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It is an ongoing research work

(with its own notations, possibly differing from Part 1/11)
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Outline

Motivations
m Scalable clustering
m Model-based clustering
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Context and objectives of scalable clustering

Scalable clustering:

Clustering

Arising of Big Data
Context Large sample size n

Large dimension d

Green computing

Reduction of time,
Objectives ¢ memory, energy,

technology requirements
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State of the art

Basic idea Specific Example
Subsampling BRF (Bradley, 1998)

Data-reduction

Compressing statistics
Representative points
Grid reduction

BIRCH (Zhang, 1996)
CURE (Guha, 1998)
CLIQUE (Agrawal, 1998)

Reduce operations

Data structure
Pruning clusters

CLARANS (Kaufmann, 1990)
ENCLUS (Cheng, 1999)

Transform space

WaveCluster (Sheikholeslami, 1998)

Subspace clustering

SUBCLU (Kailing, 2004)

New technologies

Map-Reduce
Spark

PKMeans (Zhao, 2009)
SOKM (Zayani, 2016)

Practical activity

None of them satisfies our requests.
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Model-based clustering with GMM

e We have a sample x = (x1,..., Xn), realizations of a real r.v. X.

e Data come from K different sub-populations Q, k =1,..., K.

e X follows a Gaussian mixture model (McLachlan & Peel, 2000) indexed by v € ¥:
its p.d.f has the form

K

F(x; ) = > mo(x; i, Tu)  x € RY,

k=1

K
dome=1, m>0 (k=1,...,K),
k=1

where ¥ = (71, .., TK, U1y - - - s WK, 21, - - -, Lk ) and ¢(-) are Gaussian densities.
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Model-based clustering with GMM

Model-based clustering
ML estimation: find %) via EM algorithm maximizing £(1p; x) = > Iog(z:kK:1 T d(Xi5 ks Tk))-

Clustering phase: assign x; to Q. if k™ = argmax—y Tk d(x;; Bk, )

Evaluate clustering accuracy.

EM algorithm: brief description (Dempster et al., 1977)
1 Introduce class labels z and fix starting value 'Lf)(o).
2 Work with £e(tix, 2) = 71 4y 2 log(mk (i pux, T)).

3 At iteration j, select pUTD) = argmaxdjew]EdA}(j) [ec(; Z, x)|x],

4 Repeat 3 until |Z(¢(j+1);§) - 2(1/)(-");5)\ < € (or up to J iterations).

If n and d too large, it requests too much time and memory.
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Binned data modeling
m Binned data
m Univariate binned Gaussian mixture models

m Univariate results
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Binned data: ideas

Binned data appears when it is impossible to collect data with infinite precision
(censoring, truncation,...).

Instead of knowing a complete sample x = (x1, ..

.y Xn) C R? we know a vector n of

counts of observations lying in some regions of the space delimited by a grid G.
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Binned data: formalization

Suppose:
e x C R? a d-dimensional real sample with p.d.f. f(x;1),

e RY is divided into R = ]_[‘rjzl Ry regions {S1,...,Sg} by a Cartesian grid

G = Gy X ... X Gy of dimension Ry X ... X Ry.

Practical activity

Binned data n

- n=(n,...,nR),
_ni:#{xjesi} I'Zl,...,R,
- pi = P(X ES,-;':,/}):‘]‘S’ f(x;p)dx i=1,...,R,

- Trick for sample size reduction: select R << n.

- n follows a multinomial model M(p) with p = (p1, ..., PR).

10/30



Motivations Binned data modeling Multivariate Mixtures Practical activity

(e]e} (e]e] (e]e]
(e} [ Je] 000000
0000 [e]

Univariate mixture models with binned data: Estimation

Identifiability of univariate mixture binned models
Identifiability is not trivial. It is satisfied for R > 4K — 3.

Aim: ML estimation
Optimize £(;n) = SR | n; Iog(fsf SR TR (x; pk, 02)dx).

Missing data EM algorithm
Class labels: z,

Raw data among each bin: x-.
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EM algorithm for univariate binned data: update formulas

Fork=1,...,K

G+ 2R nAY)
Ty

)

n
ﬁUH) _ 221 ""Bi(l{)
k - ~() )
;R:l ”iAEi)
~2(j41) Z/RZI ”iéi(if)
O'k = ﬁ
Doty niAL

Remark: It could be shown (not displayed) all Al(.‘,’;), ég), CA',.(,{) depend only on Gaussian
pdfs and cdfs.
4

Calculation is easy and fast.
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Simulation - Raw vs Binned

10° data from f(x; ¥) = 0.6¢(x; —1,2) + 0.3¢(x; 1, 1) + 0.1¢(x; 0, 0.5).

