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DISTRIBUTION OF ELEMENTS OF A FLOOR FUNCTION SET IN
ARITHMETICAL PROGRESSION

YAHUI YU AND JIE WU

ABSTRACT. Let [t] be the integral part of the real number ¢. The aim of this short note
is to study the distribution of elements of the set 8(z) := {[%] : 1 < n < x} in the
arithmetical progression {a + dg}g>0. Our result is as follows: the asymptotic formula

0.1) Swea= Y 1= 24 0((w/)  log)

mes8(x)
m=a(mod q)

holds uniformly for z > 3, 1 < ¢ < z'/*/(logz)?/? and 1 < a < g, where the implied
constant is absolute. The special case of (0.1) with fixed ¢ and a = ¢ confirms a recent
numeric test of Heyman.

1. INTRODUCTION

As usual, denote by [t] the integral part of the real number ¢. Recently Heyman [2]
quantifies the cardinal of the set

(1.1) 8(z) = {H 1 gn@}.
Noticing that
S(zx) = {mE N:m = [E} for somengx},

n
by elementary argument he proved that (see [2, Theorems 1 and 2]):

(1.2) S(z) = [8(x)] = [V4x + 1] — 1 =2/ + O(1)

for 2z — oco. Subsequently in his another article [3, Theorem 1], he also investigated the
number of primes in the set 8(x):

ms(x) = H [g] :1<n<z and [g] is primeH

~ log \x (log x)?
This can be considered as analogue of the prime number theorem for the set 8(x). Very

recently Ma and Wu [6] sharpened this result by proving the strong form of the prime
number theorem for 8(z):

(14) 778(1') = LIS(ZL‘) + O(\/E e_C(log$)3/5(10g10gx)71/5)’

), as  x — 00.
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where ¢ > 0 is a positive constant and

Lis() ‘—/ﬁiju/ﬁidt
° ~ )y logt o log(z/t)

Some related results have been obtained in [4, 5].
In [2], Heyman also proposed to consider a more general problem than (1.2), i.e. to
study the asymptotic behaviour of the cardinal S(z;q) of the set

S(x;q)::{[%] 1<n<zand q| [%]}

for each fixed integer ¢ > 1. Let ¢(t) :==t — [t] — 2 and b := (V4 + 1 — 1)/2. Heyman
first showed that (see [2, Lemma 3])
[z/b]  =/(qr) " "
Y 1
s 43 B () @) o

and then wrote: “Calculating various sums using Maple suggests that the double sum can-
not successfully be bound. In fact Maple suggests that the double sum is asymptotically
equivalent to 24/2/(3¢). If this argument is correct then

2\/x
(15) S~ 2 (oo o0,

q
as one would expect heuristically.”

The aim of this short note is to prove (1.5). In fact we can consider a more general prob-
lem: for 1 < a < ¢, study the distribution of elements of the set 8(x) in the arithmetical
progression {a + dq}g=0. Define

S8(z;q,a) == {[E} :1<n<x and [

n

} = a (mod q)}
and
S(z;q,a) == |3(z; ¢, a)l.
Our result is as follows.
Theorem 1. Under the previous notation, we have
2y/x
(16) S(wi0.0) = 225 4+ 0((e/0) g

uniformly for v >3, 1 < g < 2% /(logx)*? and 1 < a < q, where the implied constant is
absolute.

Since S(z;q,q) = S(x;q), Heyman’s expected result (1.5) is a special case of our (1.6)
with fixed ¢. It is worth to notice that le result of Theorem 1 implies

2
S(x;q,a)~$

uniformly for 1 < ¢ = o(z'/*/(logz)3?) and 1 < a < ¢. We didn’t make an effort to get
the best p0551b1e exponent, and further improvements of the constant i are possible.
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It seems interesting to establish analogues of the Dirichlet theorem or more general the
Siegel-Walfisz theorem, the Brun-Titchmarsh theorem, the Bombieri-Vinogradov theorem
for the set 8(x). We shall leave these problems to another occasion.

