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FREE PRE-LIE ALGEBRAS OF FINITE POSETS
M. AYADI

AssTrACT. In this paper, we first recall the construction of a twisted pre-Lie algebra structure on
the species of finite connected topological spaces. Then we construct the corresponding non-
associative permutative coproduct, and we prove that the vector space generated by isomorphism
classes of finite posets is a free pre-Lie algebra and is a co-free non-associative permutative co-
algebra. In the end, we give an explicit duality between the non-associative permutative product
and the proposed non-associative permutative coproduct. Finally, we prove that the results in this
paper remain true for the finite connected topological spaces.
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1. INTRODUCTION

A partial order on a set X is a transitive, reflexive, antisymmetric relation on X. A finite poset
is a finite set X endowed with a partial order <.
Let P = (X, <p)and Q = (X, <o) be two posets. We say that Pis finer than Qif: x <py = x <y y
for any x, y € X. The Hasse diagram of poset P = (X, <p) is obtained by representing any element
of X by a vertex, and by drawing a directed edge from a to b if and only if a <p b, and, for any
c€ Xsuchthata <pc <pb,onehasa=corb =c.
Let I C P, we shall say that / is an upper ideal of P if, forall x,y e P,(x € I, x <py) = y € L.

Recall [3, 12] that a linear (tensor) species is a contravariant functor from the category of finite
sets Fin with bijections into the category Vect of vector spaces (on some field k).
The species P of finite posets is defined as follows: for any finite set X, Py is the vector space
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2 M. AYADI

freely generated by the poset structures on X.

Now consider the graded vector space:

(1.1) H = K(P) = @}cn

n>0

where J{y, = k.1, and where J{, is the linear span of posets on {1, ..., n} when n > 1, modulo the
action of the symmetric group S, [3].

Let P = (X;,<p), O = (X», <p) be two finite connected posets, and let v € X,. We define:
P\, Q=X UX;, ),

where < is obtained from <p and <, as follows: compare any pair in X, (resp. X;) by using <y
(resp. <p), and compare any element y € X, with any element x € X;: for any x,y € X; U X>,
x < yif and only if:

e Either x,y € X; and x <p y,

e orx,y € X, and x < y,

e orx€ X, y€X;and x <p v.

To sum up, P Y\, Q is obtained from the Hasse graphs G, and G, of P and Q by adding an
(oriented) edge from v in G, to any minimal vertex of G;. For example

53 sS4 83 sS4

53 sy 52 51 53 5y 52 51
Now B = L N E e O\
52 51 \4[2 = 1 o 52 51 \Ill o= I3

Denoting by V the species of finite connected posets. The product \, defined in V by:
PN\Q= ) P\, Q, forall P eV, Q€ Vy,

veXp
is twisted pre-Lie, like its counterpart for finite topological spaces defined in [1].
Moreover we notice that, (P,m, A\ ) is a commutative connected twisted bialgebra, and H =

K(P) is a commutative graded bialgebra. The product m is given by the disjoint union, and the
coproduct is given by:
APy — (PeP)y= (P PyoP;
YUZ=X
P — Z I1®P\I
ep
where I€P stands for

e /is aideal of P,
e [ =I,...1,, such that for all i € {1, ..., n}, I; connected and ( min/; = (minP) N I;, or there is
a single common ancestor x; € P\I to min/; ).

In section 2, we recall the definition of a non-associative permutative algebra, and the dual
defintion of a non-associative permutative coalgebra, due to Muriel Livernet [13]. We recall the
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following rigidity theorem: any pre-Lie algebra (V, >>), together with a non-associative permuta-
tive connected coproduct ¢ satisfying the distributive law

oa>b)=a®b+(a®1+1®a)>d(b),

is a free pre-Lie algebra and a cofree non-associative permutative coalgebra.

