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FAST CONVERGENT SEQUENCES OF APPROXIMATIONS TO
STIELTJES’ CONSTANTS

M. PREVOST AND T. RIVOAL

ABSTRACT. Stieltjes’ constants -, are the coefficients in the Laurent series for the zeta
function ((s) at the pole s = 1. We present new sequences of approximations for Stieltjes’
constants obtained by generalizing the “remainder Padé approximants” method introduced
by the first named author in 1996. Here, we replace Padé approximants (of which poles
are connected to zeros of orthogonal polynomials) by Padé type approximants introduced
by Brezinski of which poles are chosen a priori. The particular case v, is also treated
separately using ordinary Padé approximants. The last section of the paper deals with
approximations of zeta function in the complex plane.

1. INTRODUCTION

For a € C, R(a) > 0, the Hurwitz zeta function is defined as

kZ—O k+a

where the Dirichlet series on the right hand side is convergent for $(s) > 1. It can be
analytically continued to s € C\ {1}, with a pole at s = 1. The generalized Stieltjes
constants 7, (a) occur as coefficients in the Laurent series expansion of ((s,a) at the pole
s =1:

8

((s,a) =

a)(s — 1)

=

There are numerous representations for them, for instance

“Inf(k+a) In"(m+a)
— i -
= ALk i+

. 0=0,1,2,...,a#0,—1,-2,...

If a = 1, the generalized Stieltjes constant 7,(a) is the usual Stieltjes constant ~,. More
specifically, vy is Euler’s constant, usually denoted as .
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In [9], using the Digamma function

V() = ?8 :_7+§%(ni1 _n—li-z)

for z € C\Z<, the authors constructed approximations of -y as follows. Let H,, := Z;;l 1/j
and ®(n) := v — (H, — In(n)) + 5. It is known that

[e.e]

Bogya 1
q)(n)NZ%J:QW’ (n = +0o0) (1)
k=0

where the asymptotic expansion is understood in the Poincaré sense.

The remainder Padé approximation method consists in approximating Euler’s constant
by the sum (H, —In(n) — 5-) + [p/qls where [p/q] is a well-chosen Padé approximant of
the formal power series

B(z) =Y Bt (—2)k.

— 2k +2

More precisely, the main result of [9] is that for € Q>0,0 < r < 2e such that rn € N, we

have

1 1
v = H, —In(n) — 7 + E[rn — 1/rn]$(—1/n2) + O

where imsup,,_, | o men [0r]"/™ < (r/2€)*. The convergence of the sequence of Padé ap-

proximant [rn —1/rn|e to the function ® is a consequence of the following facts: the poles
of [rn — 1/rn]g lie on [0, +00) and the Padé approximant is computed at —1/n* < 0.

Being now interested in Stieltjes’ constants, we want to use a similar technique. An
immediate difficulty arises: the denominators of the Padé approximations for the remainder
of v, do not necessarily have their roots in [0, +00), which prevent us from obtaining any
type of convergence. An interesting technic to avoid this difficulty is to make use of Padé
type approximants instead of Padé approximants. In this case, it is possible to choose the
denominator of the Padé type approximants and thus the poles of the approximant. A
possible drawback is that the convergence is a prior: slower though, as we shall see, it is
reasonably fast in our situation.

We shall use the following property of ,(n). For any integer n > 1, we have

o In‘(j)

Yo =e(n) + Y —
=1 7

(2)

which is a consequence of the functional equation ((s,n) = ((s) — Z;:llj_s. The Jensen-

Franel integral formula [4] provide a closed form formula for the numbers

:lné(n)_ln”l(n)_i /OO dx {(mg@(n—m)) (1ogf<n+m))} 3)

2n {+1 e2mr — 1 n—1ix B n—+ix

Ye(n)
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for every /,n € N, and where log is defined with its principal determination as everywhere
in this paper. We shall use instead the following generalized asymptotic expansion (see
§3.1): for any ¢ € N, we have as n — +00

In‘(7) 1In‘
n'(j) |, n‘(n)
Ji 2n

e~

B In“!(n) B ] In“*(n) i 1 Bopmia
(41 — (—k) = n2mt2 (2m + 2)!

