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Abstract

We consider an elliptic system with regular Hélderian weight and expo-
nential nonlinearity or with weight and boundary singularity, and, Dirich-
let condition. We prove the boundedness of the volume of the solutions
to those systems on the annulus.

Keywords: Regular Holderian weight, weight, singularity, system, a priori estimate,
annulus, volume, Lipschitz condition.
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1 Introduction and Main Results

We set A = 911 + a2 on the annulus = C(1,1/2,0) of R? of radii 1 and 1/2
centered at the origin.

We consider the following system:

—Au=(1+ |z —29[**)Ve’ inQcCR?

—Av =We" in Q C R?,
(P)
u=20 on 01},
v=20 on 0f).

Here: C(1) the unit circle and C(1/2) the circle of radius 1/2 centered at
the origin.

B€(0,1/2), zo € C(1/2),
and,
u € Wol’l(Q), e* € Ll(Q) and 0 <a <V <,
and,

ve W, (), e e LH(Q) and 0 < c < W < d.

This is a system with regular Holderian weight not Lipschitz in xg but have
a weak derivative.
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This problem (P) is defined in the sense of the distributions, see [10]. The
system was studied by many authors, see [14, 16, 27], also for Riemannian sur-
faces, see [1-27], where one can find some existence and compactness results. In
[9] we have an interior estimate for elliptic equations with exponential nonlin-
earity.

In this paper we try to prove that we have on all £ the boundedness of the
volume of the solutions of (P) if we add the assumption that V and W are
uniformly Lipschitz with particular Lispchitz numbers.

Here we have:

Theorem 1.1 Assume that u is a solution of (P) relative to V and W with
the following conditions:

xg € C(1/2) C 09, B €(0,1/2),

and,
a
< <b o< A= ————
0<a<V<b IV~ < A= g0,
and,
O<c<W<d, ||VW||LOO§B:%,
we have,

/ e < C(aaba ¢, daﬁax()aQ)a a'nda /e’u < Cl(aabaca daﬁaanQ)
Q Q

We have the same result if we consider a system with boundary singularity.
On the annulus = C(1,1/2,0) of R? of radii 1 and 1/2 centered at the origin.
We consider the following system:

—Au = |z — x0|*PVeY in Q C R?
—Av = |z — z0|*We*  in QCR?
u=20 on 0,
v=20 on 0f).

Here: C(1) the unit circle and C'(1/2) the circle of radius 1/2 centered at
the origin.

(Ps)

B € (—-1/2,4), zo € C(1/2),

and,

ue Wyt (Q), |v—zo/*Pe" € LY(Q) and 0 < a <V < b,

and,

vE Wol’l(Q), |z — 20/*Pe’ € LY(Q) and 0 < ¢ < W < d.

Here we have:



Theorem 1.2 Assume that u is a solution of (Pg) relative to V' and W with
the following conditions:

xg € C(1/2) C 09, B € (—1/2,400),

and,
1
o<agvgankung:@2;E,
and,
1
0<c<W <d, |[[VW]|L §B:(ﬁ;2)c,
we have,

/ |z71-0|2ﬁ6u < C(avbacv dvﬂvaaQ)v a’nda / |z71.0|2ﬁe’0 < C/(avbacv dvﬂvaaQ)
Q Q

We have the same result if we consider a system with boundary singularity.

On the annulus Q = C(1,1/2,0) of R? of radii 1 and 1/2 centered at the origin.
We consider the following system:

—Au= |z —x0|*Ve’ inQcCR?

—Av=We" in Q C R?,
(Ps)
u=0 on 0,
v=20 on 0f).

Here: C(1) the unit circle and C(1/2) the circle of radius 1/2 centered at
the origin.

B € (—1/2,400), zo € C(1/2),
and,

u € Wol’l(Q), e' € LI(Q) and 0 <a <V <,
and,

ve Wyt (), |z —xo*Pe’ € LY(Q) and 0 < ¢ < W < d.

