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Abstract. This paper deals with the homogenization of a quasilinear elliptic problem having a singular lower order term and
posed in a two-component domain with an e-periodic imperfect interface. We prescribe a Dirichlet condition on the exterior
boundary, while we assume that the continuous heat flux is proportional to the jump of the solution on the interface via a
function of order 7.

We prove an homogenization result for —1 < y < 1 by means of the periodic unfolding method (see SIAM J. Math. Anal.
40 (2008) 1585-1620 and The Periodic Unfolding Method (2018) Springer), adapted to two-component domains in (J. Math.
Sci. 176 (2011) 891-927).

One of the main tools in the homogenization process is a convergence result for a suitable auxiliary linear problem, associated
with the weak limit of the sequence {u®} of the solutions, as ¢ — 0. More precisely, our result shows that the gradient of u®
behaves like that of the solution of the auxiliary problem, which allows us to pass to the limit in the quasilinear term, and to
study the singular term near its singularity, via an accurate a priori estimate.

Keywords: Two-component domains, Homogenization, Periodic Unfolding Method, Quasilinear elliptic equations, Singular
equations

1. Introduction

In this paper we study the asymptotic behavior of a class of quasilinear elliptic problems presenting
singular lower order terms and posed in two-component domains.

More precisely, the two-component domain €2 is a bounded open subset of R which is the union of
two disjoint open subsets, 2] and 2], and their common boundary I"*. The disconnected component €25
is the union of the e-periodic translated sets of £Y5, where Y, is well contained in the reference cell Y
and I' = 9Y,. The connected component 2] is obtained by removing from €2 the closure of 2 such that
the interface I'* = 9$23.

We deal with the homogenization, as & goes to zero, of the following problem:

—div(A®(x, u®)Vu®) = fc(u®) in 2\ I'?,
uj =0 on 0%2,
(A% (x, uf)Vu)v® = (A°(x, u5)Vu5)v® onTI?,
(A®(x, u)Vui)v® = —e"h®(uj — uj) on ¢,

where v® is the unit external normal vector to £2]. We prescribe a Dirichlet condition on the exterior
boundary, while we assume that the continuous heat flux is proportional to the jump of the solution on
the interface by means of a function of order &”.
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2 F. Raimondi / Homogenization of some singular problems

The quasilinear diffusion matrix field is defined by A®(x, t) = A(f, t), where the matrix field A is
uniformly elliptic, bounded, periodic in the first variable and Carathéodory. The nonlinear real function
¢ (s) is nonnegative and singular at s = 0, while f is a nonnegative datum whose summability depends
on the growth of ¢ near its singularity. Concerning the boundary condition, h°(x) = h(3) where £ is
assumed to be a periodic, nonnegative and bounded function, and y €] — 1, 1].

This problem describes the stationary heat diffusion in a two-component composite with an e-periodic
imperfect interface. In particular, quasilinear diffusion terms describe the behavior of materials like
glass or wood, in which the heat diffusion depends on the range of the temperature (see for instance
[6]). We refer to [20, Section 3] for more details about source terms depending on the solution itself
and becoming infinite when the solutions vanish. These kind of source terms can model, for instance,
electrical conductors where each point becomes a source of heat as a current flows inside. The boundary
condition on I'* models a jump of the solution through a rough interface and we refer to [9] for a physical
justification of this model (see also [29]).

In view of a counterexample suggested by H.C. Hummel in [28], one cannot expect bounded a priori
estimates for the solution when y > 1. For this case we refer to [23] where different a priori estimates
needed. As for our problem, existence and uniqueness results has been proved in [25,26] for y < 1.

Here we prove an homogenization result for y €] — 1, 1[ by means of the periodic unfolding method.
This method was originally introduced by D. Cioranescu, A. Damlamian and G. Griso in [13] and [14]
for fixed domains and extended to perforated ones in [16] and [17]. Then, it has been adapted to two-
component domains by P. Donato, K.H. Le Nguyen and R. Tardieu in [22] (see also [21]).

This work has been partially inspired by the works [20] and [24]. Let us point out the main differences
with respect to them and the additional difficulties. In [20] the authors treat the same singularity when
A is linear and in a different geometrical framework where the domain has two connected components
separated by an oscillating interface. This interface tends to a flat one, so that the integral on I'® goes
to the one on I', roughly speaking. But here I"? is the union of disconnected sets (of order é) so that its
measures goes to inifnity, whence the integral on I'® needs particular care.

Let us mention that in [24] the authors consider the same singular problem with A quasilinear but
posed in a periodically perforated domain. Here the holes are replaced by a second material so that we
have to treat in addition all the integrals on the second component and the boundary term with jump.

In Section 2 we present the setting of the problem and we state the main results.

In Section 3 we give a short presentation of the periodic unfolding method, adapted to two-component
domains.

In Section 4 we prove two a priori estimates uniform with respect to ¢ and we give an estimate of
the integral of the singular term close to the singular set {#® = 0}, in terms of the quasilinear one (cf.
Proposition 4.3).

In Section 5 we prove a crucial convergence result, Theorem 5.4. It is one of the main tools when
proving our homogenization result and it shows that the gradient of u® is equivalent to the gradient of
the solution of a suitable auxiliary linear problem, associated with a weak cluster point of the sequence
{u®}, as ¢ — 0. This idea was originally introduced in [4] (see also [5]) where some nonlinear problems
with quadratic growth are considered. We refer to [10] and [22] for the study of the auxiliary problem,
while for the proof of the convergence result we adapt some techniques from [20] and [24].

Section 6 is devoted to the proofs of Proposition 2.5 and the homogenization theorem. For these results
Theorem 5.4 plays an important rule not only in the study of the quasilinear term but also in that of the
singular one. Actually, as done in [20] and [24], we split the integral of the singular term into the sum of
two integrals: one on the set where the solution is close to the singularity and one where is it far from it,
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F. Raimondi / Homogenization of some singular problems 3

which results not singular. Near the singularity, making use of the estimate given in Proposition 4.3, we
shift the study of the singular term to that of the quasilinear one, for which we can use Theorem 5.4.

Finally, let us point out that the homogenization result we prove here shows that the conductivity of
the first material is the same obtained when there is no material occupying €25. On the other hand, since
in the limit problem it appears f instead of ; f (being 6; the proportion of the material occupying 27),
one has anyway to take into account even the source term in the second component.

