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Quantum computers promise considerable speed-ups with respect to their classical counterparts.
However, the identification of the innately quantum features that enable these speed-ups is chal-
lenging. In the continuous-variable setting—a promising paradigm for the realisation of universal,
scalable, and fault-tolerant quantum computing—contextuality and Wigner negativity have been
perceived as two such distinct resources. Here we show that they are in fact equivalent for the
standard models of continuous-variable quantum computing. While our results provide a unify-
ing picture of continuous-variable resources for quantum speed-up, they also pave the way towards
practical demonstrations of continuous-variable contextuality, and shed light on the significance of
negative probabilities in phase-space descriptions of quantum mechanics.

I. INTRODUCTION

With the onset of quantum information theory, the weirdness of quantum mechanics has transitioned from being a
bug to being a feature, and the first demonstrations of quantum speedup have recently been achieved [1, 2], building
on inherently nonclassical properties of physical systems. While entanglement is used daily for the calibration of
current quantum experiments, it was originally perceived as a ‘spooky action at a distance’ by Einstein. This led him,
Podolsky and Rosen (EPR) to speculate about the incompleteness of quantum mechanics [3] and the existence of a
deeper theory over ‘hidden’ variables reproducing the predictions of quantum mechanics without its puzzling nonlocal
aspects.

During the same period, Wigner was also looking for a more intuitive description of quantum mechanics, and he
obtained a phase-space description akin to that of classical theory [4]. However, a major difference with the classical
case was that the Wigner function—the quantum equivalent of a classical probability distribution over phase space—
could display negative values. These ‘negative probabilities’ seemingly prevented a classical phase-space interpretation
of quantum mechanics.

More than thirty years later, the seminal results of Bell [5, 6] and Kochen and Specker [7] ruled out the possibility of
finding the underlying hidden-variable model for quantum mechanics envisioned by EPR, thus establishing nonlocality,
and its generalisation contextuality, as fundamental properties of quantum systems.

At an intuitive level, contextuality and negativity of the Wigner function are properties of quantum states that
seek to capture similar characteristics of quantum theory: the non-existence of a classical probability distribution that
describes the outcomes of the measurements of a quantum system.

In more operational terms, contextuality is present whenever any hidden-variable description of the behaviour of
a system is inconsistent with the basic assumptions that (i) all of its observable properties may be assigned definite
values at all times, and (ii) jointly measuring compatible observables does not disturb these global value assignments,
or, in other words, these assignments are context-independent. Aside from its foundational importance, contextuality
has been increasingly identified as an essential ingredient for enabling a range of quantum-over-classical advantages
in information processing tasks, which include the onset of universal quantum computing in certain computational
models [8-12].

Similarly, the negativity of the Wigner function, or Wigner negativity for short, is also crucial for quantum com-
putational speedup as quantum computations described by nonnegative Wigner functions can be simulated efficiently
classically [13].

Importantly, quantum information can be encoded with discrete but also continuous variables (CV) [14], using
continuous quantum degrees of freedom of physical systems such as position or momentum. The study of contextuality
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has mostly focused on the simpler discrete-variable setting [15-21]. In [22], it was shown that generalised contextuality
is equivalent to the non-existence of a nonnegative quasiprobability representation. The caveat is that to check if
a system is indeed contextual, one would have to consider all possible quasi-probability distributions. Focusing on
one particular quasiprobability distribution, Howard et al. [9] showed that, for discrete-variable systems of odd
prime-power dimension, negativity of the (discrete) Wigner function [23] corresponds to contextuality with respect
to Pauli measurements. The equivalence was later generalised to odd dimensions in [24] and to qubit systems in
[25, 26]. Under the hypothesis of noncontextuality, it has also been shown that the discrete Wigner function is the
only possible quasiprobability representation for odd prime dimensions [27].

However, the EPR paradox [3] and the phase-space description derived by Wigner [4] were originally formulated
for CV systems. Moreover, from a practical point-of-view, CV quantum systems are emerging as very promising
candidates for implementing quantum informational and computational tasks [28-33] as they offer unrivalled possi-
bilities for quantum error-correction [34, 35], deterministic generation of large-scale entangled states over millions of
subsystems [36, 37] and reliable and efficient detection methods, such as homodyne or heterodyne detection [38, 39].

Since contextuality and Wigner negativity both seem to play a fundamental role as nonclassical features enabling
quantum-over-classical advantages, a natural question arises:

What is the precise relationship between contextuality and Wigner negativity in the CV setting?

Here we prove that contextuality and Wigner negativity are equivalent with respect to CV Pauli measurements,
thus unifying the quantum quirks that prevented Einstein and Wigner from obtaining a classically intuitive description
of quantum mechanics. We build on the recent extension of the sheaf-theoretic framework of contextuality [15] to the
CV setting [40]. Note that this treatment of contextuality is a strict generalisation of the standard notion of Kochen—
Specker contextuality [7, 41], extended to CV systems. Using this framework, we prove the equivalence between
contextuality and Wigner negativity with respect to generalised position and momentum quadrature measurements,
i.e. CV Pauli measurements. These are amongst the most commonly used measurements in CV quantum information,
in particular in quantum optics [32, 42|, and for defining the standard models of CV quantum computing [14, 34].

II. PHASE SPACE AND WIGNER FUNCTION

We fix M € N* to be the number of qumodes, that is, M CV quantum systems. For a single qumode, the
corresponding state space is the Hilbert space of square-integrable functions L?(R) and the total Hilbert space for all
M qumodes is then L?(R)®M = [2(RM). To each qumode, we associate the usual position and momentum operators.
We write ¢ and pj the position and momentum operators of the k' qumode. In the context of quantum optics, any
linear combination of such operators is called a quadrature of the electromagnetic field [38]. We use this terminology
in the rest of the article: any R-linear combination of position and momentum operators is called a quadrature.

The Wigner representation of a quantum state in the Hilbert space L?(RM) is a function defined on the phase
space R?M | which can be intuitively understood as a quantum version of the position and momentum phase space
of a classical particle. We equip this phase space with a symplectic form denoted Q: for z,y € R*M Q(z,y) :=
x-Jy where J = (_EM ﬂgf ), in a given basis (e, fk)fcwzl of R?M | which is therefore a symplectic basis for the
phase space. We also equip R>M with its usual scalar product denoted by — - —.