In the third part 3, of this paper, we recall the description of the free pre-Lie algebra in terms
of rooted trees given in [9].
In this section, we define a new bilinear product O— defined in the species of finite connected
posets V by: for all P € Vx, and Q € Vx, where X; and X, are two finite sets

Po>Q= ) PN\, Q.

vemin(Q)

We show that the bilinear product O— is a non-associative permutative product.
For any finite set X, we define the coproduct ¢ by:

§:Vy — (VeV)y= @PY®PZ
Yuz=X

P —s ! Zl@P\I,

min(P)| &

where I © P means that / is a subset of P such that

e /_1is a singleton included in min(P),
e and / is a connected component of the set {x € P,I_ <p x}.

with the set /_ equal to the space {x ¢ I, there exists y € I such that x <p y}.

We prove that the coproduct ¢ is a non-associative permutative coproduct, i.e., the following
identity is verified

(Id ® 5)6 = '*(1d ® 6)6.

Next we give a compatibility relation between the pre-Lie Y\ structure and the coproduct ¢, by
proving that

I(PNQO)=PR0+(PR®1+1®P)\ 0(0),

for all P, Q two finite connected posets, where the unit 1 is identified to the empty poset.

Applying the functor K and M. Livernet’s rigidity theorem [13] leads to the main result of
the paper: (K(V), ™, ) endowed with the coproduct ¢ is a free pre-Lie algebra and a cofree non-
associative permutative coalgebra.

Finally in this section, we prove that there exist relations between the non-associative permu-
tative product O— and the coproduct ¢, and by proving that (J{, A\ ) is a coassociative cofree
coalgebra.

Finally we prove in section 4, that the results in this paper remain true for the finite connected
topological spaces, with a small change on the definition of the coproduct 6.
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2. NON-ASSOCIATIVE PERMUTATIVE ALGEBRAS AND COALGEBRAS

Definition 2.1. A (left) non-associative permutative algebra (NAP algebra) is a vector space V
equipped with a bilinear product - satisfying the relation

a-(b-cy=b-(a-c), foralla,bandc € V.

Note also that an associative algebra that is a non-associative permutative algebra is a permuta-
tive algebra in the terminology of Chapoton in [7].

A (left) non-associative permutative co-algebra is a vector space V equipped with a bilinear
coproduct 6 : V — V ® V satisfying the relation

(Id ® 6)5 = 7'*(1d ® 6)6.
This is the dual notion of a non-associative permutative algebra.
Definition 2.2. [8, /4] A left pre-Lie algebra over a field K is a k-vector space A with a binary
composition > that satisfies the left pre-Lie identity:
x>yY)>z—x>O>=00>x)>z-y> (x>2),
forall x,y,z € A. The left pre-Lie identity rewrites as:
2.1 Licy = [Ly, Ly],
where L, : A — A is defined by L,y = x >y, and where the bracket on the left-hand side is
defined by [x,y] = x>y —y > x. As a consequence this bracket satisfies the Jacobi identity.

Definition 2.3. [/3] Let (V,0) coalgebra, i.e., be a vector space V together with linear map
0:V — V® V. The following defines a filtration on V:

o Prim(V) =V, ={xeV,okx) =0}

o V,={xeV,o(x) e Z Vi® Vi

O<k<n

The coalgebra (V,0) is said to be connected if V = | J V;.
k>0

Theorem 2.1. [/3] Any pre-Lie algebra (V,>), together with a non-associative permutative
connected coproduct 6 satisfying the distributive law

(2.2) da>b)=a®b+@®1+1®a)>d(b),
is a free pre-Lie algebra and a cofree non-associative permutative coalgebra.

Proposition 2.1. [/3, Corollary 3.9] Let (V,1>) be a pre-Lie algebra together with a non-
associative permutative connected coproduct ¢ satisfying relation 2.2. Then V is generated as
a pre-Lie algebra by Prim(V).

3. FREE PRE-LIE ALGEBRAS AND CO-FREE CO-ALGEBRAS

3.1. Free pre-Lie algebras and rooted trees. Let 7 the vector space spanned by the set of
isomorphism classes of rooted trees and H = S(T). Grafting pre-Lie algebras of rooted trees
were studied for the first time by F. Chapoton and M. Livernet [9], see also D. Manchon and A.
Saidi [15]. The grafting product is given, for all ¢, s € T, by:

(3.1) f— 5= Z f >, s,

s’ vertex of s
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where ¢ —¢ s is the tree obtained by grafting the root of ¢ on the vertex s’ of s. In other words,
the operation t — s consists of grafting the root of 7 on every vertex of s and summing up.
Following the notation of Connes and Kreimer [5], any tree t writes ¢ := B(v, t;, 15, ..., t,) where is
decorated by v, and 14, ..., t,, are trees.

