and the function f. to get, thanks to (Hg):

ne

Te

fmsup CBRE0) _ o en (B o))
R0t MUBR(0)) 500 [g 0 tn,
1
> hmll’lfiw/ fe(xO +5n4yavf(y)7vvf(y))
-1

L— 00 f
B e
nz e ng "t

Z (fs)lf(‘rOv 0+7 0)
Taking the limit ¢ — 0%, we deduce by (Hg) and (4.1):

G(BR(I'O)) / /
(4.14) hRni)sOL}rpm > f' (2,0",0) > H'(x0,0").
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In view of the discussion at the beginning of the proof, we have now proved (4.2).

Step 4: proof of (4.2) for signed (uy),. Notice that the preceding reasoning for non-
negative u,, applies also to the case of non-positive u,,. Let us handle the case where
the (uy)’s may change sign. We simply apply the above cases to the positive and
negative parts ((uy,)+)n which converge weakly as measures (up to subsequence) to
some measures ut € ., (RY) which satisfy u = u* — =, so that e > H(£u®).
We know that the Jordan decomposition p = p4 — p_ is minimal, so that py < p*
and g+ L p—. By monotonicity of the function H; (see Theorem 1.1), we have
e> H(+p*) > H(+pg). Since H(py) L H(—p_), we get

e > H(py) + H(—p-) = H(pw).

Step 5: lower bound for the ' —liminf. We justify that (4.2) implies the lower bound
[(€}) — liminf. 0 & > M. Indeed, fix u € .#(RY) and consider a family (u.).s0o
weakly converging to u as e — 0. We need to show that M (1) < liminf. ¢ & (ue).
Assume without loss of generality that the inferior limit is finite and take a se-
quence of positive numbers (£,)neny — 0 such that this inferior limit is equal to
lim,, o0 &, (ue, ). Now the energy measure e, associated with w,, = u. has bounded
mass and up to extracting a subsequence one may assume that it converges weakly
to some measure e € .Z,(RY). By the previous steps, e > H(u), and by lower
semicontinuity and monotonicity of the mass:

liminf & (ue) = liminfl|le, || > |le]| > |H(p)|| = MH(,u) O
5%04’ n—oo

4.2. Upper bound for the I' — limsup. In this section, we introduce the following
substitute for (H,), (H7) and (Hg), where f, (f.).>0 are Borel maps from RV x R —
RY to [0, +oc]:
(U) there exists C' < +oc such that for every z,y € RV, u € R and ¢ € RV,
limsup f.(z + ey, u,€) < f(z,0,6) and  f-(y,u,€) < C(f(z,0,6) +u) Ve >0,

e—0t
Proposition 4.2. Assume that f,(f-)eso satisfy (U) and (H3). If u € 4 (RY),

then there exists (ue)eso € Wlicl (RN) such that u. N LN i when € — 0 and which
satisfies

lim sup & (ue) < M s1se (1),

e—0t
where Hysc < Hy¢ stands for the lower semicontinuous envelope of Hy, defined in

(2.5). In other words, we have T'(6}) — limsup,_,q & < MHrse,

Proof of Proposition 4.2. Let F = T'(%}) — limsup,_,y &. As an upper I-limit, F' is
sequentially lower semicontinuous in the narrow topology. Hence, by Proposition 2.4,
it is enough to prove that F(u) < M5 (1) whenever p is finitely atomic. Let u =
Zle m;0,, with k € N, m; € R, x; € RV and assume without loss of generality that
x; # x; when i # j and M7 () < +o0. Fixn > 0. For each i = 1,..., k, there exists
u; € W (RN) such that Jan wi = mg and [on f(25,u;, Vug) < H(xg,m;) +1 < +00.

loc
We define for every i = 1,... k,
(4.15) ul(z) = e Nui(e Nz —x;)), ze€RY,
and

(4.16) ue = max{ul : i=1,... k},



30 MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS

which converge narrowly as measures to u as € — 0. We have by change of variables:

E(ue) < Z/ ez, 2Nl (), N VUl (2)e N da

< ZE Z f6 (z; + ex,uiy Vug).

