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Homogenization of a class of singular

elliptic problems in two-component domains

Federica Raimondi *

Abstract

This paper deals with the homogenization of a quasilinear ellip-
tic problem having a singular lower order term and posed in a two-
component domain with an e-periodic imperfect interface. We pre-
scribe a Dirichlet condition on the exterior boundary, while we assume
that the continuous heat flux is proportional to the jump of the solu-
tion on the interface via a function of order £7.

We prove an homogenization result for —1 < v < 1 by means of the
periodic unfolding method, adapted to two-component domains by P.
Donato, K.H. Le Nguyen and R. Tardieu.

One of the main tools in the homogenization process is the study of
a suitable auxiliary linear problem and a related convergence result.

It shows that the gradient of u® behaves like that of the solution of
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Homogenization of some singular problems

the auxiliary one, associated with a weak cluster point of the sequence
{uf}, as e — 0. This allows us not only to pass to the limit in the quasi-
linear term, but also to study the singular term near its singularity,

via an accurate a priori estimate.

1 Introduction

In this paper we study the asymptotic behavior of a class of quasilinear
elliptic problems presenting singular lower order terms and posed in two-
component domains.

More precisely, the two-component domain € is a bounded open subset of
R which is the union of two disjoint open subsets, Qf and Qf, and their
common boundary I'*. The disconnected component 25 is the union of the
e-periodic translated sets of £Ys, where Y5 is well contained in the reference
cell Y and I' = 0Y5. The connected component 2] is obtained by removing
from €2 the closure of 25 such that the interface I'* = 0€25.

We deal with the homogenization, as € goes to zero, of the following problem:
— div(A% (2,0 ) Vi) = FC(uF) in Q\ I,
uj =0 on 012,

(A%(z,uf)Vui)v® = (A°(z,u5)Vu3)v® on I'¢,

(A% (z,u])Vui)v® = —"h"(u] — uj) on I'?,

where v° is the unit external normal vector to 27. We prescribe a Dirichlet
condition on the exterior boundary, while we assume that the continuous

heat flux is proportional to the jump of the solution on the interface by
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Homogenization of some singular problems

means of a function of order 7.

The quasilinear diffusion matrix field is defined by A¢(z,t) = A (%, t), where
the matrix field A is uniformly elliptic, bounded, periodic in the first variable
and Carathéodory. The nonlinear real function ((s) is nonnegative and sin-
gular at s = 0, while f is a nonnegative datum whose summability depends
on the growth of ¢ near its singularity. Concerning the boundary condition,
he(xz) = h (%) where h is assumed to be a periodic, nonnegative and bounded
function, and v €] — 1, 1].

This problem describes the stationary heat diffusion in a two-component
composite with an e-periodic imperfect interface. In particular, quasilinear
diffusion terms describe the behavior of materials like glass or wood, in which
the heat diffusion depends on the range of the temperature (see for instance
[6]). We refer to [19, Section 3| for more details about source terms depend-
ing on the solution itself and becoming infinite when the solutions vanish.
These kind of source terms can model, for instance, electrical conductors
where each point becomes a source of heat as a current flows inside. The
boundary condition on I'* models a jump of the solution through a rough
interface and we refer to |9] for a physical justification of this model (see also
[30])-

In view of a counterexample suggested by H.C. Hummel in [29], one cannot
expect bounded a priori estimates for the solution when v > 1. For this
case we refer to [23] where different a priori estimates needed. As for our
problem, existence and uniqueness results has been proved in [26]-[27] for
7 <L

Here we prove an homogenization result for v €] — 1,1[ by means of the
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Homogenization of some singular problems

periodic unfolding method. This method was originally introduced by D.
Cioranescu, A. Damlamian and G. Griso in [13] and [14] for fixed domains
and extended to perforated ones in [15] and [16]. Then, it has been adapted
to two-component domains by P. Donato, K.H. Le Nguyen and R. Tardieu
in [22] (see also [21]).

This work has essentially been inspired by the works [19] and [25]. Let us
point out the main differences with respect to them and the additional dif-
ficulties. In [19] the authors treat the same singularity when A is linear
and the domain has two connected components separated by an oscillating
interface. This interface tends to a flat one, so that the integral on I'® goes
to the one on I', roughly speaking. But here I' is the union of disconnected
sets (of order %) so that its measures goes to inifnity, whence the integral on
I'* needs particular care.

Let us mention that in [25] the authors consider the same singular problem
with A quasilinear but posed in a periodically perforated domain. Here the
holes are replaced by a second material so that we have to treat in addition

all the integrals on the second component and the boundary term with jump.

In Section 2 we present the setting of the problem and we state the main
results.

In Section 3 we give a short presentation of the periodic unfolding method,
adapted to two-component domains.

In Section 4 we prove two a priori estimates uniform with respect to ¢ and
we give an estimate of the integral of the singular term close to the singular

set {u® = 0}, in terms of the quasilinear one (cf. Proposition 4.3).
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Homogenization of some singular problems

In Section 5 we prove a crucial convergence result, Theorem 5.4. It is one
of the main tools when proving our homogenization result and it shows that
the gradient of u® is equivalent to the gradient of the solution of a suitable
auxiliary linear problem, associated with a weak cluster point of the sequence
{uf}, as ¢ — 0. This idea was originally introduced in [4] (see also [5]) where
some nonlinear problems with quadratic growth are considered. We refer to
[10] and [22] for the study of the auxiliary problem, while for the proof of
the convergence result we adapt some techniques from [19] and [25].
Section 6 is devoted to the proofs of Proposition 2.5 and the homogenization
theorem. For these results Theorem 5.4 plays an important rule not only
in the study of the quasilinear term but also in that of the singular one.
Actually, as done in [19] and |25], we split the integral of the singular term
into the sum of two integrals: one on the set where the solution is close to
the singularity and one where is it far from it, which results not singular.
Near the singularity, making use of the estimate given in Proposition 4.3, we
shift the study of the singular term to that of the quasilinear one, for which
we can use Theorem 5.4.

Finally, let us point out that the homogenization result we prove here shows
that the conductivity of the first material is the same obtained when there is
no material occupying 5. On the other hand, since in the limit problem it
appears f instead of 61 f (being 6; the proportion of the material occupying
25), one has anyway to take into account even the source term in the second

component.

