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It is an ongoing research work
(with its own notations, possibly differing from Part I/Il)
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Take home message

The missing data pattern may convey some information on clustering

Embed the missingness mechanism directly within the clustering modeling step
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Ignorable vs. non ignorable model

A missing mechanism is ignorable if likelihoods can be decomposed as

L(0,%; y°%, ¢ ) = L(3icly®™) x L(6;y°™)
observed data

Some simple algebra show that this occurs when missing mechanism is not MNAR

Inference of 6

“If the missing mechanism is ignorable then likelihood-based inferences for 6 from
L(0; y°P%) will be the same as likelihood based inference for @ from L(8,; y°Ps, c).”
([Little and Rubin, 2002] Section 6.2)

m M(C)AR is ignorable
m MNAR is not ignorable
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Clustering: model-based approach

m Partition with K clusters: Z = (z1]...|zn)" € {0,1}"*K where

w7z = (zn,...,2x) € {0,1}
m zj = 1 if y; belongs to cluster k, zjx = 0 otherwise

m Mixture model: y1,...,y, are i.i.d. from the mixture

K

Fyiim, 0) = > mifi(vii k)
k=1

] T{'k—P( =1), 7 =(m1,...,7Tk)
m (. 0k): pdlc of the k-th component parametrized by 04, 0 = (01, ..., 0k)
® continuous data: fi(.; 0x) = @(.; pk, Lg) is the d-variate Gaussian distribution with mean
vector py and covariance matrix X
m categorical data: the features are independent conditionally to the group membership i.e.

0 £
fi (- 0k) = ]_[ _1 fij(: 0k5), where fi; = H/ZI(G,@)‘V'J is the multinomial distribution with
Oy = (gkj = ]P’(yg = Uz = D)e=1,....4
® mixed data: the features are independent conditionally to the group membership, fi(.; 0x) is

the product of univariate Gaussian and multinomial distributions
m Can also be extended to other cases (count data with Poisson distributions for instance)

Question we address in this work
Which distribution P(c|y, z; 1) to propose in this clustering context?
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Proposed zoology of MNAR models in clustering

d
P(cilyi, zi = L) = [ [ P(cilyir 2 = 1:9)
=1

= | MNARy"Z |, with ¢ = (a, B) where o = (@1, ..+, Q1d, -+, QK1, - - - akg)| € RFY and

B= (B, Bids-s Br1s s Pra)T € R
P(ci =11y, zix = 1;9) = plak + Biyi),
with p the cdf of any continuous distribution (logit, probit)

= | MNARyz | | MNARy > ,’MNARsz‘

m | MNARYy |, | MNARy" A

Y =(Bi1,- - Bids - Bty .-, Brd)” [MNARy= | [MNARyz | [MnaRy ‘2]
P(cj =1 yi, zik = 1;9) = p(Brjyij) ¢
= [MNAR: ]
Y= (QUL, e, dy - QKL e QKd) |

P(ci = 1|y, zx = 1;9) = p(ax;)
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Overview of the proposed MNAR models

Effect on the

Effect on the class

Nb parameters

variable j membership k

Depends Depends Dep.ends Depends Continuous Categorical

on j on k on j on k
MNARZ y* v v v v 2Kd K(d+ 37,06 —1))
MNARy 7/ v X v v (K+1)d | Kd+37,(¢—1)
MNARy*z v v x v K(d+1) | KQ+3X%,(4—1)
MNARyz v x x v (K +d) K+, -1)
MNARy v X X x d S —1)
MNARy* v v X X Kd K> (6 —1)
MNARz X X x v K K
MNARZ/ X X v v Kd Kd

Terminology in the sequel:

m MNARz, MNARZ/: the only effect of missingness is on the class membership

m MNARyx: all the other models which considers the effect of the missingness
depending on the variable

m MNAR:x: all the models
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MNARz analysis: it depends on y through z!

K

P(cj = 1lyi:0,9) = > P(cj = llyi, zic = L;9)P(zi = 1]y;;0)
k=1

Example of a univariate Gaussian model with the three components
0.2N(-;0,1) + 0.3N(+;1,2) + 0.5N(+; 2,3)

and with parameters of the logit expression: ag = 1,81 =1,6 = —1,83=1

MNAR property of the model LogitP(C =1 | y,2)=c + £, B, 2,
0

088
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MNARz analysis: pattern c gives information on partition z!