5@2m+2,k+1), (4)

where the S(n, k) are Stirling’s numbers of the first kind defined by z(x—1) - -- (z—n+1) =
> on_oS(n, k)x*. Let us define the formal power series @y (z), k € N, by

- m+1B2m+2
om + 2.k + 1)2™
Z ] S2m +2,k+1)z

m=0

The central point of the paper is to replace the asymptotic series ®(—1/n?) in (4)
by some Padé type approximants and not by some Padé approximants as in our previous
papers. The basic properties of Padé type approximants are recalled in Section 2 and below
(/v)¢(z) denotes the Padé type approximant of f(z) with numerator and denominator
of degree < p and < v respectively. The denominator is a specified polynomial of degree
v and the numerator is then determined such that the Taylor expansion of the rational
fraction matches the Taylor expansion of f(z) up to z* at z = 0. We shall consider the
polynomial

Ton(a, x)
(=D (2rn) (@)arma QZ 2rn + 1\ (2rn + 2a + 5\ [(+iyz — 1 G +j
o @mt20)pmn S\ ] j+1 J j+1
as the generating polynomial (see §2) for the denominators of the Padé type approximants
(rn+p/rn)e,, where o := p + 4. It is a special case of Wilson polynomials [11]; see §4 for

details. Note that the definition of T,,(«, z) is independent of the choice of the sign +; we
will take advantage of this fact in §6.

Theorem 1. Let r € Qs be such that rn € N. Define j, = r+\;ﬁrﬁ' Then for every
integersn > 1 and p > £/2,

" Inf(j In“(n In‘(n 0 I E (n
3 () (n) ()Jr (')

] (+1 2n | n? i ((—F)

(rn+p/rn)e, (=1/0) + dpmpe (5)

Ye =

j=1

where

o — m 2r
Hmsup  [Spn e < (—r> 1—p,) <1.
n%+oo,rnpéN | 7p,f| o 2r + Hr ( a )
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Remark. Even tought this is not the point of view of the present paper (which remains at a
theoretical level because no complexity analysis was performed), it could be interesting to
compare the algorithms obtained in [1, 5| for the high precision computation of Stieltjes’s
constants with the one that could be obtained from Theorem 1.

We presented Corollary 2 in [9] as an effective version of Stirling’s formula. It is also
possible to view this corollary in a dual way as an approximation of log v/27 in the spirit
of Theorem 1 above:

1 1 1

/om — 2y 5
log vV2m =1In(n!) —nln(n) +n — 3 In(n) — Tom + ﬁ[rn — 1/rnjo(=1/n%) + 0yp.
where im sup,, , ; o nen 10V < (1/2€)* and Q(2) := — 2% (—2)" Bonya/((2n+4) (2n+

3)) is a formal series similar to ®.

The paper is organized as follows. In §2, we recall the definition of Padé type approxi-
mant and the important formula of the error. In §3, we collect various results needed for
the proof of Theorem 1, in particular a moment interpretation of the coefficients of &,
involving some explicit weight functions wy, for which we find an upper bound in term of
Wilson weight. The properties of the latter are recalled in §4. Theorem 1 is proved in §5.
In §6, we provide explicit expression of the Padé type approximants in Theorem 1. Finally,
we refine our method for Stieltjes’ constant 7, in §7 (Theorem 2) and we also apply it to
the Riemann zeta function in §8 (Theorem 3).

2. PADE TYPE APPROXIMANTS

In this section, we remind the definition and basic properties of Padé type approrimants.

See [6, Chapter 1] for more details.

Let V,, be a polynomial of degree n and f(z) = Ooo %dm where the weight function
p(z) is not necessarily positive on [0, +00) and is such that [~ z"|u(x)|dz < oo for all
integer n > 0. V,, will be called the generating polynomial of the Padé type approximant.

Let WW,_1 be the associated polynomial of V,, with respect to the weight p: by definition,
Vo (x)—V,(z
Wio1(z) := / Mu(m)dm.
0 xr—Zz

and it is of degree <mn — 1. N
We set W,,_1(2) := 2""'W,_1(1/2) and V,,(z) := 2"V,(1/z), so that

- Tl _ [ le) Y ZVET

Vi(2) 1—z2x Vi(z~ x— 2zt
e [




5

Thus, the Taylor expansion at z = 0 of the rational fraction Wn,l(z)/ T/;(z) coincides with
that of f(z) up to 2"~ at z = 0. By analogy with Padé approximant, the quotient V[%"n*—(lz(;)
is denoted (n —1/n)s(z) and is called a Padé type approximant to f(z). Note that if V/, is
orthogonal with respect to p (ie [;° 2V, (2)u(z)dz = 0 for 0 < k < n—1), we can replace
in (6) V,, and V;,, by their square respectively, and 2" by 2%" so that the error is O(2*").

More generally, we define
(n+p—1/n);i=co+crz+c2®+-+c, 122+ 2P (n—1/n);,
! P Ir

where p € N and f,(2) := ¢, +¢pr12+- - -. This means that the weight p is thus multiplied
by aP. The error f(z) — (n+p —1/n)s(2) then satisfies

2Pt © Volx
16 = 0t p=1pye) = = [ P i @
Va(z71) Jo
3. AUXILIARY RESULTS
In this section, we collect and proove various results that will be used in the proof of

Theorem 1.

