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CONSTANT @Q-CURVATURE METRICS WITH A SINGULARITY

TOBIAS KONIG AND PAUL LAURAIN

ABSTRACT. For dimensions n > 3, we classify singular solutions to the generalized
Liouville equation (—A)"/?u = €™ on R™ \ {0} with the finite integral condition
fR” e™ < oo in terms of their behavior at 0 and oco. These solutions correspond
to metrics of constant )-curvature which are singular in the origin. Conversely,
we give an optimal existence result for radial solutions. This extends some recent
results on solutions with singularities of logarithmic type to allow for singularities
of arbitrary order. As a key tool to the existence result, we derive a new weighted
Moser—Trudinger inequality for radial functions.

1. INTRODUCTION

Let n > 2. Our goal is to understand the structure of the set of solutions to the
equation

(=AY = e on R"\ {0}, A= / e™dy < oo, (1.1)

which may present a singularity at the origin.

For a function v € L\ _(R"), the expression (—A)"?u is to be understood as the

tempered distribution satisfying

()", ) = / u(a)(— A2 p() da (12)

n

for every ¢ € C*(R™). If n is odd, the hypothesis fRn l'jfj');n dr < oo needs to be
added, since (—A)™2¢ is not compactly supported in these cases. We refer to [26] for
more details and basic regularity results. In fact, every solution to (1.1) belongs to

C>®(R™\ {0}), by the proof of |26, Theorem 2.1].

For n = 2, equation (1.1) is the classical Liouville equation, whose solutions u cor-
respond to metrics of constant Gauss curvature on R? \ {0}. In higher dimensions,
equation (1.1) plays a similar role in connection with the notion of Q-curvature. Indeed
if one considers a smooth compact Riemannian surface (X, g) with Gauss curvature K,
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2 TOBIAS KONIG AND PAUL LAURAIN

then by a conformal change of metric g, = e*g, the curvature changes as follows
—Aju+ K, = K, e*"

Here, A, = ﬁ@i( lglg* 9;) is the Beltrami Laplacian, which is a conformally invari-

ant operator in dimension 2 in the sense that A,, = e ?*A,. Relying on this conformal
invariance property, Paneitz [41] (and then Graham, Jenne, Mason and Sparling [21])
proved that, on a given Riemannian manifold (M™",g), with n > 2, there exists a
unique differential' operator P, of order n such that

Pl = (—Ag)% + lower order operator,

and

P =e ™P.
For ¢ the Euclidean metric on R”, we can check that P! = (=A)"/2 on (R",€). Hence,
the notion of Gauss curvature is generalized by the one of Q)-curvature, in the sense

that we have the following identity
P:(“) + Qg = "Wy,

where @4, the Q-curvature, depends only on the curvature and its derivatives, for
instance for n = 4, we have

1 :
Qg = —5 (AgRy — By + 3[Ric, ),

where R, and Ric, are the scalar and the Ricci curvature. On the sphere S" the
Paneitz operator has a simple expression in terms of the Laplacian and its eigenvalues,
see Section 3. For instance for n = 4, we have, for g, the standard metric of S*,

P4 = _Agc<_Agc + 2)7

9e

see |9] for more geometrical details.

Hence, solutions to (1.1) correspond to metrics which are conformal to the Euclidean
metric on R™\ {0} and have constant @Q-curvature equal to one. When the behaviour
of u near 0 is u ~ yIn(|z|), the metric e"*¢ can be interpreted as a conical metric, see
[14], but if the u blow faster at the origin the nature of singularity is closer to that of
an essential singularity. This is to our knowlege an inexplored field from the geometric
point of view.

A fundamental property of equation (1.1), which we shall use several times in this pa-
per, is its conformal invariance. In particular, if u solves (1.1), then its inversion

i(z) = u (i> — 21n(|z|). (1.3)

j]?

is also a solution to (1.1), of same mass A as u.

IPseudodifferential when the dimension is odd.
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1.1. Overview of the problem. In the past decades, entire solutions to the equa-
tion

(=AY 2y = ™ on R”, A= / e™ dy < oo, (1.4)
have been intensely studied for all values of n € N*,

A fundamental observation is that the family of ’bubble’ functions

2((n — 1))\
=1 A>0 R" 1.5

solve (1.4), for any n € N*. These solutions all have the same mass

AE(n—l)!/Rn (L)ndm:(n—l)HSﬂ — Ay (1.6)

1+ |z?
By the classification result of Chen and Lin [11], these are all solutions to (1.4) in the
classical case n = 2. If n = 1, the same is true, see [31] and references therein.

It has been put to our attention by Pierre-Damien Thizy that in fact the n = 2 case was
already essentially known by Liouville himself, the proof relies on the interpretation of
this problem in terms of holomorphic functions, see [8, Theorem 1| and [4, p. 27].

An important feature of equation (1.4), which was first noticed in the fundamental
paper [30] by Lin, is that this classification results ceases to be true in higher dimen-
sions n > 3. To explain this phenomenon in more detail, for a solution u to (1.4), we
introduce its 'normalized version’

()
v(r) = — In ™) dy. 1.7
() ol e W e (1.7)

(n—1)! Ay
= St =—

is chosen such that (—A)™21n (i) = 7,00 in the sense of distributions.

||

Here the constant

Theorem A (|30, 34, 28, 22|). Let n > 3 and let u be a solution to (1.4). Then there
exists a polynomial p, bounded from above, of even degree at most n — 1, such that

u(z) = v(z) + p(x), r € R",
where v is as in (1.7).

Moreover, as |x| — oo,

n

A
vla) = =~ In(je]) + o{n |« (1.8)

If u(x) = o(|x]?) as |z| — oo, or if n = 3,4 and A = Ay, then u is necessarily of the
form (1.5).

Finally, if n = 3,4, then necessarily A < A;.
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Conversely, the following summary of existence results shows that the classification
from Theorem 1.1 is essentially optimal.

In fact, it turns out that one can simultaneously prescribe the mass A and its asmyp-
totic polynomial p at infinity, provided A € (0,A;) and p fulfills

p(r) = —oc0  as |z| — oo, degp <n —1. (1.9)

Theorem B ([10, 46, 27, 23, 35, 24|). Let n > 3. Given any A € (0,A1) and any
polynomial p satisfying (1.9), there exists a solution u to (1.4) such that

u(z) = p(x) — %ln(]w\) + o(In |z]) as |x| — oo.

n

Let n > 5. Given any A € (0,00) and any radially symmetric polynomial p satisfying
(1.9), there exist numbers ¢y, co > 0 and a solution u to (1.4) such that

A
u(z) = p(x) + c1]z* — eo|z|* — —In(|z|) + o(In |z|) as x| = 0.
These findings are in remarkable contrast to the equation (—A)fu = u%,u > 0

on R", with n/2 > k € N*, which is a closely related conformally invariant of (1.1).
Indeed, for this equation the classification results in [6, 30, 45| guarantee that every
solution has the standard bubble form corresponding to (1.5), for every n > 2 and

k <n/2.

Compared to the case of entire solutions to (1.4), until recently singular solutions to
(1.1) have received much less attention, with the exception of n = 2.

If n = 2, it has been shown in [42] that for (1.1) a classification result analogous to
the entire case holds. Indeed, every solution is of the form

20+ 1)A
w(z):ln(1+)\2|za+l_<|2), A>0,(eC,a>—1,

in complex notation, and where necessarily ¢ = 0 if a ¢ Ny.

Still when n = 2, we mention the papers |33, 7|, where existence of solutions to a singu-
lar equation corresponding to (1.1) on general Riemannian surfaces has been derived
using refined variational arguments and improved Moser-Trudinger inequalities.

1.2. Main results. The main point of our results is to give a version of both the
classification and existence results from Theorems A and B for the case of a general
point singularity, i.e. for equation (1.1) instead of (1.4).

Similar to before, for any solution u to (1.1), we define

v (2) == v(x) = L /R In (1+—‘y’> e W dy. (1.10)

|z —yl
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The following theorem classifies all singular solutions to (1.1) in terms of their asymp-
totic behavior at 0 and infinity.

Theorem 1.1. Let n > 3 and let u be a solution to (1.1). Then there ezist f € R and
upper-bounded polynomials p and q, of degree at most n — 1, such that

u(x) =v(x) +p(zr) +4¢ (#) + S ln(|z]). (1.11)
Moreover @) A @)
e tn(a) ~ ™ ]

For solutions to a special case of equation (1.1), namely
(=A)"2u = " = Byado, / e < oo, (1.12)

Theorem 1.1 has been proved in [26]. However, even without appealing to the sophis-
ticated existence result in Theorem 1.2 below, it is easy to see that there are solutions
o (1.1) which do not satisfy (1.12). For instance, for u is as in Theorem B with
p(x) = —|z|?, the inversion u defined in (1.3) solves (1.1) and has ¢(z) = —|z|* in
(1.11). On the other hand, by [26] every solution to (1.12) behaves like §1n |z| near
zero and thus has necessarily ¢ = 0. For n = 4, by ODE arguments in the spirit of
|14], one can also easily construct solutions to (1.1) with both p and ¢ non-zero, which
thus cannot fulfil (1.12) even after inversion.