Draw Bayes error of a MNARZz model with two components and 20% of missing data
mk = 0.5, ||p2 — p1]| varies, X1 = Xy =1, |82 — 1] varies

Distance along one variable

° =3
=
2 A8 "
A
= o
. o
S /QZ‘,;“/
— o
.=
<7 o

— — T T
025 05 075 1 125 15 175 2 225 25

Center's distance

Both py and Bk act on the Bayes error
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Reinterpretation of the MNARz and MNARZ models as MAR

Commonly used in Machine Learning
[Jones, 1996, Little and Rubin, 2002, Josse et al., 2019]

Mixture model for Y©bs and Bernoulli distribution for C
< MAR mixture model for Y°Ps = (Y°Ps|(C)

? 26 5 1 0 O
yob* — [ blue 19 4 |, c=| 0 0 0
red 23 7 0O 0 1
then Y°P® is expressed as
) ? 26 5 1
vors — | blue 1.9 4 0
7?70

red 2.3

For example,

Proposition 1: in terms of maximum likelihood

The maximum likelihood estimate associated to the dataset Y°P$ under MAR
model is the one associated to the dataset Y°PS under MNARz or MNARZ models.
= can be extended to other estimation strategies
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Continuous and count data (1)

Previous works: [Teicher, 1963] (without NA), [Miao et al., 2016] (for MNAR data)

Identifiability for a mixture model with MNAR data
& Mixture/ MNAR parameters are uniquely determined from available information

Proposition 2: identifiability for continuous and count data
Assume that
The marginal mixture Zszl i f(yi: Ok) is identifiable

There exists a total ordering < of F; x R, for j € {1,...,d} fixed, where

Fj=A{fy,-. -, fig} and R ={p1,...,px} = {p(i¥1),...,p(;1k)}. The total
ordering is s.t. Vk < £, Fx = pxfij = Fyp = pypfy; implies

o Pefy(u)
u=too pr(u)fig(u)

Then the mixture model with one of the MNAR* mechanisms is identifiable up to
label swapping

14/30



Identifiability

Continuous and cound data (2)

Is the total ordering checked for classical distributions ?

fi

Gaussian

Poisson

Pk
MNARZ y¥

Probit

Logit

Probit

Logit

MNARy*z
MNARy*

v

generic idenfiability

v

generic idenfiability

MNARyz/
MNARyz
MNARy
MNARz
MNARZ/

Generic identifiability: all not-identifiable parameter choices lie within a proper
subvariety, and thus form a set of Lebesgue zero measure
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Categorical data

Previous work: [Allman et al., 2009] (without NA)
Recall that for categorical data: conditional independence of the features given the

group membership holds i.e. fi(-;0x) = Hle fii (- 0j)

Proposition 3: identifiability for categorical data
Assume that d > 2[log, K|+ 1 and fi(:; 0k) = [T}, fig (- ; i)
v Then the mixture model with MNARz or MNARZ/ mechanism is identifiable up

to label swapping
X The mixture model with one of the MNARy* mechanisms is not identifiable
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Mixed data

fi(+ 0k) = H7:1 fii (- ; 0kj), thus identifiability of mixed data directly follows from
Proposition 2 for continuous variables and from Proposition 3 for categorical variables

17/30
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EM algorithm: looks simple

The expected complete log-likelihood knowing the observed data and a current
value of the parameters can be decomposed into two parts

Q0,4 m; 0", 0", ") = Blleomp (0, 0, w3y, 2, €) |y 3 07,4, ']
- Qy(eaﬂ—;erud)rvﬂ'r) + QC(Q/); Gr’d)r,ﬂ_r)

n K
Qu(0,m 0",y 7)) =Y > (7ik)" log(mk +ZZ (7ix)"E7, (0)
i=1 k=1 i=1 k=1
n K
Qe(v; 0", 9", ") = > > (i) EL(¥)

i—1 k=1

where fori=1,...,nand k=1,...,K,

EL(0) = E|[log(fi(yi00) |y 2k = L,cii6", v

E.(¢) = E [|Og(P(Ci |yirzie = L)) | yP™, zi = 1, cis 9r77¢1']

(ti)" = Plzk =1y, ;0" 4", 7") o< whfi(y?P00)P(ci | yPP5, zi = 1;47)
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EM algorithm for MNARz and MNARZ/

’ MNARz, MNARzj ‘: needs some computations but still simple

]P(Cij =1 | Vi, Zik = 1; ’[/J) = p(ozkj) (independent of y) (A)

e [Gausian data} (sl = 1:07) ~ N 0
n IP‘(y,-miS | y,-c’bs, zigk =1,¢;0",¢") = IE“(y,.miS | y,-c’bs, zj = 1;0") using (A) and

(= 1y = 107) ~ N (YL Y

and (£%)" only depend on uf, ¥" and y°b®

= E;(0) = [Iog(fk(}/r‘; 0k)) | yPP%, zi = 1, 0'] easy to compute (classical formulae)
m Using (A)

where (ji5i#)"

Er(y) = log(P(ci | zi = 1; %)) = Z cij log p(a;) + (1 — cj) log(1 — p(ou;))

m Using (A)

r b, bsyr bs,obsyr d r e ryl—cji
(Tik)" o 7"k¢( ; Sv(/»“ﬁ ) ,(Zﬁ( %) )prOdjzlp(akj)Cj(l - p(akj)) U

20/30
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EM algorithm for MNARz and MNARZ/

Recall that: (y'* | y?b*, 2 = 1;67) ~ ((um)n ().

