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Abstract

In this paper, we analyse the long-time behavior of solutions to a coupled system describing the motion of
a rigid disk in a 2D viscous incompressible fluid. Following previous approaches in [4} |13} [14] we look at the
problem in the system of coordinates associated with the center of mass of the disk. Doing so, we introduce a
further nonlinearity to the classical Navier Stokes equations. In comparison with the classical nonlinearities, this
new term lacks time and space integrability, thus complicating strongly the analysis of the long-time behavior of
solutions.

We provide herein two refined tools : a refined analysis of the Gagliardo-Nirenberg inequalities and a thorough
description of fractional powers of the so-called fluid-structure operator [2]. On the basis of these two tools we
extend decay estimates obtained in [4] to arbitrary initial data and show local stability of the Lamb-Oseen vortex in
the spirit of [[7, 18]

1. INTRODUCTION

In this paper, we pursue the studies on the long-time behavior of solutions to the following model for the motion
of arigid disk inside a viscous incompressible fluid:

ou

E%—(u-V)u—quH—Vp:O for x € F(t), (L.1)
divu =0 forx € F(t), (1.2)
u(t,z) = h'(t) + w(t)(z — h(t))t forz € dB(t), (1.3)
mh’ (t) = —/ Y(u,p)ndo(x) (1.4)
aB(t)
Juw'(t) = — /83(t) (z — h(t)* - S(u,p)ndo(x). (1.5)

Here u € R? and p € R stand for the velocity-field/pressure unknowns describing the behavior of a homogeneous
incompressible viscous fluid. The rigid solid disk occupies the domain B(t) := B(h(t), 1) and its motion is described
by a translation velocity ¢ = h/(t) and a rotation velocity w. Doing so, we prescribe the evolution of the fluid+disk
system by integrating the incompressible Navier-Stokes equations (II)-(L2) in the fluid domain F(t) := R?\ B(t)
and the Newton equation of solid dynamics (L4)-(1.3). We emphasize that the motion of the fluid and the solid are
both unknowns. The system is complemented with no-slip interface conditions (I3]) and transmission of normal stress.

The stress tensor 3(u, p) appearing then in the Newton laws is the fluid stress tensor
%(v,p) = —pld+2vD(u),

with

Ou; 8“j> 1<ij<2.

1
D(u)i’j - 5 (635] + ox;
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We remind that v > 0 stands for the fluid viscosity and that, due to the incompressibility condition, the viscous
operator appearing in (L)) reads:
vAu — Vp = divE(u, p)

where, by convention, the divergence operator of a matrix is computed row-wise. By scaling arguments, we prescribed
that the density of the fluid is constant equal to 1 and that the solid has radius 1. Below, it appears also that the viscosity
v has only an influence through a time-scaling so we fix v = 1 for simplicity. The quantity m and 7 appearing in the
Newon laws represent respectively the mass and inertia of the solid disk. In the 2D case under consideration here, the
inertia 7 is time-independent. The symbol n appearing in the integrals of (L.4)-(L.3) stands for the normal to 9B(t)
inward B(t). We keep the convention that the normal is directed outward the fluid domain throughout the paper. Like
in [4], our motivation for studying this system is to analyse the energy exchange between the solid body and the rigid
disk, we do not include any forcing term such as gravity in the system.

Systems like (LI)—(L3) coupling ODEs and PDEs and describing the motion of solid bodies inside a viscous
fluid have been the subject of numerous studies in the past years. Regarding the specific case of one rigid disk in an
unbounded viscous fluid, the Cauchy theory for finite-energy initial data is studied in [[13]]. The authors remark therein
that solutions to (LI)-(L.3) satisfy the a priori estimate:

¢ z_lm 2 w(0)2 w(0. )12
#ALMWW”—QIWW+J<m+ﬂW’@”]

This opens the way to the construction of global-in-time finite-energy solution for arbitrary data. To this purpose, the
authors operate the change of unknowns:

3 |mlOP + Fu? + [

u(t, - 2
5 )

v(t,z) = u(t,x — h(t)), p=np(t,x — h(t)), 0(t) = h'(t), w(t) = w(t). (1.6)

and obtain the new system:

% +((v—=4L() - VIv—Av+Vp=0 forz € Fy, (1.7)
dive=0 forze Fo, (1.8)
v(t,x) = 0(t) + w(t)zt  forz € By, (1.9)
ml'(t) = —/ Y(v,p)ndo(x) (1.10)
0By
Juw'(t) = —/ zt - Y(v,p)ndo(z), (1.11)
aB(t)

where By = B(0,1) and Fy = R?\ By. With this change of unknowns, we have now a problem in a fixed geometry
that we can complete prescribing an initial condition. Setting an inital time ¢y > 0 that can be strictly positive, this
condition reads:

V|imt, =vo forx € Fy, L(tg) =4y, w(ty) = wo. (1.12)

Despite (L7)-(L11) is an autonomous problem, we introduce here a generalized Cauchy-problem with arbitrary initial
time. This will have an influence below because of our choice for initial data. We recall here also that the pressure
p can be seen as the Lagrange-multiplier of the divergence-free condition involved in the system above. For this
reason, there is no initial condition on p. In our formalism, the pressure will also be a secondary unknown that is
taken rid via a projector argument and that can be recovered a posteriori. For all these reasons, we state our results
in terms of (v,¢,w) only. For instance, in [13]], the authors consider the case ty = 0. They consider initial data
(Uo,@o,wo) S L2(.F0) x R? x R such that :

divyg = 0in Fy Vg N = (€0+WQ.%'J‘) -n on 0By (1.13)
and construct global-in-time finite-energy solutions in the sense that:

s v e O([0,00); L?(Fo) — w) with Vv € L2((0, 00); L?(Fo))



s (L,w) € C([0,00); R?)
* (v,4,w) solve (L7)-(I.12) with the associated a priori estimate.
1 1
3 [P + g+ [ 1P|+ [ D@ = 3 [l + Tw 02 + [
2 Fo Fo 2

Fo

0(0.)F]
The results are extended to L?-initial data in [4].

Solutions to the Cauchy-problem are constructed via a perturbative approach. First the authors consider the
linearized system:

%—Av—i—Vﬁ:O fort € (0,00), 2 € Fo, (1.14)
divo=0 fort e (0,00, € Fo, (1.15)
v(t,z) = L(t) + w(t)zt fort € (0,00),z € DBy, (1.16)
ml'(t) = —/ Y(v,p)ndo(xz) fort € (0,00), (1.17)
0Bo
Ju'(t) = —/ 't S(v,p)ndo(z) fort e (0,00), (1.18)
aB(t)

They show that this system can be rewritten into an infinite-dimensional differential system
oV —AV =0 (1.19)

by constructing an unknown V' encoding simultaneously (v, ¢, w) and a specific unbounded operator A (that we call
fluid-strucure operator following [2]]). We give more details on these constructions in the next section. Finite-energy
solutions to the linearized system are obtained by remarking that A is an accretive positive self-adjoint operator
which implies the existence of a contraction semigroup (S(t));~¢ solving (LI9). The nonlinear system can be then
interpreted in the form of a nonlinear infinite-differential system:

BV — AV = F(V)

and mild-solutions are constructed via a Kato-type argument. Since these mild-solutions are finite-energy solutions
and finite-energy solutions are unique, this yields "the" finite-energy solution. Actually, this argument is performed
on regularized H' initial data in [13] (and finite-energy solutions are obtained then by a compactness argument). But,
as we shall see below (see Theorem [3.4), the reasoning extends to L? initial data.

The long-time behavior of solutions to (L7)-(L.12) is tackled in [4] by the second author in collaboration with
S. Ervedoza and C. Lacave. Firstly the properties of the fluid-structure semigroup (S(¢)):>o are studied in a non-
Hilbert setting which yields explicit bounds for the large-time decay of L?-initial data and an explicit first order term
for sufficiently localized initial data. Via perturbative arguments, these decay rates are extended to the finite-energy
solutions to the full nonlinear problem (L.Z)-(L.12) for initial data such that vy € L4(Fy) N L%(Fy) for some ¢ € (1,2)
with [lvo |l £2(7,) + [€o] + |wo| sufficiently small (depending only on g).

In this paper we pursue the computations of [4] in two directions. Firstly, we extend the decay-rate computation
of finite-energy solutions to (I.Z)-(L.12) for arbitrary data in L¢ N L2. Namely, our first result reads:

Theorem 1.1. Let q € (1,2) and assume that tq = 0 and that the initial data (vg,{o,wo) € L*(Fo) x R? x R satisfy
the compatibility condition (IL13) and the further condition vy € L(Fy). Then, the unique finite-energy solution

(v, 4,w) of (LT)-(LI2) satisfies:

11
suptr a[[v(t)|rp(r) <00 Vp € (2,00) (1.20)
>0
sup 7 €(t)] < oo (1.21)
>0



This result must be compared with [4, Theorem 1.3] where a further smallness is required. We point out that,
like in [4]], our result states that the decay of solutions to the nonlinear problem (I.7)-(L.12) is the same as the decay
of solutions of the linearized system (LI14)-(I.18]). However, we are still not able to extract a leading term for the
nonlinear system.

The proof of this first result is based on adapting the global stability argument in [7]. Namely, we use that the
fluid-structure operator A underlying the resolution of the linearized problem (L.14)-(L.18) is self-adjoint and positive.
We can then construct the fractional powers A* for y € (—1,1) and analyze their ranges and domains. To extract
a decay of any solution to (L7)-(I.12)), we first compute an energy estimates on U = A~*V for a u adapted to the
integrability of the initial data vg. One key new difficulty is that the nonlinearities in (LZ)—(LI2) involve the term
£ - Vo. It turns out that handling this term requires to prove a similar time-integrability of £ as the one of Vv and in
particular that ¢ € L2((0, 00)). This property is obtained in a first independent step.

