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Self-management of ROV umbilical using sliding
buoys and stop

Christophe Viel*

Abstract—The umbilical of Remote Operated Vehicle (ROV) has
two main problems: it is subject to entanglement with obstacles or
itself, and its shape is difficult to predict for the navigation. To address
these issues, this article proposes a passive self-management of an
ROV’s umbilical, suitable for underwater and seafloor exploration.
By adding two buoys moving freely on the umbilical, the described
method avoids self-entanglement of the cable by stretching it, and
gives it a predictable shape. A fast time computational model of the
cable is proposed to provide feedback to the operator. The buoys
move on their own to keep the cable taut without a motorized
system, making this method easy to adapt to existing ROVs with few
constraints on their navigation. Simulations and experimentation in
pool show the effectiveness of the method. The influence of currents
is discussed.

Keywords—Underwater robotics, cables cables

model

management,

I. INTRODUCTION

The Remotely Operated Vehicle (ROV) are submarine
robots linked by underwater umbilicals to a control unit or
a Human-Machine interface. This cable allows to transmit
information in real time in both directions (see [5], [18]),
to supply the robot with energy, to maintain a lifeline with
the robot to avoid losing it [17]. However, umbilicals present
several problems, such as collision with external objects,
entanglement, inertia and drag forces impacting navigation,
cable breakage, etc... which makes it a compromise between
its constraint and its advantages [6].

Knowledge of the umbilical’s shape has two main interests:
to design the umbilical parameters to limit weight and
entanglement problems, and to help the operator to prevent
entanglement with an obstacle during the dive. To provide
feedback on the position and shape of the umbilical, this
one can be modeled, equipped or instrumented. Two main
categories of methods can be observed in the literature:
detection of the umbilical, using vision [14], [15], [16] and/or
sensor placed directly on/in the umbilical [7], [10], and direct
modeling of the umbilical using only the boat and ROV
positions [11], [12], [9]. The main advantage of the first
category is that an accurate model can be obtained in real
time, but the equipment are often expensive and complex to
install. In contrast, modeling strategies are cheap, but often
less accurate and can not always provide real-time results.

Several methods exist to model the shape and dynamic of
the cable, from the simplest geometrical model like catenary
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curve [19] or the chain of segments [11], to the finite-element
methods [9]. Geometrical models are ideal for simulating
a large number of segments in real-time and are memory
efficient when an accurate physical model is not required. In
opposite, the Lumped-mass-spring method [4], [12], [13] and
the segmental methods [8], [9], [2] provide accurate results
but with significant computational time. The first method
models the umbilical as mass points joined together by
massless elastic elements, the second describes the cable as
a continuous system and numerically solves resulting partial
differential equations.

The umbilical can also be equipped to better managed it.
A TMS (Tether Management System), a underwater winch
controlled by a human operator and attached to the ROV
cage [1], can thus be used to regulate the amount of tether
and thus keep the umbilical taut. However, this system is
heavy for the cable, and operating it can be a complex task,
so several works attempt to automate it or replace it with
another vehicle such as a USV [20], a secondary ROV or
multiple ROVs [16], or a motorized plug/float assembly [3].
The main inconvenient of these methods is that they must
be managed automatically or by an operator in real time,
which implies the necessity to know ROV’s parameters that
are sometime difficult to obtain.

This paper proposes passive self-management strategies of
the umbilical of an ROV for underwater exploration using
mobile buoys without motorization. Since the shape of the
umbilical can be complex to predict when it can move freely,
we propose to add sliding buoys, separated on the umbilical
by stops, to stretch the cable and assimilate its shape to
straight lines simple to model. This work extends previous
work [21] by adding the concept of stop inside the cable and
eliminating areas where umbilical could not be stretched. The
main contributions are

« a passive self-management of the umbilical using sliding
buoys and stops to stretch it without motorization nor
TMS, allowing the ROV to evolve without risk of self-
entanglement,

« a method simple to add to existing ROVs with a light and
simple setup thanks to its passive attribute,

e an umbilical shape adapted to the sea and seafloor
exploration with the presence of large obstacles,

e a model of the umbilical simple to compute in real
time, helping the operator to prevent collisions with
environmental obstacles.



In opposite with [3], the buoys are not motorized and move
by themselves to keep the cable taut using only weight
and Archimedes force. The umbilical is modeled using
geometrical relations and the Fundamental Principle of Static
(FPS) for a computationally faster and lighter approach
than than lumped-mass-spring method or segmental methods
studied in [4], [8], [9], [12].

The problematic and the hypotheses taken in this paper are
described in Section II. The strategy of management of the
umbilical is presented in Section III. The subsections III-A
and III-C described its geometrical and dynamical model.
Restricted areas guaranteeing the umbilical is always taut
are described in Section III-E. The forces applied on the
system are described in Section III-G. Finally, a choice of the
parameters is proposed in Section III-H. The Section IV and V
discuss of the validity of the previous models and hypotheses
taken, based on experimentation. Finally, the Section VI
concludes this work.

II. PROBLEMATIC AND HYPOTHESIS

Consider the referential R where the vertical axis is oriented
to the ground such that y = 0 corresponds to the sea level and
Y1 > yo means that y; is deeper than y». Let O = (0,0)
and R = (z,y) be the boat’s and ROV’s coordinates. The
umbilical is attached between O and R.

In absence of tension, a cable will take on an irregular
shape. To prevent the cable from moving freely and becoming
entangled with itself or its environment, a technique mostly
used for shallower dives is to hang a ballast at a fixed
length on the umbilical to stretch it between the boat and
the ballast. However, when the ROV is too close to the
ballast, the cable between them takes the shape of a bell,
subject to entanglement. In order to keep the umbilical taut
independently of the robot’s position, we proposes to equip
the umbilical with others elements.

A ballast or a buoy tied to a cables, called “fixed”,
can usually only stretch one part of it, both in particular
configuration. However, a ballast/buoy moving freely along
the cable, called it “sliding”, will always find its position
at the lowest/highest point, corresponding to its minimum
potential energy, where it stretches both parts of the cable
simultaneously. Thus, an succession of sliding ballast and/or
buoy on the umbilical is an interesting solution to stretch it.
However, each sliding element must be restrained to a specific
part of the cable with stops to prevent the elements from
staying in contact at the same minimum potential energy. This
paper proposes a configuration to stretch the umbilical using
an anchor and two sliding buoys, without motorization nor
TMS, simple to set up. The shape of the umbilical is so
similar to predictable straight lines. The main advantage of
using only sliding elements and not combination of sliding
and fixed elements as in [21] is that it allows the umbilical to
be stretched in all situations since the buoys don’t reach the
surface or ballasts touch the seafloor.

The following assumption are considered in all the study:

Al) The forces applied on the umbilical due to its

mass/buoyancy are negligible compare to the action made by
the sliding buoys and the anchor.

A2) The length of the umbilical is such that it is reasonable
to neglect its length variation, considered as constant.

A3) When the umbilical is taut, its geometry can be
assimilated to straight lines between defined points, here the
buoys, the boat and the ROV. The rigidity of the cable can be
modeled by a minimal angle 6,,;, between the straight lines,
described in [21].

A4) Consider the ROV, boat and anchor are strong enough
to compensate action of the cables and buoys, and therefore
remain stationary. (x,y) is so fixed when ROV is not moving.

AS5) Let Fyi = (pwater Vo, — Mu;) § + Feyp, be the force
of the buoy b;, with my, its mass, V3, its volume, pyater
the density of the water, and F,, ; be the force exerted by
the vertical current applied to the buoy’s position such that
Feyp; < 0 pushes down to the seafloor and F, ;, > O pushes
up to the surface. It is assumed that the buoy’s buoyancy is
stronger than its weight and current forces, i.e. Fp, > 0.

A6) Consider the sliding buoys move freely on the umbilical
without friction.

A7) The end of a cable connected to an anchor or to the
boat is assumed to be perfectly fixed. A cable connected at
both ends by the boat and the anchor does not need to meet
the Assumption A1-A3.

A8) Consider absence of horizontal current in this study.

The validity of these hypotheses in practical cases will be
discussed in Sections IV and V. To solve several systems in
this paper, the following Theorem 1 is defined.

Theorem 1. For the known parameters x, 1, > 0, I > 0,
Aap > 0, the solution of the system

x = lgsin (0,) + lpsin (6y) 0
tan (6p) = Agp tan (6,) .
can be expressed such
1) if Aoy = 1, one has 0, = 6, and sin (6,) = (laf‘lb)
2) if Agp # 1, one has
sin (9(1) = F(‘ralaalbaAab) (2)
0y = atan (Agp tan (6,)) 3)
where
F(x,ly,lp,Aap) = min (| X;]) sgn (x) 4

i€[1,2,3,4]

_2_ _2
{Xl_ VU 3A2 \/AY17X2:\/U 3A2+ Avi if Ay1 >0

X1 =00,X2=00 else,

)
{X;;—VU?’? \/AY?7X4:*—VU*§;*+AY2 if Ays >0

X3 =00,X4 =00 else,

6

or A = —(U+44+ 28 )andA =
f Y1 < 3 \/@ Y2
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Fig. 1: Geometrical parameters. Right: B1 in contact with S.

Left: B2 in contact with S. The black, blue, cyan, magenta,

red lines correspond to I, l11, 112, l21, l22. Here, Fyo = 2Fy;.

B 44 2B .
<U+ 34 \/@) with

e® (A%, —12)

= T512 T 72 0A2 1y 7
212 12(A%,-1) %)
12+ A2
B = _aibabm (8)
(A% — 1)
C = !t + a? (l(zl - llgAgb) 9)
= 1604 412 (A%, - 1)
+ 1
(—%+ §+§)3+(—%— §+§)3 if Ay >0,
27
Ve if Au =0
10)
with Ay = %4‘%?7’,]9 = —40—%2andq = %4-

The proof of Theorem 1 is provided in Appendix A. Remark
if several configurations must be considered in Theorem 1, a
solution always exists and is analytic, so can be evaluated
quickly.

III. UMBILICAL FOR SEAFLOOR AND DIVING
EXPLORATION

This section proposes a configuration adapted to the seafloor
exploration, where the anchor is placed on the ground or few
meters higher. The umbilical is taut by two buoys, keeping it
far from the seafloor and so a potential obstacle.

A. Geometrical model and restricted areas

1) System description: The following parameters are
illustrated in Figure 1. The umbilical of length [ is divided into
three parts: the first part [y = ||OA|| between the boat O and
an anchor A, the second part I; = || AS|| between the anchor A
and the fixed stop S, and the last part l> = ||SR)|| between the
stop S and the ROV R. A first buoy B1 can move freely on the
cable [; between A and S, and a second buoy B2 can move
freely on the cable [, between S and R. The length [; can
be divided in two lengths /117 = ||AB1|| and l15 = ||B1S]|
on each side of the buoy B1 with Iy = Ily; + l12, and the

length 5 can also be divided in two lengths ly; = ||S B2||
and lso = || B2 R|| on each side of B2 with Iy = lo; + los.

Let v be the oriented angle between the anchor and the
buoy B1. The oriented angles o and /3 are respectively the
angles between the buoys B1 and B2, and between the buoy
B2 and the ROV. Let define Fj; and Fjo the force applied on
the umbilical by the buoys B1 and B2, respecting assumption
AS.

According to Assumption A7, [y is immobile and doesn’t
need to respect the Assumptions A1-A3: [y can thus takes all
the cable deformation due to its length for a deep dive for
example. Let’s (x4,y4) = (0,lp) be the anchor’s coordinate.

Note that a reverse model to this one, with ballasts instead
of buoys, can be used to explore near the surface, see Figure 3.

