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Tracking-in-Formation of Multiple Autonomous Marine Vehicles under
Proximity and Collision-Avoidance Constraints

Esteban Restrepo Josef Matous

Abstract— We propose a distributed control law that solves
the tracking-in-formation problem for a group of underactuated
autonomous marine vehicles interconnected over an undirected
graph and subject to inter-agent collision-avoidance and con-
nectivity constraints. The control approach is based on input-
output feedback linearization using the so-called hand-position
point as the output. Moreover, the control strategy is able to
deal with limited knowledge on the target’s state and dynamics
as well as with disturbances in the form of unknown irrota-
tional ocean currents. We establish almost-everywhere uniform
asymptotic stability of the output dynamics with guaranteed
respect of the inter-agent constraints. A numerical simulation
illustrates the effectiveness of the proposed approach.

I. INTRODUCTION

Formations of autonomous surface vehicles (ASVs) and
underwater vehicles (AUVs) are used in a variety of ap-
plications, including ocean survey, marine biology, and oil
and gas production [1]. In such applications, the vehicles
typically follow a predefined trajectory while carrying sensor
payloads to collect data from the environment. To accomplish
their mission, the vehicles need to track the given trajectory
while maintaining the desired formation shape.

Numerous methods have been proposed to solve the
formation tracking problem. These methods include, among
others, coordinated path-following [2], [3], optimal control
[4], and leader-follower schemes [5], [6]. A comprehensive
overview of these methods is presented in [7].

Due to the communication challenges posed by the under-
water environment, the vehicles need to keep a sufficiently
close distance to make the communication reliable. At the
same time, the vehicles should keep a sufficiently large
distance to avoid collisions. However, most of the methods
in the literature do not simultaneously guarantee connectivity
preservation and collision avoidance. Collision avoidance is
typically handled by a reactive supervisory controller that
intervenes when the vessel reaches the boundary of the
safe set given by the constraints. Numerous reactive control
algorithms, such as virtual potential fields [8], geometric
guidance [9], and control barrier functions [10], have been
proposed.

In the recent years, the so-called edge-agreement represen-
tation was proposed to solve the formation-keeping problem
in a distributed manner [11]. This representation combined
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with barrier Lyapunov functions has been shown to achieve
consensus under inter-agent constraints with guaranteed sta-
bility and robustness properties [12]. However, the results
in [12] do not address the tracking and collision-avoidance
problems. Moreover, the edge-agreement method cannot
be directly applied to nonlinear nonholonomic dynamics.
Hence, to make this method applicable to ASVs/AUVs,
we use the hand-position transformation [13] to make the
dynamics of the vehicles holonomic.

In this paper, we propose an edge-agreement based dis-
tributed control law for the tracking-in-formation problem
that guarantees both connectivity preservation and collision
avoidance. Our proposed approach is applicable to multiple
ASVs or AUVs moving in the horizontal plane. We estab-
lish almost everywhere uniform asymptotic stability of the
tracking-in-formation objective with guaranteed respect of
the connectivity and collision-avoidance constraints. More-
over, we show that the output error dynamics converge to
the origin exponentially fast.

II. MODEL AND PROBLEM FORMULATION

A. Model of the vessel

We consider a 3-DOF model representing the motion of
an ASV or an AUV moving in the horizontal plane, see [14]
for more details. First, the following assumptions are made.

Assumption 1: The motion of each vehicle is described in
three degrees of freedom, i.e., surge, sway, and yaw.

Assumption 2: The vehicles are port-starboard symmetric.

Assumption 3: The hydrodynamic damping is linear.

Assumption 4: The ocean current in the inertial frame
VvV = [V, Vy]—r is constant, irrotational, and bounded, i.e.,

IVnaz > 0 such that , /V2 4+ Vy2 < Viax-

Under these assumptions, for each vehicle ¢, the model in
component form is

Ti =Up; COSY; — Vpg SiNY; + V, (1a)

Ui =Upi SinY; + vy cos; + V) (1b)

i =i (1)

Ui =Fu, (Vri) + Tui (1d)

Ups =X (Upi)ri + Y (Upi ) U (le)

Uy =Fp (Upi, Uriy 76) + Tri (1)

where 7; := [z; y; ;] is the pose of each vehicle in the
North-East-Down (NED) frame, v,; = [u,; v,; ;] are

the relative (with respect to the ocean current) velocities in
the body frame, surge velocity, sway velocity, and yaw rate,
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respectively, and 7,;, 7,-; are the control inputs. The functions
F,, . F, are given in Appendix I. Furthermore, X (u,;) =
—Xjup + Xo, Y(up) = =Yiu,; — Ys, where X, Xo, Y7,
and Y are given in Appendix I. Moreover, we make the
following assumption:

Assumption 5: The following bounds hold on Y7, Y5:

Y1 >0, Yy>0.

