N
N

N

HAL

open science

Critical functions and blow-up asymptotics for the
fractional Brezis—Nirenberg problem in low dimension
Nicola de Nitti, Tobias Konig

» To cite this version:

Nicola de Nitti, Tobias Konig. Critical functions and blow-up asymptotics for the fractional Brezis—
Nirenberg problem in low dimension. 2021. hal-03505340

HAL Id: hal-03505340
https://hal.science/hal-03505340

Preprint submitted on 30 Dec 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03505340
https://hal.archives-ouvertes.fr

CRITICAL FUNCTIONS AND BLOW-UP ASYMPTOTICS FOR THE
FRACTIONAL BREZIS-NIRENBERG PROBLEM IN LOW DIMENSION

NICOLA DE NITTI AND TOBIAS KONIG

ABsTrACT. For s € (0,1) and a bounded open set Q C RN with N > 2s, we study the fractional
Brezis—Nirenberg type minimization problem of finding
fRN ‘(_A)5/2U|2 + fQ au?

N —2s

(o)

where the infimum is taken over all functions « € H*(R™) that vanish outside Q. The function a
is assumed to be critical in the sense of Hebey and Vaugon. For low dimensions N € (2s,4s), we
prove that the Robin function ¢, satisfies infyecq ¢da(x) = 0, which extends a result obtained by
Druet for s = 1. In dimensions N € (8s/3,4s), we then study the asymptotics of the fractional
Brezis—Nirenberg energy S(a+¢eV) for some V € L>(Q) as e — 0+. We give a precise description of
the blow-up profile of (almost) minimizing sequences and characterize the concentration speed and
the location of concentration points.

S(a) := inf

1. INTRODUCTION AND MAIN RESULTS

Let N € Nand 0 < 25 < N for some s € (0,1), and let Q@ C RY be a bounded open set. The goal
of the present paper is to analyze the variational problem of minimizing, for a given a € C(Q), the
quotient functional

e (=82 dy + fy aly)u(y) dy

Salul : 1.1
a[ ] HU||2 o ( )
LN-25 (Q)
over functions in the space
H(Q):={uec H*RY) : u=0 onRV\Q}, (1.2)
where u € H*(RY) iff
1/2
Jull L2myy + (/RN |(—A)S/2u‘2 dy) < 0, (1.3)

and the fractional Laplacian operator (—A)%u is defined for any u € H*(RY) through the Fourier
representation

(=A)u = FL(|€]* Fu). (1.4)

We also recall the singular integral representation of the fractional Laplacian (see [IT, 25]):

u(z) —u(y)
—A)® :=CnP.V. ———2 dy, 1.5
(-ayua) = OnapV. | Oy (15)
where
8228F< N+25)

Cys = ——oe—2 L. 1.6
Nos "7 ZNRD(1 = 5) (16)
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The associated infimum,
S(a) = inf {Sa[u] L€ ﬁS(m}, (1.7)

is to be compared with the number S := Sy := S(0), which is equal to the best constant in the
fractional Sobolev embedding

JRCSERTRVEE . (18)

LN-25 (RN)

given by

SNs 1= 22sﬂsr(%) (F(N/2))2S/N. (1.9)

L(%5%) \ T'(N)

We note that the embedding H*(Q) < LP*1(Q) and the associated best constant are in fact inde-
pendent of 2 and equal to the best full-space Sobolev constant Sy s (see [I9]). In the classical case
s =1, problem has been first studied in the famous paper [9] by Brezis and Nirenberg, who were
interested in obtaining positive solutions to the associated elliptic equation. One of the main findings
in that paper is that the behavior of depends on the space dimension NV in a rather striking way.
Indeed, when N > 4, then S(a) < S if and only if a(z) < 0 for some x € 2. On the other hand, when
N = 3, then S(a) = S whenever ||a]|« is small enough, leaving open the question of characterizing
the cases S(a) < S in terms of a. In [20], Druet proved that, for N = 3, the following equivalence
holds:

S(a) < S = ¢a(r) <0 for some x € €, (1.10)

where ¢, (z) denotes the Robin function associated to a (see (1.11) below). This answered positively
a conjecture previously formulated by Brezis in [§].

For a fractional power s € (0,1) and assuming a = — X for some constant A > 0, Brezis—Nirenberg type
results have been obtained by Servadei and Valdinoci:

(i) In [38], they proved that when N > 4s, then S(—)\) < S whenever A > 0;
(ii) In [36], they proved that for 2s < N < 4s and prove that there is Ay € (0, A1 5) (where \q ; is
the first Dirichlet eigenvalue of (—A)®) such that for every A € (A;, A1 5), one has S(—)\) < S.

In this paper, we shall exclusively be concerned with the low-dimensional range 2s < N < 4s. This
is the natural replacement of the classical case N = 3. s = 1, as indicated by the results above.
One may also notice that when 2s < N, the Green’s function for (—A)® on RY behaves like G(z,y) ~
|z —y|~N*2% near the diagonal and thus fails to be in L2 (RY) precisely if N < 4s, compare [29].

loc

A central notion to what follows is that of a critical function a, which was introduced by Hebey and
Vaugon in [28] for for s = 1 and readily generalizes to the fractional situation. Indeed, the following
definition is naturally suggested by the behavior of S(a) just described.

Definition 1.1 (Critical function). Let a € C(Q). We say that a is critical if S(a) = S and S(a) < S(a)
for every a € C(Q) with @ < a and a # a.

When N > 4s, the result of [38] implies that the only critical potential is @ = 0. For this case, or more
generally for N > 2s with a = 0, the recent literature is rather rich in refined results going beyond [38].
Notably, in [I5] and [14], the authors prove the fractional counterpart of some conjectures by Brezis
and Peletier [10] concerning the blow-up asymptotics of minimizers to the problem S(—¢) and a related
problem with subcritical exponent p — ¢ as ¢ — 0. In the classical case s = 1, these results are due
to Han [27] and Rey [33] [34]. Corresponding existence results, also for non-minimizing multi-bubble
solutions, are also given in [I5, [14], as well as in [I7 [26].

In contrast to this, in the more challenging setting of dimension 2s < N < 4s, critical functions can
have all possible shapes and are necessarily non-zero, compare [20] and Corollary below. In this
setting, and notably in the presence of a critical function, results of Han—Rey type as just discussed
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are much more scarce in the literature. Even in the local case s = 1 and N = 3, the conjecture of
Brezis and Peletier (see |10, Conjecture 3.(ii)]) which involves a (constant) critical function has only
been proved recently in [23]. For the fractional case 2s < N < 4s, we are not aware of any results
going beyond [36]. The purpose of the present paper is to start filling this gap.

1.1. Main results. For all of our results, a crucial role is played by the Green’s function of (-A)*+a,
which we introduce now. For a function a € C(2) such that (—A)® 4 a is coercive, i.e.

[earpas [atdpze [ (-t

RN 9] RN

for some ¢ > 0, define G, : Q x RN — R as the unique function such that for every fixed z € Q
((_A)S+G)Ga(x7') :’VN?s(Sw in 97
Golz,")=0 on RN\ Q.

%ﬁigs), so that (—A)*|y|~N*2% = yy 0o on RY. Thus this choice of yy s
2

ensures that we can write G, as a sum of its singular part and its regular part H,(x,y) as follows:

1
Ga(z,y) = W — Hy(z,y).

Here, we set yn s =

The function H, is continuous up to the diagonal, see e.g. Lemma [A-3] Therefore, we may define the
Robin function
¢o(x) := Hy(x, ), x €. (1.11)

We prove several properties of the Green’s functions G, in Appendix [A]

Our first main result is the following extension of Druet’s theorem from [20] to the fractional case.

Theorem 1.2 (Characterization of criticality). Let 2s < N < 4s and let a € C(Q) be such that
(=A)* + a is coercive. The following properties are equivalent.

(i) There is © € Q such that ¢,(x) < 0.
(i) S(a) < S. N
(iii) S(a) is achieved by some function u € H*(S2).

As an immediate corollary, we can characterize critical functions in terms of their Robin function.
Corollary 1.3. Let a be critical. Then inf,cq ¢.(x) = 0.

The implications (i) = (ii) and (ii) = (i4i) in Theorem [1.2] are well-known: indeed, (i) = (i) easily
follows by the proper choice of test functions thanks to Theorem [2.1] below; the implication (i) = (i)
is the fractional version of the seminal observation in [9] (see [38, Theorem 2]).

Our proof of (iii) = (i7) is the content of Proposition below and follows [20], Step 1]. The most
involved proof is that implication is (i4) = (), which we give in Section 4, We adapt the strategy
developed by Esposito in [2I], who gave an alternative proof of that implication. His approach is based
on an expansion of the energy functional S,_.[u.] as € — 0, where a is critical as in Definition and
Ue is a minimizer of S(a — ¢).

In fact, by using the techniques applied in the recent work [24] for s = 1, we are even able to push this
expansion of S,_.[u.| further by one order of ¢ and derive precise asymptotics of the energy S(a — ¢)
and of the sequence (u.).

To give a precise statement of our results, let us fix some more assumptions and notations. We denote
the zero set of the Robin function ¢, by

Ny :={z € Q: ¢y(z) = 0}.
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It follows from Theorem that infq ¢ (x) = 0 if and only if a is critical. In particular, N, is not
empty if a is critical.

We will consider perturbations of a of the form a + £V, with non-constant V' € L*(Q). For such V,
following [24], we let

Q@)= [ V)Gl dy
and
No(V):={z e N, : Qv(x) <0}
Finally, we shall assume that Q has C? boundary and that
a€CQ)NCHR), a(zx) <0 for all z € Ny; (1.12)
By Corollary we have a priori that a(z) < 0 on N,. Therefore assumption is not se-

vere.

We point out that with our methods we are able to prove the following theorems only for the restricted
dimensional range %s < N < 4s, which enters in Section [5| We discuss this assumption in some more
detail after the statement of Theorem [T.6] below.

The following theorem describes the asymptotics of the perturbed minimal energy S(a +¢V) as ¢ —
0+. It shows in particular the non-obvious fact that the condition N, (V) # 0 is sufficient to have
Sla+eV)<S.

Theorem 1.4 (Energy asymptotics). Let §s < N < 4s. Let us assume that No(V) # 0. Then
S(a+¢eV) <8 foralle >0 and

o SO+ =S Q@)

e—0% gL-N T 2eN. (V) a(z)| TN

where o s > 0 is a dimensional constant given explicitly by

2s
 N-2s _nN-2s [N —2s8\ 4N 45— N
ons = Ay" (ans T ensdysbys) T < 2s ) N —2s

The constants An s, an,s, CN,s, dn,s and by s are given explicitly in Lemma@ below.

On the other hand, when A, (V) = (), the next theorem shows that the asymptotics become trivial
provided Qv > 0 on N,. Only in the case when miny;, Qv = 0 we do not obtain the precise leading
term of S(a+¢eV) — S.

Theorem 1.5 (Energy asymptotics, degenerate case). Let s < N < 4s. Let us assume that No(V) =
0. Then S(a+eV) = S+o(e?) ase — 07. If, in addition, Qv (z) > 0 for allz € N, then S(a+eV) =S
for sufficiently small € > 0.

For a potential V such that A (V) # 0, and thus S(a + V) < S by Theorem a minimizer u. of
S(a 4+ €V) exists by Theorem We now turn to studying the asymptotic behavior of the sequence
(ug). In fact, since our methods are purely variational, we do not need to require that the u, satisfy a
corresponding equation and we can equally well treat a sequence of almost minimizers in the sense of

(11.17) below.

Since the functional S, is merely a perturbation of the standard Sobolev quotient functional, it is not
surprising that to leading order, the sequence u. approaches the family of functions

—2s

A
Uz (y) = (1+A2x—y|2) ., zeRM, A>0. (1.13)
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The U, are precisely the optimizers of the fractional Sobolev inequality on RY

||(—A)S/2u||%2(RN) > SNl U||iNziv25 )’ (1.14)
and satisfy the equation
N+2s
(_A)SUZ,)\(?J) = CN,st,)\(y) N=2s, (115)

with ¢y s > 0 given explicitly in Lemma [B.5|

Since we are working on the bounded set (2, the first refinement of the approximation consists in
'projecting’ the functions U, » to H*(Q2). That is, we consider the unique function PU, , € H*(2)
satisfying

{(—A)SPUQM = (=A)*U,» in €, (1.16)

PU,»=0 on RV \ Q.

in the weak sense, that is,

/ (—A)/2PU, A(— D)2y dy = /
RN

RN

N+42s

(—A)°Upandy = CN,s/ Uwfx_%ndy
Q

for every n € H*(1).
Finally, we introduce the space
T, » = span {PUL)\, ONPU, », {aziPUL)\}iN:l} C IA{TS(Q)
and denote by Tj,A C H*(f) its orthogonal complement in H*(Q) with respect to the scalar product

(u,v) == [an (—A)*/?u(—A)*/?v dy. Moreover, let us denote by II,  and Hi‘)/\ the projections onto
T, and Té/\ respectively.

Then we have the following result.

Theorem 1.6 (Concentration of almost-minimizers). Let §s < N < 4s. Suppose that (u.) C H*(Q)
s a sequence such that

. Sa E‘/[UE]_S(G+EL) / / p
— p — l] . 17
hm S —_ S((L + 6‘/) 0 a,nd ug dy 071 dy ( )

Then there exist sequences (xc) C Q, (Az) C (0,00), (w:) C Ty _, and (ac) C R such that, up to
extraction of a subsequence,

N—

2 Hi,AE (Ho(xe, ") — Ho(xe, ")) + rs) (1.18)

ue = . (PU%AE AT

Moreover, as € — 0, we have

Qv (zo)| =~ Qv (y)| ="~

T. — x9 for some xg such that sup ——,
la(zo)

N—2s N-_2s
Is— YyENL(V) |a y) Is—N

Pa(zc) = 0(€),

R
lime®s-~ )\, =
e—0

(25((11\7,5 + ensdn by s)|a(wo)) > =N
(N —25)|Qv (z0)] !
a: =&+ O(eH) for some & € {£1}.