B. Parameters constraints

Let define yqoor the minimum depth, ¢.e. the seafloor or a
rock). Since the buoys B1 and B2 make the umbilical floating,
the anchor is the lowest element and so [y must respect

Y

where |y = ypoor induce the anchor is placed on the seafloor.
The buoy B1 must not reach the surface for the cable /; to
remain taut. Thus, [y and [; must be limited to

l 0 S Yfloor

lo > 11 + max ([hp1, hep2]) (12)

where hy; and hyo are respectively the height of the submerged
part of the buoy B1 and B2 when it floats freely on the
surface. Finally, to ensure that it is possible to keep the cable
stretched at z = 0, one must have

l2 S lO - ll + Yfloor- (13)

1) Configuration areas: In function of the ROV position,
the buoy B1 can be in contact with the stop S or the anchor
A, and the buoy B2 with the stop S, the ROV or the surface.
In some configuration, one buoy can move on its cable without
being in contact with something, but since the two buoys try
to raise to the surface, it is impossible to have the both in
the same time: one buoy is always in contact with the stop.
Six areas corresponding to specific umbilical configurations
plus the inaccessible area can so be observed, illustrated in
Figure 2. The existence and the position of some areas depend
of the parameters [y, [; and [, but also buoys’ force F3; and
F b2-

The following areas exist in all cases:

o Area Al: first main area for sea exploration. The buoy B1
is in contact with the stop S and the buoy B2 can move
freely on cable ls. One has ly; = [y, l1o = 0, lo7 > 0,
loo > 0.

o Area A2: second main area for seafloor exploration. The
buoy B1 can move freely on cable /; and the buoy B2
is in contact with the stop S. One has l1; > 0, 12 > 0,
lor =0, lag = lo.

e Area D1: the buoy Bl is in contact with the stop S and
the buoy B2 is in contact with the ROV. One has [y, = [,
112 = 0, lgl = l2, l22 =0 and B =0.



o Area D2: the buoys B1 and B2 are in contact with the
StOp S. One has l11 = ll, 112 = O, l21 = O, 122 = 12 and
a=0.

o Area D3: the buoy Bl is in contact with the anchor A and
the buoys is in contact with the stop S. One has 11 = [1,
l12 = 0, l21 = O, 122 = 12 and o = 0.

o Area F: area inaccessible to the ROV due to the umbilical
length.

If lg — (I + hp2) < lo, the buoy B2 can reach the surface for
some ROV position. Thus, the following areas exist:

o Area B: the buoy B2 is on the surface but the buoy B1
can still taut the cables [; and I5, such ly; > 0, l99 > 0.

e Area C: the buoy B2 is on the surface and the buoy
B1 can not taut the cable [5. This configuration must be
avoided by the ROV.

The umbilical is perfectly taut in all configurations except in
area C: the ROV must not enter in this area to avoid the
appearance of entanglement.The shape of the areas depends
of different parameters, as it will be shown in Section III-E.
However, only the areas C and F are required to control the
ROV without risk of entanglement, others areas are required
only to model the umbilical shape.

2) Main advantage and inconvenient of studying
configuration One observes this strategy can switch
with two main configurations: the sea exploration in area Al,
and the seafloor in area A2. As illustrated in Figure 2b, the
area A2 is interesting to explore the seafloor because /32 can
be kept the most vertical possible while the buoy B1 keeps
the cables 17 and l;5 far from the seafloor, avoiding collision
between obstacles and the umbilical. The ROV can so dive
between obstacle without risk. Note [y can be chosen such
the anchor is on the ground or few meters higher, in function
of the obstacles’ size. To keep l25 the most vertical possible,
it is recommended to take the buoy B2 stronger than Bl
and [ shorter than [;: as more described in Section III-H, an
interesting configuration is to keep a ration ?—Zf = %

Disadvantage of this method are 1) it is not adapted to
explore close to the surface of the sea, 2) the actions of the
two buoys created more forces on the ROV. Remind a reverse
model of this method, with ballasts instead of buoys, can be
made to explore close to the surface, as illustrated in Figure 3.
This configuration is interesting when the surface is hilly like
for example in a harbor, under the ice or in underground caves.

3) Geometrical model: Since the ROV can not go higher
than the sea level, the ROV can move inside the circle
C(A,l; +13) of radium Iy 4 I and center A while y > 0,
i.e. the ROV stays inside the water. In a configuration where
the umbilical is taut, 7.e. the ROV is not inside areas C or F,
the system can be expressed such

x =l11sin (y) — (I12 + l21) sin («) 4 lag sin (B) (14)
y =1lo—l11 cos (7) + (l12 — l21) cos () + lag cos (B) (15)
Iy =111+l (16)
la =121 + 122 (7

where [; and [, are fixed and known, [y > 117 > 0, [; > l15 >
0,1l >1lo1 >0and Iy > los > 0.

JE==J0 ~J ,E==j0 <7
L B DN
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N F \
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g ~J o\ § M AN
S 4 s
g h AN g Ly N\ BaDp2 N\
> lo i \ \ = Ly N \
* \ i SN\
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AY ) A I
A
A2 -1 - R
" A2 7
12 " )
4 /153
= -15
2 ] 2 4 6 8 10 12 -2 0 2 4 6 8 10 12

x position x position

(a) Case lg < la+11 +hpa, l1 = 3z (b) Case lp < log+11+ hpo, 11 = 3l2
and Fpo = 3Fp;. Area Al: buoy Bl and Fpo = 3F};. Area A2: buoy B2
is in contact with the stop, i.e. 11 = is in contact with the stop, i.e. 21 =

l1, l12 =0. 0, l22 = l2.
J==Jo T~ T ] = IR
B. \.\ B ~ F
D1 s | N
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N 14
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(c) Case lg < la+11 +hpa, l1 = 3ls (d) Case lp < log+11+ hpo, 11 = 3l2
and Fpo = 3Fp;. Area D2: buoy Bl and Fpo = 3Fp;. Area D3: buoy Bl
and B2 are in contact with the stop, is in contact with the anchor and B2
i.e. 111 = l1, l12 = 0, l21 = 0, with the stop, i.e. l11 =0, l12 = 1,

122 = lg. l21 =0, 122 = 12~
J==J9 ¢, =40
,,,,,,,,,,,,,,,,,,,,,,,,,
F
2 T T TN
2 S, B2
NN
A== Al AN R
< P N
2 5 2 1 \\I*
H H N
g 1 g W\
=, o > 6 Bl AR
lo N
J \
10 A 8 1 S \\
1 -T~
12 10 A s 4
hd s D2 )
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x position x position

(e) Case lg < la+11+hpa, l1 = 3la (f) Case lg > lo + 11 + hpo, 2 =

and Fpo = 3F};. Area B: buoy Bl is 2[1 and Fp; = 2Fp9. Area DI1: buoy

in contact with the stop and B2 with B1 is in contact with the stop and B2

the surface, i.e. [11 = 0, l12 = [7. with the ROV, i.e. [11 =11, 12 =0,
la1 =12, lo2 = 0.

Fig. 2: Parameters for diving exploration. A is the anchor,
M 1is the fixed ballast and B the sliding buoys. The black,
blue, green, magenta, red lines correspond to Iy, 11, {12, lo1,
2. Black dash line: area where the ROV can move with its
umbilical length. Remark the position of area D2 changes with
umbilical parameters, and areas B and C don’t exist when
lo > lo + 11 + hpa.
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Fig. 3: Reversed model using sliding ballast instead of buoys

Since the buoy B2 is not in contact with the stop or
the ROV, i.e. inside the area Al or B, its position is on
the ellipse & of centers B1 and R with the two radius %2

(Lz)Q _ (z=p1)*+(y—ye1)?
2 1

and , where (xp1,yp1) are the
buoy’s B1 coordinates. In absence of horizontal current, the
ellipse properties show that

a=-p

Else, B # « and one has o = 0 if the buoy B2 is in contact
with the stop, and $ = 0 if the buoy B2 is in contact with the
ROV.

In the same way, since the buoy B1 is not in contact with
the stop or the anchor, i.e. inside the area A2, its position
is on the ellipse & of centers B2 and A with the two radius

2 _ 2 _ 2
% and \/(%) _ (za—zp2) I(y“ yB2)” \where (xB2,yp2) are
the buoy’s B2 coordinates. In absence of horizontal current,

the ellipse properties show that

if (z,y) € area Al or B. (18)

a=—v if (z,y) € area A2. (19)

Else, v # « and one has v = 0 if the buoy Bl is in contact
with the anchor.

Since (x,y) are known, the system (14)-(16) has 7 unknown
parameters. From Section III-B1 and relations (18) and (19),
many parameters of the system (14)-(16) can be simplified
in function of the area where the ROV is located. These
simplifications are enough to solve the system in all areas
except in areas Al and A2 where a last equation is missing.
This missing equation can be found by studying the dynamic
of the system, as exposed in next Section III-C.

C. Dynamic model in areas Al and A2

In this section, cases where the ROV is inside the area A1 or
A2 are studied to solve the system (14)-(15). Results exposed
in this section are only valid in respectively areas Al or A2.
Others areas will be studied in next sections.

The dynamic of the system is studied at its equilibrium.
Neither buoy touches the surface. Considering Assumption Al,
let perform the FPS on B1 and B2, as illustrated in Figure 4:

(20)
21

SpiF = —Fpg+ T, + T
SpoF = —Fyif — Ts — Th

where T, T and T} are the tension of the umbilical applied
on the buoys.

— 0 0 =
F, Fb2 Fhl
bl 2
c -2 5 F
o =
= R 3 T1 b2
8 4 84
g Tl T3 T;% > TZ S
T
5 6 A 3
A |
[\ 8 Y R
-8 -
2 0 2 4 2 0 2 4 6
X position X position

(a) Area Al with [; = Io (b) Area A2 with I; = 4lo

Fig. 4: Forces applied in areas Al and A2. Here, Fyo = 3Fp;.
The black, blue, green, magenta, red lines correspond to [y,
111, l12, l21, lo2. Black dash line: boundary with area F.

Studied of FPS in area Al: Consider first the area Al, as
illustrated in Figure 4 a. The buoy Bl is in contact with the
stop and the buoy B2 can move freely on /3, so one has (18).
Following steps described in Appendix C, one can show that

tan (8) = A1 tan ()

where Ay = 2;—;’7; + 1 and remark A4 > 1.

Studied of FPS in area A2: Consider now the area A2, as
illustrated in Figure 4 b. The buoy B2 is in contact with the
stop and the buoy B1 can move freely on /1, so one has (19).
Following steps described in Appendix D, one can show that

tan () = Az tan ()

if (z,y) € area Al (22)

if (z,y) €area A2  (23)

where A g9 = TPl and remark 1 > Ay > 0.

7,
202
Fyp1

D. Umbilical model solved in area Al and A2

In this section, let’s consider the ROV is inside the area Al
or A2. The Theorem 2 and 3 describes the value of parameters
v, @, B, l11, l12, 21 and lao. For this section and the following
ones, let not v41 and 42 the evaluations of « inside the area
Al and A2, as described in the following theorems.

Theorem 2. Consider the system (14)-(15) with
(@,9) € [= (L +12), (L +12)] x [max ([0,1p — (I1 + 12)]) ,{]
and where (x,y) is inside the area Al, i.e. l11 =1, l12 =0,
lo1 > 0, loo > 0. Considering also the absence of horizontal
current, i.e. (18) and (22) are true. The angle v can be
expressed as vy = ya1 such

a) if x = 0, the only geometrical solution is ya1 =0,

b) else, ya1 can be expressed such

sin (ya1) = F (2, 11,12, A1) (24)

where F (xz,11,1la, Aa1) is solution exposed in Theorem 1.
The other parameters can be expressed such

B = atan (A 41 tan (ya1)) (25)
la  y—1lo+1icos(var)
Iy = 2 26
27 2 cos (B) (26)
and l22 = 12 — 121, o = —ﬂ.