A Lagrangian vector subspace is defined as a maximal isotropic subspace, that is, a maximal subspace on which
the symplectic form €2 vanishes. For a symplectic space of dimension 2M, Lagrangian subspaces are of dimension M.
See [43] for a concise introduction to the symplectic structure of phase space and [44] for a detailed review.

To any € R*M we associate a quadrature operator as follows. Assume w.lo.g. that x = Dok aker + 2o S,
and put £ = ny:l qLqr + Z£/1:1 prPr, where the indices indicate on which qumode each operator acts. Then, it
is straightforward to verify, using the canonical commutation relations, that [, y] = iQ(w,y)ﬂ, i.e. the symplectic
structure encodes the commutation relations of quadrature operators.

The elements of R?M can also be associated to translations in phase space. Firstly, for any s € RM | define the
Weyl operators, acting on L*(RM), by X (s)y(t) = ¢(t — s) and Z(s)y(t) = e*'4)(t), for all t € RM. Then, define the
displacement operator for any = = (¢q,p) € RM x RM in the symplectic basis (ex, fx)iL, by D(z) = e " X(q) Z(p),
so that [D(x), D(y)] = @)1,

There are several equivalent ways of defining the Wigner function of a quantum state [45-47]. We follow the
conventions adopted in [48]. The characteristic function ®, : R2¥ — C of a density operator p on L?(RM) is defined
as @, (x) := Tr(pD(—x)). The Wigner function W, of p is then defined as the symplectic Fourier transform of the
characteristic function of p: W,(x) := FT[®,](Jx). The Wigner function is a real-valued square-integrable function
on R?M and one can recover the probabilities for quadrature measurements from its marginals: if W is the Wigner



function of a pure state ¢ € L?(RM) such that W is integrable on R?>M | then identifying & with (¢,p) € RM x RM in
the same basis (e, fi))L, as before,

1

(m)M

it L, W) da = T 2

In general, if € R?M describes an arbitrary quadrature, the probability of obtaining an outcome x in E C R when
measuring the quadrature & is

[, W= oo (1)

Problr € Flgl = ooy [ Wowidw, 3)

where A = {y ERM |y.xc E } This corresponds to marginalising the Wigner function over the axes orthogonal
to x. If the Wigner function only takes nonnegative values, it can therefore be interpreted as a simultaneous prob-
ability distribution for position and momentum measurements (and in general, any quadrature obtained as a linear
combination of these).

III. CONTINUOUS-VARIABLE CONTEXTUALITY

In what follows, we use the contextuality formalism from [40], which is the extension of [15] to the CV setting. We
refer to the Supplemental Material or Refs. [49, 50] for an introduction to this formalism and the associated tools of
measure theory.

Measurement scenario

In order to define ‘contextuality’ in a CV experiment, we need an abstract description of the experiment, called
a measurement scenario, which is defined by a triple (X, M, O) as follows: in a given setup, experimenters can
choose different measurements to perform on a physical system. Each possible measurement is labelled and A is the
corresponding (possibly infinite) set of measurement labels. Several compatible measurements can be implemented
together (for instance, measurements on space-like separated systems). Maximal sets of compatible measurements
define a context, and M is the set of all such contexts. For a measurement labelled by € &', the corresponding
outcome space is Oy = (O, Fy), which is a measurable space with an underlying set O, and its associated Lebesgue
o-algebra F. The collection of all outcome spaces is denoted O = (O )zcx. For various measurements labelled
by elements of a set U C X, the corresponding joint outcome space is denoted Oy =[] O,. In this article, we
consider the following measurement scenario:

Definition 1.—The quadrature measurement scenario (X, M, Q)

xzcU
quad 18 defined as follows: (i) the set of measurement
labels is the symplectic phase space X := R?*M; (ii) the contexts are Lagrangian subspaces of R? so that the set
of contexts M is the set of all Lagrangian subspaces of X’; (iii) for each & € X, the corresponding outcome space is
O, := (R,0) (o being the Lebesgue sigma algebra of R).

(X, M, 0) quad 18 to be interpreted as follows: given a quantum state p, the measurement corresponding to the
label @ € & is given by the measurement of the corresponding quadrature & of the state, while contexts correspond
to maximal sets of commuting quadratures. This scenario consists in a continuum of possible measurements, each of
which corresponds to a quadrature operator with continuous spectrum (see Fig. 1).

Empirical model

While measurement scenarios describe experimental setups, empirical models capture in a precise way the proba-
bilistic behaviours that may arise upon performing measurements on physical systems. In practice, these amount to
tables of normalised frequencies of outcomes gathered among various runs of the experiment, or to tables of predicted
outcome probabilities obtained by analytical calculation. Formally:

Definition 2.—An empirical model on a measurement scenario (X', M, 0) is a family e = (ec) o Where ec is a
probability measure on the space O¢ for each context C € M.



Noncontextuality and hidden-variable models

Informally, the empirical data is noncontextual whenever local descriptions (within a valid context) can be glued
together consistently so that it can be described by a global probability measure (over all contexts).

Definition 3.—An empirical model e = (ec)gcpq On a (X, M, O) is noncontextual if there exists a probability
measure p on the space Oy such that marginalising p on a context gives back the empirical prediction i.e. p|c = ec
for every C' € M.

Noncontextuality is equivalent to the existence of a deterministic hidden-variable model (HVM) [40].

Definition 4.—A HVM on a measurement scenario (X, M, O) is a tuple (A, p, (kc¢)cem) where: (i) A = (A, Fp)
is the measurable space of hidden variables; (ii) p is a probability distribution on A; (iii) for each context C' € M,
ke is a probability kernel between the measurable spaces A and O¢, i.e. k¢ is a measurable function over A and a
probability measure over O¢.

Determinism for the HVM is further ensured by requiring that each hidden variable gives a predetermined outcome.
That is, for all contexts C' € M and for every A € A, ko(\,—) = d5 is a Dirac measure at some x € O¢.

The space Oy can be thought of as a space of hidden variables, while the probability measure p provides probabilistic
information about them. Hidden variables are supposed to provide an underlying description of the physical world
at perhaps a more fundamental level than the empirical-level description via the quantum state. The motivation is
that hidden variables could explain away some of the non-intuitive aspects of the empirical predictions of quantum
mechanics, which would then arise from an incomplete knowledge of the true state of a system rather than being
fundamental features.

