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APPROXIMATE NULL-CONTROLLABILITY WITH UNIFORM COST
FOR THE HYPOELLIPTIC ORNSTEIN-UHLENBECK EQUATIONS

PAUL ALPHONSE AND JEREMY MARTIN

ABSTRACT. We prove that the approximate null-controllability with uniform cost of the
hypoelliptic Ornstein-Uhlenbeck equations posed on R™ is characterized by an integral
thickness geometric condition on the control supports. We also provide associated quan-
titative weak observability estimates. This result for the hypoelliptic Ornstein-Uhlenbeck
equations is deduced from the same study for a large class of non-autonomous elliptic
equations from moving control supports. We generalize in particular results known for
parabolic equations posed on R", for which the approximate null-controllability with
uniform cost is ensured by the notion of thickness, which is stronger than the integral
thickness condition considered in the present work. Examples of those parabolic equa-
tions are the fractional heat equations associated with the operator (—A)?, in the regime
s > 1/2. Our strategy also allows to characterize the approximate null-controllability
with uniform cost from moving control supports for this class of fractional heat equations.

1. INTRODUCTION

The study of the (rapid) stabilization and the (approximate) null-controllability of par-
abolic equations [4, 12, 15, 17, 21, 26, 29| or degenerate parabolic equations of hypoelliptic
type [3, 7, 8, 9, 11] posed on R™ and taking the following form

Ouf () + PL(t ) = h(t,2)1u(@),  (t,2) € (0,+00) X R™,

f(o’ ) = Jfo € LZ(Rn)’
has been much addressed recently. The purpose of this line of research is to provide geo-
metric characterizations for the control support w C R™ that ensure the above notions
for the equations (F'p). At the present time, the stabilization and the null-controllability
properties are well-understood for a large class of parabolic equations posed on R", as we
will detail just after. The case is similar for the parabolic equations posed on bounded do-
mains, as for the heat equation whose null-controllability properties are known for decades
[19] and whose stabilization properties have been recently investigated [30]. However, the
situation is different for the hypoelliptic equations of the form (Ep), whose study is only
at an early stage. For this class of equations, we currently do not have any necessary
and sufficient geometric characterization on w C R” that ensures their null-controllability,
even on particular examples. The hypoelliptic equations posed on bounded domains or on
manifolds are also widely studied, and the situation is quite different for them. Although
these equations have not been studied in a general setting, some particular examples as
the Grushin equation, the Kolmogorov equation or the heat equation on the Heisenberg
group are now quite well-understood [5, 6, 10, 18].

In this work, we study the cost-uniformly approrimate null-controllability properties of
the equation (Ep) associated with the following hypoelliptic Ornstein-Uhlenbeck operator

(1.1) P=QD,-D,+Bx-V,;, ze&R"

(Ep)

where B and @) are n X n real matrices, () being moreover symmetric positive semidefinite.
Let us recall that the hypoellipticity of the operator P is characterized by a simple algebraic
condition on the matrices B and ) known as the Kalman rank condition (2.4) presented
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shortly after. Precisely, we prove that for all positive time T" > 0, the evolution equation
(Ep) is cost-uniformly approximately null-controllable from the control support w in time
T if and only if there exist a radius r > 0 and a rate v € (0, 1] such that

1 [T
(1.2) Vr € R", T/ Leb ((eth) N B(z,r))dt >~V,,
0

where V,. stands for the volume of a Euclidean ball of radius r in R™. This above geo-
metric condition will be called integral thickness condition, since it generalizes the notion
of thickness (2.6) which corresponds to the case where the matrix B is zero, that is, to
the elliptic case. This notion of thickness has turned out to play a key role in the the-
ories of stabilization and (approximate) null-controllability, since it was proven to be a
necessary and sufficient geometric condition that ensures these notions for large classes
of parabolic equations posed on R", as the fractional heat equations for instance, see e.g.
[3, 4, 12, 15, 22, 28, 29|. The thickness condition is also involved in the study of the exact
controllability of the free Schrodinger equation, as highlighted in [14, 24]. Moreover, the
geometric condition (1.2) has already been introduced in [7], where the authors proved that
this is a necessary condition for the exact null-controllability of the hypoelliptic Ornstein-
Uhlenbeck equation (Ep). They actually consider a quite more general class of equations,
which will be presented later. As a consequence of their work, we know that many hypoel-
liptic equations, as the Kolmogorov equation or the Kolmogorov equation with a quadratic
external force, require a minimal time to be possibly exactly null-controllable from specific
control supports, as cones for instance. In the present work, we check that these minimal
times are also required to obtain positive results of approximate null-controllability with
uniform cost for the very same equations.

In fact, the result of approximate null-controllability with uniform cost obtained in this
work for the hypoelliptic Ornstein-Uhlenbeck equation (Fp) is deduced from the study of
the same notion for non-autonomous diffusive equations of the form

{atf(t’x) + QD - D:vf(t’x) = h(t’x)lw(t) (:C), (t,:ﬂ) € (O’T] x R,

Fad 00 = e @)

where (Qt)ier is a family of real n x n matrices and (w(t)).c(o,r) is a moving control
support. This class of equations has also been considered in the work [7], where the
authors investigate their exact null-controllability (again, they consider a larger class of
equations). Under an ellipticity assumption on the matrices @y, we prove that the equation
(Eq,) is cost-uniformly approximately null-controllable in time 7" from (w(t))sc[o,7) if and
only if there exist a radius > 0 and a rate v € (0, 1] such that

1 [T
(1.3) YV € R", T/ Leb (w(t) N B(x,r)) dt > ~V,.
0

As before for the equation (Ep), the above geometric condition was proven in [7] to be
necessary for the exact null-controllability of the non-autonomous diffusive equations (£, ).

The strategy of proof implemented in the present paper also allows to consider fractional
diffusive models. More precisely, by adapting the study of the equation (Eg,), we get
that the geometric condition (1.3) is necessary and sufficient to obtain a positive result
of approximate null-controllability with uniform cost for the fractional heat equation from
moving control supports in a high diffusion setting, that is, for the evolution equation posed
on R™ and associated with the operator (—A)*, in the regime s > 1/2. This generalizes in
particular our previous result [4, Example 2.8|.

Notations. The following notations and conventions will be used all over this work:

1. The canonical Euclidean scalar product of R™ is denoted by - and | - | stands for the
associated canonical Euclidean norm.
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2. For all measurable subset w C R", the inner product of L?(w) is defined by

(u,v) 12 () :/u(az)v(:c) dz, wu,ve L*(w),

while || - [|12(,) stands for the associated norm.
3. For all function u € & (R"), the Fourier transform of u is denoted @ or # u and is defined

by
60 = Fu)(©) = [ e ulw)ds, R

With this convention, Plancherel’s theorem states that
Vu e L*(R"), |[Allz2@ey = (2m)"2[|ull 2 (gny.

4. We denote by V, the gradient and we set D, = —iV,.
. For all measurable subset w C R"”, 1., denotes the characteristic function of w.

ot

6. Given some 7 > 0, the notation V,. stands for the volume of a Euclidean ball of radius
r in R™ with respect to the Lebesgue measure, which is denoted Leb.

2. STATEMENT OF THE MAIN RESULTS

This section is devoted to present in details the main results contained in this work.
Before stating those results, given some positive time 7" > 0, let us define the different
concepts related to the control system we are interested in:

(i) A moving control support on [0,T] is a family (w(t)).c(o,r) of subsets of R™ such that

the map (¢,z) € [0,T] x R™ = 1, (x) is measurable.

(#4) The control system (Ey,) is said to be ezactly null-controllable in time T' from the

moving control support (w(t))efo,r) when for all fo € L*(R"), there exists a control
h € L*((0,T) x R™) such that the mild solution of (Eq,) satisfies f(T,-) = 0.

(73i) The control system (E(,) is said to be approzimately null-controllable with uniform
cost in time T" from the moving control support (w(t))secpo,7] if for all € > 0, there
exists a positive constant C. 7 > 0 such that for all fy € L?(R™), there exists a
control h € L%((0,T) x R™) such that the mild solution of (E),) satisfies

1£ (T, M z2wny < ellfoll L2 mny,

with moreover

T
/0 1A (s T2 (ogeyy At < Cerll foll72 ny:

We define similarly the notions of exact null-controllability and approximate null-
controllability with uniform cost for the equation (Fp) in time 7' > 0 from a fixed control
support w C R"™.

2.1. Non-autonomous diffusive evolution equations. We are first interested in study-
ing the cost-uniform approximate null-controllability of the evolution equation (Ey,) in a
diffusive setting. Precisely, fixing some positive time T' > 0, we assume that the following
ellipticity condition holds for the family of time-dependent matrices (Q¢)ier: there exist a
positive integer k£ > 1 and a positive constant c¢r € (0,1) such that for all ¢ € [0,7] and
£ e R,

T
(Ar) /t Qué - Eds > er(T — D)F|e].