L] : fork=1,...,K and i=1,...,n, compute (A1), (£2i)", ()" and
bs,ob bs,mi
(G0 = 0P ™)) £ = < s s )

ob Lo
0:'1115 obs (fols)’
m | M-step |: for k =1,..., K, compute

n

et 2 ISy e 2 i) (i)’
k . ’Z:;( ik) I S ()’
= it [(Tfk)’ (( ) = 1Y (k)" — T +i7k>]

> (Tik)”

For 1" 1: maximization of Qc(%;6",", ") over ¢ with a Newton-Raphson
algorithm (classical procedure for link functions of interest)

An EM algorithm can also be easily derived for categorical data ‘

illustration Concluding remarks Practical activit
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Not EM algorithm for MNARy

MNARy=* |: needs approximations

P(cij = 1| yi,zik = 1;9) = p(oug + Bijvij) (not independent of y)

B (0 %z =1, )
X not classical if p is Logit, v' truncated Gaussian distribution if p is Probit
m No closed form of E{ (1)) neither for Probit nor for Logit:

plagy + By )TP(yg™ | v, zi = 1;0") s
fym,g p(akj + ﬁkj x)UP(x | yiObS,z,-k =1;0"dx "

E () = Z Cij / log(p(cug+Biyy"))

+ (1 — ¢) log(1 — pla + Bigys™®))

X not concave function if p is Logit
m No closed form of (7i)" neither for Probit nor for Logit

m In the Gaussian case, there is no closed form [Pirjol, 2013]

m SEM easier? random drawing instead of expectation
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SEM algorithm for MNARy %

m : draw the missing data ((yf“is)’“,zi’“) ~ (| yPPs, i 0T, 9", ")

‘ Use of One-Gibbs sampling ‘:

. (yimis)H»l ~ ( ‘ _y,‘ObS,Z;7C/';6’7wr):
X not classical if p is Logit, ’ v’ truncated Gaussian distribution if p is Probit ‘

r+1
i

w oz~ (| y 607,97, m): draw the membership k of z ! from the multinomial

distribution with probabilities
]P’(C,-|yi’+17 zi = 1; ¢r)P(yir+1|z,-k =1;0")m,
S Plely ™ zin = L )Py zim = 1;67)w,

Let Y+ = (y/ ... |yith), 274 = ([ ™| ...|z;*!) be the imputed matrix and
the partition

] : for k =1,..., K, compute

[ ] TrL+1 with the proportion of rows of Y1 belonging to class k
m ui ¥ with the mean and covariance matrix of rows of Y™ belonging to class k

m " with a Newton-Raphson algorithm

Plzu = 1y, ;07,90 , ") =

23 /30
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Summary for algorithms

MNARz
MNARzZ/

no closed | 1° closed ;elqg:i'"cehms
MNARy form, not ident. & not ident.
form ontim. b as SIR
pm. b (costly)

u]
o)

I

i
it
)
»
Q
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What about model selection?

Practical activit

Can select between MCAR and MNARx* with any information criterion (BIC, ICL)

Even if the missing mechanism is ignorable for MCAR. ..
...need to model ¢ to compare a MCAR and a MNAR model

CAUTION

m It is just a selection between several proposed MNAR models

m It is not deciding if missingness procedure is “genererically” MNAR or not
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Hospital Data: continuous features case

m Number of patients: n =5 146

m Number of features: d =7

Age

Size

Weight

Cardiac frequency

Hemoglobin concentration

Temperature

Minimum Diastolic and Systolic Blood Pressure

m Percentage of missing data: 6.4%

27 /30



Introduction A model-based MNAR clustering approach Identifiability Inference procedures Medical study illustration Concluding remarks Practical activit

ICL comparison

ICL Comparison

-96200
I

-96600
I

ICL

-97000
I

-97400
I

Number of Clusters

m MCAR, MNARy and MNARZz are equivalent until K =3
m MNARz and MNARyz clearly indicate presence of an additional cluster (K = 4)

It seems to be an illustation of the effect of ¢ through MNARz and MNARyz
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Missing Pattern