We note RT (n) the space of labelled rooted trees of degree n. For a vector space V, denoted by
RT (V) the space Y, RT(n) ®s, V*", where X, is the symmetric group on n elements.

We notice that, if using the pre-Lie product — in RT'(V), one has:

B(V7 I, e tn) =1, = B(V, I, .. tn—l) - Z B(Va S e ) T T tﬂ—l)

O<k<n

Proposition 3.1. [9] Equipped by —, the space T is the free pre-Lie algebra with one generator.

Proposition 3.2. [/3] Let V be a vector space. Then RT (V), together with the coproduct

ABW, t1, 12y .. ty)) = Z b ® B, ty, .oty s ),

O<k<n+1

is the cofree non-associative permutative connected coalgebra.

3.2. NAP algebras of finite connected posets. Let P be a finite connected poset, and / be a
subset of P. We denote by /_ the set {x ¢ I, there exists y € I such as x <p y}.
We denote 1 © P if:

e /_1is a singleton included in min(P),
e and / is a connected component of the set {x € P,I_ <p x}.

Lemma 3.1. Let P be a finite connected poset, and 1, J two subsets of P, we have

1 -ifl,JoP thenl =JorlInJ =0,
2 -if 1 © P, then min(P\I) = min(P).

Proof. 1- Let P be a finite connected poset, and /, J two subset of P, such as I, J ® P, so we have
two possible cases: either I_ # J_or I_ = J_.

-If - # J_, with I_ = {y}, and J_ = {z}, then [ is a connected component of the set {x € P,y <p x}
and J is a connected component of the set {x € P,z <p x}. Then INnJ = 0.

-If I_ = J_ = {y}, then I and J is two connected component of the set {x € P,y <p x}, then I = J
orINJ=0.

2- If there exists x € min (P) N I, then I_ <p x, which is absurd, then min(P) N/ = (. Then
min(P\/) = min(P). O

Definition 3.1. We define the bilinear product O— defined in the species of finite connected posets
V by: forall P € Vx, and Q € Vx,, where X, and X, are two finite sets,

PosQ= ) P\ Q.

vemin(Q)

Proposition 3.3. The bilinear product O— is a non-associative permutative product, i.e., the
following identity is verified

PO->(QO>R)=Q 0> (PO>R),

for all P, Q and R three finite connected posets.
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Proof. Let P, Q and R three finite connected posets, we have:

P05 Q0o R = ) PO>(Q\uB)

vemin(R)

= D> D, PR,

uemin(Q™\,R) vemin(R)

and since min(Q \,, R) = min(R), for all v € min(R) then
PO>(QOoR = ) PNy (Q 4R,

v, uemin(R)
Which is symmetric on P and Q. Then we obtain:
PO (QO0>R)=Q 0> (PO>R).
m]

Corollary 3.1. Applying the functor K gives that (i(V), O— ) is a non-associative permutative
algebra (NAP algebra).

Proposition 3.4. Let X be any finite set, we define the coproduct 6 by:
§:Vy — (VeVix= P vyeV,

Yuz=x

Imm(P)l Z Te P\l

leP

0 is a non-associative permutative coproduct, i.e., the following identity is verified
(Id ® 6)6 = 7'%(1d ® 6)6, where T'* = T ® Id, T is the flip .

Proof. Let P be a finite connected poset, we have

1d ® 6)5(P) = 1®6(P\I
(Id ® §)5(P) = (PN;@(\)
- Imin(P)I %}; |min(P\I)| [®J&((P\D\J)
JoP\I
|mm(P)|2 %“P 1®J®((P\IUJ))
1N J=0
= 72(1d ® 6)6(P).
O
Example 3.1. 5(/\) =0 s(Vy=2.01
s Ny=1.eA (5(<>):/\®.