The main result contained in this work is the following
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Theorem 2.1. Let (Q¢)er be a family of real symmetric n x n matrices depending analyt-
ically on the time variable t € R, and T > 0 be a positive time. Assume that the ellipticity
condition (Ar) holds. Then, for all moving control support (w(t))icpo,1], the diffusive equa-
tion (Eq,) is cost-uniformly approzimately null-controllable in time T' from (w(t)):cjo.1) if
and only if there exist a radius v > 0 and a rate v € (0,1] such that

1 (7
(2.1) vV € R", T / Leb (w(t) N B(z,r)) dt > V.
0

Remark 2.2. The above geometric condition (2.1) has already been considered in the
work |7] where a more general class of equations associated with non-autonomous Ornstein-
Uhlenbeck operators is studied, which takes the form

atf(tax) + Ptf(tax) = h(tax)lw(t) (x)a (t,:ﬂ) € (O’T] X Rn,
f(oa ) = fO € LQ(Rn)a
where the time-dependent operator P; is given by

Pt = Qth . Dm + BtCE . Vm, x € R™.

(EBth)

In the present work, we took the decision to consider only the equations (Eq, ), since our
main objective is to obtain a positive cost-uniform approximate null-controllability result
for the hypoelliptic Ornstein-Uhlenbeck equations (Ep), whose study can be deduced from
the one of (Eq,) for the particular matrices (); defined by (2.3). However, the strategy
implemented in this paper can be easily adapted to deal with the equations (Eg, ¢,). By
the way, notice that those matrices (2.3) turn out to be analytic with respect to the time
variable ¢ € R. This is the reason why we made the same assumption in Theorem 2.1. In
fact, this regularity condition is crucial in the proof of this result, and we do not currently
know how to relax it.

Remark 2.3. It follows from |7, Theorem 1.5| that if the equation (Ep, ,) is exactly
null-controllable on [0, T'] from the moving control support (w(t)).c(o,77, then there exist a
radius r > 0 and a rate v € (0, 1] such that

T
(2.2) vz € R", %/ Leb (R0, T — tw(t) N Bz, ) dt > AV,
0

where R stands for the resolvent of the following time-varying linear system

X(t) = Bp_4X(t), te]0,T].

The integral thickness condition (2.1) considered in this work corresponds to (2.2) when
the matrices By are all equal to zero. A natural question, asked in [7], is then to wonder if
the condition (2.1) is sufficient to derive exact null-controllability for the equation (Ep,).
This is a very interested point that will not be tackled here, and therefore remains open.
However, we provide a partial answer to the authors of |7] by proving that the integral
thickness condition (2.1) is a necessary and sufficient geometric condition to ensure the
cost-uniform approximate null-controllability of the equation (Ep,).

2.2. Hypoelliptic Ornstein-Uhlenbeck evolution equations. As an application of
Theorem 2.1, we perform the study of the cost-uniform approximate null-controllability
of the hypoelliptic Ornstein-Uhlenbeck equation (EFp). We check in Section 3 that the
study of the equation (Ep) reduces to the one of the equation (Eg,) associated with the
time-dependent matrices @); given for all £ € R by

(2.3) Q) = T-DBQ(T-OBT

and from the moving control support (w(t))iejo,r] With w(t) = e(T=0By, Moreover, we
work in a hypoelliptic setting by assuming that the following Kalman rank condition holds

(2.4) Rank [B | \/é} =n,
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where
[B1V@Q]=[VQ.BVQ,---,B"/Q],

is the n x n? matrix obtained by writing consecutively the columns of the matrices B7/Q.
As a consequence of the seminal work [13], this condition is known to be one of the
characterizations of the hypoellipticity of the operator P, see e.g. the introduction of [3].
In Section 3, we also check that under the Kalman rank condition (2.4), an ellipticity
condition of the form (A7) holds for the matrices @Q; given by (2.3). As a consequence,
we obtain a necessary and sufficient geometric condition on the support control w C R”
that ensures the cost-uniform approximate null-controllability of the hypoelliptic Ornstein-
Uhlenbeck equation (Ep), presented in the following statement.

Corollary 2.4. Let P be the Ornstein-Uhlenbeck operator defined in (1.1). Assume that
the Kalman rank condition (2.4) holds. Then, for all positive time T > 0, the evolution
equation (Ep) is cost-uniformly approximately null-controllable from the control support w
in time T if and only if there exist a radius r > 0 and a rate v € (0,1] such that

T
(2.5) Vr e R", %/ Leb ((eth) N B(m,r)) dt > V.
0

Remark 2.5. Let us recall that a Borel set w C R"” is called thick when there exist a
radius 7 > 0 and a rate v € (0, 1] such that

(2.6) Vo € R", Leb(wnB(z,r)) > V.

As explained in the introduction, the thickness condition is known to be a geometric nec-
essary and sufficient condition to ensure the stabilization and the exact or approximate
null-controllability with uniform cost of a large class of parabolic equations. The above in-
tegral thickness condition (2.5) generalizes the thickness property (2.6) and is well-adapted
for the study of the null-controllability of hypoelliptic evolution equations, as illustrated
in Corollary 2.4. Following the discussion started in Remark 2.2, one could legitimately
wonder if the condition (2.5) allows to obtain positive exact null-controllability results for
the equation (Fp). This is still an interesting open question that will not be tackled in
the present work. However, let us recall from |3, Theorem 1.12| that when w C R"™ is
thick, there exists a positive constant C' > 0 such that for all T > 0 and g € L*(R"), the
following exact observability estimate holds

‘22 <Cexp <L> /THe—tPcog
L2(R™) — T1+2ko 0

where we set P, = P+Tr(B)/2, and where 0 < ky < n—1 is the integer (3.6) intrinsically
linked to the Kalman rank condition (2.4). By the Hilbert Uniqueness Method, this implies
that the equation (Fp) is exactly null-controllable from thick control supports in any
positive time T > 0.

—TPeo

e 9 dt,

2
‘L2 (w)

2.3. Examples. Let us now illustrate Theorem 2.1 and Corollary 2.4 by considering the
same three examples as in the work [7].

The first two examples considered in this work are the Kolmogorov equation (2.7) and the
Kolmogorov equation with an external quadratic force (2.8) in two dimensions, for which
the flows generated by the matrix B are respectively translations and rotations. Consider-
ing cones as control supports and using the fact that the integral thickness condition (2.5) is
necessary to obtain positive exact null-controllability results for these two evolution equa-
tions, the authors of 7] exhibit a minimal time T > 0 for which the equations (2.7) and
(2.8) are not exactly null-controllable in [0,7] whenever 0 < T < T. However, they can
not conclude that these particular equations are exactly null-controllable on [0, 7] when
T > Ty. In the present paper, we give a partial answer by proving that these equations
are cost-uniformly approximately null-controllable on [0, 7] under the condition T > Tj.
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Example 2.6 (Translation). We consider the Kolmogorov equation
27) (0 — 0% +v0,) f(t,z,v) = h(t,z,v)1,(z,v), (t,2,v) € (0,+00) x R?
' £(0,) = fo € LX(R?).

This is the equation (Ep) associated with the matrices

Q:<8 (1)> and B:<8 é)

Notice that the Kalman rank condition (2.4) holds, and that the flow associated with the
matrix B is composed of translations given by

1 ¢
tB __
VE>0, e _<0 1>.

Let 0 < 6y < 7/2 be an angle and wy, C R? be the following cone
wy, = {(z,az) € R? : —tanby < a < tanfy}.

It follows from |7, Proposition 2.3] that wy, satisfies the integral thickness condition (2.5)
associated with the above matrix B if and only if T" > 2/tan#fy, and so the equation
(2.7) is not exactly null-controllable from wg, when T' < 2/tan 6. However, we deduce
from Corollary 2.4 that for all positive time T > 0, the Kolmogorov equation (2.7) is cost-
uniformly approximately null-controllable from the control support wg, in time 7" if and
only if 7> 2/ tan 6.

Example 2.7 (Rotation). Let us now consider the Kolmogorov equation with external
force

(28) { (0 — 0% + 00, — 20,) f(t,z,v) = h(t,z,v)1,(z,v), (t,2,v) € (0,+00) x R%
£0,7) = fo € L*(R?).

This is the equation (Ep) associated with the matrices

Q=<8 (1)> and B:<_01 é)

Notice that the Kalman rank condition (2.4) holds, and that the flow associated with the
matrix B is composed of rotations given by

t sint
S tB _ [ cos .
V>0, e <— sint cost

Let 0 < 6y < /4 be an angle and wg, C R? be the following cone
wg, = {(z,az) ER?: 0 < a < tanfy}.

As proven in |7, Proposition 2.4], the set wy, satisfies the geometric condition (2.5) asso-
ciated with the matrix B when T > 7w — 6, and does not in the case T < m — 0y. As a
consequence, the equation (2.8) is not exactly null-controllable from wy, when 7' < 7 — 6.
Let us check that wg, also fails to satisfy this geometric condition when T' = m — 6. First
of all, notice that for all 0 < ¢t < 7 — 6, the set e'Pwy, is the cone wy, rotated with angle
—t. It follows that for all 0 <t < F,

(2.9) eBug, N {(z,az) € R? : tan(fy — t) < af =0,
and for all § <t <7 — 6,
(2.10) eBug, N {(z,az) € R*:0 < a < tan(r —t)} = 0.

Let 0 <t <m—0and r > 0. We deduce from (2.9) and (2.10) that for n > 1 sufficiently
large, we have

(e'Pwgy) N B((n,ntanby),r) = 0.
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This implies, by Lebesgue’s dominated convergence theorem, that

T—0g
li Leb ((e'? B tan 0 dt = 0.
n~1>IJIrloo 0 © ((6 (Ugo) N ((TL,TL an (]),’I")) 0
As we claimed, the set wp, therefore fails to satisfy the geometric condition (2.5) associated
with the matrix B when T'= 7 — 6. Corollary 2.4 then implies that for all positive time
T > 0, the Kolmogorov equation with quadratic external force (2.8) is cost-uniformly
approximately null-controllable from the control support wy, in time 7" if and only if 7" >
mw — (90.

