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Abstract

We explore the possibility to compare positions in different directed and undirected graphs. We assume
an agent to have a preference relation over positions in different weighted (directed and undirected)
graphs, stating pairwise comparisons between these positions. Ideally, such a preference relation can
be expressed by a utility function, where positions are evaluated by their assigned ‘utility’. Extending
preference relations over the mixture set containing all lotteries over graph positions, we specify axioms
on preferences that allow them to be represented by von Neumann-Morgenstern expected utility func-
tions. For directed graphs, we show that the only vINM expected utility function that satisfies a certain
risk neutrality, is the function that assigns to every position in a weighted directed graph the same linear
combination of its outdegree and indegree. For undirected graphs, we show that the only vNM expected
utility function that satisfies this risk neutrality, is the degree measure that assigns to every position in
a weighted graph its degree. In this way, our results provide a utility foundation for degree centrality
as a VNM expected utility function. We obtain the results following the utility approach to the Shapley
value for cooperative transferable utility games of [42], noticing that undirected graphs form a subclass
of cooperative games as expressed by [[19]. For directed graphs, we extend this result to a class of gen-
eralized games. Using the relation between cooperative games and networks, we apply our results to
some applications in Economics and Operations Research.
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1. Introduction

Network theory and network centrality play a growing role in the analysis of economic organizations.
Network theory is developed in a wide variety of disciplines. The fact that the theory of economic and
social networks have a strong connection is illustrated by, for example, the often cited book Social and
Economic Networks of [30]. Whereas economic networks usually study economic processes that take
place on a network (such as trade networks, firm hierarchies, etc.), in social networks usually the analysis
of centrality is solely based on the information about the network structure. Although social network
centrality measures are often applied in economic models, a foundation of network centrality measures
as utility functions is missing. The main goal of the underlying paper is to provide a first step in such a
foundation.

In this paper, we consider weighted (directed and undirected) networks, where each bilateral link
has a nonnegative weight. We assume an agent to have a preference relation over network positions
in different weighted directed networks, stating pairwise comparisons between these network positions.
Under certain conditions, this preference relation can be expressed by a utility function over network
positions, meaning that the agent prefers a particular network position over another position if and only
if the ‘utility’ of the first position is greater than that of the second position. Extending the preference
relation over the mixture set containing all lotteries over network positions, we specify axioms on the
preferences that allow them to be represented by a von Neumann-Morgenstern expected utility function
(l61l). In this way, we can compare different network positions in different networks. Questions that can
be addressed in this context are, for example, does an agent prefer to be the top of a small organization
or a middle manager in a large organization (directed networks), or does an agent prefer to be in the
fringe of a large network or in the center of a small network (undirected networks)?

Mathematically, a utility function over network positions as described above, is identical to a social
network power measure (for directed networks) or centrality measure (for undirected networks). The
study of network centrality originates from the social network literature where different types of network
centrality are distinguished such as degree, closeness, betweenness, prestige, etc. Various centrality
measures are developed measuring these types of centrality. In the literature on cooperative transferable
utility (TU) games, [42]] developed a utility theory where an agent has a preference relation over different
player roles in different cooperative TU-games. Requiring certain axioms on these preference relations,
he gave interpretations to game solutions, such as the Shapley value ([49]) and Banzhaf value ([2]) as

von Neumann-Morgenstern expected utility functions over player roles in different games. A crucial



axiom is ordinary risk neutrality which involves the uncertainty that arises from lotteries.

Applied to networks, neutrality to ordinary risk means that an agent is indifferent between taking
a position in a convex combination of two networks, and playing a lottery over the two networks with
the corresponding probabilities. Assuming some regularity axioms on network preference relations, we
show that regular preferences are neutral to ordinary risk if and only if they can be represented by a utility
function that assigns to every network position in any network a linear combination of its outdegree and
indegree (for directed networks), respectively, its degree (for undirected networks)E] In this way, the
degree measures can be seen as a von Neumann-Morgenstern expected utility function for positions in
networks.

For undirected networks, this also gives a third important interpretation of the degree measure, be-
sides its known myopic and farsighted interpretation. The myopic interpretation of the degree measure is
that it is a centrality measure that only takes account of direct relations, and completely ignores indirect
relations. However, it can also be considered as a farsighted centrality measure in the sense that for a
simple connected network, the probability that a random walk will be found at a node in the limit of
long time is proportional to the degree of that node, see e.g. [36] page 159.

We finally apply our results to three applications in Economics and Operations Research. As argued
by [19], weighted undirected graphs can be equivalently represented by cooperative 2-additive games,
being zero-normalized games where the worth of every coalition containing at least two players equals
the sum of the worths of its two-player subcoalitions (see Appendix A for more details). This implies
that all applications in Economics and Operations Research that are modelled as 2-additive games can
be represented as graphs. Using this insight, we apply our results to three classes of 2-additive games:

broadcasting games, queueing games and telecommunication games.

Related literature. In this paper, we use the approach of [42] to interpret the degree centrality measure
as an expected utility function. Building on the utility theory over mixture sets of [29]], [42] develops
a foundation of the Shapley value as a von Neumann-Morgenstern expected utility function reflecting
preferences over player positions in cooperative games which permits to compare being different players
in different games, see also [41} 43| i44]], for related studies on this issue. [42] extends the preference
relation to lotteries over games and shows that the Shapley value is an expected utility function reflecting
preferences neutral to both ordinary and strategic riskE] [19] argues that any undirected network can be

represented by a TU-game, more specifically by a so-called 2-additive game, and shows that the Shapley

2Under these condition, also any positive affine transformation of the degree measure represents these preferences.
3For an overview of Roth’s approach to the Shapley value, see also [40].



value of the associated game assigns to every player half of its degree in the network, see Appendix A.
Whereas [42] uses both ordinary and strategic risk neutrality, we only need to consider the first type of
risk.

The degree measure is one of the most natural and famous centrality concepts which can be seen as
an index of the node’s communication ability. A simple network is a network where the links have either
weight zero or one, reflecting that we only know whether a link is present or not, but nothing is known
about the ‘strength’ of the links. In such simple networks, the degree of a node boils down to the number
of links formed by that node, i.e. the number of its neighbours. Inspired by some experimental studies,
[50] presents the degree centrality as a measure to be used for predicting the behavior of individuals in
small groups. [37] and [[55]] analyze the degree centrality from an axiomatic point of view.

The present paper is also related to the literature on social networks and centrality; for some pioneer-
ing articles see e.g. [3, 4], [311], [5], [46l, [22, 23], and [8, 9], for surveys see e.g. [[1O], [26], [30], and
[36]. Our research is particularly related to works using the axiomatic approach to centrality measures.
This stream of literature focusses mainly on specific centrality measures. For instance, [24] characterizes
axiomatically the degree, decay and closeness centralities. [[12] and [55] axiomatize power measures for
directed networks. Some prestige and eigenvector-related centrality measures are characterized in [39],
511, [20], and [32]]. [[7]] characterizes the standard centrality measures within a unified framework and
shows that they all are characterized by a common set of axioms. Although the present paper also uses
the axiomatic approach to centrality measures and characterizes the degree measure, our main aim is
to show that this measure can be interpreted as an expected utility function reflecting preferences over
positions in weighted networks.