Here we have:

Theorem 1.3 Assume that u is a solution of (Pg) relative to V' and W with
the following conditions:

xg € C(1/2) C 09Q, B € (—1/2,400),
and,

1
o<agvgankung:@2;E,
and,



0<c<W<d, ||VW||LOO§B:%,

we have,

/ e < C(a’abv ¢, d,ﬂ,l’o,ﬂ), andv / |SC - 1.0|2ﬁ6’u < C/(a’abv ¢, daﬂaanQ)
Q Q

2 Proof of the Theorems:

Proof of the theorem 1.1:

By corollary 1 of the paper of Brezis-Merle, we have: e e ¢ L'(Q) for
all k& > 2 and the elliptic estimates and the Sobolev embedding imply that:
u,v € W2E(Q) N CY(Q), e > 0. By the maximum principle u,v > 0.

Step 1: We use the first eigenvalue and the first eigenfunction with Dirichlet
boundary condition to bound the volumes locally uniformly. Thus the solutions
are locally uniformly bounded by Brezis-Merle result. The solutions u,v > 0
are locally uniformly bounded in C1¢(2) for € small.

By Cauchy-Schwarz inequality, applied to uy/¢; and /¢, for the following
equality:

1/ 1/2

2
/Q(l—l—|x—x0|2ﬂ)Ve”q§1dx = )\1/QU¢1CZ$ < cl(/Q u?¢y) < 02(/Q Weepy)

and for v,

1/2

1/2
/ Wetgprde = )\1/ vordx < 03(/ v2¢1) < C4(/ 1+ |z - x0|2ﬁ)Vev¢)1) ,
Q Q Q Q
Thus,

(/ 1+ |z — x0|2'6)Ve”q§1dac)3/4 < cs,
Q

and,

(/ We“q§1d$)3/4 < cg,
Q

We can use Brezis-Merle arguments to prove that for all subdomain K of
Q: the two integrals, [, (1 + |z — xo|*’)VeVdx, and, [, We'dx converge to
nonegative measues p1, uo without nonregular points.

By contradiction, suppose that maxy u; — +00 and maxy v; — +00.

Since (14 |z — x0|??)V;e? and W;e" are bounded in L!(K), we can extract
from those two sequences two subsequences which converge to two nonegative
measures i1 and po. (This procedure is similar to the procedure of Brezis-Merle,
we apply corollary 4 of Brezis-Merle paper, see [9]).



If u1(yo) < 4w, by a Brezis-Merle estimate for the first equation, we have
e% € L'*¢ uniformly around g, by the elliptic estimates, for the second equa-
tion, we have v; € W21¢ C L° uniformly around g, and , returning to the
first equation, we have u; € L° uniformly around yp.

If p12(yo) < 4m, then u; and v; are also locally uniformly bounded around yy.

Thus, we take a look to the case when, uq(yo) > 47 and pa(ye) > 4w. By
our hypothesis, those points yq are finite.

We will see that inside K no such points exist. By contradiction, assume
that, we have p;(yog) > 4. Let us consider a ball Br(yo) which contain only
Yo as nonregular point. Thus, on dBgr(yo), the two sequence u; and v; are
uniformly bounded. Let us consider:

Az =1+ |z — x0|25)Vie”i in Br(yo) C R2,
zi =0 in 0Br(yo).-

By the maximum principle:

2 S Uq,

and z; — z almost everywhere on this ball, and thus,

/eziﬁ/e“iSC,
/eng.

but, z is a solution in Wy (Bgr(yo)), 1 < ¢ < 2, of the following equation:

and,

—~Az=yp1 in Bgr(y) C R?,
z=0 in GBR(yO)

with, g1 > 47 and thus, pq > 4mdy, and then, by the maximum principle in
1,1
Wy (Br(yo)):

z > —2log|x —yo| + C
thus,

which is a contradiction. Thus, there is no nonregular points inside K. Thus
(u;) and (v;) are uniformly bounded in K and also in C1¢(K) by the elliptic
estimates, for all K cC Q.

Step 2: Let’s consider C; = C(1,3/4,0) and Cy = C(3/4,1/2,0) the two
annulus wich are the neighborhood of the two components of the boundary.