3.1. Proof of the asymptotic expansion (4). If / =0, then S(2m+2,1) = —(2m+1)..
Hence (4) is a generalization of (1). Israilov proved in [7] that, when n — +o0,

RN In‘(k) B In“*(n) B In‘(n)
= z (+1  2n

= BZ,;' (1ogf(x))<2k—1> ) 9(.2 %le (logi(x))

(2N-1)

lz=n lz=n

where 0 < 6 < 1. Now, we have

<1Oge($)><p> o fi S(p+1,75) log 1 (2),

x gl ‘= (l—j5+1)

After rearrangment, we then obtain the asymptotic expansion (4) as n — +o0.
3.2. An integral representation. Using formula (3) and its asymptotic expansion (4),
we are now in position to obtain an integral representation for the coeflicients in (4).

Proposition 1. For every integers m > 0, k > 0, we have

(=1)™ " Bopyo
(2m +2)!

SC2m+2,k+1)= / 2 wy,(z)dw, (8)
0
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where the weight function wy, is defined by
wi(x) ==

v (o Goem) ™ (o (G) =) - (g

Remarks. An equivalent expression is given by

—2x k+1 ° o (Y d 1
wy(x Gt 1) ,Z (2q+1> 2)q/x log" 24 (;—1) '@(62@_1)@’

Form =0and k > 2, [[* wi(x)de = 0 because S(2,k + 1) = 0. Therefore, none of the
weight functions wy can have a constant sign on [0, +00) when k > 2.

We first need a lemma
Lemma 1. For every real numbers a > 0,t > 0 and every integer k > 0, we have
t
/

for some constants C, D > 0 that depend on a but neither on k nor t.
Proof. We have

t
I::/
0

1

CLQ
n=0

k t
t
< —52%(|log(a)| +7T)kZ/ | log(t/x — 1)["da.
n=0"0

a T

k <§>(llog(a)| +m)hr /0t$|10g(t/x — 1)z

IA

Now,
u=t/z—1 , [ |log(u)["
log(t/z — 1)|"d = —d
/’0g [z = Dl'de /0 (1 + u)? u
1 1
:2t/ og” (1 /u)d < 2t/ log"(1/u) = 2tn!.
o (1+u)? 0
Therefore,

24+ (|log(a)| + m)*
a2

0<I< tQZn'<D CF(k + 1)1

n=0

with D :=2/a® and C := 2(|log(a)| + 7). O
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Proof of Proposition 1. In [8], the first named author proved the following formula for the
Hurwitz zeta function: for any complex numbers s,a such that R(s) > 0,R(a) > 0, and
any positive integer m > R(s) — 1, we have

1 1 1 o 1
.00 = s (gt | e o)

where

vy () = F(S)Qr((ml )rf_ . / Sy (eml_ 1) "

If s is such that R(s) < 2 (in particular if s is “close to” 1), we can take m = 1 and thus

—2x%a'*sin(ws) [ d 1
1-s 1-s
(z) = t— )l —<—)dt. 10
@ vs(a) (1—s)m /x (t =) dt \e?mt — 1 (10)
For ease of reading, we set ¢(t) :== 4(—) = —% in the rest of this section.
We now assume that a > 0,t,x € R and that ¢ > x. The Laurent expansion of
s 1—s 3
—2eta " sin(ms) ?1_8)5;1(”) (t—z)!cats=11is
—2x%a'* sin(7s) L —27 = (1 — )kt k
t—x) = —S ———(Ina(t/z -1 ). 11
1= (t —x) - \sk:1 X (Ina(t/z — 1) +im) (11)

The series starts at £k = 1 and not £ = 0 because the left-hand side is holomorphic at s = 1;
the series converges for all s € C. By Lemma 1, we deduce that, for s close enough to 1,
the series

[e.e]

Z%/Ow\w(t)}/ot

k=1

x :
m(log(a(t/x — 1) +1m)¥) ‘d:cdt
converges. Therefore, for s close to 1 (which depends on the value of a), we can exchange

the various integrals and series when we use (9) and (10) in conjonction with (11), and

this provides the Laurent series expansion of ((s,a) at s = 1. Since for £ > 0, (—1)”@—@

is the coefficient of (s — 1) in the Laurent series expansion of ((s,a) at s = 1, unicity of
such expansion yields, for all £ > 0 and all a > 0,

log()  log™'(@)

Ye(a)

2a (+1
2(_1)£ x o > BEVAS|
* (€ + 1)J/o a? + x? /x (loga(t/w —1) +im) " p(t)dtdr. (12)

We shall now compute the asymptotic expansion of the right-hand side of the previous
identity for 7,(a) when a — 400 (recall that a € (0, +00)). We first observe that for every
integers k,p > 0, the function