The first paper on this subject is due to [3] for the linear (nonsingular)



10

11

12

13

14

15

16

Homogenization of some singular problems

case by multiple scale method. In [23] and [30] the authors also studied the
linear case by using the Tartar method. For similar homogenization elliptic
problems we refer to [8], [19], ,[25], [29] and [31]. In [22] - [21] the authors
study the linear case in presence of linear and nonlinear boundary conditions,

respectively.

2 Setting of the problem and main results

Throughout the paper, we use the same notation as in [21]-[22] for the peri-

odic unfolding method in two-component domains.

The domain

For N € N,N > 2, let Q be a bounded open set in RY with a Lipschitz-
continuous boundary 0. Also let Y = Hfi 110, ;] be a reference cell, with
li >0,0=1,...,N. We suppose that Y; and Y5 are two disjoint connected
open subsets of Y such that Y5 # (), Yo C Y and Y = Y, UY5, with a common
boundary I' = 0Y5, Lipschitz-continuous.

Let {e}:>0 be a positive parameter taking values in a sequence converging

to zero and set:

- for any k € ZN | k; = (k1ly, ..., knly) and

Yi=k+Y, Yf=k+Yv, =12,
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- K. ={k e ZN| eY} C Q} and
Q= ey, 97=0\05 TI°=00
keK.

By construction, Q results the union of the two disjoint components and
their common boundary, i.e. Q = Q] UQ5UT* (see Figure 1).

Also we introduce the following sets:

K.={kezZ"|eY* cQ}, Q.=interior{ |J e(li+Y)p, Ac=0Q\Q,

kek-.
and
Or= (JevF,  A=05\0f, i=12  I*=005
keK-.
Also,
there exists eg > 0 such that Ve < ep, A = 0. (2.1)

Let us note that here, for the sake of simplicity, we do not allow the second
component to meet the boundary of the domain and also we suppose Y5
connected. Actually the cases where the holes meet the boundary of € and
Y5 has a finite number of connected components can be treated as done in

[21] and [22], respectively.
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Figure 1: The two-component domain {2 and the reference cell Y

In the sequel we denote by

1
o M,(v) = @l / vdz the average of any function v € L!(w), for any
w

open set w of RY,
x the characteristic function of any open set w of RV,
w

~ the zero extension to the whole of {2 of functions defined on 2§ or

&
927

6, =il i=172,

c different positive constants independent on ¢,

M(a, 3,Y) the set of matrix fields A = (a; j)1<ij<n € (L®(Y))V*N

such that

(A(z)\,A) > a|A|? and |A(z)A] < BIA], VA € RY and a.e. in Y,
with o, B € R, 0 < o < 33,

{e1,...,en} the canonical basis of R,

v = s the restriction to 2 of functions v defined in Q, 7 =1,2.
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Moreover let us recall the classical decomposition for every real function v

vt =max{v,0} and v~ = —min{v,0} a.. in Q, (2.2)

where v+ and v~ are both nonnegative. In particular, one has

+ 2

(v1 —v2)(vy —wy) = (vf —vg)(v] —vy) = (v —vy)
(2.3)
+ +

= —vfvy —vivy = (vy —vy)* <0,
The problem

The aim of the paper is to study the asymptotic behavior, as € goes to zero,

of the following problem:

—div(A®(z,u)Vu®) = f((u) in Q\ T,

ui=0 on 02,
(2.4)
(A% (z,u])Vui)v° = (A°%(x,u35)Vus)r®  on I,

(A% (z,u])Vui)v°® = —"h"(u] — uj) on I'?,

where v° is the unit external normal vector to (27, and we prescribe a Dirich-
let condition on the exterior boundary and a jump of the solution on the

interface I'°, in the case v €] — 1, 1].
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1 Assumptions on the data

Hy) The real N x N matrix field A : (y,t) € ¥ xR — A(y,t) =

(aij(y,1); j=1. N € RMN? satisfies the following conditions:

i) A is a Carathéodory function s.t.

A(-,t) is Y-periodic and in M(a, 8,Y), for every t € R;

i) there exists a real function w : R — R satisfying the following conditions:
— w is continuous and non decreasing, with w(t) >0Vt >0,
— |A(y,t1) — Ay, t2)| < w(|t1 — ta]) for ae. y € Y,V # to,

S
—Vs>0, lim i
y—0t Jy w(t)

= +00.
Hs)  The functions ¢ and f verify

i) ¢:1]0,400[— [0, +00] is a function such that

1
¢ € ([0, +o0]), 0<¢(s) < & for every s €]0,4+o0[, with 0 < k < 1;

ii) ¢ is non increasing;

2
iii) f > 0a.e inQ, f#0, with f € LY(Q), for [ > m(z 1).

Hj) —1 <y <1, and his a Y-periodic function in L>(I") such that

there exists hp € R: 0 < hg < h(y) a.e. on I

10
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Under the above assumptions we set, for every ¢t € R,

A (z,t) = A (g,t) forae. x€Q, h(z)=nh <§> for a.e. x € I'°. (2.5)
€ €

The functional framework

We now introduce the functional spaces used to handle (2.4)-type problems.

Let V€ = {v € HYQ5) | v =0 on 99} endowed with the norm
[vllve = Vol p2(as)-

REMARK 2.1. It is known (see for instance [17, Lemma 1|, [18]) that a
Poincaré inequality in V*® holds with a constant cp independent on ¢, that
is

[vllz2as) < eplVollrz@s) Yo e V™. (2.6)

Consequently, the norm in V¢ is equivalent to that in H(Q)) via a constant

independent on €.

For every v € R, let HZ be the space defined by
H: ={ve L*(Q)| v €V, vy e H(O5)},
which, after the identification Vv := VA/vl + %, is equipped by the norm

[l = [Voll72@re) + 701 = v2llF2 (e

11
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PROPOSITION 2.2 ([30][22]). Lety < 1. There exist some positive constants

c1, co and C, independent of €, such that
2 2 - 2
Vo e s el < 03 < ca(l+ &) ol g
In addition, if v = (vi,v3) is a bounded sequence in HS, then

[Vl 0s) < C,

V3l zr1(0s) < C,
[0f = v3llr2(re) < Ce™3.

The variational formulation associated with problem (2.4) reads

Find u® € H5 such that u® > 0 a.e. in €,

/ fC(u®)pdr < +o0, and
Q
(2.7)

£

A®(z,u®)VuVpdr + / eThE(u§ — u5)(p1 — p2)do
O\Te

:/Qfg(ua)gpdm, Vp € H.