Corollary 3.2. Applying the functor K gives that (%(V),é) is a non-associative permutative
coalgebra (NAP coalgebra).
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3.3. Free pre-Lie algebras of finite posets. In this subsection, we prove the compatibility rela-
tion [13, Theorem] between the product “, and the non-associative permutative coproduct 9.

Theorem 3.1. Let P, Q two finite connected posets. We have the following identity
(PNQO)=PR®0+(P®1+1®P) \, 0(0),
where the unit 1 is identified to the empty poset.

Proof. Let P = (X;,<p), Q = (X», <p) two finite connected posets, we have:

5PN\ Q)= ) 6P\ Q)

veXs

1
- TP\, O\
> ey © (P N OV

veXs
Io(PN\w Q)
1
= 2 oy ® (PN OV
Xy min
1e(P\y Q)
1
=il 2 1@ Ne0\DE D Te (N OV,
O O

we notice that

-if v e min(Q), then {I,1©® (P \,, Q)} = {P}U{l,I® Q},

and

-if v ¢ min(Q), then{[,LI®@ (P, Q)} ={P\, J,J@Q,ve J}U{J, JO® Q,v ¢ J},
then

5PN\ Q) = PeO+ Y 1(P\,(Q\D)

min(Q)| veX,, vemin(Q) veXy, vemin(Q)
100
1
+— § (PN, J)®QO\J + § J®(P N\, (Q\N)],
|mln(Q)| €X,, vémin(Q) €Xr, v¢min(Q)
veXsp, vémil VEX2, V!
JoQ,veJ JoQ,veJ

we notice that

P\ NO®OV = Y (PO \ (8O,

veXr, vgmin(Q)

J00,vel JoQ
and
Do JePN\L @)= DT8P\, QW)
veXy, v¢min(Q) veX>, vgmin(Q)
JoQ.v¢J Joo
then

DoIePN\ QD)+ Y Je(PN\, QW)=Y 1eP)\ (JoQ\),

veXy, vemin(Q) veX,, vg¢min(Q)
160 JeQ. vl JoQ
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then
1
PN O = PRQ+ Y (PR N\ (UeQ\W)+ Y AeP) \ (Jeo\)|.
veX>, vemin(Q) 100 100
Then

(PNO)=PR0O+(Pe1 \6Q)+A®P)\ Q).

O

Corollary 3.3. Applying the functor K gives that, (i(V), N\ ) endowed with the coproduct § is a
free pre-Lie algebra and a cofree non-associative permutative coalgebra.

Proof. This is a direct consequence of theorem 3.1 and M. Livernet’s rigidity theorem [13, The-
orem]. ]

Corollary 3.4. X(V) is generated as a pre-Lie algebra by Prim(K(V)).

Proof. Let K(V), = Prim(K(V)) = {P € K(V),5(P) = 0}, and let K(V), = {P € K(V),5(P) €
D f(V)k ® %(V)n_k}, we notice that f(V) = U %(V)k, i.e., the vector space (%(V),é) is

O<k<n k>0
connected. Appling proposition 2.1 we obtain that K(V) is generated as a pre-Lie algebra by
Prim(K(V)). ]

Example 3.2. Here are the posets in Prim(%(V)) up to four vertices:

AN A D w

3.4. Relation between O— and o. In this subsection, we prove that there exist relations between
the non-associative permutative product O— and the non-associative permutative coproduct ¢.

Definition 3.2. Let G be a group acting on X, for every x € X:

- we denote by G - x := {g - x, g € G}, the orbit of x,

- we denote by G_x = {g € G, g - x = x}, the stabilizer subgroup of G with respect to x.

The action of G on X is called: transitive if X is non-empty and if for each pair x,y € X there
exists g € G such that g - x = y. (i.e, that is if there exists x in X with G - x = X, i.e, it has exactly
one orbit.)

Proposition 3.5. Let G be a group acting on X, if G and X is finite, then the orbit-stabilizer
theorem, together with Lagrange’s theorem [17, Theorem 3.9], gives
G
IG_.I"
that implies that the cardinal of the orbit is a divisor of the group order.