Let us now discuss existence results for (1.1) more systematically. It is apparent from
the results stated above that a major challenge is to prescribe the mass A > 0 of the
solution, simultaneously with its asymptotic behavior, for A in the largest possible
range.

Our next theorem shows that in the singular setting of equation (1.1), this can be
done for every possible value of A, at least for radial functions.
Theorem 1.2. Let n > 3, and let p be a radial polynomial satisfying (1.9). Suppose
either that

(a) q is another radial polynomial satisfying (1.9), B € R and A > 0 or that

(b) ¢=0, B> —1 and A € (0,A;(1+ f3)).
If p is radial-decreasing, we may also take A = A1 (14 ) in (b).

Then there exists a solution u to (1.1) satisfying

u() = ¢ (W) T Bin(le]) + o(n(lal))  as |z =0
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and

u(z) = p(z) + (5 — VA) In(|z]) + o(In(|x])) as |z| — oc.
As in the case of entire solutions, this shows that the space of singular solutions to
(1.1) becomes more complex as the order of derivative increases. Again, this is in stark
contrast to (—A)kFy = u%,u > 0 on R™\ {0} for n/2 > k € N*. Indeed, when k = 2
it is proved in [17] that all solutions to this equation are given by a two-parameter
family of functions u,r(z) = |z|/2y,(log|z| + T), which presents no additional
degrees of freedom compared to the basic case k = 1 analyzed by [6, 43].

Part (b) of Theorem 1.2, with p(z) = —|z|?, is proved in [26, Theorem 1.2]. Our
more general version answers, for the case of radial p, an open question mentioned in
|26, Section 1.1]. Since in this case the functions one obtains grow logarithmically at
the origin, these are indeed also solutions to (1.12). Except for the treatment of the
limit case A = A;(1 + ) in part (b), we use a different method of proof. Namely, the
proof in [26] proceeds via a fixed point argument, while ours is based on a variational
method, closer to the works [10] or [23]. Our method allows to treat the case ¢ #Z 0
(which we did not succeed in via the fixed point method of [26]) and thus remove
the upper bound on A. On the other hand, variants of this fixed point argument
also yield existence results for non-radial solutions to equation (1.12) [26, Theorem
1.3], respectively to its generalization (—A)"?u = ™ — S"" By,0p with several
singularities in points P, ..., P, [25, Theorem 1.2], which have no counterpart in our
paper. A variational existence argument in the spirit of our paper covering the case of
several singularities when n = 4 can however be found in [14]. We also mention [32],
where existence results are derived by yet another different method.

The main tool in our approach to prove Theorem 1.2 is a weighted Moser-Trudinger
inequality for radial functions on the sphere S™, which may be of independent interest
and which we introduce now.

Let @ : S" — [0,00) be a nonnegative weight function on S" with the property
that

Q(n) < Cd(n, N)? exp(—d(n, S)~7) (1.13)
for some 0,C > 0, § € R. Here, we denote by d(n, &) the geodesic distance between
two points 7, € S™ on the sphere. We use N = e,,; and S = —e, 11 to denote the
north and south pole of S™.

Moreover, for s € (0,n) we define

I(*3*)

T(3)2m

K, = (1.14)

This constant is chosen such that the Green’s function of (—A)*2 on R” is given by
Ko slz =y,
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We prove the following inequality.

Theorem 1.3. Let Q be as in (1.13). Then there is C > 0 such that
/ exp (%jﬁ K;%;ﬁ) Qn) < C. (1.15)

uniformly for u € C‘X’(S”) radial with ]|P1/2uHL2 s < 1and [g, u=0. Moreover, the

‘gjﬁllK w 18 sharp in the sense that if it is replaced by v > ‘§L+51|K 2, then
’2

the constant C s no longer uniform in u.

constant

Theorem 1.3 is in fact a special case of a more general inequality valid for any order
of derivative strictly between 0 and n. Indeed, the operator Pﬁ/Q can be replaced by
cither P, with s € (0,n) or by Py/* with s € (0, n/2), where P, is the Pancitz operator
on S" of order s; see (3.2) for its definition. To keep the introduction focused, we defer
a full statement to Theorems 5.2 and 5.3 below.

We stress that if § > O the best constant in the above theorems is strictly larger than

the constant <2 K, "~° of the standard Moser-Trudinger inequality. In this case, the

TSn—1]
restriction to‘Sradl‘al functions is thus truly essential. Indeed, the improved inequality
must fail for a sequence of functions saturating the sharp constant in the unweighted
inequality and concentrating in a point near which the weight () is regular. Since
such a point is different from the poles, such functions must of course necessarily be

non-radial.

A simple variation of the arguments leading to Theorem 1.3 (respectively, Theorems
5.2 and 5.3) yields a proof of a corresponding weighted Moser-Trudinger inequality for
radial functions on balls of R™.

Theorem 1.4. Let s € (0,n), B € R and R > 0. Then there is C = C(R) > 0 such

that 5
exp Ky, §’ °
/BR (lS” a
u

for every u € C§°(Bg) radial with ||(—A)

= ) 2|’ dz < C (1.16)

<1

5 (Br)

This generalizes the fractional Moser-Trudinger inequality of Martinazzi [36] to the
weighted (and radial) setting. For even dimensions n and s = n/2, Theorem 1.4,
including the case 8 > 0, has been proved in the recent paper [40] by a somewhat
different method going back to [44]. However, since this method does not pass through
a fractional integral formulation (compare the discussion below and Theorem 5.1), it
does not seem to extend easily to the general case of fractional derivatives of arbitrary
order. Similar weighted inequalities on all of Euclidean space appear in [13, 12].

Let us discuss in some more detail our proof strategy on the example of Theorem
1.4. The general strategy, going back to Adams [2], is to estimate u pointwise by the
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s/2 s/2

convolution v = G4 (—A)**u, where Gy is the Green’s function of (—A)** and prove
a corresponding estimate on the exponential integral of that convolution; see Theorem
5.1 below.

When g < 0 in Theorem 1.4, the hypothesis of radial symmetry can be dropped by
combining Martinazzi’s Green’s function estimate from [36] with the weighted frac-
tional integral inequality of Lam and Lu [29, Theorem 1.1]. Indeed, in this case
the weight |z|? is radial-decreasing. The authors of [29] can thus continue to follow
Adams’ proof, which consists in replacing v by its symmetric decreasing rearrangement
v* and using a variant of O’Neil’s lemma [39] to get appropriate pointwise estimates
on v*.

If 8 > 0, the weight |z|® is radial-increasing and thus the rearrangement argument
breaks down. Somewhat counterintuitively, this remains a challenge even if one re-
stricts a priori to radial functions. Indeed, the terms which arise from transforming to
radial variables turn out to have a slightly different structure than the O’Neil’s-type
estimate mentioned above, which leads to error terms of a different nature; see Remark
6.4 below for more details. Overcoming the non-availability of the rearrangement ar-
gument just described in the case § > 0 is in fact one of the main achievements of our
proof. We are able to deal with the new error terms through a new improvement of the
well-known Adams-Garsia’s lemma |2, Lemma 1] stated as Lemma 6.1 below.

In the setting on S™ of Theorem 1.3 (respectively Theorems 5.2 and 5.3), we strongly
believe that when —n < 8 < 0, a symmetrization argument can equally allow to drop
the radial symmetry assumption. To our knowledge, this has only been carried out
rigorously for the special case n =4 and s = 2 in the recent paper [14].

2. CLASSIFICATION RESULTS

In this section we prove Theorem 1.1. We split the proof into two propositions to be
proved in the following two subsections.

2.1. The behavior of u — v. The following proposition is the main result of this
subsection.

Proposition 2.1. Let u solve (1.1) and let v be defined by (1.10). Then
T
ule) = ole) = plo) + 0 (7 ) + 1ol

|z ]?

for some polynomials p, q and some 5 € R. Moreover, p and q are bounded from above
with degp,degq < n — 1. If n is even, then degp,degq < n — 2.

Lemma 2.2. The function v defined in (1.10) satisfies
(=A)Y2y = e on R"
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in the sense of distributions.

Proof. This proof is very standard and amounts just to reproving that %ln(lggiy')

is the Green’s function for (—A)"2 on R™. To emphasize its generality, we write
f:=e"™ e LYR"). Let ¢ € C§°(R™). Then by Fubini

[ v@eartemar == [ o) ([ w2 carteear) .

