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Abstract

This article is dedicated to the long time behavior of a finite volume approximation of
general symmetrizable linear hyperbolic system on a bounded domain. In the continuous case,
this problem is very difficult, and the w-limit set (namely the set of all the possible long time
limits) may be large and complicated to depict if no dissipation is introduced. In this article,
we prove that in general, with a stable finite volume scheme, the discrete solution converges
to a steady state when the time goes to infinity. This property is a direct consequence of
the numerical dissipation mechanisms used for stabilizing the discretization. We apply this
result for determining the long time limit for several stabilizations of the wave system, and
perform a formal link with the low Mach number problem of the nonlinear Euler system.
Numerical experiments with the wave system are performed for confirming the theoretical
results obtained.

1 Introduction

In this article, we are interested in the long time behavior of symmetrizable linear systems on a
bounded domain. In the continuous case, when the system is not dissipative, this problem may
be very complicated: for example, if the wave system is considered on the domain [0,1] with
wall boundary conditions in 0 and 1, an initial condition will travel and reflect forever without
dissipating, leading to a large and complicated w—limit set. The aim of this article is to investigate
this problem, but at the discrete case, with a stable finite volume discretization.

The long time asymptotic behavior of finite volume approximations has been investigated in
several contexts, such as coagulation-fragmentation model [12], drift-diffusion equation [7], non-
linear diffusion equation [9], convection-diffusion equations [8, 5], see also [6] for a review. All
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these studies rely on the entropy method [2], more precisely, all the continuous systems that have
been studied in these articles have an entropy that is dissipated, and the numerical schemes are
proven to dissipate also these entropies, leading to an exponential decay of the relative entropy. In
our case, the situation is slightly different: we are considering symmetrizable first order systems,
which means that they have an entropy, but the continuous system does not have any dissipation
mechanism of this entropy. Surprisingly, it is however possible to prove the existence of a long
time limit for the numerical scheme thanks to the numerical dissipation.

This article is organized as follows: in Section 2, some tight sufficient conditions are given for
ensuring a long time limit for the finite volume discretization of a general first order symmetrizable
hyperbolic system. Then in Section 3, we prove that these existence conditions can be applied to
the different known discretizations of the wave system. Last, in Section 4, numerical results on
the long time behavior of the wave system are reported. The article finishes with a conclusion
including a formal link between the low Mach number problem and the long time limit problem of
the wave system.

2 Discrete long time behaviour for a linear first order hyper-
bolic system

In this section, we are interested in the long time behavior of the finite volume discretization of
the following symmetrizable system

d
0, U+ 3 Apix, U = 0, (1)
k=1

where d is the dimension, U is a vector of dimension n,4,, and the Ay are d matrices of dimension
Nwar X Myar. For any vector n of R%, we define

d

A(l’l) = Z Aknk.

k=1
We suppose that (1) is symmetrizable: a positive definite matrix S exists such that for all n, SA(n)
is symmetric. In Section 2.1, the finite volume discretization of (1) is described.
Once discretized in space, the semi-discrete (discrete in space, continuous in time) numerical

scheme can be formally written as

U'(r)=B- AlU, (2)
where A is the matrix of space discretization and B depends on the boundary conditions. The
long time limit problem for this linear, finite-dimensional system is known, and depends on the
spectral structure of A. The different cases are summarized for example in [14], and we recall it in
Section 2.2. Last in Section 2.3, sufficient conditions on the discretization described in Section 2.1
are derived for ensuring existence of the long time limit described in Section 2.2.

2.1 Finite volume space-discretization of hyperbolic linear systems

The domain €2 is supposed to be bounded, and 7; denotes a mesh of this domain, on which a
cell-centered finite volume discretization is applied. For a given cell i of Ty, we denote by |€;] its
measure, by V(i) all the neighboring sides of the cell i, Vi (i) the set of the neighbors of the cell
i. We suppose that we have two types of boundary conditions on 0€:

o Wall boundary conditions, in which no external value is imposed, and in which the boundary
flux depends only on the internal value. The sides of the cell ¢ on which such boundary
conditions are imposed are denoted by Vean ().

o Steger- Warming boundary conditions, in which a full state U, is weakly imposed. The sides
of the cell ¢ on which such boundary conditions are imposed are denoted by Vaw ().

We denote by I';; the side j of the cell ¢, and by |T';;| its measure. We consider the following finite
volume numerical scheme of (1)

1
0, U; + — Z |Fij|F(Ui,Uj,nij)

|Q | jevlnt
1
o > Tyl (U, ny) (3a)
| |J€Vwa11 (%)
|Q | VZ )|Fij\FSW(Ui»Ub»nz'j) =0,
j€Vsw(



where the numerical flux F'(U;, U;, n;;) reads
F(U;,Uj,n;5) = A(ny;) { U },; — D(ny;) (U; — Uy),

where n;; is the unit vector going from ¢ to j, and where the symbol { - }ij denotes the average of
the left and right values
U, + U;
{{U }}ij = %
Conservativity is ensured provided D(n;;) = D(nj;). We now detail the two types of boundary
conditions that are used in (3a).

Steger-Warming boundary conditions. In this case, we wish to impose weakly a state Uj.
The matrix A(n) can be diagonalized in R

Qe GL,,, (R)  An) =Q ' (n)A(n)Q(n),

where A(n) is a diagonal matrix. Denoting by A*(n) (resp. A~ (n)) the diagonal matrix such that
A:’Z(n) = max(A;;(n),0) (resp. A;;(n) = min(A;;(n),0)), we define

A*(n) == Q7 (m)AT (n)Q(n) A™(n) == Q7 (n)A™ (n)Q(n).

Given a boundary state U, and n the outgoing normal, the Steger-Warming boundary flux is
defined as
FSWV(U;,Up,n) = A*(n)U; + A~ (n)U,.