The proofs of Theorem 2 are described in Appendix E and

F.
Theorem 3. Consider the system (14)-(15) with
(z,y) € [= (L + 1), (L +12)] x [max ([0,1p — (I + 12)]) . {]

and where (x,y) is inside the area A2, i.e. 113 > 0, l12 > 0,
lo1 =0, log = lo. Considering also the absence of horizontal
current, i.e. (19) and (23) are true. The angle v can be
expressed v = a2 Such

a) if x = 0, the only geometrical solution is y42 = 0,

b) else, yao can be expressed such

sin (ya2) = F (11,12, Aaz) (27)

where F (x,11,la, Aas) is solution exposed in Theorem 1.
The other parameters can be expressed such

B = atan (A 42 tan (v42)) (28)
_h lo—y+lacos(B)
= 2 2 cos (Y42) 29

and lig = 1y — 11, o = —y42.

The proofs of Theorem 3 are described in Appendix G and
H.

Theorem 2 and 3 propose analytic solutions which always
exists and the solution is analytic.

E. Boundaries of the areas

This section presents the different boundaries, where the
areas Al and A2 are defined as the default configurations. The
calculation of these boundaries is described in Appendix I.

The boundary y,req g (x) between the areas Al and B
correspond to the depth where the buoy is in contact with
the surface, so y = lag cos (8) + hpa with I > 0. The area B
does not exist if o < lo— (I1 + hp2) because the buoy B2 can
not reach the surface without come in contact with the ROV
(area D1). Following steps from Appendix I1, y4req () can
be expressed as

Yarea B (l’) =
0 if 5 < l() — (11 + hbg)

ly+1q —1)sin 1(x 2
- q 2+ y/1 (A%, 1) sin(ra (@)

V1+A% ] tan(ya1 (2))?

—lo + 2hy2, hiz)) else.

(30)

Inside the area C, the buoy B2 is on the surface and the
cable [ is vertical (v = 0), so the buoy B1 can not taut
the cable /5. Following steps from Appendix 12, the boundary
Yarea ¢ (x) between the areas C and B can be expressed as

Yarea C (.f) -

max ({\/l% —x2 41
—lg + 2hyps, hbg]) if (x<l)&(a>1lp—(I1+ hbg))
hbg if (l‘ > lg) & (12 > lo — (ll —+ hb2))
0 else.
(31)

Inside the area D1, the buoy B2 is in contact with the ROV
and the buoy B1 in contact with the stop: one has l1; =
li, 12 = 0, lss = 0 and ly; = [5. Following steps from
Appendix I3, the boundary y,,cq p1 (z) between areas D1 and
Al can be expressed as

Yarea D1 ({17) =
2 . 2
l ll\/l—i- (A%, — D) sin (a1 (2))” + 1o
0 —
\/1+A L tan (va; ()

max

)

(32)

Inside the area D2, the buoys B1 and B2 are in contact
with the stop, so l17 = I3, l12 = 0 lse = Iy and l9; = 0.
The ROV can enter inside the area D2 from area Al or
area A2: two boundaries must so be defined. Following steps
from Appendices I4 and I5, the ROV is inside the area D2 if

Yarea A1—D2 (.T) S Yy S Yarea A2—D2 (ZL’) such

Yarea A1—D2 (

—h \/1 +( Al
lo +

) sin (ya1 (a:))2 + 15

max )
et
(33)
and
Yarea A2— DQ(
fl 1+ (A ) sin (ya2 (x Sy
. M o= Dsin O (@) 4o
\/1+A?42tan(7A2( )?
(34

Inside the area D3, the buoy B1 is in contact with the anchor
and the buoy B2 with the stop: one has ly; = 0, 112 = I3,
loos = Iy and ly; = 0. Following steps from Appendix I6,
the boundary Yureq p3 (x) between area D3 and A2 can be

Yarea D3 ( ) =

expressed as
l1y/14 (A
(b )

V1 + A%, tam (142 (2))?

Finally, since the area F corresponds to the limit of the
umbilical length. Following steps from Appendix 17, the ROV
is not inside the area F if ygrea 71 (%) < ¥ < Yarea r2 ()
where

Yarea F1 (T) = max (lo -/ (L + 12)2 — x2, O) ., (36)
x) =1log+\/(l1 +12) 7 a2,

The limits Yoreq 5 () and Yareq ¢ () between areas B and
C described above take into account the geometries of the buoy
B2 which, in practice, hang above the umbilical (in Figure 2,
one has hys = 0. Note if hys > 0, areas B and C are only
lower of hys). Above the limit y = hpo, the buoy floats freely
and can not provide enough tension in the cable to predict the
shape of this one.

)sin (72 (2))* + L2

Yarea F2 (37)



One observes that the area B converges to area C when
the ratio ?—:; increases, while the area C changes with the
discrepancy between [y, I; and [5. Note both does not exist if
lo <lp— (I3 + hp2). Remark also the areas C and F' depend

only of ly, /1, I3 and z, so can be easily modeled.

E. Umbilical model solved for all areas

As exposed in Section III-E, the different areas must
be considered because they represent particular geometrical
configurations.

For y # o, let define the parameters

apbp — \/ahbh — (1 +b%) (a2, — 1)
X 38
1D = (1 i b2 ) ( )
b 202 — (1+ b2 21
Xop = apbp + /apbp, (2 +bp) (ap — 1) (39)
(1+05%)
with ap = = Do) H T g bp = ;% In the same way,

2(y—lo)h
let define for y > 0 the parameters

anb a2 b2 1+62 -1
X,p= BB~ V B(1+b2) ) (0 —1) (40)
apbp +/ajbL — (1 +b%) (% — 1
X,y = 2808 \/B(Bi+l()2) B)(ap —1) (41)
24 (loty—2hy2) +13 =12 _ o
where ap = gt =oE =2 and by = o ta.

Let’s also define the conditions

TlB == (aB — bBXlB == \/@)
TQB =\|\ap — bBXQB == \/@) (43)

(42)

(

<aD ey — —M) (44)
- (aD CbpXap == —@) (45)
- (aD by Xyp == m) (46)

(aD CbpXap == \/@) L@

The following Theorem 4 exposes the evaluation of the
parameters 7y, «, 3, l11, l12, lo1 and ls5 in function of the
area where the ROV is located.

Theorem 4. Consider the system (14)-(15) for
(LL', y) S [— (ll + 12) R (ll + 12)} X [max ([OJO — (ll + 12)]) s l]
and Yarea 71 () < Y < Yarea r2 (z). Considering the absence
of horizontal current, one gets

(1) if Y < Yareac (x), the ROV is inside area C: the model

is not valid and the system (14)-(15) cannot be solved.

(2) else lfy > 0, Yarea B (.’E) 7& 0 and Yarea C (QC) <y<
Yarea B (X), then (x,y) is in the area B and one has 111 = 3,

12 =0, loy =lg — I3, B = —a and

sin (75) =
X1iB if (Tip ==True)& (Top == False)
XoB if (Tvp == False)& (Top == True)

min ([X15, X2g]) i (Tip == True) & (Top == True)
(48)

la (y — hi2)
lo — 1y cos (vB) + (y — 2hp2)

B = sgn (x) acos ((y — 2M) + 50 —hicos (73)) . (50)
2

lag = (49)

(3) else if y = 0 or Yy < Yarea D1 (), then (x,y) is in the
area DI and one has lll = ll, l12 = O, 121 = lQ, l22 = 0,
B =0,v=vp1 with

sin (yp1) =
2 2 2
i ify=1l
X1D lf (T1D == TTU@) & (TQD == False)
Xop if (Tip == False) & (Top == True)

min ([X1p, Xep]) if (Thp == True) & (Top == True)

(51

—y+1y — Iy cos (’)/Dl)> (52)

a = —sgn (x) acos <
l2

(4) else ifyareaAl—DQ (1') < Y < Yarea A2—D2 (JU) , then
(z,y) is in the area D2 and one has 111 =11, l12 =0, [51 =0,
lgg = lg, o = O,

sin (yp2) =
. iFy=1o
Xip if (Tip == True)& (Top == False)
XQD lf (TlD == False) & (TQD == True)

min ([X1D7 XQD]) lf (TlD == True) & (TQD == True)

(53)

(54)

B = sgn(x) acos <y —lo+licos (’YD2)> .

la

(5) else if Yareaps () < vy, then (x,y) is in the area D3
and one has 111 = 0, l1o =13, log =0, lag =13, v =0,
a = aps such

sin (—aps) =
Xip if (Tsp == True)& (Tup == False)
Xop if (Tsp == False) & (Tup == True)
min ([X1p, Xop]) if (Tzsp == True)& (Tup == True)
(55)
B = sgn (x) acos (y —lo 7lll o8 (a)) . (56)
2

(6) else if Yarea A2—D2 (1') < Y < Yarea D3 (.CE), then (Ivy)
is in the area A2, one has the parameters defined in Theorem 3
such v = va2 (x), a = =,

. l
with tan (8) = Aao tan (ya2) and l11 = 3 + 5ot aa)

(7) else, then (x,y) is in the area Al and one has the
parameters defined in Theorem 2 such v = ya1 (), « = =,

l11 =11, l12 =0, lag = lo — o7 with tan (8) = A a1 tan (ya1)
and lyy = 2 — ¥=lodlicos(yar)

2 2 cos(B)

lig =101 —l11, la1 =0l = Iy
lo—y+ls cos(B)

The proofs of previous results are described in Appendix J.
Note if Theorem 4 (1) is true, the ROV must dive to y =
Yarea ¢ (x) to make the system valid.



G. Forces applied on the ROV

To choose the buoys in the capabilities of the ROV, this
section exposes the force FlableH rov applied by the umbilical
on the ROV. These ones depend of buoy choices, but also of
the umbilical configuration, thus the area where the ROV is.

1) forces applied in areas Al and B: Following steps
described in Appendix K1, Fiqpe— rov can be expressed in
areas Al and B such

15 _ P
cable— ROV 2 cos (ﬁ) .

(57)
Deduce from (57) and Theorem 4 that F_. pe—rov
increases with the distance d = +/x%+ y2. Since f is
independent of y in area Al, one deduces that F,.qpe— ROV
increases only with x in area Al.
2) forces applied in areas A2: Following steps described in
Appendix K2, F..pe— rov can be expressed in area A2 such

1 Fyy
Feapie = ——= | F I
bleROV = = B ( b2 + 9 >

Similarly that for area Al, it can be deduced from (57) and
Theorem 4 that Fiqp.—, rov increases only with x in area A2.
3) forces in area DI: Following steps described in
Appendix K3, F.upe— rov can be expressed in area D1 such

(58)

FeaviesrOV =

(59)

Since |a| € [0,%] inside the area D1, one deduces from
(59) than Fl.,pe—srov € |:Fb27 VF + Fﬂ inside the area
D1, depending of . One observes that Fi.qpie—srov = Fpo
when z = 0,a coherent result because v = 0, thus [; is vertical
with the buoy B1 in contact with the stop .S, so the action of
B1 is completely balanced by the anchor and doesn’t have
influence on the cable I5 or the ROV. Like in area Al, one
can observe |a| increases only when |z| increases in area D1,
and so Fcable—)ROV~

4) forces in area D2: Following steps described in
Appendix K4, F..pe— rov can be expressed in area D2 such

(Fp1 + Fpz)
cos ()

where 8 € }O, %[ in area D2. One observes that the force
applied on the ROV is strong when the cable is close to the
horizontal axis, i.e. (z,y) close to (I3 + l2,ly) and weaker
close to vertical axis, i.e. (z,y) close to (0,lp).

5) forces in area D3: Following steps described in
Appendix K5, Fiqpe— rov can be expressed in area D3 such

Fyo
(s — cos (8))

FeaplesrOV = (60)

(61)

Fcable—)ROV = (

Remark F_..piesrov = Fpo when x = 0 so 5 = 0 and
« = m, a coherent result because the cable [, is vertical when
B =0 and so buoy B2 lifts directly the ROV.

y position

y position

X position

x position

(a) without obstacles, lo = Yfoor, {1 = (b) with obstacles, lo = Yfoor — l2,
10l2, Fya = 10Fy; li = 7.5l2, Fya = 5Fp1, Bmax =
10°

Fig. 5: Choice of parameters for seafloor exploration.