Tn ’:E - y’

Firstly, we observe that

[ ) (A () do =0

Then we are left with showing that
E [ n () Ay = o
— n| ——|(— p(x)dr = @(y).
Tn JRn |l‘ - y|

Since @ is smooth, this can be done by spliting the integral into the part over B.(y)

and over its complement, integrate by parts and use that (—A)'—2 is integrable on

lz—yl
R" for : =0,1,....,m — 1. O

Lemma 2.3. Let u solve (1.1) and let v be defined as in (1.10). Then v(z) > 0 if
|z| < 1. Moreover, for all |x| > 1 we have

o(@) > - tn(ja]). (2.1)

n

Proof. The proof of (2.1) is identical to |26, Lemma 3.1]: Let || > 1, then

lz—y| < x|+ |y| < |=|(1+ |y])

1 1
In (ﬂ> > In (—) )
[z —y| |z|

2 —y| <[+ [yl <1+ |yl

1n(1+|y‘) > In(1) = 0.

|z — 9

Inserting these estimates into (1.10), we obtain the conclusion. O

and therefore

Similarly, if |z] < 1, we have

and therefore

We can now give the
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Proof of Proposition 2.1. We first prove the proposition under the assumption that
n > 4 is even and then give the necessary modifications in case n > 3 is odd.

Step 1. Bécher’s Theorem. By Lemma 2.2, we know that n := u — v satisfies
(—=A)"2n =0 on R™\ {0}. In particular,  is smooth on R™\ {0}.

Then the generalized Bocher theorem in [18] (applied on a sequence of balls Bg(0)
with radii R tending to oo) implies that

n=p+ > caDaln<‘i_’) on R™\ {0},

a<s+n—1

where p € C®(R") satisfies (—A)"2p = 0 on R” and s is some non-negative integer

such that
/ nt(z)|z)* dz < oco.
B1(0)\{0}

Using Lemma 2.3 we can estimate, for |z| < 1, nt(z) < ut(z) < ™' @), This
is integrable, so we can take s = (. Since it is easily proved by induction that
DFln <|x‘> = qp (ﬁ) for every |k| > 1, where g is a polynomial of degree at most

|k|, we conclude that

mwzv@wux>+qQﬁQ+¢mMﬂ> (2.2)

with (—A)"?p =0 on R" and degq < n — 1.
Step 2. Inversion.

Again, for definiteness suppose first that n is even. We shall show in this step that
p must be a polynomial of degree at most n — 1 as well. To do so, we make use
of the conformal invariance of (1.1). More precisely, the Kelvin transform a(z) :=

u <‘x%> —21In(|x]) is also a solution to (1.1) with same mass A and, by the above, can

be written as
uu>=wmw+ﬁ<>+q(|P)+ﬁhmw>

for some B € R, with vy given by (1.10). Moreover, a change of variables in the
definition of v shows the relation

%m—%(ﬁg—ﬁmmw (23)

Tn
Putting these identities together, we find

p)+a () + (-2 )mleh =p ((2) o) - piutia) (20
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for all z # 0, where (—A)"2p = 0 and deg§ < n — 1. We claim that (2.4) implies
¢ = p. Indeed, by (2.4) we have

lim sup p(.flf) = lim sup |x|n—1p (%) = lim sup |I’|n_lq (i) < 00
X

oo |T|"T |z|—0 |z|—0 |z|?

because deg g < n — 1. Thus p(z) < 1+ |z["! on R" and the generalized Liouville
theorem |34, Theorem 5| implies that p is a polynomial of degree degp < n —1. Once
we know that both ¢ and p must be polynomials, it is straightforward to deduce from
(2.4) that in fact ¢ = p.

(By exchanging the roles of u and @, we may of course deduce as well that p = q.)

Step 3. Upper-boundedness and optimal degree. We finish the proof by showing that
p and ¢ are bounded from above. In particular, p and ¢ must be of even degree and
thus deg p,deg ¢ < n—2. Since ¢ = p as in Step 2, it suffices to prove that p is bounded
from above.

If p is unbounded from above, inspired by lemma 11 in [34], then (see Theorem 3.1 in
|Gorin| and [26, proof of Lemma 3.3]) there is s > 0 and a sequence xj, with |z;| — o0
such that p(zy) > |zx|®. Since degp < n — 1, we have |Vp(y)| < |y["2 for all |y| large
enough. Thus, using also Lemma 2.3, we have

u(@) > pla) + (ﬁ - %) In(le]) - C 2l

n

72 . Therefore, for some ¢,d > 0

for all « in a ball B,, (z) of radius py 2 |z
/ e"dr > / edx > pZe”dx’“'S > d|xk|%em‘xk|s — 00 as k — oo.
" Bﬂk(mk)

This contradiction proves that p must be bounded from above.

Step 4. m odd. If n is odd, we use that (—A)"THW = 0 in Step 1 instead. Using
the Bocher theorem as above, we find that u satisfies (2.2), but with degq < n. The
argument from Step 2 then gives degp < n. Repeating Step 3, p and ¢ are bounded
from above. In particular, they are of even degree, hence degp,degq < n — 1. O

2.2. The asymptotic behavior of v at oo. The purpose of this subsection is to
establish the leading-order behavior of v(z) as || — oc.

vy () A

In(lz)) = -

Proposition 2.4. limj,_,

We recapitulate in what follows the strategy in [26], which carries over to our case
and yields a proof of Proposition 2.4. In Section 2.3 below we present an alternative
approach, which in our opinion is simpler and more direct, but which does not work
in the general case, except if n = 3,4.
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Recall that by Lemma 2.3, v(z) > —%ln(m) for all |z| > 1. The following lemma

yields a first step towards the desired reverse inequality.

Lemma 2.5. For every e > 0 there is R > 0 such that for all || > R

A 1
vir) < | ——+¢|In(lz —|—/ In <—> e"uw) dy. 2.5

Proof. See |30, proof of (2.11)]. There n = 4, but the proof is the same for general
dimension n > 3, compare [34, Lemma 9| O

The following lemma corresponds to [26, Lemma 3.5]. (For simplicity, we only consider
a radius equal to one.)

Lemma 2.6. For every t € [1,00) and € € (0, %)7 there is C' > 0 such that for all
r e R,
C

t(y) Qy <
e y < .
/B(:r,l) || G )t

Proof of Lemma 2.6. The proof is identical to |26, Proof of Lemma 3.5|, with the only
difference that the term |y|"e™®) is replaced by ™). The proof works exactly the
same because [p, |y["?e"™® dy is assumed to be finite in the normalization of [26],
where in our normalization this assumption becomes A = f]R" e dy < oo. OJ

Lemma 2.6 is already enough to prove Proposition 2.4 in the case when the coefficient
B of In(|z|) in Proposition 2.1 satisfies 5 < %

Proof of Proposition 2.4 in the case § < % In view of Lemmas 2.3 and 2.5, it re-
mains to control the integral on the right side of (2.5). For this purpose, we claim
that there is » > 1, R > 0 such that for all |x| > R,

le™ | (B, < C- (2.6)

Indeed, by Holder’s inequality this implies

1 1 7‘11 r
/ In ( ) eu) dy < / <1n ( )) dy ||€nu”L7‘(B(x71)) < C.
B(z.1) |z —yl B(z,1) [z — |

Hence

. v(z) A
lim sup <——4+4c¢
|| —o00 1n<‘x|) Tn

and since € > 0 was arbitrary, the proof is complete.
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We now prove (2.6). Since p and ¢ from Proposition 2.1 are upper-bounded, and by
Lemma 2.6 applied with ¢ = nr,

/ et < |m’nﬁ7”/ e < ‘x|rn(57%+€)‘
B(a,1) ~ B(z,1) ~

Since [ < % by assumption, we can pick ¢ > 0 so small that 5 — % +¢e < 0. Thus

[ o
B(z,1)

as |z| — oo. In particular (2.6) holds. O

It remains to prove Proposition 2.4 in the case [ > ,YA The additional ingredient for
this is the following Hélder-norm estimate.

Lemma 2.7. Let u solve (1.1) and let v be defined by (1.10). Suppose that [ > %,
where [ is as in Proposition 2.1. Then as |z| — oo,

[U]co,(ln(\mm))*l(B(x,1)) = o(In(|z] +1)).