Remark 1: Note that Y7,Y5 > 0 implies Y (u,;) < O.
This is a natural assumption since Y (u,;) > 0 corresponds
to the situation of unstable sway dynamics. That is, a small
perturbation applied along the sway direction would cause
an undamped motion, which is unfeasible for commercial
marine vehicles by design.

B. Hand-position transformation

The equations (1) are the dynamic model commonly used
in the literature for the control of marine underactuated
vehicles, where the output is normally chosen as the pivot
point p; := [z; y;] (the origin of the body-fixed frame).
In what follows, we choose a different output, the so-called
hand-position point, h; := [£1; £2;] T, introduced in [13] for
marine vehicles and defined as

§1i = x5 +lcosy, &op i=y; +1siny, 2

where [ > 0 is a constant, see Fig. 1 for the ASV case.

Fig. 1. Diagram of an ASV.

The use of the output h; allows us to use an input-output
feedback linearization of the model (1). More precisely, we
define the change of coordinates

Cri = s (3a)
Goi =T; (3b)
&1i=a; +lcosy (o)
&oi = y; + Isin; (3d)
£3i = Up; COSY; — Uy SN Yy — 13l sin gy (3e)
E4i = Upg SINY; + vy cOS Yy + 15l cOS ;. (31)
The model (1) expressed in these new coordinates is then

éli = (o (4a)
Cai = Fe, (Cuiy €3, €a) + Tri (4b)

&l [&i+ Ve

[fzj B |:§4i + Vy] (1)

Eai| _ F53(<1ia§3ia§4i):| _ |:Tui:|

[541} [F&; (STRTRIN) + R ITrs (4d)

where F, (14, &3i, as) is obtained from F).(wy;, vps, ;) sub-
stituting ur; = &3; €08 C1; + €43 Sin iy vy = —&3;8InC15 +
€ai cos G — C2il, i = C2is
Feo ()] _ oo Fu, () = vpiry — I}
07200 | SO ]
and R(-) € SO(2) denotes the rotation matrix.
Now, in order to linearize the external dynamics, we apply
the input transformation
Tui T | —Fey (Crir E3iv Eai) + p14
= R(Y; 6
|:lTTi:| (W) |:_F§4(<1i7§3i7§4i) + H2; ©

where (115, p1o; are the new inputs to be designed. Applying
the input transformation (6) into (4), we obtain

i = G
ézi =— [(Yl - X1~ 1) Ujcos(Cri — ¢i) + Yo + )52} Coi

(7a)

l

_ [?Ui cos(Cri — ¢i) + };2} Ussin(G: — 1)

- Smlcuﬂu + COSZCM M2 (7b)
b=+ Ve (7c)
boi = & 1V, (7d)
€ai = pa (7e)
Eai = pa; (71)

where

U =1/&,+ &, ¢ = arctan?2 (Z‘i) . (8)

The main advantage of choosing h; as the output is that
the nonlinear system (1) is transformed into (7) with the
linear external dynamics (7c)-(7f). Note, however, that the
inputs pq; and po; affect also the internal dynamics (7a)-
(7b). Therefore, the internal stability properties of the states
(14 and (o; have to be verified.

C. Control objectives

It is assumed that each agent has access only to local
information from a limited number of neighbors. This is
represented by a graph, denoted G = (V, ), where the set
of nodes V := {1,2,..., N} corresponds to the labels of
the agents and the set of edges & C V2, of cardinality M,
represents the communication between a pair of nodes. An
edge e, k < M, is an ordered pair (i,5) € & indicating
that agent j has access to information from node 7. In this
paper we consider that the graph representing the interaction
among the agents is undirected and connected, that is, there
exists a path connecting each agent with every other agent.

We consider multi-agent systems that are subject to inter-
agent constraints. For one part, these constraints come from
the embedded relative-measurements devices, which are re-
liable only if used within a limited range. The vehicles must
thus remain within a limited distance from their neighbors
in order to maintain the connectivity of the graph. More-
over, to ensure the safety of the system, the agents must
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avoid collisions among themselves. These connectivity and
collision-avoidance constraints may be defined as a set of
restrictions on the system’s output (2).