An issue closely related to centrality is the ranking of nodes which is treated by using a ranking
method. Formally, a ranking method assigns to every (weighted) network a (complete) preorder on the
set of nodes. This preorder is a ranking of the nodes in order of ‘importance’ or ‘centrality’ in the
network. Various ranking methods are characterized in the literature, in particular, methods based on
directed networks, see e.g. [45] for the ranking by outdegree on the class of tournaments, see also [28]]
and [[11]] for the ranking by Copeland score ([15]]), [[13]], [56l] for the ranking by outdegree for arbitrary
directed networks, [59]] for the degree ratio ranking method for directed networks, and [S7] for the
outflow ranking method for weighted directed networks. [21] investigates ranking of items in a network
determined by choice of utility function. More precisely, the network is transformed into an exchange
economy and the competitive equilibrium prices of the network nodes are used for the ranking. Some
recent studies characterize ranking methods based on evaluations or citations which consider one-sided

settings (e.g. [17]) and ranking methods in two-sided settings (e.g. [18]). An important difference



between such ranking methods and the topic of this paper is that ranking methods only compare the
positions in one and the same network. This is useful if one wants to rank, for example, teams in a
sports competition, alternatives in a preference relation, web pages on the internet, etc. Besides such
comparisons within one network, a main goal of the underlying paper is to compare positions in different
networks. For example, we want to know if an agent prefers a ‘central’ position in a small network to
a position in the fringe of a large network. In order to answer these questions we need to be able to

compare positions in different networks.

This paper is organized as follows. In Section[2] we discuss preliminaries on networks and [29]’s ex-
pected utility theory over mixture sets. In Section[3] we characterize linear combinations of the out- and
indegree measures as von Neumann-Morgenstern expected utility functions for directed networks. We
use as intermediary results axiomatizations of these measures as power measure for directed networks,
and relate properties of network power measures to properties of preference relations over directed net-
work positions. In Sectiond] we consider undirected networks, which form a special subclass of directed
networks. In Section[5| we discuss three applications. Section [6|contains concluding remarks. The paper
ends with three appendices: Appendix A on networks as cooperative games, Appendix B containing

proofs, and Appendix C showing logical independence of the axioms in our main theorem.

2. Preliminaries
In this section, we present basic concepts and notation that will be used in the paper.

Weighted directed graphs. A weighted directed graph, or weighted digraph for short, is a pair (V, w)
consisting of a finite set of nodes N C N that can represent individuals or agents, and a directed weight
Jfunction w: N X N — R, assigning to every arc (i, j) € N X N (i.e., to every ordered pair of nodes) a
nonnegative weight w(i, j). An arc (i, j) represents a directed bilateral relationship between nodes i and
Jj- In this model, a weight w(i, j) = 0 means that there is no arc from node i to node j. We only consider
weighted digraphs that satisfy w(i, i) = 0 for every i € N. We denote the collection of all directed weight
functions on N by ‘WD". We often refer to a weighted digraph simply as a directed graph or digraph.
Since we take the set of nodes N to be fixed, we represent a weighted digraph (N, w) by its directed
weight function w.

A power measure for digraphs is a function f: ‘WD" — R that assigns a real number to every

node in every digraph. The outdegree of node i in weighted digraph w is the sum of the weights of i’s



outgoing arcs, and thus is defined by
outi(w) = ) i j) (1)
jeN
The indegree of node i in weighted digraph w is the sum of the weights of its ingoing arcs, and is given
by
ini(w) = " w(j,i) ©)

jeN

The outdegree-, respectively indegree, measure is the centrality measure that assigns to any node
i in any digraph w its outdegree out;(w), respectively its indegree in;(w). Let II(N) be the collection of
all permutations 1: N - N ﬂ For a digraph w € ‘WD" and a permutation 7 € TI(N), the permuted
digraph mw € WOV is given by nw(i, j) = w(n‘l(i),ﬂ‘l(j)) for every (i, j) € N X N.

We say that node i € N is isolated in w € WOV if w(i, j) = w(j,i) = 0 for all j € N. We denote
the set of weighted digraphs where i is an isolated node by (WDIN . Further, we denote by w° € WDV
the empry digraph given by (i, j) = 0 forall i, j € N. Furthermore, ' € WD is the standard outward

oriented star graph with i as center, given by w'(i, j) = 1 for all j € N \ {i}, and w'(h, j) = 0 otherwise.

Weighted undirected graphs. A weighted undirected graph is a pair (N, w) consisting of a finite set
of nodes N C N and a weight function w: L° — R,, where L = {{i, j} | i,j € N, i # j} denotes the
complete undirected graph on N. An element {i, j} € L is a subset of N of size two and is called a
link. A link {i, j} represents a certain bilateral relationship between nodes i and j. A weight function
gives a nonnegative weight w({i, j}) to every link that can be interpreted as the ‘importance’ or ‘strength’
of that relationship. By ‘WG" we denote the collection of all weight functions on N. When there is
no confusion, in this paper we refer to a weighted undirected graph simply as a graph. A graph with
w(i, j}) € {0, 1} for all {i, j} € LF, is usually called a simple graph. A simple graph just describes the
relationships that are present, but says nothing about their intensity. Since N is assumed to be fixed, we
represent a graph (N, w) by the weight function a)

A centrality measure for undirected graphs is a function f: ‘WG" — R that assigns a real
number to every node in every undirected graph that reflects the ‘centrality’ of the nodes in the graph.

The degree of node i € N in graph w is defined as the sum of the weights of all links containing i, and

*A permutation is a bijection 7: N — N, and thus for every i € N there is exactly one j € N such that n(j) = i.
Notice that w(i, j), respectively, w({i, j}) clarifies whether we consider directed graphs or undirected graphs. Moreover, the

cases of directed and undirected graphs are presented in separate sections, i.e., in Sections 3 and 4, respectively, and therefore

it will be clear from the context if we deal with WD or WgG".



thus is given by
diw) = Y wli, ) 3)

JEN\{i}
The degree measure is the centrality measure that assigns to any node i in any graph w its degree

di(w).

We can consider the class of undirected graphs as a special subclass of directed graphs, where an
undirected graph w € WG" can be represented by the digraph @ € WD given by @(i, j) = ©(j, i) =
w({i, j}) for all {i, j} € L°. Note that, in that case, both the indegree as well as the outdegree of every
node i € N in w, equals i’s degree in w, showing that both the outdegree as well as the indegree can be
seen as generalizations of the degree.

For a graph w € ‘WG" and a permutation 7 € TI(N), the permuted graph 7w € ‘WG" is given by
rw({i, j)) = o7~ (), 7~ (j)}) for every {i, j} € L°.

We say that node i € N is isolated in w € wgGV if w({i, j} = 0for all j € N. We denote the set
of weighted undirected graphs where i is an isolated node by W va . Further, we denote by o’ € WGV
the empty graph given by w°({i, j}) = 0 for all i, j € N. By ' € ‘WG", we denote the simple star graph
with i as center given by w/({i, j}) = 1 for all j € N \ {i} and w'({h, j}) = 0 if i ¢ {h, j}.

Expected utility. We recapitulate the utility theory on mixture sets of [29] (for some related works and
literature on linear utility representation theorems, see e.g. [53l154], and [35]). Consider a set M. The
(simple) lottery between two elements a,b € M where element a occurs with probability p € [0, 1] is
denoted by [pa; (1 — p)b]. A set M is a mixture set if for any a,b € M and any p € [0, 1], the lottery
[pa; (1 — p)b] also belongs to M. Notice that this implies that also all compound lotteries, i.e. lotteries
over lotteries, etc., belong to M. It is assumed that for all a,b € M and p,q € [0, 1], the following

standard equalities hold:

[la;00] = a, [pa;(1 - p)b] = [(1 = p)b; pal, [qlpa;(1 = p)b);(1 — g)b] = [pga; (1 — pg)b]. (4)

A preference relation on M is a binary relation > with the interpretation that ¢ > b means that “a is at
least as good as b”.
A function u: M — R is an expected utility function representing the preference relation > if for

all a,b € M and p € [0, 1], it holds that
(i)  u(a) > u(b) if and only if a > b, and
@) u(lpa; (1 — p)b]) = pu(a) + (1 — p)u(b). )

It is well-known that, if u is an expected utility function representing the preference relation >,

then also every positive affine transformation # given by #(a) = au(a) + B, for some @ > 0, § € R,



represents this preference relation. We write [a > b] if [a > b and b % al, and [a ~ b] if [a > b and

b > a]. The following axioms guarantee that an expected utility function representing > exists.
Axiom 1 (Completeness). For any a,b € M, either a > b or b > a.
Axiom 2 (Transitivity). For any a,b,c € M such that a > b and b > c, it holds that a > c.