Proof. Again, the proof is identical to |26, proof of Lemma 3.6], up to replacing the
term |y|"?e™®) by e™(¥) One proceeds by first proving the Campanato-type estimate

1 / 1
sup ——— -
pe(0,4] pn+1n(\11I> B(z,p) |B(, p)| B(z,p)

and then transforming this to the desired Holder-type bound by a standard argument.

v(y) v(z)dz|dy — 0, as |x| — oo,

Let us point out that thanks to the classification result from Proposition 2.1 and
upper-boundedness of the polynomial ¢ the bound

ey < |z |PBenv ) enpl)

Y

which is used in [26, proof of Lemma 3.6| still holds. Also, the bound from [26, Lemma

3.3]
/ e® < ym‘n(%—ﬂ)’
B(z,p)

for every ¢ > 1, |z| > 1 and p small enough (uniformly in = and p), still holds, by the
same proof as given there. 0

We can now use Lemma 2.7 to give the proof of Proposition 2.4 in the remaining case

A
62%'

Proof of Proposition 2.4 if 5 > VA By contradiction, in view of Lemma 2.3, assume
that there is § > 0 and a sequence |zx| — oo such that

v(xy) > (—A + 35) In(|ag]).

n
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By Lemma 2.7, for any y € B(xy, 1), we have

o(y) = v(ax) + o(inlze])) > (—% n 25) Il

n

Thus
/ W) dy > | By | "G,
B(Z’k,l)

On the other hand, by Lemma 2.6 with ¢ = ¢,

2 —0)

B(Ik,l)

a contradiction. 0J
Proof of Theorem 1.1. Theorem 1.1 follows from Propositions 2.1 and 2.4. 0

2.3. The asymptotic behavior of v at co: an alternative approach. Given the
relatively lengthy and involved proof of Proposition 2.4 in the previous subsection,
we think that it is interesting to mention here an alternative strategy to find the
asymptotic behavior of v at co. It exploits the conformal invariance of equation (1.1)
and relies on the following simple-looking property of polynomials on R™.

Conjecture 2.8. Let ¢ be a polynomial on R". If ¢ > —n is such that fR”\Bl |z]7e?@® dz <
oo, then there is € > 0 such that [g., 5 2|7 ee?@) dz < oco.

Admitting that Conjecture 2.8 is true, a straightforward proof of Proposition 2.4 goes
as follows.

Proof of Proposition 2.4 given Conjecture 2.8. By conformal invariance, @ = u(z/|z|*)—
21In(|z]), is again a solution to (1.1). In view of (2.3), it suffices to prove that vy is
bounded near 0. After exchanging u for u, this follows from the definition (1.10) of v,
if we can show.

/ e"U@) dz < oo (2.8)
B

for some s > 1.

By the classification result from Proposition 2.1, we have

st — ensv|x|n556n5(p(x)+Q(m/‘x|2))_ (29)

Since p and ¢ are bounded from above, the last factor is uniformly bounded on Bj.
Moreover, arguing as in |26, Proof of Theorem 2.1|, for every ¢ > 1 we have

/ "M@ dz < co. (2.10)
B

If 3 > —1,we thus have ¢"** € L'(B;) by Hélder, for s > 1 small enough that 3s > —1.
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We may thus assume in what follows that 7 < —1 and observe that v > 0 on Bj,
because

1
ln(| +]y||) >0 for every x € By, y e R"
r—y

By integrability of €™, boundedness of p and Lemma 2.3 we thus have

00 > / et > |xlnﬁe"q<ﬁ> do = / || B2 ena@) qg,
n B1 Rn\Bl

By Conjecture 2.8, there is ¢ > 0 such that

00 > / |x|—n(5—€+2)€nq(x) dr = |m’n(6—s)e*an(ﬁ) dor.
Rn\Bl B
Using this together with (2.10) and upper-boundedness of p and ¢, we easily infer from
(2.9) and Holder that e € L'(B,) for every 1 < s < 225, This completes the proof

B
of (2.8), and thus of Proposition 2.4. O

We are unfortunately not able to prove Conjecture 2.8 for general polynomials ¢g. But
we have the following partial result.

Proposition 2.9. Suppose either that degq < 3, or that

{ there is k € [0,n] such that q(z) does not depend on z := (Ti1, ..., Tp) (2.11)

and q(y) — —o0 as y = (a1, ..., ) — 00.

Then Conjecture 2.8 holds.

The choices £ = 0 and & = n in (2.11) cover the cases of polynomials which are
constant, respectively tend to —oo.

On the other hand, an example of a polynomial ¢ which is not covered by the assump-
tion of Proposition 2.9 is given by ¢(z) = —zix3 —z322—...—22_,22. This polynomial
is bounded above and depends non-trivially on all variables, but it does not tend to
—00 as |x| — oo because it vanishes on every coordinate axis.

We point out that if n = 3,4, then the asymptotic polynomial ¢ of any solution u
to (1.1) satisfies degq < 2 by Proposition 2.1. Therefore the alternative approach
presented in this subsection yields a complete proof of Proposition 2.4 in dimensions
n = 3,4.

Proof of Proposition 2.9. We claim that under assumption (2.11), the integral fR”\Bl |2]7e9) d:
is finite if and only if

o< —n+k. (2.12)
Clearly, this implies Conjecture (2.8).
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Let us first prove the ’only if” part. Writing BY for the unit ball of R, we observe
that R \ BF x R**\ B"* c R"\ B,. Therefore finiteness of the integral implies

00 > / |z]7e4®) dz > / et / (Jy]> + |2))°/2dz | dy
R\ B, RF\BY Rn—F\B,,

Thus for a.e. y € RF\ BY, we must have

/ (Iyf? + 12)°"2 dz < oo.
Rnik\ank

which yields (2.12).

Conversely, suppose that (2.12) holds. Then

/ |2]7e1@®) dz = / W) (/ (Jy|? + |2]?)°/? dz) dy
R\ B; RF\ B Rn—Fk

+ / i) / (P + =Py dz= | dy.
o e

The first summand equals

/ eq(y)|y|("_k)+” (/ (1+ |z\2)”/2 dz) dy < oo,
Rk\BE Rn—k

since by (2.11), [20, Theorem 3.1| yields ¢(y) < —|y|* + C for some s > 0 as |y| — oo
on R* and since by (2.12),

1+ [22)%dz < o0.
(
Rnfk

To bound the second summand, we need to control the dz-integral as |y| — 0. We
compute, for |y| small enough,

(lyf* +|21*)77 dz
n,k\Bn—k

1—y[?
S 21772 d
"TNB e
ly[2
2 n—k+o
S |Sn—k’—1||y|n—k+a (l_y’> 5 1

as |y| — 0. Hence the second summand is bounded as well, which completes the proof
of the claimed equivalence.

Finally, assume that degq < 3. Arguing as in Step 3 of the proof of Proposition 2.1,
we find that if fR"\Bl |z|7e™@ dz < oo, then ¢ must be upper-bounded, and hence
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have even degree. If deg g = 0, assumption (2.11) holds with £ = 0. If deg ¢ = 2, then
g can be written, up to an orthogonal coordinate transformation, as

n

q(z) = — Zai(xi — 20)* + co,

=1

for some a; > 0. Thus assumption (2.11) holds as well, with & being the number of
non-zero coefficients a;. [

3. THE SETTING ON THE SPHERE S"

To facilitate the variational argument leading to Theorem 1.2, we shall pass to an
equivalent problem on the sphere S" = {z € R"™! : |z| = 1}. In this brief section, we
introduce the necessary preliminaries for this.

Let us denote S : R® — S® C R™*! the inverse stereographic projection, i.e.

1— |af?

—— 9 =1,... S, = —.
9 J ) I, +1<J]) 1+|l’|2

We denote its Jacobian in a point x € R™ by Js(z) := (2/(1 + |z|*))" and that of S7*
in a point n € S” by Js-1(n). Moreover, we call a function v on S" radial if v(S(x))
is a radial function on R".

We now introduce the differential operators P, mentioned in the introduction. For
this, recall that every v € L?*(S") can be uniquely written as

= Z Z Ui Yim for some u;,,, € R. (3.1)

Here Y}, are a fixed L?(S™)-orthonormal basis of spherical harmonics, i.e. eigenfunc-
tions of the Laplace-Beltrami operator (—A)s» satisfying (—A)sn Yy, = N Yy, with
A = l(I + n — 1) being the [-th eigenvalue of multiplicity N, € N. For s > 0, we
introduce the 2s-th order Paneitz operator Py by defining

l —i— + )

for every u € L*(S") such that the right side converges in L?(S™). Here and below, the
sum is the same as in (3.1) and we interpret I'(—n)~! = 0 for n € Ny. A conventional
alternative expression for Py, in terms of (—A)gn is

I'(B+3+s)

T TS g By —Age 4+ 2 3.3
rB+i-s’ . (3.3)

25 —
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It is clear from (3.2) that for s € (0,n/2], the operator Py, is nonnegative. Thus we
may define its square root by

Tl +2+5)\"
PPy = — 2 7 mYim 3.4
2 1 %(F(l—i—%—s)) it (34)

for every u such that the right side converges in L?(S"™).

A crucial feature of Ps is its conformal transformation property (see e.g. [19, eq.
(4.11)])
n—2s n+2s

(=A)*(Jg* uo8) = Js(x)2n ((Pasu)oS) () for every u € C*°(S").  (3.5)

In particular, for s = n/2, writing w = w0 S, (3.5) implies

| P2y = / uP,u = / w((Pyu)oS) Js = / w(—A)"w. (3.6)
Sn STL n n
We finish by defining the Sobolev space
HYS") = Lu € L(8") + ullagony o= [ulleny + 1P 2ullfaen) < 00} (37)

which will play a role in the proof of Theorem 1.2. By (3.4) and Stirling’s formula,
the norm ||u]| g/ (gny is equivalent to the standard H"/2(S") norm (3>, ,,, I"ug,,)"/?. We

denote by H/?(S") the subspace of H™2(S") consisting of radial functions.
4. PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2 using a variational argument, which, similarly
to earlier works like [10] and [23], it is convenient to carry out on the n-dimensional
sphere S”.