Quantum models and linear assignments

Since we consider experiments arising from quadrature measurements of a quantum system p, we restrict our
attention to empirical models e = (e¢)cem reproducing the Born rule, which we refer to as quantum empirical
models. We will use the notation e” = (ef.)cem to make explicit the dependence in the state p. If e” is noncontextual
in (X, M, O) quad» We say that the density operator p is noncontextual for quadrature measurements.

In (X, M, (’)>quad7 for each context C' € M, the set Oc =[], R can be seen as the set of functions from C to R
with the corresponding product o-algebra. These functions are called local value assignments. In contrast, functions
X — R which assign a tentative outcome to all quadratures simultaneously are called global value assignments.
Contextuality then expresses the tension which arises when trying to explain different experimental predictions across
distinct contexts (local value assignments) in terms of global value assignments.

Linearity of value assignments.— Before connecting the notions of contextuality and negativity of the Wigner
function in (X, M, O) we must resolve the following mismatch: the Wigner function of a density operator p

is a quasiprobability distribution over X = R* | while a density operator p which is noncontextual for quadrature
measurements corresponds by Definition 3 to a global probability measure over the set Oy of global assignments,
which can be seen in this case as the set of functions X = R?» — R. In general, the latter is much larger than the
former.

To solve this issue, we show that we can restrict to linear global value assignments w.l.o.g. so that Oy can be
replaced by X*, the linear dual of X'. Since X™* is isomorphic to X, this allows us to resolve the mismatch:
Proposition 1.—If M > 2, global value assignments can w.l.o.g. be taken to be linear functions X — R, and the set
of global value assignments then forms an R-linear space of dimension 2M, namely X*.

We refer to Appendix A for the proof. Therefore w.l.o.g. for any U C X, we can restrict Oy to be the set of
functions from U — R that admit a (not necessarily unique) extension by an R-linear function on X.

quad?

IV. EQUIVALENCE BETWEEN QUANTUM CONTEXTUALITY AND WIGNER NEGATIVITY

We may now prove our main result, i.e. the equivalence between contextuality and Wigner negativity in the quadra-

ture measurement scenario (X, M, O) .4

Theorem 1.—For any M > 2, a density operator p on L?(RM) is noncontextual for quadrature measurements if and
only if its Wigner function W, is both integrable and nonnegative.

We refer to Appendix B for the full proof.

Sketch of proof—Using Definition 3 and Proposition 1, a density operator p which is noncontextual for quadrature
measurements corresponds to a probability measure p on the space X'* describing the outcomes of quadrature mea-
surements on p. We show that the Fourier transform of p must be equal to the characteristic function ®,. Hence,
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Figure 1. Experimental protocol corresponding to the quadrature measurement scenario (X, M, ©O) quad*

p and W, have the same Fourier transform, which gives w, = W, and thus W, > 0, since w,, is the density of a
probability measure. Conversely, if the Wigner function is assumed to be integrable and nonnegative, we obtain the
outcome probabilities for quadrature measurements by marginalising along the correct axes. O

Ezperimental setup.—The quadrature measurement scenario requires measuring any linear combination of multi-
mode position and momentum operators, e.g. i + 2p1 + 5¢2. The measurement setup is represented in Fig. 1.

To do so experimentally, we first apply phase-shift operators R for each individual qumode to obtain the right
quadrature for each mode. Then, we apply CZ gates of the form e*99% % for g € R to pairs of qumodes k and [ in order
to sum them. This permits the construction of the desired linear combination, which is stored in one quadrature
of a qumode. The measurement can then be implemented with standard homodyne detection, which consists in a
Gaussian measurement of a quadrature of the field, by mixing the state on a balanced beam splitter (dashed line)
with a strong coherent state (local osccilator LO). The intensities of both output arms are measured with photodiode
detectors and their difference yields a value proportional to a quadrature &, := (cos ¢)§+ (sin ¢)p of the input qumode,
depending on the phase ¢ of the local oscillator. All of these steps can be implemented experimentally with current
optical technology [45, 51].

V. DISCUSSION

We have shown that Wigner negativity is equivalent to contextuality with respect to CV quantum measurements
which may be realised using homodyne detection, a standard detection method in CV [36], and the basis of several
computational models in CV quantum information [52-55].

From a practical perspective, this implies that contextuality is a necessary resource for achieving a computational
advantage within the standard model of CV quantum computation [14]. Like in the discrete-variable case [9], CV
contextuality supplies the necessary ingredients for CV quantum computing.

From a foundational perspective, the failure of a local hidden-variable model describing quantum mechanical predic-
tions, as enlightened by Bell regarding the EPR paradox, is very closely related to the impossibility of a nonnegative
phase-space distribution, as described by Wigner. Hence, our result implies that the negativity of phase-space distri-
butions can be cast as an obstruction to the existence of a noncontextual hidden-variable model.

The EPR state [3]| describes a CV state that has a nonnegative Wigner function and still violates a Bell inequality
[56]. This is possible since it necessitates parity operator measurements that do not have a nonnegative Wigner
representation [22], and thus is not in contradiction with our result. Indeed, our quadrature measurement scenario
is nonnegatively represented in phase space: since homodyne detection (and quadrature measurements in general)
is a Gaussian measurement, any possible quantum advantage is due to Wigner negativity being present before the
detection setup.

Our results open up a number of future research directions. Firstly, our present argument requires considering a
measurement scenario that comprises an uncountable family of measurement labels (the entire phase space X = R2M),
From an experimental perspective, it is crucial to wonder what happens if we restrict to a finite family of measurement
labels and see whether we can derive a robust version of this theorem.

Another question concerns the link between quantifying contextuality and quantifying Wigner negativity. Quan-
tifying contextuality for CV systems is possible via semidefinite relaxation [57]. Also, there exist various measures



of Wigner negativity [58, 59]. In particular, witnesses for Wigner negativity have been introduced in [60], whose
violation gives a lower bound on the distance to the set of states with nonnegative Wigner function. It would be
highly desirable to establish a precise and quantified link between these different measures of nonclassicality.

This equivalence may also be useful in better understanding the problem of characterising those quantum-mechanical
states whose Wigner function is nonnegative. This is a notoriously thorny issue when one considers mixed states, and,
to the authors’ knowledge, progress has mostly stalled since the 90s [48, 61-63]. Strong mathematical tools are being
developed to detect contextuality from the theoretical description of a state [10, 64—69], although much work remains
in applying them to CV and understanding their relation to machinery previously developed to tackle the positivity
question.