(3.2) G-x|=[G_x : G] =

Definition 3.3. For any poset P on a finite set X, we denote by Aut(P) the subgroup of permu-
tations of X which are homeomorphisms with respect to P. The symmetry factor is defined by
o(P) = |Aut(P)|. Let X, X, two finite sets, we define the linear map {,) : Vx, ® Vy, — K by:

_Jo(Q)if Q= R,
(Q.R) = {O otherwise.

In other terms, {Q, R) is the number of isomorphisms between Q and R.



FREE PRE-LIE ALGEBRAS OF FINITE POSETS 9

Theorem 3.2. Let P, Q and R three finite connected posets. We have the following identity

(6(P),Q®R) = (P,Q 0= R).

lmin(P)|
Proof. Let P, Q and R three finite connected posets.

1 1
(6(P),0®R) = ———~ Z T(Q)o(R) = ———=|A|

| min(P)| & | min(P)|
1~Q,
P\I~R
with
A={U,o1,00)|I®P, o :1 — Q,05: P\I — R)}.
And:
(POO>R) = > o(P)=IB)|
vemin(R)
ONWR~P
with

B={(v,0)|vemin(R), c: P — Q\,, R}.

Let us define now amap ¢ : A — B. Let (I,0,03) € A. Weputw =1.. Asl o P,
wemin(P\I),sov =o0,(w) € min(R). AsIoP, P =1, (P\I), sowe obtain an isomorphism
o : P — Q ™\, R by taking

{al(x) if x €1,
o(x) = )
0, (x) otherwise.
We then put ¢(1, 01,0) = (v, 0).

Now, we defineamap ¢y : B— A. If v,0) € B,weputl = o (Q). AsQ®Q \,, R, I© P.
Moreover, o = o is a graph isomorphism from / to Q and 0, = op\; is a graph isomorphism
from P\ Ito R. We puty(v,0) = (I,01,0%).

Let (v,0) € B. We put y(v,0) = (I,01,05) and ¢ o y(v,0) = (/,0”). Then I = o~'(Q) and
w =1_=w,s0V = o(w)=v. Moreover,

o =01 =0y,
Olpy = 02 = Opp
so o’ = 0. Hence, ¢ o = idp.
Let (I,0,02) € A. We put ¢(I,01,02) = (v,0) and ¢ o ¢(I,01,03) = (I',07,0%). Then
I'=0c7%0Q) =1, by construction of o. Moreover,
oy =0y =0y,
O'; =0|pg = 02.
Soy o ¢ =idy.
Finally, A and B are in bijection and we obtain:

1
(6(P),O®R) = m(ﬂ 0 O~ R).
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Notation. Let E be any finite set, and let 7, p be two partitions of E, We denote by

. 1 1Bl
J(m,p) = E| § | mﬁ|m-
a is a block of

B is a block of p

Proposition 3.6. Let P, Q and R three finite connected posets. We denote by E = {v,v € min(R) |

P ~ Q \u, R}. Let  be the partition of E into Aut(P)-orbits, and let p be the partition of E into
Aut(R)-orbits. We have the following identity

Jm,p) = 1.

Proof. Let P, Q and R three finite connected posets. In fact: firstly,

(POO>RY = > (PO\WR)

vemin(R)
= > o)
pmin
= o(P)|E|,
On the other hand
1
OP.OOR) = o ;u, O)(P\I,R)
1
=B Zﬁ (Q)r(R)
1~Q., P\I~R
1
= IZ}; (Q)o(R)
1~Q, P\I~R

1
~ Imin(R)| Z Z o(Q)o(R)

vemin(R) IoP, I_={v}
1~Q, P\I~R

1

= i B Z N(P, Q, R)o(Q)o(R),

vemin(R)

where N,(P, Q,R) := the number of branches I of P above v isomorphic to Q such that P\/
isomorphic to R.
We notice that, for all v € min(R):

o if P2 O\, R, then N,(P,O,R) =0,
o if P~ Q N\, R, then N,(P, Q,R) = N,(Q, R) := the number of branches of O \,, R above
v isomorphic to Q.
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Then
1
(O(P).Q@R) = | DL NPQRTHQTR) + D NP, QR0 (R))
vemin(R) vemin(R)
P~ON\wR P£ON\wWR
1
= R VE;H(R) N,(P, Q. R)o(Q)o(R)
P~Q\wR
1
= VE;(R) N.(Q, R)r(Q)(R).
P~O\wR