Axiom 3 (Continuity). For any a,b,c € M, the sets {p | [pa; (1 — p)b] = c} and {p | ¢ = [pa; (1 — p)b]}
are closed.

Axiom 4 (Substitutability). Ifa,a’ € M and a ~ a', then for every b € M, [1a; 1b] ~ [1a’; $b].

We assume throughout the paper that preferences satisfy these axioms. We refer to preferences

satisfying these axioms as regular preferences.

3. Centrality and utility in digraphs

We refer to a pair (i, w) € N x WO as a digraph position. We assume that a preference relation >
is defined on the set N x WD" of digraph positions. We interpret (i, w) > (j, w’) as “it is at least as
good to be in the position of node i in digraph w as to be in the position of node j in digraph w’”. Let
M be the mixture set generated by all digraph positions (i, w) € N x ‘WD" containing all simple and
compound lotteries over digraph positions, lotteries over lotteries, etc. For (i, w), (j,w’) € N x WDV
and p € [0, 1], the lottery [p(i, w); (1 — p)(J, w")] considers a type of risk with respect to taking a position
in a digraph. It means that with probability p the agent takes the position of node i in digraph w, and
with probability (1 — p) he takes the position of node j in digraph w’. We extend the preference relation
over digraph positions to the mixture set M. Then an expected utility function for digraph positions is a
function ¢: M — R assigning a utility value to every mixture of digraph positions satisfying conditions
@).

Inspired by [42]], besides the standard axioms on mixture sets stated in the preliminaries (Axioms
[1]- @), we introduce some axioms that are specific for preferences over digraph positions.

Anonymity (Axiom [5)) requires that relabeling the nodes in a digraph yields a corresponding

reordering in the preference relation.

Axiom 5 (Anonymity). Forall w € WO, ie Nandr € II(N), it holds that (i, w) ~ (7(i), Tw).

The following two axioms, Axioms [6]and[7]below, compare different digraph positions, express-
ing what is the worst that can happen, and specifying at least one digraph position that is strictly better
than a worst position. Regarding what is the worst, we assume that an agent weakly prefers any position

in any digraph above being isolated.



Axiom 6 (Isolated is the worst). Foralli € N, w € WDV and ' € (Wi)fv, i.e., i is isolated in o', it
holds that (i, w) > (i, ).

Notice, that this implies that an agent is indifferent between any two digraphs where he is iso-
lated. Specifically, an agent is indifferent between being in the empty graph w® and being isolated in
any other digraph. We want to remark that this rules out externalities in the sense that as long as an
agent is isolated, he is indifferent with respect to the way the other nodes are connected. Although from
an economic viewpoint there might be reason why such externalities exist, this property is satisfied by
almost all social network centrality measures.

Next, we assume that it is strictly better to be the center of the outward oriented star graph ',
than being in the empty graphE]

Axiom 7 (Center of the star is strictly better than being isolated). Foralli € N, it holds that (i, w') >
(i, °).

Finally, we apply one of the two risk neutrality axioms introduced by [42] for TU-games, namely
neutrality to ordinary risk. For p € [0, 1], consider the convex combination pw+(1—p)w’ of two digraphs
wand ', ie. (pw+ (1 - p))({, j)=p-w(,j)+ (1 - p)- '@, J) forall i, j € N. Neutrality to ordinary
risk requires that an agent is indifferent between taking a position in digraph pw + (1 — p)w’ for sure,

and playing a lottery over the digraphs w and «’ with the corresponding probabilities.

Axiom 8 (Neutrality to ordinary risk). For all w,w’ € WD and i € N, it holds that (i, pw + (1 —
p)’) ~ [p(i, w); (1 = p)(i, w")].

Neutrality to ordinary risk reflects a risk neutrality with respect to lotteries in situations where
the outcome (in this case the weights of links) is unknown, but the probability distribution over the
outcomes is known. As we will see below, this allows an agent to make decisions based on expected
utility, which is a common practice in Economics and Operations Research.

It turns out that a utility function for digraph positions that represents regular preferences satisfy-
ing the four axioms of this section, must be a linear combination of the outdegree and indegree measures
with positive weight on the outdegree and nonnegative weight on the indegree measure. By scale in-
variance, this implies that such a preference relation can be represented by a convex combination of the

outdegree and indegree measures with positive weight on the outdegree.

®We could do with the weaker axiom that requires that there is at least one position that is strictly better than being isolated,

but in most applications it seems reasonable that this holds for the center of a star.



Theorem 1. The utility function ¢ represents a regular preference relation that satisfies anonymity,
isolated is the worst, center of the star is strictly better than being isolated, and neutrality to ordinary risk
if and only if there exists a € (0, 1] such that ¢(i, w) = a-outi(w)+(1—a)-in;(w) for all (i, w) € NxWDV,
where out;(w) and in;(w) are, respectively the outdegree and indegree of node i in digraph w, see (|I) and

2.

The proof of Theorem [T and all other results of this section, can be found in Appendix B. We
show logical independence of the axioms in Theorem [I]in Appendix C.
The class of utility functions/power measures characterized in this theorem contains the outde-

gree (@ = 1) and the average of the out- and indegree (o = %) as special cases

Theorem [I] can be shown by (i) characterizing the linear combinations of the outdegree and indegree
measures as those power measures that satisfy four properties of power measures for digraphs (Proposi-
tion [1| below), and (ii) relating those four graph measure properties to properties of preference relations
over digraph positions (Lemma [I] below).

Note that power measures f and utility functions ¢ are mathematically the same and both as-
sign values to nodes in digraphs, but their interpretations are different. Because of this difference in
interpretation, we use different notation. In this paper, we bring these interpretations together.

First, anonymity of a power measure means that the labeling of the nodes in a digraph has no
effect on their powerﬂ

Property 1 (Anonymity). For every w € WOV and permutation © € II(N), it holds that fi(w) =
St ().

Second, the isolated node property requires that the power of an isolated node does not depend
on the structure of the rest of the graph. Notice that this implies that for isolated nodes there are no

externalities with respect to how other nodes are connected.

Property 2 (Isolated node property). For every w,w’ € WZ)?V , L.e., i € N is isolated in both digraphs,
it holds that fi(w) = fi(w’).

Scale invariance states that if the weights of all arcs in a digraph are multiplied by a common

factor, then the powers of the nodes in that digraph are multiplied by the same factor.

7 As shown in the proof of Theorem in Appendix B, & cannot be equal to zero since (i) the utility of a node in the empty
digraph equals zero, and (ii) the utility of being the center of the outward oriented star is @ times its outdegree (being |[N| — 1).

Therefore, ‘center of the star is strictly better than being isolated’ (Axiom , implies that o should be positive.
8For some properties, we use the same name for preference relations as for power measures. The context makes clear if we

speak about preferences or power measures.
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Property 3 (Scale invariance). Let w € WD and a € R,.. Then flaw) = af(w), where aw € wWoN
is given by aw(i, j) = a - w(i, j) foralli,j € N, i # j.