On the practical side, our result paves the way for surprisingly simple demonstrations of nonclassicality. Contextual
states are typically associated with violated Bell-like inequalities—although this result has only been formally proven
in the case of a finite number of measurement settings [40], and needs to be generalised to CV. In principle, this means
that one should be able to violate such an inequality with a setup as simple as a single photon and a heterodyne
detection, necessitating only a single beamsplitter. The existence of such a genuinely continuous Bell inequality has
been elusive, since previously-observed violations amount to encodings of discrete-variable inequalities in CV [70-76].
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Related work. An analogous, independent proof of our main theorem was subsequently derived in [77].

PROOF PROPOSITION 1

Proposition 1.—If M > 2, global value assignments can w.l.o.g. be taken to be linear functions X — R, and the set
of global value assignments then forms an R-linear space of dimension 2M, namely X*.
Proof of Proposition 1.—Let L C X be a Lagrangian subspace and let e” be a quantum empirical model. For U € Fp,
a Lebesgue measurable set of functions L — R and for « € L, let 7, (U) := {f(x) | f € U} C R. We start by showing
the following result:
Lemma 1.— Let U € Fy, be a Lebesgue measurable set of functions L — R such that 7,(U) is distinct from R
for a finite number of & € L. Then there exists a subset Uy, of linear functions L — R such that for all x € L,
7T:1:(Ulin) Q Wm(U) and e’i(Uhn) = CZ(U)

Proof—First, let (ex)g=1,..m be a basis of L = RM. Let P be the joint spectral measure of {é1,...,épsr}. For
any y € L, define the function

fy: L —R (4)
r—x-y, (5)
where — - — is the usual Euclidean scalar product on L = RM™. For any & € L, P; is the push-forward of P by the

measurable function f, by the functional calculus on M commuting observables (see Supplemental Material for a
concise introduction to measure theory; this includes Ref. [78] for the product o-algebra).
Then,

Tr<p HPjoww(U)> :Tr<p HP(f;l (wm(U)))> (6)

2L 2L
T (w( N f;mw)))) 7)
with -
) fo'(meU) ={yeL|Vee L,z ycm(U)}. 8)
Now define -



By construction,

mf WmUhn):ﬂf {x-y|lyeLlst.VzeL, y-zemn,(U)}) (10)
xcl xcL
:ﬂ{a€L|w'a:w-ywithy€Ls.t.VzeL,y~z€7rz(U)} (11)
xcL
={acl|Veel,z-a=xz-ywithyeLst.Vze€L, y-z€n,(U)} (12)
={aelL|Vze L, a-zcn,(U)} (13)
= fa ' (ra(U)), (14)
xcL

where (13) follows from that fact that (Ve € L, - o = x - y) implies a = y. Also for all ® € L, 75(Uiin) C 72(U) so
that we are indeed reproducing all value assignments from linear functions of U. Then, by the Born rule,

e (Uhin) = Tr <P H Py o Fm(Ulin)> (15)

xcL

=Tr <p H P(f;" (Wz(Uhn)))> (16)
xcL

<,0 (n f 7Tz Uhn )) (17)

=Tr <pP ( 1" (%(U))>> (18)

xcL

=Tr <p I1 7= (m(U))) (19)
xcL

— e (). (20)

O

We are now in position to prove Proposition 1.

The sheaf-theoretic framework for contextuality describes value assignments as a sheaf & where &(U) is the set
of value assignments for the measurement labels in U, which can be viewed as a set of functions U — R. For any
Lagrangian L € M, there is a restriction map &(X) — &(L) : f — f|r that simply restricts the domain of any
function from X to L. Then & (L) must coincide with the set of possible value assignments Op,.

By Lemma 1, &(L) consists in linear functions L — R so that the set of global value assignments &(X) contains
only functions X — R whose restriction to any Lagrangian subspace is R-linear. Then, following [24, Lemma 1] (the
Lemma is proven for the discrete phase-space ZM X ZM but its proof extends directly to RM x RM) we conclude
that if M > 2, &(X) contains only R-linear functlons X — R, ie. &£(X)=X*, where X'* is the dual space of X. O

PROOF THEOREM 1

Theorem 1.—For any M > 2, a density operator p on L?(RM) is noncontextual for quadrature measurements if and
only if its Wigner function W, is both integrable and nonnegative.

Proof of Theorem 1.—The proof proceeds by showing both directions of the equivalence. We make use of standard
properties of the Wigner function, which are reviewed in the Supplemental Material.

( = ) Tt follows from the definition of the Wigner function that, for x € X, ®,(x) = FT ' [W,] (~Jz) =
FT [W,] (Jz). On the other hand, fix a noncontextual quantum empirical model e” satisfying the Born rule associated
to p and the quadrature measurement scenario (X, M, O) quad- By Proposition 1, the set of global value assignments
forms an R-linear space of dimension 2M, namely X'*, which is isomorphic to its dual X. Hence, by [40, Theorem 1]
(restated in the Supplemental Material as Proposition 13) we have a deterministic HVM (X, p, (kc)cem) for e? (see
Definition 4), where X = (X, Fx) with Fx the usual o-algebra of X = R?™. Moreover:

@, (x) = Tr (D(~a)p) (21)



=Tr (p /A . e~ dew()\)) (22)
_ /R e dpf, () (23)

= FTp](J), (25)

where the second line comes from the spectral theorem; the third line by letting p"}w (E) = Tr(Pj,(E)p) and the fact
that the integral and the trace may be inverted by the definition of the integral with respect to the spectral measure
[79]; the fourth line via the push-forward of measures; and the last line comes the definition of the Fourier transform
of a measure.

Since the characteristic function ®, is square-integrable, we can apply [80, Lemma 1.1] (restated in the Supplemental
Material as Lemma 7). Then, the measure p must have a density w, € L*(RM). As a result, for all z € X,
FT|wy](xz) = FT[p)(xz) = ®,(—Jx) = FT[W,](z) and since w, and W, are both in L?*(X) on which the Fourier
transform is unitary, it must hold that w, = W, dz-almost everywhere. w,, is the density of a probability measure, so
it follows that both functions must be almost everywhere nonnegative. Because the Wigner function is a continuous
function from & to R [46], W, must be nonnegative.