Define the relative-output state of a pair of interconnected
agents as

spi=hi—h; VE<M, (i,j)€€. 9)

For each k < M, let 6, and Aj be, respectively, the
minimal and maximal distances between agents ¢ and j
so that collisions are avoided and that the communication
through edge ey, is reliable. Then, the set of inter-agent output
constraints is defined as

Dy, = {Zlk€R2:§k<|Zlk|<Ak}7 Vk< M. (10)

The control goal is for the agents to achieve a desired
formation and track a target in the presence of the output
constraints as given by the set Dy in (10). The target is
modeled as a second-order integrator

ho = Vhoy,  ho = fo(t), (11)

where h, == [€1o &20] € R? and vho = [&30 &ao] €
R? are, respectively, the (hand-)position and velocity of the
target, and 1, (t) is its acceleration. Moreover, we assume
that the following holds.

Assumption 6: For all t > 0 there exist positive constants
Upo» Vho» and i, such that

Vho < Vho()| < Thoy  |110(t)] < Ho- (12)
Mathematically, the tracking-in-formation problem trans-
lates into making vp;(t) — vpo(t) for all i € V, where vp,; :=
[€3; €45 ", and making hy(t) — ho(t) and hy(t) — h;(t) —
24, , or equivalently, z1;, — z{, in the edge coordinates,
where 2%, € R? denotes the desired relative position between
a pair of neighboring agents ¢ and j.

To address the formation part, instead of considering the
states of each individual agent (the nodes of the graph), as
is more common in the literature, we consider the variables
defined in (9) which denote the states of the interconnection
arcs in the graph. This corresponds to the so-called edge-
agreement framework [11] and it has the advantage of
recasting the consensus objective as the stabilization of the
origin in error coordinates.

Let us denote the so-called incidence matrix of a graph
by E € RV*M which is a matrix with rows indexed by the
nodes and columns indexed by the edges. Its (¢, k)th entry
is defined as follows: [E],, := —1 if ¢ is the terminal node
of edge ey, [E];, := 1if 7 is the initial node of edge ey, and
[E],), := 0 otherwise. Let hT = [h{ --- h] € R?Y be the
collection of the hand-position points of all the agents of the
system. Then, the edge states in (9) satisfy

z1:=[ET @ L]h (13)

where 2, = [z} - 2{]T € R*, ‘@ denotes the Kro-
necker product, and I5 is the identity matrix. The formation
error, in turn, is defined as

35 =[ET ® L]h — 2, (14)

where 247 = [24] - 2¢];] € R*™_ Similarly, let v} =
[vp; - van] € R*Y be the collection of the hand-position-
point velocities. Then, in the edge coordinates we define

2= [ET @ L), (15)

For the tracking part of the problem, we consider the case
that only one agent has access to the target’s (hand-position)
state, h, and vp,, and knows an upper bound ji, on the
target’s acceleration. Hence, without loss of generality, label
the agent that has access to the target’s information as ”1”
and let an additional edge states be defined as

(16)
where 2, € R? is a desired displacement with respect to
the target.

Now, let i; := [u1; pi2;] ' and p” = [l - uy] € RPN
be the collection of the inputs of all the agents of the system.
Then, the control objective is to design p such that

S d -
Zio :=h1 — ho — 2105 *20 = Vh1 — Vho,

tlgglo Z10(t) =0 tlgrolo z20(t) =0 (17a)
tli>I£1<> Z()=0 tliglo z9(t) = 0. (17b)

One advantage of considering the edge states rather than
the node states is that it is possible to obtain an equivalent
reduced system which is easier to analyze using stability
theory. As observed in [11], using an appropriate labeling of
the edges, the incidence matrix can be expressed as

E=[E, E.] (18)

where E, € RVX(N=1) denotes the full-column-rank inci-
dence matrix corresponding to an arbitrary spanning tree
G, C G and E, € RVX(M=N+1) represents the incidence
matrix corresponding to the remaining edges not contained
in G;. Moreover, defining

Ri=[Iy, T)|, T:=(E'E) E/E. (19

with I _;1 denoting the N — 1 identity matrix, one obtains
an alternative representation of the incidence matrix of the
graph given by

E = E,R. (20)