(t,z) — x2k+1| In”(t/z — 1)<p(t)}1{0§33§t}(t, x)
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is integrable on [0, +00) x [0, 400). Therefore, the following computations are licit: for any
integer k£ > 0, we have

/ —azf_la/ (loga(t/z — 1) + i) p(t)dtda
0 x

q2m+2 / $2m+1/ (loga(t/z —1)+ iﬂ')“lgo(t)dtdac
0 T

o [ kaIc 1 0 041
+/0 LU/ (loga(t/z — 1) +im)  p(t)dtda

a’*(a? + x?

e / At / (loga(t/z — 1)+ iw)eﬂgo(t)dtdx + O(a™%72),
a=m 0 T

where in the last line a — +o00 and the implicit constant in O depends on k.
Using (12) with a = n, the generalized asymptotic expansion of v,(n) as n — 400 is
thus

In‘(n) B In“*(n)
2n (41

o0

+ (£2+1)Z§;i):§ /0 e / S((mn(t/z —1) +im) ") p(t)dtda,

Comparing this expression and Eq. (4) (stated in the introduction), unicity of such an
asymptotic expansion implies that for any integers k,m > 0, we have

Ye(n) ~

(—1)’”*1MS(Qm +2,k41)

(2m + 2)!
— —2 = 2m+1 OO o~ kel
(k4 1)! /0 v /x S ((In(t/x — 1) +im)* ) o(t)dtdz.
This completes the proof of Proposition 1. -

3.3. Bounds for the weights wy(z). To choose the generating polynomial of the Padé
type approximant, we shall first find an upper bound of the weight w;, in term of a weight
function of which we know explicitely the orthogonal polynomials.

The goal of this section is to prove the following

Proposition 2. For any integers k,p such that and 0 < k < 2p, and for any x > 0, the
weight function

o k/2

LR VY L d; 1
(k+1)! 4 <2q+1> >/x ™y 1)d_y(62”y—1)dy

22T g (z)] < 8sinh(m)G (p+ 4,1, 1),

wk(

satisfies



where
Gla, B, 2) = |D(a+ix)D(8 +ix)|*.
We need the following lemma.

Lemma 2. For every x > 0 and every integer p > 0,

$2

—2mx

e 1+x2)p+1/2 <Gp+4,1,z).

Proof. First, let us remark that for « € R,G(a+1,1,2) = (a* + 2*)G(«, 1, x). In [10], we
proved that for every x > 0 and every integer m > 0, we have e 2™ < G (1,1, ) and

m+1
T m+5
_— 2.1 < — 1 .
(1_€2m) G(2, ,a:)_G( 5 ,x)

Hence,

22 (1 4 $2)p+1/2 o2 22
(1 __672ﬂx)2 (1 __672ﬂx)

< (@+1)"PGEB,1,2) <Gp+4,1,2).

> (1+22)" %621, 2)

IN

Proof of Proposition 2. Using Proposition 1, we see that

E+1N\ o [ k-2 2me?™
04() k+1 'Z (2q+1) / e = D] oy

Note that (2’“;;11) = 0if ¢ = (k+ 1)/2, hence the sum stops at ¢ = k/2 (at most). We

split the interval [z, 00| into two intervals [z,2z] and [2x,400), on which the function
y +— In(y/x — 1) has a constant sign.

Let us first consider the integral fjx |In* 2y /2 — 1) (eiiiirf)Qdy:

2z 27T€27Ty _ 27.‘-627'('5[7 2x ~
[ty < (S [y
2 2rx 1
:(—1)’“_2‘1—7T6 xQ/ In*~2% () du
(62ﬂx __1) 0
2™y
= 2 (- 2.

(@ = 1)
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The second integral is treated as follows:

<21 |lnk_2q(y/x — 1) /OO
d k— 2q T — —27ryd
sy < s [ ey
(k —2q > LF-20-1 e
-1 d
1_€4m2/2wy (/= 1)y
nlb-20) 1 [
<(1_€_4M "ty nS

(after k — 2¢ integrations by parts).
Therefore

k/2 % 2 —4
T 2mxe™ 1 e T
lwe ()| < 22 E < 5 + 5 — >
s (2(] -+ 1)' (627rw _ 1) (1 _ e*47r:)3) (2ﬂ_$)k 2p

. ’“Z/Q 22 me 1 1
2q +1 —27rac)2 (1 _ 6—4wx)2 (271'1’)k_2q
k/2 q —27x

2mw —k+2¢—1
14 (2 “ ) .
2r Z 2(] + 1 — e 271'90) < - ( 7T[L')

It follows that
k/2 20+l p—2mz ( 2p+1 +:L,2p—k+2q)
P wg ()] < 4
T Wy, x 5
qz_: 2q + 1) (1 — 6—27@)
822(1 4 22)@p+D)/2=2mz 2 g4l

B (1 — e—2ma)? (20 +1)!

