Compact MILP formulations for the p-center problem
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We consider N clients {C 1 , ..., C N } and M potential facility sites {F 1 , ..., F M }. Let d ij be the distance between C i and F j . The objective of the p-center problem is to open up to p facilities such that the maximal distance (called radius) between a client and its closest selected site is minimized.

This problem is very popular in combinatorial optimization and has many applications. We refer the reader to the recent survey [START_REF] Calik | p-Center Problems[END_REF]. Very recent publications include [START_REF] Ferone | On the fast solution of the p-center problem[END_REF] which provides heuristic solutions and [START_REF] Calik | Double bound method for solving the p-center location problem[END_REF] on an exact solution method.

Let M and N respectively be the sets {1, ..., M } and {1, ..., N }. The most classical formulation, denoted by (P 1 ), for the p-center problem (see for example [START_REF] Daskin | Network and discrete location analysis[END_REF]) considers a variable R equal to the value of a radius, the binary variables y j equal to 1 if and only if F j is open and the binary variables

x ij equal to 1 if and only if C i is assigned to F j . (P 1 )                                                min R s.t. M j=1 y j ≤ p M j=1 x ij = 1 i ∈ N x ij ≤ y j i ∈ N , j ∈ M M j=1 d ij x ij ≤ R i ∈ N x ij , y j ∈ {0, 1} i ∈ N , j ∈ M r ∈ R (1a) (1b) (1c) (1d) (1e) 
Constraint (1b) ensures that no more than p facilities are opened. Each client is assigned to exactly one facility through Constraints (1c). Constraints (1d) link variables x ij and y j while (1e) ensure the coherence of the objective.

A more recent formulation of the p-center problem, denoted by (P 2 ), was proposed in [START_REF] Sourour Elloumi | A new formulation and resolution method for the p-center problem[END_REF]. Let D 0 < D 1 < ... < D K be the different d ij values ∀i ∈ N ∀j ∈ M. Note that, if many distances d ij have the same value, K may be significantly lower than M × N . Let K be the set {1, ..., K}. Formulation (P 2 ) is based on the variables y j , previously introduced, and one binary variable z k , for each k ∈ K, equals to 1 if and only if the optimal radius is greater than or equal to D k :

(P 2 )                              min D 0 + K k=1 (D k -D k-1 ) z k s.t. 1 ≤ M j=1 y j ≤ p z k + j : dij <D k y j ≥ 1 i ∈ N , k ∈ K y j , z k ∈ {0, 1} j ∈ M, k ∈ K (2a) (2b) (2c)
Constraints (2c) ensure that if no facility located at less than D k of client C i is selected, then the radius must be greater than or equal to D k . This formulation has been proved to be tighter than (P 1 ). However, its size strongly depends on the value K (i.e., the number of distinct distances d ij ).

In this work we first prove that a large part of constraints (2c) are redundant and can be removed without affecting the quality of the linear relaxation. This leads to a formulation (CP 1 ) with O(min(N M, N K)) constraints instead of O(N K).

Then, we introduce (CP 2 ) which is the most compact formulation currently known for this problem. It is obtained by replacing the K variables z k of (CP 1 ) by a unique variable r which represents the index of a radius. We prove that the linear relaxation of (CP 1 ) is stronger than the one of (CP 2 ).

We besides introduce an iterative algorithm which enables us to reduce the number of clients and facilities as well as to compute strong bounds which significantly reduce the size of formulations (P 2 ), (CP 1 ) and (CP 2 ).

Finally, the efficiency of the iterative algorithm and the proposed formulations are compared in terms of quality of the linear relaxation and computation time over instances from OR-Library.