Finally, r. € T;;)\E and ||(7A)%7'H%2(RN) = 0(54525N).

The constants an,s, cN,s, dn,s and by s are given explicitly in Lemma @
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Theorem should be seen as the low-dimensional counterpart of [I5, Theorems 1.1 and 1.2], which
concerns N > 4s. The decisive additional complication to be overcome in our case is the presence of a
non-zero critical function a. More concretely, the coefficient ¢, (z) of the subleading term of the energy
expansion vanishes due to criticality of a (compare Theorem and Lemma. As a consequence, it
is only after further refining the expansion that we are able to conclude the desired information about
the concentration behavior of the sequence wu,.

In the same vein, the energy expansions from Theorem are harder to obtain than their analogues
in higher dimensions N > 4s. Indeed, for N > 4s we have

S(EV) = Sns—ins  sup o) VT |V (@) NE e N 4 o(eNi), (1.19)
{zeQ: V(2)<0}

where ¢y,s > 0 is some dimensional constant. In this case, a sharp upper bound on S(eV') can already
be derived from testing S,y against the family of functions PU, . In contrast, for 2s < N < 4s this
family needs to be modified by a lower order term in order give the sharp upper bound for Theorem
H (see and Theorem below). For details of the computations in case N > 4s, we refer to the
forthcoming work [I8]. It is noteworthy that the auxiliary minimization problem giving the subleading
coefficient in is local in V' in the sense that it only involves the pointwise value V (), whereas
that of Theorem contains the non-local quantity Qv .

Let us now describe in more detail the approach we use in the proofs of Theorems and
which are in fact intimately linked. Firstly, the family of functions 1, » defined in below yields
an upper bound for S(a + V), which will turn out to be sharp. The strategy we use to prove
the corresponding lower bound on S, .v[uc], for a sequence (u.) as in , can be traced back
at least to work of Rey [33] [34] and Bahri—Coron [3] on the classical Brezis—Nirenberg problem for
s = 1; it was adapted to treat problems with a critical potential @ when s = 1, N = 3 in [21] and, more
recently, in [24, 23]. This strategy features two characteristic steps, namely (i) supplementing the initial
asymptotic expansion u. = a.(PU,_ 1, + w.), obtained by a concentration-compactness argument, by
the orthogonality condition w, € TJ}E ., and (ii) using a certain coercivity inequality, valid for functions
in T;; A.» to improve the bound on the remainder w.. The basic instance of this strategy is carried
out in Section |3| Indeed, after performing steps (i) and (ii), in Proposition below we are able to
exclude concentration near 99 and obtain a quantitative bound on w. = a-'u. — PU,_,. As in [33]
and [22], this information is enough to arrive at and similar conclusions when N > 4s; see the
forthcoming paper [18] for details.

On the other hand, when 2s < N < 4s, the bound that Proposition [3.6] provides for the modified
difference us — ¥5_ x. is still insufficient. For s = 1, it was however observed in [24] that one can
refine the expansion of u. by reiterating steps (i) and (ii). Here, we carry out their strategy in a
streamlined version (compare Remark and for fractional s € (0,1). That is, one writes w, =
Yz, a. — PUz_ . + qc, decomposes q. = t. + 1. with r. € T;; A and applies the coercivity inequality
a second time. We are able to conclude as long as the technical condition 8s/3 < N is met (which is
equivalent to A\=3V165 = o(\729)). Indeed, in that case the leading contributions of t. to the energy,
which enter to orders A~V+2% and A=2V+45 cancel precisely; see Lemma If 8s/3 < N, a plethora
of additional terms in ., which contribute to orders A=#*(N=29) with 3 < k < NQ_SQS, will become
relevant, and we were not able to treat those in a systemized way. It is natural to expect that the
cancellation phenomenon that occurs for £ = 1,2 still persists for £ > 3. This would allow to prove
Theorems [I.4] [T.5] and [I.6] for general N > 2s. For further details of the argument and the difficulties
just discussed, we refer to Section [5}

As far as we know, the role of the threshold configurations given by k(N — 2s) = 2s for k > 1 in
the fractional Brezis-Nirenberg problem has only been investigated in the literature for k = 1
corresponding to N = 4s, below which the problem is known to behave differently by the results
quoted above. It would be exciting to exhibit some similar, possibly refined, qualitative change in the
behavior of at one or each of the following thresholds N = 3s, N = 8s/3, N = 10s/4, etc.
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To conclude this introduction, let us mention that several works in the literature (see [41], 4 [6]) treat
the problem corresponding to for a different notion of Dirichlet boundary conditions for (—A)*® on
2, namely the spectral fractional Laplacian, defined by classical spectral theory using the L?(Q2)-ONB
of Dirichlet eigenfunctions for —A. In contrast to this, the notion of (—A)® we use in this paper, as
defined in or on H*(Q) given by (T.2), usually goes in the literature by the name of restricted
fractional Laplacian. A nice discussion of these two operators, as well as a method of unified treatment
for both, can be found in [I7] (see also [37]).

Our method of proof just described is rather different from most of the previous contributions to
the fractional Brezis—Nirenberg problem. Namely, we do not need to pass through the extension
formulation for (—A)® due to either [13] for the restricted or to [12] [40] for the spectral fractional
Laplacian. On the other hand, using the properties of PU, » (as given in Lemma allows us
to avoid lengthy calculations with singular integrals, appearing e.g. in [38], while at the same time
optimizing the cutoff procedure with respect to [3§].

1.2. Notation. We will often abbreviate the fractional critical Sobolev exponent by p := N2iv28. For

any ¢ > 1, we abbreviate || - ||g := || - || La(r~r)- When ¢ = 2, we sometimes write || - || := || - ||
Unless stated otherwise, we shall always assume s € (0,1) and N € (2s,4s).
For z € 2, we use the shorthand d(z) = dist(x, 0%2).

For a set M and functions f,g: M — R, we shall write f(m) < g(m) if there exists a constant C' > 0,
independent of m, such that f(m) < Cg(m) for all m € M, and accordingly for 2. If f < gand g < f,
we write f ~ g.

The various constants appearing throughout the paper and their numerical values are collected in
Lemma in the appendix.

2. PROOF OF THE UPPER BOUND

The following theorem gives the asymptotics of Sq4cv[¥,2], for the test function

ber(y) == PUpA(y) = A2 (Ho(z,y) — Hol,y)), (2.1)

as A — oo.

Theorem 2.1 (Expansion of Syqcv[¢2]). As A — oo, uniformly for x in compact subsets of Q and
fore >0,

I(—A)* /2, A3 + /Q (a+ V)2, dy

= CN,SAN,S - CN,saN,s(ba(x))‘_N+28 (22)

+ (en,sdN,sbn,s — aNys)a(x))fZS + eXTVFBQu () + o( A7) + o(eN VT2

and
/ U dy = A = pans¢a (@A 4 Ti(Ga(@), A) + pdy sbysa(@A 7 +0o(A). (23)
In par;cular,
Satev[Van] =95+ AJ:I:]% {QN,sCN,s¢a($)A7N+28 + Ta(¢a(2), A) — a(@)A* (s + en.sdNs.s)
+ E)\_N+23QV(33)] +0(A7%%) + o(eA™ N2, (24)

Here, T;(¢, A) are (possibly empty) sums of the form

K
Tild, A) = > yi(k)gFA—FV=29) (2.5)
k=2
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2s

for suitable coefficients v;(k) € R, where K = | 25~ | is the largest integer less than or equal to No55

N-—-2s

Theorem is valid irrespective of the criticality of a. The following corollary states two consequences
of Theorem which concern in particular critical potentials.

Corollary 2.2 (Properties of critical potentials). (i) If S(a) = S, then ¢o(x) > 0 for all x € Q.
(ii) If S(a) = S and ¢, (x) =0 for some x € Q, then a(z) < 0.

Proof. Both statements follow from Theorem [2.1] applied with ¢ = 0. Indeed, suppose that either
¢a(z) < 0 or ¢o(xz) =0 < a(z) for some = € Q. In both cases, (2.4) gives S(a) < Sy[tz2] < S for
A > 0 large enough, contradiction. g

Based on Theorem [2.1} we can now easily derive the following upper bound for S(a + £V') provided
that A, (V) is not empty.

Corollary 2.3. Suppose that N, (V) # 0. Then S(a+eV) < S for all e > 0 and, as e — 0+,

2s
Sla+eV)<S—on,s sup MNS{SN + 0(54525N), (2.6)
TENL(V) |a(z)|=—F
where
2s
_ N-2s _N-2s (N —25\%-N 45— N
ons =An " (ans +onsdnsbn,s) =7 < 7 ) N 25 (2.7)
Proof. Let us fix e > 0 and 2 € N,(V). Then by (2.4)
Sla+¢eV) < Sa+gv[¢$7)\] (2.8)
_ N-—2s
=S+ AN " (—(a(z) + o(1))A"**(an,s + cN,sdn,sbN,s) + eATNT2(Qy () + o(1))) .
(2.9)

We first optimize the right side over A > 0. Since A, := (—a(z) + o(1))(ans + cn,sdN,sbn,s) and
B. := —Qv (z) 4+ o(1), are strictly positive by our assumptions, we are in the situation of Lemma

Picking A\ = A\g(g) given by (B.5)), we have o(A™2%) = 0(545273N). Thus, by (B.6), we get, as ¢ — 0+,

= _2s
s 1s— N _ N-—2s  N-2s N—2 T2 4 _N
S(CL“!‘EV) < S_E4527N %AN,SN (CVN,S—‘FCN,SstSbN’S) i\;izN ( S) 5
ja(@)lt=x 25 N —2s

+ 0(5452—SN )

Now, optimizing over x € N, (V) completes the proof of (2.6). In particular, S(a + V) < S for small
enough ¢ > 0. Since S(a + V) is a concave function of ¢ (being the infimum over u of functions
Satevu] linear in €) and S(a) = S, this implies that S(a + V) < S for every € > 0. O

Proof of Theorem[2.1, Step 1: Expansion of the numerator. Since (—A)SHy(x,) = aGq(z,-), the
function v, ) satisfies

_ N-—2s

—A)* Y\ =enUPS = AT F aGy(x, ).
5 Y A
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Therefore, recalling Lemma [A.2]

(= A)/24, 52 = / or (1) (—A) 1 (9) dy

N-—2s

_ /Q (Uen =255 Halw, ) = o) (enU23} = A3 Gl )) dy

N—-2s

:cN’S/ UP dy —censA™ 2 /U;{;lHa(x,-)dy
Q Q

N—2s

—AE /QaGa(x,-) (U—)\_wHa(x,))dy

_ _ N-—2s
—/ Jo (CN)SUf’)\l S aGa(a:,~)) dy.
Q
We now treat the four terms on the right side separately.

A simple computation shows that f]RN\Bd( (@) Uf:,/\ dy = O(A~"). Thus the first term is given by

CN.s /Q UL \dy = en s </N Ut dy> +ONN) = ey sAns +o(AT).
R

The second term is, by Lemma [A4]

N—2s
2

—CN AT / UPS Ho(2,-) dy = —cn san s (@)A™V T2 + ey oy by sa(z) A2 + o(A%).
Q

The third term will be combined with a term coming from fQ (a + EV)z/JfW\ dy, see below.

N+4+4—2s

The fourth term can be bounded, by Lemma and recalling || fualloo SA™7 2 from Lemma
by

N-—2s N—2s

[ 2o (ewa23t = 377 Gl )) o] £ Mol (10427 55) 279722 — o3 72)
Q

Now we treat the potential term. We have

/Q(a + £V)@/Ji’,\ dy = /Q(a +eV) (Umf,\ — )\_Ngsta(SC, ) = fm,/\)2 dy

—2s 2
:/(a—i-EV) (UI,A A Ha(w,-)) dy
Q

N—2s
2

- Q/Q(G +eV) fan (UI,A = AT Hy(x, ')) dy + /Q(a +eV)f2 A dy.

Similarly to the above, the terms containing f, » are bounded by

N-—2s

/Q (@+eV) fur (U = A7 Ha(a,) dy] S I fealloo(1Ua

N-—2s
2

) 5 )\—N—2+2s _ 0()\—23)

1= A"

and

| @ +ev>f§,Ady] < fonllZ S AN-420 — o(12),
Q

Finally, we combine the main term with the third term in the expansion of ||(—A)%/2¢, ,||2 from above.
Recalling that

N-—2s N-—-2s —2s

Usrx — A2 Hy(z,) = A7 Golw,) = Ugr — A" "2

N—2s

T — y|—N+2s =\

h(A(z —y)) (2.10)
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with h as in Lemma we get

N —2¢

A / aGy(z,-) (Uw,,\ — A7 Hy(x, )) dy —I—/
Q

Q

N—2s

(a+eV) (Ux,,\ A -))2 dy

N—2s N N—2s

== [ (Uer =X H @) RO =) dy e [ V(Ui A Bae) d

Since

[ a3 = ) dy A bl = o),
by Lemma we have

7/ a (Um,A A H,(x, )) A h(AMz —y))dy = —aNys)fzsa(z) + 0()\725).
Q

Moreover, again by (2-10), and using that h € L?(RY) by Lemma[B.3|
 N-2s 2
e/ V(U—/\ : Ha(a:,~))
Q

= s)\’N“S/ VGa(z,-)?dy — 25/ VGa(z, Yh( Nz — ) dy + AN 28 / Vh(\z —y))*dy,
Q Q Q

with

E/ VGa(z, )h(AMz —y))dy < EA_N/QHGG(.’L', NMzllkl2 = O(EA—N+28)
Q
and
eAN*%/ Vh(Mx —y))* dy < eA™2%||h)|3 = o(eA"NT29),
Q

This completes the proof of the claimed expansion ([2.2)).
Step 2: Expansion of the denominator. Recall p = 22X Firstly, writing ¥, x = Uzx —

il N—-2s"
A" Hy(x,-) — fux, we have

2s N—2s

/ Ypady = / (Uea = A7 Ho(w, )P dy + O(|[Upn = A7 Hal(w, ) [271 ] forlloo + [ £en12)-
Q Q

Using Lemmaand the bound || foallee S A "5 we deduce that the remainder term is o(A72%).
To evaluate the main term, from Taylor’s formula for ¢ — ¢, we have

K
(a+b)P =a” —pa” b+ (i) aP R ok + O(aP KoK 4 |b]P).
k=2

— 2s
— LN-2s

H,(z,-), we find

Here, (z) = % is the generalized binomial coefficient and K

of the theorem. Applying this with a = Uy A(y), b= —A~

| as in the statement

N—2s
2

N—2s

/me AT H, () dy = /QUJ‘Z,Ady*pY : AUﬁ,;lHa<x,~>dy

+0 (A—N+28 /Q UP 2H,(z, -)Qdy) +0 ()\‘N /Q H,(z,-)P dy) .
By Lemma the claimed expansion (2.3) follows.