In a second direction, we also extend the analysis to infinite energy initial data. Indeed, similarly to the intro-
ductory remark of [7] in the case of a still particle, one may observe that the total amount of the fluid vorticity
w = 0oy — D102 in solutions to (I.7)-(L.I) has to vanish. This property fails however in many contexts. We recall
that, in the absence of a disk, a central object is the normalized Lamb-Oseen vortex:

1 zt _ =
o(t,z) = ——2<1 s 4<1+w>, z e R2\ {(0,0)}, >0, (1.22)

2 |£C|

since any solution to the Navier Stokes equations on R? converges to a multiple of this profile given by the initial mass
of the vorticity [8]. This result is extended to the Navier Stokes equations outside a still obstacle [7] showing that any
bounded-energy perturbation of a small Lamb-Oseen vortex behaves in large-time like the Lamb-Oseen vortex.

We consider herein the local stability of the Lamb-Oseen vortex O in the case of the full fluid+disk problem
(LZ)—(L.II). For this, we first see that © can be written under the form ©(t, z) = g(¢, ]x]z) xt, where

1—e 4(1:15)

t,r) =
g( T) 2mr

Hence, the Lamb-Oseen vortex on 0By is a pure rotation. We can then assume initial data are of the form
[0
vo = aB(tg, ) + wo by =12 wo =5 (1 — exp(—1/4(1 4 tg))) + w? (1.23)
where wy is localized in space and
wo = 2 + wlzt on dB. (1.24)

Furthermore, we remark (or recall) that the Lamb-Oseen vortex yields a solution to the Navier Stokes equations with

an explicit pressure:
VII = OP%@@,@P Vo eR2\ {(0,0)}.
x

Hence, plugging the ansatz:

v(t, ) = aO(t,z) + w(t,z), p(t,z) = 2I(t, ) + q(t, x),

(1.25)
Co(t, x) = Ly(t, ) wy(t,z) = ag(t,1) + wu(t, 7).

into (L7)- , we obtain the perturbed system:

%—lt” + (0= £y(t) - VI — Aw + Voo = —a[(@-V)w+((w—€w(t))-V)@] in (0,00) x Fo,  (1.26)
divw =0 in (0,00) x Fo, (1.27)

w(t, ) = Ly(t) + wy(t)zt on (0,00) X By, (1.28)

me.,(t / Y(w,w)ndo(zx) on (0, 00), (1.29)

4



Jwl,(t) = —/ zt - S(w,w)ndo(z) + al(t) on (0,00), (1.30)
OB(t)

w‘t:() = Wy on .7:0, (1.3])
L (0) = 22 w0, (0) = 2. (1.32)

IS =]

with an explicit source term (. We detail this computation in Section [3] We can then rely on the study of the fluid-
structure semi-group to construct a mild-solution to (L26)—(1.32):

t—s
W(t) =S(t—to)Wo+ S(t — s)Fq(s)ds (1.33)
to

with a source term F, to be made precise later on.

In this direction, our first result shows that this Duhamel-formula yields a suitable solution to our problem:

Theorem 1.2. Let (a,ty) € R x [0,00) and (w, £3,,w9) € L*(Fo) NR? N R such that (L24). Then, the Duhamel
Sformula (I.33) yields a triplet (w, y,,wy,) such that:

1. w € C([tg,00); L*(Fo)), with Vw € L*((tg,0); L*(Fp))
2. (by,wy) € C([to, 00); R3)
3. (w, by, wy) is a solution to (L26)—(1.32))

By reconstructing (v, ¢, w) via (I.25)), we recover a global-in-time solution for unbounded-energy initial data of
the form (L.23). We can then look at the large-time behavior of these solutions. To state this second result we shall
start from a sufficiently developed Lamb-Oseen vortex, meaning that the radius of the vortex is sufficiently large, or
that we consider the problem (L7)-(I.12) starting from a time t( sufficiently large with an initial data obtained by
perturbing O (tg, -) like in (L23) with a small perturbation in £2. We have then the following theorem:

Theorem 1.3. Let the assumptions of Theorem be in force and assume further that tq is sufficiently large, « is
sufficiently small, wo € L(Fy) for some q € (1,2) and Wy is small enough in L2. The constructed solution (v, {,w)

to (LD)—(L12) with initial condition (L23)) satisfies:

Tim #2750 [o(t) — aO(t, ) oy =0 Vp € (2,50) (134)
sup(t — to)%(w(t)] < o0 (1.35)
t>to

Some comments are in order. First, the decay rate prescribed in (I.34) implies that «© is indeed the leading term
for large times. However, the explicit formula entails that we have |O (¢, x)| < 1/t on 0By so that the remainder
may be much larger on 9By and induce a leading translation velocity. The complementary inequality (L33) fixes
then a minimal decay of the translation velocity depending only on the integrability of the initial perturbation.

The proofs of the two latter theorems rely on the LP — L7 properties of the semigroup (S(t)):>o obtained in [4].
One key-difficulty in both cases is again the term £,, - Vw. This term has limited space integrability (we cannot expect
better than Vw € L?(F)) and time-decay (|¢,,| decays a little less than ||V || 12(F) but strictly less a priori). Hence,
to handle this term we have to estimate sharply the loss of time-decay between |€,,| and [|Vw||12(z,). This is obtained
by applying a sharp version of the Galgliardo-Nirenberg inequality and of the associated constant, following [3l].

The outline of the paper is as follows. In the next section we provide preliminary lemmas. We explain the
construction of the capital-letter unknowns and fluid-structure operator A. We recall the results of [4] on the decay
properties of the semigroup and complement the analysis with a descrpition of the fractional powers of A in the spirit
of [7]]. Finally, we recall the Gagliardo Nirenberg analysis underlying the stability analysis of the Lamb-Oseen vortex.
In Section 3] we detail the proofs of Theorem [[.2land Theorem [L.3l Section[lis devoted to the proof of Theorem [L.1
Some further technicalities are presented in an appendix.



2. PRELIMINARY CONSTRUCTIONS AND TECHNICAL LEMMAS

In this section, we first recall the construction of function spaces that enable to handle the fluid unknown v and
solid unknowns (¢, w) at once. We also recall the construction of the unbounded operator A underlying the resolution
of -(L.I8). These constructions are reproduced from [4} 13} [14].

The first key-issue we address is related to the problem of controlling the body linear velocity by the fluid velocity-
field. In the forthcoming analysis, one would hope to be able to control the linear velocity || by [[Vv]| 25, only.
However, in full generality, this is possible in 3D but it turns out to be false in 2D. This can be seen as reminiscent
either of the fact that H'(IR?) embeds in no LP(R?) space or of the Stokes paradox [6, Introduction of Section V1.
Here, we exchange such a control for an almost optimal control in the form of a family of Gagliardo-Nirenberg
inequalities with an explicit estimate of the embedding constants. The second key-contribution of this section is the
analysis of the fractional powers of the operator A.

2.1. Function spaces and Gagliardo-Nirenberg inequality

As classical in fluid+disk systems, we treat (L7)-(LI2) by encoding all the unknowns (v, ¢,w) into one unified
unknown with the following construction. From a triplet (v, £, w) € [C3°(Fo)] x R? x R verifying

dive =0 in Fy, v={¢+wz" ondBy,

we define a divergence-free vector field denoted V' on R? obtained by extending v by £ + wz in By. Adapted to
such V, we introduce the function spaces £ (p € [1, oo]) defined by

L= {V e [LP(RY]? divV =0inR? D(V)=0in By} .

We recall that, since By is connected, the condition D(V) = 0 on By implies that VBO is a rigid velocity-field.

Conversely, we adapt below the convention that for V' € L£P we denote v = 17V and ({,,w,) € R? x R the
translation/angular velocities characterizing V' in By.

We recall now some classical properties of these spaces. When p € [1, 00), we endow £P with the norm
m
it = [ e+ Z [ v
Fo ™ JBy

(and the corresponding definition when p = c0).When (p,p’) € [1,00] are conjugate, we equip (£?, £P') with the
duality pairing:
m
<V’W>[:p[;p/:/ V-W+— V-Ww.
’ Fo 7T Bo

For any p € [1, 00], it is straightforward that £? is a closed subspace of
LP(R?) :={V € L’(R?) s.t. divV = 0}

which is itself a closed subspace of [LP(IR?)]?. In particular, there exists a projector P, : [LP(R?)]?> — LP. When
p € (1, 00), this projector is analyzed in previous references such as [14]. Since all the P, coincide on C°(R?) we
can drop the p-dependency and denote this projector with P. Our analysis below relies on the following fundamental
lemma whose proof can be found in [14, Remark 2.4]:

Lemma 2.1. Given p € (1, 00) the projector P : [LP(R?)]2 — LP is bounded.
We also define
H' = £2n [HY(R?)]%
As a closed subspace of [H!(IR?)]? this is a separable Hilbert space when equipped with the norm
Vil = IVl 2 + [IVV] 2,

in which the set of C°(IR?)-soleonidal vector-field is dense. Implicitly in the gradient norm, we use the shortcut >
for L?(R?). We keep this convention for norms of Lebesgue and Sobolev spaces in what follows. The H!-norm is
associated with a Korn inequality that reads as follows:



Lemma 2.2. For any V € H! there holds:
|VV|? = 2/ |D(V)|2. (2.1)
R2 Fo

We refer to [13, Lemma 4.1] for a proof.