We multiply the equation by (z—1x)-Vu on C; and C3 and use the Pohozaev-
Rellich identity and Stokes theorem, see [26]. We use the fact that u and v are
uniformly bounded around the circle C'(3/4). We obtain:

1) We have on Ci:



/ (Au)[(z — zo) - Vvldz = / 1+ |z - £C0|2ﬁ)V($ —x9) - V(e")]dx,
Cy Ci

and,

/ (Av)[(z — zo) - Vu]dx = / —[W(x — xp) - V(e")]dz,
C

C1
Thus, by integration by parts,

/c (Au)[(z — o) - V] + (Av)[(x — x0) - Vuldx =

/ac [(z — o) - Vu](Vv -v) + [(x — x0) - VV](Vu - v) — [(z — z0) - v](Vu - Vo) =

= / (2+2(8+ )|z — z0|*#)Vevda —|—/ (14 |x — 20]*?) (@ — o) - VVe'da+
Cl Cl

+/ 2Wetdx + / (x — o) - VIWe'dz+

Cl Cl

f/ (14 |z — z0**)[(z — x0) - v]Ve'do+
oCy

—/ [(z — z0) - V]We do
oC,

We can write, (u =0 on C(1)):
/ [(z — z0) - V](0yu)(Opv)do + O(1) =
c()

< kl/ (1 + |& — z0|?)Ve'dr + ko We'de + O(1) =
Cy C1

=k Oyudo + ko dyvdo + O(1),
c) c@)
with k1, ko > 0 not depends on u.
Be cause v = z, ||z|| = 1,]||xo|| = 1/2 and then by Cauchy-Schwarz, (z —
x0) -z = ||z]|? — 1o - z > 1/2, we obtain:

0< / (Oyu)(Oyv)do < kq / O, udo + ko dyvdo + O(1), (1)
c(1) Cc(1) c)

Let € = inf(1,%), then: —A(ev) = eWe* < ae" < (1 + |z — zo|*)Ver,
and ¢ < 1,v >0 = (1+ |z —20/*)Ve’ > (1 + |z — 20|?#)Ve® and then:
—Au > (14 |z — x0|?#)Ve. (We can remove (1 + |z — z0|>?) ) We obtain:



—Au—ev) = —Au+ A(ev) > (1 + |z — 20)*P)V (e — ),
Thus,

—Au—ev) + (14 |z — 2PV (e —e) >0,

(For the theorem 1.2, we have the weight |z — z0|?%, in the two equations,
we can compare ev and u).
We return to the proof of theorem 1.1. Let’s consider the fonction:

o(z) = (1+|x—x0|2ﬂ)vL::)

,ifu # ev, and, c(x) = (1+|z—x0**) Ve, if u = ev.
u—

The function ¢ > 0 is C#(Q), and —c < 0.(For the theorem 1.2, if —1/2 <
B <0, cis C~#(Q) N L?(Q), but this is sufficient to apply the weak maximum
principle, see the book of Gilbarg-Trudinger).

We can write:

Aev — u) — e(x)(ev — u) > 0, inQ, and, u — ev = 0on 99,

The operator L = A+ (—c¢) = A+ ¢ satisfies the maximum principle because
¢ = —c < 0, we obtain:

by the weak maximum principle for ev —u € C%(Q) N C1(Q), see the book
of Gilbarg-Trudinger, we obtain (and for the outer normal):

ev —u < 0, and then, 9, (ev —u) > 0,

Thus, for the inner normal, we have:

d,u>€-0,v >0 on I9. (2)

By the same argument, if we set € = inf(1, GTCQB)I)), we obtain, for the inner
normal:

O,v > €-0,u >0 on ON. (3)

Remark: For theorems 1.2 and 1.3: we can remove the fact that we have
the weight |2 — 20|?? in the two equations of the system, we can assume that
we have one equation with weight and the other equation without weight for
example. Indeed, remark that xg € C(1/2) and here we consider C(1), we
can apply the weak maximum principle on C after choosing 1 > ¢ > 0 and
1 > € > 0 independent of u and v, such that: ev —u < 0 on C(3/4) and
éu—v < 0 on C(3/4), because we have the uniform interior estimate around
C(3/4) and the maximum principle (by contradiction if we assume there are
(t;) € C(3/4),t; — to and u;,v; such that w;(t;) — 0, (u;),(v;) converge to
ug, Vg on B(tg,70), 70 > 0 with ug(tp) = 0, but —Awug > 0 and the maximum
principle applied to —ug imply that ug > 0 around ¢g. This fact imply that u, v
have positive lower bounds on C(3/4) and we can choose ¢, € independent of u, v
on C(3/4). Finally we can apply the weak maximum principle on Ct).