This boundary condition can be reformulated as

FSW(U;, Uy, n) = A()Uy + A* (n)(U; — Uy)

i 1
g 9t

L ) - A () (U, - Uy, )

‘Wall boundary conditions. In this case, the boundary flux depends only on the interior value,
but we require some dissipation in some sense. The boundary flux is
U, + fjl 1

F(U n) = An) == = 5 (A" () - A~ (m) (0 - U,)
where U, is obtained from a transformation of U;: U; = (I, = Pwan(n)) U; where Pyan(n) is
positive semi-definite. The flux can be rewritten as

U, 1

FY(U,, n) = A(n) - +3 (A(n) — 247 (n) Pyan(n)) Us. (3¢)

2.2 Reminder on the long time behavior of linear differential systems
2.2.1 Continuous differential system

In this subsection, we are interested in the long time behavior of (2). We denote by N the size of
the system. The solution of this system reads

T

U(T) = exp(—TA) Uy + L exp(—(7 —t).A) Bdt.

We are first interested in the long time limit of the homogeneous problem,
U(T) = exp (—TA) U. (4)

CY can be decomposed as the sum of generalized eigenspace of A. The operator A restricted to a
given generalized eigenspace F) associated with the eigenvalue A is equal to Al + Ny, where N
is a nilpotent matrix. Denoting by [ the nilpotent index of N, the exponential of the operator on
FE\ can be written as the following finite sum

I-1(_1 k-k
exp (—7A)p, = exp(—)\q-)kzo(k)!TN/’\“.

Then (4) is bounded for 7 > 0 if and only if either Re(\) > 0, or Re(\) = 0 and Ny = 0. It
has a finite limit if and only if the only eigenvalue such that Re(A\) = 0 is 0, i.e. A has no purely
imaginary eigenvalue. Noting that Ny = 0 is equivalent to range A n ker A = {0}, we define the
following set of hypothesis



Hypothesis 1. Suppose that A follows the following conditions

range A n ker A = {0}.
All the eigenvalues X of A are such that Re(A) = 0.

0 is the only eigenvalue of A such that Re(\) = 0.
We can then prove that
Proposition 1 (Long time limit of (2)). Suppose that Hypothesis 1 hold. Then
o A given solution of (2) is bounded for T = 0, if and only if B € range A.

e Denoting by U™ the unique vector of range A such that B = AU, (2) with initial data Uy
converges towards U* + P(Uy), where P is the projection on ker A along range A.

e The w-limit set of the whole space is an affine space, equal to U™ + ker A.

Proof. Under Hypothesis 1, any vector B can be decomposed into By + By, with B; € range A and
Bs € ker A. Then

T T

jT exp(—(7 —t)A) Bdt = J exp(—(1 —t)A) By dt + J exp(—(1 —t)A) Ba dt

0 0, 0

:J exp(— (7 —t)A) By dt + 7 Bs.
0

T

Alrange 4 has eigenvalues with strictly positive real part, so that f exp(—(7—1t).A) By dt — 0 when

0
T — o0, whereas |7 Bs|| — o when 7 — o0, except if By = 0. We conclude that (2) has a long
time limit if and only if Hypothesis 1 holds and B € range A. We remark that

exp(—TA) Uy — P(Uo).

Moreover, if B € range A, we denote by B) an element such that B = AB. Then

LT exp(— (1 — t)A) AB} dt = [exp(— (1 — t)A) B'l]g
=B —exp(—TA) B

which converges towards B] — P(B]) = U*. We conclude that U(1) — U” + P(U,). The last
point of Proposition 1 is straightforward. O

2.2.2 Time discretized system

From a practical point of view, the system (2) will be discretized in time. The aim of this subsection
is to study the long time behaviour of the fully discrete dynamical system obtained with a forward
or backward Euler time discretization. This behaviour is summarized in the following proposition

Proposition 2 (Long time behaviour of the time-discretized system). We suppose that Hypothe-
sis 1 hold, and take the same notations as Proposition 1. For a given Uy and if B € range A, we
consider (2) discretized with either the forward or the backward Euler method, with the time step
ot. We denote by U™ the serie obtained after time discretization. Then

o with the forward Euler method, U™ converges towards U™ +P(Uy) in infinite time under the
CFL (for Courant Friedrichs Lewy) condition

YA e Sp(A),A#0 ot < —

o with the backward Euler method, U" converges towards U* + P(Ug) in infinite time uncon-
ditionally.



Proof. We first consider the discrete system with the forward Euler method

U =5tB + (1, — stA U™
Uu=u,

We define V" as
V'i=U" - U" +PUy)).

V" is then such that P(V°) = 0 and

vl — (1, — 6tA) V",
so that

V"' = (Ig — 6tA)" VO,

Any eigenspace F) of A associated with the eigenvalue ) is stable by (I; — 6t.A4)". On this gener-
alized eigenspace, A is equal to A\I; + Ny, where N} is a nilpotent matrix of index [. Then, on Fy,
we have

(n=1)...(n—k+1)
k!

l
(Ig — 6tA)" = (I — 6t (AL + Ny)" = 31 (1 — StA)"F(=85tNy)*.
k=0
if A # 0, the above matrices all converge to 0 under the CFL condition. For A = 0, Ny = 0, and
(I — 6tA)" is the identity matrix. However, as P(Vg) = 0, we conclude that V" — 0 when n — 0.
We now consider the backward Euler method. Then the same V" follows

V7 = (I + 0tA) " V.

Note that the above invert makes sense because the eigenvalues of A have positive real part. Each
generalized eigenspace is stable for A, but also for (Iy + 0t.A) "' and so for (I + dt.A)~"™. On the
generalized eigenspace Ey, A is equal to Az + Ny, so that

n+k—1n+k—-2)...n

T (1 + X6t)~"=F(—ot)* N

s st

In each term of this sum, the leading term for A # 0 is (1 + Adt)~", which is going exponentially
to 0. For A = 0, the matrix is the identity matrix, but as seen before, P(Vy) = 0. We conclude
that V" — 0 when n — o0, which ends the proof for the backward Euler scheme. O

Remark 1. For the forward Euler method, the convergence is exponential, driven by n'mn=1 (1 — §tA\pnin)"
where Amin %S the etgenvalue with the smallest nonzero real part, and lynin the matching nilpotent
index . For the backward Fuler scheme, the convergence is exponential, and the slowest component

is behaving like n'min=1(1 4+ \pin0t) ™.