We complement this part of the section with a Gagliardo-Nirenberg inequality that will enable to control the linear
velocity associated with a fluid velocity-field. This inequality reads as the following lemma:

Lemma 2.3. There exists C > 0 such that, for any p > 2 and any u € H*(R?), there holds

2 1—-2
lullp < CVpllullp2llVaull 2"
Proof. We use the following result of [3]].
Lemma 2.4 ([3, Theorem 1.1]). Letd > 2 and q > 1 such that ¢ < 5% zfd > 3. Define

DI(RY) = {u e L1 (RY) N L2(RY) | Vu € LQ(Rd)}
Then, for any function u € DI(R?), there holds

HUHL2q < Ay dHVUHL2 HUHLq+17

where
0 1 0
A (y(q—1)2>2<2y—d>QQ< C(y) )d
Q7d = Y
2md 2y I'(y — %)
with
d(qg—1) _q+1
gd+2—(d—2yq° 7 q—1‘
Let u € H'(R?). Applying the previous lemma with d = 2 and ¢ = £, we get
[ully < Ag, QHVU’HLQHUHDI-H’ 22
with 1 1 1 1 4
9——q_ =—— -, y:—q+ =14+ —
2q 2 p qg—1 p—2
and

oz = (W > ( ) (ré@nf'
eF

Using the property of the Gamma function, we hav —1)T'(y — 1), so that

1 1 1 1 1
(p+2)(p—2)\* 22/ 4 \p[ 4 \1 2 1
Ago=| ——F < Cps. 2.3
22 < 167 r+2) \p-2 =vP 23)
Moreover, by interpolation, there holds
[l s < HUH’J“HUHP+2
Thus, putting this and 2.3)) into (2.2) yields
1 11 1 1
[ully < CprIVullpe *lull 2 l[ull £,
The conclusion follows. U

The above lemma entails the following control that we shall use without mention below:

Corollary 2.5. Letp > 2 and V € LP N H'(R?). There exists a constant C' independent of p and V' such that:
2 1—-2
o] < CVBIVIIZ TV [ afae-

7



2.2. Construction of the unbounded operator A and related properties

With the construction of the previous part in this section, we can now define the fluid-structure operator A which
enables to rewrite the system (LI14)-(L.18) into the infinite-dimensional differential system (I.19). Following [4} 13|
14] we set:

D(A) := {W e H'(R?) st w=W, € [HQ(}'O)]Q} .

We point out that such vector-fields admit a discountinuity of normal derivative on dBy. This is a key property that
enables a non-trivial solid dynamics. For any W € D(A) we set AW = PAW where (keeping the convention that
w="W,)

— Aw in Foy
AWV=12 < D(w)nda) +2771 </ zLD(w)nda> y+ in By.
m \JoaBy 9By

We note that this induces indeed an unbounded operator D(A) — L2(R) because for any W € D(A) we have
AW € [L?(R?)]? (so that in particular P corresponds actually to the L2-projection).

2.2.1. Previous analysis of A. In [13] the properties of A are studied in this hilbertian framework. We gather here the
main conclusions. First, we have that the unbounded operator (A, D(A)) is an accretive self-adjoint positive operator
on £2. Hence, the Cauchy problem

YV + AV =0
{ eV + (2.4)

Vi._, =W

t=0

has a unique solution for any Vy € L£? defining thus a contraction semi-group (S(t))¢>o. The relations between this
semi-group and our linearized system is the content of the following proposition:

Proposition 2.6. For any Vy € L2, the unique solution
V=SV € C([0,00); £%) N CH((0,00); £%) N C((0,00); D(A))
to the Cauchy problem [2.4) yields a vector field v and velocities (£,,w,) satisfying
* v € C([0,00); L*(Fo)) N C((0, 00); H*(Fp)),
* (b, wy) € C([0,00);R? x R),
and a pressure p € C((0,00); H} (Fy)) such that (LI4)-(LI8) holds true with initial condition:

loc
0,(0) =4y, wy(0) =wp, v(0,:) =vy inFp.

Remarking that the spaces (LP),¢(1,00) share L2 N C°(R?) as dense subspace the properties of the semi-group
(S(t))¢>0 are extended to the non-hilbertian setting in [4]. This is the content of the following lemma:

Lemma 2.7 ([4, Theorem 1.1]). For each q € (1,00), the fluid-structure operator A generates a semigroup on L1
which satisfies:

 Forall p € [q, 0], there exists K1 = K1(p,q) > 0 such that for every Vi € L4:
1 1
1SOVoll pp < Kt a||Vol| po forall t > 0.

» Ifq <2 forp € |q,2], there exists Ko = Ks(p,q) > 0 such that for every Vi € L:

1

_1 1
Hvs(t)VOHLp(fo) < Kot 294 1Voll £ forall t > 0.



» Forp € [max(2,q), o), there exists K3 = Ks(p,q) > 0 such that for every Vy € L9:

1 1

Kgféﬂd a||Vollze forall0 <t <1,

VS(t)Vo <
H ( ) HLP(]:O) {th; HVOHL‘I forall ¢t > 1.

The above estimates for the gradient are only on Fo. However, when Vy € L2, V(t) = S(t)Vj is in H! (since
itis in D(A)) for ¢ > 0 so that Lemma[2.2] applies. Thus, the estimates in Lemma 2.7 are sufficient to get a full !
estimate. Last, we also recall duality decay estimates as shown in [4]].

Lemma 2.8 ([4, Corollaries 3.10 and 3.11]). Assume 1 < ¢ < p < oo and let F € LI(R?; My(R)) satisfying F = 0
on By. The following decay estimates for V (t) = S(t)P div F hold true:

 if ¢ > 2, there exists Ky = K4(p,q) > 0 such that for all t > 0:

1

1 1
V(@) ep < Kat™ 207 a||F|| o gay.

* if ¢ < 2, there exists K5 = K5(p,q) > 0 such that:

1 1

1
Kyt 2754 1| a2 forall0 <t <1,
1
K t‘”;HFHLq(RQ) forall 1 < t.

VOl zr < {

* There exists Ky = K;(q) > 0 such that for all t > 0:

1
[0y )| < Kot ™2 | F|| fag2)-

2.2.2. Further material on A. In this part, we complement the analysis of A with more properties of its fractional
powers. The fluid-structure operatore A being self-adjoint and positive definite, we may define A* for u € (—1,1)
through its spectral representation [12, Section I1.3.2]. Since A is injective, we have that these fraction powers (either
positive or negative) are positive self-adjoint operator with dense domains.

Our first proposition concerns the square-root of A.

Lemma2.9. [. We have D(A%) = H!(R?) and
|42Vl c2 = V2 D) 12(7)- 2.5)
2. Let F € L?(Fy)?*? then,
PdivF € D(A™2) with ||A2PdivF|| 2 < ||F|l12(z)-

Proof. We refer to [[13, p. 63] for a proof of the first item. As for the second item, we follow [7]] and propose a
proof based on the approach of [12, Lemma III-2.6.1]. We point out that, the assumption F' € L?(Fy)%*? has to be
understood as

F = (Fi,j)lgi,jSQ € LQ(RQ)QXQ with Supp(Fi,j) CFy V1<i,j<2

In order to enlighten the need of this further assumption on the support of F, we provide a complete proof.

1
By a standard approximation argument, we assume that F' € C°(Fo)?*2. Since A~ 2 is self-adjoint, and because
of the identities (2.1) and (2.3)), our proof reduces to obtaining the bound:

(PAivE, A" 2w)| < [|Fl| 2 (5) VA Z0 22y Vw € D(A73)



Let w € D(A_%) so that there exists v € D(A%) for which w = A%v (and thus v = A_%w). We have then by
definition of projectors [P and integration by parts:

(IP’divF,A_%w> = m/ divF-v—|—/ divF - v
Bo Fo

™

:—/ F:Vo.
Fo

We conclude with a standard Cauchy-Schwarz inequality U

In the proof above, if we do not make further assumption on the support of F' and take w € D(A_%), the last

identity yields:
(PdivF, A~ 2w) = (T - 1)/ Fn-v—/ F:Vv
T 9By Fo

where:

Fn-vdo = Fndo -0, + Fn-ntdow.
0Bo 0Bo 0Bo

To relax the assumption on the support of F' we should be able to control this further term by || Vv/|| 72 (r2)- This implies
to obtain the boundedness of the mapping v — £,, on D(A) endowed with the H'(R?) topology. However the Stokes
paradox (see [6, Introduction of section V]) implies in particular that this property does not hold true. Nevertheless,
for sufficiently smooth F', we can slightly relax the assumption on the support by requiring some momentum to vanish
on 9By. We remark also that, while in the L?(Fy)-density of C°(Fy)-tensor-fields, the divergence operator may
create non-trivial distributions on 0By, the operator A_%IP’div does not.

We proceed with the analysis of the range of A* for u € (0,1/2) corresponding to [7, Lemma 5.1]. This is the
content of the next lemma:

Lemma 2.10. Let g € (1,2) and u < 1/q — 1/2. For all v € L*(R?) N [L4(R?)]? there exists a unique w € D(AH)
such that v = APw. Furthermore, there exists a constant C = C(q, 1) > 0 depending only on q and i for which

[wllz2 < C(lJv]lLamz) + [Vl 2 (r2))-

We point out that, in this statement, the condition v € £2 N [L4(R?)]? reads also v € £2 N £9. What remains
of this section is devoted to the proof of this result. We first remark that the proof of [7, Lemma 5.1] yields from
[9, Lemma 2.2]. So, our proof reduces mostly to check that the fluid-structure operator A satisfies the key-properties
necessary to reproduce the proofs of these latter lemmas (that were concerned initially with the standard Stokes
operator with homogeneous boundary conditions). In comparison with these previous results, we have a loss in terms
of the correspondence ¢ — 1 and also in the control which involves the L2-norm. In [9] the authors obtain similar
results with ¢ = 1/q — 1/2 and a control with the L%-norm only. It seems we might not get such optimal bounds in
our case. But this will not depreciate the final result.