2. PRELIMINARY LEMMAS

In this section, we shall cite two lemmas, which will be needed in the next section. The
first one is due to Vaaler (see [1, Theorem A.6)).

Lemma 2.1. Let ¢(t) :=t—[t] — 1. Forz > 1 and H > 1, we have

h )e(hx)
H+ 1/ 2wih

vy = 3 o

1<|h|<H

u (),

N

where e(t) := e*™ ®(t) := wt(1 — [t|) cot(nt) + |¢| and the error term Ry (x) satisfies

. R < E — .
(21) R ()] 2H + 2 (1 H+1)e(hx)
0<|h|<H

Lemma 2.2. For 1 <a<q andd € {0,1}, define

(2.2) Ss(D. D)= 3 w(*)

i dg+a+0

If (k, \) is an exponent pair, then we have
(23) 65(D, D/) < (xHD—H-‘r)\q—H)l/(l-‘rH) + :L,HD—Qn-i-)\q—n + {L‘_1D2q

uniformly for 1 < a < q, (Vv —a)/qg < D < (2/q)¥? and D < D' < 2D, where the
implied constant depends on (k, \) at most.

Proof. Using Lemma 2.1, we can write

2.49) &(D, D) = —=—(&(D, D') + &4(D, D)) + S1(D, D),

21
where H < D and

N 1 h hx
6Z(D’D)'_ZE¢(H+1) Z e(dq+a+5>’

h<H D<d<D’
&i(D, D) = Ry (L>
6< ) DQ;D’ dq + a + 5

Inverting the order of summations and applying the exponent pair (k, \) to the sum over
d, it follows that

o0 < 37 () 7+ () )
h<H

< x“D‘Z"‘J”\q_“H“ + x_lDQq.

(2.5)
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On the other hand, (2.1) of Lemma 2.1 allows us to derive that

S0 < 3 |Ru(yirs)]

D<d<D’

<2H1+2 > <1_H|L+|1> 2 e(@fizﬂs)'

0<|h|<H D<d<D’

When h # 0, as before we apply the exponent pair (k, A) to the sum over d and obtain
(2.6) SN (D, D) <« DH™' + "D~ ¢ "H" 4+ 7' D%
Inserting (2.5) and (2.6) into (2.4), it follows that

&5(D, D) < DH™' + 2" D2 A" [[* 1 271 D%

for H < D. Optimising H on [1, D], we obtain the required inequality (2.3). U

3. PROOF OF THEOREM 1

If [£] =m =dg+a with 0 < d < (z —a)/q, then z/(dg+ a+1) <n < z/(dg + a).
Thus we can write

(3.1) Sleig,e) = dg(;wq]l([dqi a] B [dq +3; n 1} = 0) +0(1)
= Si(w;q,a) + Sa(z;¢,a) + O(1),

where 1 = 1 if the statement is true and 0 otherwise, and

Si(7;q,a) == dg(;a)/q]l([dqi a} — [dq +xa+ J > 0),

Sa(w3q,0) = Z 1<[dq::- a] B [dq +J;+ 1] - O)'

(Vz—a)/q<d<(z—a)/q
For d < (v/x —a —1)/q, we have

[dqia} B [dq+xa+1] > (dq+a)(;q—|—a+1) —1>0.