The identity (20) is useful to derive a reduced-order dynamic
model, cf. [11]. Now, correspondingly, the error edges’ states
may be split as

2= zy an]’

v:=41,2}

where z,, € R*™™—1 are the states corresponding to the
edges of an arbitrary spanning tree G; and z,. € R*M-N+1)
denote the states of the remaining edges, G\G;. Thus, after
(13), (14), (20), and (21), denoting 2§, € R*N=1) as the
vector of desired relative displacements corresponding to G,
we obtain

2y

H=[RT®@hL|&, =z=[R ®L]zm. (22)

Now, the reduced-order external dynamics becomes
210 =220 +V (23a)
Zip = 2ot (23b)
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Z20 = H1 — fo(1) (23¢)
Zot = [EtT ® Io] . (23d)

In these coordinates, the control objective as defined in (17)
is achieved if and only if the origin of the reduced-order
system (23) is asymptotically stabilized. More precisely, we
consider the following problem.

Tracking-in-formation with inter-agent constraints: Con-
sider a system of N autonomous marine vehicles with
dynamics given by (1), interacting over an initially connected
undirected graph. Assume, in addition, that the agents are
subject to inter-agent constraints that consist in the outputs
(2) being restricted to remain in the set defined in (10). Under
these conditions, find distributed controllers p;, ¢ < N, that
achieve the objective (17) and render the set (10) forward
invariant, i.e., z1x(0) € Dy implies that z15(t) € D,
Vk < M and V¢ > 0.

III. CONTROL DESIGN

In this section we will show how the tracking-in-formation
problem, with the previously formulated output constraints,
can be solved following a backstepping approach, which is
well adapted to the normal form of the external dynamics
(23). We start by defining a virtual control law for (23a)-
(23b) with z5, and zo; as inputs. Now, in order to account
for the output constraints, a good choice of control design for
the virtual inputs consists in using the gradient of a barrier
Lyapunov function [12], [15], [16].

Barrier Lyapunov functions (BLFs) are reminiscent of
Lyapunov functions, so they are positive definite, but their
domain of definition is restricted by design to open subsets
of the Euclidean space. Furthermore, they grow unbounded
as z1; approaches the boundary of their domain. We define
them as follows, cf. [17].

Definition 1 (BLF): Consider the system & = f(z) and
let M be an open set containing the origin. A BLF is a
positive definite function V' : M — R, z — V(z), that is
Cl, satisfies

and has the property that V(2) — oo and |VV (2)| — oo as
T — OM.

Akin to (10), the inter-agent constraints in terms of the
formation error are given by the set

Dy = {Z1r €R? & &), < [Z1p + 24| < Ay}, VE< M.
(24)
Then, for each k < M, we define a candidate BLF W, :

D~k — R0, of the form
- 1. -
Wi (Z1x) = 3 [1Z16]% + Bi(Zr + 285)] (25)
where
A2 A2
By(210) = ke [m (k) “In (kﬂ
1) Al ) T\ BT P

|21k |2 |2, |2

o o ()~ ()|
|21k]* — 0F |2, * = 3

o o
FUERPAE ) T A R
Note that Bj is a non-negative function that satisfies:
Bi(z) = 0, VB(z4) = 0, and By(Z1) + 2{,) — o0
as either |21y + z‘lik\ — Ay or |21, + z‘lik| — 0. Therefore,
the candidate BLF (25) satisfies: Wy (21x) — oo as either
|21k} + Zilk‘ — Ak or |21k + ka| — 6k-

Remark 2: The functions defined in (25) are reminiscent
of scalar potential functions in constrained environments.
Hence, the appearance of multiple critical points is inevitable
[18]. Indeed, the gradient of the BLF (25), VW (Z1%),
vanishes at the origin and at an isolated saddle point sep-
arated from the origin. Therefore, when using the gradient
of (25), the closed-loop system has multiple equilibria. We
will address such technical difficulties using tools tailored
for so-called multi-stable systems, see [19], [20].