The last example considered in |7] deals with the heat equation in one dimension with a
dilating moving control support which has the particularity to be constituted of non-thick
subsets of R™, but which satisfies the integral thickness condition (2.1) for any positive
time T > 0. As before, the question stated by the authors of [7] is to know whether this
equation is exactly null-controllable or not. As in the two first examples, we give a partial
answer by checking that this equation is cost-uniformly approximately null-controllable in
any positive time 7" > 0 (there is no minimal time there).

Example 2.8 (Dilatation). In this last example, we consider the heat equation in dimen-
sion 1 with a moving control support

{ (825 - 8§)f(t,$) = h(t’x)lw(t) (x)’ (t’x) € (0’ +OO) xR,
f(0,-) = fo € L*(R),

where, setting > 0 a positive real number, the Borel subsets w(t) C R are defined for all
t >0 by

(2.11)

wt)=+v14+2utw, w=][-1,1JU U (n?,n?® +n)U (—n* —n, —n?).

n>1

This is of course the equation (E(g,) when Q; = 1 for all t > 0, and the ellipticity condition
(A7) is satisfied for all T > 0. It is proven in |7, Subsection 2.5| that for all ¢ > 0, the
set w(t) is not thick, and also in Proposition 2.5 of the same work that for all 7" > 0,
the moving control support (w(t))ejo,r) satisfies the integral thickness condition (2.1).
Theorem 2.1 therefore implies that the heat equation (2.11) is cost-uniformly approximately
null-controllable from the moving control support (w(t)).c(o,r) in any positive time 7" > 0.
Notice that as a consequence of Proposition 2.9, stated in the next paragraph, the same
result holds for the equation (2.11) where —0? is replaced by the fractional Laplacian
(—0%)%, with s > 1/2 a positive real number.

2.4. Heuristics. Let us now present the strategy of the proof of Theorem 2.1. The key
step consists in using the fact that the cost-uniform approximate null-controllability of the
equation (Eg,) in time 7" > 0 is equivalent to the following weak observability estimate,
see Corollary 7.2 in the appendix

(2.12) Ve € (0,1),3C. 1 > 0,Vg € L*(R"),

T
[T(T, 0)g]| 2 ey < CE’T/O (T, )91z 0y A + €l

where the Fourier multiplier U (T, t) is given by

(2.13) U(T,t) = exp ( - /tT QsD, - D, ds>.

On the one hand, by propagating a Gaussian function in this observability estimate, we
check in Section 4 that the geometric condition (2.1) is necessary to obtain a positive
cost-uniform approximate null-controllability result for the equation (Eg,).

In order to prove that this geometric condition is also sufficient, we adapt the strategy
used in [4, Subsection 5.2] where the authors proved that the thickness property (2.6)
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is a necessary and sufficient condition that ensures the cost-uniform approximate null-
controllability for a large class of parabolic equations. In the present work, we begin by
noticing that the geometric condition (2.1) implies that the set Q C [0,7,] x R™ defined as
follows

Q= {(t,m) €0, T, xR":x € w(t)}7

is a thick subset of [0,7,] x R", with T, = (1 — v/2)T" and where the rate v € (0,1] is
the one appearing in (2.1). Notice that we have to get strictly far from the final time 7" in
order to avoid blow-up phenomena. This is the precise reason why we can use the same
strategy as in the work [4]. First, we need to establish smoothing estimates in the time
and space variables of the following form, by using the ellipticity condition (Ar),

5 (2m+lal)
) mi Val gl 2z

@14) [ UT )] g < it <T T

with Cr = max(1,T)sr/cr, er € (0,1) and k& > 1 being the ones involved in (A7), and
st > 1 being a positive constant related to the analyticity property of the family (Q¢)ier
on (—T,T). These estimates are obtained in Section 5. Notice that when we work with
the thickness condition (2.6), which does not depend on time, as in the work [4], we only
have to consider the smoothing properties in space of the evolution equation at play. Then,
by using the above estimates and elements of harmonic analysis, and more precisely the
unique continuation property stated in Proposition 6.2, coming essentially from the second
author’s work [23], we obtain the following quantitative unique continuation property in

Section 6:
TA/ Kn 9 _ K,C TA/
100l ey < (B2 0T 00l g+ el

where the positive constant K, > 0 only depends on the dimension n, and where the other
positive constant C' = C; 5,7 > 0 is given by

C%k 7"26’% KnCéi r2C§?
C= <1 —log(er™) + log (1 + 20 ) + 7ka)) exp <7ka1> + SFTE’

where 7 > 0 is the radius appearing in (2.1). The weak observability estimate (2.12) is
then deduced from a monotonicity argument.

Notice that our strategy can be adapted to deal with other equations than the one
studied in the present work, and in particular fractional diffusive models. Indeed, let us
consider s > 0 a positive real number and the following associated fractional heat equation
posed on the whole Euclidean space

() Opf(t,x) + (A f(t,x) = h(t, 2) 1y (z),  (t,2) € (0,T] xR,
’ £(0.) = fo € LAR™),

where T' > 0 is a final time and (w(t))¢c[o,7] is @ moving control support. By passing to the
Fourier side and using the same estimates as in Section 5, one can easily check that there
exists a positive constant ¢ > 0 such that for all m >0, « € N*, ¢t > 0 and g € L*(R"),

m+|af

1
tm+m m! (a!)2s [|g]|p2(mn)-
2s

C

Haﬁaﬁ(e_t(_wsg)HL?(Rn) <

As a consequence, by assuming that s > 1/2 and using Proposition 6.2 when s > 1/2,
Proposition 7.3 when s = 1/2; and the same steps as in Section 6, one can obtain an
uncertainty principle of the form (2.12) for the semigroup generated by the fractional
Laplacian (—A)®, and therefore conclude to the following proposition (the necessary part
follows exactly the same steps as in Section 4)
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Proposition 2.9. Let s > 1/2 be a positive real number. For all positive time T >
0 and all moving control support (w(t))ejo,r), the fractional heat equation (Es) is cost-
uniformly approximately null-controllable in time T from (w(t))icpo,r) if and only if the
integral thickness condition (2.1) holds.

More generally, the authors conjecture that Theorem 2.1 could be extended to the more
general class of fractional diffusive equations, where s > 1/2 is a positive real number,

Ouf(t,2) + (Qie Dz - Dg)* f(t,2) = h(t, x)1y4) (x), te€[0,T], x€R",
£0,) = fo € L*(R™).
This would extend Corollary 2.4 for the class of hypoelliptic fractional Ornstein-Uhlenbeck
operators
(@D, - D,)°+ Bx-V,, z€&R"

However, the strategy implemented in the present paper does not allow to treat this general
class of equations, since we can not obtain the smoothing estimates (2.14) in the fractional
setting (except for the fractional heat equations as explained, or when s € N* is a positive

integer), due to the fact that a priori, there is a lack of regularity with respect to the time
variable ¢ € [0,T) for the associated fractional Fourier multipliers

vt = (- | (@D, Dy ).

3. FROM THE HYPOELLIPTIC ORNSTEIN-UHLENBECK EQUATIONS TO
NON-AUTONOMOUS DIFFUSIVE EQUATIONS

Let P be the Ornstein-Uhlenbeck operator defined in (1.1). This section is devoted to
check that that the study of the cost-uniform approximate null-controllability of the equa-
tion (Ep) can be deduced from the study of a specific time-dependent diffusive equation
(Eg,). The strategy is to use the interpretation of the cost-uniform approximate null-
controllability in terms of weak observability estimate. In the following, we consider the
maximal realization of the operator P on L?(R™), that is, the operator P is equipped with
the domain

D(P) = {ue L*R"): Pue L*(R")}.