Using our assumption (U) and the dominated convergence theorem, one gets as e — 0:

F(p) < limsup & (ue) <Z fml,ul,Vul <ZH (z5,m3) + kn = M () + kn.

e—=0 i=1 i=1

The conclusion follows by arbitrariness of n > 0. (]

4.3. Proof of the main ['-convergence result. We now explain how Theorem 1.2
follows from Proposition 4.1 and Proposition 4.2.

Proof of Theorem 1.2. The lower bound I'(%}) — liminf._,o & > M5 follows from
Proposition 4.1, and the upper bound I'(6}) —limsup,_,o & < M7 from Proposi-
tion 4.2, where the assumption (U) is a consequence of (Hy), (H;) and (Hg). By (Hp)
and Theorem 1.1, H}? = Hy, and since Hy > Hj s by definition, both I' — lim inf
and I' — limsup (for weak and narrow topologies) coincide with M7, O

5. EXAMPLES, COUNTEREXAMPLES AND APPLICATIONS

5.1. Scale-invariant Lagrangians and necessity of the slope assumption. Our
assumption (Hg) is not very standard, but we need a condition of this type in order to
get T-convergence of the rescaled energies £. towards M7 as shown by the following
class of scale-invariant Lagrangians:

WP E VP i u > 0,
0 else,

(5.1) fe(@,u,8) = f(u, &) with f(%ﬁ)—{

where p € (1,N), N € N* and p* := pN . By straightforward computations, &, (u) =
= [p~ f(u, Vu) for every e > O and u € Wlo’cp(RN) in that case.

Moreover the assoc1ated minimal cost function H is not trivial. Indeed, applying
the Gagliardo—Nirenberg—Sobolev inequality,

(/RN|U|P*)”1* gc(/RNww)’l’, Yo e L n WL RY),

to the function® v = uz%*, we obtain that for every u € W,"H (RN R,) N L' (RY),

loc
P

i p » p
() (2 [y o= (£ oo
RN p {u>0} p

Hence, for every m > 0, we have Hy(m) > 0, and even Hy(m) < +oco since any
function u = v?", with v € WLP(RN R,), has finite energy. Replacing u by mu in
the infimum defining H in (1.2), we actually obtain

(5.2) Hp(m) =m' ¥ Hp(1), 0< Hs(1) < 4o0.

a1
8Actually, we apply it to ve = ¢<(u) where ¢, is a suitable approximation of (-)?* and take
e — 0.
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In that case, it is clear that the I'-limit of £, = £ in the weak or narrow topology of
M (RYN), that is the lower semicontinuous relaxation of €, does not coincide with
M7 indeed, the first functional is finite on diffuse measures whose density has finite
energy, while the second functional is always infinite for non-trivial diffuse measures
since H}(07) = +o0.

These scaling invariant Lagrangians are ruled out by our assumption (Hg). All the
other assumptions are satisfied except (Hs). Note that the following perturbation of

fs
Jla,§) = (14?5 0) el

satisfies all the assumptions except (Hg), and provides a counterexample to the I'-
convergence. Indeed, MHf._ > My, is still infinite on diffuse measures, while (the
relaxation of) &€ 7 is finite for any diffuse measure whose density has finite energy.

We stress that an assumption like (Hg) is actually needed, even for the lower
semicontinuity of the function H; — recall that if My, is a I-limit, then it must
be lower semicontinuous by | , Proposition 1.28], which in turn implies that
the function Hy is lower semicontinuous by Proposition 2.4. Indeed, consider the
Lagrangians

F,u,€) = (14w )|,

with p € €°(RY, (1, N)) such that p(0) = p € (1, N) and p(z) > p when x # 0. Then,
we have H;(0,m) = m'=% H(1), but Hy(z,-) = 0 if 2 # 0 as can be easily seen via
the change of function eNu(e -), with € > 0 small.