We divide the proof into several steps.

Proof of Theorem 1.2. Step 1. Reduction to a variational equation.

Let A > 0, § € R and p, ¢ (radial polynomials of degree at most n — 1 tending to —o0)
be given as in the statement of Theorem 1.2.

Moreover, fix a function uy € C*°(R") such that uy(z) = —In(|z|) for all |x| > 1 and
denote @q := (—A) ™" 2w,

K(z) == |2["® exp <n (p($) +q (m%) + $u0)> .

For w € H"?(R"), let ¢,, € R be the unique number such that

A
Kertwhew) — A ie. "= ——u—.
R” fRn Kenw

Let
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Equipped with these notations, we claim that to prove Theorem 1.2, it suffices to find
w € H?(R") with w(x) = o (In(|z])) as |#| — oo such that

A
(—A)" Py = Kemlwrew) — . (4.1)

n

Indeed, then

u(z) == w(x) +p(x) +q (| ‘2) + Sln(|z|) + %uo(x) + ¢y

n

fulfills A
(A" Pu(z) = (~A)u(a) + gy = Kerlien = o

n

as well as
/ e — Ken(w+cw) — AL
n Rn

Step 2. Transforming to the sphere.

Set
Q:=Js1KoS™, Yo = Js-1p90 87!
so that [, Ke™ = [, Qe™. By (3.5) equation (4.1) is then equivalent to

Pyu= 77/)0 +A IS?Z;UW (4.2)
Solutions to (4.2) are given by critical points of the functional
=+ 2 [ o= ([ qem).
2 Yn Jsn n sn
We will find such a critical point by solving the variational problem
inf{[[u] Lue Hfa{f(sn)} (4.3)

Notice that the infimum is taken over radial functions only.

We claim that any minimizer uy of (4.3) is a critical point of I[u], i.e. for any test
function ¢ € H™/2(S"), it satisfies

A
P1/2U P1/2¢+— woqb
/n P)/ Sn fS" Qenuo Sn

If ¢ is itself radial, this is clear because ug is a minimizer over radial functions. The
validity of (4.4) for general ¢ € H™?(S") follows since ug, ¥ and ¢ are radial and
because P, preserves radial functions.

Qe™0¢ = 0. (4.4)

Step 8. Minimizing I]u).

As explained in the previous step, it remains to prove that a minimizer for the prob-
lem (4.3) exists. We shall give the proof using the direct method of the calculus of
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variations, making crucial use of the improved Moser-Trudinger inequality in the form
of Theorem 1.3.

Indeed, we claim that there is a constant C' > 0 only depending on n, ¢ and A such
that

] 2 ZIPYul ~ (1.5
for all u € H'Z(S"). To prove (4.5), first note that Py/*c = 0 and
Iu+ ¢| = Iul, for any constant ¢ € R, (4.6)
as a consequence of the fact that fsn Py = fRn Y0 = Yn, see |23, Lemma 2.3|. Thus we
may assume fgn = (. For such u, the Poincaré-type inequality
lull3 < ClIP2ull3, (4.7)

holds as a consequence of the definition of P,’? in (3.4). Thus we can bound the
subcritical term by

A

A /gn%“

1
5 < Cllvoll2ll P *ulla < 1122 *ullz + Clivoll.

Next, we bound the critical term In (fSn Qe”“) as follows. For any v > 0, nu <

||P1/2u||2 +~y—% . Hence

1/2
|1Px / ull3”

2
Qe™ < exp n—HPﬁ/QuH% Qe ”Prlt/Q“”z.
S 4y
Thus, by Theorem 1.3 with s = n/2, since Q(n) < Cexp —d(n,S)=°d(n, N)? for any
B > 0, we have for any v > 0 that

éln </ Qe”“) < C—|— HPl/2 H2
n Sn

t nA

Choosing v > 0 so large tha < }l and Combinmg the above estimates, (4.5) follows.

We can now prove that (4.3) admits a minimizer. Let (ug)ren C HI%Q(S”) be a
minimizing sequence for (4.3). By (4.6), we may again assume that [, u;, = 0 for
all k € N. By (4.5), |Pa/*uyl» is uniformly bounded. By (4.7), so is ||ux|2, and
hence (uy) is uniformly bounded in Hg/(f(S”). Up to extracting a subsequence, we
may therefore assume wu,, — g for some uy € H2(S™).

Then
ol rnr2gmy < Hminf [Jug ([ sn).
Moreover, since u + u and u + ¢ defines compact embeddings from H"™/?(S") into

L3(S™) (for the latter property see [28, Proposition 7)),

|uoll2 = Hm ||ug2, Youg = hm Youy
k—oo sn sn
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In (/ Qe”““) = lim In (/ Qe”“’“) .
n k—ro0 n

In view of the definition of ||u||gn/2 in (3.7), this implies

15,/ 2|y < lim inf || P}/,
k—oo

and

and thus ug is a minimizer for I.
Step 4. Regularity

The argument that provides regularity is identical to [23]. Somewhat more precisely, by
using the regularity theory for P, that can easily be deduced from its representation
on spherical harmonics |23, Lemmas 2.5 and 2.6| together with the fact that ¢, €
C*"1(S™), one proves uy € C?"T1(S™). Since wuy is continuous at the south pole,
the function wy := wp o S has a limit at infinity, in particular the condition w(z) =
o(In(]z|)) as |z| — oo is satisfied. Moreover, wy fulfills

A
(—A)"/2w0 = Kerwotew) _ 5.
Tn
Since ¢y € C*°(R"), bootstrapping gives wy € C*°(R™). Thus we have found a solution
w = wy as described in Step 1 and the proof is complete. O

Proof of Theorem 1.2(b). For A < A;(1 + f3), the proof of part (b) is identical to
the proof of (a), except for the use of Theorem 1.3. Indeed, in this case we have
Q(n) < Cdist(n, N)"Pe=dst15)™ for some o > 0 and some given 3 > —1. Theorem

1.3 thus yields
A A
ain([ee) o Pinrar

with
. n -+ ﬁ _9
7= |Sn—1] n,g
Since A < (1 + f)A4, recalling the numerical values of A; and K,/ given in (1.6)

and (1.14), a direct computation shows that
1 A
§i=s -2 s
2 4y

The rest of the proof for the subcritical case A < A;(1 + ) proceeds as above.

In the critical case A = A;(1 + ), our argument clearly breaks down. But we can
take a sequence of solutions wuy having mass Ay  A;(1 + () and pass to the limit
k — oo. Since ¢ = 0, we are in the setting of |26, Proof of Theorem 1.2|, and we
can use their argument to conclude the existence of a solution u having the limit
mass A = Ay(1 + ). Indeed, the argument in [26] is written for the special case
p(r) = —|z|?>. But it suffices to observe that the assertion of [26, Proposition A.2]
continues to hold for every p which is radial-decreasing. Namely, if u solves (1.1) and
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(1.11) with ¢ = 0 and p radial-decreasing, then the Pohozaev identity |26, Proposition
A.1] implies

A(A —2v,) =28A + 2/ z - Vp(z) K (x)e™®).

n
Now if p is non-constant radial-decreasing, the last summand is strictly negative, which
after rearranging terms yields the strict inequality

A< A(1+D).

As in [26], this can be used to lead |26, eq. (28)] to a contradiction and then conclude.
0

5. PROOF OF THEOREMS 1.3 AND 1.4

We now turn to prove the Moser-Trudinger inequalities from Theorems 1.3 and 1.4.
As briefly explained in the introduction, following Adams’ classical paper [2| we shall
derive them from a dual inequality on convolution-type operators which we introduce
now in detail.

Let s € (0,n). For f € L= (S"), we denote

Tfn) = [ k.7 do(6) 5.1)
Here we assume that the kernel k(n, ) satisfies

k(n,€) = d(n,&)™" (L+ O (d(n,£))%). (5.2)

for some fixed constant a > 0. (We denote by O(d(n, &)%) a quantity h(n, &) with the
property that |h(n,&)|d(n,&)~* is bounded uniformly in 7, & € S” with n # &.)

Moreover, we assume that k(n, &) only depends on the geodesic distance d(n,£). As a
consequence, by change of variables, T'f is radial (in the sense given in Section 3) if f
is.

We are going to prove the following weighted Moser-Trudinger-Adams inequality of
convolution type, valid for radial functions.

Theorem 5.1. Let Q be as in (1.13) and let T be given by (5.1), for some k satisfying
(5.2). Then there is C > 0 such that

Lo (i) am <c

uniformly for f € L3, ,(S™) with HfHL%(gn) < 1. Moreover, the constant 255 is sharp,

[Sn=1]
in the sense that if it is replaced by v > %, then the constant C' is no longer uniform
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As in Adams’ paper |2|, we may deduce from this the Moser-Trudinger-Adams in-
equality in its differential form, more precisely Theorem 1.4 and the following two
theorems. Recall that the constant K, ; is given in (1.14) and that the operators P
and PQIS/2 are defined in (3.2) and (3.4).