Step 3: Expansion of the quotient. For « = 2/p € (0,1), and fixed a > 0, we again use the Taylor
expansion

K
a+b) " =a""—aa "'+ (_O‘) a” 7"k + 0K ).
(a+0b) ;2 I =)
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By Step 2, we may apply this with a = Ay, and b = —pan s¢a(2)ANNT2 + Ti(ga(z), N) +
pdn by sa(z)A72 + o(A72). Since b = O(A"N+2%) and K +1 > 52, we have O(b¥ ) = o(A72%)
and thus

—-2/p N—2s 2(N—s)
(/ 1/)5’/\ dy> =AyN FANT (2aN73¢a(m)A7N+25 — 2dp, by sa(z) A7) (2.11)
Q

+ T3(¢a(2), A) + o(A™>*), (2.12)
for some term T3(¢, \) as in (2.5). Multiplying this expansion with (2.2)), we obtain

N-—2s

SaJrsV[d}z,)\] - Cn,sAis + A]:{’ST |:aN,sCN,s¢a(x))\_N+2s + 7—2(¢a($)7 >\)

- a(x))\72S(OéN,s + CN,st,sbN,s) + 6)\7N+2SQV(‘T)}
4+ 0(A7%) 4+ o(eA" N2,
By integrating the equation (—A)*Uy 1 = cN7sUé’El and using the fact that Up ; minimizes the Sobolev

quotient on RY (or by a computation on the numerical values of the constants given in Lemma [B.5)),
2s
we have cN7SAjVV7s = S. Hence, this is the expansion claimed in (2.4). O

3. PROOF OF THE LOWER BOUND I: A FIRST EXPANSION

3.1. Non-existence of a minimizer for S(a). In this section, we prove that for a critical potential
a, the infimum S(a) is not attained. As we will see in Section this implies the important basic
fact that the minimizers for S(a 4+ V') must blow up as € — 0.

The following is the main result of this section.

Proposition 3.1 (Non-existence of a minimizer for S(a)). Suppose that a € C(Q) is a critical potential.
Then

A s/2,,12 d 24
S@= i alCATuldy Jgautdy
u€Hs(Q),uz0 ||u|| 2N

is not achieved.

For s = 1, Proposition Was proved by Druet [20] and we follow his strategy. The feature that makes
the generalization of [20] to s € (0, 1) not completely straightforward is its use of the product rule for
ordinary derivatives. Instead, we shall use the identity

(—A)° (uv) = u(—=A)’v +v(—A)°u — I (u,v), (3.1)
e (u(z) — u(®) (@) = v(y)
. u(x) —u(y))(v(z) —v(y
Is(ua U)(x) T CN,SP'V RN |$ _ y|N+2S dy7
with Cy s as in (1.6). While the relation (3.1) can be verified by a simple computation (see e.g. [25}
Lemma 20.2]), it leads to more complicated terms than those arising in Druet’s proof. To be more

precise, the term [, u?|Ve[? from [20] is replaced by the term Z () defined in (3.6)), which is more
involved to evaluate for the right choice of .

Proof of Proposition[3.1} For the sake of finding a contradiction, we suppose that there exists u which
achieves S(a), normalized so that

/ u™E dy = 1. (3.2)
Q

Then u satisfies the equation
N —2s

(—A)°u+ au = Su~N=2s, (3.3)
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with Lagrange multiplier S = Sy s equal to the Sobolev constant. (Indeed, this value is determined
by integrating the equation against u and using (3.2).)

2N

Since S(a) = S, we have, for every ¢ € C°(RY) and ¢ > 0, and abbreviating p = Nooa

S (/Q (u(1 +ep))” dy)g < /RN [(=A)¥2 (u(1 + ep)) | dy + /Q au®(1 + ep)* dy. (3.4)

We shall expand both sides of (3.4)) in powers of . For the left side, a simple Taylor expansion together
with (3.2) gives

</Q (u(1 +5g0))pdy>§ = 1+2s/ﬂu”gpdy+€2 <(p 1)/Qu”g02 dy — (p—2) </Q upgody)2> +0(g?%).

(3.5)
Expanding the right side is harder and we need to invoke the fractional product rule (3.1)). Firstly,
integrating by parts we have

[ 82 @) Pay = [ a1+ o) (=8) 1l +2) d

]RN
By (3.1), we can write
(=A)* (u(l+ep)) = (1 +ep)(—A) u+eu(—-A)°p —els(u, ).
Hence

[ A @ sp) Py = [ u(-ayul +2p)? + 22(0),
RN Q

where we write
I(p) = e /Q u(l + 2g) (u(~A)p — L(u, 9)) dy. (3.6)

Writing out (—A)®p as the singular integral given by (1.5), we obtain (we drop the principal value for
simplicity)

To) == Cnc [[ | uauti)1+ o) S E d g (37)

- D u(z)u le(x) = ey -
o2 //RNX]RN @)uly) |z — y|N+2s dz dy.

The last equality follows by symmetrizing in the x and y variables.

Thus we can write the right side of (3.4) as

/ (—A)72 (u(1 + £9)) [Py + / (11 20)? dy
RN Q

_ /Q u((—A)*u + au)(1 + ep)? dy + 22 ()

:S/up(1+s<p)2dy+€21(ga),
Q

where we used equation (3.3). After expanding the square (1 + )2, the terms of orders 1 and ¢ on
both sides of (3.4) cancel precisely. For the coefficients of 2, we thus recover the inequality

/Qups02 dy < ﬁl(so) + </Q u%dy)2~ (3.8)

We now make a suitable choice of ¢, which turns (3.8) into the desired contradiction. As in [20], we
choose
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where S : RV — SV is the (inverse) stereographic projection, i.e. [31, Sec. 4.4]

_ % -y
1+ [y? L+ [y]*

Moreover we may assume (up to scaling and translating Q if necessary) that the balancing condition

©; for i = 1, ...,ZV7 PN+1 = (39)

/upcpl-dy:O, i=1,...N+1 (3.10)
Q

is satisfied. Since [20] is rather brief on this point, we include some details in Lemma [3.2] below for the

convenience of the reader.

By definition, we have Ef\gl ¢? = 1. Testing (3.8) with ¢; and summing over i thus yields, by (3.10),
N+1

» 1
1=/Qu dy < 5D > (). (3.11)

=1

To obtain a contradiction and finish the proof, we now show that Ef:{l Z(pi) < S(p—2). By definition
of ¢;, we have

N+1 ) — 2
> Tle) = C;Vvs / /R - u(x)u(y)w da dy. (3.12)

To evaluate this integral further, we pass to SV. Set Js-1(n) := det DS™!(n) and define
_ 1
U(n) =u(S™ () Js-1(n)7,
so that [y UPdn = 1. Since the distance transforms as
(71 (m) = STHE = Js-2 ()2 In — El Js-1 (),
changing variables in (3.12)) gives

N+1
Z(pi) = —= —————dnd 3.13
By applying first Cauchy—Schwarz and then Holder’s inequality, we estimate
N1
Cn,s U(ﬂ)2
I(p;) < —= —————dnd
2 )<= JLo o s ane
Cns Cn,s 25
=50 / Un)?dy < =26y SV ¥, (3.14)
2 - JsN 2

where the last inequality is strict. Indeed, U vanishes near the south pole of SV, hence there cannot
be equality in Hélder’s inequality applied with the functions U? and 1. Moreover, in the above we

abbreviated )
ON.s 1= ————d
N,s /SN Iy — E[N+25-2 £

(note that this number is independent of € SV). By transforming back to R™ and evaluating a Beta
function integral, the explicit value of 0 s can be computed explicitly to be

ra-
o= 22—237TN/2N(78).

Inserting this into estimate ((3.14)), as well as the explicit values of C s given in (1.6) and of Sy s given
in (1.9), a direct computation then gives

i Z(e) _ 1 O
SN,s SN,s 2

ON

2—2s 1
Sn|SV|F = ;2 5 ( LIN)T (5
— 2s
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It can be easily shown by induction over N that
DEG)

PG
for every N € N, and hence
N+1

ZI% <S

This is the desired contradiction to (3.11). O

=Skp—2).

Here is the lemma that we referred to in the previous proof. It expands an argument sketched in [20],
Step 1]. To emphasize its generality, instead of u? we state it for a general nonnegative function h
with [, h =

Q

Lemma 3.2. Let Q C RN be an open bounded set and 0 < h € L*(Q) with ||h||;, = 1. Then there is
(y.t) € RN x (0,00) such that

2t(z —y)
F = =
(y,1) /Qh(m)lth2|x*y|2 dz =0,

1— 2o —y|?
t):= | h(x) ———5dz=0.
Glont) = [ M)z do =0

Proof. Define H : RV x R — RN*! by

H(y,s) = (F (%W) +y,G<y,S+;2+4> +5>-

We claim that
[H(y, )| < [y]* + s (3.15)
whenever |y|%+s? is large enough. Thus for large enough radii R > 0, the map H sends B(0, R) ¢ RV+!

into itself. By the Brouwer fixed point theorem, H has a fixed point (y, s). Then the pair (y, S+ 52+ )
satisfies the property stated in the lemma.

To prove (3.15), it is more natural to set t := StVS"+4 V;Q""* > 0, so that s = t — t~!. By writing out
|H (y,s)|?, (3.15) is equivalent to

2y F(y,t) +2(t =t )Gy, t) + |F(y,1)]* + |Gy, )]> <0 (3.16)
whenever |y|? + (t —t~1)? is large enough.

First, it is easy to see that y - F(y,t), F(y,t) and G(y,t) are bounded in absolute value uniformly in
(y,t) € RN x (0,00). Moreover, there is C' > 0 such that

200 _ 0|2 > 1 . <
Gl =1-2 [ ho)p g x{—z if0<t<1/C,
Q

1+ 2|z —y|? <-3 ift>C.

Therefore (t —t~1)G(y,t) — —oco as t — 0 or t — oo. Thus (3.16) holds whenever (¢t —t~1)? is large
enough.

Thus we assume in the following that ¢ € [1/C, C] and prove that (3.16) holds if |y| is large enough.
For convenience, fix some sequence (y,t) with |y\ — oo and t — tp € (0,00). Then |F(y,t)] — 0 and

G(y,t) — —1. Moreover, since Q2 is bounded, 7 le=vl _ 1 uniformly in z € Q and hence

Aty / tlyl 4
2 - F( h(z o[ na Az ) — ——.
v Fy.1) / T+ 2l —yP 1+ 82—y " t
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Altogether, the quantity on the left side of (3.16)) thus tends to —2¢y — 2t0_1 +1 < =3 < 0, which
concludes the proof of (3.16). O

3.2. Profile decomposition. The following proposition gives an asymptotic decomposition of a gen-
eral sequence of normalized (almost) minimizers of S(a + V).

Proposition 3.3 (Profile decomposition). Let a € C(Q) be critical and let V € C(2) be such that
No(V) # 0. Suppose that (u.) C H5(Q) is a sequence such that

. Sareviue] — S(a+eV) / /
1 = P = p . 1
8% S — S(a + €V) 0 and Q Ye dy RN UO,l dy (3 7)

Then there are sequences (v.) C Q, (A:) C (0,00), (we) C Ty _, and (o) C R such that, up to
extraction of a subsequence,

Ue = e (PUg, A, +we) . (3.18)

Moreover, as ¢ — 0, we have

I(=2)""2wls — 0,
d(ze)Ae — 00,
Te — X0,
a. — £1.

In all of the following, we shall always work with a sequence u. that satisfies the assumptions of
Proposition For readability, we shall often drop the index ¢ from a., z., A and w., and write
d :=d. := d(z.). Moreover, we make the convention that we always assume the strict inequality

S(a+eV) < S. (3.19)

In Theorems and we assume N, (V) # 0, so assumption (3.19) is certainly justified in view of
Corollary For Theorem where we assume N, (V) = ), we discuss the role of assumption ([3.19)
in the proof of that theorem in Section [f]

Proof. Step 1. We derive a preliminary decomposition in terms of the Sobolev optimizers U,  and
without orthogonality condition on the remainder, see (3.20) below.

The assumptions imply that the sequence (u.) is bounded in H* (©), hence up to a subsequence we
may assume u. — ug for some ug € H* (©). By the argument given in |24, Proof of Proposition 3.1,
Step 1], the fact that Sqicv[uc] — S(a) = S implies that either ug is a minimizer for S(a), unless
ug = 0. Since such a minimizer does not exist by Proposition 3.1, we conclude that in fact u. — 0 in
H5(Q).

By Rellich’s theorem, u. — 0 strongly in L?(Q), in particular [,(a + eV)uZ = o(1). The as-

sumption (1.17) therefore implies that (u.) is a minimizing sequence for the Sobolev quotient

Jen [(=A)*/2ul?dy/||u||*,x . Therefore the assumptions of [32, Theorem 1.3] are satisfied, and we
N—2s

may conclude by that theorem that there are sequences (2.) C RV, (u.) C (0,0), (0.) such that

N—2s

R us(ZEJF/‘;l‘)HﬁUO,l

in HS(RN), for some 8 € R. By the normalization condition from (1.17)), 5 € {£1}. Now, a change of
variables y = z. + - tx implies
ue(y) = Uz (y) + 0, (3.20)

where still 0. — 0 in H*(RY), since the H*(RN)-norm is invariant under this change of variable.
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Moreover, since € is smooth, the fact that

/ Ugldyz/UfEMEdy:/ Ul dy +o(1)
weQtze Q ’ RN

implies pcdist(z., RV \ Q) — oc.