The first paper on this subject is due to [3] for the linear (nonsingular) case by multiple scale method.
In [23] and [29] the authors also studied the linear case by using the Tartar method. For similar homog-
enization elliptic problems we refer to [8,20,24,28] and [30]. In [21,22] the authors study the linear case
in presence of linear and nonlinear boundary conditions, respectively.

2. Setting of the problem and main results

Throughout the paper, we use the same notation as in [21,22] for the periodic unfolding method in
two-component domains.

The domain. For N € N, N > 2, let 2 be a bounded open set in RY with a Lipschitz-continuous
boundary 0€2. Alsolet Y = ]_[fvzl[O, [;[ be a reference cell, with [; > 0,i = 1, ..., N. We suppose that
Y, and Y, are two disjoint connected open subsets of ¥ such that Y» % ¢, Y, C Y and Y = Y, U Y», with
a common boundary I' = 9Y, Lipschitz-continuous.

Let {€}.-¢ be a positive parameter taking values in a sequence converging to zero and set:

o for anyk (S ZN, k] = (klll, . ,kNlN) and
Yi=k+7, Yi=k+VY, i=12,
o K, ={keZV eY¥ C Q}and

Q= |Jer}, Q=Q\Q5, TI"=09
keK,

By construction, €2 results the union of the two disjoint components and their common boundary,
ie. Q= QfUQ5UT?® (see Fig. 1).

Also we introduce the following sets:

K.=lkezVeYfca)l, Q.= interior{ U etk +?)}, A=\ Qs

kei(}

and

Also,

there exists &y > 0 such that Ve < g9, A5 = 0. 2.1
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4 F. Raimondi / Homogenization of some singular problems

Fig. 1. The two-component domain €2 and the reference cell Y.

Let us note that here, for the sake of simplicity, we do not allow the second component to meet the
boundary of the domain and also we suppose Y, connected. Actually the cases where the holes meet the
boundary of Q2 and Y, has a finite number of connected components can be treated as done in [21] and
[22], respectively.

In the sequel we denote by

e M,(v) = ﬁ fw vdx the average of any function v € L'(w), for any open set w of R",
X, the characteristic function of any open set @ of RY,

~ the zero extension to the whole of 2 of functions defined on Qf or 5,

6= i=12,

c different positive constants independent on ¢,

M(a, B, Y) the set of matrix fields A = (a; j)1<i j<n € (L®(Y))V*¥ such that

(AC)A, L) > alr> and |A()A| < BIA, VYreRYandae.in?,

witho, B e R, 0 <o < 8B,
e {ey, ..., ey} the canonical basis of R",
° U =V the restriction to Q¢ of functions v defined in Q,i =1, 2.

Moreover let us recall the classical decomposition for every real function v

+

-V, v =max{v,0} and v~ = —min{v, 0} ae.in 2, (2.2)

where v and v~ are both nonnegative. In particular, one has

Wi — ) (o7 —vy) = (vf —v) (o7 —vy) = (v —v5)’

= —vv; —viv; — (v — 1)2_)2 <0. (2.3)

© 0O N O O~ WO N =



© O N O 0o » O N =

A A B D DD DWW W W W W W W W WNDNMNDNDNDDNNDDNDNDNDDN =SS A a4 aa
o o M ONM =+ O © 0O N O O O 24 O © 0o Nk O DN+ O © 0o N o MDD = O

F. Raimondi / Homogenization of some singular problems 5

The problem. The aim of the paper is to study the asymptotic behavior, as ¢ goes to zero, of the
following problem:

—div(A®(x, u®)Vu®) = f¢(u®) in Q\I'?,

uij =0 on 0%2, (2.4)
(A®(x, uf)Vui)v® = (A®(x, u5)Vui)v® onTl?,

(A% (x, uf)Vuv® = —e"h*(uj —uj) onTI®,

where v* is the unit external normal vector to 2], and we prescribe a Dirichlet condition on the exterior
boundary and a jump of the solution on the interface I'?, in the case y €] — 1, 1[.

Assumptions on the data.

2 .
~ € RV satisfies

.....

the following conditions:

i) A is a Carathéodory function s.t.
A(-, t) is Y-periodic and in M(«, 8, Y), foreveryt € R;

ii) there exists a real function w : R — R satisfying the following conditions:
— w is continuous and non decreasing, with w(f) > 0Vt > 0,
—|A(y, 1) = A(y, )| S o(lti —1|) forae.y €Y,V # 1,

. S dt
—Vs >0, limy_ o+ fy 0]

= +00.
H,) The functions ¢ and f verify

i) ¢ :[0,4+oo[— [0, +o0] is a function such that
¢ € CO([0, +ool), 0 < £(s) < + forevery s €]0, +oo[, with0 < k < I;
il) ¢ is non increasing;

2
iii) f>0ae.inQ, f 0, with f € L'(Q), forl > e

H;) —1 <y < 1,and & is a Y-periodic function in L*°(I") such that
there exists hp € R: 0 < hg < h(y) a.e.onT.

Under the above assumptions we set, for every ¢ € R,
. X . X
Af(x,t) = A(—, t) forae. x € Q, he(x) = h(—> forae.x e I'°. (2.5)
€ £

The functional framework. We now introduce the functional spaces used in the literature to handle
(2.4)-type problems.
Let Ve = {v e H! (2)|v = 0 on 92} endowed with the norm

[vllve = IVVll2gs).
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6 F. Raimondi / Homogenization of some singular problems

Remark 2.1. It is known (see for instance [18, Lemma 1], [19]) that a Poincar¢ inequality in V¢ holds
with a constant cp independent on ¢, that is

vz < cplVoll2g Vv € VE (2.6)
Consequently, the norm in V¢ is equivalent to that in H'(2¢) via a constant independent on ¢.
For every y € R, let H be the space defined by
H = {ve L’ (Q)|v €V, vneH (Q)]
which, after the identification Vv := Vv, + Vo, is equipped by the norm
|| v ”%—]ﬁ = ” vv ||iz(9\r‘}‘) + 8)/ ” U] - U2 ”i2(1‘*s) .

Proposition 2.2 ([22,29]). Let y < 1. There exist some positive constants cy, ¢; and C, independent
of &, such that

2 2 —1 2
VU € H;, Clllv”\/ale(Qg) < ”U”Hﬁ < 62(1 +8y )HUHVEXHI(Q;)'

In addition, if v¥ = (v{, v3) is a bounded sequence in H)f, then

}‘vf“Hl(Qi) <G,

H UE”HI(Q;) <G,

€ & -z
H Vp =V HLZ(W) < Ce 2.
The variational formulation associated with problem (2.4) reads

Find u® € H; such that #® > 0 a.e. in €2,
Jo Ft)dx < +oo, and
fsz\rs Af(x, u)VurVodx + [ e”h* i — uh) (g1 — p2)do
= [ ftWpdx, Ve H.
In [25,26] it is proved that, under assumptions H;)-Hj3), problem (2.7) admits a unique solution.