2.3 Long time limit of finite volume schemes for symmetrizable hyper-
bolic systems

Now, we are interested in applying Proposition 1 to the finite volume discretization (3) of (1). In
this case, the size N of the matrix A and of the vectors U and B is equal to N = nyqr X Neen,
where N¢ey; is the number of cells of the mesh 7,. We denote by Fi,; the set of the interior faces,
by Fwall the set of the boundary faces on which a wall boundary condition is imposed, and by Fsw
the set of the boundary faces on which a Steger-Warming boundary condition is imposed.

We denote by S the block-diagonal matrix where each block is |€2;|S where S is the symmetrizer
of the continuous system. In a more general manner, we will denote by bold capital letters (e.g.
X) the vectors of size 1,4, and by typewriter font (e.g. X) the vectors of size N.

For a real matrix M, we denote by .’[M] its symmetric part and by /[ M] its skew-symmetric
part

M+ MT
= 5 ,

M- M7

7[M] .

o [M]
so that M = (& + &)[M].
Proposition 3. If the scheme defined by (3) is

e conservative: D(n) = D(—n),



e dissipative :
YU e R™e UTSD(n)U = 0,

e dissipative at the wall boundary condition :

VU e R™e", UTS (A(n) — 247 (n) Pyau(n)) U > 0,

o dissipative at the Steger- Warming boundary condition :

YU e R™, UTS (A*(n) — A (n)) U >0,

then points and of Hypothesis 1 hold. Moreover, ker A and range A are S-orthogonal.

Proof. The scheme (3) can be put in the form (2) with

1
A=y T I (A { U}, - D(y) (U, - U)
je
1 U; 1 B
to7 2 Tyl {Amg)— + 5 (Alng) — 247 (045) Pan(ng;)) U
|Ql‘ jGVwa11(’i) 2 2
to7 2 Dyl [ Ang)— + 5 (A7 (ny;) — A~ (ny;))U; |
|Ql‘ JEVsw (4) 2 2
As Y |T;|n;; = 0, we have also
JEV(3)
> oqry AUy AU g AU
€ Vime (0) 2 € Vaan (i) 2 jeVsw (i) 2
Thus,
| U,
(AU); = 2 \Fij| A(n;j)—= — D(ny;) (U; — Uy)
|Q | 3€Vint (2 2
1
TN 2 il 5 (A(ngg) — 247 (n45) Pwan (ni;)) Us
il j€Vwan (1) )
BN 2 Ll 5 (A7 (i) — A (ni;)) Us.
il jeVaw ()

And now we can calculate for X and Y in CV

Yisax=1y { DINNIEH <;Y¢TSA(nij)Xj ~ Y, SD(ny;) (X, — Xz‘))

€M | jEVine (7)
17
+ 2 Tyl 5 Y S (Alnyg) — 247 (ng) Buan(nij) X;
jevwall(i)
j —y
+ 2 Tyl 3 Y. S(A* (ng;) — A(nij))Xi}.
jEsz(i)

We switch to a sum on all the faces of the mesh
—T 171 —T
V'sAx = % I (5 YESAm)Xn - YESD0g) (X - Xo)
fe€Fint
171 =T
+§ YRSA(—nf)XL — YRSD(—nf) (XL — XR)

17
+ 2 \Ff\*YLS(A( £) —2A7 (ny)Pyan(ny)) Xp,
feFwan 2

+ 2 \Ff\ LS(AT(ng) — A= (nf))Xy,
feFsw

where X, and X are the left and right values relative to the a given face f. As A(—n) = —A(n),

and as D(n) = D(—n), it can be rewritten as

?TSszf; |rf|< (Y SA(n)Xg — Y RSA(ns)X )

+(YR — YL)TSD(nf) (XR — XL)>

+fe; \rf\E?Tsm( /) — 24~ (n7) Paan(n))) X,

+ 2 \Ff\ LS(A* (ng) — A= (nf))Xy.
feFsw

(5)



We can now prove that and of Hypothesis 1 hold.
Point of Hypothesis 1. Suppose that V € ker A n range A. Then, it exists U € RY such
that V = AU. We are going to prove that VISAU = -UTSAV so that

VISY =VISAU = —UTSAY =0

and then V

= g (5) and writting matrices SD(ny), S (A(ny) —2A™ (ny)Pyan(ny)) and
S(AT(ny) — A~

0. Usin,
(ny)) as the sum of their symmetric part and skew-symmetric part, we have

1
VISAU = ; ; T ¢| (2 (V{SA(nf)UR - VIESA(HJP)UL>

€S int
(Vo= V) (7 ) (5000} Un = U) )
(6)
+f ; ITsl5 VT (7 + ) [S (Ang) = 2A7 (nf) Pyan(ng))] Ur
€S wall
+ X lg VT (7 + ) [S(AT(ng) — A™(ny))] Uy
feFsw

where VI SA(n;)Ugr — VESA(ny)Up = — (ULSA(n;)Vr — ULSA(ny) V) because SA(ny) is
symmetric. Moreover, for any matrix M, any vector U € ker.#[M] and any V € R", we have
S[M]U =0 = UT.#[M] so that

UTMV=UT (7 + o) [M]V UTﬂ[M] = - VT[M]U
— (VI.#[M]U + VTo/[M] U)
—-VTMU.