Finally, additivity means that the power in the digraph obtained by adding two digraphs, is equal

to the sum of the powers of these two digraphs.
Property 4 (Additivity). For w,w’ € WOV, it holds that flw+ ) = flw) + f(W'), where (w +
W, J) =w(, ) + W', j) foralli,je N, i # J.

These four properties characterize the linear combinations of the outdegree- and indegree mea-

sures.

Proposition 1. A power measure f on WD satisfies anonymity, the isolated node property, scale
invariance and additivity, if and only if f € Lin{out, in}, i.e., there exist a,5 € R such that

filw) = @ - outy(w) + B - inj(w) for all (i,w) € N X WDV, (6)

Although a further characterization of specific values of @ and 8 is beyond the goal of this paper,
intuitively, (i) when @ = 8 outgoing and ingoing arcs are evaluated equally, which is reasonable when
‘connectedness’ is the main issue irrespective of the role on the arc, while (ii) with 8 = 0, > 0 only
outgoing arcs are taken into account when evaluating the desirability of graph positions, and thus it fully
focusses on ‘dominance’. [

Theorem [1|follows from Proposition [I| by the following lemma which shows how the four prop-

erties for graph power measures are implied by the axioms on preferences discussed before.

Lemma 1. Consider an expected utility function ¢: N x WD — R for positions in a digraph that is
determined by a power measure f as follows: ¢(i, w) = fi(w).

(1) If expected utility function ¢ represents a regular preference relation > satisfying anonymity (Axiom
B), then power measure f satisfies anonymity.

(1) If expected utility function ¢ represents a regular preference relation > satisfying isolated is the
worst (Axiom|6)), then power measure f satisfies the isolated node property.

(iii) If expected utility function ¢ represents a regular preference relation > satisfying anonymity, iso-
lated is the worst and ordinary risk neutrality (Axioms [5] [6] [8), then f is a power measure that
satisfies scale invariance and additivity.

Notice that Proposition [I|and Lemma |l|directly imply that the axioms in Theorem |1| determine
that the utility function is a linear combination of the indegree and outdegree measure. The proofs of

Proposition I} Lemma[I]and Theorem[I]can be found in Appendix B.

°It follows from the proof of Proposition [1|in the appendix that adding score normalization as in [53]], requiring that for

every digraph the sum of the power values equals the sum of the weights over all arcs in the digraph, implies that 8 = 1 — a.
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Our main result (Theorem [1)) gives an interpretation of power measures for digraphs as von
Neumann-Morgenstern expected utility functions. Using Lemma [I] this follows from Proposition [I]
which is a social network result that characterizes the (linear combinations of the) outdegree- and inde-
gree measures as a digraph power measure. Lemma (1] ‘bridges’ social network theory with economic
utility theory in the sense that properties of preference relations are related to properties of power mea-
sures representing these preferences.

In Section [5] we implement the axioms on preference relations and power measures in terms
of broadcasting games, queueing games and telecommunication games. First, in the next section we

consider undirected graphs.

4. Centrality and utility in undirected graphs

Next, we consider the subclass of undirected graphs, and interpret centrality measures for undirected
graphs as von Neumann-Morgenstern expected utility functions. We refer to a pair (i, w) € N x WG" as
a (undirected) graph position. Similar as in the previous section on digraphs, we assume that a preference
relation > is defined on the set N x ‘WG" of undirected graph positions, and interpret (i, ) > (j, w’) as
“it is at least as good to be in the position of node i in graph w as to be in the position of node j in graph
w’”. Let M again be the mixture set generated by all undirected graph positions (i, w) € N x WG"
containing all simple and compound lotteries over graph positions. Preference relations >, expected
utility functions ¢: M — R and lotteries [p(i, w); (1 — p)(j, w')], are defined similar as in the previous
section for the more general directed graphs.

Besides the standard axioms stated in the preliminaries, we use the axioms of the previous sec-
tion, but applied to undirected graphs. For completeness, we explicitly give the axioms for undirected
graphs, although three of them are obtained by directly applying the corresponding axioms of the previ-

ous section by putting for each link {i, j} two arcs, (i, j) and (}j, i), oriented in opposite directions.
Axiom 9 (Anonymity). For all w € WQN , 1 € N and n € II(N), it holds that (i, w) ~ (n(i), 7w).

Axiom 10 (Isolated is the worst). Foralli € N, w € WQN and o' € (H/va , Le., iis isolated in &', it
holds that (i, w) > (i, w).

Axiom 11 (Center of the star is strictly better than being isolated). Foralli € N, it holds that (i, w') >
(i, ).

Axiom 12 (Neutrality to ordinary risk). For all w,w’ € (WQN and i € N, it holds that (i, pw + (1 —
pw’) ~ [p(i, w); (1 — p)(i, )]

Notice that Axioms [9] [I0]and [12] are stated exactly the same as the corresponding axioms in the

previous section, and are direct applications of these axioms to the special class of undirected graphs.
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Regarding Axiom the outward oriented star in directed graphs, that is used in Axiom [/} cannot be

represented as an undirected graph, and alternatively is replaced by the star in undirected graphs. m

The main result of this section characterizes the degree measure for undirected graphs as ex-

pected utility function that represents a regular preference relation that is neutral to ordinary risk.

Theorem 2. A preference relation > over graph positions N x WG" is regular and satisfies anonymity,
isolated is the worst, center of the star is strictly better than being isolated, and neutrality to ordinary
risk if and only if it can be represented by utility function ¢(i, w) = dj(w) for all (i, w) € N X wg",
where di(w) is the degree of node i in graph w, see (3).

This theorem gives the degree measure, which is a well-known centrality measure in social net-
work theory, an interpretation as a von Neumann-Morgenstern expected utility function. Similarly as in
the previous section, Theorem [2] can be shown by (i) characterizing the multiples of the degree measure
as those centrality measures that satisfy four properties of centrality measures for graphs (Proposition 2]
below), and (ii) relating those four graph centrality properties to properties of preference relations over
graph positions (Lemma [2| below). Although the results of this section do not follow as a corollary of
[42], by realizing that graphs form a special class of cooperative TU-games, the proofs are very close to
those of [42]]. Therefore, we omit the proofs of this sectionE]

A centrality measure f on ‘WG satisfies:
e anonymity if for every w € WQN and permutation r € II(N), it holds that fi(w) = fru)(7w);

e scale invariance if for every w € WG" and @ € R, it holds that f(ew) = af(w) where aw €

WQN is given by aw({i, j}) = a - w{i, j}) for all {i, j} € L;

e isolated node property if for every w, w’ € ‘ngv , it holds that fi(w) = fi(w');

o additivity if for every w, w’ € WG, it holds that flw+w’) = f(w)+f(w'), where (w+0")({i, j}) =
w({i, j) + ' {{i, j}) for all {i, j} € L*.

Proposition 2. A centrality measure f satisfies anonymity, the isolated node property, scale invariance
and additivity if and only if there exists an @ € R such that

filw) = adi(w) for all (i, w) € N X ’!/VQN. @)

The four properties in Proposition[2]are similar to the anonymity, null player, scale invariance and

additivity properties that, together with efficiency, characterize the Shapley value for TU-games. Since

10Again, we could do with a weaker version of Axiom @requiring that there is at least one graph position that is strictly

better than being isolated. This is often required when measuring centrality in the social network literature, see e.g. [25].
The proofs of this section can be obtained from the authors on request.
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the Shapley value of the 2-additive game associated to a graph (see Appendix A) assigns to every player
half of its degree (see [19], Theorem 1), this proposition can be interpreted as saying that Shapley’s
axiomatization is also valid on the subclass of ‘graph games’. This is, for example, not true for other
subclasses of games such as, e.g., simple games, assignment games ([38]), etc.