H. Practical case: choice of umbilical length

This section proposes simple methods to choose the
parameters [y, I and I in function of several environmental
constraints. Note these methods are suggestions and others
values can be chosen.

Let’s define [Ymin, Ymax) the desired minimum depth and
maximum depths for the ROV exploration, where yin, > hp
and Ymax < Yoor- Let’s also define [—Zpax, Tmax| the desired
horizontal area with x,,,, the desired maximum horizontal
distance for the ROV exploration. Compromises must be made
because not all the parameters ZTiax, Ymin,» Ymax Will be
respected simultaneously. In this perspective, since the boat
can move on the surface, the respect of parameters [Ymin, Ymax)
is favored over [Zmin, Tmax|. Let define the exploration sphere
Cg of center A = (0,1p) and radius R = l; 4[5 corresponding
of the distance the ROV can theoretically move due to the
limitation of its umbilical length (i.e. outside of area F).

In general case, a configuration where Iy = ypoor and a
ratio ?—zf = % is recommended. Specifics configurations are
proposed below.

Case 1: sea exploration at great depth

Suppose here the ROV explore the sea and is deep enough
such the surface is inaccessible, i.e. the ROV can not reach the

surface and areas B and C don’t exist. For a chosen . and

[ymina ymax]’ takes ll = %\/x?nax + (ymax - ymin)2s 12 - ll,

Fbl = Fbg and

« if the seafloor is accessible and Ymax = Ynoor, takes lg =

Yfloor»

« if the seafloor is inaccessible or Ymax 7 Yfioor> takes lg =
Ymax+Ymin
Smaxsdmin

Note if the seafloor is inaccessible, it is recommend to choose
an other umbilical management strategy, for example one of
the strategies described in [21].

Case 2: exploration at shallow depth

Suppose now the surface is accessible and so can be a
constraint for the ROV displacement. In case where Tyax >
Ymax — Ymin, @ compromise must be made. Since the boat
can move on the surface, (Ymin,Ymax) are favored over
Tmaxto guarantee the umbilical stays stretched. To guarantee



(Ymin; Ymax) for the largest x possible, takes lp = Ymax,
12 = (ymax + ymin) — ll with
1
b= Fi (ymax + ymin) (62)
Fry
(sz + 1)

where Fj; > Fpe if we desire to explore the sea, Fp1 < Fpo
if we desire to explore the seafloor, following the idea which
will be exposed in cases 3 and 4. Proof of (62) is provided
in Appendix L2.

Case 3: seafloor exploration

Suppose here the ROV needs to explore the seafloor and
this one is few uneven with small obstacles. Suppose also the
surface is inaccessible. The main objective here is to explore
a large area of radius Tmax at ¥ = Ymax = Yfioor O close:
Tmax 18 here favored over y,i,. For a small 4,;,, one takes
lo = Yfioors Iy = Yfioor — Ymin, I = V l% + x?nax and Fyo > Fyp
such Fy, is taken big compare to Fy; (example: Fpo = 5Fy1).
An example is provided in Figure 5 a.

Note in case where the surface is accessible, remind {; < [y,
and for a given Iy, the minimum depth ymin = lo —2 (Ip — 1)
must be respected.

Case 4: seafloor exploration with presence of large
obstacles

Suppose here the ROV needs to explore an uneven seafloor
with large/high obstacles. To avoid the umbilical comes in
contact with an obstacle, parameters are proposed to keep the
cable lo close to the vertical. Suppose again the surface is
inaccessible.

For the area [Zmin, Tmax] X [Ymin, Yfoor] Where the ROV
must explore, takes lp = Ymin — ha Where h4 is the anchor
A: the anchor is not inside the exploration area and so cannot
come into contact with an obstacle.

Let define [nax a chosen parameters such we desire that
V& € [Tmin, Tmax)» B < Pmax»> 4-€. Pmaxcharacterizes the
verticality of l5. To keep both buoys Bl and B2 outside the
exploration area, for a couple (Fp1, Fp2) such Fyo > Fjq, takes

Yfloor — lO

= 05 (o) €
. 1 2
Iy = (-Tmax — lasin (Bmax)) 1+ (tan(ﬂ)AAQ) .
(64)

The proof of (64) is provided in Appendix L1. An example
illustrates theses parameters in Figure 5 b for Fs = 5F3; and
ﬂmax = 10°.

In case where the surface is accessible, remind [; < [y and
Ymin = l2 — 2 (lp — 1) must be respected.

IV. PRACTICAL CASE
A. 3-Dimensionnal case and presence of horizontal current

In absence of horizontal current, the three dimensions case
can be simply solved using the two dimensions case. Let define
the 3D referential R3p = (z,v, %) of origin O = (0,0,0),
where y is the vertical axis oriented to the ground. (z,0, z)

]
N

y position
IS

I
(o2

-8

X position

Fig. 6: Two examples of the method with horizontal current.
Risk of entanglement on the left tether.

is the horizontal plan at the sea level. (z,y,0) is the vertical
plan such OR.Z = 0, where OR is the vector between the
boat and the ROV. One observes the umbilical is always at
the equilibrium inside (z,y, 0), so the solution of the 3D case
without current is the solution of the 2D-case performed inside
(z,y,0).

The presence of a horizontal current makes the system
asymmetrical and changes the position of the buoys, as well
as the shape of the areas presented in Section III-A. In the
2D-case, it can lead to entanglement if the ROV is closed
to the cable [y, see example Figure 6. In the 3D-case, the
risk of entanglement decreases when the cable is oriented
perpendicularly to the current, because buoys are pushed in
a direction perpendicular to their functional displacement. In
this case, the umbilical model is much more complex to define
and describe. An example has been studied in [21] for a
fixed ballast and a sliding buoy, but the problem is here more
complex due to the two sliding elements. It will be the object
of future works. However, note that if the forces of the buoys
are much stronger than the horizontal currents, their effects
can be neglected.

The vertical currents
Assumption AS.

have already been treated in

B. Quasi-static equilibrium: ROV control

The systems presented in previous sections are studied at the
equilibrium. However, each time the ROV moves down, up or
back, a part of the umbilical becomes temporary loosen. Since
a loosen cable can lead to an entanglement and can be complex
and/or heavy to compute, an alternative approach is proposed
here by controlling the ROV to shorten the transitory phases
and to decrease the discrepancy between the models studied
and the reality. Thus, the ROV is controlled to move slower
than the rise of the buoy. As long as their behaviors are faster
than the ROV’s velocity, the umbilical stays globally taut.

Details of this approach is described in [21].

C. Umbilical in presence of waves

In presence of waves, the position O of the boat becomes
sinusoidal, impacting the position of the anchor A, and then
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Fig. 7: System to counter-balance wave effect on the umbilical
and the ROV. Green: additional cable /3, fixed buoy B0 and
sliding ballast M0. The system in green allows to prevent
waves’ effects in the umbilical between A and R and avoid
cable breakage.

buoys’ positions and forces inside the umbilical. When the
anchor does not touch the seafloor, this one can keep the
umbilical stretched during the descent phase if its weight
allowing it to accelerate and fall faster than the wave, as
more described in the Section 9 in [21]. However, in case
where the anchor touches the seafloor (permanently by choice
or temporally due to the waves’ oscillations), the umbilical
cannot be kept taut continuously, which can be dangerous for
the material and lead to a cable breakage.

To avoid this problem, this section proposes a strategy to
counter the wave’s effect on the umbilical between the anchor
and the ROV while avoiding an umbilical breakage, illustrated
in Figure 7. Here, the umbilical between the boat O and the
anchor A is divides in two parts. The first part [3 between the
boat and a fixed buoy B0, the second [y between the buoy
B0 and the anchor A. A sliding ballast M0 can move freely
on the cable I3 between O and A. The force of the ballast is
chosen such it can accelerate and fall faster than the wave but
stay smaller than the buoy’s strength. Moreover, the anchor’s
weight is much stronger than the force of buoy B0. The anchor
A is put on the seafloor at g0 Since the influence of waves is
maximum at the surface and decreases with depth, to become
negligible, the length [y is chosen such direct waves influence
on the buoys B0, Bl and B2 is negligible, 7.c. one has at
least Iy < Yfoor — 2hy Where h,, the wave’s height. Finally,
the length I3 is chosen such the ballast can never touch the
seafloor and cannot come in contact with the buoy B0, i.e.
Is < Yfoor — (hw + hB) and Yaoor + hw < I3 + lg where hp
the ballast height.

Using the system previously described, when boat moves
due to the action of the wave, the sliding ballast falls or works
in opposition to keep the cable [5 stretched in all situations,
while the buoy B0 oscillates to absorb the waves’ effect, and
the anchor stays immobile on the seafloor. Since the anchor
stays immobile, no action from the waves affects the part of
the umbilical between A and R.

Finally, the launching of the system is not more complicated
than for the system described in Section III because the buoy
B0 is carried away by the anchor since this one hasn’t touched
the seafloor and the ballast M0 sinks to stay in contact with the
buoy B0 during the launching: the umbilical stays perfectly
stretched between the anchor and the boat. When the anchor
reaches the seafloor, the ballast naturally slides along the cable
l3 since this one is completely unrolled. Sames steps work
during the winding.

V. EXPERIMENTAL TESTS

This section discusses the validity of the assumptions made
in the paper, exposes some problems in practical case and
provides some experimental results to illustrate the validity of
the study.

A. Validity of assumptions taken and choice of ballast and
buoy

Consider first the assumptions made in this study. The
Assumptions Al, A4, A5 and A6 can easily be respected
by the choice of the buoy volume. Assumption A7 can be
respected easily if the anchor is on the seafloor or in absence
of horizontal current, but presence of strong horizontal current
or waves can make it invalid and will be subject of futures
studies. Presence of horizontal current on all the system, more
complex, will be the subject of future studies too.

However, the Assumptions A2 and A3 can be satisfied for
Iy and l5 only when the umbilical is relatively short (50m or
less between the points). Moreover, to respect A2 for the cable
lp and avoid too strong constrain on it due to its length and
anchor in practice, the umbilical can be attached to a chain
such the chain supports the anchor and the deformation while
the extremity of the umbilical [y starts at the anchor.

Assumption A6 considers the friction between the umbilical
and the sliding ballast/buoy is quite negligible to allow the
ballast/buoy to reach its theoretical equilibrium position. A
pulley has been used in practice to let the buoy slide with
few friction, as illustrated in Figure 8. Tests show Assumption
A6 can be respected mostly, but cannot be taken lightly, see
next section. Note the radium of the pulley R, must be taken
larger than the radius made by cable rigidity, involving to take
Rcurve = Rp. The buoy is linked to the pulley by a mechanical
ball joint to avoid twist force on the umbilical by the buoy.

The choice of the buoys can be more complex, because they
must be taken such the umbilical weight/buoyancy is negligent
compare to it, and can be deformed by them. Theoretically, any
couple of two buoys respecting ratio % works, however the
biggest the buoys are, the fastest the dynamic of the system is
but the strongest the force applied on the ROV by the umbilical
is too. Moreover, the buoys must be taken such the umbilical
respects Al and A2: choice of the ballast and buoy is a trade-
off between perturbation on the ROV, its maximum velocity
and cable parameters.

B. Materials and experimentation

As illustrated in Figure 9, the configuration has been tested
in pool of size 3m x 4m with a depth of 3m, in absence of



Fig. 8: Pulley to obtain a sliding buoy. 1: pulley. 2: umbilical.
3: ball joint to reduce twist effort between the buoy and
the pulley. 4: additional buoy and ballast to give a neutral
buoyancy to the pulley assembly (without considering the
buoys in 5). 5: buoy for the self-management strategy.