5.2. General concave costs in dimension one. It has been proved in | ]
that for any continuous concave function H : Ry — Ry with H(0) = 0, there exists
a function ¢ : Ry — Ry such that ¢(0) = 0, u — % is lower semicontinuous and
non-increasing on (0, +00), and for every m > 0,

H(m):inf{A|u’|2+c(u) cuwe WH(R,RY), /Ru:m}.

The Lagrangians of the form f.(z,u,&) = |£]* + c(u), in dimension N = 1, satisfy
all our assumptions (H;)—(Hg), hence our I'-convergence result stated in Theorem 1.2
yields the I'-convergence of the functionals

e = [P+ 2 wew®E,),
R

towards M¥ for both the weak and narrow convergence of measures. Therefore, we
may find an elliptic approximation of any concave H-mass. Let us stress that c is
determined in | ] from H through several operations including a deconvolution
problem, but no closed form solution is given in general; nonetheless, an explicit
solution is provided if ¢ is affine by parts.

In higher dimension N > 2, Proposition 2.8 tells us that the class of functions
H = Hy with f satisfying (H,;)—(Hg) is smaller, namely, H must satisfy:

(5.3) Jm. >0, H %s linéar on [0, m.],
H is strictly concave (m., +00).

We have no positive or negative answer to the inverse problem, consisting in finding f
satisfying our assumptions such that Hy = H, for a given continuous concave function
H : R, — Ry satisfying (5.3).



32 MASS CONCENTRATION IN RESCALED FIRST ORDER INTEGRAL FUNCTIONALS

5.3. Homogeneous costs in any dimension. In this section, we provide Lagrangians
f to obtain the a-mass M® := M*~*" in any dimension N for a wide range of ex-
ponents, including exponents « € (1 — %, 1]. We consider for every p € [1,4+00),s €

(—00,1] and N € N*| the energy defined for every u € Wﬁ)’cl (RY,R,) by

(5.4) Er(u) = f(u, Vu) = /

RN R
Notice that for p > 1, f satisfies all our hypotheses (H;)—(Hg) ; in particular, (Hg)
holds as a consequence of the stronger condition (S) (see Corollary 2.7) which is
satisfied with p(t) = ¢ in dimension N > 2. Thus by Theorem 1.2 the re-scaled
energies I'-converge to the Hy-mass. In this case, we may show that H¢(m) = cm®
for some « € (0,1), ¢ € [0, 4+00], and the constant ¢ belongs to (0, +00) if and only if
s € (—p',1). Details are given hereafter.

[VulP + u°1,50.
N

Homogeneity of H;. In order to compute H, one may first express Hy(m) as the
minimum of a scaling invariant expression by optimizing £ over all mass-invariant
rescalings uy = ANv(\-) of a given function u € VV&;J(RN,RQ ; it yields

(5.5) Hf(m):inf{ inf /\Np+p7N/ |Vu‘p+AN57N/ u®
0<A<+00 RN {u>0}

ue WU RN RY), / u= m}.
RN

Computing the infimum w.r.t. A, we obtain

(5.6) Hjf(m) = CN,p)Sinf{(/RN|Vu|p)al(/{u>0} us)&2 :

U’EVVI})’CI(RN7R+% / u:m},
RN
with the two exponents
N(1-s) Np+p-N
a) = ——, Q= ——"—""
Np+p—Ns Np+p—Ns

and the constant

(s—1)
(Np+p— Ns)(N — Ns)Norr=
CN,p,s = Np+tp—N .

(Np+p— N)~prp=ne

In particular, substituting v with mu in (5.6) gives
N - N
(5.7) Hi(m)=m"H(1), with o :=pa;+sas = %

It remains to ensure that this function is not trivial, i.e. 0 < H¢(1) < 4o0.