Thus we have
(32) Si(wia.0) = L5+ 0(1)

for > 3, where the implied constant is absolute.
Next we treat Sz(z;q,a). Noticing that for d > (/z — a)/q we have

¢ x B x
dg+a dg+a+1 (dg+a)(dg+a+1)

0 <1,
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2/3
)

the quantity [ can only equal to 0 or 1. On the other hand, for d > (z/q)

ﬁ] - [dq-l—a;-i-l}
then dg + a = [£] for some n < (x/¢)"/?. Thus we can write

Swea= 3 (gLl - lgrer)) vt

(Va—a)/q<d<(x/q)*/* dg +a dg+a+1

Noticing that

X i X i X X
[dqﬂJ B [dq+a+1] T dg+a dg+ta+l _w(qura) +w<dq+a+1>’
it follows that
(3.3) So(;q,a) = Sa1 (239, a) — S (3¢, a) + 589 (x5, a) + O((x/q)"/?),

where

T x
So1(75q,a) == > ( - )
’ d d 1
(Va—a)/q<p<(z/q)?/3 gta qtat
S8 (a; = E <7x )
272<x7Q7a> w dq+a+5

(Vr—a)/q<d<(z/q)%/3

Firstly an elementary computation shows that

T T
(3.4) Sa1(25q,a) = > Fg oW = % +O((x/q")"?)
(Vz—a)/q<d<(z/q)*/?

for x = oo.

It remains to bound Sé?%(:p; q,a). According to [1, Theorem 3.10]), (3, 3) is an exponent

pair. Thus we can take (k, ) = (3,3) in (2.3) of Lemma 2.2 to get

&;5(D, D) < (/q)'* + (xD~'q ") + 27 D
uniformly for 1 < a < ¢, (vz —a)/qg < D < (v/q)¥® and D < D' < 2D. Using
(VT —a)/q < D < (x/q)%?, we easily see that the preceding inequality implies
&;(D, D) < (v/q)""?

uniformly for 1 < a < ¢, (v —a)/q < D < (z/q)*? and D < D' < 2D. From this, we
can derive that

Sz q) < (1 &s(D, 2D
(3.5) (59 (ng)wfa)/qni%}i(m/q)?ﬁ' g 4

< (z/q)?log .
Inserting (3.4) and (3.5) into (3.3), we obtain
(36) Sawig.0) = L+ 0((/a) P log)

for z — oo.
Now the required result follows from (3.1), (3.2) and (3.6). O



6 YAHUI YU AND JIE WU

Acknowledgement. We begot to work this project when the second author visited
Luoyang Institute of Science and Technology in summer of 2021, despite the difficulty
caused by the Coronavirus. It is a pleasure to record his gratitude to this institution for
their hospitality and support. This work is in part supported by the National Natural
Science Foundation of China (Grant Nos. 11771211, 11971370 and 12071375), by the
Young talent-training plan for college teachers in Henan province (2019GGJS241).

REFERENCES

[1] S. W. Graham and G. Kolesnik, Van der Corput’s Method of Exponential Sums, Cambridge Uni-
versity Press, Cambridge, 1991.

[2] R. Heyman, Cardinality of a floor function set, Integers, 19 (2019), A67. See also:
arXiv:1905.00533v2 [math.NT] 16 May 2019.

[3] R. Heyman, Primes in floor function sets, arXiv:2111.00408v4 [math.NT] 2 Dec 2021.

[4] K. Liu, J. Wu & Z.-S. Yang, A variant of the prime number theorem, Indag. Math. to appear,
https://doi.org/10.1016/j.indag.2021.09.005

[5] J. Ma & J. Wu, On a sum involving the von Mangoldt function, Period. Math. Hung. 83 (2021),
Number 1, 39-48.

[6] R. Ma & J. Wu, On the primes in floor function sets, arXiv:2112.12426 [math.NT] 23 Dec
2021.

YAHUI YU, DEPARTMENT OF MATHEMATICS AND PHYSICS, LUOYANG INSTITUTE OF SCIENCE AND
TECHNOLOGY, LUOYANG, HENAN 471023, P. R. CHINA
Email address: yuyahui@lit.edu.cn

JiIE Wu, CNRS UMR 8050, LABORATOIRE D’ANALYSE ET DE MATHEMATIQUES APPLIQUEES,
UNIVERSITE PARIS-EST CRETEIL, 94010 CRETEIL CEDEX, FRANCE
Email address: jie.wu@u-pec.fr