Theorem [2] follows from Proposition [2] by the following lemma which shows how the four prop-

erties for graph centrality measures are implied by the Axioms[9]-[12]on preferences.

Lemma 2. Consider an expected utility function ¢: M — R for positions in a graph that is determined
by a centrality measure f as follows: ¢(i, w) = fi(w).

(i) If expected utility function ¢ represents a preference relation > satisfying anonymity (Axiom|9), then
centrality measure f satisfies anonymity.

(1) If expected utility function ¢ represents a preference relation > satisfying isolated is the worst (Ax-
iom[10), then centrality measure f satisfies the isolated node property.

(iii) If expected utility function ¢ represents a preference relation > satisfying anonymity, isolated is the
worst and ordinary risk neutrality (Axioms [12)), then f is a centrality measure that satisfies
scale invariance and additivity.

Notice that Proposition 2] and Lemma [2] directly imply that the axioms in Theorem [2] determine
that the utility function is a multiple of the degree measure.

Similarly as for directed graphs, Theorem |2| interprets centrality measures as von Neumann-
Morgenstern expected utility functions. Using Lemma [2] this follows from Proposition [2] which is
a social network result that characterizes the (multiples of the) degree measure as a graph centrality

measure. In this sense, Lemma 2] ‘bridges’ social network theory with economic utility theory.

5. Applications

Cooperative games where worth is generated by cooperation in two-player coalitions, referred to as
2-additive games, have many applications in Economics and Operations Research. Examples are broad-
casting games (see [6]), queueing games (see [33]) and telecommunication games (see [60]). In this
section, we discuss the implication of our results on these three applications.

In all these applications, the Shapley value plays an important role. For 2-additive games, the
Shapley value coincides with several other game theory solutions such as the nucleolus ([48]), the 7-
value ([52]]) and the proportional allocation of nonseparable cost ([34]), see [60]. As argued by [[19]], for
undirected graphs, the Shapley value coincides with the degree measure.

To have a uniform notation in this paper, we put all notions in this section in terms of weighted

digraphs which is an equivalent representation as the models in the mentioned literature. We prefer the
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notation of weighted graphs and digraphs, since these are very well-known models in the literature, in

particular, in the Operations Research literatureE]

5.1. Broadcasting games

The broadcasting games of [[6] consider soccer competitions where every team plays twice against every
other team, once at each team’s home stadium. The league of all teams has to decide how to share
the revenues from broadcasting rights among the teams. The teams are represented by the set N, and
the revenues of the match between teams i and j at the home stadium of team i are given by weight
w(i, j). One of the allocation rules considered by [6] is the equal-split rule that is given by ES (N, w) =
2 jeN\(i) w forallie N

They show that this rule is the unique rule that satisfies:
(i) Equal treatment of equals: fj(w) = fj(w)if w(i, k) = w(j, k) and w(k, i) = w(k, j) forall k € N\{i, j};
(i) Additivity: is defined the same as in Sections [3|and[4] see Property
(iii) Null team: f;(w) = 0 if i is isolated (i.e. if w(i, k) = w(k,i) = 0 for all k € N \ {i}).

Comparing these axioms with the axioms in Proposition [I] we can conclude that:

(i) Equal treatment of equals is not related to anonymity. Equal treatment of equals as defined by [6]] is
rather strong since it requires equal payoffs between two players, even when there is a difference
between the revenues of the home and away match between them. This generates that, if we only
consider the two matches (i, j) and (J, i), the two teams i and j are ‘equal’, and thus equally share
the sum of the revenues of the two matches between the two of them (since by null team the other
teams get zero share in this). As follows from Proposition[I} our axioms allow an unequal sharing

between the home and away team.

(i) Additivity is a standard axiom for allocation rules and graph power measures.

1211 this section we state several claims without proof, since they all follow as corollaries from, or small variations of, the

results in this paper. Explicit proofs are available from the authors on request.
13 Although this situation is represented by a digraph, [6] shows that this value coincides with the Shapley value (and thus

nucleolus, 7-value, proportional division of nonseparable cost) of the associated 2-additive standard game where the worth of
every coalition equals the sum of the weights between teams in the coalition. Alternatively, this value can be obtained as the
value of [47] of the associated generalized characteristic function game (see [38]) where the worth of every ordered coalition

equals the sum of the weights of the arcs oriented in the direction of this ordered coalition, between teams in this coalition.
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(iii) Null team requires zero payoffs for teams that generate zero revenues. Our isolated node property
is weaker and only requires that the teams k € N\ {i, j} all get the same share in the revenues of the
matches between i and j, and this share is at most equal to the share of i and j. However, together

with additivity, this share is zero (see the proof of Proposition[I]in the appendix).

Our axioms allow any sharing of the revenue of the matches between i and j among these two
players. However, the shares @ and £ that are assigned to the home and away team are the same over all
matches in the competition (again, see the proof of Proposition [T)).

If we add the normalization used by [6], namely that };cy fi(w) = 2; jey @(i, j), then we con-
clude that 8 = 1 — @, and thus the revenues of every match are shared exactly between the two teams
who play the match. Concluding, Proposition [T] applied to broadcasting games, together with the nor-
malization, characterizes the class of rules that share the revenue of every match between the two teams
who play the match, where for each match the home team gets share o € [0, 1] and the away team gets
1

share 1 — « in the revenues of this match. Obviously, the equal-split rule is obtained by taking a = 5.

A preference relation > on the teams in a broadcasting game, can be interpreted as saying (i, w) > (j, ')
if and only if team i in competition w is ‘more profitable’ than team j in competition «’. Considering the
interpretation of our class of rules, and specifically the equal-split rule, as utility function representing
such preferences, we cannot only compare teams within one competition, but also teams in different
competitions. For example, we can compare Real Madrid (say team ) in the Spanish Football League
(say competition w) with Liverpool Football Club (say team j) in the English Premier League (say
competition w’). Comparing the profitability of teams in sport competitions can be useful to determine
the attractiveness of these teams from the viewpoint of the revenues. For example, this can help investors
who want to invest in such teams, or when a league wants to determine what is a ‘fair’ way to allocate
the revenues, where this fairness is determined by the underlying axioms.

Translating our axioms 1-4 in terms of broadcasting games, we obtain:

(1) Anonymity has the usual interpretation, implying indifference between two teams that take similar

positions.

(ii) Isolated is the worst requires that a team such that none of its matches generates any revenue, should

be the least profitable (which is implied when using [6]’s Null team axiom).

(iii) Center of the star is strictly better than being isolated implies that, if there is a team such that
every match with positive revenue involves this team (being an essential team in the terminology

of [6]]), then this team should be more profitable than a null team that generates no revenue. This
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is implied by [6]’s stronger essential team and null team axiom which requires that such a team

gets all revenues[]

(iv) Neutrality to ordinary risk considers situations of risk with respect to the revenues. Suppose that
beforehand it is not known what will be the revenues, but the probability distribution over the
possible outcomes is known. For example, the revenues might depend on weather conditions or
maybe the contract with the broadcasting company will be renewed or it might happen that for
some reason not all scheduled matches in the competition will be played. Neutrality to ordinary
risk implies that, in that case, one can compare the profitability of different teams in one com-
petition by comparing them in the ‘expected’ competition where the revenues of all matches are

simply obtained as the expected value of these revenues under the given probability distribution.