Then, to get that VT SAU = —UTS AV with (6), it is sufficient to prove that the symmetric part
of (6) vanishes. However, since V € ker A, we have

0=VISAV= Y |IYy| < (VISA(n;) Vg — VESA(n;)Vy)

fe-Fxnt

F(Va— V)T 7 [SDmy)] (Vi — VL>)

) |rf|§VTﬂ[S< () — 24~ (ng) Pu ()] V2
feFwan
£ 3 Il VEZ IS (ag) — A=) Ve

where UTSA(n;)Vi — VESA(ny)Uy = 0 because SA(ny) is a symmetric matrix. As SD(ny),
S(A(ny) — 2A7 (nf)Pyan(ny)), and S(A*(ns) — A" (ny)) are positive semi-definite real matrix,
their symmetric part are positive semi-definite and the right hand side is positive, so that all terms
in the right hand side are null. We recall that for a symmetric, positive semi-definite matrix, the
isotropic cone is equal to its kernel. Then, we have on all interior faces,

Vg —Vpeker.[SD(ny)],
on all neighboring cells of a wall,
Vi ekers [S (A(ny) — 247 (nf)Pyan(ny))],
and on all neighboring cells of a Steger-Warming boundary condition,
Vi eker? [S(A™(ny) — AT (ny))].

Then, using (6) we directly get that VISAU = —UTSAYV so that VISY = 0and V = 0. We
conclude that
ker A n range A = {0} .

Point of Hypothesis 1. We denote by A an eigenvalue of A, and by X € CV an eigenvector
associated with A\. Then o o
X SAX =)\X SX.



As SA(ny) is symmetric and real, XZSA(nf)XR—XESA(nf)XL =2i Im(XZSA(nf)XR). Adding
(5) evaluated with Y = X, with its transconjugate gives

Re(\) X' S X =Re(A\X SX) = Re(X SAX)

oy ((XR ~X.) 7 [SD(ng)] (Xp - xm)

fE]:int

S XS () <24 P X
b 0l KL [S(AT (ng) — A= (n))] X,
feFsw

because S is a symmetric and real matrix. As . [SD(ny)], . [S (A(ny) — 247 (nf) Pyan(ny))],
and . [S(A* (ny) — A~ (ny))] are positive semi-definite real matrix, the right hand side is positive

semi-definite, so that Re(\) x'sx > 0. Since X # 0, x'sx > 0, then Re(\) > 0, and point
of Hypothesis 1 holds. O

Proposition 4. If the scheme defined by (3) satisfies the hypothesis of Proposition 8 and if
o for all X € CN such that

vaJ:'LHh Xr— XL eker&”[SD(nf)]
Vf € -Fwalla XL € ker . [S (A(Ilf) — 2A7(1’1f)Pwa”(Ilf))] (8)
VfeFsw, Xpekers[S(A™(ny)— AT (ny))]

we have _
Vfe Fpp  Im (XLSA(nf)XR) -0

o the kernel of S[M] is &/ [ M]-orthogonal, for the following matrices M

SD(n)
S (A(n) —2A~ (n)Pwall(n))
S(AT(n) — A7 (n))

then point of Hypothesis 1 holds.

Proof. We assume that X is an eigenvalue of A such that Re(\) = 0 and we want prove that
A = 0. We denote by X an eigenvector associated with A. Since for all real matrix M and all

vector X € CV, X' [M] X is real, using (5) with Y = X and taking the imaginary part (as we
take the real part in (7)) gives

iIm(\) X SX =ilm(\ X SX)

- f€§nt|rf| (1 Im (XZSA(nf)XR)

KX)o [SD(ng)] (X5 — Xy) )

171
+ 2 Tyl 5 X [S(A(ny) — 2A7 (ny) Pyan(ny))] Xr
feFwan 2

b Nl KL [S(AT () — A= ()] X
feFsw

Since Re(A) = 0, (7) gives that X satisfies all the conditions (8) and so are their real and imaginary
parts. Then, using the hypothesis of Proposition 4, we get

m\X SXx= Y Im (XfSA(nf)XR)
fE]:int
=0
where X # 0, so that Im(\) = 0 and the only eigenvalue that has a zero real part is 0. O

Note that the first item of Proposition 4 holds under the stronger following hypothesis

Xp— Xy eker.” [SD(nf)] = Im (XZSA(nf)XR) ~0. (9)



Remark 2. The convergence rate to the long time limit is driven by the spectral gap of the fi-
nite volume discretization (3). We point out that in our case, only the numerical dissipation is
responsible for the existence of the long time limit. We therefore cannot rely on any property of
the continuous system for having an estimate of the spectral gap.

FEvaluating numerically the spectral gap is also a difficult problem as the matriz of the discretiza-
tion of (3) is not symmetric.

In this section, general hypothesis were derived for ensuring the existence of a discrete long
time limit for a first order linear hyperbolic system. Next section is dedicated to the application
of these propositions to the first order wave system.

3 Discrete long time behaviour for the wave system

The aim of this section is to prove that the results of the previous section can be applied in different
numerical schemes for the first order wave system

1
0 — di =0
D+ % 1vxu R (10)
oru+ KkoVp =0,
where kg and pg are two strictly positive real numbers. Of course, the system (10) is hyperbolic,

and its symmetrizer is
_( poko O
s=(" 5 )

The wave velocity cg of (10) is defined as

Ko
Co = —.
Po

The scheme (3) is applied to (10). The matrix Pyan(n) of (3c) is

P = (0 gt ) ()

Moreover, we will consider the following stabilization matrices D(n) for the numerical scheme (3a)
of the wave system

e The Rusanov flux
D(n) = L1, (12a)

e The Godunov flux
o =5 (o e ) (120)

0 nn

e The Godunov flux with a centered discretization of the pressure gradient

D(n)=02°<é 8>, (12¢)

e The fix of [4] (that we will call LMAAP, for Low Mach Acoustic Accuracy Preserving) which

can be seen as an extension of [1] on unstructured meshes

c £ T
D(n) = 2 (12d)
n ERQ ’
—p Cu 0

1
where ¢ = £1, Cgy = —1gand 14 = (1,...,1)7.

Vd

We first prove that hypothesis of Proposition 3 and Proposition 4 hold for the numerical scheme
in Section 3.1. Then we check that all the hypothesis of Proposition 1 hold in Section 3.2.