Theorem 5.2. Let s € (0, 5] and let Q be as in (1.13). Then there is C > 0 such that

n+5 n—s
/neXp(|Sn ke

uniformly for v € C*(S™) radial with |\P215/2uHLn/s (sm) < 1. If s = n/2, we assume

I) Qn) <C. (5.3)

additionally fSn u = 0. Moreover the constant \gjli\K "= s sharp in the sense that

if it 1s replaced by v > gf’?‘K i7, then the constant C is no longer uniform in u.
Clearly, Theorem 5.2 contains Theorem 1.3 as its special case s = n/2.
Theorem 5.3. Let s € (0,n) and let Q be as in (1.13). Then there is C > 0 such

that
/ exp (%+6|Kn§ * u| == s)Q(n)SC’. (5.4)

umformly for u € C™(S") radial with || Psul|pn/sgny < 1. Moreover, the constant

‘gj’gl‘K "= s sharp in the sense that if it is replaced by v > |gj€‘K 7= then the
constant C' is no longer uniform in u.

Indeed, Theorems 5.2 and 5.3 follow from Theorem 5.1 by expressing u using the
Green’s function of the operators PQIS/ * and P, respectively. It only remains to check
that the resulting convolution integral satisfies (5.1) and (5.2), with f = P;fu and
f = Psu, respectively.

5.1. Estimates on the Green’s function and proof of Theorem 1.3. In this
subsection, we prove the following expansion of the Green’s functions of P;S/ % and P,
which allows us to deduce Theorem 1.3, 5.2 and 5.3 from Theorem 5.1. We recall that
the operators P, and P,/ have been defined in (3.2) and (3.4) respectively.

Lemma 5.4. Let 0 < s < 3. There erists a function G4 : S x S* — R with the
following properties.

(1) For every u € C™(S") (with [y, u=0 if s=1%), one has
un) = | Guln. O Py{u(€) do(s),

(2) For every f € C*(S"), the function u(n) = [, Gs(n,£)f(§) satisfies u €
C>=(S") (and [y, u=0if s =1%) and PPy = f.
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(3) Gs(n, &) only depends on d(n,&). Near the diagonal, one has the expansion
Gs(n,§) = Knsd(n, )" (1+ O (d(n,£))"), (5.5)

for some a > 0.

Moreover, the same statements hold (without the condition that [u = 0) if P215/2 8
replaced by Ps, and s € (0,n).

For P, for s € (0,n), Lemma 5.4 follows directly from the fact that the Green’s function
of P, is explicitly given by

Go(n,8) = Ky oln — [T, (5.6)
see e.g. |5].

For P;S/Q and s € (0,n/2], the argument is a generalization of the case s = 7, see the
proof of |38, Proposition 2.2|.

n

Proof. Let us assume that s < 7, the proof is readily the same if s = 7 by adding the
mean value. Let w € C*(S™), we have

w(n) = SGWOU%M@Nﬂ&
where G is the Green function of P,. By self-adjointness of P, we have

win) = [ (PAGOmO(PLw)(E) do(©)

1
Thus G, = P;,G is the function we are looking for. Let us check the estimate along

the diagonal. By classical result on pseudo-differential operators, see [1], the principal
symbols satisfy O'(PQ%S) = o(Py,)?, hence PQ%S = (—Agn)*? 4 lower order operator. By
using (5.6) (respectively G(n,&) = K, In (ﬁ) + O(1) for s = n/2), we easily
deduce the desired estimate. O

Proof of Theorem 5.2 and Theorem 5.3. We only prove Theorem 5.2, since the proof
of Theorem 5.3 is identical after replacing P215/ 2 by Ps. Under the assumptions of
Theorem 5.2, by Lemma 5.4 we may write

uln) = [ Gun.F(€)d = T (o) 5.7

where f := PQIS/QU and Gg(n,&) is the Green’s function associated with les/z.

Still by Lemma 5.4, the kernel k(n, §) = G,(n, §) satisfies (5.2). Moreover, || f{|n/s(gn) =

\|P215/2u||Ln/s(Sn) < 1 by assumption. Hence

[ o (Gt ) Quidatn) = [ e (nms

)Q@NNWSC
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by Theorem 5.1.

The sharpness of the constant is again a direct consequence of the sharpness statement
in Theorem 5.1. Indeed, let v > |gnL,Bl'.Then by Theorem 5.1 there exist f; radial with

/n exp (vmlﬁ> Q(n) dn — oo

as k — oo, where we wrote uy, := T f, with T'f}, defined as in (5.7). Since uy, are radial
and \]P;!zuk\|Ln/s(Sn) = || fall pn/s(sny < 1, this completes the proof. O

6. PROOF OF THEOREM 5.1

6.1. An improved Adams’ lemma. The core of the proof of Theorem 5.1 is the
following one-dimensional calculus lemma stated as Lemma 6.1 below. To state it, for
2

p > 1 we denote by p’ = ] the Holder conjugate exponent of p.

Lemma 6.1. Let 1 < p < oo, and let a: R x [0,00) — [0,00) be a function such that
1
a(w, ) < +g(w,t)  forw e [0,t],
h(w,t) for w e R\ [0,¢],

for some non-negative functions g(w,t) and h(w,t) with the property that

t
/ g(w, ) + g(w, t)? dw +/ h(w, t)? dw < b < oo, (6.1)
0 R\[0,4]

uniformly in t € [0, 00).

For ¢ : R — (0,00) satisfying [, o(w)? dw < 1, let

p/
F(t) = (/ a(w,t)p(w) dw) —t.
R
Then for every & > 0 there is C' > 0 not depending on ¢ such that

/ e 0 qt < .
0

In its basic form, i.e. with g(w,t) = h(w,t) = 0, this lemma goes back to Moser
|37]. The inclusion of the term A(w,t), which is of fundamental importance, is due to
Adams |2, Lemma 1|. Adams’ version has since been extended in various directions,
among others, in [15, 3, 16]. Our new observation is that the error term g(w,t) below
may depend on ¢ as long as g(-,t) satisfies suitable integral bounds on the interval
0,¢], uniformly in ¢ > 0. A typical example of an error term satisfying (6.1) below,
and in fact the one we shall use in the simplest case of the proof of Theorem 5.1, would
be
g(w,t) = Ce ™ + Ce" ™,
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Indeed, |15, 16] are able deal with a term of type e~™, which arises essentially from the
error term in (5.2). The second type e~ only arises in our case, as a consequence of
the lack of a rearrangement argument, as explained in the introduction. Notice that
this term cannot be estimated (for w € [0,¢], uniformly in ¢ > 0) by any integrable
function of w alone. However, as we check in the following, the proof of Adams’
lemma allows to include such a term as well. We believe that this observation can be
useful in a wider context to prove Moser—Trudinger-type inequalities in settings where
rearrangement is not available, notably in the presence of weights.

Our proof follows Adams’ paper [2, proof of Lemma 1]. The adaptations we make are
close to [15, proof of Lemma 3.2|. Because of these similarities, we only give a sketch
of the proof of Lemma 6.1. The reader may consult [2, 15| for more details.

Proof. For A € R we set E\ :={t >0 : F(t) < A} and denote by |FE,| its Lebesgue

measure. Since
/ e W at = a / |Exle % d,
0 R

the lemma clearly follows if we can prove the following two assertions.

(a) There is ¢ > 0 such that F'(t) > —c for all t > 0. Moreover, if ¢t € F), then
there are constants d, A, B such that

1/p
(t+d)'/» (/ d(w)? dw) < ANV? + B. (6.2)
R\[0,¢]
(b) There are constants C, D such that for every A > —c,
|Ex| < C[Al+ D.
Proof of (a). Let t € E\. Then by the definition of F), the bound on a(w,t) and

Holder’s inequality,

/

t-3= ([ atw.otw)aw)

< ((1 e ([ 0+ glw ) ) R (f o Bt ) /> ,

where we abbreviated
1/p
L(t) = (/ o(w)P dw) :
R\[0,¢]

The assumptions on g imply that

t
/ (14 g(w,t))P ds < t +d,
0
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where d is a constant only depending on b. We thus obtain

t-A< ((1 — L)) P(t+ d)7 + bL(t))p
This is the same estimate as |2, eq. (15)]. Now both assertions of (a) follow by arguing
as in [2].