(b) ROV in area A2

(a) ROV in area Al

Fig. 9: Seafloor and diving exploration strategy, materials used
for experimental tests in pool. Here, F31 = 135g, Fy2 = 270g,
lp = 3m, l; = 2m and ls = 1m. Anchor: 1.5kg. One observes
[ is close to the vertical when the ROV is close to the seafloor,
like in the theory.

current with a real ROV. To obtain a configuration immobile
for the measurement presented in this section, the ROV has
been replaced by an anchor immersed at a controlled distance
and depth from the origin (0, 0) (let however call it “ROV” in
the text below), and the umbilical is replaced by a rope with the
following characteristic: diameter 4mm, R;y;pe = 18mm, 1m
weighs 60g. The pulley has an internal radius of 2, = 20mm.
The measurement have been made with a measuring tape.

The force of a buoy is evaluated in gram, corresponding
to the maximum mass it can lift. One takes the following
parameters : Fy; = 260g , Fys = 520g, lp = 2.85m, [} =
2.05m, lo = 2.05m.

Let defined Epy the discrepancy between the measured
position  (zp2m,YB2,m) and its theoretical position
(xB2,th,yB2,n) oOf the buoy B2 for a ROV position
(zrov,YroV) such as

Eg2 (zrov,YroV) = \/(wBQ,th — 9?3}32,m)2 + (yB2,th — yB2,m)2-
(65)

Since the movement of the buoy B2 is larger than the
movement of buoy B1, the accuracy of the method is studied
using Epo.

Figure 10a shows the difference between measured and
theoretical areas B and C. One can observe that the
experimental areas are close to the theoretical ones, the most
important differences are mainly due to the measurement error:

the boundary between areas B and C, i.e. the beginning of the
umbilical release, is not always simple to observe in practice.
During the experiments, the boundary was measured when
buoy Bl reached its rest position (0,ip — ;) or when the
umbilical started to twist due to the lack of tension between
the ballast and the buoy.

Figure 10b shows the discrepancy Epo for several positions
(xrov,yrov ). The average value of Epg is Eps = 0.128m.
Note that Fpo = 0 corresponds to the case when the cable is
slack, i.e. when the ROV is inside the area C and therefore
cannot be compared to the proposed models. The values
Eps = 0 are not taken into account in the calculation of the
average value.

These figures show that the discrepancy between the
theoretical model and the experimental results is small when
the ROV is close to the origin and becomes larger when it
moves always. The first reason is the cable rigidity, which
is not perfectly considered in the model, induces a small
difference between the theoretical and measured angle. The
second reason is that the tests show the frictions cannot be
totally neglected, and thus the immobilization of the buoys
B1 and B2 positions are not always identical depending on
the starting point of the buoys and the movement performed by
the ROV. The results shown in the Figure 10b are therefore the
average of three measurements. One observes that the closer
the cable is to the horizontal, the greater the friction problem:
the friction is thus negligible when the ROV is close to the
origin, which explain the results obtained. Note that since the
friction slows the buoy when it approaches its equilibrium
position, the measured error is likely independent of the length
of the cable, making the relative error smaller for longer cable,
although tests are needed to confirm this hypothesis. Note also
that the rope used had a higher friction than a classic ROV’s
umbilical.

Despite the discrepancy between theory and practice, the
umbilical remains perfectly taut during all tests since the ROV
is outside the area C, even during the transition phases, and
its shape is predictable with a margin error.

Two videos of the model in the pool and its reversed
version at sea are available at https://youtu.be/BfcRRaSGIJA
and https://youtu.be/XKg3x7TRrpU.

VI. CONCLUSION

This work proposes a passive self-management strategy of
the umbilical for a ROV using sliding buoys and stop to tend
the umbilical without motorization.

The strategy allows an exploration of the sea and seafloor
exploration in presence of high obstacle. Compared to methods
studied in previous works, this strategy has smallest restriction
areas thank to the exclusive use of sliding element and stop,
allowing to combine several fixed elements configurations in
one. Two-dimensional model of the umbilical shape has been
provided, considering absence of horizontal currents. Cables
are assimilated to straight lines with minimum angle between
them to consider umbilical rigidity. Several areas have been
defined where the umbilical behavior are different, guarantying
with a limitation of the ROV’s velocity a safe exploration
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Fig. 11: Comparison between theoretical umbilical (colored
plain lines) and measured umbilical (large dash black lines) for
diving exploration strategy. Small black dash lines: poolside.
The left configuration is an example of small discrepancy and
the right is the largest discrepancy of the experimentation.

without risk of entanglement on the umbilical itself. The forces
applied on the umbilical and the ROV have been evaluated, and
methods to choice umbilical parameters have been proposed.
Finally, experimentation show the effectiveness and limits of
the models due to the presence of friction. A strategy to
counter-balance the effect of waves is also proposed. The
ROV’s velocity is limited to keep the quasi-static equilibrium
valid in all configurations.

Future works will study these configuration in presence
of horizontal current, presence of waves and uncertainty on
parameters. More experimentation with measurements in sea
during will be performed.
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APPENDIX
A. Proof of Theorem 1
Let’s study the system
x =lgsin(0,) + Iy sin (6p)
tan (0y) = Agp tan (6,) .
9

For a given 6, one has sin (atan (0)) = 57 SO
sin (6p) = sin (atan (Agp tan (0,,)))
Agp tan (6,
= ptan(ba) (66)
V1+ (A tam (6,))°
Put X =sin (0,). Thus, one has
X
tan (0,) = ——— 67
0= = ©7
and so (66) becomes
Agp X
sin (6;) = 1-X -
Aap X
1 (A5)
ApX
= i . (68)
VIt (A2, -1) X2
By introducing (18) and (17) inside (14), one gets
x=lgsin(0,) + lpsin (6y) . (69)

Let’s introduce X and (68) inside (69):
lpAgp X
V1+ (A2, —1) X2

r=1,X+

(2 1X) /1 + (A2, — 1) X2 = A X
(z—1.X)* (14 (A2, — 1) X?) = (hAw X)®
(22 =20l X + 15X?) (14 (A2, — 1) X?) = A2, X?

a® +a® (A2, — 1) X? = 221, X — 2zl, (A2, — 1) X°

HEX?+12 (A2, - 1) X' —PAZ,X? =0

a

(70)

which can be reorganised such
aX*+bX2+cX?+dX+E=0 (71)

with

a=1; (A —1) (72)
b= —2xl, (A2, — 1) (73)
c=a? (Af — 1) = GAZ, + 1 (74)
d=—2xl, (75)
e =2 (76)

(71) is a quartic function which can be solved using
Ludovico Ferrari, described for our parameters in Section B.
Remark if A%, =1, one has a = 0 and b = 0. (71) becomes
a second order polynomial whom the solution which interest

us is
—d — Vd? — 4ce

2 77

sin (v) =

which is equal to

. z(ly —1
sin () = Ta )
a b

xT (la — lb)
(la = lp) (la + 1)

" (ot ) 7

B. Solve quartic function

Considering our application, only one solution of the
quartic function corresponds to our configuration. This section
summarized the Ludovico Ferrari’s method to solve quartic
function and add the knowledge of ours parameters to exclude
some cases and pick the appropriate solution.

Let solve the quartic function

aX* +bX3+cX?+dX +e=0. (79)

Suppose a # 0 and b # 0, so Ay # 1, else the solution of
(71) is described in (77). Suppose also x > 0, else the only
geometric solution is X = 0. Case x < 0 is treated in the
Corollary 6.

Theorem 5. Consider x > 0 and A, # 1. The solution of
(79) considering the relation between the parameters l,, lp, x,
Aab is

X = (1) sgn (x)

min

(80)
i€[1,2,3,4]

where

—2A_ _2
{X1= vU 3A2 \/AY17X2:\/U 3142+ AYl,ifA)qZO

X1 =00,Xo =00 else

1)

_JU—Za_ _JU_2
Yoo @@QQ: \/@W@#Anzo

X3 =00,X4 =00 else,

(82)
for Ayi = —<U+§A+ %) and Ayy —

-3

Wz%) with

A= _ﬁ _ (lgAgb B ZEL) (83)
22 12(AZ, - 1)

I3+ 1A%,

<U+§A

B=-—2%**_°>"9% 84
Bz, -1 &
C = ! n 2 (I3 — 13A%,) (85)
1614 412 (A2, - 1)
U =
: :
(—g+ %Jrgi) +<—g— §+§—§) if Au >0,
2 cos (éacos ( qp3 )) vz if Ay <0,
2\~ %7
— _g l:fAU:O
(86)



wzthAU_—g-i- = 4C—A—2andq:%+

(140 — p?) 4 =acAT ’

Corollary 6. The Theorem 5 can be extended to the case
x < 0 by taking |x| instead of x inside the Theorem 5 and
take the solution sin (y4) = min;eq1 2 3.4 (| X4|) sgn ().

1) Proof of Theorem 5
: Suppose here x>0, Agp # 1, a # 0 and b # 0. By putting
X=Y— (79) becomes

4(1,’
Y44+ AY?2 4+ BY +C =0 (87)
with
A=
b\3
O
2
C:—3<4ba)4+c(§2 —i%Jrg. (90)

Let show that in our case, B # 0. We introduce the value
of (72)-(76) inside B:

s (B) 1be d
a3 2a2  a
(—wla (Aib — 1))3 —2xl,

(12 (A2, —1))°  1a(AZ,—1)
(‘2335& (A(sz - 1)) (5”2 (Aib - 1)

1 — A2, + 1121)
2 (12 (A2, — 1))?
2(A2,—1) —IZAZ, +12)

)3 2x T (iE
- (z) TL(%,-D) o (A2, — 1)
—a? (AGy — 1) — 205+ (2® (AG, — 1) — GAG, +1G)
la (A2, — 1)

—la — 13A%
=932 2 By
la (A2, — 1)
and since x > 0, [, > 0, [, > 0 and Ay, # 1, one has B # 0.
Since B # 0, (87) can be rewritten

O

2
(v2+ %) — (= A)(Y - 2)? (92)
where Z = ﬁ and u is the solution of
ud — Au? — 4Cu + (4AC’ BQ) 0
aud +bul+eu+d=0 93)
with
a=1 %94)
b=—-A (95)
c=—4C (96)
= 4AC — B~ 97)

and where (93) can be evaluated using Cardan formula.

a) Evaluation of u

: Using Cardan approach, (93) can be rewritten such that

Us4+pU~+q=0

¢ b A2
p(asaz>cs
o d be)  24°
- 2o )= 4A
1 (27@3 a 3a2> o7 (a0 -

Still following the Cardan approach,

(98)

99)

(100)

—4C'A

3
(101)

B?) +

let define the

2
determinant Ay = 4 + § 2—7 and consider cases Ay > 0,

Ay < 0and Ay =0:

o If Ay > 0, p and ¢ are necessarily negative (property of
Cardan formula) and the solution of (98) is

%
_(_4 ¢ P _9q_
U<2+ 4+27) +<2

and so U > 0.

1
3
¢ P
4+27>

(102)

o If Ay < 0, one has necessarily p < 0 (property of Cardan

formula) and the solution of (98) is

t P
=9 Z _z
U cos (3) 3

with

t= acos i
2r

N)’U
\]w

and so U > 0.

(103)

(104)

(105)

o If Ay = 0, one has necessarily p < 0 (property of Cardan

formula) and the solution of (98) is

[ P
=,4/—=. 1
U 3 (106)
and U > 0.
b) Evaluation of Y
: Let’s go back to (92):
2
(v2+ g) = (u—A)(Y - 2)° (107)
with
B
Z 2(u—A)
B
= —. (108)
2(U -3

Y of (107) is the solution of one of the two equations

Y24 % =T(Y - Z)
Y244 = _T(Y -2)

(109)



with T = vu — A and Z = 575

Y2-YT+ (ZT+%) =0
Y24YT + (—ZT + %) =0.

For (110), we can define two discriminates Ay and Ayo.
Consider first Ay

Ay1:T274(ZT+%)

BVvu—4 «u
:(u—A)—4<2<U—2§)+2>.