In [9]], the properties of the Stokes operator are analyzed on Fy when complemented with vanishing boundary
conditions. The main argument is performed on a Laplace system and divergence-free constraints are then handled
via abstract Heinz-Kato arguments (see [12, Lemma I1.3.2.3, p. 100]). With our setting, this Laplace operator reads
as follows. We set:

L3[By] :={V € [L*(R?*)]*s.t. V.= 0on By}

and Py : [L?(R?)]> — L2[By] the corresponding orthogonal projection. Then, we define the operator Ay by
D(Ap) := {V € L3[By] s.t. v € [H*(Fp)]*}.

with ) )
.A()[V] = ]P’o[—]l]:OAV], vV e D(.Ao)

To take advantage of the analysis of [9] in order to study the fractional powers of A, we propose to use the
same Heinz-Kato argument to handle the divergence-free constraint and to focus on the remaining Laplace equation

10



(completed with non-standard integral boundary conditions) with the help of Ag. The operator A, will take hold of
the PDE and we shall complement the analysis with a fine study of our non standard boundary conditions. To this end,
we first rewrite the integral boundary conditions introduced by A. This is the content of the following lemma:

Proposition 2.11. Let V' € D(A) then there holds:

1
AV = — </ 8nvda> + j_l </ 2t - Opvdo + 2wv> yl on By.
m \JaB, 8By

Proof. 1t is sufficient to prove that, for any V € D(A) and any (£,w) € R? x R there holds:

/ 2D(v)n - (4 wzt)do = / Opvdo - £ + (/ 2t Oyudo + 2wv> w.
aBo aBO aBO

So, let V € D(A). Given ({,w) € R? x R let:
W=+ [x(y) (¢-y* +wlyl)|

where x € C°(R?) is fixed but arbitrary satisfying 15, < x < 1. We note that with such conventions, there holds
W € D(A) with ¢y = ¢ and wy = w. We have then by integration by parts (using several times that w, W and v, V'
are divergence free):

/ 2D(v)n - ({ 4+ wzt)do = / 2D(v)n - wdo
830 8BO
= / div(2D(v)) - w + 2D(v) : D(w)
Fo
= Av-w + VvV VW
Fo R2

= Opv - wdo + 2wy,w
0By

= v - (L + wzb)do + 2wyw.
0Bo

The term w,w appearing on the fourth line is the contribution of the (skew-symmetric part of the) gradients VV and
VW on By. This ends the proof. U

Thanks to Proposition Z.11] we can now rewrite the fluid-structure operator A = P.A where A is defined (without
the divergence-free constraint) by the formula:

— Aw in Fo
AW ={ 1
— ( anwda> + g1 (/ 2t Opvdo + 2wv> yJ‘ in By,
m \JoByg dBo

for W € D(A) = L?[By] N [H'(R?)]? N [H?(Fy)]?. Here, we denote:
L2[By] = {W e [H (R s.t. W = by + wipy™ on BO} .

We may reproduce here classical computations to obtain that Aisa selfadjoint positive operator on L?[By] since it is
associated with the quadratic form:

(AW, V)= | VW :VV, Y(W,V)eDA).
R2

11



We point out that the duality bracket is still the one associated with the disk density. In particular, we have that (note
that VIV is the skew-symmetric matrix associated with wyy on By):

AWy = [ VWP ¥W € DY) 6
and, for A > 0 :
(A + A)%WH;[BO} = / VW2 + AW, W) VW € D(Az"). 2.7)
RQ

We recall that similar identities hold with the operator A. Thanks to these two latter identities, we can reproduce the
procedure of 9, Lemma 2.2] and the proof of Lemma[2.10Ireduces to obtaining the following proposition:

Proposition 2.12. Let ¢ € (1,2) and p < 1/q — 1/2. For all € > 0, there exists a mapping R, . : L?[Bo] N
[LY(R?)]? — L%[By)] satisfying:

s for arbitrary W € L?[By] there holds:

(A+e) "W = (Ag + &) *(ArW) + Ry W

o there exists a constant C := C(p) > 0 depending on i but independent of ¢ > 0 and W € L?|Bo] N [L4(R?)]?
such that :

Ry W22y < ClIW] La(re)- (2.8)

We postpone the proof of this proposition to Appendix [Bl For completeness, we provide a proof of Lemma [2.10)
with this proposition at-hand.

Proof of Lemma(2. 10 The proof follows a standard regularization-compactness scheme. Let u € (0,1/2) and ¢ €
(1,2) such that 4 < 1/q — 1/2. Given W € £2 N [L9(R?)]? and ¢ € (0, 00) we can construct (A + ¢)~#W. Formula
@2.7) with a Heinz-Kato argument imply then that

I(A+e) Wiz < [[(A+ &) Wl L2(5,)-

However, we have that: ~ .
(A4e) "W = (Ao +¢) " (ArW) + R, W

For the first term, according to [9, Eq. (2.2)] (that holds componentwise in our setting) and a Hardy-Littlewood-
Sobolev inequality, there holds:

1o + ) (Lr W) 22 < CIW | 5,
where 1/¢' = p + 1/2. We have then ¢’ € (g, 2) so that, by interpolation, we derive:
(Ao + &) (LR W)llze < CUW llzagzy + W22 (7)
As for the other part, applying the previous proposition, we conclude that:
[BueW L2 < C)[W]|La-

Letting ¢ — 0, we have thus that (A+¢)*WW converges to some V' (in £?) that satisfies A*V = W with the expected
control [|[V'||z2 < C([[W /e + [[WlL2(x7y))- O
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3. STABILITY OF THE OSEEN VORTEX

In this section, we construct global-in-time solutions to (1.26)-(1.32)) for arbitrary wg and analyze the long-time
behavior for small perturbations of fully-developed Oseen vortex.

To this end, we have first the following useful estimates in the same spirit as Lemma 2.1 of [7]] (so that we do not
detail the proof):

Lemma 3.1. 1. Forany p € (2, 00|, there exists a constant a, > 0 such that for all t > 0

ap

1) L» < 1T (3.1
I
2. Forany p € (1, 00|, there exists b, > 0 such that for all t > 0
by
VOl < I
+t) »
3. Forallt,s > 0, we have
1 1+1¢
O(t) — O(s)|72 < -——|log ——|. 3.2
10(0) - ()l < 4 lox 11| 62)

4. There exists a constant k1 > 0 such that for all t,s > 0,

1 1
1+t 1+s

IVO(t) = VO(s)ll7: < s

We recall then that, contrary to [7], we don’t need to use a cut-off function. Indeed, the boundary conditions
are here more suitable than the no-slip boundary condition of [7]] for the Oseen vortex, since © is a pure rotation on
OBy : O(t,z) = g(t, 1) x* on OBy. From this remark and the construction of the pressure II in the introduction, we
obtain that, when plugging the ansatz (I.23)) into (L7)-(L.11)), we may have a remainder term in the Newton laws only.
Furthermore, we have the following proposition:

Proposition 3.2. Forallt > 0, there exists C' > 0 such that for all t > 0

1
(1+t)%

+ |atg(t’ 1)| S C

/ zt - 2(0(t),T1(t))n do(x)
0Bo

There also holds for allt > 0
/ Y(O(t),1(t))ndo(x) = 0.
0By

In particular, we see that there is actually no remainder in the Newton law for the linear momentum. But there is
one in the Newton law on the angular momentum:

C(t) = _/aB 2 S(O(t), T1(t))n do(z) — Tdg(t, 1).

The previous result yields the following estimate for this remainder.
Corollary 3.3. There exists C > 0 such that for all t > 0,

C
(1+1¢)%

<) <
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Eventually, going to capital-letter unknowns, we obtain with similar arguments as in [13]] that we have a solution
(w, £y, w) to (L26)-(1.32) if the associated W satisfies (1.33)) with

Fals) = ((s)* 222 P[(((s) - )u(s) + (w(s) - V)O(s) — (- VIO,
—P[((w(s) — ) V)w(s)lz

We proceed with the proof of Theorem [I.2] and Theorem [1.3l We first study in the next subsection the Duhamel
formula (L33) on small timespan or for small data. This shall imply that we have local-in-time solutions to (L26)-
(I32) as well as Theorem [1.3l Thanks to this first study, we have also that non-extendable solutions to (I.26)-(1.32)
must blow-up in the £2 norm so that Theorem [L.2] yields from an a priori estimate on ||| 2> that we prove in a last
subsection.

3.1. Local-in-time Cauchy theory and proof of Theorem

The main result of this part is the following theorem:

Theorem 3.4. 1. Forany o € R, any tg > 0 and any Wy € L2, there exists T =T (o, Wo) > 0 such that (1.33)
has a unique solution W € C°([to,to + T, £L?) N C°((to,to + T), H*(R?)). Moreover, any upper bound on
|| + [|Wol| 22 gives a lower bound on the local existence time T.

2. There exists positive constants Ko, 6, K¢ and Ty such that, if to > Ty, if |a| < 6, and if ||[Wo|| 2 < K, then
the solution W (t) of (L33) given by the previous part is global in time and satisfies

1 _5
tS;lfHW(t)ng + f;ltp(t —10)2 (IIVw(t)ll 27y + [wn]) < Ko([Woll g2 + e (1 4 t0) ™ %).
0] 0

In addition, if

1
M = Sl;%)T”HS(T)WQHLQ + SulgT“Jr? <||VS(T)WOHL2(]-'0) + |fs(7)Wo{> < 00, 3.3)
T2 T>

for a fixed pi € (0, 3), then

1
sup(t = 10 [W (B2 + sup(t — 1o} “H(IV(t)| 2z + 6w ]) < 2M +Cla
1] 0

for some C > 0.