By using the orbit-stabilizer theorem, as well as Lagrange’s theorem for the group (Aut(R), o)
endowed with the law of composition, we therefore have:

|Aut(R)| : o(R)

———, le, |Aut(R)-v|= .
ARy, o =G
We notice that, for all v € min(R): ,(OQ \,, R) = 0(Q)c,(R)N,(O, R).
Then

|Aut(R) - v| =

(6(P),Q®R) = Z a(Q)o(R)|Aut(R) - vIN,(Q, R)

(R)I

Imm(R)I Z o (P)Aut(R) - vl

) Aut(R) -]
" imin(R)] ZE: T Py

= i@y " DS

where

g = Z |Aut(R) - . v|.

Let 7 be the partition of E into Aut(P)-orbits, and let p be the partition of E into Aut(R)-orbits.

We denote by a € r (respectively, 8 € p), if @ is a block of 7 (respectively, if 5 is a block of p).
Then

|Aut(R) - v|
— |[Aut(P) - v|
)OO
veE « is a Aut(P)-orbit of v |a/|
B is a Aut(R)-orbit of v

B
D, e

a is a Aut(P)-orbit
B is a Aut(R)-orbit

J(, p),
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then (6(P), Q ® R) = ——0(P)j(m,p). Then

lmm(R)l
(G(P), 0@ R) = (P,Q 0 RYLETL)
Imin(P)|
Appling Theorem 3.2, we obtain
1 ](7T p)
(O6(P),Q®R) = — (P,LOO>R)=(P,Q O> R)————.
Imin(P)| Imin(P)|
Conclusion: for P, Q and R three finite connected posets, if we denote by E = {v,v € min(R) |

P ~ Q \,, R}, and for r (resp. p) the partition of E into Aut(P)-orbits (resp. the partition of E
into Aut(R)-orbits). Then we obtain
Jjm,p) = 1.
O

3.5. Free Lie algebras of finite posets. F. Chapoton in [6] shows that free pre-Lie algebras are
free as Lie algebras, i.e., if (V, I>) is a free pre-Lie algebra, then it is a free Lie algebra for the Lie
bracket [, ] defined by [a,b] = a > b — b > a. This result has been obtained before with different
methods by L. Foissy [10, Theorem 8.4].

Proposition 3.7. [13] For any vector space V, the free pre-Lie algebra on V is isomorphic as a
Lie algebra to the free Lie algebra on some set X(V) of generators.

Application Let H° be the graded dual of the Hopf algebra H. The primitive element algebra
of the graded dual H® with the bracket [, ] is a Lie algebra. We denote by % the Grossman-Larson
product on the dual of H [1]. This product restricted to H° is the graded dual of the coproduct
A, [1]. .

Applying the general setting above to the case H = H = K(P) we are studying, we obtain that:
(K(V), N\ ) = (Prim(H®),\, ) is a free pre-Lie algebra, then it is also a free Lie algebra, therefore
U(PrimH®) = (S (PrimH®), %) is a free associative algebra. Then (S (PrimH®), )’ = (H, A.) is
a coassociative cofree coalgebra.

4. GENERALIZATION TO FINITE TOPOLOGICAL SPACES

Recall [2,11] that a finite topological space is a finite quasi-poset and vice versa. Any topology
J (hence any quasi-order on X) gives rise to an equivalence relation:
“4.1) X~y (x<yyandy <y x).

This equivalence relation is trivial if and only if the quasi-order is a (partial) order. Any topology
J on X defines a poset on the quotient X/ ~, corresponding to the partial order induced by the
quasi-order <s. More on finite topological spaces can be found in [4, 16]

All the results in this paper remain true for the finite connected topological spaces, with a
small change on the definition of the coproduct §. Indeed: let T = (X, <) be a finite connected
topological space, we define

o(7) =

Z Ty ® Tix\vs

YoT

|mi n(‘DI
where Y ® T means that Y € T such that
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oY isa singleton included in min(i),
e and Y is a branch of the set {x € X, such that forall y e Y_, we have y <y x and y # x}.