(because = < (1 + z2)Y/?)

. 822(1 + 22) V)2 k12 g4l
= —2mz)2 !
(e &gt 1)

00
7.‘_2q—&—1

<8G(p+41,1)) —
= (2¢ + 1)!

= 8sinh(m)G(p+ 4,1, z).

(by Lemma 2)

This completes the proof of Proposition 2.
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4. A REVIEW OF WILSON’S POLYNOMIALS PROPERTIES

To proceed further, we make a crucial observation: the function G(«, 3, z) considered
in Proposition 2 is Wilson’s weight on (0, 4+00), for which the orthogonal polynomials are
explicitly known; see [2, 11]. We review their properties in this section.

Let a,, 8 > 0. Wilson’s polynomials are defined by

—n,n+2a+26—-1,0—1ix

Pn(Oé,ﬁ,iL') = ’ingFQ Oé+ﬁ,26 ,1 € R[l’]

and they have the parity of n. The leading coefficient of P,(«, 3, ) is

(n+2a+26-1),
(a+8), (26),

(="

They satisfy the orthogonality relations

+o0
/ Po(a, B, 2) P, §,2)Gla, B 2)dz = 0, n #m,

and
R _ (Dn(20)n(0 + B = 3)n
/_OO Pn<04,6,l')G(Oé,ﬁ,.’B)d.’E - (25)71(204'1_ 25 . 1)n(a+ﬂ+ %)nA(Oé’ﬂ)’
where
00 1 1 1
Ala, B) = j G(a, B, x)dx = L)l (o +5) 11:(82(51 12)) Ha+ AT (2)
Consider now the weight function (o, 3, x) := % (o, B,+/x) € L'(RT). The sequence

of monic orthogonal polynomials (Tj(a, 3, :c))k [0, 00) with respect to y(a, 8, ) is given
by

(CY + B)Qn (26)271
Tula, B, 2) = (2n 4+ 2a+ 28 — 1)a, Pon(ct, B, v/2).

In particular, for all integer n > 0,

/ " 1200, 8,00 0, B, 2)da =
0

2 (4n + 2a+ 26 — 1)(2n)!IT(2n + 2a)T'(2n + 268)T(2n + 2a + 28 — 1)

2 (13)
28n+4a+4ﬁ—31“ (27’L + a4+ ﬁ + %)

If 3 =1, then

o= a5 01) (21 (45 T) ()
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and, after simplification of (13), we obtain

Foo 2m(2 2 I'(2 1)2
| e tonta e - IR TBARL ) gy
0 (2n+1)(4n +2a + 1) (4n+2a)
2n+1
and
[ e = ey (16)
[0 r)ar = —/—/— ).
L @S 20+ 1)
5. PROOF OF THEOREM 1
We define

Ui(z) = /OOO 1w_k<;22dar = /000 N —1,235 wg(&/g)d:p, z€ C\ [0,400).

Proposition 1 implies that as z — 0 in any angular open sector that does not contain
[0, 4+00), the asymptotic expansion of Wy (2) is given by ®(z). (See |9, §2| for more details
in a very similar sitution).

From the results proved in §3, it is immediate that Eqs. (2) and (12) (with @ = n) imply
that for every integer n > 1,

" In‘(j) In‘(n) WT(n) o N (n) 1
_ _ _ s Wy (L), 1
e ; j 2n (+1 +n2kZ:0(€—k)! ’“( n2> (17)

5.1. A bound for the Padé type approximants of ®,. In this section, we shall prove
the following bound, where we now make our choice for the generating polynomial of the
Padé type approximants: we take V,,(z) = T),(«, 1, z), which we shall simplify as T,,(«a, x)
in the sequel.

Proposition 3. Let z € C such that R(z) < 0, and s > 0. For any integers p > £/2 and
k>0, set e, pi(z) = Vi(2) — (n+p/n)e, (). Then,

lEnpi(2)] <
()= C 2Pt D(2n+a+1) (2n + 2a) 12 (18)
O VS TR GO (2n+1)dn+2a+1))

where a:=p+4 and C := 4msinh(m)T'(a + 1) (2531)1/2‘

Proof. The difference between the function ¥y and its Padé type approximant is

7 /OO x”“wk(ﬁ) To(a, 1, x)dx
Tola, 271 Jo 2yx 1—zx '