First of all, we deduce from the change of unknown f(t,z) = e "(B)/2f(¢ x) that the
cost-uniformly approximate null-controllability of the equation (Ep) is equivalent to the
one of the equation

{ O f(t,z) + Poof(t,x) = h(t,z)1,(x), (t,z) € (0,+00) x R™,
f(0,) = fo € L*(R™),

where the operator P,, is given by

(Ep.,)

1
PcoZQDxDx‘i‘Bl'vx—i-iTr(B), .%'GR”

It follows from Proposition 6 in 28] that the equation (Ep,, ) is cost-uniformly approxi-
mately null-controllable from the control support w C R” in time 7" > 0 if and only if for
all € € (0,1), there exists a positive constant C. 7 > 0 such that for all g € L*(R"),

T
oy < Ceir [ e g
0

where P stands for the adjoint of the operator P., in L2(R"). The first author proved in
collaboration with J. Bernier in [3, Corollary 2.2] that this adjoint is given by

1
F/,=QD; Dy~ Bz -V, — 3 Te(B), z€R",

(3.1) HefTPC’Bg

2
‘LQ(UJ) dt + 6”9”%2(]&”)5

with domain
D(Py) ={ue L*R"): Phue L*(R")}.
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—tPr,

Moreover, in the same work [3, Theorem 1.1], we proved that the evolution operators e
are given by the following explicit formulas for all ¢ > 0,

(3.2) e Pl — e3P exp ( / |VQe=*F" D, [* ds ) BV,
By using that for all u € L2(R"),

(3.3)  eBVey = u(e!P.), and therefore, F(e!P7Vey) =~ TBIG () (e 1B ),

where ¥ denotes the Fourier transform, and a change of variable in time in the integral,
we deduce that for all £ € R™,

g(e_tpc*f)u)(é) — e%Tﬁr(B)t exp < B /t |\/@e_SBT§‘2 d8> e—Tr(B)tgj(u)(e—tBTé_)
= exp( / |\/7683T 7tBT£| ds>e 9( )(e 7tBT£)
_ e%Tr(B)t o~ Tr(B)tg <eXp ( . / |\/@eSBTDx‘2 ds) u) (eftBTé_)
0
1 t T
— 3 Tt(Blt g (etB”C'V’C exp < - / ‘\/@eSB D${2 ds)u) &)
0

As a consequence, formula (3.2) can be rewritten in the following way

t
(34) —tP;O _ e% (B)teth-Vx exp < _ / ‘\/@esBTD$|2 d8>
0

It is this representation that will be useful for us in the present work. Let us plug the
formula (3.4) into the weak observability estimate (3.1). On the one hand, by using the first
equality in (3.3), we deduce from successive changes of variables that for all g € L?(R"),
T * T 1
/ H tPCOg / o3 Tx(B)t thVzexp( /|\/QSBD| ds) ‘ di
0 0 L2(w)

T
:/ exp< / ‘\/@ sBY D, ‘ d8> dt
0 L2(etBuw)
T T—t T 9
= / exp < — / ‘\/@e‘SB Dx‘ ds>g dt
0 0 L2(e(T_t)Bw)
T T
= / exp < — / {\/@e(T_S)B Dl«{2 ds>g dt.
0 t L2(e(T=1)By)

T
:/0 HU(Tvt)QHi%w(t)) dt,

where we set w(t) = eT"9By and where the Fourier multipliers U(T,t) are the ones
defined in (2.13) and associated with the matrices @ given for all ¢ € [0,T] by

(3.5) Q, = e(T—t)BQe(T—t)BT.

On the other hand, since the operators e T"(B)4/2¢tB2Ve are unitary on L2(R™), we get that
for all g € L2(R"),

H -TP;

“g = HU(T’O)QHi2(Rn)'

’LQ(]R")

T 2
exp(—/ ‘\/QGSBTDx‘QdS>g
0

L2(R")
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As a consequence, the weak observability estimate (3.1) can be rewritten in the following
way

T
HU(T, 0)9”%2(]1@) < CE,T/O HU(T, t)gHig(w(t)) dt + EHQH%Q(Rn)a

and Corollary 7.2 implies that the cost-uniform approximate null-controllability of the
Ornstein-Uhlenbeck equation (FEp) is equivalent to the cost-uniform approximate null-
controllability of the following non-autonomous equation

atf(tax) + QtDm : D:Bf(tax) = h(t’x)lw(t) ('I)’ t> Oa T € Rn,
£(0,-) = fo € L*R").

It now only remains to check that the Kalman rank condition (2.4) implies the ellipticity
condition (A7) for the above matrices ;. To that end, let us introduce the vector space

S C R” defined by
+oo
S = ﬂ Ker (\/Q(BT)j).
=0

On the one hand, it can be checked, see e.g. [3, Lemma 6.1], that the Kalman rank
condition (2.4) is equivalent to the fact that S is reduced to {0}. Moreover, it follows from
[2, Proposition 4.2| that there exist some positive constants ¢y € (0,1) and Ty > 0 such
that for all T' € [0, Tp] and & € R”,

T ko
/0 ‘\/QGSBTé-‘QdS > COZT2J+1‘\/Q(BT)J‘£|2,
k=0

where the integer 0 < kg < n — 1 is defined by

k
(3.6) ko = min {k >0:5=) Ker(\/@(BT)J’)}.

J=0

Notice that the fact that 0 < kg < n — 1 is a consequence of Cayley-Hamilton’s theorem.
Therefore, when the Kalman rank condition (2.4) holds, or equivalently, when the vector
space S is reduced to {0}, there exists another positive constant ¢; € (0,1) such that for
all T € [0,Tp] and & € R™,

T T
(3.7) / |\/@€SB 5‘2 ds > ¢ T?Fo+1|e)2,
0

Let us now consider 7" > 0 and t € [0,7]. When 0 < T — t < T, then the estimate (3.7)
holds at time 7' — ¢. In the situation where T'— ¢t > Tj, we deduce from (3.7) that

T—t T 9 To T 19 T(] 2ko+1
/ V@B e| dsz/ V@B | dszclT()Qko—i—l’SFch(?) (T—t)2ko g2,
0 0

Setting cr = ¢y min(1, (Tp/T)**0+1) € (0,1), we therefore obtain that for all T > 0 and
t€10,77,

T—t
/ V@B e ds > en(T — 1)+ e[
0

Performing the change of variable s’ = T' — s in the integral and using the definition (3.5)
of the matrices @y, we therefore deduce that the ellipticity condition (A7) holds for the
family (Q¢)ier with k = 2kg + 1 > 1 (which is uniform with respect to T > 0).
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4. NECESSARY CONDITION FOR APPROXIMATE NULL-CONTROLLABILITY FROM MOVING
CONTROL SUPPORTS

This section is devoted to the proof of the reciprocal part of Theorem 2.1, which provides
a necessary geometric condition on the moving control support (w(t))ieo,r] so that the
time-dependent diffusive equation (Ey),) is cost-uniformly approximately null-controllable
in time 7' > 0 from (w(t)).e[o,7]- Notice that we do not make any assumption of regularity
in time for the family (Q¢):cr, and we do not assume that the ellipticity assumption (A7)
holds. Precisely, we will establish the following

Theorem 4.1. Let T > 0 and (w(t))ejo,r) be a moving control support. If the evo-
lution equation (Eq,) is cost-uniformly approximately null-controllable in time T from
(w(t))ie(o,1), then there exist a radius r > 0 and a rate v € (0,1] so that

1 T
Yz € R™, ?/ Leb (w(t) N B(z, 7)) dt > AV,
0

Proof. According to Corollary 7.2, assuming that the equation (E(,) is cost-uniformly
approximately null-controllable in time T" from (w(t)).e[o,r) is equivalent to assuming that
for all € € (0,1), there exists a positive constant C. 7 > 0 such that for all g € L*(R"),

T
(4.1) 1T(T,0)g][ 72 gy < Cer /0 [T(T, )91 2 o U + €llg 132 ny

where U(T,t) denotes the Fourier multiplier (2.13). The strategy, which is very classical,
consists in applying this observability estimate for well-chosen functions g € L?(R"). In
the following, we fix € € (0,1) and we consider the associated positive constant C. 7 > 0.
Also fixing o € R™ and considering [ > 1 whose value will be adjusted later, we define
the Gaussian function g; defined by

1 _ 2
Ve e R", gi(z) = —exp <M>

" 212
Classical results concerning Fourier transform of Gaussian functions show that
n ~ n/2 . l2‘§’2
(12) VEER, Gi(€) = (2m)2exp ( —imo £~ o).

In the following, we will use the notation

t
K(t7t07§):exp<_ Q855d8>
to

On the one hand, it follows from Plancherel’s theorem that the left-hand side of the in-
equality (4.1) applied to the functions g; is a positive constant independent on the point
xg, denoted §; > 0 in the following and given by

(4.3) o = HU(T’ O)Ql Hi?(Rn) — / ‘e—ixo-ﬁK(T’ 0, 5)6—12\5\2/2‘2 d§
]Rn

1

= | KT 0,¢/)e1EF 22 ae > 0.
Rn

On the other hand, we get that the L?-norm of the function g; also does not depend on
the point ¢ € R™ and is given by the following Gaussian integral

n/2

(1.49) losgery = 37 [ ¢ da = () /

. 1 LQ(R") lQn l2 .
Rn

Let us check that the large positive parameter [ > 1 can be adjusted so that ¢; —
aHng%Q(Rn) > 0, that is, by (4.3) and (4.4),

(4.5) / |K(T,0,¢/0)e 722 ae > en™/?,
R’VL
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Since the function K (T, 0,-) is bounded and continuous, the dominated convergence theo-
rem together with the fact that € € (0,1) and K(7,0,0) = 1 implies that

Jm [ |K(T,0,¢/De “I67/2)% ag = K(T,0,0) / lelePr2]? g

= K(T,0,0)27"/? > ex/?,

The parameter [ > 1 can therefore be adjusted so that (4.5) holds. The value of [ > 1 is
now fixed. We therefore deduce from (4.1) and (4.5) that

(4.6) M < Ce,T/ |U(T, 1) ngL%u (1 b

with
My = 8 — el gull72(ny > 0.