Step 2. We make the necessary modifications to derive (3.18]) from (3.20). The crucial argument is
furnished by [2, Proposition 4.3], which generalizes the corresponding statement by Bahri and Coron

[3, Proposition 7] to fractional s € (0,1). It states the following. Suppose that u € fIS(Q) with
||u||ﬁs(9) = Ap,s satisfies
inf{||(—A)s/2(u — PU )2 ¢z € Q, Md(z) > n—l} <. (3.21)
for some 1 > 0. Then if 7 is small enough, the minimization problem
inf {||(_A)s/2(u —aPU,\)|l2 - 2 € Q, M(z) > (49)~, a € (1/2,2)} (3.22)
has a unique solution.

By the decomposition from Step 1 and Lemma we have
1(=2)"2(ue = PU= )|z < [(=A)2(Us. e = PUz )l + 1(=2)* 0|2 — 0
as € — 0, so that (3.21)) is satisfied by u. for all £ small enough, with a constant 7. tending to zero.
We thus obtain the desired decomposition
Ue = e (PUy, . + we)

by taking (z., ., a.) to be the solution to and w. = aZ u. — PU,_ .. To verify the claimed
asymptotic behavior of the parameters, note that since 7. — 0, by definition of the minimization
problem (3.22), we have ||(—A)*/?w,||> < n. — 0 and A.d(z.) > (4n.)~* — oo. Since Q2 is bounded,
the convergence . — xg € ( is ensured by passing to a suitable subsequence. Finally, using we
have

/ Ugady = / uf dy = Ias|p/ PUs, x, dy +o(1) = Iael”/ Upy dy + o(1),

RN Q Q RN

which implies ae = +1 + 0o(1). O
3.3. Coercivity. In the following sections, our goal is to improve the bounds from Proposition [3.3]
step by step.

The following inequality, and its improvement in Proposition below, will be central. For s = 1,
these inequalities are due to Rey [34, Eq. (D.1)] and Esposito [2I, Lemma 2.1], respectively, whose
proofs inspired those given below.

Proposition 3.4 (Coercivity inequality). For all x € R™ and A > 0, we have

4
1(=A)/20]2 — exap— 1) / e P —
Q

— T (=A)* 0|3 2
for allv € Té/\.

As a corollary, we can include the lower order term fQ av?, at least when d(z)\ is large enough and at
the price of having a non-explicit constant on the right side. This is the form of the inequality which
we shall use below to refine our error bounds in Sections [3.4] and 5.2

Proposition 3.5 (Coercivity inequality with potential a). Let (z,) C Q and (A\,) C (0,00) be se-
quences such that dist(z,,0Q)A\, — co. Then there is p > 0 such that for all n large enough,

H(—A)S/%HS—F/QCWQ dy—cns(p—1) /Q Uf;invg dy > pll(—=A)*v|2, forallv €T, , . (3.24)
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Proof. Abbreviate U,, := Uy, x, and T, := T, »,. We follow the proof of [21] and define

Cy, := inf {1 +/ av?dy — ey s(p — 1)/ UP=202dy : v e T, ||[(—A)¥ %0 = 1}.
Q Q

Then C,, is bounded from below, uniformly in n. We first claim that C), is achieved whenever C,, <
1. Indeed, fix n and let vy be a minimizing sequence. Up to a subsequence, vy — vy in f[s(Q)
and consequently [[(—A)*?v|| < 1 and [, av} — ens(p — 1) [ U203 dy — [, avZ — ens(p —
1) [, UP~2vZ dy, by compact embedding H*() < L2(€). Thus

(1= C)l(=A)* 20 |2 + / w2, dy — exa(p— 1) / U202, dy
Q Q

<(1-Cp) Jr/ avZ dy — e s(p — 1)/ UPr=2p2 dy = 0.
Q Q

On the other hand, the left hand side of the above inequality must itself be non-negative, for otherwise
D 1= V00 /|| (=A)*/?v4 || (notice that C,, < 1 enforces v, # 0) yields a contradiction to the definition of
C,, as an infimum. Thus the above inequality must be in fact an equality, whence ||(—A)%/?v.|| = 1.
We have thus proved that C,, is achieved if C,, < 1.

Now, assume for contradiction, up to passing to a subsequence, that lim, ., C,, =: L < 0. By the
first part of the proof, let v,, be a minimizer satisfying

(1- Cn)/ (=) 20, (—A)* 2w dy —|—/ avpwdy — ey s(p — 1)/ U2y, wdy =0 (3.25)
RN Q Q

for all w € T-. Up to passing to a subsequence, we may assume v,, — v € ﬁS(Q) We claim that
(1-L)(~AYv+av=0  in (H(Q)). (3.26)
Assuming for the moment, we obtain a contradiction as follows. Testing against v € H* Q)
gives
=y 720l? + [ avtdy = L)(=8)"0]f <.

Oun the other hand, by coercivity of (—A)® + a, the left hand side must be nonnegative and hence
v = 0. By compact embedding, we deduce v,, — 0 strongly in L?(Q) and thus

4s
=1 —cnap—1 2,24 1) > — 1).
This is the desired contradiction to lim,,_,, C,, < 0.

At last, we prove (3.26). Let ¢ € fNF’(Q) be given and write ¢ = u, + w,, with u,, € T,, and w,, € T;-.
By (3.25) and using [~ (=A)*/ 20, (=A)*/?u, =0,

(1-Cp) / (—A)s/zvn(—A)s/Q@ dy + / avppdy —en,s(p — 1) / U,f*Qvngo dy (3.27)
RN Q Q
= / avp U, dy — ey s(p— 1) / U,’ffzvnun dy = (’)(H(—A)S/2un||). (3.28)
Q Q

On the one hand, we have

oo < 10zl 0
Q

(r—=2)p

because @71 € LP~1 = (L%(Q))’ and U,”"" — 0 weakly in L%(Q) Thus, by weak convergence,
the expression in (3.27) tends to

(1=0) [ APy Pdy+ [ avpdy
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as desired. In view of (3.28), the proof of (3.26) is thus complete if we can show ||(—A)%/2u,| — 0.
This is again a consequence of weak convergence to zero of the U,,. Indeed, by Lemmas and
we have

PU,
SA)E (A2 dy’,g/ UP~p| dy = o(1),
S e By MU ALE

.\ O\PU, . _ _
/R G e T N WAL /Zsody‘ SA /R U2 0\Unpdy S US| 2y = o(1),

and similarly

/ (AP PN, PU,)(=A) o dy = of1).
RN

(r—2)p »=2)p _p

Here we used again that UP~! — 0in L7-1 and U,,” * — 0in L= weakly. [, U 7=t 71 dy = o(1)
by weak convergence.

From the convergence to zero of these scalar products, one can conclude w,, — 0 by using the fact
that the PU,, 0\PU,, 0;,PU, are ’asymptotically orthogonal’ by the bounds of Lemma For a
detailed argument, we refer to Lemma [5.2] below, see also [24, Lemma 6.1]. O

Let us now prepare the proof of Proposition We recall that S : RN — SN\ {S} (where S = —en1
is the southpole) denotes the inverse stereographic projection defined in (3.9)), with Jacobian Js(z) :=
N
_ 2
det DS(z) = (W)
Given a function v on R, we may define a function u on SV by setting
w(w) = vs1 (W) = (8 W) s (w) ™, weSV\{S}.
The inverse of this map is of course given by
N—2s
u(y) == us(y) == u(SW)Isy) =™,  yeRY.
The exponent in the determinantal factor is chosen such that |[v|| p»@xyy = [[ull Lr(sn)-

For a basis (Y},m) of L2(SY) consisting of L?-normalized spherical harmonics, write u € L*(S") as
u = Zl,m u,mY1,m with coefficients u; ,, € R. With

ri+4+
A Gl ) (3.29)
F(l + 5 = 8)
the Paneitz operator Pay is defined by
PQSU = Z Alul,m}/l,m
l,m
for every u € L?(SY) such that > im )\lulz’m < o0.
It is well-known (see [5]) that, for every v € C$°(RY), we have,
(—A)v(e) = Js(2) 3 Pasu(S(), (3.30)

where © = vg. Thus we have
/ [(=A) 202 dy = / v(=A)’vdy = / uPosudy = Z nui
RN RN SN o ’

Since C°(RYN) is dense in the space D32(RY) := {v € L¥ % (RY) : (=A)*/2v € L2(RN)} (see e.g.
[7]), the equality

2
/ |(—A)S/2U|2 dy = Z )\luim (3.31)
RN

l,m
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extends to all v € D%2(RYN). In particular it holds for v € H*(Q).

Proof of Proposition [34] We first prove (3.23) for (z,A) = (0,1). Let v € Ty and denote u = vs.
We claim that the orthogonahty conditions on v 1mply that u;,, = 0 for | = O 1. Indeed, e.g. from

v L 9\PUy; and recalling Js(y) = (W) = ZNUOJ:’1 7 e compute

N+2
O:/ (—A)S/Qv(fA)S/Qﬁ)\PUoldy:CNsﬁ/ U01 a)\U(]ldy
RN ’ N — 25 [y~
N+ 25, npzs Nt2s 1— |y N +2s__ ni2s /
=CNs 2 J. dy =cy s—22 d .
NN 25T /]RN o(y)Js(y) 2 Trlr Y ™ NN 25" Jw u(w)wy 1 do(w)

Analogous calculations show that v L PUp,; implies [y u = 0 and that v L 9,, PUp,1 implies [y uw; =
0fori=1,...,N. Since the functions 1 and w; (i = 1,..., N + 1) form a basis of the space of spherical
harmonics of angular momenta [ = 0 and [ = 1 respectively, we have proved our claim.

Since the eigenvalues \; of Py, are increasing in [, changing back variables to RY, we deduce from

(3.31) that
—-A S/szdy—— E )xlu2m>)\ /
/]RN |( ) ‘ 1, 2 S

lm

u(w)? do(w) = 22, / R)UETAy) dy.

N RN

By an explicit computation using the numerical values of A2 given by (3.29)) and ¢y s given in Lemma
this is equivalent to

4s

e (T s/2,112
Py > o (-A) R, (3.32)

1(=A)"20]3 — exa(p— 1) / Uy

which is the desired inequality.

The case of general (z,\) € Q x (0,00) can be deduced from this by scaling. Indeed, for v € T;/\, set
vz (y) == v(z — A7 ly). Then v, \ € Toﬁ with respect to the set A(x — ), so that by the above v, x
satisfies

4s
—A) v, 513 - ens —1/ U202 \dy > —————|[(=A)*/?
Ay Pusl = el =1) [ U2ady > s -2
Changing back variables now yields ([3.32). O

3.4. Improved a priori bounds. The main section of this section is the following proposition, which
improves Proposition It states that the concentration point zy does not lie on the boundary of €2
and gives an optimal quantitative bound on w.

Proposition 3.6. Ase — 0,

I(~A)*?w] = O(A~77) (3.33)

and
d~t=0(1). (3.34)
In particular, x¢ € €.

The proposition will readily follow from the following expansion of S,y [uc] with respect to the
decomposition u. = a(PU, x + w) obtained in the previous section.
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Lemma 3.7. Ase — 0, we have

Sa+eV[ua] _ S+2257TN/2 F(S) ) ( S ) s ¢0(x)A7N+25

I‘(% CN,s

2s

+< 5 ) ! (||(—A)S/2w||2+/andy—chs(p—l)/ Uf)\szdy>
CN,s Q Q 7

+0 (AT (=2) 2] ) + 0 () N2) + o (I1(-2)2w]?) .

Proof of Proposition[3.6l Using the almost minimality assumption (1.17) and the coercivity inequality
from Proposition the expansion from Lemma [3.7] yields the inequality

N—2s

02 (1+0(1)) (S5 (a+=V))+cdo (@A 25+l (- A) 2w]+0 (A5 (=A)/2u] ) +o ((dA) ¥ +2)

for some ¢ > 0. By Lemma we have the lower bound ¢o(z) > d=N*25. Together with the estimate

—2s

O (A7 (=8) 2wl ) < oll(=A)2w|2 4+ Coa= N,

we obtain by taking ¢ small enough
CsA™NF25 > (14 0(1))(S = S(a+eV)) 4 c(dN) V2 ¢ (=A)* 2w

Since all three terms on the right side are nonnegative, the proposition follows. O

Proof of Lemma[3.7], Step 1: Ezpansion of the numerator. By orthogonality, we have
1(=2)*"2(PU, » + w)[* = [[(=A)*PUp A |I* + [[(=2)**w|*.

The main term can be written as

[(=A)*2PU, » | = / PU, A(—A)*PU, »dy = chS/ UPS PU, A dy
Q Q

N—2s

- /Q UP\ dy + ex oA /Q U3 Ho (2, ) dy + O foall /Q U5t dy),

N—2s

where we used PU, x = U, x — A" 2z Ho(x, ") + fo,x with || fza]le
Thus

<ATE @ N=2425 by Lemma

~

[1f 1l / UP3dy S (dN) V22 = o((dA) ),
Q

Next, we have

00 N-1
ur dyg/ ur dyS/ < (a7 = o((d) N

/RN\Q i r\B, 7 a (1+72)N (dA) ((dY) )

and thus
CN,s/ Uf;,A dy = ensl|Uoa b + o((d)\)_N+2s).
Q

Finally, using that Ho(z,y) = ¢o(x) + O(||VyH0($,')Hoo|$ —y)) = ¢olz) + O(d*NJFQS*l\x —y|) by
Lemma [A.1] we have

N-—2s N-—2s
2

/Q U5 o, ) dy = A~ 5 6o (2) /B P dy + O(d N /B U5z — o] dy)
d d

A

N—2s

+ A2 / Uﬁ;\lHo(x,y) dy.
Q\Bd

Since Ho(z,y) < d~N*2° by LemmalA.1] the last term is

N—2s

/ UPS Ho(x, ) dy < d- V42075 / UZS dy S (d2) ™ = o((dX) =),
Q\ By RN\ By

N —2s
2

-
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Similarly,

A5 o(a) [ U,{.’,;dyAN2“¢o(:c>||Uo,1||§HO(%@)ANfs / \ Uf,;dy>
Bd RN Bd

N-—-2

=272 ¢o(@)|Uoa 221 + O((dN) V)
= A7 0 (@) |[Uoa [221 + o((dN)~N+29).