Let us introduce here the homogenized matrix A(¢), t € R, corresponding to our case y €] — 1, 1[.
It is defined by

2.7)

1
A(Hr = T Ay, (A = Vyx,(v.0))dy VreRYN, (2.8)
Y

where, for every A € RV, x )\(-, t) € H'(Y)) are unique solutions of the cell problems

—div(A(-, ) Vyx, (- 1) = —div(A(-,)A) i)Yy,
AC D = Vyx, .0y =0 onT, (2.9)
X, (-, 1) Y-periodic and My, (x,) = 0.

© 0O N O O~ WO N =
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The homogenized matrix A° is actually the one obtained in the framework of perforated domains. It has
been originally introduced in [18] for linear problems with Neumann conditions in perforated domain,
successively extended to quasilinear ones in [1] and [2].

We recall (see [7] and [18]) that the matrix A° satisfies the following properties:

2
i) A is continuous and A°(r) € M(a, '8— Q) for every t € R;
o

ii) there exists a positive constant C, depending only on «, 8, Y and T s.t. (2.10)
|A%(1) — A%(1)| < Co(1t1 — 12])
for every 11, 1, € R, with #; # #,, where w is the function given in H,).
Remark 2.3. Observe that assumptions H;); and Hy);; are only needed for the uniqueness of the so-

lution of problem (2.7). If they do not hold true, the homogenized problem is still the same but all the
convergences remain valid only for a subsequence.

The main results. 'We now state the main results of this work, which will be proved in Section 6.

Theorem 2.4. Under assumptions H;)-H3), let u® € H; be the unique solution of problem (2.7). Then,
there exist a subsequence (still denoted by ¢), u, € Hy (Q), iy € L*(2, HL.(Y1)) with Mr (@) = 0 for

per

almost every x € Q and > € L>(2, H'(Y»)) with Mr(i») = 0 for almost every x € Q such that

i) TEwt) — uy strongly in L*(2, H'(Y;)),i = 1,2,
i) THEW®)) — &(uy) ae. inxY,
i) Ut — Oyu, weakly in L*(), (2.11)
iv)  TE(Vu§) — Vuy + Vi weakly in L*(Q x Y;)
v) T (Vu3) — Vyu, weakly in L*(Q x Y,),
and
uy =2 0ae inQ and / feup)pdx < +oo, Vo e HOI(Q). (2.12)
Q

Moreover, the pair (uy, ) is the unique solution of the unfolded limit equation

- per (2.13)
Jaxy, AQ, u)(Vuy + Vi) (Vo + Vyy) dxdy = |Y| [, feunp dx.

[V(p € H\(Q) and V¢ € LX(Q: HL (V)
Proposition 2.5. Under assumptions H;)-H3), let (uy, uy, us) be given by Theorem 2.4. Then

Ty, x) = =20 1, ()54 (x) € LAQ; H), (V)),
Vyur, =0 ae in Q2 x Y,

where x , (-,u1), i = 1,..., N are the solutions of the cell problems (2.9), written for 1 = e;.

© 0O N O O~ WO N =
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Then the homogenization result for problem (2.7) is

Theorem 2.6. Under assumptions H;)-Hj3), let u® € Hj be the unique solution of problem (2.7) and
uy given by Theorem 2.4. Then u; > 0 almost everywhere in Q2 and u, is the unique solution of the
following singular limit problem:

—div(A’(u)Vuy) = ftu) inQ, (2.14)
uy =20 on 082,
where the homogenized matrix A°(t) is given by (2.8) and verifies
0 1 ~
Aw)Vuy = — | AQy,u)(Vuy + Vyur) dy. (2.15)

1Yl Jy,

Consequently, convergences (2.11) (with Vyu, = 0) hold for the whole sequence.

3. The periodic unfolding method

In this section we give a short presentation of the periodic unfolding method adapted to two-
component domains by P. Donato, K.H. Le Nguyen and R. Tardieu in [22]. This method was origi-
nally introduced by D. Cioranescu, A. Damlamian and G. Griso in [13] and [14] for fixed domains and
extended to perforated ones in [16] and [17].

To this aim, we recall the unfolding operators 7;° and 75 and the boundary unfolding operator 7.”: 7
and T are exactly those ones introduced in [17] for perforated domains, while 75 has been introduced
for the two-component domain in [22].

Let z € RV, we denote by [z]y its integer part such that z — [z]y belongs to Y and set {z}y = z — [z]y.
Then, for every positive ¢,

=] o)) e

Definition 3.1. For any Lebesgue-measurable function ¢ on ¢, the unfolding operators 7%, i = 1, 2,
are defined as follows:

d(elZly +ey) ae. for(x,y) € Q. x Y,

3.1
0 a.e. for (x,y) € A, x Y,.

T @) (x, y) = {

For any Lebesgue-measurable function ¢ on I'¢, the boundary unfolding operator 77 is defined as fol-
lows:

¢elZly +ey) ae for(x,y) € QE x T,

(3.2)
0 a.e. for (x,y) € A, xI'.

T2 (@) (x,y) = {

© 0O N O O~ WO N =



© O N O 0o » O N =

A A B D DD DWW W W W W W W W WNDNMNDNDNDDNNDDNDNDNDDN =SS A a4 aa
o o M ONM =+ O © 0O N O O O 24 O © 0o Nk O DN+ O © 0o N o MDD = O

Remark 3.2. If ¢ is defined in Q, we simply write 7.°(¢) instead of 7.°(¢;), i = 1,2, for the sake of

F. Raimondi / Homogenization of some singular problems

semplicity. Also we define 7°(¢) as follows:

T @) (x,y) =

T () inQ x Yy,
TS (¢) inQxY,.

We now recall the main properties of the unfolding operators.

Proposition 3.3 ([17,22]). Let p € [1, 400l andi =1, 2.

1.
2.
3.

LN

10.

11.
12.