( <= ) Conversely, the Wigner function provides the correct marginals for the quadratures and can be seen as
a global probability density on phase space when it is nonnegative. Via the equivalence demonstrated in the first
part of the proof (namely that the density of p is almost everywhere the Wigner function), the idea is to show that
(X, W,de, (kr)Lem) is a valid deterministic HVM (see Definition 4) that reproduces the empirical predictions, where

kp(x,U) = (V2r) M54y, (U).

For any x € X, there is a special orthogonal and symplectic transformation S such that x = ||z|Se;. For any
U c Fg,

g (U) = Tr(Ps o w2 (U)p) (26)

N (\/%)M ]|~ e (U) xR2M -1 Wp(52) dz 27

- (\/%)M /(e1~—>1<|m||Lm(U))WP(Sz)dz )

- (\/%)M /(|w|e1~s—1—)—l(nmw)> Wole)dz =

- WZ)M /(|m|5e1»)-1<wm<U)> e (30

1
=— W,(z)dz, 31
(V2m)M /< =)= (ma (U)) ®) 30

where we have used the symplectic covariance of the Wigner function (restated as Lemma 9 in the Supplemental
Material) and the fact that the Jacobian change of variable in (29) is 1. By definition of k, for all x € X and all
U e Fg:

/ kizy (2, U)W,(2) dz (32)
zeX

_ (\/%)M /zEX Se )11y (U)W (2) dz. (33)

U € Fy consists of functions {x} — R, which therefore extend to linear functions on the subspace generated by @, so:

{zeX|(z- Ny €Ut ={2€X|(2-2) €emz(U)} (34)
= (- x) N (ma(U))- (35)
Thus:
1

oo (2, UV, (2) dz = 7/ W (2)dz (36)
zeX{ ’ . (v2m)M (*‘ﬂi)*l(ﬂmp(U))



= ez (U), (37)

While we have verified the calculation only for e2(U) for U € F,, the same computation can be carried out for
e (U) for a Lagrangian subspace L and U € Fj, to retrieve the joint probability distributions from the HVM
(X, W,de, (k) Lem), using Proposition 1 to restrict the elements of U to linear functions. O
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APPENDICES

Here we give some background and discussion for the results stated in the main text. It is structured as follows:
e tools of measure theory;
e Wigner functions and the symplectic phase space;
e continuous-variable contextuality;

e "measuring" a displacement operator.

Appendix A: Tools of measure theory

In this appendix, we briefly introduce the necessary tools of measure theory. We refer the reader to [49, 50] for a more
in-depth treatment.

To avoid some pathological behaviours when dealing with probability distributions on a continuum, we first need
to define g-algebras which give rise to a good notion of measurability.

Definition 1 (o-algebras). A o-algebra on a set U is a family B of subsets of U containing the empty set and closed
under complementation and countable unions, that is:

(i) b€ B.
(i) for all E € B, E° € B.
(#i3) for all By, Es,--- € B, U E; € B.

Definition 2 (Measurable space). A measurable space is a pair U = (U, Fy) consisting of a set U and a o-algebra
Fu onU.

In some sense, the o-algebra specifies the subsets of U that can be assigned a ‘size’, and which are therefore called
the measurable sets of U. We use boldface to refer to measurable spaces and regular font to refer to the underlying
set. A trivial example of a o-algebra over any set U is its powerset P(U), which gives the discrete measurable space
(U, P(U)), where every set is measurable. This is typically used when U is countable (finite or countably infinite), in
which case this discrete o-algebra is generated by the singletons. Another example, of central importance in measure
theory, is the Borel o-algebra Br generated from the open sets of R, whose elements are called the Borel sets. This
gives the measurable space (R, Bg). Working with Borel sets avoids the problems that would arise if we naively
attempted to measure or assign probabilities to points in the continuum.

We also need to deal with measurable spaces formed by taking the product of an uncountably infinite family of
measurable spaces. As enlightened by Tychonoff’s theorem [78], we use the product o-algebra.

Definition 3 (Infinite product). Fiz a possibly uncountably infinite index set I. The product of measurable spaces
(U; = (Ui, Fi))ier is the measurable space:

[[ui = <H Ui,H]-'i> = (UL, Fy) .

i€l iel iel

where Up = [],¢;
the product construction i.e. it is generated by subsets of [|
and B; C U; only for a finite number of i € I.

U; is the Cartesian product of the underlying sets, and the o-algebra Fr =[]
U; of the form |]

icr Fi 15 obtained via
el ier Bi where for alli € I, B; C U;

Remarkably, the product topology is the smallest topology that makes the projection maps mx: [[;c; Ui — Uy
measurable. This definition reduces straightforwardly to the case of a finite product. We can now formally define
measurable functions and measures on those spaces.

Definition 4 (Measurable function). A measurable function between measurable spaces U = (U, Fy) and V = (V, Fy)
is a function f: U — V whose preimage preserves measurable sets, i.e. such that, for any E € Fy, f~1(E) € Fy.

This is similar to the definition of a continuous function between topological spaces. Measurable functions compose
as expected.
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Definition 5 (Measure). A measure on a measurable space U = (U, Fy) is a function p: Fy — R from the o-algebra
to the extended real numbers R = R U {—o0, +00} satisfying:

(i) (nonnegativity) p(E) > 0 for all E € Fy;
(1) (null empty set) u(P) = 0;
(iii) (o-additivity) for any countable family (E;);, of pairwise disjoint measurable sets, (i) Ei) = > oq t(E;).

In particular, a measure p on U = (U, Fyy) allows one to integrate well-behaved measurable functions f: U — R
(where R is equipped with its Borel o-algebra Bgr) to obtain a real value, denoted

/U fdu or / @) dute). (A1)

A simple example of a measurable function is the indicator function of a measurable set F € Fy;:

1 ifzeE
1 =
5(7) {0 ifz & E.

For any measure p on U, its integral yields the ‘size’ of E:
/ 1pdp = u(E). (A2)
U

A measure p on a measurable space U is said to be finite if u(U) < co and it is a probability measure if it is of unit
mass i.e. u(U) = 1.