Finally,

N —2s dx N
aNee s [ gy g @yt [T of(an )
Bg ’ 0 (1+T2)

(where one needs to distinguish the cases where 1 — 2s is positive, negative or zero because the dr-
integral is divergent if 1 — 2s > 0).

Collecting all the previous estimates, we have proved

I(=2)"2PUs A|I* = ensllUs All} + en s A2 Un allp Z160(2) + o((dA)~VF29). (3.35)

The potential term splits as

/(a—l—sV)(PUx,,\—l-w)Q dy:/(a—FeV)PUi/\ dy+/ andy+/ ((a +eV)PU, zw + eVw?) dy
Q Q Q Q

and we can estimate

/Q<a+eV>PU2Ady\ < U3 < A2
as well as

[ @+ eV)PU s+ eVa?) dy € [Py el = O
Q

(= a) 2uwl)) + of| (—A) 2wl .

In summary we have, for the numerator of Sqcv[ue],

2 (1earee+ [ evieay)
Q
= e[Vl + ew AN Ul u(a) + (-8) 20l + [ au?ay
Q

+OTN2) £ OO (= 8)w]| + o((dN) V%) + o([(=2)*w?).
Step 2: Ezpansion of the denominator. By Taylor’s formula,

pp—1) _
= PO+ O(PUY Pl + [wl?).

(PUyx +w)? = PU? | + pPUf;\lw +

Note that, strictly speaking, we use this formula if p > 3. If 2 < p < 3, the same is true without the
remainder term PUP~3|w|3, which does not affect the rest of the proof. To evaluate the main term,
write PUy, x = Up x — @2 With ¢ == )\*1/2H0(glc7 )+ fz.x, see Lemma Then

/QPU:f,Ady:/QUg,,\dy—P/QUw,\ wady + O (/Q( §A2¢3A+<p’;)/\)dy>
1Uo,1115 — pA~N T35 U, 1”,,,1 do() + o((dN)~V+2%)

where we used that by Lemmas - and . Jo pfcpi ydy < I\Um,xllﬁigllcpx,Allgo < (dX\) 72N =
o((dN)"N2%) and [[paall? < (dN) 7 = o((@X) N 2%).

Next, the integral of the remainder term is controlled by

/Q(PUEZ,}SWI?’ +[w?) dy S | PUsallp 2w} + lw]l? = o(l(=A)*2w]|?).
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The term linear in w is

/Q PUT;, wdy—/ v wdyw(/Q(Uﬁ,fsomHsop1w|>dy).

Now by orthogonality of w, we have
/ Up/\ wdy = chs/(fA)SUm,Aw dy = /N (=A)*2U, A (—A)* 2w dy = 0.
Q R

Lemma we get

T (=) Pwl| = of(dN) TN ).

Moreover, using ||@zxllp S (dA)~

[t < ool ol < @)

< Lemma by the same computation as in [22]
Lemma A.1] we get [|U? %0, Aoz S (dA)” N+2$ and therefore

Using additionally that Hcpm Alloo S d=N*2s

[ U eeatul dy S @) (-0l

In summary we have, for the denominator of S,y.v [u],

o /Q a? dy = (Vo2 — oA~ Vo1 |2~ bo(x) / U2 dy

0NN (~A) ) + of (A >s/2wn ) 4 o((dn)-N+),
Step 3: Ezpansion of the quotient. Using Taylor’s formula, we find, for the denominator,

2/p
o ([aran) = sl 200l s A (o)
Q

— enalp — DlIUoa ;72 / U2 dy
Q
+O((d)\)—N-‘rQsH(_A)s/QwH) —‘rO(H(—A)s/2wH2)+0(<d)\)_N+2s).

Multiplying this with the expansion for the denominator found above, we obtain

Satev[uc] = ens| A D NN /1271 [0 [Famere €

ol (121720l + [ oy —exatp—1) [ U230 a)
+ O((aN) N (= A Pwll) + ol | (~A)2w]?) + of (dN) V).
Expressing the various constants using Lemma we find

ensllUoalp™2 = S,
2s

_N—
P S 2s
N CN,s '

N—2s
- - I'(s S T 2s
en s U0l 2 U0 571 = 22$7rN/2()) ( )

F(% CN,S

This yields the expansion claimed in the lemma. O
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4. PROOF OF THEOREM

At this point, we have collected sufficiently precise information on the behavior of a general almost
minimizing sequence to prove Theorem [1.2

The main difficulty of the argument consists in constructing, for a critical potential a, a point zy € Q2
at which ¢,(xg) = 0. To do so, we carry out some additional analysis for a sequence u. which we
assume to consist of true minimizers of S(a — €), not only almost minimizers as in the rest of this
paper. We make this additional assumption essentially for convenience and brevity of the argument,
see the remark below Lemma [4.1]

Indeed, since a is critical, we have S(a —¢) < S for every ¢ > 0. By the results of [38], which
adapts the classical lemma of Lieb contained in [9] to the fractional case, this strict inequality implies

2N
existence of a minimizer u. of S(a — ¢). Normalizing [, ul > dy = Ay, as in (L.17), u. satisfies the
equation

S(a — N+42s
Wuévzs onQ, u=0 onRYV\Q. (41)

N,s

(—A)°u; + (a —e)ue =

By using equation (4.1), we can conveniently extract the leading term of the remainder term w.. We
do this in the following lemma, which is the key step in the proof of Theorem [I.2]

Lemma 4.1. Let u. be minimizers of S(a — €) which satisfy (4.1). Then we have

S(a—e) =5+ ens Ay L da(z)ANF2 4 o(ANF2), (4.2)

If 8s/3 < N, Lemma is in fact implied by the more refined analysis carried out in Section [5| below,
which does not use the equation . If 2s < N < 8s/3, we speculate than one can prove Lemma
for almost minimizers not satisfying by arguing like in [24] Section 5], but we do not pursue this
explicitly here.

Proof of Lemma[{-1] Clearly, the analysis carried out in Section [3|so far applies to the sequence (u.).
Thus, up to passing to a subsequence, we may assume that u. = a(PU,_ . + we) with a. — 1,

2. = 29 € Qand [|[(=A)2w.)s SATT ase — 0.

N —2s ~ ~
Thus the sequence W, := A¢ > w, is bounded in H*(2) and converges weakly in H*({2), up to a
subsequence, to some Wy € H*(Q2). Inserting the expansion v = «(PU, » +w) in (4.1)), the equation
fulfilled by w. reads

—2s S — —2s Nsz
(—A)*d. + (a — &)iie = —(a — e)PUs AN 2 + A—2s(aT/N€) (PUJM)\Nf + w) TR (43)
AN,S
By Lemma we can write
PU A7 = Golz,-) = AW "2h(Ma — ) = AN72f,
with h as in Lemma By the bounds on h and f, ) from Lemmas and this yields
PUL)\)\N;QS — Go(wo, ) uniformly on compacts of @\ {zo} and in L(Q), ¢ < 1 5. (4.4)

Letting e — 0 in (4.3)), we obtain

/Q (—A)*/2d0(~ D) dy + / aiopdy = - / aGo(z, o dy (4.5)
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for every ¢ € C2°(Q\ {z0}). Now it is straightforward to show that C2°(Q\ {zo}) is dense in H*(Q),
by using a cutoff function argument together with identity (3.1). Thus by approximation, (4.5) even
holds for every ¢ € H*(2). In other words, Wy weakly solves the equation

(—A)°wo + awy = —aGo(zo,-) on €, W =0 onRYV\Q.
By uniqueness of solutions, we conclude wg = Ho(xo, ) — Ha(zo, ).

We will now use this information to prove the desired expansion (4.2)) of the energy S(a —¢) =
Su—c[PU,.» +w]. Indeed, using the already established bound ||(—A)*/?w| < A\~ *3*  the numerator

1S

||(—A)S/2PUQL.7,\||2 + /Q a(PU;/\ +2PU,  w)dy + ||(—A)S/2w||2 + /Q aw? dy + o A"NT2). (4.6)

By integrating the equation for w against w and recalling i}gﬁ) = cn,s +0(1) , we easily find the

N,s

asymptotic identity (compare [2I], eq. (8)] for s = 1)

[(—A)2u]? + /

aw? dy = ey (p — 1)/ U5;\2w2 dy—/ aPU, ywdy.
Q Q Q

Inserting this in (&.6)), together with the expansion of ||(—A)%/2PU, ,||? given in (3.35)), the numerator

of Sy—c[PU,, » + w] becomes

N, sAN,s — O san,so(x) AV 4 / a(PUZ \ + PU, yw)dy+cns(p—1) / Uf’j\2w2 dy +o(A~NF2),
Q Q

@7)
The numerator of S,_.[PU, » + w], by the computations in the proof of Lemma is given by

2 2

—2/p s
( / (PUy \ + w)P dy) = Ay, — AN, ' (—2¢50(x))\_N+23 +(p—1) / U 2w dy) . (4.8)
Q Q
Multiplying out (4.7) and (4.8), the terms in [, UP~?w?* dy cancel precisely and we obtain
Sla—e)=85+ CN,SA;[?!paN7s¢0(.T))\7N+25 (4.9)

2s

+ AP AN < / a ((ALE“ PU,, )%+ "= PUINZ;> dy) +o(ANH2sy,
Q

Now we are ready to return to our findings about wy. Indeed, by (4.4), and observing that Go(z, -) is
an admissible test function in (4.5)), we get

N —

/ a ((AN;QS PU,»)% + A 225PUI7A1E) dy = / a(Go(z,)* + Go(z, )ig) dy + o(1)  (4.10)
Q Q

== /Q (—A)*/(—=A)*2Go(x,-) dy + o(1) = —io(2) = Yn,s(a(w) — do(x)) + o(1). (4.11)

By inserting this into (4.9) and observing that vy s = ¢y san,s by the numerical values given in Lemma
the proof is complete. O

Now we have all the ingredients to give a quick proof of our first main result.

Proof of Theorem[1.Z As explained after the statement of the theorem, it only remains to prove the
implication (i7) = (#). Suppose thus S(a) < S and let ¢ > 0 be the smallest number such that @ := a+c
satisfies S(a) = S. For € > 0, let u. be the sequence of minimizers S(a — ¢), normalized to satisfy

#.1). By Lemmal[4.1] we have
S>8(a—c) =8~ ens Ay  Gal@)A VT2 £ oAV,
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Letting € — 0, this shows ¢z(z9) < 0. By the resolvent identity, we have for every x € Q

6a() = dul) + / (6 — 0)(2)Ga(, 2)Garel(2s2) dz < (),

and hence ¢, (x) is strictly monotone in a. Thus ¢, (z¢) < Pa+c(xo) = 0, and the proof is complete. O

5. PROOF OF THE LOWER BOUND II: A REFINED EXPANSION

This section is the most technical of the paper. It is devoted to extracting the leading term of
the remainder w and to obtaining sufficiently good bounds on the new error term. In Section
we will need to work under the additional assumption 8s/3 < N in order to obtain the required
precision.

Concretely, we write

T (Ho(w,) — Ha(z,)) + ¢
and decompose the remainder further into a tangential and an orthogonal part

w =

g=t+r, teTyn, 1ET.

(We keep omitting the subscript €.) A refined expansion of Sg4cv [u.| then yields an error term in r
which can be controlled using the coercivity inequality of Proposition The refined expansion is
derived in Section [5.2] below.

On the other hand, since ¢ is an element of the (/N 4 2)-dimensional space T} x, it can be bounded by
essentially explicit computations. This is achieved in Section [5.1]

Remark 5.1. The present Section [5| thus constitutes the analogon of [24] Section 6], where the same
analysis is carried out for the case s = 1 and N = 3. We emphasize that, despite these similarities,
our approach is conceptually somewhat simpler than that of [24]. Indeed, the argument in [24] relies
on an intermediate step involving a spectral cutoff construction, through which the apriori bound
Vgl = o(\'/?) = 0()\’¥) is obtained.

On the contrary, we are able to conduct the following analysis with only the weaker bound ||Vq|| =
O( NEQS) at hand (which follows from Proposition . This comes at the price of some additional
explicit error terms in r, which can however be conveniently absorbed (see Lemmas and . Since
N > 8s/3 is fulfilled when N = 3, s = 1, this simplified proof of course also works in the particular
situation of [24].

5.1. A precise description of t. For A large enough, the functions PU, x, OyPU;  and 0., PU,, )\,
1= ., N are linearly independent. There are therefore uniquely determined coefficients 3,7, d;,
1= 1, ...,N, such that
N
t = ﬂ)\fN+2sPUT7>\ + ,Y)\fN+2s+laAPUr7>\ + Z 5i/\7N+28728m,1PUm,>\- (51)
i=1
Here the choice of the different powers of A multiplying the coefficients is justified by the following
result.

Lemma 5.2. As ¢ — 0, we have §3,v,0; = O(1).
As a corollary, we obtain estimates on t in various norms.