Ui(2) = (n+p/n)e,(2) =
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(See (7) in §2.) Hence, using Proposition 2, the Cauchy-Schwartz inequality, (15) and (16),
we have that

|5n,p,k(z)|

To(a, 1,271

an 00 "
/ (o )| e (/) | =
0

T (a,z71)
zp—H

N

T, 1 1
/ Tl D] 1 () 5l
0

|1 — zz|

IN

< 4sinhm

/ T, 2)l (a1, 2)de
0

F'2n+a+1)I'(a+1) ( 2a(2n + 20) >1/2
(5t 2n+1)(4n+2a+1)(2a+1))

w(a z71)
ZIH-I
T (a, z71)
Zp—i-l
T (o, z71)

< 4sinhm

< 4msinhw

This completes the proof of Proposition 2. [l

5.2. Completion of the proof of Theorem 1. In Eq. (17), we want to replace W (—1/n?)

by the Padé type approximants (rn + p/rn)s, (—1/n?) (for p > £/2) considered in §5.1.
With the notations used in that section, we have

= zn: In‘(5) B In‘(n) W"(n) o ‘ In“*(n)

o J on  (+1 +ﬁk20 (g_k)!(Tn—Fp/rn)@k(—l/nQ)
e
- i lngj(j) B ln;itn) B ln;i(ln) i % ¢ 1(126—:@53') (rn + p/rn)e, (=1/0%) 4 61 pe,
=t k=0 :
where
Ornpt = % Z %am,p,k(—l/rﬂ).

Then by Proposition 2, it follows that
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Now, by (18),
emp (=1/n%)
, (—1/n2)P+1 | T(2rn+a+1)T(a+1) 20(2rn + 20v) 12
= 4rsinh 7 5 T2 .
Ton(c, —n?) (i (2rn+1)(4rn+2a+1)(2a+1)

(19)

To compute limsup,, lém,p,dl/" as n — +o00, the previous bound shows it is enough to
compute limsup,, |, (—1/n2)["/". For this, let us consider

(=1)™(2rn + 2a)9ma1
(2rn)!(a)orni1

72m 2rn+ 1\ (2rn+2a+ 5\ (n—1 a+j 20

= ( j+1 )( j+1 )( j )/(J'H)‘ 20
All the terms of this sum are positive and are zero when j > min(n,2rn + 1) because of
the vanishing of the binomial coefficients (2;?:{1) and ("J_l) Applying Stirling’s formula
to the summand of 7,,(a, —n?), the discrete Laplace method (see |3, proof of Lemme 3|)
implies that

Ton(ar, —n?) := T, —n?)

. 2,’,. + t>21”+t
1 2 2\1/n — (
e Trnler, =n7) ogtg%zlﬁl}(il,zr) t3t(2r — t)2r—t(1 — t)—

(2r + p,)*
(2r — pe)?r (1 = pr)’
where p, = 7”-1—\3;—}—7 < min(1,2r) is aroot of (1—t)(4r?—t?) = t3. After some simplifications

of the term Zrt2aeatl (in (20)) with the term I'(2rn + o + 1)T(a + 1)/ (472 in (19),

it follows that

1/n < (2’/’ - MT)ZT

limsup |dpn .| (1 — ) < 1.

n—00,rneN - (2T + /’LT)
This completes the proof of Theorem 1.

For example, if 7 = 1, for any integer £ and p > £/2, limsup,,_, |6npe|"/" < (vV2—1)* =

0.02943. For 7 = 2, limsup,,_,, |62,/ < &(V/5 — 1)*(v/5 — 2)? ~ 0.00813.

6. EXPRESSION OF THE PADE TYPE APPROXIMANTS IN THEOREM 1

The purpose of this section is to make completely explicit the Padé type approximants
for the functions ®,,0 < k < ¢ involved in Theorem 1.

For the sake of simplicity, we define a linear functional Q®) acting on the space of
polynomials by <Q(k),xm> = ij,jlpﬂ, where p > —1 is a fixed integer and the moments
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(QU%)),.cn are defined by

Q(k) . (_1)m+1BQm+2
"o (2m +2)!

S@2m+2,k+1)= / 22" wy, () da.
0

We recall that we have chosen (up to a multiplicative factor)
2rn . . .
2rn+ 1\ (2rn+ 2a+ 7\ [Fi/x — 1 a+j
'ﬁn(a,x):zz< ’ 1)( +1 )( ' >/( 1
pr A Jj+ j Jj+

as the generating polynomial of all the denominator of the Padé type approximants (rn +
p/rn)e,. The numerator of (rn + p/rn)e, depends on k and requires the computation of
the associated polynomial of degree rn — 1

()= (a0, Tlen) “Tole2)),

r— =z

)

rn—1

By linearity, it is enough to compute Q*) applied to the polynomial
+iy/z—1 +iy/z—1
( j ) - ( j )

x—z

For this purpose, it is necessary to expand it on the canonical basis. Since we can choose

either + or — in the definition of 7,,(a, z), the latter can be viewed as the mean of the

expression with a 4+ and of the expression with a —. Hence, it is convenient to first compute
the associated of the following polynomial