Here the set Y_ equal to the space {x ¢ Y, there exists y € Y such that x < y}, T = (X/ ~7,<) is
the poset defined on X/ ~g corresponding to the partial order < induced by the quasi-order <,
andY_ =Y_/ ~q,,. - Let Aut(T) the subgroup of permutations of X which are homeomorphisms
with respect to T, and let G = {g € Aut(7),g - v = v for all v € X}, we notice that G C Aut(7), G
is a normal subgroup and Aut(ﬁ) = Aut(7)/G.

We notice that the results obtained in Lemma 3.1 also work for ¥,Z©® J. From ¥,Z © T and
Lemma 3.1 we get that both Y, Z© T, then (Y = Z or Y N Z = 0), and min(Jx\y) = min(7). Then
YNZ =0and min(Jx\y) = min(7).

Hence to show that the proposition 3.4 also works in topological cases, it suffices to change I, JOP
by Y,Z © T in the proof of proposition 3.6. To show that the result of Theorem 3.1 also works in
connected finite topological spaces, we change / © P by Y ® T in the Proof 3.3.

Finally we prove the existence of a relation between ¢ and O in the topological case. Exactly:
for 7,7 and T three finite connected topological spaces, we have

’ "\ _ 1 ’ 7"
WD), T ®T") = —nlmin(ﬂ')l(T’T o= T7),

where n is the number of items in any bag v € min(T”), suchas T ~ T \,, T”.
The proof is similar to the proof of Theorem 3.2. Indeed:

, . 1 ’ 44 _;
CDTOT) = h 21 T T

Ty=T",
(I\X\Y:{I”

with
A={Y,0,00) | YOT, 01 : Ty — T,070: Tx,y — T}
On the other hand

(T,70>T)= Y (LT \WT"

vemin(T"")
= > o@M=IB,
vemin(T"")
T~T N\ T
with
B={v,0)|vemin(T"), c: T — T \, T"}.
Let

C={wo)|u=v,vemnT”), c:T — T\, T’}
We notice that for all u,u’ € C, we have |u| = |u’|. Hence % is the number of items in any bag
ve min(J”),suchas T~ T\, T”.
We define
f:A —C

Y,o1,00) +—  (u,0),
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where u = v = 0(Y_) and o is a graph isomorphism from J to 7" Y, 7" defined by
oi(x)if x €Y,
o(x) =

0(x) otherwise.

Now, we define a map

g:C —A

(l/t, O_) L (Y’ g, 0_2)’

where Y = X,-1(qv), 01 = 073, is a graph isomorphism from Ty to 7" and o, = o7g,,, is a graph
isomorphism from TJx\y to T”.

Let (u,0) € C, we put g(u,0) = (Y,01,0), where Y = X,-1(g), 01 = ojg» and 0, = og». Then
foglu,o)= W, o), withu =w = 0,(Y_) and 0" is a graph isomorphism from T to T” Y, T
defined by

@) oi(x)ifx ey,
o'(x) =
0(x) otherwise.

Then v’ = 0»(Y_) =uand 0’ = 0. Hence fo g = Idc.
Let (Y,01,0%) € A, we put f(Y,0,03) = (u,0), withu = v = 0»(Y_) and o is a graph isomor-
phism from T to J” N\, J” defined by

) = {0‘1()6) ifxev,

0(x) otherwise.

Then g o f(Y,01,0%) = (Y, 0'1, 0'2), with Y’ = X -1(q, 0',1 = 0y is a graph isomorphism from
Ty to T’ and o) = T[T, 18 @ graph isomorphism from Tjx\y- to J”.
Then Y’ = X9,y = Y and

’
01 =0y =01
0y = O7xy = 02-

Sogo f=1dj.
Finally, A and C are in bijection. Hence
1 1 1 |B| IC]
6D, T &T") = — Al = — ICl = — ICl— = oo (T, T 0 T7).
| min(7)| | min(7)| |min(T)[" |B|  |B||min(T)|

Remark. All the results in this paper remain true for the posets (resp. topological spaces)
decorated by F, that is to say pairs (A, f), where A = (A, <y) is a poset (resp. topology) and
f:A— Fisamap.
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