Lemma 5.3. Ase — 0,

(=22t S A2 and [t 2 S Iltll2 S
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N-—2s

Proof. Recall that PU, y = Uy x— A"~ =2 Hy(x,-)+ fz,x- Then all bounds follow in a straightforward
way from (5.1)) together with Lemma [5.2] and the standard bounds from Lemmas and
B2 O

Proof of Lemma[5.4 Step 1. We introduce the normalized basis functions

95 L PULA 95 L 8APUI,A ¢ . azj,szw,A (5 2)
1= ) = ) j = ) .
I(=2)PPUA 72 [(ZA)PAPULT T [(=A)20,, ,PU, A
and prove that
. O(N~N+2s) j=1,2
= —A) 25, (=A)tdy = ’ T 5.3
“ /RN( SR ANy OANF2=1) =3, N+2. (53)

Since A== (Ho(z,") — Ha(z,))) +t+r=w € T, , and r € T;-,, we have
N-—2s $/2 ~ s
0 =N [ AP (<A (e ) — Hola, ) dy

e / (=)@ (Ha(x,") — Ho(z, ) dy.
RN
Thus,

N+2s

(—A)/2PU, A ens / USE (Ho(x,) - Holx, ) dy

N—2s
a1:>\_ 2 H

S )\7N+2s,

where we used that by Lemma [(=A)*/2PU, »||~' < 1. The bound for ay follows similarly. To
obtain the claimed improved bound for a;, j = 3,..., N 4 2, we write

N—

s 4s
2 H(—A)s/z@miPUz,AII_l/ Uy 00U (Ho(w,-) — Ho(z,-)) dy
Q

Gtz SA”

d

A (-)° /20, PUL O </
RN

< )\7N+2sfl.

4s_ _4s
Uzjtlgzs |02, Uz | dy + /Q Uzlf)Tzs |0z, Us Al — yl dy)

Here we wrote H,(x,y) — Ho(z,y) = ¢a(x) — ¢o(x) + O(|z — y|) and used that by oddness of 0,,U,
(6a(o) = on(2)) [ UFT0,Usr =0,
By

This concludes the proof of (5.3).

Step 2. We write
N+2

t=>bjd;,
j=1

with

by = BANFEN(=AYPPU AL b2 = A[(=A) 20\ PU A,

by = A N2 (A 20, PU, |, j=3,..N+2.
Our goal is to show that

bj = a; +O(A*N+2S)s%pak, j=1,..,N+2. (5.4)
From we conclude by the estimates on the a; from and Lemma
To prove , we define the Gram matrix G by
Gk = ((=0)*2¢;, (=A)*gy).



FRACTIONAL BREZIS-NIRENBERG IN LOW DIMENSIONS 27

By Lemma [B.2] and the definition of the (; it is easily checked that
Gjr =01 +ONN2) k=1, N+2
Thus for sufficiently large A\, G is invertible with

(Gil)jﬁk = (sj,k + O()\iNJFzS). (55)
By definition of G,
N+2
b= (G2); ek (5.6)
k=1

is an orthonormal basis of T, . We can therefore write

t=20 (8" (A ”Qt) = L 2E ) (A1 () ) o,
:ZZ( 1/2 k“kz gl@z

GG | an | @

s s

( I kak) 1

Thus b; = 1) rax and . follows from ({5.5]). O

Remark 5.4. By treating the terms in the above proof more carefully, it can be shown in fact that

AN=2s3 A\N—=2s—1y and /\N_QS“@ have a limit as A\ — oo. Indeed, for instance, the leading orders of
N

‘N129
the expressions [, U, ’2 (H,(z,-) — Ho(z,-))dy and ||(—A)*/2PU, || going into the leading behavior
of 8 can be exphcltly evaluated, see Lemma [A4] and the proof of Lemma [B.2] respectively. We do not
need the behavior of the coefficients 3,~, d; to that precision in the following, so we do not state them
explicitly.

5.2. The new expansion of S, .y [u]. Our goal is now to expand the value of the energy functional
Satev[ue] with respect to the refined decomposition introduced above, namely

u=asr+4q) =a (PUI,)\ + (A_WHa(x,j — H()((E,')) +t+r) .

In all that follows, we work under the important assumption that
—3N+6s<—2s, ie Ss<N (5.7)

so that A™3V+6s = o(A=2%). Assumption (5.7) has the consequence that, using the available bounds
on t and r, we can expand the energy S,icv[u] up to o(A=2%) errors in a way that does not depend on
t. This is the content of the next lemma.

Lemma 5.5. As ¢ — 0, we have

Surev ] = Susev [toen] + D327 (50[T]127NOIH o[ (=AY >)

+0o(AT2%) + 0(eATVT2) 4 o( (2) ATV,
Here,
No = I(-8)"2 6l + [ (@ eViidady,  Doi= [ o, dy, (58)
and I[r] is as defined in below. ! !
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We emphasize that the contribution of ¢ enters only into the remainders o(A=2%) + o(e A=V *+25) +
0(¢q(z)A\~NT29). This is remarkable because t enters to orders A=V 125 >> X725 and A2V +4s > \ =29
(if N < 3s) into both the numerator and the denominator of S, .y [u.], see Lemmas and
below. When calculating the quotients, these contributions cancel precisely, as we verify in Lemma|5.8
below. Heuristically, such a phenomenon is to be expected because (up to projection onto H*(2) and
perturbation by a+¢€V') by definition ¢ represents the directions along which the quotient functional is
invariant. As already pointed out in the introduction, we suspect, but cannot prove, that in the absence
of assumption the contributions of ¢ to the higher order coefficients A=*N+2Fs for 3 < k < 28
would continue to cancel.

We prove Lemma [5.5| by separately expanding the numerator and the denominator of S, v [u.]. We
abbreviate

Eulu] = [(~A)"2ul? + / (a+eV)u?dy

and write & [u,v] for the associated bilinear form.

Lemma 5.6 (Expanding the numerator). Ase — 0,

o] 2€-[ue] = E-ltna] + (2oltban, 1]+ I(=2)/212) + Elr] + 0o(A2) + o(eA N 42).

Proof. We write o tu, = Yz a +t+ 7 and therefore
Eclue) = E[u ] + 28 [, t + 7] + Eft + 7). (5.9)
The third term on the right side is

Ecft + 1] = & t] + 2&t, 7] +£0[r]+e/ V(t+r)*dy.
Q

Now [on (=A)*/2t(—=A)*/?r dy = 0 by orthogonality and therefore, by Lemma ,

—3N+6s
2

1(=2)"2r])) = o(A~2%) + o[l (=2)*2r||?),

N+2s

Eolt,7] = /Q atrdy = O([[(=2)*/*r [t s ) = O(A

where the last equality is a consequence of assumption (5.7) and Young’s inequality. Finally, again by

Lemma [5.3]
: /Q V(t+7)*dy = OE(t]* + [I(=A)*"*r]1%)) = o(eA™N2%) + o (=A)*/*r[|).

The second term on the right side of (5.9) is
2ot + 1] = 280[thun, ] + 20 m pr 7] + 22 / Vit + 1) dy.
Q
To start with, using Lemma |5.3],
A Vo (t +1) dy = O(e(|ltll 2 + 101l zx_[I(=A)*2r[]))

= O(eX™ e

(=) 2r][) + o(eA™ V) = o(eA™ V) - o([|(-A)*2r)1%)),

again by Young’s inequality. Moreover, using that r € Ti)\, that (—=A)*H,(x, ) = aGu(z,-) and
(=A)*Hp(z,-) = 0, and integrating by parts,

50[7/].%,)\371] = Ai%/

(=A)*/2(H, fHa)(x,)(fA)S/zrdwa/ athy ardy
Q Q

= / a(—=\" = Go(z,+) + )7 dy.
Q
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N-2

Since we can write a(T,y) — e (y) = A" h(Nx —y)) + fo with h as in Lemma and
Sz, as in Lemma we get

Eoltranr] S (

by the bounds in those lemmas. Finally,

&oft) = -2 + [ atay
Q
and [, at*dy < [[t]|3 S AT3NTE = o(A72%) by Lemma and Assumption ([5.7). O

hO) 2 + (e, Alloo) I(=2)*2r S A2 (=2)*2r| = o(A™%)

N+2s

Lemma 5.7 (Expanding the denominator). Ase — 0,

_ -1 _
ol [wray= [ wzans (o [orteay PEZD [ o) BEZ [y,
Q Q Q Q

+0 ()\_Nz% | dy) + o([[(=A)*%7||?) + o(A72).

Proof. Write a~'u. = 1, » +t 4+ r. We expand
-1
/ (%,,\ +it T)p dy = / (%,,\ + T)p dy 'HD/ (7/11,)\ + T)p_lt dy + %
Q Q 0

+ 0 (e + I3 I(=A) 72 + [(~A)24)7) .
By Lemmatogether with assumption (5.7, the last term is o(A=2%). The third term is, by Lemma

B3

/ (o +7)P 32 dy
Q

[ oty ay = [ urtag+ 0 (W) -a) ).

The second term is
/(%wr)f?‘ltdy:/w ftdy + (p—1) /W’Artdy+o(||<—A)s/2r|l2>-
Q Q

The remaining term [, wi’:\Qrtdy needs to be expanded more carefully. Using v, = Uzx —
N—2s

AT 2 Ha(‘rv') - fa:,)\ with H

a(®, )+ ferlloo S "3 we write
/ "bi’_)\QH dy = / Ui,):\grt dy+ O ( = (—A)S/2T|| ||(—A)S/2t||>
Q Q
and using assumption ([5.7), the remainder is bounded by

AT D) (= 8) 2 S AT (=) 20 = o) + ol (~2)2r])

Now using orthogonality of r and the expansion (5.1)) of s, by some standard calculations, whose details
we omit, one obtains

/ UPrtdy = O (AL@*“
s,

where we used again assumption (5.7)) for the last equality.

—3N +6

(=A)*2r]| = o(A~2%) + o[ (=A)*/2r||?),

It remains only to treat the ¢-independent term fg(wx,A +7)P dy. We find

Jwerray= [z ayp [oztvay+ BEEE [ ayso(-a) ),

<A>S/2r)

Using orthogonality of 7, we get that [, Uf’)\lr dy = 0 and hence

[otumof

UP 2 Ha(z,)|lr| dy +
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and A\~ 5 || (=A)/27|] < AN = o(A~2%). Finally, we have
oty = [ Uz ayoll-a) ")
Collecting all the estimates gives the claim of the lemma. O

We can now prove the claimed expansion of the energy functional.

Proof of Lemma[5.5] We write the expansions of the numerator and the denominator as

Efue] = No + Ny 4 E(r) + o(A"% + (e + ¢ (z)) NN F28,

where
No = &[], Ni:=2& [V, ]+ [[(—A)72¢?,
and
/ W = Do + Dy + T[r] + o(A~2%),
Q
where
_ —1 _
Do = / WP, Di=p / wi,;tﬂ% / vt
Q Q Q

and

7] = B2 [y

Taylor expanding up to and including second order, we find

(/QU’;)% _ Do_g/p (1 2Dy +1[r] N p+2 (D +I[r])2> o(A2).

p Dy p? D3

| dy). (5.10)

We now observe Z[r] < |[(=A)%/27(]2 + o(¢q (2) AN H25 4 X729) since

S [orrr e [ Urr S AP oY 20, (0)
Q Q

Hence we can simplify the expression of the denominator to

—2/p 2
» _ pn-2/p 2Dy +I[r] p+2D7 ANS/2,.012 —N+2s —2s
(/u) D; (1 SO B ) ol )P IP) + oo @A) 4 o)

Multiplying this with the expansion of the numerator from above, we find

QNOD 2N1D1 p—‘rQD%No)

pDo ' p Do ' p* D}

Sa—i-ev[ue] = D(;Q/pNO + D(;Q/p (Nl

g (50[ - 2+ o<||<—A>S/2r||2>) oA + o(ga(2)AN+2),

We show in Lemma [5.8 below that the bracket involving the terms Ny and D involving s vanishes up

to order o(A™2%), due to cancellations. Noting that DO_2/pN0 is nothing but S,+cv 1], the expansion
claimed in Lemma [5.35] follows. O

Lemma 5.8. Assume (5.7) and let Ny, N1, Do, Dy be defined as in the proof of Lemma . Then
Ny = 2Ben s Ay AN T2
N —2s

+ ey AT (62AN,S +9%(p — 1)Bn,s — 2an,s¢0(z)(B — 7)) + o(A7%*)
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and
N — 2s
2

plp—1)

5 (B*AN.s+7*Bn.s) —p(B —

Dy = AN NTEpBAN o + ATV TS ( 7>GN75¢0(17)>

+ 0(ha ()A™NT2%) £ o(A729).
where we abbreviated By 5 := fRN U&;2|8,\U0)1|2 dy.

In particular,

2N0 2N1D1 p—|—2D%N0

_ —2s —N+2s

Proof. We start with expanding Ny = 2&[¢), ] + ||(=A)*/?t||%. From Lemma and the expansion
(5.1) for ¢, one easily sees that

||(—A)S/2t||2 _ 62>\_2N+48||(_A)S/2PUz,)\H2 + 'Y>\_2N+4S+2||(_A)Sma)\PUx,)\HQ
= BPen AN ATV 4 2 (p = D)en s By,s + o(A72),

N—2s
2

where we also used assumption ([5.7). Next, recalling ((—A)® + a)z x = cN75U531 —a(A h(A(x —

)+ fzx) with h as in Lemma we easily obtain

x

2E0[en, t] = 2¢n s / UP Mt dy + o(A™2%) = 2Ben s An AN T2
faes

N —2s

- 2CN,saN,sQéO(1,))‘72N+45(5 + 2

7) 4 o(A72%).

(Observe that the leading order term with ~ vanishes because [, Ué’;lﬁ,\Um = 0.) This proves the
claimed expansion for Ny. For Dy, we have

/ YPoltdy = AN / Y PUsx dy + A~ V24 / PN ONPUL p dy + 0o(A7%).
Q Q Q

N-—2s N—

Writing out ¥y x = Uz x — A" 2 Ho(x, ) — fer and PUy y = Upx — A~ 7 Hy(z,-)— f, by the usual
bounds together with assumption (5.7) we get

ATV / YPPUL A dy = AN B AN = ATV Ba sgo(2) + oA g () + 0o(A7).
Q

Similarly,

N —2s
,Y)\fN+2s+1 / ’l/)pila)\PUI,A dy =7 5 )\72N+4SGJN,3¢O(=T) + 0(/\7N+25¢a(1,)) + 0()\725)'
Q

(Observe that the leading order term with - vanishes because fRN U&IIE)AUOJ = 0.) Finally,

/ w;;—)\Z]JQ dy — )\—2N+4s (BQAN,S +’YQBN7S) + O()\—QS)-
Q
Putting together the above, we end up with the claimed expansion for D;.