In [26]-[27] it is proved that, under assumptions Hy)- Hs), problem (2.7)

admits a unique solution.

Let us introduce here the homogenized matrix A%(t), t € R, corresponding

12
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1 to our case vy €] — 1, 1[. It is defined by

1
AN = = [ Ay, t)(A = Vyx (y,1))dy VA€ RY, (2.8)
Y| /v, A

> where, for every A € RV, X/\(-,t) € H'(Y1) are unique solutions of the cell

3 problems

fdiv(A(~,t)VyXA(',t) = —div(A(-,t)\) in Y1,

A= Vyx (D) =0 onT, (2.9)

X}\(.’ t) Y-periodic and MYl(X}\) =0.

+ The homogenized matrix A is actually the one obtained in the framework of
s perforated domains. It has been originally introduced in [17| for linear prob-
6 lems with Neumann conditions in perforated domain, successively extended
7 to quasilinear ones in [1], [2].

s We recall (see |7] and [17]) that the matrix A" satisfies the following prop-

o erties:

2
i) A° is continuous and A%(t) € M <a, B—, Q> for every t € R;
«

ii) there exists a positive constant C, depending only on «a, 3,Y and T s.t.
[A%(t1) — A%(t2)] < Cw(|t1 —t2)

for every t1,ty € R, with ¢; # t9, where w is the function given in Hy).
(2.10)

10 REMARK 2.3. Observe that assumptions Hy);; and Hg);; are only needed

1 for the uniqueness of the solution of problem (2.7). If they do not hold true,

13
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the homogenized problem is the one we obtain here but all the convergences

remain valid only for a subsequence.

The main results

We now state some main results of this work, which will be proved in the

next sections.

PROPOSITION 2.4. Under assumptions Hy )- Hs), let u® € HE be the unique
solution of problem (2.7). Then, there exist a subsequence (still denoted by
), up € HYQ), w1 € L*(Q, HL., (V1)) with Mr(G1) = 0 for almost every

per

r € Q and Uy € L2(Q, HY(Y2)) with My () = 0 for almost every x € Q

such that
(
i) T (uf) — wy strongly in L*(Q, HY(Y;)), i = 1,2,
i) T=(¢(u®)) — ((u1) a.e. in QxY,
ii1) ZL\“; — Orug weakly in L*(Q),

w) T (Vi) — Vuy + Vyiy  weakly in L2(Q x Y7)

v) Ty (Vu3) — V,z weakly in L*(Q x Y3).
(2.11)
Moreover,

up >0 a.e. inQ  and / fC(ur)pdr < +oo, Ve € HY Q).  (2.12)
Q

Its proof is given at the end of Section 4.

14
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PROPOSITION 2.5. Under assumptions Hy)- Hs), let (u1,u1,u2) be given

by Proposition 2.4. Then

N
8U1

iy, 7)== X_(yu(2)5

e xX;
i=1 v

(z) € L3(Q; HL, (Y1),

per

Vytia =0 a.e. in Q X Y,

where x _(-,ul), i = 1,....N are the solutions of the cell problems (2.9),

€

written for A = e;.
Then the homogenization result for problem (2.7) is

THEOREM 2.6. Under assumptions Hy)- Hs), let u* € HS be the unique
solution of problem (2.7) and (uy,u1,u2) be given by Propositions 2.4 and

2.5. Then the pair (uy,uy) is the unique solution of the limit equation

Vo € Hi(Q) and Yo € L*(Q; H.,,.(Y1))

per
/ Ay, u1)(Vur + Vyur) (Ve + Vy)dedy = ]Y!/ fC¢(uy)pd.
QXYl Q
(2.13)
Finally, vy > 0 almost everywhere in Q) and uy is the unique solution of the
following singular limit problem:

—div(A%(u1)Vur) = fC(uy)  in Q,
(2.14)

uy =0 on 0S,

15
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where the homogenized matriz A%(t) is given by (2.8) and verifies

1 ~
A(uy)Vuy = ] A(y,u1)(Vur + Vyur)dy. (2.15)
Y

Consequently, convergences (2.11) (together with T3 (Vug) — 0 weakly in
L?(2 x Y3)) hold for the whole sequence.

These two last results are proved in Section 6.

3 The periodic unfolding method

In this section we give a short presentation of the periodic unfolding method
adapted to two-component domains by P. Donato, K.H. Le Nguyen and R.
Tardieu in [22|. This method was originally introduced by D. Cioranescu,
A. Damlamian and G. Griso in [13] and [14] for fixed domains and extended
to perforated ones in [15] and [16].

To this aim, we recall the unfolding operators 7% and 75 and the boundary
unfolding operator 72: T¢ and T2 are exactly those ones introduced in [16]
for perforated domains, while 75 has been introduced later in [22].

Let z € RN, we denote by [z]y its integer part such that z — [z]y belongs to

Y and set {z}y = z — [z]y. Then, for every positive ¢,

me((E], 4 (2),) veer

16
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DEFINITION 3.1. For any Lebesgue-measurable function ¢ on €25, the un-

folding operators 7,7, i = 1,2, are defined as follows:

¢(c|Z]y +ey) ae for (z,y) € Q. x Y;,
Ty = | T 31)
0 a.e. for (z,y) € Ac x Y;.

For any Lebesgue-measurable function ¢ on I'®; the boundary unfolding op-

erator 72 is defined as follows:

¢ (c[%], +ey) ae. for (z,y) € 0. xT,
T2 (¢)(w,y) = v (3.2)
0 a.e. for (z,y) € A; x I

REMARK 3.2. If ¢ is defined in €2, we simply write 7;%(¢) instead of 7;°(¢;),

i = 1,2, for the sake of semplicity. Also we define T¢(¢) as follows:

7-1£(¢) in Q x Y1>
T (o) (x,y) =
T5(6) inQx Ya.

We now recall the main properties of the unfolding operators.
PropPOSITION 3.3 (|16][22]). Let p € [1, 400 and i =1,2.

1. TF is a linear and continuous operator from LP(Q5) to LP(Q2 x Y).

2. TE(oY) = T (@) T (W) for every ¢,4 € LP().

3. Let ¢ € LP(Y;) be a Y -periodic function and set ¢-(x) = ¢(£). Then

£

T (pe) — ¢ strongly in LP(Q2 X Yj).

17
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4. For all ¢ € LY(Q5), one has

1

|Y‘ QxY;

T5(9)(z, y)dxdy = /A o(x)dx = o(x)dx — o(z)dx.