3.1 Verification of hypothesis of Proposition 3 and Proposition 4 for the
boundary conditions and some stabilizations

In this whole section, for being consistent with the notations of (10), we will denote by (p,u) the
components of a vector U. Hypothesis of Proposition 3 and Proposition 4 will be checked for each
of the boundary conditions and stabilizations of (12).

3.1.1 Steger-Warming boundary condition

We first prove that the matrix S (A*(n) — A~ (n)) is positive semi-definite. We denote by S/? a
symmetric positive definite square root of the symmetrizer S (which exists because S is symmetric,
positive definite ). As SA(n) is symmetric, so is S/2A(n) S~'/2 = §—1/25A(n) S—'/2. Therefore,
an orthogonal matrix @ exists such that

S12A(m)S712 = QTAQ
where A is a diagonal matrix. This can be rewritten as
An) = (QS"*)T'AQ S
so that AT and A~ can be written
AT = Q 51/2)71A+ Q51/2 A" =(Q 51/2)71A7 QSI/Q.
And we have
UTS(AT(n) — A= (n)) U = UTSYV2QT(A* —A7)QSY2U

= (QSV2PU)(AT—-AT)QSYV2U (13)
>0

then the matrix is positive semi-definite.
As a consequence of (13), S(A*(n)—A~(n)) is a symmetric matrix and o7 [S(A*(n) — A= (n))] =
0. Then, the kernel of . [S(AT(n) — A~ (n))] is & [S(AT(n) — A~ (n))]-orthogonal.

3.1.2 'Wall boundary conditions

We first prove that the matrix S (A(n) — 247 (n) Pyan(n)) is positive semi-definite. For the wave
system, we have

Co 1 T Co 1 T
—— —n — —n
A" (n) = 502 2&0 . At(n) = .%02 250 .
and Pyan was given in (11). This gives
L 7
A7 (n)Pyan(n) = ’ o ;

so that

§ (An) — 247 () Pyan(m)) = ( kon  2conn®
Then for U = (p,u)? € Rver

u’s (A(n) — 247 (n) Pyan(n)) U = 2co(u’n)? =0

0 —Kol’lT )

so that the matrix is positive semi-definite.
We denote by M the matrix S (A(n) — 2A7 (n)Pyan(n)). Its symmetric and skew-symmetric

parts are
y[M]=<O OT) M[M]=( 0 _’“””OnT).

0 2conn Kon 0

The kernel of .#[M] is the set such that u”n = 0. If Uy, Us € ker #[M], with Uy = (p1,u;)7 €
R™ar and Uy = (p2, uz)? € R™ar | we have

U?JZ{[M] U, = —Hoplugl’l + Hopgu?n =0

because uln = ul'n = 0. Then, the kernel of .”[M] is o[ M]-orthogonal.
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3.1.3 Rusanov scheme

With the Rusanov flux (12a), the matrix
Co

is symmetric, positive definite and satisfies D(—n) = D(n) then the hypothesis of Proposition 3
hold. Its symmetric and skew-symmetric parts are

_ v L ( Kopoco O _
y[M]_M_Q( 0 COId) A [M] =0,

Then, the kernel of .[M] is o[ M]-orthogonal. Moreover, the kernel of .#[M] is the set such that
p=0,and u=0.

For X1, = (pr,uz)? and X = (pg,ug)? in C"ver such that Xp — X, € ker .#[M], we have
pr, = pr and uy, = ug, and so

=T _ _ _ _
X}, SAng)Xg=ro (Prug-n+pruy -n) = ko (Prur -n+ pLUy - n)
=Ko (ﬁLuL~n+T9LuL-n) eR

so that (9) holds, and thus hypothesis of Proposition 4 hold.

3.1.4 Godunov scheme

The Godunov flux (12b) for the wave system is deduced from the more general expression of the
Godunov flux

F(UL,UR,H) = A+(1’1)UL + A_(H)UR.

As for the Steger-Warming boundary condition, for the Godunov scheme we are interested in the
following matrix

M = SD(n) = %S(ﬁ(n) — A~ (n)).

Then, the hypothesis of Proposition 3 hold and the kernel of .[M] is &/[M]-orthogonal (see
Section 3.1.1). Moreover, in the case of the wave system (12b), we have

_ _ 1 poro O Co 0 1 [ Kopoco 0
M = 5D(n) = 2 ( 0 I ) ( 0 conn” | 2 0 conn”

so that the kernel of .[M] is the set such that p = 0, and u’n = 0.

For X = (pr,ur)? and Xg = (pr,ur)? in C™er such that Xz — X, € ker #[M], we have

pr, = pr and ugn = u%n, and so

7T _ _ _ _
X SAny) Xp=ro (Prur-n+prlur -n) = ko (Prur -0+ prUr - n)
=Ko (ﬁLuL ‘m+pruy - n) eR

so that (9) holds, and thus hypothesis of Proposition 4 hold.

3.1.5 Godunov scheme with a centered discretization of the pressure gradient

For the stabilization (12¢), we have

_ _ 1 poro O co 0\ _ 1 [ Kopoco O
M_SD(“)_Q( 0 1d>(0 o)~ 2\ 0o o0
which is positive semi-definite. Then, the hypothesis of Proposition 3 hold.
The symmetric and skew-symmetric parts of M are

S[M] = % < ropoco 8 > A[M] =0

so that the kernel of .[M] is o/[M]-orthogonal. Moreover, the kernel of .[M] is the set such
that p = 0.

11



For this flux, (9) does not hold, and thus we have to prove that the first item of Proposition 4
holds. For X7 = (pr,ur)? and Xz = (pr,ugr)? in C"er such that Xz — X, € ker . [M], we
have py, = pr and so

7T _ _ _ _
X SAns) Xgp=ro (Prur-n+prlur -n) = ko (Ppur - N+ pruyz - n)
= Ko (T?LUR ‘n+prur- Il) + kopr (U, —UR) -1

The kernel of .#[M] is the set such that p = 0. It means that for all interior faces pr, = pg.
Moreover, since ker . [S(A*(n) — A~ (n))] is the set such that p = 0 and u’n = 0, we have for
all neighboring cells to a Steger-Warming boundary condition p;, = 0. Then, by propagation, we
have for all cells p;, = 0. Then,

XZ SA(Ilf) Xgr =Ko (ﬁLuR ‘n + pruyg - I‘l) =0eR
and the hypothesis of Proposition 4 hold.