Proof of (b). Suppose that t;,ty € F) are such that A < t; < t5. We shall show that
ty — t; < C|A| for all X large enough, which clearly implies (b). Indeed, similarly to
the above

oot ([wsesara) " ([ or)

+ ([t dw) )+ ([ bty aw) ")

t1 t1

By the assumptions on g(w,t) we can estimate

t1 to t2
/ (14 g(w, )Y dw = t; + d/ g(w,t)dw + d/ glw, ) dw < t; +d
0 0 0

and, analogously,
t2 / 1/p / / /
(/ (1+g(w,t2))p dw) S (tg—t1+d)1/p S (tg—tl)l/p +d1/p‘
t1

Combining everything and abbreviating § := (ty — t;)/?', we obtain

/

/ p
ty— A < ((t1 + )P+ (6 + b)L(t1)>
Again, this is the same estimate that occurs in [2]. Using the inequality (6.2) from (a)
permits to conclude as in [2]. O
6.2. Transforming to R". As a first step in the proof of Theorem 5.1, we recast the
setting on R™ using stereographic projection.

We first observe dg»(n,§) = |n — &[(1 + O(|n — £]*)) for suitable a > 0 (Here |n — ¢|
denotes the distance in R"1.) Together with (5.2), up to taking a smaller « > 0, it is
easy to deduce from this that T'f defined by (5.1) satisfies

Tfn) < . = &7 (L4 Clnp = ¢[%) £(§) da(§). (6-3)

Now define
f@) = f(S(x))Js(x)™,

= [|fll = (sny- Since the distance transforms as

S(x) = S(y)| = Js(x)*"x — ylJs(y)' /",
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by change of variables we obtain from (6.3) that

Tf(z) =Tf(S(x)) < - [S(x) = S(y)| 7" (L+ CIS(x) = S(y)|*) f(y)Is(y) = dy

= [ (55 T Cla gl (U 0 )8 T

1+ [yl?

By the same change of variables in the integral appearing in Theorem 5.1, we see that

[ e (fn 7717) Kloydo < © (6.4

uniformly in f € L,(R") with || f|l= < 1. Here K(z) := Q(S(x))Js(x) satisfies
K(z) < Cl)” exp(—|z|%) (6.5)

it suffices to prove

for some C,0 >0, g € R.

6.3. Reducing to a local inequality. In this and the following sections, we will
work exclusively in the setting of R™. For ease of notation, we will drop the tilde and
write henceforth, in view of the estimate in the previous section,

_ 1+ |zf?
Tf(x)= T — ”+s<
fa)= [ a0

1+ |z
+C |Zl§'— |—n+s+a( ’ ‘ )
R" (1+[yl?)
We may and will always assume without explicit mention that f > 0 and that o > 0
is so small that n — s — a > 0.

)n;f(y)dy

nsa

n=sta f(y)dy.

(6.6)

In this step we will use the exponential decay at infinity of the weight K to control
the integral in (6.4) in the region R™ \ By. Indeed, this is a simple consequence of the
following pointwise bound.

Lemma 6.2. Let T'f be defined by (6.6) for some f € Lmd(R”). Then there is C' > 0
not depending on [ such that

Tf(x) <C(1+In(|z])) for all |z| > 1.

Using this growth bound and (6.5), we find that

/ exp< : |Tf|n e)K(:p)deC’/ eXp(C(1—|!E|O/2)dx§C
R"\B1 ‘Sn ‘ R"\Bl

uniformly in f. Hence in what follows, we will only need to prove the local inequal-

ity
/exp(”+lﬁny|ns> K(z)dz < C.
B |Sn=1|
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Proof of Lemma 6.2. Let us prove that the first summand of 7 f(z) in (6.6) satisfied
the claimed bound. In radial variables r = |x| and p = |y|, it reads

n—s

N re; — pw| " do(w 1+T2> ’ n—1
/0 (/Sn—ll Lo | d ( >> <1+p2 f(P)P dp

n—s

_ n—1(,.,—n+s " B 1 + TQ ? n—1 d

n—s

o0 1472\ 2
Snfl / s Z) ( ) s—1 d ’
+[S"7) 9 (p 2 fp)p* dp

where g,,_, is as in Lemma 6.3 below. First suppose that s > 1, then by Lemma 6.3,
gn—s is bounded on [0,1]. Thus, using that [~ f(p)*p" 'dp < 1, by Hélder we get
that the first summand of T'f(x) is bounded by a constant times

n—s

A p’n,fl ? g\ n=s S8} p*l n
</0 (1+p2)”/2dp) Ty (/ (1+p2)”/2dp) '

r n—1
P

Since

and

[e’¢) p—l
/r (7 P

for every r > 1, we obtain the conclusion.

If s < 1, then by Lemma 6.3, g, s(R) < C(1 — R)*'. Inserting this bound and
arguing as before, by Hoélder the first summand of 7'f(x) is bounded by a constant
times

/T (1 p)(“)”ns LA )nns+(1+ %) /OO (1 T)(SWS L N
- = —— re) 2 - - —_ :
A (L 2y : p L+ p22

1

r p)(s—l)nns P /r < p)(s—l)nns 1
1-£ L ___dp<cC 1-£ d
[0 EYoRE A e

1
=C +/ (1 —7)e Vs dr < C(1 + In(r)),
1/r

where we changed variables 7 = £ and noticed that (s —1)-"- > —1 because n > 2.
Similarly,

oo P\ GRS oo o -D 1
1—— P _qy<c 1—— —n-14
/T ( p) (1422 = / ( p) P 4

1
= C’r‘"/ (1—7)E Va5 tdr < Or™
0
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by changing variables 7 = %. Altogether, this shows that the first summand of 7' f ()
is bounded by C(1 + In(|z])).

The second summand of T f(z) in (6.6) can be treated by the same argument, after
simply estimating (1 + |y|?)~® < 1 and replacing s by s + a. O

Lemma 6.3. Forn > 2, let 0 < a < n and define

1
ga(R) = ?/ ley — Rw|™*do(w). (6.7)
S~ Jgna
Then for R € [0,1), the function g,(R) satisfies

1 if o € (0,n —1),
Jda(R) S 1—|—1n(ﬁ2) ifa=n—1,
(1—R)yt !l 4fae(n—1,n).
Moreover, on [0,1), go(R) is
e increasing if « € (n —2,n),
e constant if « =n — 2 and
o decreasing if « € (0,n — 2).

In particular, if o € (0,n — 2], then suppep 1) Jo(R) = ga(0) = 1.

Proof. Let us first prove the claimed bounds on g,. Clearly, g,(R) is bounded away
from R =1 for every a € (0,n). Considering the following picture,

{R} x R"!

0Ox ) €1
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Then identifying {R} x R"~! with R*"! x {0} and writing d = 1 — R, we clearly have

g(R) < / |de, — x| *dx + C
{zeRn—1:|z|<1}

— d”_l_a/ len, — x| *da + C
{zeRn—1:|z|<1/d}

< dnla/ @ de+ C
{zeRn—1:1<|z|<1/d}

As d — 0, up to a constant, the last integral is bounded by 1 if « < n — 1, by In(1/d)
if « =n —1 and by d* "' if & > n — 1. This yields the claimed bound in each case.

To prove the claimed monotonicity behavior, we observe that the function g,(R) is

the mean value of the function f(y) := |e; — y|~® over a sphere around the origin of
radius R. Now for r = |z| # 0,
—a d? n—1d —o —a—2
A(]z| ):<@+ . 5)7’ =ala+2—n)r .

Hence, in the open ball of radius 1, f is
e subharmonic if a € (n — 2,n),
e harmonic if « =n — 2 and
e superharmonic if a € (0,n — 2).

Thus the monotonicity of g, follows from the mean-value theorem for harmonic func-
tions, respectively the mean-value inequalities for sub- and superharmonic functions.
O

Remark 6.4. The calculations in this section help to further elucidate the discussion
following the statement of Lemma 6.1 about the new type of error term arising in
our setting. We claim that the estimate obtained from of the O’Neil’s-type inequality
used by Adams in [2] does not extend to functions which are radial, but not necessarily
decreasing. Indeed, said estimate |2, bottom of p.390| would read, in our notation and

n
s

for f € L:4(By), say,

1) < (S [Tt aos [ o). 69

}fr;z due to the conformal factors Js

(i.e. when we work with the simpler convolution kernel |z — y|™"*% in a setting which

On the other hand, even when we drop the terms

does not come from S"), the calculations in the proof of Lemma 6.2 yield, for every

n
s

f € L;4(By), the identity

Tf(r)=s"" (T"”*S /0 Gn—s (g) flp)p"~dp + /T1 In—s (%) flp)p*™ dp) :



32 TOBIAS KONIG AND PAUL LAURAIN

In the case when s < 2, Lemma 6.3 states that g,,_s(R) > ¢,_s(0) for every R € (0,1).
So if f = 0 on B,,, for some 9 € (0,1), it is plain that (6.8) is violated for every
r < rp.

6.4. Proof of Theorem 5.1. In this section, we give the main argument in the proof
of Theorem 5.1. Recall that by what we have shown in Sections 6.2 and 6.3, it only

remains to prove
n+ 0 n
| e (G
By S

n
s

uniformly for all f € L: (R") with ||f||L%(

) |z dz < C, (6.9)

oy < 1. Here, T'f is given by (6.6).