Qs Qs As

5. For all ¢ € L(T'?), one has

¢(z)do, = T2(8) (x, y)dado,.
FE

€’Y’ QxT

1
0. | TE (D) raxyviy < (Y17 [9llLe(as) for every ¢ € LP(€).
11
T AT (@) Lexry < €Y7 |0l orey for every ¢ € LP(T).
8. For ¢ € LP(Q), TF(¢) = ¢ strongly in LP(Q2 x Y;).

9. Let {¢:} be a sequence in LP(Q) such that ¢p. — ¢ strongly in LP(Q).
Then
TE(¢e) = ¢ strongly in LP(Q x Y;).

10. Let {¢:} be a sequence in LP(Q) such that ||¢e||Lo(qs) < c.

If TE(¢e) — & weakly in LP(Q X Y;), then

~

b — 0; My, (¢) weakly in LP(2).

11. If p € WHP(Q5), then V[T (9)] = TS (Vo) and TE(¢) € LP(Q, WHP(Y;)).

12. If ¢ € L3(I°) for s € [1,4o0[, then

11
I1T2()l|zsxry < (Y55 [0l Le(re)-

18
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We state below the main propositions proved in [12] and [22] concerning
the jump on the interface and some convergence results, under the same

notations as in [21].

LEMMA 3.4. [22] Let ¢ € D(Y) and u® € HS. For ¢ small enough one has

€ / (i —ug)edos = h(y)(Ti (1) = T3 (u3))Ti () dadoy.

’Y’ QxT’

THEOREM 3.5. [12][16][21][22] Let v € R and u® be a bounded sequence in

HZ. Then,

17 (Vudllz2@xn) < ¢

173 (Vud) [ 2(@xys) < € (3.3)

1—
175 (i) = T5 ()l 2wy < ce 7

and there exist a subsequence (still denoted by €), u1 € H}(Q) and Uy €

L3(Q, HY,, (Y1) with Mr(1) = 0 for almost every x € Q such that

per

T (u]) = w strongly in L?(Q, H'(Y7)), 5.4)
3.4
TE(Vug) — Vuy + Vi weakly in L*(Q x Y7).

Moreover, if v < 1, there exist a subsequence (still denoted by <), us € L*(Q)
and s € L*(Q, HY(Y2)) with Mr(tis) = 0 for almost every x € Q such that

T (u5) = us weakly in L*(Q, H'(Y2)), s
3.5
T5 (Vug) — Vs weakly in L?(2 x Ya).
Furthermore, if v < 1, then u1 = us and also
T (u) — uy strongly in L*(Q, H' (Y3)). (3.6)

19
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4 A priori estimates

In this section we prove two a priori estimates, uniform with respect to ¢,
for a solution of problem (2.7). In addition, we recall Proposition 4.3 which
gives a bound to the integral of the singular term close to the singularity.

These estimates allow us to prove Proposition 2.4 at the end of this section.

PROPOSITION 4.1. Under assumptions Hy)- H3), let u® € HS be the solu-

tion of problem (2.7). The following a priori estimate holds true:

_1
VUl 2@yrey < CillfIIT (4.1)
LTHE (Q)

+

where C1 depends on «, ¢, and c;.

Also
1

_ T

|ui = u3ll 2y < e 2Cof fII1T

! , (4.2)
1

+‘m =

R ()

where Cy depends on «, ho, cp, c1.

Proof. Let u® € HZ be the solution of problem (2.7) and let us choose u® as

test function. By Hj)-Hs) and applying the Young inequality wiht exponents

2
—% and

2

47 We get for every n > 0

NV agpe) + <o [ (uf =)o

€

< A®(z,u®)VuVude +/ eVhE(u§ — u§)*do
o\re e

2
— €\,,E < 1-k < €112 1+k )
| setw e < [ pultde < o gy + oA,

20
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In view of Remark 2.1, the above inequality leads to

|| Ve[ F2 i rey T ho /FE(“l—U )2do < (1, cp) [0|[re g1 gy (1 )”f”

Thanks to Proposition 2.2 we get

T ey 7o [ (05050 < el e )l el

So that,

(=l 1) V0 e+ (el e )5 =05 ey < 7175,

From this estimate we deduce the result. O

PROPOSITION 4.2. Under assumptions H )-H3), let u® € HS be the solution

of problem (2.7). Then
[ £C(u®)pll L) < e

2 for every nonnegative ¢ € HS with ¢ depending on «, B, ¢, c1, HV<,0||L2(Q\FE)

3

and HfHLl(Q)

Proof. Let u® € HS be the solution of problem (2.7) and let us choose a
nonnegative ¢ € Hg(Q) as test function. Since ¢ has no jump on I'®; the
boundary term vanishes. Hence, by using the Holder inequality and nonneg-

ativity of f, ¢ and ¢, we have

Jr

0< /Qfé‘(us)sodl“ = A (2, u")VurVede < B Vus|[2@ovre) Vel 2 @)

O\I=
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Homogenization of some singular problems

which implies the result for ¢ € HZ(Q), via the estimate (4.1). If now ¢ =
(of,95) € HZ is nonnegative, since I'; is Lipschitz continuous, there exist

nonnegative 11 and 9 in H&(Q) such that ¢ = (¢, ¢5) = (wlwﬂi’wQ\ﬂg)'
Then

0 [ ewpds = [ g )eide+ [ rc)gds
< [ st indo+ [ gt < c

1 O

2 We also recall the following result from [26] (written for h = £7h® and A = 0).
3 It gives an estimate of the integral of the singular term close to the singular

s set {u® =0}

PROPOSITION 4.3. [26] Under assumptions Hi)-Hs), let u* € HS be the

solution of problem (2.7) and § a fized positive real number. Then
/ fC(uf)pdr < A (z, v )VuVpZs(u®)dx
{0<us <6} Q\I'=

+a/h%ﬁﬂ@wm®w—%wmmw,

s for every p € HS, ¢ > 0, where Zs 1s an auziliary function defined by

1, if0<s<g,
Zs(s) = —g +2, if6<s<28, (4.3)
0, if s > 294.
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Homogenization of some singular problems

Proof of Proposition 2.4. Let u® be the solution of problem (2.7). Propo-
sition 4.1 allows us to apply Theorem 3.5. It provides the existence of
uy € Hy(Q), a1 € L*(Q, HY,,.(Y1)) with Mp(d;) = 0 for almost every z € Q
and Uy € L2(Q, H(Y2)) with Mp(tiy) = 0 for almost every = € Q such that,
up to a subsequence, one has convergences (2.11)1-71@7@, since v < 1.