3.1.6 Scheme with the LMAAP stabilization of [4]

For the stabilization (12d), we are interested in the following matrix

ERQ

pokoco  —— C3,
M = SD(n) = ko 2
—7021 0

Then, for U = (p,u)? € R*var,
U'MU = ,OOHOCop2 =0

and the hypothesis of Proposition 3 hold.
The symmetric and skew-symmetric parts of M are
ERO ~T
0 —C
. PoKoCo 0 . 2 21
7M]= ( 0 0 ) @M= —EﬂCm 0
2
and the kernel of .’[M] is the set such that p = 0. If Uy, Uy € ker #[M] with U; = (py,uy)?
and U, = (p2,uz)? in R™er | we have

ERQ

Ul w[M U, = -

because p; = pa = 0. Then ker #[M] is &7/ [M]-orthogonal.
The proof that the imaginary part of XfSA(nf)XR is null is the same as in Section 3.1.5.

(p102T1112 *p2u1TC21) =0

3.2 Verification of hypothesis of Proposition 1

For ensuring that hypothesis of Proposition 1 hold, it remains to check that B € range A. The
right hand side is obtained by evaluating (3) with U = 0

B 1
|€2]

Syl (A(n)U” ) - A(n))Ub) .

J€Vsw (i) 2 2

(B): =
For any U, we find
T T U, R —
UsB=-> % Iyl SA(H)T - §Ui S(A*(n) — A= (n))Uy | .
ijGsz(i)

Suppose that U € ker A. Then, as seen in the proof of Proposition 3, all the U; having a neighboring
Steger-Warming boundary condition follow

UTS (AT (n) — A~ (n)) U; = UT.7 [S(A*(n) — A~ (n))] U; = 0.

As a consequence, Uj is in the kernel of S(A*(n) — A~ (n)), but also in the kernel of S(A*(n) +
A~(n)) = A(n) (which are the same). Therefore, U7 SA(n) = 0, and U7 S(A*(n) — A= (n)) = 0.
This leads to U SB = 0 for any U € ker A, so that B is in the S—orthogonal of ker A, which was
previously proved to match with range A.
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3.3 Long time limit of the discrete wave system

In this section, we proved that for very different discretization of the wave system (10), the long
time limit of (3) exists if the system has Steger-Warming and wall boundary conditions.

We have proved in Section 3.1 that all the hypothesis of Proposition 3 and Proposition 4 hold
for the finite volume scheme (3) obtained with the Rusanov flux (12a), the Godunov flux (12b),
the Godunov flux with a centered discretization of the pressure gradient (12c) or the LMAAP flux
(12d). Then, points , and of Hypothesis 1 hold. Moreover, in Section 3.2 we proved that
B € range A, then by applying Proposition 1, we get that all these numerical schemes (3) converge

when 7 tends to infinity to
U* +PU,)

where U” the unique vector of range A such that B = AU* and P(Uy) is the projection on ker A
of the initial condition Uj.
The state U can of course change depending on the numerical flux used.

3.4 Pressure of the long time limit

In this section, we wish to go further and check whether the long time limit of (3) shares some
properties with the long time limit of (10) when it exists.

More precisely, we are interested in the behavior of the long time limit of the pressure. If (10)
has a long time limit, and if Uy is such that p, = 0 along all the boundary sides on which a state
is imposed, then the long time pressure is uniformly equal to 0. This property is known to also
hold at the discrete level with the Godunov scheme on triangular meshes, this is a useful result in
the low Mach number context, see [17, 13, 11]. On general meshes, using the result of Section 3.3,
we can prove the following

Proposition 5. We denote by D12(n) the coefficients (1,2) to (1,d+ 1) of D(n). For a given uy,
we define Ky, the set

§
{u}, -n
> Tyl (]U — Di2(nyj) - (v — ui))
§€Vims (i) 2po
Ku = due (), Vi oy g M w)ony (14)
jeVsw(i) 2p0
Z |].—‘7,j|u1 . Ilij =0
jevwall(i)

Then for the Godunov flux with a centered discretization of the pressure gradient (12¢) and for
the LMAAP flux (12d), the set Ky, is nonempty if and only if the long time limit of (3) with
Uy, = (0,up) applied to the system (10) has a uniform pressure, equal to 0.

Proof. If the long time limit of (3) with U, = (0,u;) applied to the system (10) has a uniform
pressure, equal to 0, then its limit is an element of K, , and thus, this set is nonempty.

We suppose now that Ky, is not empty. We denote by p* = 0, and by U the vector (p*, u®),
where u}” is an element of KCy,. Then

DIRINH (A(nij) {U*},; — D(ny;) (U7 - U?O))

7€Vint (2)
Ur 1 . .
+ 2 Dyl { A(niy)—— + 5 (A(ng;) — 247 (n45) Pyan(ni;)) U3
7€ Vwanl (%) 2 2
h Ur+U, 1
b8l (Al P - S (A ) - A () (U - U7)) =
J€Vsw (2)

and we recall that the finite volume scheme for Uj; is

26U+ Y [Tyl (Al {U Y, - D(ny) (U, ~ U)))

jEVim(i)
U; 1 B
+ 2 Tyl (A(nij) + 5 (A(ng;) — 24 (nij)Pwan(nij))Ui>
j€Vewan (0) 2 2
U, +U 1 _
b8l (A P - A ) - A () (U - U ) o
j€Vsw (i)
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This leads to the following equation on the difference