5.2. Queueing games

The queueing games of [33] describe situations where a set of agents are waiting to be served on a
machine. Each agent i € N has a fixed nonnegative unit waiting cost ¢;, and the machine can only serve
one agent at a time. It is efficient to give priority to agents with a higher waiting cost (assuming all
agents have the same processing time), and the question is how agents that get priority (i.e. the agents
with high waiting cost) should compensate agents that have to wait longer in the queue (i.e. agents
with lower waiting cost). An allocation assigns to each agent a position in the queue and a (positive
or negative) monetary transfer. A rule assigns an allocation to every queueing problem. Assuming
quasilinear utility functions, where the utility of an agent for an allocation is the sum of its total waiting
cost (depending on its position in the queue) and the monetary transfer, the literature considers ‘fair’
rules for queueing problems. One of the most famous rules is the minimal transfer rule of [33]], which
associated utility function is obtained as the Shapley value of the queueing game where the worth of
a coalition equals the minimal total cost for the agents in this coalition (i.e. the cost if they are in an
efficient queue among themselves) if they are served before all other agents. Since these games are
2-additive games, where the worth of a two-player coalition equals the minimum of the waiting costs of
the two agents in this coalition (see Lemma 1 in [33]]), the minimal transfer rule is also obtained as the
nucleolus, 7-value, or proportional division of nonseparable cost of the associated queueing game.

The preference relation expresses preferences over being in different queueing problems with

different waiting costs. Beforehand, it is not clear what would be a better queue to be in. On one hand,

“Obviously, the equal-split rule does not satisfy the stronger essential team version in [[6]], who use this to characterize the

alternative concede-and-divide rule.
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having a high (respectively low) waiting cost has the advantage (respectively disadvantage) that one will
be served earlier (respectively later) in the queue. But on the other hand, having a high (respectively low)
waiting cost has the disadvantage (respectively advantage) that one has to pay a higher monetary transfer
(respectively will receive a higher monetary transfer). For this application, the axioms of Theorem 2|can

be interpreted as follows (where we take into account that this is a cost allocation game):

(i) Anonymity has the usual interpretation, implying indifference between agents with the same waiting

costs in queues with the same waiting cost distribution.

(i) An agent is isolated if and only if (i) its cost is zero, or (ii) it is the only agent with a positive waiting
cost (in which case all agents are isolated). Isolated is the worst requires that such an agent should
have the lowest contribution in the cost. This expresses that an agent with zero waiting cost can be
asked to contribute to the total cost of the queue, but cannot be exploited in the sense that it should
always be an agent with the lowest contribution. In case an agent is the only agent with a positive
waiting cost, since he should also not contribute more than the other agents, this implies that the
positive cost agent is served first, and there are no compensations for the other agents, who can

wait for zero cost.

(iii) The only star graph that is possible in this case, is a star with only one link, which means that there
are exactly two agents with positive waiting costE] Center of the star is strictly better than being
isolated, then implies that the two agents with positive waiting cost contribute at least as much (in
terms of transfer and position in the queue) as the agents with zero waiting cost. (Notice that the

total cost in a queue with at least two agents with positive waiting cost is positive.)

(iv) Neutrality to ordinary risk again considers situations of risk, now with respect to the waiting costs
of all agents. Similar to broadcasting games, suppose that beforehand it is not known what will
be the waiting costs in the queue, but the probability distribution over the possible outcomes is
known. Then, one can compare the desirability of different agents in a queue by comparing them
in the ‘expected’ queue where the waiting costs are simply obtained as the expected value of the

waiting costs under this probability distribution.

Our main result implies that the minimal transfer rule is the only utility function that represents such

preferences, and thus can be seen as a VNM expected utility function if the axioms underlying the

15 If there are two links with positive weight, say {i, j} and {i, 4}, then the cost of all three agents must be positive, and

therefore also the weight of link {j, A} is positive.

18



preferences are satisfied. Since the class of queueing games form a proper subclass of 2-additive games,

it is not obvious that our axioms characterize the class of rules as described in Proposition 2

5.3. Telecommunication games

The telecommunication games of [60] describe situations where operators of the Terrestrial Flight Tele-
phone System (TFTS) use each other’s ground stations and decide how to share the revenues from in
flight telephone calls. In the associated coalitional game, the players are the countries whose national
operators participate in the cooperation. Each country invests in ground stations to cover its area, and
in apparatus in airplanes of airlines that have their home base in this country. The contribution of a
specific country to the amount of telephone calls that are made using TFTS consists of two parts: (i)
the telephone calls that are provided with the service by the country itself, and (ii) the telephone calls
that are made from airplanes flying over the country. We can model this by w(i, j) being the revenues
of telephone calls made by airplanes of country j that are using the ground stations at country i. Notice
that in this application, the graph is not irreflexive, i.e. w(i, i) can be positive if revenues are made by
country i’s own airplanes flying over i’s own territory. As a result the associated TFTS game is the sum
of an inessential (or 1-additive) gameFE] and a 2-additive game. However, we can straightforward apply
our results also in this case[’]

In this application, a preference relation reflects the position of countries in this revenue sharing
problem. For ease of interpretation, we assume that all internal revenues are zero, i.e w(i, i) = O for all

i € N. The axioms of Theorem [2]can be interpreted as follows:

(1) Anonymity again has the usual interpretation, implying indifference between similar positions re-

garding the use of other countries’ ground stations.

(ii) A country is an isolated node if and only if its airplanes do not use other countries ground station,
and its own ground station is not used by foreign airplanes. Isolated is the worst then requires that

such a country should have the lowest share in the revenues (besides its own internal revenues).

(iii) A country is a center of the star if and only if this country is the unique country that generates
revenue with other countries (either by using the ground stations of other countries, or other coun-

tries’ using its ground station). Center of the star is strictly better than being isolated says that

16 An inessential or 1-additive game is a game where the worth is determined by singletons, i.e. v(S) = Y,cs v({i}) for all

S CN.
17This is because of additivity of the Shapley value, and thus it assigns to a TFTS game simply the worth of a country in the

1-additive game and its Shapley value in the 2-additive game.
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such a country is strictly better off than a country that does not generate any revenue with other

countries (again ignoring internal revenues).

(iv) Neutrality to ordinary risk considers situations of risk with respect to the phone calls made in
flights. Suppose that beforehand it is not known what phone calls will be made, but the probability
distribution over the possible outcomes is known. Then one can compare the profitability of
different countries by comparing them in the ‘expected’ situation where the revenues are based on

the expected number of phone calls that are made.

6. Concluding remarks

The goal of this paper is to (i) give a utility foundation to centrality measures, and in that way to connect
social network theory with economic utility theory, (ii) show that [42]]’s utility foundation of the Shapley
value also holds on the smaller class of undirected graphs or 2-additive games with applications such
as telecommunication games and queueing games, and (iii) to extend these results to digraphs which
include applications such as broadcasting (revenue sharing) games. This paper can be seen as a starting
point to build such a utility foundation of graph centrality. Since economic decision making is based
on preferences of economic decision makers, a utility foundation is fundamental for the application of
graph centrality measures in economic models.

A next step would be to analyze (economic) processes on a network and to combine utility of
positions in a network with utility generation from processes on a network. Also, we remark that,
although we assumed the set of nodes to be fixed, we can still analyze networks of different size, since
we did not assume the network to be connected. So, we can compare ‘large’ networks (for example

connecting all the nodes) with ‘small’ networks (when we have many components).

The approach followed in this paper is of crucial importance, since the interpretation of the degree mea-
sure as expected utility function for graph positions permits to compare different positions in different
graphs. Despite its simplicity, the degree measure is sufficient for measuring involvement or communi-
cation ability of an agent in the graph. Moreover, the simplicity of the degree measure is an advantage,
since only the local structure around a node must be known for calculations, for instance, when using
social survey data. Our utility interpretation is also an alternative to the usual interpretation of the de-
gree as either a myopic centrality measure that only takes account of direct relations, or as a farsighted
centrality measure in the sense that for a simple connected graph, the probability that a random walk
will be found at node i in the limit of long time is proportional to the degree of that node, see e.g., [36].