Upper bound: H;(1) < 4oo. In the case s € [0,1], any u € €}(RY) has finite
energy, thus Hy is non-trivial for every p € [1,+00). In the case s < 0, consider the
competitor u : x — (1—|xz|)7 for v > 0 to be fixed later. Then [pr|VulP < +oc if and
only if ¢t — (1 — t)("=1? is integrable at 1, that is if (y — 1)p > —1 or, equivalently,
v > 1—1/p. Similarly, f{u>0} u® < 4o0 if and only if vs > —1 or, equivalently,
v < —1/s. Therefore, one may find v > 0 satisfying both conditions, and ensure that
Hy is non-trivial, if
—p <s.
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Lower bound: Hy(1) > 0. Here, we can assume w.l.o.g. that H;(1) < +oo. In the
case s = 1, taking any competitor u is with finite energy and A — 0% in (5.5) yields
Hy¢(m) = m for every m > 0. Hence, we may also assume that s < 1. Note that in
view of (5.6) and (5.7), we know that H(1) is related to the greatest constant ¢ > 0
such that the Gagliardo-Nirenberg-Sobolev (GNS) type inequality’

Np(l—s) Np+p—N
(58) C(/ U) S (/ |vu|p> Np+sp—Ns (/ US) NersszNs7 vu c VVl}),Cl (RN)
RN RN {u>0}

1/«
Z\f—ilz ; hence, the inequality (5.8) holds with

¢ > 0 if and only if Hy(1) > 0. This is actually equivalent to proving existence
of a minimizer of £ over functions u € Wﬁjcl (RN, R4) with [pvu = 1 in view of
Proposition 3.12. We prove this, together with uniqueness and basic properties of
optimal profiles in the next paragraph.

holds true, namely, we have ¢ = (

Existence, uniqueness and properties of optimal profiles. It is well-known
that optimal profiles in the classical Gagliardo-Nirenberg-Sobolev inequalities do exist
; besides, up to rescalings and translations they are unique, radially decreasing and
compactly supported. Existence of radially decreasing solutions is a consequence of

Pélya—Szego inequality (see for instance | ]), compactness of the support follows
for example from the compact support principle of Pucci, Serrin and Zou | ] or
Pohozaev-type identities, and uniqueness from the work of Serrin and Tang | ] for

instance. All these techniques may be adapted to our case for exponents s € [0,1),
but we did not find a comprehensive reference, even more so when s € (—p’,0),
except for p = 2 and s < 0 which is treated in | ]. For this reason and for self-
containedness, we provide a sketch of proof for the existence, symmetry, compactness
of the support for s € (—p’,1]) of optimal profiles in (5.4). We are only able to justify
uniqueness for s € (0, 1].

1. Existence of an optimal profile which is radially symmetric. The radially sym-
metric decreasing rearrangement v* of an admissible function u € Wlf)’cl(RN ,Ry) sat-
isfies ||Vu* ||, < |[Vul|, by the Pélya-Szegd inequality, and we have [y [u*|* < [on|ul®
by equimeasurability. Hence,

&) < & (u).
Thus we can restrict the minimization to radially symmetric non-increasing functions.
Take a minimizing sequence (u, )y in this class: u,(-) = v, (]+|) with v, : [0, +00) non-
increasing, [n un =m € Ry, and Ef(u,) — Hp(m). (un)y is weakly precompact in
Ll (RN), by compact Sobolev embedding, and even globally precompact in L(R").

Indeed, when s > 0, the upper bound
N T
|SN’1|vn(r)S% < |SN*1|/ v, ()N T At < Ef(uy) < O < +o0o0, Vr € Ry,
0

gives a uniform integrable decay in |x\_N/ % at infinity ; when s < 0, we use the

elementary inequality ¢ +¢° > 1 for all ¢ > 0, to obtain
(5.9) {un > 0} g/ (un +u2) dz < m + C < oo,
{un>0}

so that the size of the support of w, (a ball of radius R,, > 0) is uniformly bounded
w.r.t. n.

9The notable difference with the classical GNS inequality is that the exponent s is smaller than
1, and may even be negative.
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We deduce by lower semicontinuity of £, that, extracting a subsequence if neces-
sary, (un), converges in L' to a minimizer u of £y with mass m, i.e. E¢(u) = H¢(m)
and [px u = m. In particular,

Hf(l) > 0.