Since ©w =U + g, one gets

B\/U - 24
Ay1(U§A)4 I e '

+-+
G

(110)

(111)

2
+2U+§A

2 2B
= (UA) ez
3
\JU-2A

4 2B
= U+ A+ — (112)
5 \JU-24
In the same way, one can get
4 2B
Ayo=—|U+-A—- (113)
3 U—24
and obtain the four solution of (110):
U — %A —vVAy
Y, = (114)
2
U — %A 4+ VAyq
Y, = (115)
2
—\/U — %A— Ayso
Y3 = (116)
2
—\/U =24+ Ay,
Y, = . (117)
2
Remind X =Y — -, so X =Y + 5. Then from (114)-
(117), one gets the four solutlon Xy, for ke [1,...,4]:
U - %A —vVAy
X, = (118)
2
WU — %A + vVAy1
X, = (119)
2
—\/U — %A —vAys
X5 = (120)
2
—\/U - 2A+ Ay,
X, = 5 . (121)

For our case, the solution is the smallest real absolute value
of the X}, solution, so

X= min (|X]). (122)
i€[1,2,3,4]

¢) Simplification of C

_ b\ (B
C = —3 (4a> +c a3
(2l (-1
oAz, -
(z2 (A2, — 1) = FAZ, +12)
(

1bd+e
4a2  a

_|_

—2al, (A2, — 1))2

2 (A2, —1))° 4

1 (—2zl, (A2, — 1)) (—2xl,) z?
4 (12 (A2, — 1)) 12(AZ,—1)
_ _3 et (a? (A2, - 1) —FAZ, +12)

16l la (A2, — 1)°
22 (A2, - 1)"\  (ala)® (A2, — 1) 2?
. ( 4 ) (A2, -1 B(A%, -1
_ 3at n (2% (A2, —1) = [FAZ, +12) <x2>
161, la (A2, —1) 4
372 1‘2

+
(A% —1) B -1

3ot ot (A%, —1) PN, + o

16 I, 41, (A2, — 1)
_ at (A2, — 1) at (A2, — 1) — 42?22, + 42212

161, 161, (A%, — 1)
_ a* (A2, — 1) — 42?1ZA2, + 42212
161, (A2, — 1)

4 2 l2 _ l2A2

— o + x ( a b CLb) (123)

161, ' 4, (A2, —1)

C. Proof of (22)

Suppose the system is in a configuration where the buoys
are not in contact, the buoy B1 is in contact with the stop .S
and the buoy B2 is not in contact with the ROV or the surface,
s0y € [0, %[ . Note these conditions are satisfied in area Al.

From (20), one gets

Sp1F.Z = —Tysin (7) + Ty sin (—a) (124)
ZBlﬁ.g’ = —Fp + T1cos(7) (125)

Consider first v # 0 and remark from (124) that @ # 0
if v # 0 since Ty # 0 and T3 # 0, and so § # 0 from
(18). Since ZBlFx = 0 and EBle = 0, one gets from
(124)-(125)

— Ty cos(—a).

7 =7 (126)
sin ()
T cos (v) = Fp1 + Tocos (—a) (127)

and since v € ]0, %[ here, one has by combining (126) and
(127):
sin (—a)
=\ _F T. _
2 ™) b1 + To cos (—a)
sin (—a)

Fyiy =15 | —cos (—
b1 5 |—cos (—a) + tan (7)

(128)



Similarly, one gets from (21)

SpoF. 7 = —Tysin (8) + Ty sin (—a) (129)
SpoF.if = —Fyy + T3 cos (8) + Ty cos (—a) (130)
In area Al, one has (18) so « = —f3. Thus, since EBQF".:E =
0 and X o F.yf = 0, one gets
Ty =T, (131)
Fyo = 2cos (B) T» (132)
From (128) and (132), one gets
Fro Fy
2 cos _ _ sin(—a)
() [~ cos (~a) + 5]
2Fy, 1 [ qu
= — CoS +
Fro  cos(B) (8) tan (7y)
2F tan (5)
Fyo tan (7y)
2F
tmm5)< b1+1>tncw (133)
Fyo

Consider now vy = 0. Since EBlﬁ =0 and zBlﬁ.g =0,
one gets from (124) that T5 sin (—«) = 0, inducing o = 0 or
o = 7. In area Al, one has (18) so « = —f3, thus 8 = 0 or
£ = m. In both case, one has tan (5) = tan () = 0, so (133)

is still true.

D. Proof of (23)

Suppose the system is in a configuration where the buoys
are not in contact, the buoy B1 is not in contact with the stop
S or the surface and the buoy B2 is in contact with the stop,
S0y € [O, 3 [ . Note these conditions are satisfied in area A2.

From (20), one gets

YpeF .7 = —Tysin (8) + Ty sin (—a)
ZBQF.g: —Fyo + T5cos () — To cos (—a) .

(134)
(135)

Consider first 5 # 0 and remark from (134) that o # 0
if B # 0 since T> # 0 and T3 # 0, and so v # 0 from

(19). Since X poF.dd = 0 and XpgoF.yf = 0, one gets from
(134)-(135)

sin (—a)
T3 =Ty ———— 136
=150 ) (136)
T3 cos (B8) = Fyo + To cos (—a) (137)
and since 3 € ]0, Z [ here, by combining (136) and (137), one

gets
T sin(—a) = Fyo + T cos (—a)
2 om @) b2 + 12
sin (—a)
Fpo =15 |— — _— 138
b2 =T | —cos (—a) + tan (5) (138)
Similarly, one gets from (21)

Sp1F.& = —Tysin () 4 Ty sin (—a) (139)
ZBlﬁ.gj = —Fy1 + T cos () + Tacos (—a) . (140)

—

In area Ag, one has (19) so a = —~. Thus, since X 51 F.7 =
0 and X g F.iy = 0, one gets

T, =T, (141)
Fpy =2cos () T (142)
From (138) and (142), one gets
By Fya
2 cos (7) {7 cos (704) + S;ZISZL?))}
2F, 1 [ sin () ]
= — COs +
Fy cos () () tan ()
2Fp0 1 tan (7)
Fbl tan (ﬁ)
2F;
tan (7) = ( =2 + 1) tan (8) (143)
Fy
or
1
tan () = VET TN tan (7y) (144)
(32 +1)

Consider now 3 = 0. Since Eggﬁ Z =0 and Eggﬁ.gjz 0,
one gets from (134) that T5 sin (—«) = 0, inducing o = 0 or
o = 7. In area A2, one has (19) so o = —7y, thus v = 0 or
~ = w. In both case, one has tan (5) = tan () = 0, so (144)

is still true.

E. Calculation of v in area Al

Since Fy; > 0 and Fyps > 0, one has A4 = 2F21 +1>1.
Moreover, by introducing (18) and (17) inside (14), one gets

x =lysin(y) +lzsin(8). (145)

Considering the parameters I, = Iy, I, = L, Agp = Aa,
0, = v and 6, = (5, one has I, > 0, I, > 0, Ay, > 0.
Thus the solution of (145) is sin (y) = F (z,l1,l3,Aa1) =
F (z,lq,lp, Aap), where F' (z,1,,1p, Agp) is solution exposed
in Theorem 1.

E Calculation of lo1 and lss in area Al

Suppose S and « have been previously evaluated using (18)
and results of Appendix E. Since l;; = {1, [12 = 0 in area Al,
(15) can be rewritten such

y =1lo— Iy cos () + lag cos (B) + (Ia — l21) cos (B)
y=1lo—1l1cos(y)+ (Ia — 2la1) cos (B)
y —lo+ 1 cos ()

9oy = —
l21 l2 + cos (3)
lo  y—lop+1licos(y)
Iy = 2 — 146
S 2cos () (146)

and so l22 = ZQ — 121.



G. Calculation of vy in area A2

Since Fp1 > 0 and Fpo > 0, one has Ayp = > 0.

2F1>2 +1
Moreover, by introducing (16) and (19) inside ( 14) ‘one gets

x = lysin(y) + lysin (5) . (147)

Considering the parameters I, = Iy, [, = la, Agp = Aao,
0, = v and 6, = 5, one has [, > 0, [, > 0, Ay > 0.
Thus the solution of (147) is sin (y) = F (z,l1,l2,Aa2) =
F (z,lq,lp, Aap), where F'(z,1,, 1y, Agp) is solution exposed
in Theorem 1.

H. Calculation of 111 and l15 in area A2

Suppose 3 and v have been previously evaluated using (18)
and results of Appendix G. Since lo; = 0, loo = [ in area
A2, (15) can be rewritten such

y=1lo—1l11cos(y) + (I1 — l11) cos (7) + Iz cos (B)
y =lo — 2l11 cos (y) + 13 cos () + Iz cos (B)
2011 cos () =l cos (v) + 1o — y + Iz cos (B)
li [ lo—y+lacos(B)
2 2 cos (7)

= (148)

and so l12 = ll — 111.

1. Calculation of the boundary between areas

1) Boundary areas AI-B: y = las cos (8) + hpa
: The boundary between the areas Al and B corresponds to
the depth y = la2 cos (8) + hpa with I3 > 0 because the buoy
B2 is on the surface without being in contact with the ROV.
One still has 17 = [; and l12 = 0 at the boundary. Since
8 = —a in area Al and B, (15) becomes

lag cos (B) 4 hpa = lg — I3 cos () — l21 cos (o) + la2 cos (B)
la1 cos ()
lo — hpa — 11 cos ()

th = l() — ll COS (’)’) —

= 14
l21 cos (3) (149)
and since Iy = lo; + lo2, One gets
l22:l2_lo—hb2—llcos(’y). (150)

cos (8)

At the boundary of areas Al and B, S can still be evaluated
using (18) and y4; can be evaluated using Theorem 2. Let
~v41 (x) be the value of ~ inside the area Al for a position x.
Thus, one has

cos (B) = cos (atan (A 41 tan (ya1 ())))
1

1+ A% tan (s (0)?

(151)

Using (150) and (151), for a given z, the associate depth
YareaB Can be expressed as

yareaB( )
= max ([la2 cos (3) , 0]) + hpa

= max ([l2 cos (B) + I3 cos (ya1 (z)) —

lo + 2hp2, hea))

— Imax

¢ 1+ AAI tan ml (x))?

+14 cos (’y — o + 2hpo, hbg]) (152)
Remark 4., p can be rewritten such
Yarea B (x) -
9 . 2
lo+ 1 \/1 + (A%, — 1) sin (ya1 (7))
max
\/1 + A%, tan (ya1 (Jc))2
—lo + 2hs2, hiz]) (153)

with A4 > 1.
Let’s now study (153) and find a condition where
Yarea B (x) is always lower to hpo:

b+ /14 (A%, — 1) sin (14 (2))°
W1+ 2% tan (v (@)

— 1o+ 2hpa < hpe

b+ 11+ (A% — 1)sin (va1 (2)?

< (lo — hi2) /1 4+ A%, tan (a1 ()

Iy <1+ A%, tan (a1 (2))° (o — i)

— /14 (A%, — 1) sin (v (2)) (154)
and (154) is always respected if
Iy < (lp — hpe) — 11. (155)

Thus, (155) shows the area B exists only if lo > [y —
(I1 + hp2). Else, one can take ygreq p () = 0 because the
area does not exist, ¢.e. the buoy can not reach the surface.

One can so write

Yarea B (:17) =
o+ \/1+(A%, —1) sin(ya1 ()2
max
V1+AZ | tan(va1(2))?

—lo + 2hpa, hia]) if Iy > lg — (he2 +11)
0 else.

(156)

and the ROV is inside the area B if ¥ < Yarea B (T).



2) Boundary areas B-C
: The area C can correspond to the cases where the buoy B2 is
on the surface but the cable /; is vertical (7 = 0), so the buoy
B1 can not taut the cable l5. In this configuration, area B exists
and we search the boundary between the areas B and C. At the
boundary of the two areas, the buoy B2 is on the surface and
the buoy B1 can still taut the cable /5. In absence of current,
the buoy B1 can apply a tension simultaneously on the cable
111 and l15 + I3 only for angles v such v € [0, gs], where
s = sgn (x). The boundary between the two areas correspond
so to the instant when v = 0, the last position before the
buoy B1 cannot stretch the cable. Let’s studied the system for
v=0.