1] 0 (U; —UP) + > [Tyl (A(nij){{U - U*}.. — D(ny) (U; - UP - U; + U?O))

jEVint(i)
U, -U¥ 1 _ ©
+ 3 Tyl (Amy) ———= + = (A(ny) — 247 (13;) Pwan(ny;)) (U; — UP)
J€Vwan (1) 2 2
U, -U? 1 B
b2l () T - Lt mg) - A @e) (U7 - U ) <o
JE€Vsw (1)

As in the proof of Proposition 3, we use the following identity

Z |Fij|A(nij) ([;z — U?c) + Z |Fij|A(nij) (I;Z - U;D) + Z ‘Fij|

J€Vine (1) J€Vwan (4) Jj€Vsw (4)

A(niy) (U; — UP)
2

=0,

for simplifying the equation on the difference as follows

U, - U”
J€Vint (4)
1
b3 0yl (5 (Almg) — 247 () Pras(n) (U5 - U7))
J€Vwan (1)
1
S r) (- (4 ) - A~ () (UF - U ) =0

J€Vsw (7)

Now, we multiply on the left by (U; — UfO)T S, and sum on ¢ for finding the following equation
on the evolution of the volumic integral of the relative entropy

(U, - UP)" S (U; - UY)

oo\T U] B U§c oo 0
+>. VZ( )|Fij| (Ui = U¥)" S| Alnyj) ———— — D(njy) (U, -Uy -U; +UY)
% jEVing (4
+5 Z VZ ()|Fij| (U; —UL)" S (A(nj;) — 247 (n5) Pyan(nyy)) (U; — UP)
i ]G wall (2
+5 Z STy (U — U2 S(A* (n) — A~ (ny;)) (U; — UP) = 0.
% ]Esz(z)

We now switch the sum over ¢ and Viy(i) into a sum on the interior faces, and use the fact
that A(n;;) = —A(—n;;), and that D(n;;) = D(—n,;), which gives the following equation on the
evolution of the volumic integral of the relative entropy

U, - U»)’ s(U, - Uu®
me(( £ s n)
+ 3 [ (Uy = UF = Ur + UR)" SD(ny) (U, — UF — Up + UF)

f€~7:mt
+5 Z VZ ()|Fij| (U; —UP)" S (A(nyj) — 247 (n5) Puan(nyy)) (U; — UP)
i JE wall
+5 Z ) )|Fu| (U; = UP)" S(A*(ny;) — A~ (ny)) (U; — UP) = 0.
v jeVsw(

Taking the limit when 7 — o0, the time derivative vanishes, and there remain a sum of positive
terms that are 0. The first term leads to uniform pressure for stabilizations (12¢) and (12d)
because their symmetric part contains only the top left diagonal term. Using the equation on the
Steger-Warming boundary condition gives p = p® = 0. O

Remark 3. As the set Ky, depends on the numerical flux, we denote it more precisely as IC( %) for
the Godunov scheme with centered pressure. We now give a hint on how Proposition 5 can be used
for proving uniformity of the pressure. Suppose that we deal with a triangular mesh. Then a known
result states that with the Godunov scheme (12b), the long time limit has a uniform zero pressure
see e.g. [17, 13, 11]. Moreover, this limit is such that the jump of u-n is also zero at the interior
faces of the mesh and at the wall boundaries, and equal to uy - n at the Steger- Warming boundary
faces. This means that this limit lies also in lellfc), which is then nonempty. Using Proposition 5,
the long time pressure for the Godunov scheme with centered pressure (12¢) is uniformly zero.
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4 Numerical experiments on the long time behavior of the
wave system

The aim of this section is to perform numerical tests on the long time limit of (10) for the wave
system with the different stabilizations that were described in (12) on triangular and quadrangular
meshes. For this, we consider the problem of the scattering of the wave system by a cylinder of
radius rg. The domain Q is an annulus [rg,71] x [0,27[. Here, we use 1o = 0.5 and 1 = 5.5.
We consider a wall boundary condition on the internal circle of radius rg and a Steger-Warming
boundary condition (with U, = (py,u;)?) on the external circle of radius r;. The boundary
conditions are such that
o =0, Up = (I’O)T

and the initial data are uniform and set equal to
po =0, ug = (0,0)".

All simulations were run with pg = 1, K9 = 1 and an Euler explicit time stepping.

This numerical test is useful because the exact steady solution can be computed. It satisfies
Vp = 0, divxu = 0 and curlyu = 0. Indeed, we have 0, (curlyu) = 0, then if at initial time
curlyu = 0, it is the case at any time. Using that u-n = 0 on the internal circle of radius ry and
that u-n = u, -n = (1,0)7 - n on the external circle of radius ry, the exact steady state can be
proven to follow

Pexact (T7 9) = Ou
7
r2 1 — — cos(20) (15)

. 0) =
Uexact (’I“, ) T% — T(Q)

e .
—2 sin(26)

We first aim at illustrating the convergence towards a steady state. As we saw in Proposition 1,
Proposition 2 and Section 3, all the presented schemes have a long time limit.

This test is performed on triangular and quadrangular mesh. The quadrangular mesh is ob-
tained by discretizing the annulus [rg,r1] x [0,27[ with a resolution of n, = 50 in the radial
direction and ng = 160 in the orthoradial direction. This mesh contains 8 000 quadrangular cells.
The triangular mesh is obtained from a quadrangular mesh produced with n, = 25 and ng = 80
by dividing each quadrangle into two triangles. This mesh contains 4 000 triangular cells. On
Figure 1, the pressure residual

pﬂ+l —p?
|| =——+

ot

and the velocities residuals are plotted as a function of the time. Even if the time required is very
different for the different stabilizations, all these schemes allow to reach a steady state with an
exponential convergence rate with respect to the time, which is in agreement with the theoretical
results of Section 2.2 and Section 3. On Figure 2, the influence of the CFL number on the
convergence rate is studied. The residuals obtained with respect to the number of time iterations
are plotted for the Godunov scheme on quadrangular mesh for various CFL number. The results
are in agreement with Remark 1, the convergence rate is proportional to the time step dt.