Moreover, in applications of 2-additive games, the degree measure is equivalent to the Shapley value
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which, on that class of games coincides with several other well-known solutions such as the nucleolus,
7-value and proportional allocation of nonseparable costs.

Besides its applications to Economics and Operations Research, the present paper is also related
to the literature on social networks and centrality; for surveys see, e.g. [23]], [30]], and [36].

Axiomatic approaches to the degree measure can be found in, e.g. [24], [12], and [55]], whereas
[7] characterizes the standard centrality measures within a unified framework and shows that they all are
characterized by a common set of axioms.

Besides considering the degree measure (or Shapley value) as a centrality measure for graphs
(or allocation rule for 2-additive games), we mainly considered them as utility function representing
preferences over graph (or player) positions. This generalizes the idea of ranking of nodes in a graph.
Formally, a ranking method assigns to every (weighted) graph a (complete) preorder on the set of nodes.

Ranking methods based on (out- or in-) degree are characterized in, e.g., [45]] (for the ranking by
outdegree on the class of tournaments), [13], [S6] (for the ranking by outdegree for arbitrary digraphs),
and [57]] (for the outflow ranking method for weighted digraphs). [21]] investigates ranking of items in a
graph determined by choice of utility function, whereas the network nodes are used for the ranking. [[17,
18] characterizes ranking methods based on evaluations or citations. An important difference between
such ranking methods and the topic of the underlying paper is that ranking methods only compare the
positions in one and the same network. This is useful if one wants to rank, for example, teams in a
sports competition, alternatives in a preference relation, web pages on the internet, etc. Besides such
comparisons within one network, a main goal of the underlying paper is to compare positions in different
networks. For example, we want to know if an agent prefers a ‘central’ position in a small network to
a position in the fringe of a large network. In order to answer these questions we need to be able to
compare positions in different networks. As mentioned before, although we assumed the set of nodes
to be fixed, we can compare positions in different networks, since we did not assume the network to be

connected, and thus one can compare positions in network components of different size.

We plan a number of follow-up research projects. We intend to relax the assumption of risk neutrality to
find utility foundations of other centrality measures. Another issue is how to incorporate externalities in
measuring network centrality, allowing that an agent’s utility depends on the way how other agents are
connected. As mentioned in Sections [3]and 4] it is very common for social network centrality measures
to ignore these externalities. But also in economics, as benchmark cases, often externality-free solutions
are proposed such as the externality-free solution for partition function form games in [16]], and the

externality-free solutions for river water sharing in [1]].
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Considering digraphs, we can consider more possibilities about what is the worst possible po-
sition, even when there are no externalities. For example, under the regularity axioms of this paper,
the utility function assigns zero to every isolated node in any network. For undirected graphs, it seems
reasonable to assume that being isolated is the worst position (as reflected by Axiom [I0). However,
for digraphs, it is not obvious whether it is worse to be isolated or to be connected, but having only
ingoing arcs. For broadcasting games the assumption of the underlying paper seems reasonable. But,
for example, in social choice theory the famous Copeland score ([[15]) (being the difference between the
outdegree and indegree) assumes a negative effect of a higher indegree. Also for broadcasting games, by
relaxing some assumptions we can provide a utility foundation for other rules than the equal-split rule,
such as the concede-and-divide rule that is also considered by [6]]. Besides these theoretical research
extensions, we plan to do an experimental study, both testing measures of centrality with and without

externalities.

Appendix A: The Shapley value and cooperative 2-additive games

A situation in which a finite set of players N C N can generate certain payoffs by cooperation
can be described by a cooperative game with transferable utility (or simply a TU-game), being a pair
(N,v) where v: 2V — R is a characteristic function on N satisfying v(0) = 0. For every coalition S C N,
v(S) € R is the worth of coalition S, i.e. the members of coalition S can obtain a total payoff of v(S)
by agreeing to cooperate. Since the set of players/nodes is fixed, we represent a TU-game (N, v) by its
characteristic function v.

A payoff vector for game v on N is an |[N|-dimensional vector x € RY assigning a payoff x; € R
to any playeri € N. A (single-valued) solution for TU-games is a function f that assigns a payoff vector
f(v) € RY to every TU-game v on N. One of the most famous solutions for TU-games is the Shapley

value ([49]) given by
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[19] argues that any undirected graph can be represented by a 2-additive TU-game v, where the
worth of any two player coalition is the weight of the link, and the worth of any other coalition equals
the sum of the worths of all two player subcoalitions. In other words, the TU-game v associated to

undirected graph w € ‘WG" is given by v¥(S) = 2UTCS |T|=2 v(T) As [19] shows, the Shapley value of

131n terms of the so-called Harsanyi dividends ([? ]) this can also be defined as the class of games where only two-player

coalitions have a nonzero dividend being equal to the weight of the corresponding link.
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the associated game v* assigns to every player half of its degree in w. Moreover, [60] and [14] show that
on this class of games, the Shapley value coincides with other TU-game solutions such as the nucleolus
([48]) and the T-value ([52]).

Whereas undirected graphs can be seen as a special subclass of TU-games, this is not the case
for digraphs. Without going into details, digraphs can be considered as a special class of cooperative
games in generalized characteristic function form where the worth of a coalition depends on the order
in which the players enter the coalition. From the various extensions of the Shapley value to generalized
TU-games, the outdegree measure is obtained by applying the extension of the Shapley value by [38]],
while the average of the outdegree and indegree is obtained by applying the alternative extension of the

Shapley value by [47].

Appendix B: Proofs of Section 3

In this appendix, we give the proofs of Section [3] Although the proofs follow similar steps
as [42], this cannot be seen as an application of this paper since digraphs cannot be represented by

cooperative TU-games.

Proor or ProposiTioN 1]

It is straightforward to verify that power measures as given by (6) satisfy the four properties. To show
uniqueness, suppose that power measure f satisfies the four properties, and consider w € WDV,

First, consider the empty graph «” and any graph w € WD". Additivity implies that fi(w + w°) =
fi(w) + fi(w?). Since w + w’ = w, this implies that fi(w) = fi(w) + fi(w?), and thus f;(w") = 0 for all
i € N. By the isolated node property, fi(w) = 0 for all w € ‘WZ)fV where i is isolated.

Next, take a pair i, j € N, i # j, and define (WDZ = {w e WDV | w(, J) # 0 and w(h,g) = 0 for
all (h, g) # (i, j)}, being the class of graphs where only arc (i, j) has a nonzero weight. By the isolated
node property, fi(w) = 0 for all k € N\ {i, j}. By scale invariance, there exist @, € R such that
filw) = a - w(i, j) and fi(w) = B- w(i, j) for any w € WO,

Now take any (h,g) e NXN,h # g, (h,g) # (i, ), and &’ € ”WZ)Z,. By anonymity and the class ‘WZ)Z
discussed above, we have f,(w') = @ - '(h, g), fo(w') =B+ w'(h,g) and fi(w') = Oforall k € N\ {h, g}.
Finally, consider any w € WG". For every i, j € N, i # j, define w'(i, j) = w(i, j) and w”(h, g) = 0 for
all (h, g) # (i, j). Then, additivity implies that forall i € N, fi(w) = Zhﬁ o £") = T jeng (A + filw!) =

2jeniy (@ w(i, ) + B - w(j, 1) = @ X jeniiy @0, J) + B X jenviiy @ 1) = @ - outi(w) + B - inj(w).
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Proor oF LEmma [1]

(i) This follows immediately from Axiom@

(ii) If expected utility function ¢ represents a preference relation > satisfying Axiom|[6] then for every

w,w € ’WZ);V, we have (i, w) ~ (i, w’), and thus fi(w) = ¢(i, w) = ¢(i, wW') = fi(W).