We state below the main propositions proved in [12] and [22] concerning the jump on the interface

T is a linear and continuous operator from L?(2) to LP (2 x Y).
TE(@Y) =TT (Y) for every ¢, € LP ().
Let ¢ € LP(Y;) be a Y-periodic function and set ¢ (x) = ¢ (7). Then

T2 (pe) > ¢ strongly in LY (Q x Y).
For all ¢ € L' (), one has

1
g [ @ ndxay = [ omar=

|Y| QXY[ Qf

. Forall ¢ € L' (I'?), one has

oy do, = —— [ TH@)x.y) dx do,.
re elY] Jaxr

1
175D Lr@xyy < Y17 1@l s) for every ¢ € LP(€25).
L1
||7;b(¢)”LP(SZ><F) <er|Y|r ||¢||LP(I‘£)f0r every ¢ € LP(I'®).
For¢ € LP(2), T*(¢) — ¢ strongly in L (2 x Y;).
Let {¢p.} be a sequence in L?(2) such that ¢, — ¢ strongly in L?(S2). Then
T2 (pe) = ¢ strongly in LP(Q2 x Y;).

Let {¢.} be a sequence in L (27) such that | ¢, e < c
If 75 (¢e) — & weakly in LP (2 x Y;), then

¢ — My, ($) weakly in L"(S).

If ¢ € Whr (), then V[T ($)] = €T (V) and T (¢) € LP (2, WP (Y))).
If ¢ € L°(I'®) for s € [1, +o0], then

I T2 1o qrery < Y177 Il

and some convergence results, under the same notations as in [21].

¢(x)dx—f ¢(x)dx.
A7
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10 F. Raimondi / Homogenization of some singular problems

Lemma 3.4 ([22]). Let ¢ € D(RQ) and u® € Hj. For & small enough one has

1
o [ et —usodo = o [ hONTF ) = T ()T @) i dor
QxI°
Theorem 3.5 ([12]). [17,21,22]Let y € R and u® be a bounded sequence in H)f . Then,

|75 (Vui)

||L2(SZ><Y1) <6

||758(V”§) ||L2(SZ><Y2) S¢ (3.3)

-y

”7?(“61) -7 (”%) ||L2(szx1‘) Sceer,

and there exist a subsequence (still denoted by ¢), u; € HO1 (Q) and w0, € L%, leer(Yl)) with
Mr(uy) = 0 for almost every x € Q such that

{ﬂs(uf) — U strongly in L*(2, H' (Y1), (3.4)

TE(Vut) — Vuy + Vya,  weakly in L*( x Y1).

Moreover; if y < 1, there exist a subsequence (still denoted by ¢), u, € L*(Q) and > € L*>(, H'(Y>))
with Mr(u,) = 0 for almost every x € Q such that

T3 (u5) — us weakly in L*>(Q2, H'(Y,)), (3.5)
TF(Vul) — Vyii,  weakly in L*(2 x ). '
Furthermore, if y < 1, then u; = u, and also
Bg(ug) — uy strongly in LZ(Q, HI(YQ)). (3.6)

4. A priori estimates

In this section we prove two uniform a priori estimates (with respect to ¢) for a solution of problem
(2.7). In addition, we recall Proposition 4.3 which gives a bound to the integral of the singular term close
to the singularity.

These estimates allow us to prove the first part of Theorem 2.4 at the end of this section.

Proposition 4.1. Under assumptions H;)-H3), let u® € H} be the solution of problem (2.7). The follow-
ing a priori estimate holds true:

1

[V ey S CHANT, @D

where Cy depends on o, ¢, and c.
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Also

, 4.2)

‘,\, »‘
=

et = us ] o ey < 2C2||f||

where C, depends on a, h, ¢, ci.

Proof. Let u® € H ° be the solution of problem (2. 7) and let us choose u® as test function. By H;)-H3)

and applying the Young inequality with exponents = and 5 2

75> We get for every n > 0

“Hvusﬂiz(g\rf) +¢&"ho /rs (”i - ui)zdo
< / As(x, us)Vu*:Vus dx +/ eyhg(u*{ — ui)zdo
Q\re re

ff; u dx<fful Cdx <nut gy + C@IFN o

LT+ (Q)

In view of Remark 2.1, the above inequality leads to

o|[ Vit 2 e, —f—syho/ (5 = u5)do < cn e [ge, 1 gu) + @I k%
1_‘5

()

Thanks to Proposition 2.2 we get

o[ Vi 12 gy ey + €7 ho f (u = u5)do < c(n.cpoen)u [y +eIFN] % o
1"8

So that,

L
(o = e, o D) |V [ o ey + €7 (0 = €1, o ) 165 = 52y < ODIFI] ’% o

Whence, choosing 7 sufficiently small so that o — ¢(n, ¢, ¢;) = 0and ho —c(n, ¢, c1) = 0, we deduce
the result from the previous estimate. [

Proposition 4.2. Under assumptions H;)-H3), let u® € H)f be the solution of problem (2.7). Then
Hfg(“s)g"“u(sz) <c

for every nonnegative ¢ € H; with ¢ depending on o, B, cp, c1, IV@ll 2oy and || fl i)

Proof. Letu® € ij be the solution of problem (2.7) and let us choose a nonnegative ¢ € HO1 (€2) as test

function. Since ¢ has no jump on I'?, the boundary term vanishes. Hence, by using the Holder inequality
and nonnegativity of f, ¢ and ¢, we have

< [ re)odr= [ %) Ve Vods < BIVU] g 190l
Q Q\I'¢
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which implies the result for ¢ € HO1 (£2), via the estimate (4.1). If now ¢ = (¢f, ¢3) € H)f is nonnegative,

since I'; is Lipschitz continuous, there exist nonnegative y; and v, in HO1 (2) such that ¢ = (¢, ¢5) =
(V1jge s Y2, )- Then

0< [ relwyods = [ re()eiar+ [ fel)edx

< [ reymas+ [ pelymar<e. -

We also recall the following result from [26] (written for 4 = ¢V h® and A = 0). It gives an estimate of
the integral of the singular term close to the singular set {u® = 0}.

Proposition 4.3 ([26]). Under assumptions H;)-Hj), let u® € H)f be the solution of problem (2.7) and §
a fixed positive real number. Then

/ f¢ (us)(p dx < / A? (x, ME)VMSVQDZ(; (us) dx
{O<u® <38}

Q\T®
vor [ 1wt ) 7)o~ Zlud)en) do
FS

forevery o € HS, ¢ > 0, where Zs is an auxiliary function defined by

I ifO<s <8,
Zys) =15 +2 if6<s <2, (43)
0, ifs > 28.

Proposition 4.4. Under assumptions H;)-H3), let u® € HJ be the unique solution of problem (2.7).
Then, there exist a subsequence (still denoted by €), u; € H(} (Q), w0y € L2, H!_(Y))) with My (1)) =

per

0 for almost every x € Q and , € L*(Q2, H'(Y»)) with Mr(u1,) = 0 for almost every x € Q such that
(2.11) and (2.12) hold.