When v = 0, the buoy Bl is in contact with the stop, so
111 =1 and ;5 = 0. Since (18) is still valid at the boundary
between areas B and C, one can deduce from (14) that

x = Iy sin () + l2 sin (8) (157)

and for v = 0, one gets
sin (8) = lf (158)
2

which is possible only if z < [s.

Put the condition x < I5. Since the buoy Bl is on the
surface, one has y = las cos (8) + hpe. From (15) and since
(18) and v = 0, one gets

y =lo — Iy cos (y) — la1 cos (B) + laz cos ()

hb2 = ZO — ll — l21 COS (asin (f))
2

lo—hy2 — 11
1— 22

g

Iy = (159)

and ZQQ = 12 — 121.
Introducing (159) into y = lag cos () + hpa, one gets if
X S lg

ya'r‘eaC(x)
lo— hpa —1 2
= max lg—M 1—%,0 + hpe
122 l5
13
= max (l:\/l% — .’bz + ll — lo -+ Zth, hb2:|> (160)

and Ygrea o () = 0 if & > l. Moreover, one can see from
(160) that yurea o () = hpo for all z if lo <1y — (I3 + hp2),
which confirm the existence of area B. Note one can take
Yareac () = 0if Iy < lg — (I3 + hp2) because the buoy B2
cannot reach the surface so the area does not exist. Thus,

Yarea C (SE) =

max ({\/lg —z2+10h
—lg + 2hpa, hbg]) if (SC < lg) & (ZQ >l — 11+ hbg)
hp2 if (.’E > lz) & (12 >1lg— 11+ hbg)
0 else.
(161)

3) Boundary areas Al-DI
: In the area D1, the buoy B2 is in contact with the ROV, so
loo = 0 and ly; = I3, and the buoy B1 with the stop, thus
111 =13 and l12 = 0. The system (14)-(15) becomes

(162)
(163)

x =lysin(y) — lzsin («)

y=1lo—1lycos(y)—lacos(a).

At the boundary of areas Al and DI, one still have (18),
i.e. B = —a, and (3 can still be evaluated using (22) and 74
can be evaluated using Theorem 2. Let 41 (x) be the value
of v inside the area Al for a position x. Thus, one has

cos (B) = cos (atan (A 41 tan (y41 (2))))
1

1A% tan (s (0)?

(164)

Using (164) and (163), the depth y4cq p1 can be expressed
for a given z as

Yarea D1 (I)
= mas ([lo — b cos (va1 (2)) — Iz cos (8) ,0])
= max ([lg — 1 cos (ya1 ())

ly

1 A3 tan (s (0)°

0] . (165)

The ROV is inside the area D1 if y < Yareq p1 (). Remark
(165) can be rewritten such

Yarea D1 (37)

ll\/l + (AQAl — 1) sin (’7,41 (x))2 + 15

lo —
\/1 + A2, tan (va; ()

max

)

(166)

4) Boundary areas Al-D2
: In the area D2, the buoys B1 and B2 are in contact with the
stop, so l11 = U1, 112 = 0 I35 = I3 and l97; = 0. Thus (14)-(15)
becomes

(167)
(168)

x = Iy sin () + l2sin (8)
y = lo —l1cos(y) +lz2cos ().

At the boundary of areas Al and D2, 3 can still be evaluated
using (22) and v can be evaluated using Theorem 2 such v =
~va1, where v41 () is the value of 7 inside the area Al for a
position . From (22), one gets

cos () = cos (atan (A 41 tan (41 (7))))
1

- V14 A%, tan (a1 (2))?

(169)

Thus, using (169) and (168), for a given =z, the depth



Yarea Al—D2 Can be expressed as

Yarea A1—D2 (LC)
= max ([lgp — I3 cos (ya1 (2)) + 2 cos (B) , 0])
= max ([lo — 1 cos (a1 (z))

lo
I e

0l . (170)

The ROV enters inside the area D2 from area A1 when y
becomes lower than Yureq 41—p2 (). Remark (170) can be
rewritten such

Yarea A1—D2 (

—WH DG (@) +
V14 A2, tan (a1 (2)?

max

(171)

5) Boundary areas A2-D2
: In the area D2, the buoys B1 and B2 are in contact with the
StOp, SO 111 = ll, llg =0 122 = 12 and 121 = 0. Thus (14)-(15)
becomes

x = lysin () + la sin (5)
y =1lo—lycos(y)+lacos ().

(172)
(173)

At the boundary of areas A2 and D2, S can still be evaluated
using (23) and y can be evaluated using Theorem 3 such v =
a2, where y45 (2) is the value of v inside the area A2 for a
position x. From (23), one gets

cos () = cos (atan (A g2 tan (y42 (2))))
1

= (174)
\/1 + A%, tan (va2 (z))?
Thus, using (174) and (173), for a given =z, the depth
Yarea A2— D2 Can be expressed as
Yarea A2—D2 (l’)
= max ([lo — [1 cos (ya2 (z)) + 2 cos (B) , 0])
= max ([lo — I3 cos (ya2 (7))
l2
,0 . (175)

\/1 + A2, tan (ya2 ())?

The ROV enters inside the area D2 from area A2 when y
becomes higher than yg,eq a2—p2 (). Remark (175) can be
rewritten such

Yarea A2—D2 (

—11\/1+ 20 — 1)sin (a2 (2)) + 12

ma; ,0

V1 A%, tan (a2 (2)?

(176)

6) Boundary areas A2-D3
: In area D3, the buoy B1 is in contact with the anchor and
the buoy B2 with the stop, so l11 =0, l12 = [y, ls2 =15 and
lo1 = 0. Thus (14)-(15) becomes

x = —ly sin («) + I3 sin (B) (177)

y =1lo+1cos(a)+lacos(B). (178)

At the boundary of areas A2 and D3, 3 can still be evaluated
using (23), (19) induces @ = —+ and + can be evaluate using

Theorem 3 such v = 742, where 42 (2) is the value of v
inside the area A2 for a position x. From (23), one gets

cos () = cos (atan (A g2 tan (y42 (2))))
1

- \/1 + A%, tan (42 (m))2

Thus, using (23), (179) and (178), for a given z, the depth
Yarea D3 Can be expressed as

(179)

Yarea D3 (1’)
= max ([lo + 1 cos (yaz2 (z)) + 2 cos (8) , 0])
= max ([lo + I1 cos (a2 (z)) +

)
+ ,0 .
W1+ A2 tan (12 ()’

The ROV is inside the area D3 if y > Yareq p3 (). Remark
(180) can be rewritten such

(180)

Yarea D3( ) =

ll\/l—i- 25— 1)sin(ya2 (z ))2+12
V1 A2, tan (a2 (2))?

)

(181)

7) Boundary areas F
: The limit for the area F is simple because it corresponds
to the maximum length of umbilical. The ROV is always
outside the area F in practice because it can not physically
go inside. The ROV is not inside the area F if yyeq 71 () <
Y < Yarea 2 () Where

Yarea F1 (l‘) = max (lo — (ll + L)2 — 1‘2, 0) . (182)

Yarear2 () = lo +\/ (L + L)* — 22. (183)

J. Calculation of v, o and S

1) Calculation of vy, o and B in area DI
: Inside the area D1, the buoy Bl is in contact with the stop
and the buoy B2 is in contact with the ROV, so l;; = [,
l12 =0, ly; = I3 and lp3 = 0. Moreover, one has || € [0, Z]
and 5 = 0.

Consider first here y — [y # 0. Thus (14)-(15) becomes

x = lysin () — Iz sin (@) (184)

y=1lo—lycos(vy) —lacos(a). (185)
From (185), one gets

cos (a) = —y+lo—licos(y) (186)

la



and so by the oriented angle convention

a = —sgn () acos (—y tlo ; by cos (7)) : (187)
2
Let find now ~. From (186) and (187), one has
2
sin(a):—\/l— (‘y“‘);llcos(”)) (188)
2

By putting X = sin (v), (188) becomes

sin () = 1\/13 - (—y+lo — /11— XQ)Q. (189)

l2
Introducing (189) inside (184), one gets

2
z=0X+1s (1\/13 (nyrlofll\/le?) ) (190)

Iy
which can be rewritten such

2
(z—0X) =1~ (= (y—lo) — bv/T—X?)
22— 2aX + X2 =12 ((zo —y)2 4 2(y — o) liV/1 — X2
+i; - 5X?)

I3 —2haX =—2(y—1lp)l1v/1 — X2

2?4 (lo —y)* + 15 —

w2+ (lo—y)+12-13

T
— X =
2(?%*10)11

—1/1 _X2
(y —lo)
ap —bpX = —/1— X2 (191)

2?4+ (lo—y)* +17 13
where ap = W

solved by studying

and bp = ﬁ (191) can be
(aD — bDX)2 =1 —X2
a% —2apbp X + b5 X% =1 - X?
ah —1—2apbpX + (1+bp) X*> =0

Cp—BpX +ApX?=0 (192)

with Cp = a2D — 1, Bp = 2apbp and Ap =1+ b% The
two solutions of (192) are

., Bo—V/Bh —445Cp

2Ap
_ apbp = vapbh = 1+ B5) (@) = 1) (g5
(1+067)
and
212 1 2 2 -1
Xop = apbp + \/ahbh — (1 +b) (af, — 1) (194)

(1+03)
and from (191), one can deduce the solution X = sin ()
correspond to X = X; for i € {1,2} such ap — bpX; =
—+/1— X2, Thus,

sin (7) =
Xip if (Thp == True)& (Tap == False)
Xop if (T1p == False)& (Top == True)

min ([XlD, XIDD
(195)

if (Thp == True)& (Tap == True)

where T1D: (aD—bDle == — 1_X12D) and T2D:

(CLD — bDXQD == —4/ 1 — X22D) .
Consider now the case y — lp = 0, and = # 0. Following
the same steps, one gets

cos (a) = M (196)
2
. 22 +12 -2
sin () = # (197)

2) Calculation of v, « and [ in area D2
: Inside the area D2, the buoys B1 and B2 are in contact with
the stop, so l11 =11, l12 =0, lo1 = 0 and I35 = 5. Moreover,
one has |y| € [0,%] and o = 0.