Now observe that, by construction, for every x € 2 there exists e, > 0 such
that

~

r € Q, Ve<e,.

Also, by defintion of unfolding one has, for i = 1,2

C(TF(@)(wy)  ae in Qe x Y,
T (C(@)(w,y) = (4.4)
0 a.e. in A, x Y;.

Consequently, for almost every (z,y) € Q x Y, there exists €, > 0 such that
To(C(w")) = C(T*(u)), Ve < e (4.9)

On the other hand, using the continuity of ¢ and (2.11);, we have
C(TF(w)) = ((u1) ae in QxY. (4.6)

This, together with (4.5), gives the convergence (2.11);;.

Also, from Proposition 2.2 and convergence (2.11);, Proposition 3.3;1¢ gives

;LE — 91MY1 (Ul) Weakly in LQ(Q),

23



Homogenization of some singular problems

which reads as (2.11);;; being u; independent on y.

To show that u; is nonnegative almost everywhere in 2, we note that every
solution u® is positive almost everywhere in 2. Then, the definition of the
unfolding operator implies 7¢(u®) > 0 almost everywhere in 2 X Y so that,
in view of (2.11);,

u; >0 a.e. in Q.

It remains to prove the second condition in (2.12). Let us choose first a
nonnegative ¢ € Hg(Q). Propositions 3.324 and 4.2, for the subsequence

mentioned before, lead to

lign_}glf |}1/‘ oy TE(N)TE(C(u)) T (p)dady < hgn_}iglf/gf((ug)cpdx < +o0.
(4.7)

Now, from Proposition 3.3s, 7¢(f) and T¢(p) converge to f and ¢, respec-

tively, almost everywhere in Q X Y, up to a subsequence. Thus, by (2.11);;,
TE(H)TE(C(u®)T(p) = fC(ur)e ae. in QxY.

Since Te(f), T¢({(u®)) and T*¢(p) are nonnegative functions, we can use
Fatou’s lemma and (4.7) to obtain

1 1

F¢(um)pdirdy < lim inf T (/)T (C(w) T () ddy < +oc.

‘Y’ QXY ‘ ’ QXY

Being the functions f and w; independent on y, this implies in particular

that

/QfC(ul)godac < 400
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Homogenization of some singular problems

and ends the proof for ¢ > 0. For ¢ with any sign, it suffices to decompose

pas et —p . O

5 A convergence result for an auxiliary problem

This section is devoted to the study of a suitable auxiliary problem and a
crucial convergence result, which is one of the main tools needed for proving
Theorem 2.6. In the same spirit of what we have done in [25] in order to
homogenize a similar singular problem posed in a periodically perforated
domain, we first consider the auxiliary linear problem (5.2) below and state
existence and homogenization results for it. Then, we prove the convergence
result given in Theorem 5.4. It shows that the gradient of u® is equivalent to
the gradient of the solution of the auxiliary linear problem, associated with
a weak cluster point of the sequence {u®}, as e — 0.

We refer to [10] and [22]| for the study of the auxiliary problem. For the
proof of the convergence result we adapt some techniques from [19] and [25],

which inspired this work.

First of all, as in [10] we introduce a linear operator £. from H~1(Q) to
(V) veritying the following assumption:

Hy) If {¢°} is a sequence such that
lofllve <e  and  @F — 1y weakly in L2(Q), (5.1)

then

hm (Lo (Z), ) (vey,ve = (Z,0) 10,11 (@)

e—0
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Homogenization of some singular problems

1 Let us point out that assumption Hy) is satisfied, for example, by the adjoint
2 of the linear operator P} introduced by Cioranescu and Saint Jean Paulin in
s [17]. Then, see [11, Remark 3.1], if Hy) holds, one has ¢o € H} ().

+ 5.1 The auxiliary problem

s The suitable auxiliary problem we are interested in is the following one:

—div(A®(x,u]) Vi) = LA(Z) in QF,
—div(A®(z,u5)Vv5) =0 in 93,
v =0 on 09, (5.2)

(A%, u) Voi)o° = (A%(2,u5)Ves)v®  on T,

(A (z, u]) Vo] )v® = —e7h® (v — v5) on I'¢,

¢ under assumptions Hy), H3)-Hy), and Z € H=1(Q).

7 The variational formulation of problem (5.2) is

Find +° € Hﬁ such that

/\ A (z,u") Vo Vdz +/ eVhE(v] — v5)(p1 — w2)do (5.3)
Q FE €

= (L(Z), 1) (veyve, Vo€ HS.

\

s The existence and the uniqueness of a solution of problem (5.3) is a straight-
o forward consequence of the Lax-Milgram theorem.

10 Observe now that in view of Proposition 4.1 and (2.11),;;, the sequence {u®}
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Homogenization of some singular problems

satisfies conditions (5.1), i.e.
JuSllve <c¢  and  uS — Oiu; weakly in L?(€). (5.4)

The homogenization result below extends Theorem 3.3 of [22] to the case
where the matrix field depends on x. We omit its proof, which follows along
the line of [22, Theorem 3.3]. The terms containing the functional Z and the

quasilinearity of A can be treated as in [10] and [7], respectively.

THEOREM 5.1. Under assumptions Hy), H3)-Hy) and Z € H~Y(Q), let
v® € HS be the unique solution of problem (5.3). Then, there exist v1 €

H}(Q) and vy € L*(Q, HL,, (Y1) with Mr(v1) = 0 such that

per

i) v§ — b;v weakly in L*(Q), i =1,2,
i) T (vi) = v strongly in L2(Q; HY(Y;)), i =1,2

ii) T (Vi) = Vg + V01 weakly in L?( x Y1),

) Ty (Vug) =0 weakly in L*(Q x Y3),
(5.5)

and the pair (v1,v1) is the unique solution of the limit equation
Vo € HY(Q) and Yy € L*(Q; HL, (Y1),

per

/Q y Ay, ur)(Vor + Vyo1)(Ve + Vi )dedy = [Y(Z, 9) 1), 11(9)-
XY
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Finally, vi is the unique solution of the following limit problem:

—div(A%(u1)Vu) = Z  in Q,

(5.6)
v1 =0 on OS2,
where the homogenized matriz A° is given by (2.8).
Let us consider problem (5.2) for Z = —div(A°(u1)Vuy). Its variational

formulation is

Af (z,u®)Vo*Vpdx +/ eThe (v — v5) (1 — @2)do

€

Q\I's

= (Le(—div(A°(u1)Vur)), p1) (vey,ve, Vo € HS,
(5.7)

which admits a unique solution v € HS. Theorem 5.1 (written for Z =

—div(A%(uy)Vuy)) gives

—div(A%(u1) Vo) = —div(A%(uy) V) in Q,

vy =0 on 0f).