Proof. Let u® be the solution of problem (2.7). Proposition 4.1 allows us to apply Theorem 3.5. It
provides the existence of u; € H}(Q), 4 € L*(R, leer(Yl)) with M (@) = 0 for almost every x € Q
and u, € L*(Q, H'(Y,)) with Mr(i,) = 0 for almost every x €  such that, up to a subsequence, one
has convergences (2.11);4yy, since y < 1.

Now observe that, by construction, for every x € 2 there exists &, > 0 such that
x € Qg Ve<e,.

Also, by defintion of unfolding one has, fori =1, 2

§(TS(¢)(x y) ae. inQ x Y,

4.4
a.e.in A, x Y;. 44)

T (E (@), y) =
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Consequently, for almost every (x, y) € 2 x Y, there exists ¢, > 0 such that

Te(¢(u)) = ¢(T*(u%)), Ve <ey. 4.5)
On the other hand, using the continuity of ¢ and (2.11);, we have

¢(TF()) = ¢uy) ae.inQxY. (4.6)

This, together with (4.5), gives the convergence (2.11)y.
Also, from Proposition 2.2 and convergence (2.11);, Proposition 3.3 gives

U = 6; My, (u;) weakly in L*(£),

which reads as (2.11);; being u#; independent on y.

To show that u; is nonnegative almost everywhere in €2, we note that every solution u® is positive
almost everywhere in 2. Then, the definition of the unfolding operator implies 7°(u®) > 0 almost
everywhere in Q2 x Y so that, in view of (2.11);,

u; >0 ae.in Q.

It remains to prove the second condition in (2.12). Let us choose first a nonnegative ¢ € HO1 (£2). Propo-
sitions 3.3, 4 and 4.2, for the subsequence mentioned before, lead to

liminf|—;| TNOT* (¢ ()T () dx dy < liminf f ft(uf)pdx < +oo. (4.7)
e— Q

e—0 QxY

Now, from Proposition 3.3g, 7¢(f) and 7¢(¢) converge to f and ¢, respectively, almost everywhere in
Q x Y, up to a subsequence. Thus, by (2.11);,

T (NHT ()T (p) > fLug ae. inQxY.

Since T°(f), T¢(¢(u®)) and T*(¢) are nonnegative functions, we can use Fatou’s lemma and (4.7) to
obtain

feu)pdxdy < 11315&% TOT (L (1)) T (@) dx dy < +o00.

|Y| QxY | | QxY

Being the functions f and u, independent on y, this implies in particular that

f Feunpdx < +oo
Q

and ends the proof for ¢ > 0. For ¢ with any sign, it suffices to decompose ¢ as o™ — ¢~. [
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14 F. Raimondi / Homogenization of some singular problems
5. A convergence result for an auxiliary problem

This section is devoted to the study of a suitable auxiliary problem and a crucial convergence result,
which is one of the main tools needed for proving Theorem 2.6. In the same spirit of what we have done
in [24] in the case of a periodically perforated domain, we first consider the auxiliary linear problem
(5.2) below and state existence and homogenization results for it. Then, we prove the convergence result
given in Theorem 5.4. It shows that the gradient of #® is equivalent to the gradient of the solution of the
auxiliary linear problem, associated with a weak cluster point of the sequence {u®}, as ¢ — 0.

We refer to [10] and [22] for the study of the auxiliary problem. For the proof of the convergence
result we adapt some techniques from [20] and [24], which inspired this work.

First of all, as in [10] we introduce a linear operator £, from H~!(2) to (V¢)’ verifying the following
assumption:

Hy) If {¢®} is a sequence such that

le®],. <c and ¢* — Oigy  weakly in L*(Q), G-b

then

li_r)l?)<£g(2), §08>(VS)/’VS =(Z, §00>H*1(Q),H(}(Q)-
Let us point out that assumption Hy) is satisfied, for example, by the adjoint of the linear operator Py
introduced by Cioranescu and Saint Jean Paulin in [18]. Then, see [11, Remark 3.1], if Hy) holds, one
has ¢y € H} ().

5.1. The auxiliary problem

The suitable auxiliary problem we are interested in is the following one:

—div(A®(x, u)) Vo)) = L(Z) in Q7,
—div(A®(x, u5)Vv5) =0 in 5,
1vi =0 on €2, (5.2)
(A% (x, u)) Voi)v® = (A®(x, u3)Vv3)v® onTl*,
(A*(x, uf)Voi)ve = —e”h®(v] — v3) on ¢,

under assumptions H;), H3)-Hy), and Z € H~'(Q).
The variational formulation of problem (5.2) is

Find v¢ € H)f such that
fsz\rf A% (x, u)Vv*Vedx + [ 7 h* (V] —v5) (91 — o) do (5.3)
= (ﬁg(Z), ¢1>(V€)’,V5» Vgl) S H;

The existence and the uniqueness of a solution of problem (5.3) is a straightforward consequence of the
Lax-Milgram theorem.
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Observe now that in view of Proposition 4.1 and (2.11)y;, the sequence {u#°} satisfies conditions (5.1),
i.e.

&
[t

s <c and % — Gy weakly in L*(<). (5.4)

The homogenization result below extends Theorem 3.3 of [22] to the case where the matrix field depends
on x. We omit its proof, which follows along the line of [22, Theorem 3.3]. The terms containing the
functional Z and the quasilinearity of A can be treated as in [10] and [7], respectively.

Theorem 5.1. Under assumptions H;), H3)-Hy) and Z € H™'(Q), let v° € H; be the unique solution
of problem (5.3). Then, there exist vi € H} (Q2) and 0y € L*(Q, H. (Y1) with Mr(¥1) = 0 such that

per

i) vF — 6;v; weakly in L2(2), i = 1,2,

i) T (v)) — v strongly in L>(; H'(Y;)), i = 1,2
iii) TE(Vvf) = Vv, + V, 01 weakly in L*(2 x Y}),

) Ty (Vv3) = 0 weakly in L*(2 x Y»),

(5.5)

and the pair (vy, 0y) is the unique solution of the limit equation

per

Yo € HI(Q) and Yy € L2(Q; HL (Y1),
fQXyl A(y, u))(Voy + V,u) (Vo + Vy) dx dy = [Y(Z, @) -1(9).H (@)

Finally, vy is the unique solution of the following limit problem:

[_ div(A°(u)Vuy) = Z inQ, (5.6)

vy =0 on 0%2,

where the homogenized matrix A° is given by (2.8).