Proof. The proof is very similar to the proof of Proposition 3.2 of [[7]], who followed the classical approach of Fujita
and Kato [3]. Given ¢y > 0, we introduce the Banach space X := C%([tg, 00), £2) N C°((tg, o0), H' (R?) N L>°(By)),
equipped with the norm

1
[Wllx = sup||[W(t)[ z2 + sup(t — to)2 ([Vw @)l 257, + [ow ) |)-
t>to t>to

From Lemmal[2.7] we know that S(t —tg)Wy € X and ||S(t — to)Wy|| x < K||[Wp]| ;2 for some constant K > 0. On
the other hand, given any W € X, we denote for ¢ > #g:

t 1 )
Fo(t) = . S(t—s)P [C(s)ml%] ds,
(FW)(t) = | S(t=s)P|((O(s) V)u(s))| ds,

to

(BW)(#) = | 80~ s)IP’[(w(s) — b)) Vw(s)] ds,
(BW)(t) = [ S(t=5)P|(w(s) — b)) - VO(s)| ds,

to
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(FW)(t) = aFy(t) + a(FAW)(t) + (FW)(t) + a(FsW)(t).

We show that F' maps X into X and that, for some constant K > 0,
(3.4)

_1
IEW |y < K(lal(1+1t0) ™7 + |al[Wllx + [W]%),
3.5)

[FWy — FWa| x < K(|af + [[Whllx + [Wal[x) W1 — Wal|x.
For this, we compute now bounds successively for Fy, F, F5, and F3. First, using Corollary 3.3l and Lemma 2.7]

(with g = 4y we get for all t > ¢,
3 g

: ! — t9)? C
IR0 2+ (= 10) IR0y + B0 ) < © [ ( Tt ) (e L "

Then, we control F5 with the help of Lemma([A.Jl (see Appendix [Al) which ensures that:

1
12 ()]l 2 + (t = t0)2 (IVE2 () r2 ) + 1 B2 (0] 1) < CIW (1%

Similarly, there holds
[ =t - DI04 ) < Mol V06 2y + 1w IO 4

D=
NI

1 1 1 1
< C 1 1 + HWHX
(s—to)i (L+s)2  (s—t0)2 (1+35)
so that, applying the boundedness of > : L*/3(R?) — £*/3 (see [14, Remark 2.4]):

1

[ W ()]l g2 + (¢ = o) 2 (IVESW ()| 127 + 1 EW (D)l o)
t 1 t—to)? 1 1 1 1
<C Tt ( )§ T T+ T T | ds Wik
w\(t—9)F  (t—97) \(s—t)i 1+  (s—to)3 (1+s)i
< C|W||x-
We finally bound F; W. To this end, the procedure is similar to that of [7]. First, we observe that © - n = 0 on 0B so

that we can rewrite: ) )
P[l]:o(@ . V)w] = AEA_a]P’diV(l]:O@ & w)

Moreover, using Lemma[2.9]and the estimate (3.1), we compute
1 C

A72Pdiv(l @®w” < |©(s)w(s < — W .

| 1RO @u), ) < IOEUElar < =Wl

Therefore, Lemmas[2.7] and (2.3)) and the fact that A% commutes with the semigroup lead to:

IEW)Oe < [ 097 |4t div(r0 @ w)| ,

to

t
<C [ (t—s)"2(1+8)"2|W|xds < C|W]|y,

to

and
t+tg

(75—to)é(HV(FlW)(f)Hm(fo)+‘£W(t)|)3/t 2 %

0

N[

HAiélP’div(]lfo@ ® w)(s)H£2 ds

Lot —to)
+/t“0 (t—s)

2

1((5) - V()| s

Sl T
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bt —t)2 1
+ : L dswil,
Pt o) - o)

< CW||x.
Since FW = aFy + aFYW + Fo,W + aF3W, this concludes the proof of (3.4). The Lipschitz bound (3.3) is

established in the same way.
Now let » > 0 such that 4Kr < 1 and define B, = {W € X ||| < r}. If we assume that 4|a|K < 1,

4K ||[Wo|| p2 < rand 4K |o|(1 + to)*% < r, then (3.4) and (3.3) imply that the map W > S(t — to) Wy + FW leaves
the closed ball B, invariant and is a strict contraction in B,.. By construction, the unique fixed point of this map in B,

is the desired solution of (IL33). This proves part[2l of Theorem 3.4 with
1 1
Ko=FK, 6=-—, Kg=-—0
0= ST 16K

The first part of this proof can be modified in a classical way (see for instance [1,15]) to yield the local Cauchy theory,
i.e. part[I] of Theorem 3.4l
In a second step, we assume that (3.3)) holds for some p € (0, %) Given any T' > ty, we denote

),

Ty = (4K)5.

1
Er= sup (t—to) IWD)llgz+ sup (t — 10" 3 (IV(®) oy + Ewis
to<t<T to<t<T

where W (also represented by the triplet (w, £y, wy)) is the solution of (I.33) previously constructed. Since W (t) =
S(t —to)Wo + (FW)(t), we have

1
Er <M+ sup (t—to)'[|[(FW)(t)ll 2+ sup (t—to)" 2(IV(EW)() 125, + [brwym]),
to<t<T to<t<T
where M is defined in (3.3). Let p € (1,2) be such that % > p+ 3 and define ¢ € (2, 00) such that % = % — 2. In

particular, % > % > p. First, we have in a similar way as previously:
1
(t = to)"I[Fo (&)l 2 + (¢ — to)" 2 (IVEo (W)l 27y + [1F0(8) ] o)

ot —to)h  (t—to)it2 1.
=¢ to<(t—s)5+ (t—s)» )(1+8)2d

C
< DI TR
(1 + Zfo)ai'qu

The same computations as previously can be done for F1 W, FoW and F3W introducing the further decay of W
induced by & (see [7]] for more details), so that we finally get

Er < M+ K(ja|(1+t0)" 7" + |al€r + W] x&r), (3.6)

for some positive constant K independent of 7" and t(. Taking § and Kg smaller and ¢ larger if needed, we can ensure
that 2K (|a] + [|W || x) < 1, so that (3.6) leads to

Er < 2M + 2K|al(1 + )" 1,

for all T > t. This concludes the proof. U

To conclude this part, we provide two comments regarding the link between Theorem 3.4 and the claimed results.
The local-in-time Cauchy theory entails straightforwardly from item 1 in Theorem [3.4. The remark on the time of
existence 7" also entails that non-extendable solution are global if ||| -2 does not blow up. To obtain Theorem [1.2]
we complement the study with an a priori estimate in the next subsection. Concerning item 2, we recall that, for
the linearized system we have the decay estimates of Lemma[2.7] Hence we infer the content of Theorem by
remarking that, if Wy € £2 N £ (meaning that wy € L9(Fp)) is small in £2 then the assumption (3.3) is satisfied

with p =1 — 1.

1
q
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3.2. A logarithmic energy estimate

In this section we complement the proof of Theorem [1.2] by establishing an estimate in the energy space. This is
the content of the next lemma:

Lemma 3.5. There exists a constant K > 0 such that, for any o € R and any Wy € L2, the solution of (L33) with
initial data Wy provided by Theorem is global in time and satisfies, for all t > 0,
IO + [ 1Dy s < (Wl + 0% (14+0) + ).

where K, = (1 +1log (1 + |a])).

Proof. Fixa € R, Wy € £2, and let W € C°([0, T, £2) N C°((0, T],H") be the solution provided by Theorem [3.4]
with initial data W (0) = W,. We recall that we denote V' = W + a©. Given any 7 > 0, we define then,

Wr(t,x) =v(t,z) — aO(t + 7,2) = w(t,z) + a(@(t,m) —O(t+ T,m)), for all x € Fy,
Uy = v (t) = bwpy,
Wiy, (1) = WV — ag(t+71,1) = ww) + a(g(t, 1) —g(t+, 1))

The given W, (represented by the triplet (Wr, U, (£) Wi, ( t))) satisfy the system of equations (L.26)-(L.32)) (or equiv-
alently (L33), where ©(t) and ((t) are replaced by ©(¢t+ 7) and (¢ + 7). Assume first that the solutions are smooth
enough. Multiplying both sides of (I.26) by w, and integrating by parts over Fy (using the fact that w, and © are
divergence-free), we find

3 gile oy + 2D Oy = [ et)- S0 Omdote) = 5 [ 0t + il mdo(a)

—a /f () (t-(0) — £, p) - V) O +7)do+ 3 /B 17 (8) (0 (t) — Ly ) - 1 do(2).

Bo

Since © and W (t) — £y, (1) Are orthogonal to n on 9By, the second and fourth terms also vanish. (IL28)-(1.30) then
yield

1d 5 2 2 B
537 (1Ol Famy) + |0 | + T fom | ) + 20D )2z,
= _a/; W (1) - <(?I}T(t) — EWT(t)) . V)@(t +7)dz+al(t+ 1) Wi, (1)-
0

The right-hand side can be estimated as usual with Lemma 3.1t

c
. < |I4F 2 -
‘/]:OwT @r(t) - V)0t +7)de| < (D) Fa ey Ty
C
() (b, - V) O + ) da| < [l (¢ b | ———.
‘/]"0 W ) ( ) e laz ) WT(t)‘(1+T+t)%

‘C(t—i_T)wWT(t)‘ = ﬁ‘wm(t)‘ m_%(‘ww t)‘ +1>

Integrating in time from O to ¢ for any ¢ > 0 leads to

111 ~
SO +2 [ 1P s
2
~ 2 7, . ~
10 - 2 t /W, (s 1o (s)|l 27 | (s ‘W (s 1
_HW( )‘ —i—K\a!/ <H ()||L2(]-'0) n (Fo) ‘I’V() Wr(s) . 2>ds,
2 L2 0 1+7+s (14+7+s)2 (1+7+45) (I+7+s)

(3.7
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for some constant K > 0, independent of 7 in particular. Such an estimate then also holds for weaker solutions.