A measurable function f between measurable spaces U and V' carries any measure g on U to a measure fy,u on
V. This is known as a push-forward operation. This push-forward measure is given by f.u(E) = u(f~1(E)) for any
set F measurable in V. An important use of push-forward measures is that for any integrable function g between
measurable spaces V' and (R, Br), one can write the following change-of-variables formula:

/UgOfdu=/ngf*u- (A3)

A case that is of particular interest to us is the push-forward of a measure p on a product space U; x Us along a

projection m;: Uy x Uy — U;. This yields the marginal measure p|uy, = mi.p, where for any E € Fy, measurable,

plu, (E) = u(rH(E)) = u(E x Us). In the opposite direction, given a measure y; on U; and a measure g on Us,

a product measure j11 X iz is a measure on the product measurable space Uy x Us satisfying (u1 X p2)(Ey X Eg) =

w1 (Eq)pa(Es) for all By € Fy and Ey € Fo. For probability measures, there is a uniquely determined product measure.
The last ingredient we need from measure theory is called a Markov kernel.

Definition 6 (Markov kernel). A Markov kernel (or probability kernel) between measurable spaces U = (U, Fy) and
V = (V,Fv) is a function k: U x Fy — [0,1] (the space [0,1] is assumed to be equipped with its Borel o-algebra)
such that:

(i) for all E € Fy, k(- E): U — [0,1] is a measurable function;
(i1) for allz € U, k(x,-): Fy — [0,1] is a probability measure.

Markov kernels generalise the discrete notion of stochastic matrices.
Finally, we need the following result, which allows us control over a probability measure via its Fourier transform:

Lemma 7. Let M > 1, let p be a Borel probability measure on R2M and define its Fourier transform by FT[u](x) =
Jran € Ydu(y) for x € R*M. IfFT[u] € L2(R*M) then p has a density function w,, € L*(R*M) N L*(R?M).

Proof. We mostly follow the proof of [80, Lem. 1.1], though adapted to our setting and conventions.

For n € N*, consider the convolution pu,, = p*g, with a centered Gaussian distribution g,, i.e. with density function
(n/2x)4? exp(—nl=l?/2), and in particular [FT[u,](z)| = exp(—ll=|?/2n)|FT[u)(x)| < [FT[u](x)| for all z € R*M. For
any n € N*, u1,, has a density f, € L'(R?M) N L>=(R?M)), so we can apply the Plancherel theorem to obtain:

1 1

w2$:7 w2m\7 ZEQZB: Q.
[ @ = e [Pl @) e < s | T @) de = 0 < (A9)
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By the Banach—Alaoglu theorem, the (closed) C-ball of L?(R?M) is sequentially compact in the weak topology, so
that we can extract a subsequence nj, and some f € L?(R*M) for which f,, — f weakly. In particular, this implies
that for any g C L?(R?M), and in particular any continuous function with compact support,

/ 9(@) djtn, () = / 9(@) for (@) d — [ g) f(x) da, (A5)
RQJ\/I

R2M R2M

i.e. j1,, converges vaguely to the Radon measure fda. Furthermore, for any compact £ C R*” and n € N*, we have
in(E) < 1. Then, we must have fE fdx <1, and fdx must be a bounded measure, which in turn is possible only if

f € LY (R?M),
On the other hand, for all ® € R** FT[u,] — FT[u], so that ju, converges strictly, thus vaguely, to u. Then, by
the uniqueness of vague limits of sequences of bounded measures, u = fdx. O

Appendix B: Wigner functions and the symplectic phase space

In this section, we recall some definitions from the main text and introduce additional preliminary material relating
to phase space and Wigner functions.

We fix M € N* to be the number of qumodes, that is, M CV quantum systems. For a single qumode, the
corresponding state space is the Hilbert space of square-integrable functions L?(IR) and the total Hilbert space for all
M qumodes is then L?(R)®M = [2(RM),

To each qumode, we associate the usual position and momentum operators. These are defined on the dense subspace
of Schwartz functions (functions whose derivatives decrease faster than any polynomial at infinity) by:

()
oxr '’

(o) = a(e) and  pro(a) = —i (B1)
where we have set & = 1. We write d, and p5 to denote the position and momentum operators of the k" qumode,
and we extend the definition above by linearity to any linear combination thereof. Any R-linear combination of these
operators is called a quadrature.

Phase space

The Wigner representation of a quantum state in the Hilbert space L?(RM) is a function defined on the phase space
R2M  which can be intuitively understood as a quantum version of the position and momentum phase space of a
classical particle. We equip this phase space with a symplectic form denoted Q: for x,y € R*M

— (0 1Im
Qz,y) =z Jy where J= <—1M 0 ) , (B2)
in a given basis (e, fx)rL, of R*, which is therefore a symplectic basis for the phase space. We have that J~! =
JT = —J and J can be seen as a linear map from R?*M to R?M. We also equip R*M with its usual scalar product
denoted by —- —.

A Lagrangian vector subspace is defined as a maximal isotropic subspace, that is, a maximal subspace on which the
symplectic form {2 vanishes. For a symplectic space of dimension 2M, Lagrangian subspaces are of dimension M. See
[43] for a concise introduction to the symplectic structure of phase space and [44] for a detailed review.

The importance of the symplectic phase space R?M comes from its relation to the position and momentum
quadrature operators. To any x € R*M we associate a quadrature operator as follows. Assume w.l.o.g. that

x =), qxer+ > . Prfr, and put

M M
&= qrdr+ > prbr, (B3)
k=1 k=1

where the indices indicate on which qumode each operator acts. Then, it is straightforward to verify, using the
canonical commutation relations, that

[, 9] = iQ(x,y)1, (B4)
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i.e. the symplectic structure encodes the commutation relations of quadrature operators.
The elements of R?M can also be associated to translations in phase space. Firstly, for any s € RM, define the Weyl
operators, acting on L?(RM), by

X(s)p(t) =v(t—s) and Z(s)p(t) = e™(t), (B5)

for all t € RM. Then, define the displacement operator for any x = (q,p) € RM x RM in the symplectic basis
(eka fk)}’ngl by

D(m) = e~ X(q)Z(p), (B6)
so that
[D(x), D(y)] = =¥, (B7)

A quadrature operator such as the position operator § is self-adjoint and can be expanded via the spectral theorem
[79, Th. 8.10] as:

q= /Rde,j(x) ) (B8)

where P; is the projection-valued measure (PVM) associated to §. For any Lebesgue-measurable set E C R, P;(E) is
given by [79, Def. 8.8]:

Y(x) if x€F;

B9
0 otherwise. (B9)

Pi(E)Y(x) = {

We can view P;(E) as the formal version of a projector [, |z)(z|dz, with |z) a (non-normalisable) eigenvector of ¢
for the eigenvalue x € R. In other words, it is the projector onto the subspace of states for which the position is
contained in E. In general, P; denotes the PVM associated to an arbitrary quadrature &.