2. Euler-Lagrange equation and compactness of the support. Let u(-) = v(]|) be
a global minimizer of (5.4) with mass m > 0, with v : Ry — Ry non-increasing.
Let also B(0,R) be the support of u, with 0 < R < +oo. (Here, B(0,R) = RY
if R = +00.) Computing the first order variation of the energy, we obtain that for
every test function w € C(RY) which is compactly supported in B(0, R) and satisfies
Jan w(z) dz = 0, we have

(5.10) (0E¢(u), w) = /RN (p(Vu)P~t - Vw + su*"tw) dz = 0.

In other words, u solves in the weak sense the Euler-Lagrange equation
—pAyu+su*~t =X in B(0,R),

where A € R is the Lagrange multiplier associated to the mass constraint. One can
see that

A= Hj(m) = am® " Hy(1).
Indeed, let u; be a minimizer of £ of mass 1 ; then a minimizer of £y with mass m

is given by u,(+) == mANui (A, ), with A, = m e N (see (5.5)) ; hence,
, d d

d d d
= <)\7 %um>L2(RN) = %<)\7 um>L2(RN) = %()\m) =\

In particular, A is unique.

From the Euler-Lagrange equation, we also get that u is smooth in B(0, R) by
a bootstrap argument ; hence, u solves the Euler-Lagrange equation in the classical
sense. In terms of the profile v, the Euler-Lagrange equation rewrites

(512) =)V 4 su(r) TN T = 0N e e (0,R).
For every r € (0, R), integrating (5.12) on (0, ) yields
(5.13) pu' (r)P N = / (sv(p)*~t = N)pN L dp.

0

The LHS in (5.13) is non-positive as v < 0 in (0,R). If s > 0 and R = +o0,
the RHS is +oo since the integrand goes to 400 as p — R, which is a contradiction.
When s < 0, we already saw in (5.9) that the support of v is bounded. In any case,
we have thus proved that

R < 4o00.

3. Uniqueness when s > 0. We justify that there is a unique minimizer of the energy
with mass m. Once we know that v does not vanish on (0, R), the case of equality
in Polya—Szegd inequality (see | , Theorem 1.1]) implies that any minimizer «
satisfies u = u*. Then, applying | , Theorem 1] yields the uniqueness of radial
solution to Apu+ f(u) = 0 for the non-linearity f(t) = A — st®~!, thus we get that v
is unique.

We now prove that v < 0 on (0, R). Since the LHS in (5.13) is non-positive, the
non-decreasing function g : p — sv(p)*~ — A, which tends to +o0o as p — R, must
be negative near 0. If we had v'(r) = 0 for some r € (0, R), then the non-positive
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function ¢ ~ pv’(t)P~1#N -1 would be maximal and its derivative would vanish at
t = r. By (5.13), this means that g(r) = sv(r)*~t — A = 0 so that g < 0 on [0,7], but
also that g(p)p™ 1 integrates to 0 on [0,7]. Hence, g = 0 on [0, 7], a contradiction.

Conclusion and range of a-masses obtained in this way. To summarize, we
have shown that if —p’ < s <1 then Hy is non-trivial. The converse is true. Indeed,
if H¢(1) < 400 then, by the preceding, there exists a radial decreasing minimizer
u(-) = v(]+]) with v : [0, +00) — R4 non-increasing and compactly supported on [0, R],
0 < R < +o0. But, by the Young inequality, £f(u) > Cf]f/2 o(r)sP | () [PV dr >

g [P /¥ At with e > 0, the latter being finite if and only if s/p/ > —1.
Since a;, in (5.7), is a monotone function of s, one may easily compute the range of

parameters « that we obtain. If p and N are fixed, o ranges over (#j/p, 1] when

s € (—p',1]. Hence, when N = 1 we obtain the whole range a € (0, 1], and at least

2

the range o € (1 - i1

1} when p ranges over (1 4 co0) in dimension N > 2.