Our strategy is to reduce the proof of (6.9) to the one-dimensional bound from Lemma
6.1. To achieve this, we pass to radial logarithmic coordinates. Writing |z| = ™%, the
inequality in (6.9) transforms to

n

/Oo exp | (n+B) | |- o= (TH)e™) i) a<e (6.10)
0 |Sr=1 =
Now, define
¢(w) = |S"Hw fle)e™,
so that
/ lp(w)|* dw = [ |f(z)|* dz < 1.
R Rn

Similarly to the calculations in Lemma 6.2, writing |z| = e™" and |y| = e™%, from (6.6)

we obtain
1 _
W(Tf)(e ) =u(t) +v(t) (6.11)
with
! Le2\7 > 14+e 2\
— w—t t—w\ ,(n—s)(t—w)

wt)= [ ote >(1+€_2w) oyt [~ gui(e e (—He_zw) $(w) du
and

t iy (L €2y

0= [ g et v
x 1)
+C/ o 6t—w e(n—s—a)(t—w) —aw( ——o(w dw
[ ol )

We claim that for every t > 0
1

G0 = [ ot hotw) aw, (6.2
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where a(w,t) satisfies the assumptions of Lemma 6.1. Now an application of that

lemma (with & = n 4+ 8 and p = %) concludes the proof of (6.10), and hence of
Theorem 5.1.

It thus remains to prove (6.12). Let us give the bounds for u(t) in detail. For clarity
we first treat the simplest case where s > 1, so that ¢,,—s < C on all of [0, 1] by Lemma
6.3. For w € (—o00, 0], we then have

14+e 2\ 2
w—t (n—s)w
Gn—s(€"7") (—1 T <Ce :
For w € (0,t], we simply estimate 11:;:22;2 < 1. Moreover, for R = e*~! we estimate

Gns(R) = gns(0) + fOR gns(r)dr <1+ CRif Ris near zero and g(R) < C < CRIif R
is away from zero. Altogether, this yields

1 + 672t
1+ e 2w

Gn—s(e"™") (

Finally, for w € (¢, 00), we estimate g, (e'~*) < C and

> < gns(0)+Ce” =1+ Ce" ",

n—s

l4+e 2\ 7 [yl nes
(n—s)(t—w) _ 2(t—w) —2w (n—s)(t—w)
e <—1+6_2w> = <62w+1 < (e +e ) 2 < Ce .

All these bounds clearly satisfy the conditions (6.1) of Lemma 6.1.

If s <1, we need to be slightly more careful due to the unboundedness of g,_s near
1. We give the argument for s < 1, the adaptation to s = 1 is straightforward. For
w € (—o0,—In(2)], we have " < 1, so that g,—s(e*™") is uniformly bounded and
we can repeat the above estimate. For w € (—1In(2), 0] however, we have the modified
bound .
w—t 1 + 6_2t B w—t\s—1
n—s(€*7) (m> <(1—ev™)

by Lemma 6.3. But this error term still satisfies (6.1) because

0
/ (1 _ ew—t)(s—l)ﬁ S 07

—1In(2)

as a consequence of the inequality (s — 1)-"- > —1. Similar arguments justify the

validity (6.1) when w € (0,¢] and when w € (¢, 00).

The term v(t) can be treated by the same argument with s replaced by s — a, after
estimating (1+e72*)"* <1 and e (1 4+ e2¥)"* < 1 for w € R.

This proves (6.12). Hence the proof of Theorem 5.1, up to the sharpness assertion
proved in Section 6.5 below, is complete. O

Remark 6.5. In the above argument, we only used the bounds on g, given by Lemma
6.3, but not its monotonicity behavior. In fact, using the latter, our proof simplifies in
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the case s > 2. Indeed, in these cases g(R) is bounded and nonincreasing on R € [0, 1]
by Lemma 6.3. This means that we can replace the estimate g(e*™*) < 1+ Ce*"* from
above by the simpler g(e*~*) < ¢g(0) = 1. The point is that thanks to the absence of
a t-dependent term like e*~* in the error function g(w,t) from Lemma 6.1, we can use
directly Fontana’s version of Adams’ lemma instead of our improved one; see also the
discussion before Lemma 6.1. It is hence only for small orders of derivative s < 2 that
the new extension of Adams’ lemma given in Lemma 6.1 is truly decisive. Compare
also Remark 6.4.

6.5. Sharpness of the constant. We now complete the proof of Theorem 5.1 by
proving the assertion on sharpness of the constant. By (5.2) and after projecting to
R™ as in Section 6.2, let us thus suppose that v > 0 is such that

sup / exp <7Tf(n)%) 2|7 exp(—|z|7) dz < C < oo, (6.13)
Rn

n
0<felfa(R™), [[flln <1
S

rad

where T'f satisfies

1+ |z
1+ [yf?

1) > [ oo (T50) T (614

n—s—a

cngsia L H 2P
— C/ﬂ |.ZU - y| ot (1 4 |y’2)n—;+a f(y) dy

for some a > 0.

We shall show that necessarily

n+ g

<2re 1
7S g (6.15)

by following the argument of [2, proof of Theorem 2|, where we replace the Riesz
potential of f by Tf. Let 0 < r < R and let f € L+ (Bg) be any function such that
Tf >1on B,. Testing (6.13) with f/|[f[[= gives

rntB

n+p’

czexp (A7) [ lol? = exp (1717 15
that is,
v< (w4 g+ (£)) 10155 (6.10)

We now make a suitable choice of f. For given r € (0, R), define

S (I ()l forw e B\ B,
fr,R(x) = i
0 otherwise .
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Let € > 0 be given. In view of the expression of T'f in (6.14), by choosing R = R(¢) > 0
small enough we may assume that

Thon(z) > (1-2) / e~y o) dy — C [ |z — g0 f a(y) dy

Br Br

—1|— R ! —n+s|,,|—s
> =2 ((F)) [ ey
Bp\B-

At fixed ¢ > 0 and R = R(g) > 0, it follows from the argument in [2, p.392]| (after
rescaling by R) that there is r9(e, R) > 0 such that for every r < ro(e, R), one has

—n+s —S n— R
/ [z —y| 7"yl dy > (1 —¢)[S 1]1n<—).
BR\BT T

Hence,
Tf.r(z) > (1—3¢) for all z € B,.

We conclude that, for R = R(g) and every r < ro(e, R), the function f := (1-3¢)"' f.
is an admissible function satisfying T'f > 1 on B,, and hence (6.16). Evaluating

_n—s

fr = 18" (In(R/r) T
Br

and letting r — 0, inequality (6.16) becomes

_.n N+ ﬁ
< (1-3e) i
v <(1-3¢) S|
Since € > 0 was arbitrary, this completes the proof of (6.15). O

6.6. Proof of Theorem 1.4. The proof of Theorem 1.4 follows the same strategy as
that of Theorem 5.1, Theorem 5.2 and Theorem 5.3. Since moreover it is simpler due
to the presence of fewer error terms, we shall be brief. By [36, Propositions 7 and 8|,
we have the estimate

()] < Ko, / &~y f () dy = Koa(Los % f)(2),

where f := (—A)*2u|p,. (Notice that unless s is an even integer, (—A)%2u is in
general not supported in Bg.) Now we are in the situation of Section 6.4, only that

Tf is replaced by the simpler I,,_, % f. Setting
¢(s) =[S"""

and changing variables |z| = Re™, |y| = Re™™, as above we find

(R (e

t o]
i e N = g0t dws [ gm0ty du,
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which satisfies the assumptions of Lemma 6.1 by the same estimates as in the proof
of Theorem 5.1. Hence

n+p -
exp | —Kns*
/BR (!S”‘ll
1 n—s

= Rn+B|Sn_1| / exXp (n + /6) W([n_s * f)(Re_t) —1 dt S O(R)
0 T

u|) jo)f d < / exp (ifuns*ﬂx)\ﬂs) [ dz
Br Sl

This completes the proof of Theorem 1.4.

Remark 6.6. Tt might be tempting to think that analogously to Theorem 1.3, a "global’
version of inequality (1.16) might hold on all of R™ in the presence of an exponentially
decaying weight at infinity, i.e. that

/ exp <V|u|#> 2| exp(—|z|7)dz < C (6.17)

s/2

uniformly in u radial with ||(—=A)>?ul|fn/sgny < 1. However, this is wrong for any

choice of v,0 > 0 and § € R. A counterexample is given by the family ug(z) =
(=A) ™2 fr(z) = Kns [on |z — y| 7" fr(y) dy, for the L+ (R™)-normalized functions
fr(y) = (IS" Y 1In(R)) " » 1,5 (y)|y|~*. Indeed, since |z —y| < 2|y| whenever |z| <
1 < |y|, we have ug(x) = (In(R))™= for every x € B;. Thus the left side of (6.17)
with v = ug is unbounded as R — oo.
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