() + (V)

2
We have
i/r—1 —iﬁ—l i
( )"‘2( j ):QLj!ZS(jJrl,qu1)((Z'\/5)q+<_2.\/§)q)
1 J/2
Il > S+ 1,2g + 1)a(—1)
Hence,
fam D CE 07D =)
| 2z~ 2)

J/2 q—1

1 , ok
= 2o SUF 120+ (1Y,

© g=0 s=0
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Therefore, the associated polynomial of Ty, (c, z) with respect to Q*) is

W, (2) = <Q<k>, Ton(0,2) = T, z>>

x—z
2rn 27‘n+1 2rn+2a+ i/x—1 —iv/x—1 ivz—1 —iy/z—1
_Z J+l)( j+1 ])<Q(k)(\/; )‘i‘({)_(\fg )_(\][)>
=0 (?+1) 2(z - 2)
2rn (2rn+1) (2rn+2a+g) J/2 q—1
+1 +1 s (k)
=2 (QH)J j'ZSj+12Q+1)( DT AT
=0 j+1 5=0
The Padé type approximant (rn + p/rn)e, (z) is then
-1
Z Q Z] Wrn 1( ) .
Trn(a, 1, 271)
Hence, we have
" nf(j) Inf(n) W) 0 IR (n)
= S S
j=1 J k=0 )
where
p pyr/ (k) -1
k) 4 z Wrn I(Z )
(rn +p/Tn)¢)k(—1/7’L2) = ( Q§ )i 4 —7;11(04,2 7
J=0 |[z=—1/n2
_ YW (—_1)j . (_L)%
J n? n?) D
j=0
and
2rn (2rn+1) (2rn+2a+j) /2 q—1
+1 j+1 ; s sk
Nio= 3 et D S0 + 120+ ) (-1t el
j=0 T 4=0 =0
2rn . .
2rn+ 1\ (2rn+2a+ 5\ (n—1 a4+ g
D= Z . /L :
J+1 J+1 ] Jj+1
and o :=p+14

7. THE PARTICULAR CASES / =0 AND / =1

The beginning of the paper deals with approximations of Stieltjes’ constants in a general
way, i.e. by adding to the partial sum of order n defining 7, the sum of a Padé type
approximant to the asymptotic expansion of the remainder as a function of 1/n. The
reason for this approach is that the weight functions underlying this expansion do not have
a constant sign on [0, +00). However for £ = 0 and ¢ = 1, as we shall show, the weights wy
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and w; have a constant sign. As a consequence, we can use ordinary Padé approximants
instead of Padé type approximants.

The case ¢ = 0 has already been fully treated in [9]. In this case, for every z > 0,

< d 1 2x

The case ¢ = 1 is more complicated. We have, for every = > 0,

6271'y

wy(x) = 4z /OO In(y/z — 1)(—2dy

ey — 1)

1 6271':13/1) dv
=drz? | m(ljo—1)———— =
v [ g >(€W_1>2Ua =2/

1 27rm/v 27rx/v d
= 4o’ / In(l—v)——— / In(v Y
0 (627m:/v _ 627rx/v _ ]_) 1}2

1 p2ma/v e2mz/(1-v) dv
In(l—v)——— / In(1
0 (€27r:r:/v _ 0 e27r:c/(l v) _ 1) (1 _ U)2

where
627ra:/1} 1 e27rac/(1—v) 1

U = — — .
<U) (627rx/v _ 1)2 V2 (627rx/(17v) _ 1)2 (1 — ’U)2

Because y — —=— is completely monotonic on [0, +-00), the function ¥(v) is increasing on
0, 1] for any fixed x. Moreover it is an odd function around v = 1/2 and ¥(1/2) = 0. Hence,
U is negative on [0, 1/2], positive on [1/2, 1] and fol U(v)dv = 0. Now, on [0,1/2],In(1—v) >
—1In(2) and ¥(v) < 0 so that In(1 — v)¥(v) < —In(2)¥(v), while on [1/2,1],In(1 —v) <
—1In(2) and ¥(v) > 0 so that In(1 —v)¥(v) < —1In(2)¥(v). Writing

wmﬂz4mﬁ<AUaM1—MW@MU+/q

1/2

1

1m1_mw@mg,

we deduce that
1
w (z) < —4ma? 1n(2)/ V(v)dv =0,
0

and thus the weight function wy(x) has a constant sign on [0, 400).