5.4. Branched transport approximation: H-masses of normal l-currents.
Branched Transport is a variant of classical optimal transport (see | ] and Sec-
tion 4.4.2 therein for a brief presentation of branched transport, and | ] for
a vast exposition) where the transport energy concentrates on a network, i.e. a 1-
dimensional subset of R%, which has a graph structure when optimized with prescribed
source and target measures. It can be formulated as a minimal flow problem,

min {M{{(w) sdiv(w) =p” — u+}7

where p* are probability measures on R?, H : R? x R, — R, is mass-concave, and
the H-mass M is this time defined for finite vector measures w € .#(R% R%) whose
distributional divergence is also a finite measure; in the language of currents, it is
called a 1-dimensional normal current. Any such measure may be decomposed into a
l-rectifiable part ¢ - H' LY where 8(z) > 0 and &(z) is a unit tangent vector to ¥ for
H'-ae. x € X, and a 1-diffuse part w' satisfying [w|(A) = 0 for every l-rectifiable
set A:

w=0¢ H'LM+wt.
The H-mass is then defined by:

HU}:: X X 11’ ,I' 'lUJ_.
(5.14) MY (w) = [ @) an' @)+ [ H@0de

In the case H(x,m) = m® with 0 < a < 1, a family of approximations of these
functional has been introduced in | ]:

Joa €[V +e720)? i w=0vL% ve WHA(RERY),
+00 otherwise,

(5.15) E(w) = {

with g = %, v = (d—1)(1—a) and v = 3—d+a(d—1). It has been shown in
[ ; ] that the functionals &, T'-converge as € — 07, in the topology of weak
convergence of u and its divergence, to a non-trivial multiple of the a-mass M§ = M1
with H(x,m) = m® in dimension d = 2. The result extends to any dimension d, by
[ ], thanks to a slicing method that relates the energy & with the energy of the

sliced measures u = (w-v), supported on the slices V, = {x € R? : z-v =a} ~RY,
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for any given unit vector v € R%, defined by

E(u) :/ M |Vaul? + 72 |ul’.
RN

The functionals & T-converge as ¢ — 07, in the narrow topology, to ¢cM® for some

non-trivial ¢, as shown in Section 5.3, and one may recover every a-mass in this

2d—4
2d+1°

Branched Transport in dimension d, that is « € (1 — 1/d, 1].
The same slicing method would allow to extend our I'-convergence result stated in
Theorem 1.2 to functionals defined on vector measure
(5.16)
_ _ . 1,1
£.(w) = {fRd fe(z, 4 Yol (z), e Vo|(x)e! 4 de if w=0vLve Wy (R RY),

400 otherwise,

way for o € ( 1], and in particular every so-called super-critical exponents for

for Lagrangians f. — f fitting the framework of Theorem 1.2. The expected I'-
limit, for the weak topology of measures and their divergence measure, would be the
functional M{{f , with H; defined in (1.2). Note that this approach would provide
approximations of H-masses for more general continuous and concave cost functions
H :R; — Ry satisfying H(0) = 0. By | ], we would obtain all such H-masses
when N =1 (corresponding to d = 2).

5.5. A Cahn-Hilliard model for droplets. Following the works [ | in the
one-dimensional case and | ] in higher dimension, we consider functionals on
M1 (RN) of the form:

/ e P(W(u) +¢|Vul?) ifp=ul uc VV&)’S(RN,RJF),
]RN

(517)  Wa(u) =
400 otherwise,

where W : Ry — R is a Borel function satisfying W (t) ~y,_ 400 u® for some exponent
s € (—00,1). In | ; ], it is in particular proven, under some assumptions
on the slope of W at 0 and its regularity, that the family (W:).s0 I-converges to

a non-trivial multiple of the a-mass, a = %, when s € (—=2,1) and p =
p(s,N) = % In this section, we recover this I'-convergence result using

our general model.
Replacing e with & := e(N+2)+N0=5) and noticing that 1 — p = (

N+2
N+2)+N(1—s)
gets for every u € WL (RY,R,):

loc

, one

W=(u) = / e NE=IW () 4+ N2 Vu)?
RN
= / (VW (e NeNu)] + [N T Vul?) eV
RN
= IV (@, eNu, eNFIVu)e N,
RN
where f1V is defined for every z € RV, u € Ry, & € RY by
IV (z,u, &) = Wo(u) + €] and We(u) =N W(eNu).