Now, we define a BLF for the multi-agent system as

Wz = Y Wilzu)

k<M

(26)

and, in light of Remark 2, let us denote by 75 € R*(V-1)
the vector containing the saddle points of the BLF for each
edge (25). Moreover, let us define the disjoint set

W:={0}U{z}, 27
which corresponds to the critical points of W in (25). Then,
W satisfies

ai . ~ ~
5 Ay S W) <l VWEDE, @8)

where a1,a9 > 0 and |Z14|yy := min{\élt\, |Z1¢ — 21‘\}

In the edge-agreement framework, the BLF-based virtual
controllers are then given by

% = B[ © Ly

U;‘; = —C1 [Et X Iz]VW(élt) — cl[C X 12]210 -V, 29

where c; is a positive gain, V is a vector of estimates of
the ocean current for each agent, and C'T := {1 OlTX( N—l)} )
Defining the error coordinates Zo; 1= 2ot — 25;, 220 1= 221 —
220, and using (29), (23a)-(23b) become

2ol __ [ 1 CTE] T
B YWIESC EJE] T ?| | VW(z1)

- Hg}] ® 12} v+ [ZJ (30)
where the estimation error V is defined as
Vi [IN ® {Vow VOH Loy — V7
=V-V. (31)
With aim at making V — 0, we design the adaptation law
‘A/:cv(h—go)7 cy >0 (32a)
o=uv,+V. (32b)

Using (32) and (1c)-(1d), the derivative of (31) becomes
f/ = —Cy (uh +V—uy, — V) = —cvf/. (33)
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Now, we rewrite (23¢)-(23d) in the error coordinates, Zs,
and Zo;:

Foo =1 — Uy (34a)
Zy = [E] @ Llp— 25, (34b)
The tracking-in-formation control law is chosen as
p=—co[EB:RR" ® L]0 — e2[C ® Lb] 720 + 1,
—vsign ([E;RR" ® L] 2 + [C ® L]Z2,)  (35)

where cp,v > 0 and 7} = —c1[E; ® LIVIV(Z1) — a1[C®
L]z,

IV. MAIN RESULT

First we assume that the following holds.

Assumption 7: The total relative velocity of the target is
such that Uy (t) = \/(&30(t) — Va)? + (€ao(t) = V;)? > 0.

Remark 3: Note that Assumptions 4 and 6 imply that
there exist constants U, U,, U>, and U such that U, <
U,(t) <U, andQZSU()<U forallt>0
Moreover, let us define the following variables:

X, -1 X
:G}.U )m, =Yy + =2 ()
Y,U2 YaU,
:1TU°, d= QZU. (37)

Note that from Remark 3 we have thata < a <@,c < ¢ <G,
and d < d < d, with a,, ¢, ¢, d, d being positive constants.

Then, our main result is stated as follows.

Proposition 1: Consider N ASVs/AUVs, each described
by the model (1), and interconnected over an initially con-
nected undirected graph. Consider the hand-position point
hi = [€1i €] = [wi+lcose; y; +Isinep] ", where
[ yi}—r is the position of the pivot point of the ith agent,
I > 0 is a positive, and 1); is the yaw angle of the ith vehicle.

Let ¢o(t) = arctan(£40(t) — V,/&30(t) — V) be the crab
angle of the target. If Assumptions 1-7 are satisfied and if

_ Y5 {mgg XQ}
0<U,< —=, I>maxq——,—— 38
Y: ms3s Ys 8
v 2V2Np, (39
_ 2 mi —c),b
e mln{a( ci{ }1 (40)
1 Nbe 4 9 (Yl 1 )

the controller (6), where the new 1nputs w14 and po; are given
by (35), renders the constraints set (10) forward invariant
and guarantees the achievement of the tracking-in-formation
objective (17) for almost all initial conditions such that
21%(0) € Dy, for all k < M. O

Proof: 'We begin by rewriting the N systems (7) in
closed loop with the new inputs (35) in a cascaded form.
For that purpose let us define the error variables

Cri = Ci — Bo(t),  Cai == Cai — o). (41)
Moreover, define the tracking errors

Eai = E&3i— (E30(t) = Vi), &ui = Eai— (Eao(t) — V). (42)