On Figure 3, the influence of the space discretization is studied. The residuals obtained with
respect to the number of time iterations are plotted for the Godunov scheme on different quad-
rangular meshes for a fixed time step 6t = 0.002. Quadrangular meshes are obtained using a
resolution n, in the radial direction and ng in the orthoradial direction of (n,,ng) = (6,20),
(nr,ng) = (13,40), (n,,ng) = (25,80), (n,,ny) = (50,160) and (n,,ny) = (100,320) and contain
respectively 120, 520, 2000, 8 000 and 32 000 cells. The space step h is respectively equal to 1.14,
0.57, 0.29, 0.15 and 0.07. The numerical diffusion of the scheme allows to prove the long time
limit of the numerical solution (see Section 3). We observe that the finer the mesh is (i.e. the less
diffusive the scheme is), the longer the convergence to the long time limit is.

Similar results can be obtained with triangular mesh and the different stabilizations of (12).
In the remainder of the paper, all the simulations were performed with a CFL number of 0.4.

We want now to study the convergence towards the exact solution (15). This is assessed
in two steps: first, the variables of U* are shown for the different numerical schemes on the
previous meshes. The pressure obtained is shown in Figure 4 for quadrangles, in Figure 5 for
triangles, whereas the velocity norm obtained is shown in Figure 6 for quadrangles and in Figure 7
for triangles. At the top left of each figure the minimum and maximum value of the field on the
domain are displayed. The second step for assessing the convergence towards the analytical solution

max
%
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Figure 1: Residual obtained with a CFL number of 0.4 with quadrangular and triangular mesh on
the pressure p and the velocities u, and u, as a function of the time.
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Figure 2: Residual obtained for different CFL numbers with quadrangular mesh on the pressure p
and the velocities u, and u, as a function of the number of time iterations.
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Figure 3: Residual obtained for different quadranguler meshes at fixed time step 6t = 0.002 on the
pressure p and the velocities u, and u, as a function of the number of time iterations.

consists in performing a mesh convergence study. In the triangular and quadrangular cases, five
different meshes are used. Quadrangular meshes are the same as on Figure 3. Triangular meshes are
obtained from the quadrangular meshes by dividing each quadrangle into two triangles and contain
respectively 240, 1 040, 4000, 16 000 and 64 000 cells. The final computational time depends on
the mesh and the scheme. It is fixed such that all the residuals are converged. Results are shown
in Figure 8.

From the results of Figures 4, 5, 6, 7 and 8, we remark that the stabilizations of the wave
system of (12) can be divided into two families

e The ones for which the long time limit of the discrete scheme has a uniform pressure equal
to 0, namely the pressure centered stabilization (12c), the LMAAP stabilization (12d), and
also the Godunov scheme (12b) on triangles. These schemes are such that the velocity of
the long time limit converges towards (15). For these schemes, the pressure of the long time
limit observed in Figure 4, Figure 5 and Figure 8 is uniform and equal to 0. Moreover, the
velocity shown in Figure 6 and Figure 7 is close of the exact solution. Figure 8 shows that
the velocity is converging towards the exact solution with a rate of 1 for the pressure centered
stabilization and the Godunov scheme on triangles, and 1/2 for the LMAAP stabilization.

e The ones for which the long time limit does not have a uniform pressure, namely on one hand
the Rusanov scheme and on the other hand the Godunov scheme on quadrangular meshes.
For these schemes, the pressure of the long time limit found in Figure 4 and Figure 5 is not
0, but in Figure 8 a convergence rate of 1 of the pressure towards 0 is observed. Figure 6
and Figure 7 show that the velocity is far from the exact solution, and Figure 8 shows that
the velocity does not converge towards the exact solution.

5 Conclusion
In this article, the long time limit of finite volume discretizations of hyperbolic systems was ad-

dressed. We proved in Section 2 that provided the numerical flux is sufficiently dissipative, the
long time limit always exist. We proved also that in general, the w-limit set of the whole space,
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Figure 4: Pressure field of the long time limit state obtained with the different stabilizations on
quadrangular mesh. Twenty equally reparted contours between —0.017 and 0.017 are plotted.
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Figure 5: Pressure field of the long time limit state obtained with the different stabilizations on
triangular mesh. Twenty equally reparted contours between —0.021 and 0.021 are plotted.
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Figure 7: Velocity norm of the long time limit state obtained with the different stabilizations on
triangular mesh. Twenty equally reparted contours between 0.1 and 1.14 are plotted.
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namely the set of all the possible long time limit for all the possible initial conditions, is an affine
space.

Then the results of Section 2 were applied to the wave system in Section 3, and numerically
tested in Section 4. In these two sections, the uniformity of the pressure of the long time limit was
discussed.

Last, we would like to point out an interesting link between the behavior of the numerical fluxes
at low Mach number and the long time limit of the matching stabilization of the wave system.
In [4, Proposition 2.3], the double scale asymptotic expansion of classical numerical flux and low
Mach number fixes was performed, leading to a stabilization of the wave system. It is worth noting
the exact matching between the low Mach number fluxes that are low Mach number accurate and
the uniformity of the pressure of the long time limit for the matching stabilization of the wave
system:

e The numerical fluxes that are low Mach number accurate match with a discretization of
the wave system for which the long time limit ensures a uniform pressure. In this case,
the velocity of long time limit converges towards the analytical solution, namely a harmonic
velocity.

e The numerical fluxes that are not low Mach accurate match with a discretization of the wave
system for which the long time limit does not ensure a uniform pressure. In case, the velocity
of long time limit does not converge towards the analytical solution.

Especially, a lot of recently proposed low Mach fixes [3, 10, 16, 15] match with the stabilization
(12¢) of the wave system when the double time scale asymptotic expansion is performed. Remark 3
proves that for all these schemes, the long time limit pressure of the matching wave stabilization
on triangular meshes is uniform. A more thorough study of the set Ky, defined in (14) is necessary
for concluding on the other low Mach number fixes.
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