Moreover, by introducing 976_1 the partial inverse Fourier transform with respect to the
variable £ € R™ and using (4.2), the right-hand side of this inequality (up to the constant
Ce,r) writes

T
/ T )|y At = (2 )"/ / )\gg(ixO'ﬁK(T,t,g)e1252/2)(x)\2dxdt

(2m)" / / K(T,t,&)e e 12\ (z — x0) ‘ dz dt

) —1?l¢]?/2 2 .
(2 / /t) . K(T,t,&)e )(z)|” dwdt

Given r > ( a positive radius whose value will be chosen later, we split the previous integral
in two parts and obtain the following estimate:

T
(47) /0 HU(Ta t)ngiQ(w(t)) dt

T
n — _21£12 2
< (2m) / / | T (K (T t,€)e ™ f2) ()] dar it
0 (w(t)—z0)NB(0,r)

+ (2m)" //x> K(T,t,6)e 12 (2))* dz at.

Now, we study one by one the two integrals appearing in the right-hand side of (4.7). First,
notice that for all 0 <t < T,

|F (K (T8, €)e e S [T 62

2 HL"O(R”) = (2 )n

< HG_IQK‘Q/QHU(R )

(2m)n

)
- <271r>n (2%)/

It therefore follows from the invariance by translation of the Lebesgue measure that

(48) (27)" / / T (T, 1, €)e I 2) (@) da dt
—x0)NB(0,r)

T

<z2_ "L ((wl0) - 0) 1 B(0.7) dt= [ Leb (w(t) 1 Blao.)
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In order to control the second integral, we use the dominated convergence theorem which
justifies the following convergence

_12¢2 2
K(T,t,&)e 2y @) dzdt — 0,
/ /x>r ‘ r—+00
since
— _72|¢12
F K (T t,9)e %) e L2([0,T] x R).
Thus, we can choose the radius » > 1 large enough so that
M,
(4.9) (2m)" 6T/ / K(T,t,&)e _l2|§|2/2)(x)‘2dxdt <=t
|z|>r 2
Gathering (4.6), (4.7 ) and (4.9), we obtain the following expected estimate
M 1 [T
Vzo € R", - < lz_"/o Leb (w(t) N B(zg,r)) dt.
This ends the proof of Theorem 4.1. O

5. SMOOTHING PROPERTIES IN TIME AND SPACE

In order to prove that when that ellipticity condition (A7) holds for some positive time
T > 0 and that the moving control support (w(t)):c(o,r) satisfies the geometric condition
(2.1), then the evolution equation (Eq,) is cost-uniformly approximately null-controllable
in time 7', we need to study the regularity in time and space of the solutions of the adjoint
system of (E(,), which is the retrograde equation given by

8tg(7f,$) - QtD:v : Dmg(t,$) = 0’ (t’x) € [O’T) X Rn,
g(T,-) = go € L*(R™).

Precisely, in this section, still using the notation U(T,t) to denote the Fourier multiplier
(2.13), we prove the following

Theorem 5.1. Let T > 0 be a positive time. Assume that the ellipticity condition (A7)
holds and that the matrices Q¢ depend analytically on the time variable t € R. Then, there
exists a positive constant cg > 1 not depending on the time T such that for all m > 0,
aeN', 0<t<T and g € L*>(R"),

m ao m+|af max(l’T)ST %(2m+‘a|)
(5.1) || 3x(U(T,t)g)HL2(Rn) < ¢ <m) m! Val ||g]lz2 @,
where c¢p € (0,1) and k > 1 are the ones appearing in (Ar), and sp > 1 is a positive
constant related to the analyticity property of the family (Q¢)ier on (=T,T).

The rest of this section is devoted to the proof of this result. We first use Plancherel’s
theorem to get that

(5.2) |omae (U (Tt = (2m) "2 ||¢ o (e M

z/tTQSE-Eds-

Now, we therefore have to estimate the time-derivatives of the function expo(—A;). To
that end, we shall use Faa di Bruno’s formula in one variable, see e.g. Formula (4.3.2)
page 304 in [20], whose statement is the following: Given U, V, W C R some open sets, and
f:U—=V, g:V —= W some smooth functions, we have that for all integer m >0,

o £)(m) glattm) o f

L1420+ +mlpm=m

)9)]| 2 (R™) ©) )9 2 (Rn)’

where we set
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We get from Faa di Bruno’s formula that for all t > 0, £ € R™ and m > 1,

(e~ M@y 1 1 (0 (=A()\Y
t(em! ):eAt(f) Z T |H<t( ..t( ))>

I 4202+ +mlym=m Ci=1
m
A >y S (
L]
l1+2l++mlypm=m 1 Jj=1

Moreover, the matrices (); are assumed to depend analytically on the time-variable ¢ € R,
so there exists a positive constant sy > 1 such that for all ¢t € (=7,7") and m > 0,

Q|| < sktmml,
107" Q|| < s7

where || - || stands for the norm induced by the canonical Euclidean norm on R"™. As a
consequence of this estimate, we obtain that for all 0 <t < T, & € R™ and m > 1,

ope @) j—lwsﬁ
tem! ‘SGA(O > |H< )

l1+2l2++mlpm=m h!

_ o Ail®) 3

li42la+-+mly=m

(5.4)

l142l2+--+ml 2
STI 2 mhm g (lit+lm)

10yl miml,,!

‘é"2(ll+"'+lm)

— m,—Ai(E) Z
sT€ 10,0 miml, |
142024 +mlpm=m

In order to estimate the above sum, we shall use the following lemma, which is quite a
straightforward consequence of Faa di Bruno’s formula.

Lemma 5.2. We have that for all non-negative real number a > 0,

al1++lm

1 m—
(5.5) Z Wl mbnl, | ml H a+j)-

L1420+ +mlpm=m

Proof. Let a > 0 be a fixed non-negative real number. We consider the function
F:ze(-1,1) —» —aln(l —z).

The strategy to establish the formula (5.5) is to compute the derivatives of the function
expol’ at 0 with two different methods. On the one hand, we have that this function is
given by

Vae (=1,1), (expoF)(x) = (1?“”2 ( >m7

where

(_a> _ —a(-a-1)-(~a—(m—-1)) _ (—1)mmH(a+j).

m m)! m!

We therefore deduce that

m—
Ym > 1, (expoF H a+j).

On the other hand, let us recall that the derivatives of the function F' are given by
vi>1, FU(0)=a(j—1).
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As a consequence of this formula and (5.3), we get that for all m > 1,

(expoF)™(0) Z el <F(j)(0)>lj

m! N Il 1,!
l142l2+Fmlm=m Jj=1

S ()

l1+212+---+mlm:m

al1+"'+lm

li+42lo+Amly=m
This ends the proof of Lemma 5.2. O

Resuming the proof of (5.1), we deduce from (5.4), Lemma 5.2 and the following classical
convexity inequality
VN >1,Ya,b>0, (a+0b)" <2V "1 +b"V),
that forallm > 1,0 <t < T and £ € R",

m—1

|lg[la (e M| < spgflele= 2O TT (1€ + 5) < s1€l e 2O (€] + m)™
§=0

< 2L (g + g eleA

There are now two terms to consider. In order to control them, we will use two easy
estimates. The first, which comes from a straightforward study of function, states that

. » p/q
Vp,q > 0,Vx >0, zPe™ < <—> .
ecq
The second one is a consequence of the log-convexity of the function x > 0 — a*:

(z+y)/2
Va,y >0, (?) < g®2yu/2,

As a consequence of the ellipticity condition (A7) and the above two estimates, we therefore
have that for all N >0, a e N*, 0 <t < T and £ € R",

g[2VHlal = An(©) < |¢[2NHal mer(T—0IER < ( 2N + |af

(2N+lal)/2
2ecr (T — t)k>

(2N)Naf*/2
= (ecp(T — t)k)(@N+|al)/2’
where ¢p € (0,1) is the constant appearing in (A7). Moreover, since m™ < e™m! and

laf! < nl*la! (consequence of the definition of the exponential function and generalized
Newton’s formula), we obtain that for all m >0, « € N, 0 < ¢ < T and £ € R",

m| - lal/2 m|a|la\/2
\a|am —A¢(§) < 9m— 1 m ( ) |a| gm—1.m m
€107 (e )| T (eer (T — £)F)@m1al /2 + T (eer(T — t)k)lal2

(2e)™m!(en)el/2\/al 1 emml(en)l/2y/al
F leer@— @z T2 o= el

There are now two cases to consider. First, when 0 < T — ¢ < 1, we obtain the following

bound

<2m1

m (6%
JmHal gn

ol g (AL (€)y] < 1 ST ' vVal
H§’ at (e )| = cg?m—i_la‘)/z(T_t)%(Qm-f—‘aD m: (X.7




APPROXIMATE NULL-CONTROLLABILITY FOR THE ORNSTEIN-UHLENBECK EQUATIONS 17

where ¢; > 0 is a positive constant only depending on ¢, cp,e and n. In the other case
where T' — ¢t > 1, we use the fact that

1 (T — t)@mta) TE@mtlal)
T —t)2¢

< )
(T — ¢)2C@mtleD) = (7 _ 4)52m+al)

which implies that

k
m+|a 1,T 5 (2m+|al) gm
Hg“a‘a?(e_&(g)){ < G el zmaX( ,2 - % A Val,
ngmﬂal)/ (T — t)§(2m+|04\)

where co > 0 is another positive constant only depending on c, cy,e and n. These two
estimates on [£[1%19/™ (e=4+(€)) combined with (5.2), Plancherel’s theorem and the fact that
cr € (0,1), sp > 1 imply that (5.1) holds. This ends the proof of Theorem 5.1.