Let us consider problem (5.2) for Z = — div(A°(u;)Vu,). Its variational formulation is
/s‘z\r A®(x,u®)Vv* Ve dx +/ e"h® (v — v3) (@1 — o) do
= (L. (—div(A%(u1)Vuy)), O1) ey yer Vo € Hy, (5.7)
which admits a unique solution v® € H;f. Theorem 5.1 (written for Z = — div(A®(u;)Vu,)) gives

—div(A°(uy) V) = —div(A°(u;)Vu,;) in Q,
v =0 on 0%2.

Thanks to the assumptions on A, the uniqueness of this problem ensures that

V1 = Uuy. (58)
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16 F. Raimondi / Homogenization of some singular problems
Moreover, the same arguments used to prove (2.11);; give

]

g S¢and ) = 6y weakly in L3(R). (5.9)
As in [20] we define now the following auxiliary functions u,,:

VmeNm=>1, wuy=T,(u),
where T,, is the usual truncation function at level m, so that

O0<u, <wuy and u, — u; stronglyin HO1 (2), asm — +o0. (5.10)
Then, we denote v € H, () the solution of the following problem:

— div(A® (x, u) V') = Lo (—div(A%(u1)Vuy))  in Qf,
—div(A®(x, u5)Vuy,) =0 in Q7,
vl =0 on 9€2.

Its variational formulation is

/ A% (x, u) VUV dx = (Le(—div(A° @) Vin)), @1) yey yer Vo € H. (5.11)
o :

Again, the existence and the uniqueness of a solution of problem (5.11) is straightforward proved by
using the Lax-Milgram theorem.

Remark 5.2. Let us notice that v € H; (€2), and consequently v}, = v}, on I'?, for every ¢.
Thus, in particular, Theorem 5.1 applies to this case with no jump (for Z = — div(A%(u;)Vu,,)) and,

again by uniqueness, we obtain

[, < and T = Ghu,  weakly in L2(S2). (5.12)
Also the following convergence holds true:

T°(v") = u, strongly in LZ(Q; Hl(Y)). (5.13)
Moreover, by classical results from [31], we have that for every fixed m

H vy H L) < cn, foreverye. (5.14)

Remark 5.3. The sequence {(v;'))7} satisfies conditions (5.1). Indeed, in view of the estimate in (5.12)
and convergence (5.13), one has

[0 1, < By, <e
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and
TE((v)7) = u,, =0 strongly in L*(Q x 1)),

e, 1

since u,, > 0 by construction. Also, by using Proposition 3.3, one has

P

(v)” = 1My, (u,,) =0 weakly in L*(R).
Let us also point out that, from (5.13), one has even
T ((v),)7) = u,, =0 strongly in L*(Q x Y»).
This is needed in the next subsection.

5.2. A convergence result

17

We are now able to prove the main result of this section. Here we adapt the arguments we used in
[24] for the quasilinear singular case in periodically perforated domains to the two-component case,
where the holes are replaced by the second component. This is why we analize in detail only the terms
differing from the previous work, namely the boundary term and the quasilinear diffusion term in the

second component.

The proof follows the same steps introduced in that of [20, Theorem 8.5], which concerns the sin-
gular case when A is linear and the domain is made up of two connected components separated by an

oscillating interface.

Theorem 5.4. Under assumptions H;)- Hy), let u® and v® be solutions of problems (2.7) and (5.7),

respectively. Then, up to a subsequence,

lii%HV”g -V ” rers) = -

Proof. The proof is done in 3 steps.
Step 1. Let us prove that

lim ‘V(v’sn)f‘zdx =0 Vm>1.
e—0 Q\Ie

Let us choose —(v;")™ € Hj as test function in (5.11). From the ellipticity of A, taking into account that

Vo' = V@)t — V)", and (2.3) we get

0< ozHV(vZ’)iuiz(Q\FS) < - /Q\FS Af(x, ua)Vv;”V(vg”)*dx

= (Le (= div(A° @) Vin)), =(01) ) yey.ye-

(5.15)
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18 F. Raimondi / Homogenization of some singular problems

From Remark 5.3 and H,), we obtain

lim(L, (— div(A%(u1) Vi), —(v'gjl)‘)(vg),’vg

e—0
= (= div(A° 1) Viun). 0),; 1 o) () = O-
which concludes the first step.
Step 2. In this step we show that
lim lim [ |V — ") dx = 0. (5.16)

m——+00 ¢—0 Q\I'e

To do that, let us choose u® — v!" € H)f as test function in (2.7) and (5.11). By subtraction, H;); and the
nonnegativity of the boundary term, one has

2
O‘”V(”g - U;”) ”LZ(Q\FS)

< f A (x, u®)V(u® =)V (u® — ") dx + & / h* (uf — ug)zda
Q\I® re
_ /Q FE() =) dx — (Lo~ div(A°n) V). (4 = ) ) (5.17)

Let us prove that, as ¢ — 0, we have

o lim S(l).lp”V(ME - v:,‘n)HEZ(Q\Fe) < / f;(l/l])(l/l] - um)X{u]>0} dx
£— Q

— (= div(A° () Vi), uy — (5.18)

”m>H*1 (), HL (@)

so that we obtain the result (5.16) as m — 400, via convergence (5.10) and the Lebesgue theorem.
Concerning the second term in the right-hand side of the previous inequality, let us observe that u® —v"
satisfies (5.1), in view of (5.4) and (5.12). So that, by Hy)

s1i_r)r(1)(£s(— diV(AO(ul)V”m)a (u* — U?)1>VS/,VS

= (— div(A°(u1) Vity), uy — um)H_l(Q),H&(Q). (5.19)
Let § > 0. We split the integral of the singular term in (5.17) in two terms as follows:
[ et = omyax = [ e - () )ax+ [ fo(e)r) ds
Q Q Q
2
<Y B+ 1)+ K, i=1,2, (5.20)

i=1
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where, fori =1, 2,

= / Fo(u)utdx,  J°, = / Fo(ud)(uf — (")) dx,  and
QEN[0<u? <3) QEN{ul >8)

K. i/ﬂf{(ua)(v;")_dx.

The terms corresponding to i = 1 are exactly the ones considered in [24, Theorem 5.5] for the case of

periodically perforated domains. It is easy to check that the additional terms I?, and J?, can be treated

exactly in the same way. Indeed, all the convergences used there for the first c’omponeﬁt hold true also
here in the second component, thanks to (2.1) and convergence (3.6).
Hence,

limgﬁo lims%O(Iél + 13,2) = 0’
lims o lim, o (J2 | 4+ J2,) = (01 + 62) [q fE(ur)(uy — U)X (-0 4% 62D
= fo FE@)@ = ), o dx.