Thanks to the assumptions on A, the uniqueness of this problem ensures
that

V1 = Uq. (5.8)

Moreover, the same arguments used to prove (2.11);; give

HUEHHg <c¢ and 17‘{ — fu;  weakly in L*(Q). (5.9)
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Homogenization of some singular problems

As in [19] we define now the following auxiliary functions t,,:
YmeNm>1, wup="Tn(u),
where T, is the usual truncation function at level m, so that
0<um<wu; and wuy — up strongly in Hol(Q), as m — +oo. (5.10)

Then, we denote v € H{(Q) the solution of the following problem:

—div(A®(z,ui) Vo) = Lo (—div(A°(u1)Vuy,))  in QF,

—div(A®(x,u3)Vuly) =0 in QF,

v =0 on 0f).

Its variational formulation is

/ AS (2, u") Vo' Vodr = (L (—div(A°(u1) V), P1)(vey,ve, Vo € HS.
Q

(5.11)
Again, the existence and the uniqueness of a solution of problem (5.11) is

straightforward proved by using the Lax-Milgram theorem.

REMARK 5.2. Let us notice that v™ € H{ (), and consequently vl =y

on I'?) for every €.

Thus, in particular, Theorem 5.1 applies to this case with no jump (for

7Z = —div(A°(u1)Vuy,,)) and, again by uniqueness, we obtain

v |me < ¢ and @ — Byup, weakly in L2(Q). (5.12)
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Also the following convergence holds true:
TE(v™) = upy, strongly in L*(Q; HY(Y)). (5.13)
Moreover, by classical results from [32], we have that for every fixed m
02| Lo () < €em,  for every e. (5.14)

REMARK 5.3. The sequence {(v])™} satisfies conditions (5.1). Indeed, in

view of the estimate in (5.12) and convergence (5.13), one has

1)~ llve < llodhllve < e

and

T ((wh)7) = u, =0 strongly in L(Q x YY),
since u,, > 0 by construction. Also, by using Proposition 3.31¢, one has
(v:":l)/* — 6 My, (u,,,) =0 weakly in L*(9Q).
Let us also point out that, from (5.13), one has even

Ts ((vZ%)") = u,;, =0 strongly in L*(Q x Y3).

This is needed in the next subsection.
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5.2 A convergence result

We are now able to prove the main result of this section. Here we adapt
the arguments we used in [25] for the quasilinear singular case in period-
ically perforated domains to the two-component case, where the holes are
replaced by the second component. This is why we analize in detail only the
terms differing from the previous work, namely the boundary term and the
quasilinear diffusion term in the second component.

The proof follows the same steps introduced in that of [19, Theorem 8.5,
which concerns the singular case when A is linear and the domain is made

up of two connected components separated by an oscillating interface.

THEOREM 5.4. Under assumptions Hy)- Hy), let u® and v° be solutions of

problems (2.7) and (5.7), respectively. Then, up to a subsequence,
;ii% [Vu® = Vot || 2\re) = 0.

Proof. The proof is done in 3 steps.

Step 1. Let us prove that
lim V(™)™ [Pde =0 VYm > 1. (5.15)

e—0 Q\I'e

Let us choose —(v[*)™ € HS as test function in (5.11). From the ellipticity
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of A, taking into account that Vo = V(v™)" — V(v™)~, and (2.3) we get

0 < allVO) Bagnre < - /Q ATV s
(L (~div( A1) Vitm)), —(07) ) ey e

From Remark 5.3 and Hy), we obtain

lim (L (—div(A® (u1) V), — (v24h) 7 ) (vey ve

e—0
= (=div(A°(u1) V), 0) 10, 12 () = 0
which concludes the first step.

Step 2. In this step we show that

lim lim IV (u — v™)]2dz = 0.
m—+o00 e—0 Q\I's

(5.16)

To do that, let us choose u® —v[* € HY as test function in (2.7) and (5.11).

By subtraction, Hy); and the nonnegativity of the boundary term, one has

| V(= o) F2 e

€

Q\I's

< A (z,u")V(u® —v")V(u® —vl")dx + 67/ he(u§ — uf)?do

= /QJ“"C(UE)(U‘E —v")dz — (Le(—div(A° (u1) Vum)), (u* — o)1)y ..

32
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Let us prove that, as € — 0, we have

alimsup||V(u® — v;”)H%Q(Q\Fs) < / FC(ur)(ur — um) dx
e—0 Q

X{u1>0}
(5.18)

— {(~div(A (1) Vi), w1 — ) g1 (e 113 )

so that we obtain the result (5.16) as m — +o00, via convergence (5.10) and

the Lebesgue theorem.

Concerning the second term in the right-hand side of the previous inequality,
let us observe that u® — v]* satisfies (5.1), in view of (5.4) and (5.12). So
that, by H4)

hm(ﬁg(—div(Ao(ul)Vum), (u — v )1)veve

e—0

(5.19)

= (—div(A°(u1) V), up — um>H—1(Q)7H&(Q)'

Let 0 > 0. We split the integral of the singular term in (5.17) in two terms

as follows:

/Q £ (@ — v da /Q FE@E) (e — (™) )da + /Q FCE) ™) da

NE

< (I§7i+J§,i)+KE, i=1,2,

1

-.
Il

(5.20)

where, for i = 1, 2,

= / ol ysdn, I, = / O — () F)da,
Q:N{0<us <4} Qsn{us>d}
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and Ksi/QfC(uE)(vgn)_dx.

The terms corresponding to i = 1 are exactly the ones considered in [25,
Theorem 5.5| for the case of periodically perforated domains. It is easy to
check that the additional terms Ig2 and ng can be treated exactly in the
same way. Indeed, all the convergences used there for the first component
hold true also here in the second component, thanks to (2.1) and convergence
(3.6).