6. SUFFICIENT CONDITION FOR APPROXIMATE NULL-CONTROLLABILITY WITH
UNIFORM COST

This section is devoted to the proof of the direct implication in Theorem 2.1. Anew, we
keep using the notation U (T, t) to denote the Fourier multiplier (2.13). Precisely, we aim
at establishing the following quantitative unique continuation property:

Theorem 6.1. Let T > 0 be a positive time and (w(t))ico,1) be a moving control support
satisfying the following integral thickness condition:

1 /T
(6.1) Iy € (0,1],3r > 0,Vx € R", ?/ Leb (w(t) N B(m,r)) dt > V.
0
When the ellipticity condition (Ar) holds and that the matrices Q¢ depend analytically on

the time variable t € R, there exist some positive constants C, > 0 and K, > 0 only
depending on the dimension n such that for all 0 < ¢ < g9 and g € L*(R"),

T, )
[ 100l <

where we set

_(1_7 _ "
(6.2) T7_<1 2)T and g = Cuy [ 152,

and where the constant C' = Cy ., 7 > 0 is given by

n C%k 7’205“; KnC’% 7’205“;
(6.3) C= (1 —log(er™) + log <1 + BT + 7ka)) exp <7ka1> + SRR

Kn 2—7 KnC Ty )
%) /0HU(T,t)gHLQ(w(t))dt+aug”§2(m7

with Cp = max(1,T)sy/cr, er € (0,1) and k > 1 being the ones involved in (Ar), and
st > 1 being a positive constant related to the analyticity property of the family (Q¢)ier on
(=T.,7).

Before proving Theorem 6.1, let us check that the direct implication in Theorem 2.1 is a
consequence of this result. Recall from Corollary 7.2 that proving that the equation (Ep,) is
cost-uniformly approximately null-controllable from any moving control support satisfying
the geometric condition (6.1), when the ellipticity condition (A7) holds, is equivalent
to obtaining a weak observability estimate of the following form for all ¢ € (0,1) and
g € L*(R"),

T
1T(T,0)g][ 72y < Cer /0 10T, )11 2 oy U + <llg 172 eny.
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In fact, such an inequality is an immediate consequence of Theorem 6.1, since the norm
|U(T,t)gl|12®ny is increasing with respect to ¢, which provides that

1

2 Ty 2
00000 = 7 [ 0T 00l

<L TWHUTt [t
— T’y 0 ( ) )g LQ(R")

1 Kn(2 - ’Y) KnC T, 9 c )
Se\l—=— U(T,t dt + — .
>~ T’Y < f)/ > /0 H ( ) )gHL2(w(t)) + Tﬂ/ Hg”L2(R )

Instrumental in the proof of Theorem 6.1 are the following quantitative unique contin-
uation estimates, whose proof is postponed in the Subsection 7.2 of the appendix.

Proposition 6.2. Let A, B > 1 be positive constants, n € N* be a dimension, 0 < t <1
be a rate, 0 < s < 1 be a positive real number and 0 < v < 1 be another rate. We also
consider E C (—1,1)x B(0,1) C R™ a measurable subset such that Leb E > 2yV;. Then,
there exists a constant Ky, > 1 such that for all f € C*((—1,1) x B(0,1)) satisfying

(6.4) £l oo ((=1,1)xBO,1)) =t
and
(6.5) ¥m € N,Yo € N*, 0709 fl| oo ((—1,1)x Bo.1y) < A™ Bl ml (Jal!)?,

the following estimate holds

(6.6) A2 21y B0.1)) <

Ky ) Ko (000Nt BT
113y

~

We can now tackle the proof of Theorem 6.1, which is divided in five steps.

> Step 1: A thick set in time and space. The first step consists in claiming that the
condition (6.1) is a thickness condition for a subset of [0,7] x R™. Before checking this
fact, we notice that

T’Y
(6.7) Vz € R", / Leb (w(t) N B(z,r) dt = 1TV,
0
where we set T, = (1 —v/2)T. Indeed, we deduce from (6.1) that for all z € R",

~T'V, < /T Leb (w(t) N B(z,r)) dt
OTW T
< / Leb (w(t) N B(z,r)) dt + / Leb (w(t) N B(z,r)) dt
oTW T,
g/ Leb (w(t) N B(z, 7)) dt + %TVT.
By now, we consider tile following measurable subset of [0,T,] x R"
0= {(t,x) €[0T, xR":z € w(t)}.
As a consequence of (6.7), we deduce that for all x € R”,
(6.8) Leb (N [0,T,] x B(x,7)) = /OTW Leb (w(t) N Bz, 1) dt > 2TV,

This proves that 2 is a thick subset of [0, 7] x R™.

> Step 2: Definition of good and bad cylinders. The remaining of the proof consists in using
elements of harmonic analysis. In order to divide the set [0, T, ] xR™ into cylinders, we notice
that since the ellipticity condition (A7) holds and the matrices @y depend analytically on
the time variable t € R, we get the following Bernstein estimates from Theorem 5.1: there
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exists a positive constant ¢y > 1 not depending on 7T such that such that for all m > 0,
a € N" and g € L*(R"),

k
20 5 (2m+|al)
T 1 Vv
e |l <_> m! vVa! Hg”p(Rn),

ooz (T, )g) 7

HL%[O,Tﬂan) S
where we set
max(1,T)sp

cr
Indeed, it follows from Theorem 5.1 that we have for all m > 0, a € N*, 0 < ¢t < T and
g € L*(R™),

Cp =

k
m ao m+|e| (max(1,T)sr 3 (2metel) Yot
Hat 81 (U(T, t)g)HLQ(Rn) < Cy Had <ﬁ> m! Val HgHLQ(R")-

By integrating in time, and using that

Ty dt - Ty dt ok(2m+|al)
/0 (T — t)k@mtlal) = /0 (T — T’y)k(2m+\a|) =T, (’YT)MTW)’

we therefore deduce that the Bernstein estimates (6.9) hold.
For 5 € rZ™, let us now define the cylinder C(3) by

C(B) =10,Ty] x B(B,r).
Notice that the family (C'(5))gerzn covers the set [0, T ] x R™:
(6.10) 0.7, xR"= | C(8
perzn

and also satisfies the following intersection property:

V(1 ..., B) € rZ" such that B, # B when 1 <k #1<10, [)C(B) =0.

As a consequence, we have
(6.11) Vo € [0,T,] x R, 1<) logg (@) <9
BerZ

For the remaining of this proof, we fix ¢ € L?(R") and ¢ > 0. A cylinder C(f) is said to
be good if it satisfies that for all m € N and a € N™,
(6.12)

k
3275 vial [ AC 5 (2m+lal)
Ha;fna(ml(U(T’ )g)HLQ(C(B)) < 77 Co o <—7,1?> m! V |a|' HU(T’ ‘)gHLQ(C(B))'

Naturally, a cylinder C'(8) is said to be bad if it is not good, that is, when there exist a
non-negative integer my € N and a multiindex ag € N™ such that

k
3 2T7 notlagl <4CT>2(2mo+|ao)

(6.13) (|0 02 (U(T. )9) || 12(0y) > e T

xmo! V1o |U(T, )9 2 sy

Notice from the covering property (6.10) that
(6.14) HU(T’ ')gHiQ([O,Tw]XR”) S Z HU(T’ ‘)!JHi?(C(m) + bZ HU(T’ ‘)9Hi2(0(5))’
g.c. .C.

where g.c. stands for “good cylinders” and b.c. stands for “bad cylinders”.

> Step 3: Estimates for the bad cylinders. We shall estimate independently the two terms
in the right-hand side of the inequality (6.14). Let us begin with the second one. It follows
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from the definition (6.13) that if C(8) is a bad cylinder, there exist a non-negative integer
mg € N and a multiindex ag € N™ such that

(6.15)
6(,)/1'1)16(27710-‘,—|o¢o|)

18T703(mo+|a0\)(4CT)k(2mo+|ao\)(m0!)2 !

|or o (U(T

2 2
1U(T, )9l 20y < )9 ey

IN

g(WT)k(Qm—l—\aD 9
0y 05 (U(T,-)g) :
megew 18T, 21D (40 yh@metlal) (m1)2 a1 o Iz2co)

By summing over all the bad cylinders and using the fact that a! < |a|!, we obtain from
the Bernstein estimate (6.9), the covering property (6.11) and (6.15) that

(6.16) bz 1T(T, 9] 20,

(,YT)k(QmHaD

< EZ Z 2mtlal)

b.c. meN, aeN™ 18T’Y Co

m Qo 2
(4C7 YK C@m+al) ()2 [0 2= T )92y

e () +2m+al) 2
P> loros@ (T, )9,
2(m+|a T ) L2([0,T,] xR"
2, e menn Ty "D (a0 kEm D (m1)2] o (10,7 x )
€ 1 ) ,
<o Y e ol < cllglfan.

meN, aeN?