On the contrary, the term K, needs to be treated specifically, since its computation gives rise to a different
boundary term. To this aim, let us observe that

| re) ) g dr =0
QN{ué>4s}

for every § € R\ D, where D is a countable set of values (see for instance [20,27] and [24]).
Hence, for §, € Rt \ D, we can write

K, = f fg(ue)(v;n)_dx —|—/ f;(ug)(v’sn)_x{ulﬁo} dx = A, + B.. (5.22)
QN{0<u® <o} QN{ue >80}

From Proposition 4.3 written with § = §, we get

0< A,

< / A (1) VUl Y (o) Zs, (u) dix
Q\I'®

e [ =) (Za ) (021) = Za(13) (07) )

The first term in the right-hand side of the previous inequality goes to zero as & goes to zero, because of
H));, the Holder inequality, (4.1) and (5.15). On the other hand, since v € HO1 (£2), also (v')~ belongs
to HO1 (€2), so that (v))™ = (v,)” on I'* and, since Z; is nonincreasing (see definition (4.3)), we have

o [ Gt =) (Za () (1) = Zay () (7))
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Thus we deduce that

lim A, = 0. (5:23)

e—0

As done for the previous terms, in order to handle B, we split it as follows:
B, =B€»1 +B5s2 with B&i i/ fg(u?)(vgli)_x{uﬁﬁéo}dx’ i=12.
QFN{ut >80}

The same arguments used to prove that lim,_,¢ B;,; = 0 in the proof of [24, Theorem 5.5] apply also to
the second component. So, using again (2.1) and convergence (3.6), we get

lim Bs,Z =0.
e—0
This implies, together with (5.22)—(5.23),

lim K, = 0. (5.24)
e—0

By collecting (5.17), (5.19), (5.20), (5.21), (5.24), we finally obtain the validity of (5.18).
Step 3. In this last step, we show that

lim lim [ V(0" = )] dx =0. (5.25)

m——+00 ¢—0 Q\I'*

We take v]" — v* as test function in the variational formulations (5.11) and (5.7). By subtraction, we have

/ A% (x, u?)V (0 = v ) V(v — v°)dx — & / he (v — v5)[(vr' —v°), — (v —v°),]do
Q\re

1"&'

= (Lo (= div(A°@)V (u — uy))), (v — v£)1)v;,vg'

In view of Remark 5.2, it results

—8”/ he (v — v5)[(v2' —v°), — (V) —v°),]do = 8”/ he (vf — vs)zdo* = 0.

€

Consequently, by passing to the limit on ¢, for H;) and Hy)(whose assumptions are satisfied both by v,
and v} thanks to (5.9) and (5.12)), we get

. 2
0se gl_rf(l)”V(“Zl — ') “LZ(Q\M

< im(L, (= div(A )V = un)), (o = %), )y, ,,

= (- diV(AO(Ml)V(Mm — 1))ty — M]>H*1(Q),H01(Q)'
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This together with (5.10) gives

0< lim limo| V(v

m—+00 ¢—0

2
vg) H L2(Q\)

< lim | A°w)V(uy —u) V(@ —up)dx = 0.
Q

m——400

At last, coupling (5.16) and (5.25) we obtain the desired result. [

6. Proof of the homogenization result

In this last section we prove the second part of Theorem 2.4, Proposition 2.5 and Theorem 2.6.
First, we treat Proposition 2.5 which is a consequence of the convergence result given in Theorem 5.4.

Proof of Proposition 2.5. Let v® be the solution of problem (5.7). The homogenization result given in
Theorem 5.1 (written for Z = —div(A°(u;)Vu,) and v; = u,, see (5.8)) gives, for the subsequence
verifying (2.4),

TE(Vu§) = Vuy + V01 weakly in L2(Q2 x Yy), 6.1)
TE(Vvs) = 0 weakly in L?(Q x Y,), ’

where 7 is a function in L>(Q2; H! _(Y;)) with Mp(?;) = 0, such that

per

B, y) = Zx

Now let us observe that, from Theorem 5.4 and Proposition 3.39, we get
T¢(Vu® — Vo) — 0 strongly in L*(2 x Y).
This, together with (2.11);, and (6.1), leads to

Vyu; = Vi ae. in Q x 1,

_ . (6.2)
Vyur, =0 a.e.in 2 x Y,

which implies v; = u; + w(x), for some function w only depending on x.
Since Mr(v;) = Mr(;) = 0 and

Mr @) = Mr@uy) + Mr(w),
we derive w = 0 and

v = Uy
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22 F. Raimondi / Homogenization of some singular problems
Whence we obtain the convergence
T (V) = Vuy + Vi, weakly in L*(Q x ), (6.3)
and the claimed expression of ;. [
We are now able to prove the homogenization theorems.

Proof of Theorem 2.4. Let us first remark that, under our assumptions, Proposition 4.4 holds true. In
particular, by collecting (2.11);, and (6.2);;, one gets

Ty (Vus) = 0 weakly in L*(Q x Y»). (6.4)

Notice that the function u; € HO1 (R2) is nonnegative due to (2.12). Moreover, conditions (5.4) ensures
the validity of Hs) and, as a consequence, Theorem 5.4 holds true.

Now, to identify the limit problem satisfied by (u1, u;), we take ¢, ¢ € D(2) and & € leer(Y), and
use

X
&

Ye(x) = @(x) + 8¢(x)§< > € Hy

as test function in (2.7). We obtain

f A (x, u®)VuVip. dx + &¥ / he (u§ — u) (Yot — Ye2) do = / fe(u®)yedx. (6.5)
Q\I'¢ Q

l"S
Let us consider the solution v* of problem (5.3) and write
lim A (x, u®)Vu'Vif, dx = lim A®(x, u®) VvV, dx
e—0 Q\I'e >0 Q\I'®