Hence,

lim lim (12, + I2,) = 0,

0—0e—0

lim lim (J2, + J25) = (61 + 62) /Q FC(ur) (U1 — um)

5050 de (521)
— / FC(un) (w1 — wm)
Q

X{ul >0}
dx.

X{ul >0}

On the contrary, the term K. needs to be treated specifically, since its com-
putation gives rise to a different boundary term. To this aim, let us observe

that

/ FC@E™ X de=0,
Qn{us >4} {u1=0}

for every § € RT\D, where D is a countable set of values (see for instance
[28], [19] and [25]).
Hence, for §p € RT \ D, we can write

K. = S ) (o)~ da+ / FC () (o)

X
QN{0<us<do} QN{uc>d} {u1#d0}
(5.22)

34
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From Proposition 4.3 written with § = §p we get

0<A < A®(z, v )VuEV (v")™ Zs, (u®)dx
O\re

+¢’ / he (ui = u3)(Zs, (ui) (v2h) ™ — Zsy (u3)(v25) ™ )do.

The first term in the right-hand side of the previous inequality goes to zero
as € goes to zero, because of Hy);, the Holder inequality, (4.1) and (5.15).
On the other hand, since v™ € H{ (), also (v™)~ belongs to H}(2), so that
(vf%)~ = (vy)~ on I'* and, since Zs is nonincreasing (see definition (4.3)),

we have
& / B~ ) (Za ) (0Z) — Zy (03 (00) )
& / B () (05 — u5) (Zay (u5) — Zay (u5))dor < 0.

Thus we deduce that

lim A, = 0. (5.23)

e—0

As done for the previous terms, in order to handle B. we split it as follows:

B. = By + Boy with Boy = / FCs) (o)

X de,i=1,2.
Qsn{us>00} {ua#d0}

The same arguments used to prove that lir% B.1 = 0 in the proof of |25,
E—r

Theorem 5.5] apply also to the second component. So, using again (2.1) and

convergence (3.6), we get

lim B. 9 = 0.
e—=0
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This implies, together with (5.22)-(5.23),

lim K. = 0. (5.24)

e—0

By collecting (5.17), (5.19), (5.20), (5.21), (5.24), we finally obtain the va-
lidity of (5.18).

Step 3. In this last step, we show that

lim lim V(v — v%)2dx = 0. (5.25)

m—400 e—0 Q\I'=

We take vI* — v as test function in the variational formulations (5.11) and

(5.7). By subtraction, we have

/ A (z,u” )V (0" =" )V (' —v)dx—e7 / he (v —v5)[(v'—v) 1 — (V' —0v%)o]do
Q\I' r

= (Le(=div(A° (u1)V (um — w))), (" = v)1)vz v

In view of Remark 5.2, it results

€ €
& [ = )02 — ) O~ v )eldo = [ B 5o 2 0
N N

Consequently, by passing to the limit on e, for Hy) and Hy)(whose assump-
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tions are satisfied both by v, and v7* thanks to (5.9) and (5.12)), we get

0 Sagii% V(v — UE)H%%Q\FE)

< lim (Lo (—div(A° (u1)V (um — u1))), (07" — v%)1)vr v,

e—0

= (—div(A°(u1) V (um — 1)), wm — 1) g-1(0), 11 ()
This together with (5.10) gives

. . m e\|12
0< ml—l>r—ll—loo il_rgg)a\lv(vg = )| 220\

< lim A% (1) V (U — 1)V (U, — w1 )dz = 0.

~ m——+oo Q

At last, coupling (5.16) and (5.25) we obtain the desired result. O

6 Proofs of Proposition 2.5 and Theorem 2.6

In this last section we prove Proposition 2.5 and Theorem 2.6.
First, we treat Proposition 2.5 which is a consequence of the convergence

result given in Theorem 5.4.

Proof of Proposition 2.5. Let v° be the solution of problem (5.7). The ho-
mogenization result given in Theorem 5.1 (written for Z = —div(A%(u1)Vuy)
and v; = uy, see (5.8)) gives, for the subsequence verifying (2.4),

TE(VoS) — Vug + V01 weakly in L2(Q x Y7),
(6.1)

T5 (Vv5) — 0 weakly in L2(Q2 x Y3),
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where 77 is a function in L?(Q; HY,,(Y1)) with Mrp(?1) = 0, such that

N ou
i=1 !

Now let us observe that, from Theorem 5.4 and Proposition 3.39, we get

TE(Vu® — Vof) — 0 strongly in L?(Q x Y).

1 This, together with (2.11);,, and (6.1), leads to

Vyu1 =V ae. in Q x Y,
(6.2)
Vyta =0 a.e. in ) x Yo,

which implies v1 = u; + w(x), for some function w only depending on z.

Since Mr(v1) = Mr(u1) = 0 and

Mr (V1) = Mr (1) + Mr(w),

we derive w = 0 and

U] = Uj.

2> Whence we obtain the convergence
TE(Vof) — Vg + Vi weakly in L*(Q x Y7), (6.3)

3 and the claimed expression of . O

4+ We are now able to prove the homogenization theorem.
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1 Proof of Theorem 2.6. Let us first remark that, under our assumptions,
2 convergences (2.11) hold true for a subsequence of u® (still denoted by €),
s where Uy € L*(; H,,,.(Y1)) is given by Proposition 2.5. Let us highlight

4 also that

T5(Vus) — 0 weakly in L2(Q x Y3), (6.4)

by collecting (2.11);, and (6.2);.

Notice that, due to (2.12), the fonction u; € H}(Q2) is nonnegative. Also,
conditions (5.4) ensures the validity of Hy) and, as a consequence, Theorem
5.4 holds true.

Now, to identify the limit problem satisfied by (u1,u1), we take ¢, ¢ € D()
and £ € H;ET(Y), and use

Vel@) = pl@) + eol@)é (2) € H5

s as test function in (2.7). We obtain

A% (2, u%) VU Vepeda+e7 /F W (ug—u3) (Y1~ p)do = /Q fC(u®)ed.