Therefore if we take f- = f/V in our general model (1.4) we exactly get Wz = .. The
fact that W(u) ~ u® as u — +oo implies that W, converges pointwise to the map
ws 1 u s u® if u> 0, wg(0) = 0, hence fIV converges to fs : (z,u, &) — ws(u) + [£]2.
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Theorem 5.1. Assume that W : R, — R, satisfies:

(HW1) W is lower semicontinuous,
(HW3) {W =0} = {0},
(HW3) W(u) ~yotoo u® for some s € (—o0, 1),
W (u)
(HWy4) sup —
u>0 U

(HW5) 0 < liminf
u—07F

< 400,

W (u)
o
Then (W:)eso0 I'-converges to M*1= | for both topologies €} and 6], and if s € (—2,1]

1—s/2+s/N
1-s/2r1/N"

then Mss is a non-trivial multiple of M® where o =

To prove this theorem, we start with a simple lemma.

Lemma 5.2. Assume that W satisfies (HW;)~(HW5). Then for every 6 € (0,1),
there exists cs € (0,4+00) such that for every e > 0 and every u € Ry,

(5.18) S(u A cse N9y < We(u).

Proof. Fix 6 € (0,1). There exists M > 0 such that du® < W(u) for every u > M.
Besides, the map w : u — W(u)/u is lower semicontinuous and positive on (0, M]
by (HW;) and (HW3), and since liminf,_,ow(u) > 0 by (HWj), w is necessarily
bounded from below on (0, M] by some constant ¢ > 0. As a consequence W, (u) > du®
if u>eNM and W_(u) > ceNG=Dy if u < eN M, hence:

YueR, We(u)> 8’ Ace™NI=9y), O

Proof of Theorem 5.1. By (HW,), there exists a constant C such that f}V < Cf, for
every ¢, and since f/ does not depend on the z variable and converges pointwise to
fs, (U) is satisfied and our T — lim sup result stated in Proposition 4.2 yields

M > T(%]) — limsup &..

e—0

Fix 6 € (0,1). By Lemma 5.2, there exists ¢s such that
va,u, 6, [ (2w, €) = (€ + (w8 A esem NI u) = £ (@, u,€).

It is easy to check that fo satisfies (H;), (H,) and (Hs) for every € > 0. Moreover
o4 0fs and (f2)_(-,0%,0) = dcse™ N5 4 (+00) = (6f5)_(-,07,0) as € — 0, thus
(Hg) holds for the family (f?).~0, and by applying our T' — lim inf result stated in
Proposition 4.1 to the energies £ induced by fJ we get:

[(€}) — liminf & > T(%}) — liminf £ > M7,
We get the result by taking the limit § — 1, noticing that (fs)"_(-,07,0) = +oo, so
that Hy, = Hyy, = 6Hy, and M"sre = MO = 6M s 0

Remark 5.3. We recover the I'-convergence results of | ] and | ] when
s € (=2,1) under slightly more general assumptions: besides (HW,) and (HW3),
the authors impose the existence of a non-trivial slope lim,,_,¢ @ € (0,400) and a
regularity condition (either W is of class €' or continuous and non-decreasing close
to 0), which are stronger than (HW;), (HW,) and (HW3). Let us stress however that
these works also tackle the cases s < —2 in any dimension, where the exponent p has
to be fixed to p(—2, N), and the case s = —2 in dimension one, where a logarithmic

factor must be introduced, replacing e # with e (=2 |loge|~! = e~ 1/?|loge|~'. This
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implies that in our model we get a trivial I'-limit when s < —2, namely Hy = +o0
on (0, 400).
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