+ lim A (x, u)V (u® —v°) Vi dax. (6.6)
e—0 Q\I'e

By using assumption H; ), the Holder inequality and Theorem 5.4, one has

lim/ A (x,u®)V(u® —v°) Vi dx =0, (6.7)
Q\I'¢

e—0

taking into account that the norm of v, is bounded in H,.
By Theorem 5.1 (written for Z = — div(A®(u;)Vu,)), we obtain

lim A®(x, u®) VoV, dx
e—>0 Q\I'e

=7 A(y, u)(Vur + V,u1) (Vo + ¢V, §) dx dy, (6.8)
QXY]

in view of (6.3).
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Concerning the boundary term in (6.5), by unfolding, using Lemma 3.4 and (3.3) we get
8V / he(uél‘ - M%) (%,1 - v/s,Z) do

= SHI/ he (u§ — u5) (1§ — ¢o62) do
14
| [T () - TE W) ][E DT (@) — £0)TF (92)] dx do,

Y1 Jaxr
-y I+y
2

< ce’ HTIS(“f) -7 (”;)HLZ(er) H 7'16(<p1)[§1(y) - 52()’)]“L2(er) Scele =ce

Since —1 < y < 1, passing to the limit as ¢ — 0, we obtain

e—0

lim &” / he (uf — us) (Yot — Yep) do = 0. (6.9)
]"S

In order to pass to the limit in the singular term of (6.5), we define

e (x) = 8¢(X)$(§), thatis ¥, = ¢ + .. (6.10)

Then one has

& &

T (ue) =T ()5 and  Vp, = 8V¢S< ) +¢Vy§( )

and

(6.11)

) Te(ue) —> 0 strongly in L>(Q x Y),
i) T¢(Vie) — ¢V, strongly in L*(2 x Y).

From now on, without loss of generality we assume ¢ > 0 and u, > 0 in (6.10). Indeed we can
decompose these functions in their positive and negative parts as in (2.2). Now let us split the singular
integral into two terms: one near the singularity and one far from it. For every positive § we write

0< / e (uf) g dx = / Fe(u)yedx +/ Fe(us)yedx =10+ J). (6.12)
Q {0<ut <8}

{ut>38}

In view of Proposition 4.3 written for ¢, u, > 0 we have

0 <limsup If

e—0

<lim sup[/ Ag(x, ug)VLthl//ng(us) dx
Q\re

e—0

+ " f he (u§ — u)[Zs (uf) Yot — Zs(ul) e,z ] da]. (6.13)
1"5

© 0O N O O~ WO N =



© O N O 0o » O N =

A A B D DD D WOWW W W W W W W WNNDMNDDNDDNDNDDNDNDNDDN 2SS a4 aa
o o M WONM -2 O © 0O N O O DN 2 O © 0Nk O -+ O © 0o N OO o MW DNN = O

24 F. Raimondi / Homogenization of some singular problems

Let us first show that

lim sup & / 1 (= 15) [ Z5 (1 e — Z5 () o] dos < 0, (6.14)
l_‘E

e—0

so that it results

0 < limsup I < limsup/ A (x, u®)VubVip Zs(u®) dx. (6.15)
Q\Ie

=0 £—0

Taking into account the decomposition given in (6.10), and the fact that since ¢, ¢ € D(2) then ¢; = ¢,
and ¢; = ¢, on I'?, we have

o [t = o [200) — 2] e 21 0)e — 2]
_ e / H (s — ) [ (23 () — 25 (u5)] do
L ertt /F (s — ) n [ (26(u)8n — Z5(u5)8)] do

g €y+1 /I\‘E hs(ui — u;)(ﬁl[(z(s(u?)sl - Za(”;)gz)] dG,

where we used Hj), ¢; > 0 and the growth condition of Z;.
From the properties of the unfolding operators (Lemma 3.4 and estimate (3.3)), the fact that Zs < 1
by definition and y €] — 1, 1[, we get

PYas /F R (uf — u3) i [(Zs(uf)61 — Zs(u5)82) | do
< ce” | TF @[T () = T )] 2 gy 16 (Z6(TF (1)) = &2 (T3 (o)1 2y

1- +1
< ce’e T =ce T —> 0,
which implies (6.14).
Now, we write

/ A® (x, ua)Vu*’"VlﬁgZa (ug) dx = / Aa(x, uf)Vuslﬂg,lZg (uf) dx
Q\T'® Q
+ / A® (x, u5) VsV 2 Zs (u5) dx.
2
The arguments used in Theorem 2.8 of [24] to handle the term related to the first component apply also
to the second one. So that, in view of (6.4) and (6.15), we obtain

0 < limsup I? < Ay, u1)(Vuy + Vi) (Vo + ¢VyE) X uy=0) dx dy = 0, (6.16)

e—0 |Y| QxY
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since, due to the expression of #; given by Proposition 2.5, the functions Vu,; and V,u; vanish where u,
is equal to 0.
In order to study the limit behavior of Jf (defined in (6.12)), once again we split it as follows:

)= f{  Sela st [ rel)var

{u§>3)

The integral on the first component is the same considered in the proof of [24, Theorem 2.8]. By using
those same computations also on the second component, we get

§—>0e—0

lim lim J? = (91+92)/ f((ul)gox{ul>0}dx=/ FE@)x,, o dx. (6.17)
Q Q

Then, when passing to the limit in (6.5), we combine (6.6)—(6.9), (6.12), (6.16), (6.17) and have
f A(y’ ul)(vul + V)ﬁl)(vw + d)v)’S) dx dy = |Y| / fg(u1)¢X{ul>0} dX,
QXY] Q

for every ¢, ¢ € D(Q2) and & € leer(Y ). By density we obtain

f Ay, u)(Vuy + Vyu) (Vo + Vi) dx dy = IYI/ Fe@)ex ,, .o dx (6.18)
QXY] Q

for every ¢ € HOl () and ¥ € L*(Q; leer(Y)). O

Proof of Theorem 2.6. From the expression of u; given in Proposition 2.5, a standard computation
shows that u is a solution of the following problem:

6.19
u; =0 on 0%2. ( )

{— div(A° ) Vi) = fEWnx,, o in <,
Also, since the conditions given in (2.10) are satisfied by A°, Theorem 6 from [25] shows that u, is the
unique solution of this problem. This implies the uniqueness of #; under the condition My (1) = 0, in
view of Proposition 2.5. Hence convergence (2.11) holds for the whole sequence, as well as (6.4).

We lastly prove that u; > 0 almost everywhere in Q2. From the strong maximum principle, by contra-
diction, we derive #; = 0 in 2. This imply fQ f;‘(ul)x{ul>0}(p dx = 0 for every ¢ € D(S2). This means
f = 0 on Q which contradicts assumption H;);;;. Consequently u; > 0 almost everywhere in €2 and
X{(u,>0; = 1. Then u; satisfies the limit equation (2.14). [
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