Q\I'
(6.5)
s Let us consider the solution v* of problem (5.3) and write
lim A®(z,u®)VuVipedr = lim A®(z,u® )V Vipdo
e=0 Jo\re =0 Jao\re
+ lim A (z,u)V(u® — v°)Vipode.
e—0 Q\I'e
(6.6)
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1 By using assumption Hj), the Hélder inequality and Theorem 5.4, one has

lim A (z,u")V(u® — v°)Vipodr = 0, (6.7)
e—0 Q\I'e
2 taking into account that the norm of 1. is bounded in HZ.

s By Theorem 5.1 (written for Z = —div(A®(u1)Vuy)), we obtain

lim A®(z,u® ) Vo Vipdr
e—0 Q\I'e
(6.8)
1

= Ay, u1)(Vur + Vyur) (Ve + ¢V €)dady,
|Y‘ QXYl

in view of (6.3).
Concerning the boundary term in (6.5), by unfolding, using Lemma 3.4 and

(3.3) we get

5

g7 / R (uf — u5)(Ye1 — Ye2)do = 5#1/ he(ul — u3) (9181 — d2b2)do

ey

=5 hWITE (ui) = Ty (u2)][§1(y) T (1) — &2(y) T3 (p2)]dxdoy
|Y| QxI

< e[| Ty (ui) = T3 (ua)l 2axr) |77 (01)[§1(y) = S2(W)]l L2(xr)

14y

1—
<cle 2 =ce 2 .

4 Since —1 < v < 1, passing to the limit as € — 0, we obtain

lim &7 / B~ 8) (e — e} = 0. (6.9)

e—0
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In order to pass to the limit in the singular term of (6.5), we define

pe(@) = ep(a)é (T, thatis v =g+ . (6.10)

Then one has

To(ue) = eT*(0)¢  and  Vp ==V€ (=) +ov,€ (=),

9 S

and
i) T¢(pe) = 0 strongly in L?(Q2 x Y),

(6.11)

ii) T5(Vue) = ¢Vy€  strongly in L2(Q x Y).
From now on, without loss of generality we assume ¢ > 0 and p. > 0
in (6.10). Indeed we can decompose these functions in their positive and
negative parts as in (2.2). Now let us split the singular integral into two
terms: one near the singularity and one far from it. For every positive § we

write

0% [ stwyede= [ gewydes | peutypede = 10402

{us>46}
(6.12)
In view of Proposition 4.3 written for ¢, u. > 0 we have
0 <limsup Ig
e—0
<lim sup [/ A (2, v )Vu Ve Zs(uf ) dx (6.13)
e—0 Q\I's

+e” / h* (uy — up)[Z5(ul) ey — Zs(u5) e 2]do | -
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Let us first show that

lim sup 7 / P — ) [ Zs (5 e — Zo(ul)ibenldor <0, (6.14)

e—0

so that it results
0 < limsup I’ < lim sup/ A®(x,u®)Vu Vi Zs(u)dx. (6.15)
O\Te

e—0 e—0

Taking into account the decomposition given in (6.10), and the fact that

since @, ¢ € D(Q) then 1 = @y and ¢ = ¢ on ', we have

& / (s = ud){erlZs(uf) = Zs(u5)] + e[ Z5(uf)6r — Zs(u3)6]}do
— e [ el ) l(26005) — Zoo)
Lt / R (uf — w5 [(Zs(ui)ér — Zs(u5)E2))do

< ot / R (u§ — u5)1[(Zs(ug)ér — Zs(u3)é2)]do,

where we used Hs), ¢1 > 0 and the growth condition of Zj.

From the properties of the unfolding operators (Lemma 3.4 and estimate
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(3.3)), the fact that Z5 < 1 by definition and v €] — 1, 1], we get
57“/ h* (ui = u3) 1 [(Z5(ui)é1 — Z5(u5)82)ldo

< || T (0)[Tr (ui) = T3 (u3)]l| 2wy 1€ (Zs (T1 (u1)) — €225 (T3 (u3))]l| 22w

y+1
2

1—y
<celez =ce — 0,

which implies (6.14).
Now, as for (6.15), we write

AR (2,08 \VuE Vi Zs (uf)da = | A% (2,46 ) Vil Vepe 1 Zs (uS ) da
Q\I'= Qs

+/ A (2, u5) Vus Vibe o Z5(us3)da.
Q

5
The arguments used in Theorem 2.8 of [25] to handle the term related to the

first component apply also to the second one. So that, in view of (6.4), we

obtain
1 ~
0 <limsupI? < — Ay, u1)(Vur+Vyur ) (Vo+o V&) X qu, oy drdy = 0,
e—0 ’Y’ QxY1

(6.16)
since, due to the expression of u; given by Proposition 2.5, the functions
Vuy and Vyuy vanish where u; is equal to 0.

In order to study the limit behavior of J? (defined in (6.12)), once again we

split it as follows:

Ji = /{ oy TS s+ | et

{u5>d}
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The integral on the first component is the same considered in the proof of
[25, Theorem 2.8|. By using those same computations also on the second

component, we get

T =
%1_13(1) il—I}’(l) J? = (61 + 62) /Q f((ul)gox{u1>0}dx = /QfC(ul)QOX{uDO}dx.
(6.17)

Then, when passing to the limit in (6.5), we combine (6.6)-(6.9),(6.12),(6.16),
(6.17) and have

/ Aly,w1)(Vur + V@) (Ve + 6V, €)dady = |V / folu)ox. d,
OxYi Q {u1>0}

for every v, ¢ € D(Q2) and £ € H;GT(Y). By density we obtain

/QXYI Ay, w)(Vur + Vyiin)(Vep + Vyh)dady = |V /Q Felun)ex,, g%
(6.18)

for every ¢ € HE(Q) and ¥ € L2(€; H;GT(Y)).
Moreover formula (2.15) is a known consequence of the expression of u; given

in Proposition 2.5 and, consequently, a standard computation shows that u

is a solution of the following problem:

—div(A°(u1)Vuy) = fC(ul)X{upo} o £, (6.19)

up =0 on 0f2.

Also u; results the unique solution of this problem. It is showed by applying
Theorem 6 from [27] since the conditions given in (2.10) are satisfied by A°.

This implies the uniqueness of @1 under the condition Mrp(uy) = 0, in view
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of Proposition 2.5. This provides the validity of convergence (2.11) for the
whole sequence, as well as (6.4).

We lastly prove that u; > 0 almost everywhere in ). From the strong
maximum principle, by contradiction, we derive u; = 0 in €. This imply
/g)f{(ul)x{u1>o}gpdx = 0 for every ¢ € D(Q2). This means f = 0 on € which
contradicts assumption Hs);;. Consequently u; > 0 almost everywhere in

and X{y,>0} = 1. Then u; satisfies the limit equation (2.14). O
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