Any linear map S on R?M such that Q(Sx,Sy) = Q(x,y) is called a symplectic transformation. We use the
following standard result:

Lemma 8. To any symplectic transformation S we can associate a unitary operator 7(S) such that
T(S)*&T(S) =9, (B10)
for all ¢ € R?M | where y = Sx. Furthermore, we have that
D(y)"Pa(E)D(y) = Parg(E) and 7°(S)Ps(E)7(S) = Psa(E). (B11)

See for example [47] for a proof.

Wigner functions

There are several equivalent ways of defining the Wigner function of a quantum state [45-47]. We follow the conventions
adopted in [48] (see in particular Prop. 175). The characteristic function ®, : R** — C of a density operator p on
L?(RM) is defined as

®,(x) = Tr(pD(—x)). (B12)
The Wigner function W, of p is then defined as the symplectic Fourier transform of the characteristic function of p:
W,(x) :=FT[®,](Jx). (B13)

The Wigner function is a real-valued square-integrable function on R?M. Arguably, its key property is that one
can recover the probabilities for quadrature measurements from its marginals [44, proposition 6.43]. If W is the
Wigner function of a pure state 1) € L?(RM) such that W is integrable on R?M | then once again identifying & with
(q,p) € RM x RM in the same basis (ey, fi)IL, as before,

1
vV 27TM

[, W =0, (B14)
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\/;M | W(ap)dg = [FT[Y] (). (B15)

It follows that for any Lebesgue-measurable E C R, the probability of obtaining an outcome ¢ in E when measuring
the position ¢; of the first qumode is given by

Problg € Elp] = Te(Py, (E)p) = Wlww [ wiway. (B16)

ExR2M—-1

In general, if € R?M describes an arbitrary quadrature, one can show that the probability of obtaining an outcome
z in E C R when measuring the generalised quadrature & is

Problz € Elp] = Tr(Pz(E)p) = (\/2717r)M /A W,(y)dy, (B17)

where A = {y ERM |y.xcFE } This corresponds to marginalising the Wigner function over the axes orthogonal
to x.
Additionally, we make use of the symplectic covariance of the Wigner function:

Lemma 9. Let p be a density operator on L?(RM) and S a symplectic transformation on X. Let T be as in Lemma 8,
then Wr(s)pr=(s)(T) = W,(Sx).

Proof.
We(s)pr=(5)(®) = TF[@1(5)pr(5)](JT) (B18)

! —Je Yy (7 7(S)*D(—

- T /X eIV Tr(1(S)pr(S)" D(—y)) dy (B19)

— ; e—iJm~y v(oT * —u)T

= o e (9) D)) dy (B20)
1 —iJT Yy _

- N /Xe T2y (pD(-Sy)) dy (B21)

_ 1 i (571 —o')) du’

= (\/%)M/x Tr(pD(—y')) dy (B22)

_ 1 e,i!](sm).y’ . o/ /

- T /X Tr(pD(~y')) dy (B23)

= TF[®,)(JSx) (B24)

= W,(Sz). (B25)

O

Appendix C: Continuous-variable contextuality

In this section, we recall some definitions from the main text and briefly review the CV contextuality framework
from [40].

1. Measurement scenarios

An abstract description of an experimental setup is formalised as a measurement scenario, which is a triple (X', M, O):

e in a given setup, experimenters can choose different measurements to perform on the physical system. Each
possible measurement is labelled and X denotes the corresponding (possibly infinite) set of measurement labels;

e several compatible measurements can be implemented together (for instance, measurements on space-like sepa-
rated systems). Maximal sets of compatible measurements define a context, and M denotes the set of all such
contexts;
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e for a measurement labelled by & € X, the corresponding outcome space is denoted Oy = (Og, Fz), which has
the structure of a measurable space with an underlying set O, and its associated o-algebra F,. The collection
of all outcome spaces is denoted @ = (Oy)gexr. For various compatible measurements labelled by elements of

a set U C X, the corresponding joint outcome space is denoted Oy =[],y Oz.

We refer the reader to [40] for formal definitions. Hereafter, we fix the measurement scenario (X, M, O)__ . as follows:

qua
e the set of measurement labels is X := R?™_ the phase space with the symplectic structure described in the
previous section;

e the contexts are Lagrangian subspaces of R?M so that the set of contexts M is the set of all Lagrangian subspaces
of X;

e for each & € X, the corresponding outcome space is O, := (R, Bg), so that for any set of measurement labels
U C X, Oy =RV can be seen as the set of functions from U to R with its product o-algebra Fy .

This measurement scenario is to be interpreted as follows. The measurement corresponding to the label x € X is
given by the measurement of the corresponding quadrature & (see Eq. (B3)), which itself is formally described by the
PVM P; (see Eq. (B17)).

A pair of PVMs of self-adjoint operators is compatible, in the sense that they admit a joint PVM, if and only if
they commute [? , Th. 9.19], which in turn is true if and only if the operators themselves commute [? , Th. 9.41].
Following Eq. (B4), the PVMs associated to @,y € X commute if and only if Q(x,y) = 0. Thus, measurement labels
are compatible only when they both belong to some isotropic subspace of X. The maximal isotropic subspaces are
the Lagrangian subspaces, so each context L € M corresponds to a Lagrangian subspace.

For any set of measurement labels U C X, an element f of Oy is a function U — R and should be seen as describing
an experimental outcome obtained from measuring each quadrature in U: to each quadrature labelled by « € U is
associated an outcome f(x) € R. For each x € U, there is an associated evaluation map:

7z : Oy — R

f s f(@). (€D
If O C Oy is a collection of such experimental outcomes, 7, (0) = {74 (f) = f(x) | f € O} is the implied collection
of experimental outcomes for the quadrature x.

When the elements of U commute, i.e. U is a subset of a context, such a function describes a genuine experimental
outcome that might be obtained from measuring those quadratures in U. It makes sense mathematically to extend
this definition to sets of non-commuting quadratures, disregarding the question of compatibility of the associated
measurements. Functions X — R which assign a tentative outcome to all quadratures simultaneously are called global
value assignments. In contrast, functions on contexts are called local value assignments.

2. Empirical models

Empirical models capture in a precise way the probabilistic behaviours that may arise upon performing measurements
on physical systems. In practice, these amount to tables of normalised frequencies of outcomes gathered among various
runs of the experiment, or to tables of predicted outcome probabilities obtained by analytical calculation.