Denote ¢, = {511 C~1N}, & = {521 <~2N},

R

[537, 641] V}L = [D}—Lrl

sin Cl ~|. Then, the internal dy-

22 R I s ol B
= [T
Sil’l((fl)T = |:Sil’lé:11
namics for the whole multi-agent system in compact form
can be rewritten as

<1 (o (43a)
G = — A(Q)¢ — B(O)Sin(Cr) + A(C, on) oy, + B(G)p
¢

— A Lno(t) = LIndolt) (43b)
where
A(C):= diag{a cos (1;+b}, B(C):=diag{ccos(y;+d}
(44)
A((, 7y = blockdiag { [O‘(Eiy &i,&) B(G, 532-,542')} }
(45)
B(¢1) := blockdiag{[—sin (1; cos (1]}, (46)

and o(;, 34, Eai)s 5(5“53“541) given in Appendix I. Now,

defining x" := %1, 2], 7] V7|, the closed loop system
takes the form
¢ =—H(){+ ¥(t,¢) + G(¢,X) (47a)
X =F(tx), (47b)
where (] := [Sin(fl)T 5;},
FE
N 0~ IN, E ®12 l_/h
HO=|pe) A&J’F“X> i wpe(t)| 9
—c,V
cEx =, . ° ] (49)
=LA o+ B(G)w
~ [ 0
\j = . . 50
6.0 m><>m%m} G0

The stab111ty analysis of the closed-loop cascaded system
(47) follows a similar reasoning as in [13]. First, we show
that the driving system (47b) is (almost-everywhere) uni-
formly asymptotically stable with domain of attraction cor-
responding to the set of constraints, and that its trajectories
converge exponentially to the origin. Next, under the property
that the trajectories of the external dynamics converge to
the origin exponentially fast, it may be shown that the
trajectories of the internal dynamics (47a) are uniformly
globally ultimately bounded.

A. External dynamics

In order to analyze the stability properties of the subsystem
(47b) we use the reduced-order edge-based system presented
above. Let ¢, = [210 V%M G = [210 VW(,%U)T} Sy =
[220 EQTf] , and

B 1 CTE,
e=|lere wrrle]

Ry= ¢l @], Ro= L O<TN Diely|. (52)
1= EtT 2|, 2= O(Nfl) RRT 2] -

(S
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Then, from (30), (34), and (35), the compact external dy-
namics in the edge-based perspective becomes

G =—c1Ls +e+RV (53a)
o = — aLRasa + ¢, RV

— YRisign (R Rac2) — Rilanpo(t)  (53b)
V=—c,V (53¢)

Remark 4: The matrix E, E; represents the edge Lapla-
cian of a spanning tree, therefore it is symmetric positive
definite [11]. Then, taking the Schur complement of EtT E;
in (51), from the structure of C', we have that

1-CTE(E/E,)'E/C>0. (54)
Hence, from the positive-definiteness of EtT FE; and (54), the
matrix £ in (51) is positive definite.

For system (53) we state the following.

Lemma 1: The origin of the edge-based closed-loop sys-
tem (53) is almost-everywhere uniformly asymptotically sta-
ble with domain of attraction D := R x D x R x R2M x
R?N, with D := (<, Di. where Dy, is defined in (24).
Furthermore, for almost all initial conditions, the trajectories
of the closed-loop external dynamics (53) converge to the
origin exponentially. ]

Proof: First define the function

1
Wi(s1) == §|51o|2 + W(Z1) (55)

where Z1; — W (Z1¢) is defined in (26). The derivative of
(55) along the trajectories of (53a) yields
W (s1) = —C1f£r£f1 + C_;—§2 + C_IFRJ/» (56)

and since L is positive definite, see Remark 4, (56) satisfies

Wia) < —alal® +allel +dlallVl, 67
where ¢} := ¢1 Amin(£) and ¢, := ¢, |R1].
Next, define the candidate Lyapunov function
1
Wa(s2) := =6 Raca (58)

2
We proceed by calculating the derivative of (58) along the
trajectories of (53b), which is defined by the differential
inclusion ¢ € F5(t,¢2), where

(53b), RlTRgcg #0
F (t, §2) =K —aLRaGy + ¢, RaV 59)
—’y>\ — R212N,U,o(t), RIR2§2 =0

and A € [—1,1]. Thus, using condition (39) and ||s||; =
s 'sign(s), the derivative of W5 yields

Wa(s2) = —casy RaLRaosa + cosy RoR1V
— 753 RaRisign (R{ Ras2) — o3 RaRilanpio(t)
< —olel* + ||V, (60)
where ¢}, := caAmin(R2LR2) and ¢! := ¢,|RaR1|-
Next, let ¢' := {ng Sy f/q and define the candidate