Thus, we use (1), (2), (3), we obtain the same result as for one equation;



/ (8,,1))2d0 < (s Oyvdo + Cy,
c() c()

with, C3,Cy > 0 and not dpend on u and v, and,

/ (8yu)2do < Cs dyudo + Cg,
c(1) c(1)

with, Cs5,Cs > 0 and not dpend on u and v, and,
Applying the Cauchy-Schwarz inequality, we have:

/ (O,u)?do = O(1), / (0,v)*do = O(1)
c)

o)
and thus,

Oyudo = O(1), / dyvdo = O(1)
o) c()

2) We have on Cs, we use again, the uniform boundedness of u and v in C*!
norm around C(3/4):

/ (Au)[(x — zg) - Vv]dx = / —[(1+ |z - z0|2ﬁ)V(z — o) - V(e¥)]dz,
Cs Ca

and,

/ (A0)[(z — 20) - Vulda = / LW (& — o) - V(e")]da,
Ca

C2
Thus, by integration by parts,

/C (Au)[(z — o) - V] + (Av)[(x — x0) - Vu]dx =

/ [(z —x0) - Vul(Vv-v) + [(x — z0) - VU](Vu-v) — [(x — z0) - V](Vu - Vo) =
0C>

= / (24 28+ 1)|z — 20/*)Vevdr + / (14 |& — 20]*) (@ — o) - VVe'da+
Cz C2
+/ 2Wetdz +/ (x — x0) - VIWedaz+
Cz Cz
_/ (1+ |z — 20]2®)[(x — 20) - V]VePdo+
aCs

—/ [(z — x0) - V]We do
0C3

But here, v = =2z and (z — z¢) - v = —2(x — x0) - © < 0 and thus:



/ (x — x0) - v(Opu)(dpv)do + O(1) =
c(1/2)

= / (2+2(8+ )|z — z0|*#)Vevda —|—/ (14 |x — 20]*?)(x — o) - VVe'da+
Cg CQ

+/ 2Wedx —|—/ (x — o) - VIWe'da+
Cg CZ
f/ (14 |z — z0|*)[(z — x0) - v]Ve do+
a9C,
—/ [(z — x) - V]We do
aC,
thus:

/ (2 428+ 1)|z — 20/*)Vevdr + / (1 + |& — 20]?®) (@ — o) - VVe'da+
C2

Ca

Jr/ 2Wetdz +/ (x — x0) - VIWedar+
Cs C1

1
+ /0(1/2) 5[_($ — -TO) . V](auu)(au’v)da _ 0(1)

If we choose:

_ . _ 2B
14 216(2 1+|$7$0|2ﬁ
and,
(@ —@0) - VW] _ 1
— . 1 2 Dz — zo|?P
(For the theorem 1.2, we choose: w < —infgeq (2(8+ Dz — 20[) =
\% 2 |x — 20|28
- . 1 2 Dz — zo|?P
B+1, and also for W, we choose w < —inf,¢ QB+ Dz — zo[™) _
w 2 |x — 20|28
(B+1)).
We obtain:

/ (24 2(8 + )|z — 20>’ Vevdx +/ (1 + |o — z0|*)(x — o) - VVe'dx >
Ca

Cs
1
> 5/ (24 2(8+ 1)|z — 20**)Veldz >0
C2

and,



/ 2Wetdxr + / (x —x0) - VWe'dr >
CQ CQ

1
Z—/ 2We dx >0
2 s

thus,
/ [(242(8 + 1)z — 20|*)Ve' + 2We"|dx = O(1),
Ca
we obtain:
/ (1+ |z — 20|”)Ve da = O(1),
Ca
and,
Wetdz = O(1),
Ca

and thus, if A<~ and B < <, we obtain :

B = 91 228) =7 '

/ dyudo = O(1), / Oyvdo = O(1),
c@1/2) C(1/2)
Thus, if we use 1) and 2), we obtain: if A < — % andB
2(1+ 226)

/ (Oyu)do = O(1), and / dyudo = O(1),
c()

c(1/2)
and,
/ (0,v)do = O(1), and / dyvdo = O(1),
c@ c(1/2)
and, thus:
/ (1 + |z — z0|?*#)Ve']dz = / (Oyu)do = O(1).
Q oN
and,

Wetdx = / (Oyv)do = O(1).
Q o0

For the theorem 1.2. we obtain the same result if A <
(B+1)c

2
We have the same result for theorem 1.3.

10

<

)

(B+1)a
2

c.
5

and B <
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