Consider first here y — Iy # 0. Thus (14)-(15) becomes

x =y sin () + lz2sin (8) (198)
y=1lo—1ycos(y)+lzacos(B). (199)
From (199), one gets
cos () = y—lo —l—lll cos () (200)
2
and so by the oriented angle convention
B = sgn (x) acos (y —lb +ll1 cos (ry)) . (201)
2
Let find now ~. From (200) and (201), one has
2
sin (8) = \/1 _ (y —l +lll cos (7)) (202)
2
By putting X = sin (vy), (202) becomes
1 2
sin (8) = =/ 13 - (y— lo + V1 —X2) . (203)
2

Introducing (203) inside (198), one gets

2
e =0LX 4+l <l1\/L2 — (y—l()+l1\/1 —X2) ) (204)

2

which can be rewritten such
(x—1LX)2=1%— ((y o)+ zlm)Z
22— X + X2 =13 ((lo — ) +2(y —lo)l1v/1— X2
+15 - 13 x?%)

22+ (lo—y)*+15 — 15 — 20X = —2(y —lo) 1V/1 — X2

x2+(lo—y)2+l%—l§_ x
2(y—1lo)l (y —lo)

X =-v1-Xx2

(205)

Putting ap = W and bp = %, (205) can

be solved by studying
(ap —bpX)* =1— X?
a% —2apbpX + b5 X% =1 - X?
a}h —1—2apbpX + (14+b3) X>=0

Cp—BpX+ApX?=0 (206)



with Cp = a2D — 1, Bp = 2apbp and Ap =1+ b% The
two solutions of (206) are

Bp — /B3 —4A5Cp

Xip =

24,
_ apbp — V/apbj, — (i ) ap =) g9
(1+40b%)
and
212 1 2 2 -1
Xop = apbp + /ahbh — (1 +02) (a2, — 1) 208)

(1+4b%)

and from (205), one can deduce the solution X = sin ()
correspond to X = X; for ¢ € {1,2} such ap — bpX; =

—y/1— X?. Thus,

sin (7) =
Xip
Xop
min ([X1p, X1p]) if (Thp == True) & (Top == True)
(209)
where T1p = (aD —bpXip == —+/1 — X%D) and Thp =

((ID — bDXQD == —\/1 — X22D) .
Consider now the case y — lp = 0, and = # 0. Following
the same steps, one gets

cos (B) = w (210)
) 2+ 1212
sin (y) = # (211)

3) Calculation of v, o and 3 in area D3
: Inside the area D3, the buoy B1 is in contact with the anchor
and the buoy B2 with the stop, so l1; =0, l15 =13, l2; =0,
loo =l and v = 0. Thus, (14)-(15) becomes

x =lysin(—a) + lasin (B) (212)
y =lo+ 11 cos () + Iz cos (B). (213)

From (213), one gets
COS(B):y—lo—llcos(oz) 214)

l2

y—lo—11 cos(a)
lo ‘

and so 8 = sgn (z) acos (

2
From (214), one has sin (8) = y/1 — (M) By

2

putting X = sin (—«), one gets

sin (8) = i\/lg _ (y—lo L1 —X2)2.

Introducing (203) inside (198), one gets

1 2
r=1LX+L <L\/Z§ — (y—lo —lhiv1 —XQ) ) (216)
which can be rewritten such
2
(z— LX) =12 - ((y o) — /1 - X2)

@ —2aX + X2 =12 ((zo )2 —2(y —lo) l1V/1 — X2
+i; - 3X?)

(215)

I3 —2haX =2(y—1lo)hv/1— X2

2+ (lo —y)* + 17 -
2
$2+(lo—y) +l%—l§_ T X:m
2(y—1lo)la (y —lo)
ap —bpX = V/1— X2 Q217)

2 2 2 2
where ap = S H=E and by = 2. (191) can be
solved by studying

(ap —bpX)?=1-X?
a% —2apbpX + b5 X? =1 - X?
ah —1—2apbpX + (14b3) X>=0

Cp—BpX+ApX?=0 (218)

if (Tip ==True)& (Tzp == Falseyith Cp = a3, — 1, Bp = 2apbp and Ap = 1+ b%. The
if (T1p == False)& (Tep == Trueywo solutions of (218) are

Y, Bp — /B3 —4A5Cp

2Ap
_onbp = VB —UFBI@GB-1 )
(1+0b3)
and
212 1 2 2 _ 1
Xop = apbp + \/ahbh — (1 +b) (af, — 1) (220)

(14b%)

and from (217), one can deduce the solution X = sin ()
correspond to X = X; for i € {1,2} such ap — bpX; =

/1 — X?. Thus,

sin (—a) =
X1p if (T5 == True) & (Ty == False)
Xop if (T5 == False) & (Ty == True)
min ([X1p, X1p]) if (T5 == True) & (Ty == True)
221)
where Typ = (ap —bpXip == \/T— X3y ) and Tip =

(CLD — bDXQD == v/ 1-— X22D>

4) Calculation of v, o and [ in area B
: In area B, the buoy B1 is in contact with the stop and the
buoy B2 is on the surface. B1 can still taut the cables [y and
la,s0l11 = 11,112 =0, >0, l2;7 > 0 and lo5 > 0. Moreover,
since the buoy B2 is on the surface, one has y = la2 cos (5)
and o = —f.

Consider first y = 0. Then, one has 8 = 0, lo; = L and
loo = I3, so the ROV is inside the area D1. This case is studied
in Appendix J2.

Consider now y > 0.(15) becomes

lag cos (B) + hye = lo — 11 cos (y) — la1 cos (a) + laa cos ()
0=1o— hpz — 1y cos(y) —la1 cos (B) (222)

From y = las cos (8) + hpa, one has

cos (B) = L th.

(223)
lao



Injecting (223) into (222), one gets

Y — hp

(la = l22) i
22

0= 122 (lo — hbg — ll COSs (’Y)) —
L (y — hy2) = loa (lo — hpa — 1 cos (7) + (y — hp2))

O:lo—hbg—llcos(’y)—

Iz (y — hy2)
log = 224
27 0o — Iy cos (7) + (y — 2hs) 229
and so lo; = Iy — lofhbrli(go_s(hvb)zl(yihw). Remark since [y >

y—hyo

S+ (2 = 1o thus

ly + max ([hy1, heo]), one has ——
(224) guarantees that 0 < lgs < [s.
Let find the value of v now. From (223), one has

and injecting (224) inside (225), one obtains

Sinw):\/1_(lo—l1COS(7>+(y—2hb2)>2_ (226)

ly

(225)

By putting X = sin (v), one gets

sin (B8) = llg\/L2 — (lo +y—2hp —1V1 7X2>2. (227)

Using X and (227) inside (14), one gets

x = ly sin (y) + lz sin (3)

2
J;:llX—i—\/l%—(lo—l—y—thg—ll\/l—XQ) (228)
which can be rewritten such

2
(r— LX) =12 — (lo oy 2k — V1 — X2)
2® =20z X +BX? =15 — ((lo +y — 2hy2)® + 17 - 5 X°

2 (lo +y — 2hya) 1y/1 — X2)

+ (lo+y —2hpe)” + 13— 13 — 2L X

:2(Zo+y—2h1,2)l1\/1—X2

24 (lot+y—2m)*+13 -8 T ¥
2 (ZO +y— 2hb2) ll (lo +vy— 2hb2)

=/1- X2 (229)

_ oz +(lo+y 2hb2) +ll—l2
Put ag = =3 and bp

2(1
solution of (191) can be found studying

— T
T loty—2hp2 " A

(ag —bpX)’ =1—X? (230)

Following the same steps developed for (192) in Section J1,
one gets the following evaluation of ~ such that

sin () =
X1B if (11 == True) & (T> == False)
Xon if (T1 == False) & (T> == True)

min ([X18, X1g]) if (Th == True) & (T> == True)

(231)

(l2 = l22) (y — hu2)

with T1 = (aB—bBXlB == \/1—X123), T2 =
(a5 — bpXop == /1= X35 and
apbp — /a(by — (1 +b%) (e} — 1)
X 232
1B = (15 63) (232)
b 205 — (140%) (o} — 1
Xop = 2B7B +/apbE (2 +bg) (a — 1) 233)
(14 b%)
Finally, the evaluation of S is
—h
CoS (ﬂ) — (y b2)
la2
_ (y —2hp2) + 1o — 1y cos('y). (234)
ly
By considering the oriented angle convention
—2h lo—1
B = sgn (z) acos ((y ) +l 0 7108 (7)> . (235)
2

K. Calculation of forces applied on the ROV

To choose the buoys in the capabilities of the ROV, this
section exposes the strengths applied by the umbilical on the
ROV. These ones depend of buoy choices, but also of the
umbilical configuration, thus the area where the ROV is.

1) Strengths applied in areas Al and B: Let F’cableqRov
be the strength applied by the umbilical on the ROV and Ts =
— ﬁcableﬁ ROV Where fg is exposed in Section III-C. Then, by
applied the FPS, one gets

SpoF.2 =0
Ty sin (—a) — Tasin (B) =0
T3 sin () = —Tesin (@) (236)
Since o = —f in areas Al and B, one has T3 = T5. Moreover,

since Foupie—srov = T3 and Fpo = 2cos (8) Ty from (132)
in Appendix C, one gets

Fyy
2cos (B)

2) Strengths applied in areas A2: In area A2, one has from
(137) and (142) shown in Appendix D

Feapiesrov = (237)

T5cos () = Fpo+ Tocos(—a) (238)
Fyy =2cos () T2
Thus, since @ = —+ in area A2, one gets
5
o) i 5 Bt
Fyy
Tscos (B) = Fpa + -
1 Fyy
To=— | F 239
3 cos(6)<b2+ 2) (239)
Since F.q4pie—srov = T3, one has
1 Fyy
Fca e = ——F =< F —_— . 240
ble—s ROV cos(ﬁ)( b2 + 2> (240)



3) Strengths in area DI1: In area D1, the buoy Bl is in
contact with the stop and B2 with the ROV. Then, by applied
the FPS on & and %, one gets from X.go F.% = 0

Ty sin (—a) + Feapie—srov-Z =0

Feapiesrov . = Tosin (a) , (241)

Moreover, one has from X Bgﬁ.gj =0

—Tycos (o) + Fiz + Feabiesrov-§ =0
Fcable—>ROV-?7 =T5 cos (Oé) — Fyo.
(242)

From (241) and (242), one obtains

N 2 N 2
FeaplesrOV = \/(Fcable%ROV@') + (Fcable%ROV@J)

- \/TQ2 + F2 — 2cos (o) TaFi (243)
with Fy sin () = Tosin (v — @), so
Fcable%ROV -

(244)

4) Strengths in area D2: In area D2, the buoys B1 and B2
are is contact with the stop. Then, by applied the FPS on z
and ¢, one gets from XpoF.yy =0

(Fy1 + Fy2) — Feaple—srov cos () =0
(Fp1 + Fpa)
os (B)

The area D2 exists for 5 € ]O, 3 [, which solve division
problem of (245).

5) Strengths in area D3: In area D3, the buoy B2 is in
contact with the stop and B1 with the anchor. Then, by applied
the FPS on & and /, one gets from EBgﬁ.f =0

FeaplesrOV = (245)

sin (8)T5 —sin(—a) Ty =0
sin (8)

ol @0

2 =

Remind Fegprewrov = T3
YpoF.yf = 0, one gets

. Injecting (246) inside

—cos(8)T5 + cos () To + Fpa =0

<t:;n((_[3;> — cos (ﬁ)) T3+ Fyp =0
Fyo

t:;rz(fi) — Cos (3))

(247)

Fcable—)ROV = (

Remark F_.upiesrov = Fpo when x = 0 so = 0 and
« = m, which is coherent because the cable [y is vertical and
buoy B2 lifts directly the ROV.

L. Choice of umbilical parameters

1) Proof of (64) : The seafloor exploration is performed in
area A2 to keep [l the most vertical possible, so let’s choose
ly and Iy such .y is inside area A2. First, the buoy B2
must not enter inside the exploration area to avoid collision
with obstacle, thus take [ = % Let’s now find /; such
B = Pmax at T = Tyax. Since 7 = —« in area A2, using (23)
for a couple (Fy1, Fye) such Fpo > Fjq, one can define

Tmax — ll sin (7) + l2 sin (/Bmax)
1
Tmax = 1 sin <atan (A tan (Bmax))) + lo sin (Bmax)

A2

L tan (8)

Aaz

\/1 + (A%m tan (b’max))2

2
ll = (xmax - l2 sin (ﬁmax)) \/1 + (1m(16)AA2) .
(248)

2) Proof of (62): To have the longest umbilical possible
with the surface constraints, the cable I; + I, must start the
lower possible, so take [ = Ymax. Then, to guarantee the
umbilical stays stretched when the ROV is inside the area
[¢mins Ymax)> the maximum length possible for cable [; + 15 is
Ymax + Ymin, i-€. to reach the surface from the anchor A and
dive again to Y, with the buoy B2 on the surface. We choose

Tmax — l2 sin (ﬁmax) = ll

to respect arbitrarily the ratio %’; = %, but take [ = [; can
be a valid choice. Thus, one has
Iy
lo = —13. (249)
2 Foy 1

To respect I1 + l2 = Ymax + Ymin, ONE gets
, = Ymax T Ymin
=5
LT

and ls = Ymax + Ymin — l1-

(250)