M NNl

MNARz order

5
>
0
o
a
@
ol

Raw order

It seems that MNARz

modelling leads to a missing free cluster
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Hospital data: mixed features case

m Number of patients: n =5 146
m Number of features: d = 15 (7 continuous and 8 categorical)

m Percentage of missing data: ~ 4%

Model

Conditional independence of the variables knowing the cluster

30/30
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ICL comparison

ICL Comparison

=) H R —O
=1 — o '
g 4’—_’4/\ x‘\A
T ' ' ' ' '
' ' ' : +
s R
g "
&7 / H H : : :
i : : : : :
S ' : : : :
o g ! ! ! ! !
= 84 : : : : :
& ' ' ' ' '
i ' ' ' ' '
s ' ' ' ' '
k=3 " " " " "
8
g | ' ' ' ' '
8 ' : : : :
T : : : | |
' ' ' o MCAR
s : : : A MNARZ
< 4 | | | + MNARyz
2 t t t T T
4 5 6 7 8

Number of Clusters

m MCAR and MNARZz are equivalent
m MNARyz seems really inappropriate

m Seems to miss the previous latent structure: requires a specific exploration. . .
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Exploration 1: local independence is not relevant for this data set

L e

L T~

g LA :\j‘ P

g N DN

. AN S

g | : NG e

& Do A
N N

3 29 ! ! F——

° B L t
. A
g : Lo Lo b
o ‘ ‘ 1 ‘ ‘ ‘ © MNARz
2 | 1 1 H ' ! |4 McAR
® 7 + MNARz_Diag
T | | | | | x MCAR_Diag

—t
1 2 3 4 5 6 7 8

Nb Clusters

Not accounting for possible conditional dependencies between the continuous
variables is inappropriate for this dataset.
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Exploration 2: mixture model bias vs missing model bias

A simulated data set with the following parameters:
m Mixture model: varying from diagonal to non diagonal hypotheses
m 2 clusters, dimension 7
m 5 000 individuals
mom =03 m =07 u = (0,0,0,0,0,0,0), o = (2,2,2,2,2,2,2)
m Covariance matrices: r € {1,...,10,00} (r = oo is the diagonal case)
1 0.5" 0.25"
0.5" 1 0.5"
0= 025" 05 1
0.25" 0.5" 1
m Missingness model: MNAR hypothesis
m Proportions of missingness: 0.001 for cluster 1 and 0.06 for cluster 2
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Results from exploration 2

00005~

00505~

00015~

701

00515~

00025~

True Model

m The mixture model bias can not be compensated by the (unbiased) missing

mechanism modeling

m It illustrates again the fact that information (on the latent partition) conveys

by data is much more important than information conveys by the pattern

34 /30



35/30

utline

Introduction

A model-based MNAR clustering approach
Identifiability

Inference procedures

Medical study illustration
Concluding remarks

Practical activity

«O>r «Fr <

nae




Introduction A model-based MNAR clustering approach Identifiability Inference procedures Medical study illustration Concluding remarks Practical activit

Summary
m Interest to put a model on ¢
m Interest of the simple but meaningful model MNARz

m Link between our models and usual methods

Ongoing works
m Deeper analysis of the previous results with doctors. . .
m Implement the proposed models/algo. in the Mixmod software?

m Address the trade-off between biased mixture model and biased missingness
mechanism in particular for the mixed data case

“http://www.mixmod.org
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Run provided R files

Cours_clustering_Christophe.html

Classification non supervisée avec données
e s manquantes non-ignorables

1.2 Classificaticn nion supe visée
AS.

07 mars 2021

2 Cas continu

3 Cas catégoriel

1 Introduction et notations

1.1 Données manquantes

Soit Y € R je jeu de dornées. Nous supposcns cuil contient des dennéas manguantes. Lz matrice de motif des donndes
manquantes permet dindiquer ou sont les dennées mancuantes. Cette matiice est notee C € R™%: ¢j = 1siYest
marquant, ¢;; — 0 sinon. Les valeurs des variables observées (resp. des valeurs mznquantes) pour findividu @ soni regroupées
dans Iz vectaur 2 (r=ps 7™) Nans le contexte de I classificaion nan supervisée, (e but 2st d'estmer une parition
(Inconnue) pour les données Y en K groupes. Cette dartiicn est notés Z = (2] ... |z)™ = {0,1}™F avec

2 — (21 zix)T € {0,1}K etol z; — 1 siy, appartient 4 la classe k, % — 0 sinon. Dans ce con:exte, es connées
marquantss ne sont pas seulement les valeurs y* mais également les €liquettes de 1a paneicn z;

Les garanties théoriques et ainsi le chox des m2thodes de tratemant des données manquantes r2posent généralement sur des
Nypotnéses concemant Ies causes e rabsence oe onnéss. RUDIN (1976) @ AECOMPOSE Ces Causes en rols mécanismes de
données manquantes. Les dcnnéss sont dites:

+ manquantes complétement aléeatcirement (MCAR) sila probablité quune observation soit manquante est ka méme pour
toutes les observations®

P(e; | yir 23%) = Peis¥), Vigio

ou i astlz 2 du mécanisme de donnies
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