- 2
From this estimate, for 7 = 0, the Gronwall lemma shows that ‘WT(t) HL2 is bounded locally in time. Therefore, the
solution W of (1.26)-(1.32)) provided by the part [Tl of Theorem [3.4] is global in time. Then, for general 7 > 0, we
need to better estimate the second term, in particular ‘EVVT( S)‘ which should decrease faster than [|w7(s)|| 125, (or

HWT(S)‘ 2 equivalently). For this, we use Corollary Applying it for p = 2 + log (1 + 7 + s), we get:

2 2
] 1| Hlog (19719 || i 1= st ()
‘EWT(8> < CQR+log(l+7+5)2Wr(s) [2(R2) WT(S)‘ L2(R2)
2 2
15 o (177 75) p = (e =)
< C@+1log (1+7+8)||Wr(s) | 7 DOV ()|, oo ,
where we have used Lemma[2.2]in the last estimate. Then, we obtain:
- 1
er(S)HL2 (Fo) gWT(S) < C<2 +log(1+7+ 8)) ? WT(S)‘ kiiaas D(WT(S))‘ - s (it
(1—1—7—1—3) 1+7+s L2 L2(Fo)
5 2 211 1 E(r+s), 2
SHD(WT(S))‘ +C[ + log ( +T+S):| .o
L2(Fo) 1+7+s L2
where 1 1 5
§(@) A T R — = 1lo5p (I4+2) 1+ 552
2+log (1+x) &) 2+log (1+x)

In particular, we can easily compute that

2 +log (1 + 7+ 5)]50*) <C2—|—10g(1—{—7’—|—5)
1+7+s - 1+7+s '

Therefore, we obtain

+ [ 1D ) e, 0

111 ~
§HWT<

ds,

K 2 241 1
o e |+K’ ‘/HW ‘ +log(1+7+s)
1+7 L2(Fo) 1+7+s

By applying the Gronwall lemma, we get

/ 1D(r (5) 2 5 s

!a\

147

11 ~
—||W,
3 [0

<K[HW ).

.+ }exp [K!a\(log(l—i—T—i—t)Z —log(1+7)*+log(1+7+1t)—log(1+7))

Now take 7 = (xt)? where x = 1 + |a, we get:

log(1+7'+t)—1og(1+7'):log<1+ )SC’

1+ (xt)?

and

log (14 7+ )% —log (14 7)% = log <1 + 1%_27”)2) <log (1+t+ (xt)?) +log (1 + (Xt)2)>

2
< otloed+(xt)) _C

- T+ (xt)*  ~ x
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Thanks to the estimate (3.2)) and the explicit expression of g(¢, ), there also holds
- 2
|- ), < 21Wollz2 +20216(0) = ()l 2aey + 2071900, 1) = g(7.1)]
< [WollZ + Ca? (14 log (1 + (xt)?))

< ||WollZe + Ca2(1 +log (1 + |a]) +log (1 + t)),

but also
2
2 % 2
W B)llze < 2{W-()] ., + 2070t +7) = OW)I2
~ 2 o? t
< oo, + Sotog (14 )
<2 W-@)| ,, + 5 los ey
~ 2 o? t
< 2||{W.(t —
- ()L2+2771+(Xt)2
- 2 o
< 2||W.(¢ —
(t) oxn
an
2
/ DG sy b <2 [ 1D s+ 207 [ DO +5) = O s
2
<2 / DGy b + 207 [ IV(O(7 +5) ~ Oy s
<2 D(w ds+2 (! 1 d
” HLQ(f s+ 2m10° <1—|—7'_1+T+s> °
t t
<2 D(w ds+2 <7 —log(l1+ —— >d
/H HLz(f s+ 2K T+ ) og ( +1+(Xt)2) s
o2
< 2/ | D(w HL2(}"0 ds+2m1;
The last five estimates put together (along with x > 1) lead to the result. U

4. GLOBAL STABILITY FOR FINITE-ENERGY SOLUTIONS

This last section is devoted to the proof of Theorem [I.Il For this, we first recall the partial result in [4]] on which
relies our analysis:

Lemma 4.1 ([4, Theorem 1.3]). Let q € (1,2) and assume that Vo € L3N L2 with ||V || z2 sufficiently small. Then
the unique finite-energy weak solution V' with initial data Vy satisfies:

suptr 1 |V (1) zr < 00 Vp e (2,00) 4.1)
t>0
suptéwv(t)\ < 0. 4.2)
t>0

Theorem [1.1lis then a direct consequence of the two following propositions that we prove in the next subsections:

Proposition 4.2. Let q € (1,2) and asume that Vo € L9 0 L2, Then the unique finite-energy solution V starting from
Vo satisfies:

V e 0([0,00); £9 1 L2) (4.3)
VV € Li,.(0,00); LY(Fo) N L*(Fo)) (4.4)
ty € L*((0,00)). 4.5)
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Proposition 4.3. Let q € (1,2) and asume that Vo € LI N L2, Then the unique finite-energy solution V starting from
Vo satisfies:
liminf ||V (t)]|z2 = 0. (4.6)
t—o0

4.1. Proof of Proposition 4.2]

Let ¢ < 2and Vo € £4N L2 We recall that, by the construction of [13], we have V' € C([0,00); £2) and
VV € L?((0,00); L?(IR?)). Furthermore, with the proof of Theorem 3.4 we know that the solution V' is computed
through the Duhamel formula:

V) = S()Vo + /O "S(t - )P (V — by) - VV]ds. @7)
since it is the only fixed point of the mapping:
D:Ww— S{t)Vo+ /Ot S(t — s)P1r,(W — by) - VIW]ds.
in the space C([0,T]; £2) N C((0,T); H'(Fo)) endowed with the X -norm:
IWlx = sup [W|z2 + sup VI VW || 2 (5,
(0,7 [0,T]

(for T sufficiently small). We show here that the same property holds adding the property V' € C([0,T]; £L9) N
C((0,T); Wha(Fy)). Let fix By the subset in C([0,T]; £2 N L) N C((0,T); H (Fo) N Wh4(Fy)) containing W
satisfying

Wl < 2Volles W, 5= sup (IW Oles + VAIVW Ol ) < 0+ Ea) Volles + 1Volle)

where K is the constant involved in Lemma By adapting the computations in the proof of Theorem 3.4, we
obtain a time 7§ sufficiently small such that for 7' < Tj the above mapping is a contraction on By for the X-norm.
Then, given W € By, applying the duality estimates in Lemma [2.8] with p = ¢ we obtain that

t
IDW]()llca < [[Vollza +/0 Gq(t = )W = bw) @ Wl|Lar)ds Vit € [0,T]

where

¢() % s—1/2 ifs<1
S =
a Vs ifs>1

The last integral we denote I[W] is then bounded by applying the Gagliardo Nirenberg inequality:
! : 2(1-1)
W] < /0 |0q(t = ) | IW I 22IVW I 27y | + Hw [[[W | ads
¢
< [ teute = )1 (5D + W W e ) .
At this point, we realize that, for 7' < 1 there is an absolute constant K7 for which:

t t
Sup/ dq(t — s)s~ (171D < RsTa2 sup/ ¢q(t —s) < K5V/T.
[0,77J0 [0,77J0

Since g < 1/2 we can take Ty smaller (but decreasingly in the quantity ||Vg|| 2 + ||Vo]|ce) so that for T' < Ty:

11
sup DIV < Volles + K574 Vo <HVOHL2 + sw ||W||z:q> < Volles + Vol 48)
0,T 0,7y
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As for the gradient, we apply semigroup estimates of Lemma[2.7] to yield that

ot
\/ZHVD[W](t)HL‘I(}'o) < KQHVOHDZ + KQ/O (E) H(W — @w) : VWHL(I(}‘O)dS.

Combining then Holder inequalities (where 1/¢* = 1/q — 1/2) together with a Gagliardo-Nirenberg inequality
(interpolating the L7 -norm between the L? and H' norms) and the already obtained bound on ||| x, we bound:

3_1
W - VW Loz < WL ) IVW L2 < 827 W%
1w - VW | La(ry) < VW Ix W x,

Since s < 1, we end up with:

ts
t—

t /oy i
[ <ot
0 t—s

hence we can choose Tj smaller if necessary (but decreasing in the quantity ||Vl 22 + ||Vo|| z«) so that: for T' < Ty:

WY
VAT DIV Oy < KalValler+ Ko [ (7255 ) dslVolls (ilea + IValo)

By a homogeneity argument we have:

sup VHIVDIW](0) Loz < Ka2(l[Vollzs + [1Voll c2)-

Finally, D maps B into B. With similar computations, we obtain that it is a contraction up to restrict to a smaller Tj
again and conclude that we propagate the property V' € £? and VV € Li(F) on a short time-interval. We note that
on this time-interval AT, we have

VWl 10,0127 < W lx VWl L1 o,ary:na7) < [Wlx, 4.9)

To obtain further that V' € £% and VV € LI(Fy) for all times we remark that by a standard blow-up alternative,
it is sufficient to obtain local bounds for ||V (¢)||ze + ||V (¢)]| 2. Since this is already known for ||V (¢)|| ;2 we focus
1 1

here on ||V (t)||za. To this end, we note that choosing Tj so that K57, *||Vol|z2 < 1/2 and applying (@8) with V/
we have

sup [[V(t)l[ce < 2[[Vollza + [[Voll z2-

0,1}
Furthermore, since our system of equation is autonomous, we can reproduce this computation starting from any
to > 0. Finally, since we already have a uniform bounds for ||V (¢y)||z2 we obtain that there exists a short time
increment 7} (independent of the initial data) so that for arbitrary ¢ > 0 :

sup [V ()llca <2V (to)llca + [Vollz2-
[to,to+T1]

In particular, there can be no blow-up of ||V (¢)||z« in finite-time. Then on a time-interval [0, 7’| since we have an a
priori bound for ||[V||za + ||V||z2, we can see our solution as a concatenation of local-in-time solutions constructed
as above on a small-time interval AT. By concatenating the remarks (4.9) on the time-intervals [nAT, (n + 1)AT]
we conclude that

VV e L'((0,T); L*(Fo) N LY(Fy)).