The last assertion of the lemma follows from the expansions of Ny, Dy, N1 and D; by an explicit
calculation whose details we omit. O

Based on the refined expansion of S, v [u.] obtained in Lemma we are now in a position to give
the proofs of our main results.

We first use the coercivity inequality from Proposition 3.4 to control the terms involving r that appear
in Lemma [5.5)
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Lemma 5.9 (Coercivity result). There is p > 0 such that, as € — 0,
2Ny

Eolr] = 5, 11 2 pll(=A)* 2|7,

Proof. Recalling the definition (5.10) of Z[r] and observing that Ny/Dy = cn s, we find by Proposition
that

ol — 20 11r) = )~ )2 + / ar?dy — e a(p— 1) / Pt dy
Q Q

0 (x5 [ Ul d ) + ol -1 P

N—-2

> pl-ayPrp+ 0 (x5 [ Uzl elilay)
Q
for some p > 0. The remaining error term can be bounded as follows.
Ao ‘/QU53\2|H¢1($7 Nrldy < (5’/QU£;\27°2 dy + CA~N+2s /Q Ui’;\zHa(x, N2 dy
< 3[[(=2)2r |2 + OV 6, (2)%) + o(A>)
< Sl[(=A)27 ) + o (AN (2) + A7)

where we used Lemma [A4] By choosing 6 > 0 small enough, we obtain the conclusion. 0

6. PROOF OF THE MAIN RESULTS

Combining Lemma [5.9|with Lemma|5.5|gives a lower bound on Sy .y [uc]. Using the almost-minimizing
assumption (1.17) and the expansion from Theorem this lower bound can be stated as fol-

lows:

0> (1+0(1)(S—SateV))+R (6.1)

((Qv(x) + 0(1))<€)\_N+2S —(a(z) +o(1))(an,s + CN,st7sbN7s))\_25) ,

2s

N—
N
S

)

+ Ay
where Na
Ri=ANT (ansens(1+0(1)da(@)A™ N + To(da(x), N)) + pll (—2)r]3,

for some p > 0, and T2(¢q (), A) as in (2.5).

Recall that ¢, > 0 by Corollary and that ¢, (x) is bounded because zy € 2. Since T3 is a sum of
higher powers (¢,(z)A\~NV+2)¥ with k > 2, we have R > 0 for & small enough.

Lemma 6.1. Asec — 0, ¢,(x) = o(1). In other words, zo € N,.

Proof. Since S — S(a+ V) >0 and ||[(—A)*/?r||3 > 0, the bound (6.1)) gives
pa(z) S e+ AN L ANTET (9o (), ).

Since ¢, (z) is uniformly bounded, we can bound T2(¢.(x), ) < A72NV+45 which concludes. O
Lemma 6.2. If N,(V) # 0, then zo € N,(V).
In the proof of this lemma, we need the assumption (1.12)), i.e. that a(z) <0 on N,.

Proof. By Lemma we only need to prove that Qv (x¢) < 0.

Inserting the upper bound from Corollary 2.3Jon S — S(a+¢V) into (6.1)), and using R > 0, we obtain
that )
(Qv(z) + 0(1)eA™NF28 < _CreT-~ 4 CoA™2,
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Here the numbers C; and C5 are given by

2s
x)|4s—-N
Cy:=(1+4o0(1))ons sup M7 Cy := —a(z) 4+ o(1)
zeNL(V). |a(x) 1s—N
Using Lemma [6.1] and the assumption a < 0 on N, we have that Cs is strictly positive and remains
bounded away from zero by assumption. Since N, (V) is not empty, the same is clearly true for C;.

Thus by Young’s inequality

—CLeToN 4 oA ™28 < —een~NH2s
for some ¢ > 0. This implies Qv (zp) < —c < 0 as desired. O

Now we are ready to prove our main results Theorems [T.4] [I.5] and [I.6]

Proof of Theorem|[1.4l By using R > 0 and minimizing the last term over A\, like in the proof of
Corollary 2.3 the bound (6.1)) implies

(1+0(1))(S(a+eV) - 5) Quwo) 7% 2

2s
s ET-N O(EW)
la(zo)

v

N—2s
4s—

Qv (z)
\5 N_2s
TENL(V) |a(x)|3=N

where the last inequality follows from Lemma [6.2} This is equivalent to

Qv ()| 7~ .

Sla+eV)>S—ons sup ————F—5—eB-N + 0(5452+N).
TENL (V) |a(z)|4s—N

)

2s
4s—N

2s 2s
> —on eT-N +0(64S—N)’

Since the matching upper bound has already been proved in Corollary 2.3] the proof of the theorem is
complete. O

Proof of Theorem[I.3] Since zy € N, by Lemma [6.1] by assumption we have Qv (z¢) > 0 and a(zo) <
0. Together with R > 0, the bound (6.1) then implies

0> (1+0(1)(S—S(a+eV))+eA +o(eA N2

for some ¢ > 0. Since o(e A"V 1) > —£A"240(e 4525‘1\,) by Young, this implies S(a+<V) > S+o(e e
Since the inequality

S(a+eV)< S (6.2)
always holds (e.g. by Theorem , we obtain S(a+eV) > S+ o(e Nz—s4s) as desired.

Now assume that additionally Qv (zo) > 0. With R > 0, implies, for ¢ > 0 small enough and
some C7,Cy > 0

S(a+¢eV) =8 > CreA™N T2 1 Cor=2% > 0,
which contradicts (6.2]). Thus assumption , under which we have worked so far, cannot be
satisfied, and we must have S(a+¢¢V) = S for some gy > 0. Since S(a+¢€V) is concave in ¢ (being the
infimum of functions linear in €) and since S(a) = S, we must have S(a+¢eV) = Sforalle € [0,g9]. O

Proof of Theorem[I.6f We may first observe that the upper and lower bounds on S(a + V) already
discussed in the proof of Theorem imply

|Qv (o)

2s 2s
4s—N 4s—N
a(eo) 2N Jafe)
Now, by using additionally Lemma the estimate (6.1) becomes
2s
4s—N 2s 2s
(14+0(1)((S(a4+eV)—-95) > —O’N75%845*N +R +o(e=7), (6.4)

- la(xq)| 3=~

N—2s N—2s
45— 4s—N
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where

L 1
252 B 172 . s— -l s e
R/f R+C057457N ()\ 1_)\0(5) 1) if <%)4 NE TN )\ 1§2(N2;2S)N 1 ’
_ L 1
R+ coeT-N if (#) T e > ( = ) A

N—2s

N—2s
in the notation of Lemma for Ac := Ay [V (ans + cnsdn,sbn,s)(la(zo)| + o(1)) and B. :=

N—2s
Ay Y (1Qv(xo)| + o(1)), with Ag(e) given by (B.5). Now applying in (6.4) the upper bound on
S(a+ €V) from Corollary yields
R =o(e™-W).
The terms that make up R’ being separately nonnegative, this implies R = 0(5482%1\’) and (A7 —
Ao(e)~1)?% = 0(54531\/ ), that is,

QSAE 4SiN 1 1
A\ = <(]\/'_23)B> e T Is-N _|_0(5 4s—N)

25(0,s + ensdnsby.s)lal@o) N\~ 1 o
- (Mot S e (©3)
and
I(=2)*2r[l2 = o(eT). (6.6)
Inserting the asymptotics of A back into R = o(e 452fN) now gives
$a() = 0(e). (6.7)

It remains to derive the claimed expansion for a. From Lemma [5.7] we deduce
-5 e dy — o d O (11(=A)/2 CA)S/2p)2 1\ N+2s
a7z e y= sz,)\ y+ O ([(=2)"slla + [(=A)""r|lz + :

2N
Using the bound [|(—=A)%/2s|ly < A~N+25, together with (6.5), and the expansion of [, " *
from Theorem [2.1] we obtain

N

o] P = 14+ O\ N¥2%) = 1 4+ O(7-7).
This completes the proof of Theorem [1.6] O

APPENDIX A. GREEN’S FUNCTION

A.1. The Green’s function G and the projections PU, y. We begin by studying the case a = 0.
The next lemma collect some important estimates on the regular part Hy(:,-) of the Green’s function
and the Robin function ¢g(z) = Hp(z,x), which will turn out very important for our analysis. Similar
estimates for s = 1 have been derived in [34] Section 2 and Appendix A].

We denote in the following d(z) := dist(z, 99).
Lemma A.1. Let x € Q and N > 2s. Then y — Hy(z,y) is continuous on Q and we have, for all
yeq,
0 < Ho(z,y) S d(a)> ",
IVyHo(z,y)| S d(x)*> N
Moreover, the Robin function ¢g satisfies the two-sided bound

d(2)* ™ < po(z) < d(a)>*". (A1)
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Proof. Hy(z,-) satisfies
(=A)°Hy(z,-) =0 on Q,

1

Ho(@, ) = 7=

on RV \ Q.

Thus we can write 1

Hofeyy) = [ | ARG
O( y) BN\Q |£C—Z‘N72S Q( )

where P denotes harmonic measure for (—A)®, see [30, Theorem 7.2]. Since P} is a probability
measure, this implies
0 < Ho(z,y) < d(a) M.

Similarly, since

(=A)*VHy(z,-) = V(=A)Hy(z,-) =0 on Q,
1
VHO(JT, ) = Vm on RN \Q,
we have
1
H, = — | dP¥ < d(g)~N+2s-1
el = [ (e ) )| S
The lower bound d(z)?*~N < ¢o(x) is proved in [I7, Lemma 7.6]. O

The following important lemma shows the relation between the regular part Hy(z, -) and the projections
PU, » introduced in . For the classical case s = 1, this is [34] Proposition 1]. For fractional
s € (0,1), a slightly weaker version relying on the extension formulation of (—A)* appears in [15]
Lemma C.1].

Lemma A.2. Let x € Q) and N > 2s.

(i) We have
0 < PUzx<Uznx (A.2)
and the function ¢, 1= Uy x» — PU, \ satisfies the estimates
_ s —N+42s
el Loemny S d(x)™NT2AT3 (A.3)
and
_ N-—2s
P allLe@yy S (d(@)A) 2. (A4)
(1) Moreover, the expansion
PUgx = Upr — A2 Ho(2,y) + fon, (A.5)

holds with

CN_949gy_ Ntd—2s
I fonllnoe) S d(@) N 7225277

Proof. Claim (i). Our proof follows mostly [34, Appendix A]. Since
(—A)*PUz x>0 on ,
PU,»=0 on RN\Q.

the maximum principle (see e.g. [39, Proposition 2.17]) implies that PU, y > 0. Similarly, ¢, ) =
Uz x — PUjy » satisfies

(CA)gr=0 on Q. (A6)
Yzx=Uz x>0 on RV \ Q.
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and thus ¢, » > 0 by the maximum principle. This completes the proof of (A.2).
By (A.6]), we can moreover write

ponly) = / Usr(z)dPY(2), yeQ.
RN\Q

|e@ma) SAT T d(z) N,

Thus ||(px7)\||Loo(RN) = ||U9c,A
Next, let us prove the LP estimate on ¢, 5. Since ., € H*(RY), by the Sobolev inequality we have
oo all7o@yy S I1(=2)%02 3

= I(=2)"2Uz Al3 + (= 2)*/2PUs »

22 / (CAYUAPUdy. (A7)
]RN

The second summand in (A.7)) can be written as

1(~A)*2PU, \|13 = en.s /Q PU UPY dy = [[(=A)2Up 013 — env.s / e UPS dy

(=AU, [+ O (H%,Anm oz dy) = (=AY 20, A3 + O ((d)A)~N+2)

by .
Similarly, the third summand in is

2 / (A Uy \PU dy = ~2ey 4 / U?, dy+ 2., / U3 o dy

RN Q Q
= =2[[(=A)"2U, al3 + O ((d(x)N) V),
where we also used the bound
[ unas @an ™.
RN\Q
Collecting these estimates and returning to , we obtain
ezl To@ny S (dla)A) V2.

This concludes the proof of (A.4).

N—2s

Claim (i1). The function f; x := @z — A7~ 2 Hy(z,-) satisfies
(_A)sfx,)\ =0 on (Q,
/\7N;2s
_ N
fer =Uzx — I on RV \ Q.

As in the proof of Lemma [A7] we have

A
Jer(y) = /RN\Q <Um(y) - |m_Z|st> dP§(2),
and hence, since F{j is a probability measure, we have
AT

||fz,>\

|oe () < ||Uaen(y) —

L2 (RN\Q)
N+4+4—2s

:(’)()\_ : dist(:c,aQ)_N_2+28)

by Lemma [B.3] below. O
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A.2. Expanding the regular part Hy(z,y) near the diagonal. We now turn to the Green’s
function Gy, for a general potential b € C1(2) N C(2) such that (—A)* + b is coercive. By noting the
potential b rather than a, we emphasize the fact that criticality of b is not needed for the following
expansions. Moreover, in contrast to the previous subsection, we specialize to the condition 2s < N <
4s again, which plays a role in the proof of Lemmas and [A74] below.

Lemma A.3. Let x € Q and 2s < N < 4s.

(i) If 4s — N < 1, then as y — x

Hy(z,y) = ¢p(2) — dnsb(z)|z — y[** ™ +o(|z — y[**7F).
(ii) If 4s — N > 1, then there is &, € RN such that
Hy(z,y) = ¢p(@) + & - (y — 2) — dysb(@)|x — y|* ™ + o(|z — y|** ).

Here the constant dy s > 0 4s given by . The asymptotics are uniform for x in compact subsets
of Q.
Proof. Fix x € Q and let

Pa(y) := Hy(x,y) — do(x) + dn sb(x) ]z — y|** 7,
with dy s as in (B.2]). We use the facts that, in the distributional sense,

(—A)3 Hy(z,y) = b(y)Ga(z.y) = — D () Hy ()

o= yV
and, by Lemma [B.5]
(—A)S|Z‘|4s_N _ _d]_\I,lsles_N'

Thus 1, solves, in the distributional sense, the equation

b(y) — b(x
- =)

with
— b(y) Hy(, ).