(iii) Consider w € ‘WD" and ¢ > 1. Suppose that > satisfies neutrality to ordinary risk. Taking p = 1

c?

«’ = " and considering the graph cw, neutrality to ordinary risk implies that
1 1 1 1
(i, (—cw +(1 - —)a)o)) ~ [—(i, cw); (1 = =)G, wo)]
C C C C
which is equivalent to
1 1
(i, w) ~ [—(z‘, cw); (1= =), w")} : ®)
c c
Now, let u be a utility function representing a preference relation > satisfying Axioms|T}4]from the

preliminaries. From [29], it follows that there exist ry, 71 € M with r; > ry such that an expected

utility function ¢ over the positions in a digraph w can be written as

. _ Pap(i, W) = pap(ro)
P w) = Pab(r1) = pap(ro) 2

for some a,b € M witha > (i,w) > b and a > r; > ry > b with probabilities p,;(i, w) defined

such that (i, w) ~ [pap(i, w)a; (1 — pap(i, w))b].

By Axiom@ we can take b = ry = (i, w°), and thus Pab(r0) = pan(i, W) =0forallae M.
To show that the preference relation can be represented by a scale invariant power measure, we distin-

guish the following two cases with respect to (i, w) € WO" and ¢ > 1.

Case 1: Suppose that (i, cw) > rIET]

Take @ = (i, cw). Then by @) ¢(i, cw) = pﬁi&rcf;) = 5:&(:?) = 5t

By (8), we have (i, ) ~ [, cw); (1 = 1)(G, )], 50 pap(i, ) = L. But then fi(w) = (i, w) = 2254) =
% . m = %g{)(i, cw) = % fi(cw). So, scale invariance is satisfied in this case.

Case 2: Suppose that r; > (i, cw).

Take a = r;. Then pgp(r1) = 1, and so ¢(i, cw) = pap(i, cw). By , we have (i, w) ~ [%(i, cw); (1 —

H(i, ] ~ L pap(i, cw)a; (1 = pap(i, cw)bl; (1 = 1)(i, )] = [Lpap i, cw)a; (1 = L pap(i, cw))b], where

19 Although [42] takes specifically that r, is the unanimity game with player i as only nonnull player, we do not specify r;. It
is sufficient that there exists a graph position that is strictly preferred to being in the empty graph, as is guaranteed by Axiom

With the center of the outward oriented star graph (i, ').
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the equality follows from the third equality in and the fact that we took b = (i, w°). So, Pab(i, W)

%pab(i, cw). Then, by @} we have ¢(i,w) = pup(i,w) = %pab(i, cw), and thus fi(w) = ¢, w)

% Pab(i, cw) = %qﬁ(i, cw) = % fi(cw). So, scale invariance is also satisfied in this case.

To prove that the preference relation can be represented by an additive power measure, consider any
w,w € WDY. Note that for every i € N, neutrality to ordinary risk implies that (i, %w + %w’) ~
[3(, w); 3(i, )] and thus ¢(i, 1w + F0') = $([3(i, w); 1, )]) = (i, w) + 3¢(i, ), where the first
equality follows from neutrality to ordinary risk and the second from . But then fi(w+w’) = f,-(2(%w+
30) = 2fi(30 + 30') = 20, 0 + 30) = 2360, w) + 3¢, @) = $(i, w) + $(i, W) = fi(w) + fi(w),

where the second equality follows from scale invariance of f. So, additivity is satisfied.

Proor or THeorEM 1]

To prove the ‘only if” part, note that it follows from Lemma || and Proposition [I| that, if expected utility
function ¢ represents a regular preference relation that satisfies Axioms [S}fg] then these preferences can
be represented by a utility function ¢(i, w) = @ - outj(w) + § - inj(w) for some @, 5 € R. Then Pi(w®) =0
for all i € N. By Axiom |7} it must hold that ¢(i, ') = a(IN| - 1) > 0 = ¢(i, w), and thus @ > 0. By
Axiom [6} it must hold that ¢(j,w') = 8 > 0 = ¢(j,w°) for all j € N \ {i}, and thus 8 > 0. By scale
invariance, we can rescale such that @ + 8 = 1, and thus the preferences can be represented by a utility
function ¢(i, w) = @ - outi(w) + (1 — @) - in;(w) for some a € (0, 1].

To prove the ‘if” part, let > be the preference relation based on ¢(i, w) = @ - out;(w) + (1 — @) - in;(w) with
a € (0,1],i.e. (i,w) = (j,w') if and only if @ outj(w) + (1 — @) - inj(w) > a-outy(w’')+ (1 —@)-ini(w’). Itis
straightforward to check that > satisfies Axiom@ Axiom@follows since (1) a-out;(w)+(1—a)-in;(w) = 0
for all w € WD, and (ii) @ - outi(w’) + (1 — @) - iny(w’) = 0 for all ' € WD, Axiom[7|follows since
@ - outi(w') + (1 — @) - inj(w') > 0. Finally, to prove neutrality to ordinary risk, consider w, w’ € woN
and i € N. Then, for p € [0, 1] we have ¢(i, pw + (1 — p)w’) = a - outi(pw + (1 — p)’) + (1 — @) -
mi(pw + (1 = p)o’) = @ - outi(pw) + a - outi((1 - p)o’) + (1 - @) - ini(pw) + (1 — @) - ini((1 - p)o’) =
pa - outi(w) + (1 = p)a - outi(w') + p(1 — @) - inj(w) + (1 = p)(1 — @) - iny(') = p(a - outy(w) + (1 —a) -
ini(w)) + (1 = p)a - outi(w") + (1 — @) - ini(w") = pe(i, w) + (1 = p)(i, ) = $([p(i, w); (1 = p)(i, W),
where the last equality follows from (5). O

25



Appendix C: Logical independence of the axioms in Theorem I

In this appendix, we give four regular utility functions representing preference relations over graph

positions that each satisfy three, but not all four, of the additional axioms in Theorem 1]

1. Consider weights (@;);ey such that @; € (%, 1] for all i € N, with a; # «; for at least one pair of
nodes, and consider the utility function over graph positions ¢(i, w) = a;outi(w) + (1 — a;)in;(w)
for all (i, w) € N x WD . The associated preference relation satisfies isolated is the worst, center
of the star is strictly better than being isolated, and neutrality to ordinary risk. It does not satisfy

anonymity.

2. Consider the utility function over graph positions ¢(i, w) = out;(w) —in;(w) for all (i, w) € N X WDV,
This is known as the Copeland score ([[15]). The associated preference relation satisfies anonymity,
center of the star is strictly better than being isolated, and neutrality to ordinary risk. It does not

satisfy isolated is the worst.

3. Consider the utility function over graph positions ¢(i,w) = 1 for all (,w) € N x WD". The
associated preference relation satisfies anonymity, isolated is the worst, and neutrality to ordinary

risk. It does not satisfy center of the star is strictly better than being isolated.

4. Consider the utility function over graph positions ¢(i, w) = 1 if i is the center of (a multiple of) a star,
i.e., w(, j) > 0forall j € N\ {i}and w(j,k) =0forall j€ N\ {i} and k € N\ {j}, and ¢(i,w) = 0
otherwise. The associated preference relation satisfies anonymity, isolated is the worst, and center
of the star is strictly better than being isolated. It does not satisfy neutrality to ordinary risk.
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