> Step 4: Estimates for the good cylinders. It remains to estimate the first term in the
right-hand side of the inequality (6.14). To that end, we will use Proposition 6.2. This
step is the most technical part of the paper. In order to alleviate the writing, we denote by
C,, a positive constant depending only on the dimension n, and whose value may change
from a line to another. Let C'(8) be a good cylinder and C' = (—1,1) x B(0,1). As a first
step, we establish that there exists a positive constant C,, > 0 such that for all m > 0 and
ae N

2 1 c r2CkN\ "
(017) OO0+ /20005 + D mic) < oo (1+ ki + i)

ck 2m 200k lal
1+2m+|al T T N2 all Jall?
x Cp (’Y’“T’“_1> (’Y’“T’“> (mh)* |alt||U(T, )gHL2(C(6))'

To that end, we begin by noticing that since the cylinder C' = (—1,1) x B(0,1) satisfies
the cone condition, the following Sobolev embedding holds, see e.g. [1, Theorem 4.12],

WHL2(C) s L2(C).
This implies that there exists a positive constant C,, > 0 such that

Vu e WHA(C),  lullpe(cy < Cnllullwniize)-
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It follows from this estimate and a change of variable that for all m > 0 and « € N,
2
o7 a8 (U (T, T (1 +)/2)9(8 + 7 D[

<c Y |ormertt U T+ /2)9(8 + 7)) ey

m+|&| <nt1

2C72L 2(m+m),.2la+a| || gm+m qa+é
= T > o1 r oyt ogt e (U(T

2
i RO e
m+|a|<n+

207% m+m), 2|a+al|| gm+m qa+a& 2
= T,\/?“n ~ Z TZ( i )7°2| *al Hat " ax+ (U(T7 )g)HL2(C’(
m+|&|<n+1

8)’

where the the sums are taken over m € N and & € N". By using the definition (6.12) of
good cube, we deduce that there exists a new constant C,, > 0 such that for all m > 0 and
ae N

20721 2(m+m),.2|a+a|
> BT r

|omos (U (T, T, (1 + ) /2)g(B + r '))Hioo(m < T,

+|a <n+1

« C(Z)(m+ﬁ1+\a+d|) <ﬁ ((m +m)!)2 ‘Oé-i- d’! HU(T

k(2(m+m)+|a+al)
T )

2
9220
Using the fact that when m + || <n +1,

(m +m)! o+ a|! < 2mrmFletal prmtalt @)l < 47 (0 + 1)N)2 2l mljall,

we deduce that there exists a new positive constant C,, > 0 such that the above estimates
rewrite in the following way

- ) 1 Ck 2m ’I“QCk |&|
908 (U(T. T, (1 +)/2)9(B8 + T D[y < = <ﬁ> < kTg)
tlalnsl N !
Ck 2m 7,,20]? || 2
14+2m+|a T L 2
« Cl2mt] <W> <,Ym> (m)?* ! [U(T, )| 2 o))

Moreover, the sum can be estimated as follows

k 2m s 207k \ & 2k 27k \ ntl
S () (52) <on(14 g+ k)
ol Tk—1 ’Yka ,YZsz(k—l) ’Yka

& <nt1

This proves that the estimate (6.17) actually holds. Assuming that the function U(T,-)g
is not identically equal to zero on the cylinder C(5), we define the function ¢ : (—1,1) X
B(0,1) —» C for all (u, z) € (—1,1) x B(0,1) by

er™(U(T,Ty(1 4+ u)/2)g)(B +r2)

r2Ck

C2k AN .
Ch (1 + SPRTR(RT) + vak> |U(T, ')gHLQ(C(ﬁ))

(6.18) o(u,z) =

It follows from (6.17) that the function ¢ satisfies the following estimates for all m € N
and o € N,

k 2m 2 kN o
(6.19) |om a2 C"CT> <%> (m)? |alL.

2 < | =nr
‘PHLoo((_Lan(o,l))— ~RTR-1 ~ETE
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Moreover, the L°-norm of the function ¢ is also bounded from below as follows

er™|U(T, )gll ()

(6.20) el Lo ((=1,1x B(0,1)) = T RS
Cn<1 + Sy T+ 7kTE) 1U(T, )gllr2(cs))
er™

=:1.

>
- O2k 20k n+1
Cn<1 — e - ysz) V/Leb C(B)
Notice that considering eg = €0, 7 > 0 defined in (6.2), we get that 0 <t < 1 provided
0 < & < gg. This is due to the fact that by definition of ¢,

er™ ern/2

0<t= < .
n+1 —
Cu(1+ - S/ 7’205““) Lebo(p) CnvIN

SRT2(R-1) 1 SRk
Let us now define the following measurable set
E={(u,2) € (-1,1) x B(0,1) : (I5(1 +u)/2, 8+ rz) € Q}.
We deduce from (6.8) that the measure of E satisfies

(6.21) LebE = Leb(g/r;)%ﬁ)) > ((VT/j/);)z =3 . 2V, with % e (0,1].

As a consequence of (6.19), (6.21) and Proposition 6.2 applied to the function ¢, there
exists a positive constant K, > 1 only depending on the dimension n, such that

K (2 . 'Y) Kn((1-logt)eXnA4 B2)
n
(5)
where 0 < t < 1 is the one appearing in (6.20), and where we set

k kN 1/2
YRTR= T

Up to slightly modifying the positive constant K, the above estimate can be rewritten in

the following form

<

22 11yxB0.1)) < lllZ2 (.

(6.22) lellZe(—1,1)xB0,1)) < el 72 (s

<Kn(2 — 7) ) fon
Y

where the positive constant C' = C; -, k7 > 0 is given by (6.3). By changing variables, it

directly follows from the definition (6.18) of the function ¢ and the estimate (6.22) that

) Ko (2 -7\ 2
(6.23) lu(T, ')9HL2(C(5)) S\—= HU(T7')9HL2(QmC(5))'

N Y
This inequality also holds when the function U(T),-)g is identically equal to zero on the
cylinder C(). By summing over all the good cylinders, we therefore deduce from (6.11)
and (6.23) that

2 Kn(2 =)\ 2
(6.24) DU )9l 20y < 9(f) 1T, )9l 2 0m0,.c. 08
g.c.
Kn(2 =)\
§9<7(7 ’Y)) HU(TV)gHi?(Q)'

> Step 5: End of the proof. Gathering the estimates (6.14), (6.16) and (6.24), and slightly
modifying the constant K,, we obtain that for all g € L?(R™),

Ko (2—7)\"C "
HU(T")QH;([O,TV]an) < (f) /0 HU(T’t)QH;(w(t)) dt+5‘|9||%2(R”)'

This is the expected estimate. The proof of Theorem 6.1 is therefore now ended.
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7. APPENDIX

7.1. Weak observability. Let us begin this appendix by stating the cost-uniform approx-
imate null-controllability of the equation (F(,) in term of a weak observability estimate.
In this subsection, we keep using the notation U(T,t) to denote the Fourier multiplier
(2.13). Moreover, there is no particular assumption on the family (Q¢):cr. The following
result is an adaptation of Lemma 3.4 in the work [25], and its proof is given for the sake
of completeness of the present paper.

Proposition 7.1. Given the time T > 0, the cost C' > 0, the approximation rate € > 0
and the moving control support (w(t))scpo,1], the two following properties

Vfo € L*(R™),3h € L*((0,T) x R™),
1 h 2 dt + ! T,)|? < 2
c /s [ (2, ')||L2(w(t)) ¢ ng( ,')HLQ(R”) HfOHL?(R”)’

where f stands for the mild solution of the equation (Eq,) with initial datum fo and control
h, and

T
Vg € LQ(Rn), HU(T7O)gHiQ(Rn) < C/O HU(T,t)gHiQ(w(t)) dt +6||9H%2(R")5

are equivalent.

In view of the definition of approximate null-controllability with uniform cost stated in
the beginning of Section 2, we deduce the following

Corollary 7.2. Let T' > 0 be a positive time and (w(t))iejo,r] be a moving control sup-
port. The equation (Eq,) is cost-uniformly approzimately null-controllable in time T from
(w(t))tepo,r) if and only if for all e € (0,1), there exists a positive constant Cer > 0 such
that for all g € L*(R™),

T
1T(T, 0)g]| 7 ey < CE’T/O (T, )g1172 0y A + €l 2 -

Proof of Proposition 7.1. Consider T" > 0, C > 0, € > 0 and a moving control support
(w(t))tejo,r). We first assume that for all fo € L*(R™) there exists a control h € L*((0,T) x
R™) such that

e 1
(7.1) 5/0 1At DI 2 ey At + AT, Mz gny < 1follF2(ny-
Notice that the function f(7),-) is given (by definition) by
T
A = U0 o+ [ U0 ) at.

Let g € L?(R™). We deduce from the selfadjointness of the operators U (T, t) and the above
equality that for all fy € L?(R"),

(fo, U(T,0)g) L2rny = (U(T',0) fo, 9) 12 (mn)

T
= (T Dy = [ VDGO 0).9) a0

T
= (f(T.),9)L2@®n —/0 (), U(T,4)9) 10y Gt-
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Cauchy-Schwarz’ inequality in the space L2((0,7) x R™) x L?(R™) then implies that for all
fo c L? (Rn),

2 (1 I
440U 052" < (AT M+ 5 [ 1M )

T
XGMﬁmw+CA|W@@ﬂ;Mm&>

By using the estimate (7.1) and by choosing fy = U(T,0)g, we therefore obtain the follow-
ing weak observability estimate for all g € L?(R"™),

T
(7.2) (T, 0)g]| 2 ey < C/O [T(T, )91 2 e U + <llg 172 ny.