The approximation of v in terms of Padé approximants is thus

" In(j In(n In%(n
3 () In(n) In“(n)

J 2n 2 [rn A+ p/rnfe, (—=1/n*) —1In(n) [rn +p/rn]g, (—=1/n?)

j=1



18

for any integers n,p > 1 and any r € Q> such that rn € N. We display the error without
any calculations. We have

5&2371,(2) = Wy(z) — [rn +p/rnjy, (2) =

[ (P ()2 2 (V) |
(PD(a, 2-1))2 Jo 1—zx 2\/x ’
/°° (B (e, 2))* (V)
(P (a, 2=1))2 Jo 1—zx 2\/x ’

where Pr(g)(a, 271 and pY (a, z71) are orthogonal polynomials with respect to the weight
function :Up'HU)l(\/E) SNCE Explicit expressions of these polynomials are not known, but it

57(,711),1,(2) =W (2) = [rn+p/rnjg, (2) =

is known that their roots lie on [0, 00). Similar computations than those done in [9] then
show that for r < 2e and m € {0, 1}, we have

lim sup |5 1/n2)‘1/n < <£>4r < 1.
n—o00,rneN rnp ~ \2e

This proves the following
Theorem 2. For any fivzed r € Q> such that r < 2e, we have

R o e e
— [rn+p/rnje, (= 1/n*) = In(n)[rn + p/rnjs, (- l/nz)) ‘l/n < (%)%i

8. AN APPLICATION TO THE RIEMANN ZETA FUNCTION

We first recall the previous results established by the authors. In [8], the first named
author proved that for any complex number s, R(s) > —1 and any positive integer m,

m > R(s) — 1, then
o 1 1 /cD 1 (2)d
5) = - 1+2—|—0 vs(x)dx

) =
where the weight function vg(z) is defined by:

vs() = r(gﬁffs_ 5) /:O(t - x)m_si_z (ﬁ) d.

As a consequence, he obtained an approximation of ((s) as follows. Let us define the formal
power series
oo

k=0

where (s); is Pochhammer’s symbol for j > 0 and (s)_; := —=. Then, using Carleman

criteria, for all integer p > 1 and s > 0, s # 1, he proved that

_Z%—i—(n—i— 1-s hm [m+p/m] (1/(n+1)).

w

)
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Note that n is fixed. The proof is based on the non-negativity of v4(z) on [0, +00). More-
over, in [10], the two authors proved the following result: let r € Q be such that 0 < r < 2e
and s > 0,s # 1 and

0.0):= T gy (P = (25 5+ 0.0).

Then, for every integer n > 1 such that rn is an integer, we have

1 1 1
Z et oo g e (<) @D

1)ns 2ns

where

limsup‘UrsnP/n (T >4T.
n—-+00 o 2e
If s <0,s ¢ Z<, the degree of the numerator of the Padé must be increased, i.e. rn is
replaced by rn+p where p = | —s/2| 4+ 1. On the other hand, if s is not a real number, we
could not prove that (21) still holds because v,(x) is no longer non-negative on its support.
Consequently, the denominator of the Padé does not have its roots on [0, 4+00), in which
case our method is inoperant.

However, we can also use a similar approach as for Stieltjes’ constants: we replace
the Padé approximant in (21) by a Padé type approximant with a Wilson polynomial as
generating polynomial. The following result is then obtained, the proof of which is not
given here because it is very similar to that of Theorem 1.

We consider again the Wilson’s polynomial T,.,(a, 1, x) as the generating polynomial for
the Padé type approximants (rn+p/rn)e,, with a := (m +5)/2 4+ p where m, n,p,r, s are
specified below.

Theorem 3. For any integers n,p > 1, any r € Q>g such that rn € N, for any complex
number s such that R(s) > 0,s # 1 and any integer m > R(s) — 1, we have

1 1 2
Z k;s (s —1)ns—1 s - ns+1 (rn+p/rn)e,(=1/n7) + Ornyp (22)
where
2r — )"
limsup [8,,,|7" < (—T L—p) <1
n—o00 T‘TLEN ‘ 710’ (27’ + MT)QT( : )
. o 2r

with p, = —7—s.

More precisely, we have

, N
(rn+p/rn)e,.(2) = Z c;z) + zpﬁ
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where m > R(s) — 1, a = (m +5)/2+p, ¢ := (—1)k(§;i+2§!(s)2k+1,

2rn 2rn+l) (27"n+2a+] j/2 q—1

1 \t+1—
v B OO S syt 2)

J+1 q=0 t=0

2rn . .
2rn+ 1\ (2rn+2a+ 7\ (n—1 a4+
o= (1) )( GH)
J+1 Jj+1 J Jj+1
Remark. If s € C,s ¢ Z<p, in Theorem 3 the degree of the Padé type approximant must
be increased: p must be greater than |—R(s/2)] +1,m = 0 and o = 5/2. Hence, for every

complex number s # 1, not in Z~, the convergence of formula (3) holds, with the same
speed which is independent of p.
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