To complete the proof of Proposition 4.2, we show now that ¢y € L2([0,0)). Since VV € L?([0, 00)), we first
remark that:

Ve>0, 3T.>0st. / VV2; < e. (4.10)
T
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Thanks to the representation formula (4.7), we have then that, for arbitrary ¢ > 0 we can split £,,(t) = lg(t) + {nr(t)
where:

ﬂs(t) = eS(t)Vo ENL(t) = gl(t)
where "
_ / S(t — $)P[1z,(V — fy) - VV]ds.
0

Since Vy € £? N L4 we apply Lemma 2.7 to yield that:

5(1)] < mm( ! ) IValler € L2((0,00)).

tq

For the nonlinear term, we apply the duality estimates of Lemma 2.7l with r > 2. We obtain:

t 1
lUnr(t)] < ﬁ“(v ly) @Vl Lr(7)
0o (t—s)2ts

At this point, let fix 7' > 0 (sufficiently large) and remark that the right-hand side can be seen as a truncated (time-
)convolution of 1/ s3+7 and [(V = £y) @ VlLr(7)1(0,7)- By a Hardy-Littlewood-Sobolev inequality, we have then:

1,1
lenillzeor < 17T 5 [V = 6,) @ Ve (7o) 22y

1 1 1
T P P P
= </0 ”(V_gvmv”pwfo)) = O (/ ”V”L”(fo) T (/ I16. ’V”p%>

where p is the conjugate exponent of r. For the first-integral on the right-hand side, we apply again a Gagliardo-
Nirenberg inequality and the fact that p is the conjugate exponent of r to yield that:

2p

T T
- 2
/ VI gy < Crsup IV /0 IVVI2. < CVall 2

To estimate the last term, we introduce an intermediate time 7;,,;4 to be fixed later on. We note here that, for arbitrary
0 < Ty < T5 combining a standard Holder inequality and a Gagliardo Nirenberg inequality entails that (since p < 2):

1

Ty Ts ) 5 Ts 2219 -
Lonedvit gy < (fee) ([ i)
1 T1 T1
» 2p T2 ;Tp(l_g) 1=3
<ol 3y 50 IV (/ VIS )
(T1,T») T1

Recalling that p and r are conjugate exponents yield that

5]

and we infer that:

1-2

Ts 2

/ uwvupr(ﬁ)sc||fv||iz<Tl,T2)||vougz(/T ||vvu%2)
1 1

When T' > T,,;4, combining the previous computations between 77 = 0 and 15 = T,,;4 and between 1 = T,,;4 and
Ty =T, we conclude that:

D=
[NIES

2 Tnid
lenzlicz o) < CollVollZa + Colllull 20,100 | Voll 22 (/0 HVVH%2>

S

2 T ) v
F Collla iy Vol ( / ||VV||L2)

mid
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At this point, we recall the remark (£.10Q) and choose T},,;4 so that:

2w [ [ ,\7 21
el ([ 19viz )" <3

mid

3=
S

Splitting ¢ = ¢g + ¢, and arguing that, on compact time-interval, we can always control |¢,| by |V 22 < ||Vbl| 22,
we infer that :

1
1€ullz20,7) < 1€sll22(0,00) + Cr(1 + v Tonia) Vol 22 + §Wv”L2(o,T)-

Eventually, we conclude that, for arbitrary T' > T,,;,4 we have:

Wollzzor) < Car (IVoller + (14 v Tmia) Vol 22)

This concludes the proof.

4.2. Proof of Proposition 4.3

This proof is inspired of [[7, Section 5]. Let ¢ < 2.and V € £2 N £9. We recall that we take ;1 < % — % so that
L£?N L7 C D(A™*). Thanks to Proposition we have that the unique finite-energy solution satisfies

« Ve C([0,00); LN L2) N C((0,00); WH(R2) N HL(R?)).

« 15 (V —4,)-VV € L ((0,00); L*(R?) N LY(R?))
In particular, we have:

OV —AV =P((V —1£,)-VV) V._ =1,

t=0

where V' € C([0,00); D(A™#)) and P((V — £,) - VV) € L} (0,00; D(A™#)). Consequently, we can apply the

loc
operator A™* to this equation and we obtain that U = A™#V is a mild solution to:

QU — AU = A*P((V = £,)-VV)  U,_, = Up.
We have in particular for arbitrary ¢ > 0 that
1 t t
SO + [ ITU@Rds < [ (AP = ) VV),U)ds,
0 0
However, for arbitrary s € (0, ¢) there holds:

(A™FR((V — £,) - VV),U)| = ‘/f ((V = t,) - V]A™HU) - Vda

1_
< (IVIBagry + 1V lz2ltol ) | 43T |
1_
< C (1] + 19V Iz ) 14Ul 2| AU | g2,

where we applied a Gagliardo-Nirenberg inequality to pass from the second to the last line. At this point, we argue by
interpolation that

1_ 1
[A*U | 2[[A>7HU | g2 < CU| 2| A2U || 22,

thus
1 2 1, 1
C(16l + 19V llz2p ) 101221 43Ul 2 < C (10l + IV V L2z ) U122 + 51143 e

This yields finally that, for all ¢ > 0:
2 ¢ 2 ¢ 2 2
U122 + /0 IVU(s)][f2ds < € /0 (1] + 19V g2z ) 10 (5) 22
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Eventually a Gronwall lemma yields that:

2 ! 2 2 ! 2
HU@MB41Auvvwmyﬂssnwﬂgem{éc(wu+uvvmaﬁ0]

Since the integral in the exponential is bounded by Proposition 4.2} we have then a uniform bound
oo
sup [+ [ [VU()]ads < Co
> 0

where the constant Cy depends on the whole solution V' (and a priori not only on Vj).

At this point, we argue in the same manner as in [[7, Corollary 4.2]. The situation is even more favorable since we
have uniform bounds. Indeed, Since VU € L?((0,00); L?(R?)), we can construct a sequence of times t,, growing to
infinity such that || VU ()| 2 — 0. We have then that | AY/2U (t,,)|| z2 goes to 0 while ||U (t,,)|| -2 remains bounded.
By interpolation, ||V (t,,)||z2 = ||A*U (tn)]|z2 (Where 1o < 1/2) goes also to 0 as n goes to infinity. This ends the
proof.

A. TECHNICAL LEMMAS

We gather in this section technical lemmas used throughout the paper. We start with handling nonlinearities in the
Duhamel formula. We recall that, given ¢ty > 0, we denote:

X = C([to, 00); £*) N C((ty, 00); H'(R?) N L>=(By))
that we endow with the norm:

1
W lx := sup [W(t)|| 2 + sup(t — to)> ([Vw ()|l L2 z) + Ew (D)]) -
t>to t>1o

Other notations are introduced in Section 31

Lemma A.1. Let ty > 0. Given (W,, Wy) € X we denote:

¢
F(t):= [ St —s)Plr(we —4a) - Vwplds Vi > to.

to

Then there holds:
e FeX

* there exists a constant C' > 0 for which:

£l x < ClWallx[Wsllx

We emphasize that, in this lemma, the assumption W, € X induces that, for every s > to, W,(s) is a rigid motion
on By. Obviously, we denote £, the translation velocity (with respect to the origin) associated with this motion.

Proof. We only give a proof of the second item. To this end, we remark that, since w, is divergence free:
(wg — £g) - Vwp = div((wg — £,) @ wp), on Fy.

Since (wq —£4)-n = 0 on OB we can then extend by 0 to create an L?(R?)-source term which fulfills the assumptions
of [4, Corollary 3.10]. This yields, for arbitrary ¢ > g

t
1
F(t <K ——||(wq — g
IF@ler < K [ ol — o) @ oy
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t
< i [ 2= (talllwnlc2 + a1
to “ ¢

t
1
K 77(13 w wy|| x.
S i v el

Hence, we have || F'(t)|| 2 < C|lwa||x||ws||x for arbitrary ¢ > ¢. For the second part, we split /' = F} + F» + F3
(with t,,,;q = (t + to)/?):

1/2 1/2 1/2 1 2
LI wal 5 ol 219 0 ) )

Fi(t) = / " St — s Pdiv[L (1 — €2) ® wp)ds

to

/ S(t — s)Plwg - Vwyds
tmid

/ S(t — s)P[lg - Vwy|ds.

For the first term, we combine [4, Corollary 3.10] with standard continuity properties of .S. Remarking that:
tmid
Fut) = S(t — i) / St — $)PAiv[Lr, (1w — £a) © wy]ds,
to

we obtain with obvious notations and similar computations that:

1 tmzd .
() + [VE ()| g2y < / S(tmid — 5)PAIV[1 7, (wa — £a) ® wy)ds

t— tmid to
C_ ML, |
< — & wp|| 12
\/t_tO to V tmid — S ) LA(70)
< S Jwalixllw]
—_— m a X b X'

For the other terms, we apply standard continuity properties of S. First we note that w, - Vuwy, € L*/3 (R?) with:

EQ

1/2

[wa - Vwp[| /s 2y < lwall 22 Va2 ®2)[IVws[l 22 g2)

1
< m”%\\x\\%”x

Since P : L*/3(R?) — £*/3 is bounded (see [14, Remark 2.4]), we infer that:

1 1
6O+ IVl < K /md e

57z 45llwallx [[wsll x

to)

< —= .
< ﬁ = llwallxllwsllx
Finally, we bound (applying the standard continuity of P : L?(R?) — £?)