Density
— e
—

Compare our method with the subsampling one (for different R and subsample percentage m) in
terms of:

Classes selected by BIC;
Time and memory used;

Quality of estimation.
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Classes selected by BIC

Binned data

R=10
R=50
R=100
R=200
R=300

|

Subsampling

m=0.01%
m=0.1%
m=1%
m=10%
m=100%

Number of classes selected by BIC
- N

>y

4 5 6 7
Logarithm of Memory (kB)
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Total time EM algorithm

IN

Binned data
¢ R=10
R=50
R=100
R=200
R=300

w
[ X I

\S]

Subsampling

m=0.01%
m=0.1%
m=1%
m=10%
m=100%

Logarithm of total time for EM algorithm

>y

4 5 6 7
Logarithm of Memory (kB)
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Kullbach-Leibler divergence

Binned data
¢ R=10
R=50
R=100
R=200
R=300

-2-

-3-

Subsampling

m=0.01%
m=0.1%
m=1%
m=10%
m=100%

—4-

Logarithm of KL divergence

e

3

>y

4 5 6 7
Logarithm of Memory (kB)
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Multivariate Mixtures

m Issues
m First attempt for bivariate diagonal mixtures

m Future works
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Multivariate bins: dimensional issues

(2]

-_% Grid density (per axis)
z — R=5

£ - R=10

2 «+ R=20

s + = R=50

2

2 3 4 5
Space dimension

Issue: Non-empty binned data size grows exponentially with the space dimension. =
Huge amount of memory is demanded.
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In a multivariate context,
Fork=1,...,K:

Issue: d-dimensional numerical integration is burdensome. = Too complex computation.
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Multivariate EM: numerical issues

EM updates have this form (Cadez et al., 2002):

Do, £0)

Dy —
Tie () = f(x; ) ’
- (+1) SRy Is; 79 (x)dx
Tk = "' -
n
_(j+1) SR Is; XTE)(X)dx
aith = == e L Tt

SR [, T dx

sy _ T s - ad ™ x — a0 (x)dx
G+1) _

5:1 n; fS’_ -r,Ej)(x)dx

Practical activity
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Bivariate diagonal mixtures

Let consider a bivariate mixture with diagonal variances and K = 2 (known). Thus,
the parameters to estimate are:

2 2 2 2
P = (ﬂ', H11, H21, 0711, 021, K12, K22, 012, 0-22)'
Y1 P2

How to save memory?

How to avoid numerical integration?
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Marginal counts

If d =2 we have a grid G = G; X Gy of dimension R; X R».
Denoting with x; and x, the first and second component of x, we can define:

m n; : binned data Rj-vector of x; under Gj.

m 1 : binned data R»>-vector of x, under Go.

n; and ny are the marginal counts of n.

Trick to save memory: try to work with marginal counts n; and n, instead of n.
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Joint EM for marginal counts

Having only marginal counts n; and np we have to obtain 1,@ maximizing L(v; ny, m).
A classical EM needs numerical integrations and L£(; n1, n2) is difficult to calculate,
having only this mathematical relation:

Llpim,m) = > L(pin').
{rin)

Proposal: an "alterned” EM to estimate @ completely based on univariate
calculations.

29 /30



Binned data modeling Multivariate Mixtures Practical activity
oo

(e]e]
000e00

Alterned EM

Starting point: 90 = (7?0,1,2'?,1[)8)
Forj=0,...:
EM algorithm (1 iteration) on dimension 1 using n; and (ﬁj,i’{) as starting point
- (7?”%,1}{“).
EM algorithm (1 iteration) on dimension 2 using m and (frj+%,1j:"2') as starting
point — (ﬁf+1,1[r£+1).
Current estimate: 9+ = (7”rf+1,1/311'+1,1/72'+1).

Repeat 2-4 until ||¢/*1 — 4p/|| < € or up to J iterations.
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Results

curve curve
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(a) Initial estimation b Grid W|th 9 bms
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(c ) Gnd W|th 100 bms (d) Gnd W|th 104 bms
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Results

Estimation from a further initial point.

2
Curve curve
B e o B oo
o ™ ™
evel level
020 020
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(a) Initial estimation (b) Grld Wlth 9 blns
curve curve
1 | D - =
e a
(c) Grid with 100 bins (d ) Gr|d W|th 104 bms
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Future works

m Assessment of theoretical properties alterned EM algorithm and 12;

m Computation of L(v, n1, m).

Study of local maxima.

Choice criterion for the binning grid.

m Propose grid candidates.
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m Scalable clustering

m Model-based clustering

Binned data modeling
m Binned data

m Univariate binned Gaussian mixture models
m Univariate results

Multivariate Mixtures
m Issues

m Future works

m First attempt for bivariate diagonal mixtures
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Run provided R files (1/2)

binned_pack.R & run_bin.txt

# draw raw data

n=100000

p=c(0.5,0.5)

mu=c(0,4)

v=c(1,1)
data.raw=gen_mixt(n,p,mu,v)

Histogram of data.raw$x

Frequency
6000 8000 10000
L L )

4000
L

2000
L

data raw$x
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Run provided R files (2/2)

Practical activity

binned_pack.R & run_bin.txt

# EM on binned data

piO=runif (2)

pi0O=pi0/sum(pi0)

mO=runif (2)

sO=runif (2)

tim=1000

tol=le-6

par.hat=em_bin(data.bin, pi0, mO, sO,tim,tol)
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