Definition 10 (Empirical model). An empirical model (or empirical behaviour) on a measurement scenario (X, M, O)
is a family e = (ec)oe pg, where ec is a probability measure on the space O¢ for each context C € M.

In general, empirical models should also satisfy the compatibility conditions: VC,C" € M, ec|cne = ecrloncr-
This is a generalisation of the no-signaling condition to settings which might not have physical separation of observ-
ables. The compatibility condition ensures that the empirical behaviour of a given measurement or compatible subset
of measurements is independent of which other compatible measurements might be performed along with them.
However, we only consider empirical models that arise from measurements on quantum systems, which therefore
automatically verify these conditions.

In our case, for each context L € M, the set Op =[]
corresponding product o-algebra.

We consider experiments arising from quadrature measurements of a quantum system. We thus restrict our attention
to empirical models e = (er,) e satisfying the Born rule, which we refer to as quantum empirical models. In other

»cr, R can be seen as the set of functions from L to R with the
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words, there should exist some quantum state p such that for all contexts L € M and measurable sets U € Fp:

er(U) =Tr <p II P=o %(U)) : (C2)

xzcl

We therefore use the notation e” = (e ) Le m to make explicit the dependence in p. We may further and unambiguously
write, for each € X and for each U € F, [? |:

ez (U) = Tr (pPg o me(U)) - (C3)

3. Noncontextuality

We begin by recalling the notion of hidden-variable model (HVM). Note that HVMs are also often referred to as
ontological models [17].

The idea behind the introduction of HVMs is that there may exist some space A of hidden variables predetermining
the empirical behaviour of a physical system. It is desirable to impose constraints on HVMs which restrict the set
of possible empirical behaviours and require that the system under consideration behaves classically in some sense.
In the case of Bell-type scenarios, we require that the HVM must be local, i.e. factorisable. To avoid fundamental
indeterminacy, most hidden-variable theories impose a deterministic underlying description of the empirical behaviour.
However, hidden variables may not be directly accessible themselves, so we allow that one may only have probabilistic
information about the hidden variables in the form of a probability distribution p over A. The empirical behaviour
should then be obtained as an average over the hidden-variable behaviours.

Definition 11. A HVM on a measurement scenario (X, M, ©O) is a tuple (A, p, (kc)cem) where:
e A = (A, Fp) is the measurable space of hidden variables,
e p is a probability distribution on A,

o for each context C € M, k¢ is a probability kernel between the measurable spaces A and O¢. It is measurable
with respect to A and a probability measure over O¢.

Determinism for the HVM is further ensured by requiring that each hidden variable gives a predetermined outcome.
That is, for all contexts C € M and for every A € A, ko (\,—) = 05 is a Dirac measure at some & € Oc¢.

Definition 12. An empirical model e on a measurement scenario (X, M, O) is noncontextual if there erists a
deterministic HVM (A, p, (kc)cem) that reproduces the correct statistics by averaging over hidden variables, i.e.

ec(B) = /A k(A B) dp(\). (1)

If e? is noncontextual in the above measurement scenario (X, M, ©O)
conteztual for quadrature measurements.

quad: We say that the density operator p is non-

Crucially, it was shown in [40] that there is a canonical form of HVM for a noncontextual empirical model e where
the hidden-variable space can be taken as the space of global value assignments.

Proposition 13. For a noncontextual empirical model e on a measurement scenario (X, M, O), there is a canonical
HVM (A, p, (kc)cenm) for e given by:

o A := Oy (which is itself equal to RY, the set of functions X — R);
e p is a probability measure on A; [? ]
e for all global value assignments g € O, all contexts C € M, and all measurables E C R,

L if glc€E;
0 otherwise.

kolg, E) = { (C5)

In other words, without loss of generality, we can take the hidden variables to be the global value assignments
themselves, and the HVM makes experimental predictions as a probability distribution over these global assignments.
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Appendix D: “Measuring” a displacement operator

In this section, we make the link with previous discrete-variable analogues of our result [9, 24]. In particular, in [24]
it is not (clearly) specified that contextuality emerges with respect to the measurements of all (discrete) displacement
operators. Since it might not be obvious what “measuring a displacement” refers to, as these are not self-adjoint
operators, we detail below how it amounts to performing quadrature measurements.

We focus on a single qumode since it can be straightforwardly extended to multimode quantum states. A quadrature
operator such as the position operator § is self-adjoint and can be expanded via the spectral theorem [79] as:

Gg= / xdP;(x), (D1)
x€sp(q)

where the spectrum of § is sp(§) = R and P; is the PVM of ¢ [79, Th. 8.10]. For E € B(R), P;(E) is given by [79,
Def. 8.8]:

Fy(E) = 15(9). (D2)

Informally, it assigns 1 whenever measuring ¢ yields an outcome that belongs to E. As previously mentioned, we can
view P;(E) as the formal version of the projector [ . |z)(z| dz (with |z) a non-normalisable eigenvector of §). Its
functional calculus [79] can be expressed as:

o= [  fa)dpi). (D3)
z€sp(q)
for f be a bounded measurable function. Then, we can write the PVM of f(§) via the push-forward operation:
VE € B(R), Ppy)(E) = Py(f/~'(E)). (D4)
It follows immediately that, for s € R, the PVM for the diagonal phase operator €**¢ is given, for E € B(S;), by
Pexpiisg) (E) := Po({z € R | €"*" € E}). (D5)

Define the rotated quadrature g := cos(6)G+sin(0)p for 6 € [0, 27] and the phase-shift operator R(6) := exp(i4(¢*+
52
p*)). Then

4o = R(0)GR(=0), (D6)
so that the PVM of gy is given by
Py, (E) = R(0)Py(E)R(~). (D7)
Let (¢,p) € R%. We can find r € Ry, 6 € [0,27] such that (q,p) = (—rsin(d),r cos(d)). Then:
ﬁ(q,p) — ¢i(Pd—ap) _ ir(cos(0)d—sin(0)p) _ irde (DR)

This form allows us to deduce the PVMs of displacement operators. For any E € B(S;), we have

Pb(q,p) (E) = Pexp(irzjg)(E) (Dg)
= Py, ({r eR | " € E}) (D10)
= R(O)P;({xr € R| e € E})R(—0). (D11)

In conclusion, in the precise sense detailed above, “measuring a displacement operator” amounts to a quadrature
measurement.
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