Lyapunov function

We() == Wila) + mWa(ee) + S VP (6D)
From (57), (60), and (53c), we have
We(s) < = difal? = richlsal* — racy V]
+ [Gillse] + V] + mileel V] (62)
Setting ~1, ko large enough, we obtain
We(s) S_§1|€1|2_62|§2|2_Ev“7‘2 (63)
< —eW(s).
Now, recalling Remark 2, let
We i= {0} x W x {0} x {0}2N=D » {012V (64)

where W is defined in (27), be the set containing the
equilibria of the closed-loop system (53). Then, from (28)
the derivative of (61) satisfies

We(s) < —2s|w.- (65)

Thus, the closed-loop system (53) is uniformly asymptot-
ically multi-stable at W,, cf. [19]. Furthermore, since the
critical point zj of the barrier Lyapunov function is a saddle
point, after [20, Prop. 1], it follows that the region of
attraction of the unstable equilibrium Z] has zero Lebesgue
measure. Therefore, we conclude that the origin of (53)
is almost-everywhere uniformly asymptotically stable in D,
except for a zero-measure set of initial conditions.

In order to establish forward invariance of the set D we
proceed by contradiction. Assume that there exists 7' > 0
such that for all ¢ € [0,T), Z1x(t) € Dy and 215 (T) ¢ Dy,
for at least one k < M. More precisely, we have |z15(t)| —
Ay or |z15(t)| = 0k as t — T for at least one k£ < M. From
the definition of Z1; — W (Z1¢) in (26) and Z1 — Wi(Z1k)
in (25), this implies that W.(s(¢)) — oo as ¢ — T which
is in contradiction with (63). We conclude that W (s(t))
is bounded for all initial conditions such that % (0) € D,
therefore, W (s(t)) < Wc(s(0)) < oo for all ¢(0) € D and
all ¢ > 0. The respect of the inter-agent constraints follows
from the forward invariance of D.

Since (53) is asymptotically stable at the origin, with
domain of attraction ID, it follows that for (almost) all initial
conditions ¢(0) € D there exist small positive constants
€(s(0)) and €((0)) such that %15 (t) € Dy, where
ﬁek3:{51k € R2 : 0p—e < |21k+2fk| < Ak,fg}’ Vk < M.
Moreover, for any z; € 156, with 156 = ﬂk< M @ek, we have
that the BLF W in (26) satisfies B

/

ay . ~ Qg | .
5 1Fuly < W(a) < by (66)

Therefore, from (66) and (63), we conclude that for almost
all initial conditions ¢(0) € D, the trajectories ¢(t) of the
external dynamics converge to the origin exponentially. M

B. Boundedness of the internal dynamics

The interconnection term G in (47a) satisfies the bound
G(¢ )] < Ga(IxDIG] + Ga(IxD), (67)
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where G1,Go € K. Then, under the conditions (38), (40),
(67), and Lemma 1, uniform ultimate boundedness of the
trajectories of the internal dynamics (47a)-(47b) follows from
the same arguments as in the proof of [13, Theorem 1]. This
proof is omitted here due to space constraints. [ ]

V. NUMERICAL EXAMPLE

In this section we illustrate the performance of the con-
troller (6), with (35), through a numerical example consisting
of the tracking-in-formation problem for six ASVs subject
to proximity and collision-avoidance constraints. It is only
assumed that the vehicles are interconnected at the initial
time, so the controller must preserve such connectivity. We
consider that the agents interact over a connected undirected
graph and that only the agent labeled ”1” has knowledge of
the (relative) state of the target (labeled ”0”). The topology
is illustrated in Fig. 2.

Fig. 2. Interaction topology: connected undirected graph.

The six ASVs are considered identical and correspond to
the model of Cybershipll [21], which is a scale model of an
offshore supply vessel with mass 15 kg, length of 1.255 m,
and whose mass and damping matrices are given by

258 0 0 0.93 0 0
M={| 0 338 101|,D=]| 0 2.89 —-0.26
0 1.01 2.76 0 -026 0.5

Moreover, the ocean current velocity is set to V =

[V, V,]" =[0.05 —0.08]". The initial conditions of the
agents are presented in Table L.
TABLE 1
INITIAL CONDITIONS
Index z; y; ¥i Uri Ui T
1 1.9 0 0 06 0.2 0
2 -2 0 0 0.3 0 0
3 5.5 2 —7m/2 03 02 0
4 5.5 -2 /2 0.3 0 0
5 -5.5 2 0 0 0.1 0
6 55 -2 0 0.8 0 0