Conversely, let us assume that the weak observability estimate (7.2) holds for all g €
L?(R™). Considering a fixed fo € L?(R"), we consider the following C'! convex functional
J : L?(R™) — R defined for all f € L?*(R") by

C

T
J(f) = 5/0 HU(T’t)in2(w(t)) dt + %HfH%Q(R") + <U(T’O)f, fO>L2(Rn)‘

The functional J is immediately coercive since we have from Cauchy-Schwarz’ inequality
that for all f € L2(R"),

g
J(F) = S I 2@ny = I 2@y | foll L2y
R™)

As a consequence, there exists a function hg € L?(R™) such that

ho)= min J(f).
J(ho) somn (f)

In particular, we have
T
VJ(hQ) = C/ U(T, t)(lw(t) U(T, t)ho) dt 4+ ehgy + U(T, O)fO = 0.
0

It follows from the above equality that the mild solution f of the equation (E(,) with the
control

h(t,) = CU(T, t)ho,

satisfies

T

A = U@Of+ [ U0 1)
T
= U(T,O)fo +C/ U(T,t)(lw(t)U(T,t)ho) dt = —ehyg.
0
On the other hand, we have
T 2

(13) (V) o) zageey = C [ IO Ol

+ellholl32gny + (ho, U (T, 0) fo) p2(gny = 0.

This implies that

e 1
5/0 1R, 12 ey A+ ST, Wiz@ny = —(U(T,0)ho, fo) 12 gn)

< |U(T,0)holl 2@ | foll 2 (mm)-



APPROXIMATE NULL-CONTROLLABILITY FOR THE ORNSTEIN-UHLENBECK EQUATIONS 25

It only remains to estimate the term ||U(T,0)ho||12(rn). We deduce from the weak observ-
ability estimate (7.2), the equality (7.3) and Cauchy-Schwarz’ inequality that

T
2
|U (T, 0)hol[72 (gny < C/O [U(T, )hol| 2oy dt + &l ho |2z

= —(U(T,0)ho, fo)L2®n) < [[U(T, 0)holL2@®n)ll foll L2(®n)-
We therefore deduce that

|U(T, 0)hollL2®ny < [Ifoll22@n)-
This ends the proof of Proposition 7.1. U

7.2. Unique continuation. In this second subsection, we give the proof of Proposition
6.2, which was key in the proof of Theorem 6.1 in Section 6. To that end, we will rely
on the following multidimensional version of a theorem by Nazarov-Sodin-Volberg [27,
Theorem B|, proven by the second author in the work [23].

Proposition 7.3. [23, Example 5.11] Let A > 1 be a positive constant, R > 0 be a
radius, d > 1 be a dimension, 0 <t < 1 be a rate, 0 < s < 1 be a positive real number
and 0 < v < 1 be another rate. We also consider E C B(0,R) C RY a measurable set
such that Leb E > vVg. Then, there exists a constant Csqars > 1 such that for all
f€C>®(B(0,R)) satisfying
1 fllzee(B(0,R)) = 1,
and
Vo e N, 02 fllBo.r) < A (Jal)*,

the following estimate holds

”f”%OO(B(O,R)) < CsdA Rt ”f”%OO(E)'
Moreover:

. When 0 < s <1, there ewists a constant Ky 4 > 1, only depending on s and d, such that

1
d) K, g(1-logt+(AR)1-s)

K
Cs.a.ARt < ( >
5

. When s =1, there exists a constant Kg > 1, only depending on d, such that

_ K4RA
K, > Kq(1-logt)e

Crd,ARt < <—
0

Let us now begin the proof of Proposition 6.2. In order to establish the estimate (6.6),
we follow the strategy implemented by B. Jaye and M. Mitkovski in the work [16]. Before
getting into the heart of the proof, notice that the assumption (6.5) implies that the
function f and all its derivatives are Lipschitz, so the estimates (6.4) and (6.5) can be

extended on the compact set [—1,1] x B(0,1).

> Step 1: Unique continuation in time. The first step consists in applying Proposition
7.3 with respect to the time variable. Precisely, we will apply this result to the function
u € I f(u,xp), where z9p € B(0,1) will be chosen in a while, and the set I C (—1,1) is
defined by

I= {u € (~1,1): Leb B, > %Vl}
where the sets E,, are given for all u € (—1,1) by
E, ={z € B(0,1) : (u,z) € E}.
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We first notice that Leb I > «. Indeed, we deduce from the assumption on E that

1
29V; < Leb E = / Leb E, du
—1

= /LebEu du +/ Leb E, du < (Leb I 4+ ~)V4.
I (=1,1)\I

Moreover, the function f being continuous, we can now consider (ug, o) € [—1,1] x B(0,1)
such that

| f (ug, x0)| = HfHLoo([le]Xm)-
Noticing from (6.4) and (6.5) respectively that the function w € I — f(u,x() satisfies
1 wo)ll Lo (—1,1) 2 | (wo, z0)| = HfHL“’([—l,l]xm) 2t
and
vm >0, 10, f(zo)llzee(—1,1) SN0 fllLeo((—1,1)xB(0,1)) < A™ ml,
we deduce from Proposition 7.3 that there exists a positive constant K1 > 1 such that

_ KA
K, ) Ki(1-logt)e

(7.4) 1FCr20) ey < (7 TSI

> Step 2: Unique continuation in space. The second step consists in applying Proposition
7.3 to the function x € B(0,1) — f(u1,z), where u; € I is defined in the following way:
fixing € > 0, we consider uy € I satisfying

[f(ur, zo)| = ([ (s o) || oo (1) — €.

On the one hand, we get from the above inequality and (7.4) that
(7.5) £ (u1, ) Lo (Beo,1y) = 1f (w1, z0)| > | £ (o)l Loe(ry — € > te,

where we set
K, —Kj(1-logt)ef14
te = | — t—e.

~
We assume that 0 < & < 1 is small enough so that 0 < ¢, < 1. On the other hand, it
follows from (6.5) that the function f(ui,-) enjoys the following regularity

Va € N, (109 f(ur, )|z B0.1)) < 10008 fllpoo(—1.1)xBo,1y) < B! (la]l)®.

Moreover, since uj € I, we have Leb E,, > ~V;/2 by definition of the set I, and Proposi-
tion 7.3 gives the existence of a positive constant K,, > 1 such that

(7.6) [ f (w1, )L (Beo,1)) <

1
Kn Kn(l-logt.+B1=5)
( ) TS P,

<

~

1
Kn Kn(l-logt.+B1=5)
( ) 1l

> Step 3: Unique continuation in time and space. We now gather the two estimates
established in the two first steps. We deduce from (7.4), (7.5) and (7.6) that

(Kl ) Ki(1—-logt)eK14
v
<K1 > Ki(1-logt)ef14

[ £l oo (=1,1)xB0,1)) < 1f (s zo)ll o)

<

~

K, Ki(1-logt)ef14 K, Kn(lflogtmLB'll_S)
<= — [flleo(e) +€ -
Y v

(I1f (w1, )l Lo (B0,1)) + €)
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By letting € tend to 0 and noticing that

K —Ki(1-logt)ef14
Ogl—logt0:1—10g<<—1> t>
Y

K
=1—logt+ K1(1—logt)e KlAlog( 1)
Y

< (1 —logt)e®14 + K\ (log K1) (1 — log t)ef14,

it follows that there exists a new positive constant Ky, > 1 such that

)

v

(7.7) £l oo ((=1,1)x B0,1)) <

K, " Kin((1-log t)eKl,nAJrBﬁ)
£l oo ()

> Step 4: From the L™ -norm to the L?-norm. In this last step, we check that the L>-norm
can be replaced by the L?-norm in the estimate (7.7). To that end, we consider

E={wa) e B lfwa)l < g [ 111}

It follows from the definition of F that

2Leb(E \ E)
< < .
o AL AR
If [ |f| #0, we deduce that

2Leb(E \ E) <1,
Leb E -

and as a consequence,

. LebE
Leb B > 2P E

In the case where [ |f| =0, we deduce that Leb E = Leb E and the above estimate holds

as well. It follows that (7.7) also holds when FE is replaced by E and ~ is replaced by /2.
We therefore obtain that

i ) K1 ((1-log e tn A 1 BT
5

As a consequence of Cauchy-Schwarz’ inequality, the L?-norm of the function f is bounded
in the following way

£ 1|2 11)%B0.1y) < Leb((—1,1) x B0, 1))2(| £l o ((—1,1)x B(o,1))

1

2K, K1,n((1-logt)e®1mnA 4 BT=5)

< Leb((~1,1) x B(0,1))"/2 <_1>
vy

Il oo ((=1,1)xB(O,1)) < < 11l o ()

1l oe i

1
_ 1/2 Kin((1-logt)e"1n44 BT=5)
_ 2Leb((=1,1) x B(0,1)) 2K 5, / 7l
- Leb E ¥

2Leb((—1,1) x B(0, 1)V/2 (2K, ) Kim((1-log et £ BT5)
N (Leb E)1/2 < gl )
Moreover, it follows from the assumption Leb E > 2+V; that
2Leb((—1,1) x B(0,1))Y/2  2(2V4)/2 L2 2
(Leb E)1/2 (Leb E)1/2 = 41/2 = 57
Therefore, by slightly modifying the constant K7 ,, we obtain that

£l z2(E)-

Kln

1 fllz2((=1,1)xBO,1)) < ( 7’

1 fllz2 ()

1
)Kl,n«mogt)emf“wls)
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This ends the proof of Proposition 6.2.
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