Since b € C1(Q), we have

|b<£€) - b(y)| < |’I o y|7N+2s+1

|z —y|N72e '
We will deduce the assertion of the lemma in each case from elliptic estimates on the equation
and appropriate bounds on F.

Case —N +2s+ 1 < 0. Since the second summand b(y)Hy(x,y) is in L, we have F, € LP(Q) for
every p < ﬁ For the following, fix some p € ( The assumption N < 4s guarantees
that this interval is not empty.)

25 N—2s—1)' (

Define 9, := (—A)~*Fy, where (—A)™* is convolution with the Riesz potential. Then by [35, Theorem
1.6.(iii)] we have [¢z]co@®yy S |F2llLr @y, Where a = 25 — %. Moreover (—A)®(¢y — 1) = 0 on L.

Since s-harmonic functions are smooth (see e.g. [Il Section 2]), we conclude that ¢, € cF (Bgja()).

Since 9, (x) = 0, we conclude that as y — x,

s N
Ga(y) = Oz —y|*~ 7). (A.9)
If we choose p € (%, ﬁ), then 2s — % > 4s — N. (As a consequence of N < 4s, we have the

inclusion (25, v5-—) C (55, x=5—). Together with the definition of ¢, (A-9) then implies

Hy(w,y) = u(z) — dw,sb(@)[z = y|* = + of|z — y[+N),

which is the assertion of the lemma.
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Case —N +2s+1>0. In this case F, € L*°(Q2). More precisely, we have

F e L>(Q) it N=2s+1,
! CO-N+25+1(Q)  §f 0 < —N 4 25 + 1.
Notice that we always have —N +2s +1 < 1, since N > 2s. As above, define Uy = (=A)""F,. By
[39], we find using NV < 4s that in any of the above cases, 1, € C1® for all a € (0,1] with o < 45— N.
Using Holder continuity of the gradient, we easily find
Va(y) = Yo (@) + Vipu() - (y — 2) + Oz — y|*™).
Choosing o > 4s — N — 1 and inserting the definition of ¢, we find
Hy(x,y) = ¢p(x) + Vibo(2) - (y — 2) — dn sb(@)]x — y|** N + of|z — y[**~),

which is the assertion of the lemma with &, := Vi), (). O

Lemma A.4. Let k € N with k <p = Z-. If k> %, then

/\’g(N’QS)/QUi’;\kHa(x,-)kdy =o(A72%).

If2 <k < =, then

2
N-—-2s?
Afg(N,QS)\/gzUﬁ;\kHa(L,)k dy = (/RN UOJ(y)pfk dy> ¢a(z)kA7k(N728) +O(>\72S).

Ifk=1,

N—2s

P / Uf;\le(:v, Vdy = an s (2)NVTZ —dy b sb(2)A T2+ 0o(AT2) + o(gp(2) AN T,
Q

The asymptotics are uniform for x in compacts of Q.

2s
N—-2s"

Proof. Let us start with the easy case of k > In that case, since H,(x,-) is uniformly bounded,

we have
ARON=29) i g < N
ATEN-29) /Q UP P H(z, )k dy < A*W*Qs)/ UpPdy SV if k= 5

B .
o AN if k> 25

In any case, this is o(A72%).

Now assume 1 < k < <25, Let us abbreviate d = d(x) and By = By(z) and show that the integral

N-—-2s"
over Q\ By is o(A72%). Indeed, since H,(x,-) is uniformly bounded,
AEOE) [ ket SATE [ it (A.10)
O\Bs RN\B;

_ A—k(zv—zs)/ ULTFdy = AN =o(A2). (A1)
RN\Bd)\

To evaluate the remaining integral over By, we use the formula

(Ha(a,9))* = (da(x) + & - (y — 2) = dy,s(a(z) + o(1)) |z — y[**~) (A.12)

by Lemma (where &, may be zero if we are in case (i) of that lemma). After multiplying out the
right side, every term containing the factor &, - (y — x) only once vanishes by oddness.

k

Let now k > 2. Since ¢,(z) and a(z) are uniformly bounded and € is bounded, it is clear that we can
estimate

Ho(2,y)" = ¢a(@)* + O(ly — a* + [y — 2| ™N) < du(2)* + Oy — 2|~ N).
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For the last step we used that 4s — N <2+ 2s— N < 2. Now

)\—%(N—Zs‘) / Uiﬁ;\kkv _ y|4s—N dy = )\—k(N—2s))\N—4s/ Ué);k|y|4s—N dy (A.13)
By Bax(0)
In A ifk=2
< =Ny —(k=2)(N—-2s) ’
SATA x {A(k—2)(N—23) fhso (A1

In any case, this is o(A72%).

Finally, if £ = 1, plugging in expansion (A.12), the term involving a(z) is not negligible anymore.
Instead, it gives

A / U a(@) + o(1)|z —y* N dy = A *an sa(z) + o(A>),
By
which completes the proof. O
APPENDIX B. AUXILIARY COMPUTATIONS

In this appendix, we collect some technical results and computations used throughout the paper.

First, we compute the L? norm of U, » for various values of q.

Lemma B.1 (L%norm of U, ). Let x € Q and ¢ € [1,00]. As A — oo, we have, uniformly for z in
compact subsets,

N—2s N
AT T q> 5,
_ N-2s N-—2s N
||U17>\||LQ(Q) ~ A N22 (11’1)\) N, oqg= N—2s°
_N-2s N
AT q< §N-35s-
_ N-2s5—2 1=2\2|z—yl|? _ . .
Moreover, for O\Uy \ = %)\ 2 |z y‘,zsﬁ, we have |0\Uy | = O(A"1U, \) pointwise
N=7332

(14X [z —y[2)
and therefore

||6>\Ux,>\Hq S /\_1||Uz,>\||qa q € [1,00].
Finally, for 8,, Uz » = (=N + 23))\N7§5+2 A(wfy)N_gsﬁ , we have
’ (1+X2[z—y[2) " 2
N7§5+27%7 q> Nfgs+1’
102, Uz AllLaga) ~ § A~ (IR, g = #M’
_ N-2s N
AT < N—as41-
Lemma B.2. We have
I(=A)2PU|| ~ 1, [(=A)*20\PU|| ~ A7, [(=A)*/20,, PU|| ~ A.

Moreover,

/ (—A)S/QPUI,)\(—A)S/za,\PUx’)\ dy s )\—N—i-2s—17
]RN
/ (=A)*2PU, A (—~A)20,,PU, »dy < AN+2s,
]RN
/ (=A)* 20\ PU, A (—A)/%0,,PU, ydy < AN+2-1
RN

/ (—A)*20,, PU, A (= A)*/20,, PU, x dy S AN
]RN

We remark that the bounds of Lemma are consistent with the ones proved in [34, Appendix
BJ.
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Lemma B.3. We have
)\_¥ N-—2s
0< m = Uz (y) =22 h(Mz —y)), (B.1)

with

N-—2s

1 1
o =()

Moreover h(z) ~ |z|7N=2%2% qnd |[Vh(z)| ~ |2|7N*2573 as |z| — oo. Consequently, h € LP(RY) for
every p € [1, %23) and Vh € LP(RYN) for every p € [1 ), where the latter interval is possibly
empty.

_N
? N—2s+1

Lemma B.4. Let b€ C(Q)NCH). As X — oo, uniformly for x in compact subsets of €,
[ B2 T B3 = ) d = A2 + 0(A)
The numerical value of an,s = [pn Uo,1(y)h(y) dy is given in Lemma below.
Proof. Abbreviate d = d(x) and By = Bg(z). We integrate separately over By and over Q \ By.
For the outer integral, from Lemma [B.3| we get that Up.1(y)h(y) ~ |y| =2V *45=2. Thus

/ by U ()N T2 RO (@ — y)) dy S ANF272 = o(AN) = o(A~2).
Q\By

For the inner integral, using that b € C*(Q), we write b(y) = b(z) + Vb(z) - (y — z) + o(|z — y|) for
y € Bg. Then (the integral over Vb(z) - (y — x) cancels due to oddness)

/B b() U (AT Az — 9)) dy

— b(a)r2 / Uout (1)h(y) dy+o<)\_25_1 / Uo,l(z)h(z)zmz)
Bq(0) Bxa(0)

=b(x)A\ Fans + oA +o (/\—23—1 / Uo(2)h(2)|z| dz) .
B

2d(0)
To show that the last term is o(A~2%) as well, note that by Lemma we have Up1(2)h(2)|z] <
|Z|_2N+4S_1. Thus
A—2s-1 if N>4s—1,
A*ZH/ Uoa(2)h(2)|z|dz S { A2 Tlogh  if N =4s—1,
Pral0) ATNHB=L N <451,

This is o(A™2%) in all cases. O

We compute explicitly the constants that appear in the asymptotic expansions throughout the pa-
per.

N—2s

Lemma B.5 (Constants). For N > 2s and p = 2%, let Up1(y) = ( L ) * and h(y) =

N-—-2s7 1+|y|?
_ o ‘21)]\,_25 . Then for every 0 < k < N%Qs we have
+ly 2

1
TS

N2 (51— k) + ks)
I (5@2-k)+ks)

an,s(k) == /]RN Uo’l(y)p_k dy =
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We denote An s = an s(0) and an s := an s(1). Further,

N+2s
bn,s ;:/ Up(y)~—2s
RN

3 AN N I(s) L(%)
QaN,s = . Uoa(y)h(y) dy = T (%)1—‘(? —2s) (F(N —5) - (N — 25)) ’

Moreover, the constant in (—A)*u(z) := Cn sP.V. [px % dy is given by

QQSF( NJ2rZs)

Cnsi= ———=——
Nos aN/25T(1 — )
N+2s
and the constant in (—A)*Uyy = cn,SUOI’Vl’ZS is given by
on = 223 1-1( N;Qs)
S T — N
F(N22s)

The explicit value of the best fractional Sobolev constant in ||(—A)%/?ul|> > S|ju®.y s
N —2s

F(NJ2r2s) (F(N/Q))2S/N

e\t )

The constant in (—A)*|z|*—N = —d;,’ls|x|23_N is given by

D(555)I(s)

D(%5%)0(2s)

The constant vn,s in ((—A)° +a)Go(z, ) = YN, 505 is given by

2237TN/2F(S)
IN.s = T N=2s
(===)

S = SN,s = 22S7Ts

N —2s
dn,s == —

Proof. The values of a,, (k) and by s are a consequence of the following computation. For «, 8 > 0,

1 @ orN/2 oo 1 \*°
By = N-1+8 g
/]RN (1+y|2> " dy F(JQV)/0 (1+r2) " "

B.3
e e T (BT (- 2g) B
ALY B N .
r(%) (%) ()
To compute ay s, we write
N, :/ Uo,1(y)h(y) dy
]RN
N—2s N—2
= 27 V/2 /°° 1 & r2sl< 1 > N1 e
r(§) Jo 1+ 72 1+ 72
I(r,N,s)

If N > 4s, then the summands of I(r, N, s) are separately integrable, in which case (B.3) gives

_ RN LY (e T
O‘N’SF(N)F<2 2><r(§—s) F(N—25)>' (B-4)

2

To extend this formula to the case 2s < N < 4s which concerns us, we remark that the right side of
(B.4) defines a holomorphic function of s in the complex subdomain Dy := {0 < Re(s) < N/2}\
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{N/4} c C. On the other hand, by a cancellation I(r, N, s) remains integrable in r € (0, c0) for every
s€(0,1) and N € (2s,4s). Indeed,

I(r,N,s) ~ (r257t — N1 asr — 0,

—oN=2s 94 1 1 N—2s —2(N—=2s),.N—1 1 N—2s
I(r,N,s)w(r T (1+%2) 7 2 IpN=L(—— ) >

_ _oN-2s 5. 1, ~N—2s _2(N-25), . N—1 1 —(N—2s
_<r (1 ) PN )

N
Ndee ¥—s 1 N —2s 1
— p N1 <1 P 0(g) — 14— +0(T4)>

N
= (2 — s) P NTAS=S L O(p N5 as 1 — o0,

By a standard argument, this implies that fooo I(r,N,s)dr is holomorphic in Dy as a function of s.
By the identity theorem for analytic functions, the formula (B.4)) thus holds also for s € (N/4, N/2),
which is what we wanted to show.

Finally, the claimed value of S can be found e.g. in [16, Theorem 1.1] and that of dy s in [30, Table
1, p. 168]. O

Lemma B.6. Let 2s < N < 4s and let f. : (0,00) = R be given by

A €
fe(N) = T;S - BEW

with A¢, Be > 0 uniformly bounded away from 0 and oco. The unique global minimum of f. is given by

28145 s-N 4
)\0 = )\0(5) = (UVQS)_B) g 4s—N | (B5)

with corresponding minimal value

2s 2s
i 26 BN (N -2\ %~ 45— N
= = —g4s—N . B
L0 = Feo) = = Py (52) 2 (B
€
Moreover, there is a cg > 0 such that, for all € > 0, we have
1 1
25—2 _ 1N\ 2 . A 4s—N _ _1 1 2s N—4s

CoELs—N (>\ 1_ )\0(6) 1) Zf (75) e Is—N )\ <2 ( =2 S) ,

feA) = f2(No) > . Be) | N=2) 7 (Ba)

2s . A \T-N si 1 2s N—4s
CoET—N if (Ba) ETTNATY > 2 o5 .

Proof. The values of A\g and f-()\o) are obtained by standard computations. Thus we only prove (B.7).
Let F(t) := t** —tV=2% and denote by t( := (N2_S2s)_4siN the unique global minimum of F on (0, 00).
Then, there exists ¢ > 0 such that

c(t—tg)? if 0<t < 2t,
ctd =2 it t> 2t.

F(t) — F(tg) > {

The assertion of the lemma now follows by rescaling. Indeed, it suffices to observe that

1
_ N-—2s 2s B AE 4s—N _
fo(\) = AL TN BV eweN p (() e~ TN /\—1>

B.
and to use the boundedness of A, and B.. O
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