103(0)] + IV E3 ()| 2y < K /md ¢—w IV 22 ey ds

<K / sl
mzd t_

< .
< = 750H%HXHU)bHX
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B. PROOF OF PROPOSITION [2.12]

We provide here a proof of Proposition To estimate (.%I +¢)~* as required in the content of Proposition
we rely on the integral representation (because A is a positive selfadjoint operator, see [11, Section 2.6]):

- _ sin(mp

(A+e)™#

o] 1 _
)/0 (A+€)M(A+)\+a)_1d)\. (B.1)

™

In order to construct R, . we work at first on a construction of (A + A)~1 involving (./10 + A)~L for A > 0. To this
end, we introduce objects that are crucial to the analysis.

We recall here basics on some modified Bessel functions. The following statements are taken from [[10, Section
8]. The function K : (0, 00) — R is the unique smooth solution to:

1d d
—;5 [T@K@(T)} —|-K0(’I“) =0 Vr>0,

that behaves asymptotically like:

1/ ua exp(—r) whenr — oo
Koy(r) ~ 2r

—In(r) when r — 0.

Furthermore, all derivatives of K enjoy the same decay at infinity as K¢ and K((r) ~ —1/r in 0. We mention also
that Ky > 0 and K{) < 0 on (0, 00) (see [10, Theorem 8.1]). Similarly, K7 : (0, 00) — R is the smooth solution to:

1d d 1
T [TEKI(T)] + <1 + ﬁ) Ki(r)=0 VYr>0,

rdr

that has the asymptotic expansion:

1/ 21 exp(—r) whenr — oo
Ki(r) ~ "

1
- when r — 0
,

We have again that K7 > 0 and K] < 0 on (0, 00), that the derivatives of K enjoy the same decay as K at infinity
and K (r) ~ —1/r?in 0.

Then, for arbitrary A > 0, we define ¢ : R> — R by:

2w
AKo(VA) — E\/XK‘I)(\/X)
(@) = Ko(v/X) £
5 if |z <1
AKo(VA) — E\/XK‘I)(\/X)
and v, : R? — R by
K (VAlz]) if 2] > 1
a(wy = 4 BT NEL(VX) = 7T WK (V)
’ Ky(V) Ja] N

7T+ NEI(VA) - 2n7 - VAK (V)

We recall that the symbols m and J appearing in these formulas stand resepctively for the mass and inertia of the
disk. The aim of this construction is the following proposition:
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Proposition B.1. Let A > 0. Given (F,7) € R? x R, let define:

xJ_
VAlF, 7](z) = ¢r(z)F + ”tb)\(.%')Tm Vz e R%

Then there holds V)\[F, 1] € D(.A) with:
(A+ NWAIF, 7] = (F + 725)1p,.

Proof. Let A > 0 and (F,7) € R? x R. For the proof, we denote V' = V,\[F, 7] for legibility. By construction, 1
and ¢, are continuous on R?. Furthermore, since K, K| are smooth and decay exponentially at infinity, we have that
b,y € H?(Fp). The explicit values for ¢ and v, when r < 1 yield also that, on B(0,1), we have:

= KO(\/X) F+ Kl(\/X)T 2t on By
MK (V) = ZVAKL(VA) T 2T+ MEKL(VA) = 2n T~ VAR (VY '

Vix)

Finally, we obtain that V € L?[By] N [H'(R?)]? and thus that V € D(A).
We go now to polar coordinates (r, #) and exploit the ODE satisfied by Ky, K to obtain that

AV AV = (A+ NV =0 inF.
This is why we introduced Bessel functions. While, in By, we have:

(A+ NV =0+ wyt

with
1 vdo AEo(V)
t= m JoB, Onvdo + MK (V) — %ﬁKé(\/X)F
w=J"1 ztd,vdo 2K1(\/X)T
=7 (/330 Onodo (2+A)K1(\/X)—2wj1x/iK{(\/X)>
MK (V)T

TR T NE() — 20T VKL (VY

Going again to polar coordinates (7, #), we note that 9,, = —0, and that 2~ = (—sin(6), cos(6)). For symmetry
reasons, we thus have that:

/ Opvdo = — 2mVAKG (V)
950 AKo(VR) — VARH(VA)

/ 2o, vde = — 27T\/XK{<\/X) -
oBs 271+ MK (VN) — 20T WAK! (VN)

Introducing these identities in the above computations of ¢ and w, we end up with ¢ = F' and w = 7. This concludes
the proof. U

F

We combine now this construction with the operator Ap to compute the resolvant of A. Given A > 0and W €
L?[By), we have:
W = (fw + wWyJ‘)]lBO +wlx,.

Consider V/\(O) (W] = (Ao + \) ' (wlx,). We have V)EO) € D(Ag) C D(A) so that we can compute flV/\(O):

(A+ 20w = [% ( /a N O [W]da) + ! < /a N 2t 90 [W]do—> yL] 1p, +wlz,.
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Consequently, we correct the value on By by setting:

F)(\O) (W] = % </83 (9,11)&0) [W]da) , 7')(\0) W]:=7g" (/83 Zt anvg\o) [W]da> , (B.2)
and
W] = VO W]+ Valtw — B W] ww — 0 W], (B.3)

By linearity, we obtain that V € D(A) satisfies:
(A+NWN[W]=W.
and is the unique one by injectivity of A+
With this construction at-hand, we are in position to prove Proposition 2.12]

Proof of Proposition Fix ¢ € (1,2) and p1 < perit = 1/q — 1/2. Lete > 0 and W € L2[By]. Plugging (B3)
into (B.I) we obtain that

(eyr =2 [T oo 7 e

sin
N (mu)
T

* 1
/0 (A + 5)MV€+)‘[€W — FY) W] ww + 7y [W]]dA.

Thus, we have the expected representation formula with:

sin(rp) [ 1 (0) (0)
Ryt = 220 /O T Venltw = FLIV L + 700710

To complete the proof, it remains to obtain (2.8)). For this, we first bound by introducing the explicit value of V. x:
1BueWliee <€ [ ilionellus (] + ESLIW] A
1€ L2 = 0 ()\ + E)“ +ellL Ate

Tl (0)
S e (O PR VAU DY

We note here that the constant C appearing in the right-hand side depends only on the physical parameters of the
system. We denote by C such constants below. They can depend on the physical parameters or on the data ¢, ;. They
can also vary between lines.

We proceed by estimating the two integrals independently. For the first one, let denote:

1
K(s) = sl 2y (1w ] + [FO W)
By looking at the explicit value of ¢, we have:

C S L - [0 2@ (0 %
I0:liaee) < SR8y = VRRER) <K°m+¢§ (/] totertads) )

and, with ¢’ the conjugate exponant of ¢ :

Qe

EOW) < I (et ada ) (B4
Koyt i

We postpone the proof of this latter inequality to the end of the appendix.

28



When s € (0,1) the asymptotics of K( and K, ensure that Ky € LP((0, c0)) for all p > 1 and that

Cl[WLa
- SM_MCTit‘f'l‘ 1n(8)’ ’

where 1/s# Heritt 1 In(s)| € L1((0,1)) since p1— pierie < 0. While, when s € (1, 00), the same asymptotics guarantee
that (remember that ¢/ > 2 to bound o' =7/2 < s1/2=4/4 for \ /s < o ):

1
CIW | La (”exp(fs ([ s exp(=¢'@)da)s >

K(S) < sH 84 exp(—\/g)

_|__

(=2

[ exp<_2a>da)5)

1
and finally K (s) < CHWHLQ(RQ)S_M_TQ/_l € L'(1,00). Hence, we have a uniform bound C independent of ¢ €
(0, 1) such that:

| oamlonselg e +1ELWII < [ K(s)ds < Cpwe

For the second integral we denote similarly:

~ 1
K(s) = — sl 2 (low | + 72 [W])
With the explicit form of s we have:

C L - « 204 « %
alliaee) < G VA VARTA) (’Kl(ﬁ)”ﬁ(/ﬁ Kifa)fada) )

1
w & / a
0w < oL (@i ada ) ®.5)
Ki(v/5)s7 \Jvs
When s € (1,00), Ky and K; admit a similar exponential bound, so we obtain with similar arguments as previ-
ously that K is dominated by an L'-function multiplied by ||W|| .4 (r2)- When s € (0, 1) we proceed more carefully
but similarly again. We have | K (a)| < 1/« when o < 1. Hence, we compute that:

and

/ |K1(a)Pada < C(1 + |1n(s)|), / 1K1 ()| ada < -
Vs Vs sz 71

Consequently:
~ 1
(K (s)| < C(1+ |In(s)]) 2 [|W]| La(re).-

We conclude like previously. U

To end up this section, we provide a proof of identities (B.4)-(B.3) . This is the content of the following proposi-
tion:

Proposition B.2. Let A\ > 0 and q € (1,2). There exists a constant C depending only on the physical parameters and
q such that, given W € L?[Bo] N [L4(R?]? we have:

o <o SR ([T i sis)
)\q’

L
q
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|T§°’[W]|_c'w”“<f°l (/ K (s |q8d5>

where F;\O) (W] and T>(\0) [W] are defined in (B2) and ' is the conjugate exponent of q.

Proof. We provide a proof of the second inequality. The first one is obtained with a similar construction based on K.

Letw € R and
Kl(\/X|x|)wa

u(x) = Vo e .7:0.

By construction, we have:
—Au+du=0o0nFy, u(xr)=wz" ondBy.

Introducing the latter identity into the definition of 7')(\0) [W], we derive:
FOWw = / 0,0 [Wludo,
0Bo

so that we can integrate by parts. Recalling that vg\o) W] = V)EO) [W]1 £, satisfies a specific PDE and vanishes on 0By,
then using the PDE satisfied by u, we deduce successively that:

7')(\0) (W]w = Avg\o) cu VU(O) :Vu
Fo Fo

:—/ w-u+/ )\v() u—/ vg\o)-Au
Fo Fo Fo
:—/ w - u.

Fo

Via a standard Holder inequality and homogeneity arguments we thus infer that:

FO W < ”w”“(fo |“| (/ 1K ( |q5ds>

Since w is arbitrary, this concludes the proof. |

L
q
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