The desired formation corresponds to a hexagon deter-
mined by the relative position vector z{;, = (z{, ., 2{ ), for
each k < 5, set to (1,0.5), (—1,—1.5), (—1,0.5), (=2,1),
(—1,0.5). The target is modeled as a second-order integrator
(11) following a circular trajectory with the input

fio(t) = [—0.018 cos(0.06t)  — 0.018sin(0.06¢)] "

and initial conditions h,(0) = [15 0]'m and v,,(0) =
[0 0.3)"m/s. The maximal and minimal distance parameters
are A = 4.4m and d;, = 0.4m. The hand position point is
chosen at [ = 1m, and the control gains are set to ¢; = 1,
cs = 0.5, v = 0.15, and ¢, = 0.2. All the parameters and
control gains are chosen so that the conditions (38)-(40) are
satisfied. Furthermore, in order to avoid discontinuities in

the control, the non-smooth term in (35) is replaced by the
smooth approximation —v tanh (¢, s), ¢g > 1.

Fig. 3-6 present the results of the simulation scenario.
We see from Fig. 3 that the ASVs successfully reach the
desired formation while following the target, as is also
evidenced from the formation and tracking errors in Fig. 5
and the velocity errors in Fig. 6. Furthermore, note that
the connectivity and collision avoidance constraints, shown
as dashed red lines in Fig. 4, are always respected. Thus,

the simulation results successfully verify Theorem 1 and
illustrate the performance of the proposed controller.
10 -
5 |- ASV 3
ASV 5 ASV 1
£ -B«
= 0 [ASV 2 7 17 )
> U
_5 7ASV 6  ASV 4 NN
—10 W | | | | J
-5 0 5 10 15 20
r [m]
Fig. 3. Paths followed by the agents
€1 - €2 B €3 _‘64 :
—_ e €5 €6 m—— E7
é ]
— |
&
ey Y
60 80 100
t[s]
Fig. 4. Inter-agent distances. The dashed lines represent the con-

nectivity and collision-avoidance constraints.

12
— € el €2 €3
— 9 e4 es €6 — €7 |
£
— 6 :
~
R
woog i
0 | | | |
0 20 40 60 80 100
t [s]
Fig. 5. Norms of the formation/tracking errors.

VI. CONCLUSIONS AND FUTURE WORK

We presented a solution to the tracking-in-formation con-
trol problem of cooperative autonomous marine vehicles
under inter-agent output constraints. Building upon an input-
output feedback transformation we proposed a distributed
controller, using the gradient of a BLF and a backstep-
ping design, that achieves the desired formation and target
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Fig. 6. Norms of the velocity errors.

tracking with guaranteed connectivity maintenance and inter-
agent collision avoidance even in the presence of constant
disturbances and with limited knowledge of the target. We
established almost-everywhere uniform asymptotic stability
with exponential convergence of the output dynamics. Cur-
rent research focuses on extending these results to AUVs
moving in 3D and considering input and velocity constraints.

APPENDIX I
EQUATIONS

Under Assumptions 1-3 the ASVs may be represented by
a mass and a damping matrix of the form

mii 0 0 di1 0 0
M=| 0 ma mo|,D=|0 dxn do3
0 mo3 MM33 0 d32 d33

Then, we have.

2
_ M11M33 — Mi3 _ d33ma3 — dagmas

X, =5 Xo 5 (68)
T22M33 — Mag ™T22M33 — Mo
mi1 — Ma2)Ma3 daomsas — dzamas

Y Z%; Yy = 2 (69)
T22M33 — Mag T22M33 — Mag

1 d
F, (0p, 1) =——(magv, + m23r)r — —=u,  (70)
mi1 mii

Mazdaa — Maa(dsa + (Mo — mi1)u
Fr(umvrﬂﬁ) = ( ( 2 ) T)Ur
M22M33 — Mg
maz(daz + mi1uy) — mas(dss + maguy.)

2
mM22M33 — Msg

r (71

o Y, r _ _ _
(G, €31y €ai) =— {ll [(fsi cos(Cri+¢o) + Eas sin(Cri+o))

+U, cos 511] + };2} Sin(§1i+¢o) — |:};1Uo sin 511‘
+ (Yl - Xlll> Cm} COS(§1¢+¢0) (72)

B(Ciy i, Eai) = P;l [(gsi cos(Cri+ o) + 1 5in(Cii+Bo))
+U, cos fh} + };2} cos(§1i+¢o) — P?UO sin fli

+ (m - Xll_1> czi] sin(Cii + ) (73)
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