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Introduction

The study of eigenvalue problems for partial differ-
ential equations has a long history during which a
variety of themes has emerged. Although historically
such efforts have focused on eigenvalue problems de-
fined on bounded domains, the importance of scat-
tering theory in modern mathematical physics has
led to an intensive study of eigenvalue problems in
unbounded domains connected with the Schrodinger
equation and the wave equation for propagation in an
inhomogeneous medium. A particularly noteworthy
development in this latter direction has been the the-
ory of scattering resonances which now play a central
role in mathematical scattering theory. For a magis-
terial presentation of this theory we refer the reader
to the monograph by Dyatlov and Zworski [DZ19].
More recently, a new eigenvalue problem in scatter-
ing theory has attracted increased attention both in-
side and outside the scattering community. This new
problem is called the transmission eigenvalue prob-
lem and in a certain sense exhibits a duality rela-
tion to the theory of scattering resonances. The pur-
pose of this short survey is to introduce this class
of non-selfadjoint eigenvalue problems to the wider
mathematical community. For further information
on transmission eigenvalues, including applications to
inverse scattering theory, we refer the reader to the
monograph [CCH16] and Chapter 10 of [CK19).
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The transmission eigenvalue problem arises in the
study of wave propagation in an inhomogeneous
medium. Hence, for the benefit of the reader who
is not an expert in scattering theory, we begin by de-
scribing the basic elements of acoustic scattering the-
ory (see [CK19]). Broadly speaking, acoustic scatter-
ing theory is concerned with the effect an inhomoge-
neous medium has on an incident wave. In particular,
if the total field u is viewed as the sum of an incident
field u® and a scattered field u*, then the scattering
problem is to determine u* from a knowledge of u’
and the differential equation governing the wave mo-
tion. More specifically, assume that the incident field
is given by the time-harmonic acoustic plane wave

’U,i(:Z?,t) — ei(kz-yjfwt)

where z € R?, t denotes time, k = w/co is the wave
number, w is the frequency, ¢y is the speed of sound
and the unit vector ¢ is the direction of propaga-
tion. Then factoring out the term e~*?, the simplest
acoustic scattering problem for the case of an inho-
mogeneous medium is to find the total field u such
that

Au + E*n(x)u =0 in R (1)
u(x) = u'(z) +u*(x) (2)

. u® o\
Tli}n(}or(aT —zku)—O (3)

where u(z) = e?**¥ r = |x|, n = 2 /c? is the refrac-
tive index where ¢ = ¢(x) is the speed of sound in
the inhomogeneous medium and (3) is the Sommer-
feld radiation condition which holds uniformly with
respect to & := xz/|z| and guaranties that the scat-
tered field is outgoing. It is assumed that 1 — n has




compact support in a bounded region D having piece-
wise smooth boundary D such that R?\ D is con-
nected and that n € L°(D) is such that n(x) > 0 for
x € D. It can be shown that there is a unique solu-
tion u® € HY (R®) to the scattering problem (1)-(3)
and that u®(z) := u®(z, ¢, k) (for fixed § and k) has
the asymptotic behavior
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where the function u™ (%) := u™®(&,9,k) is called
the far field pattern and is an infinitely differentiable
function of & on the unit sphere S2. Rellich’s lemma
says that u™(2) for # € S? determines u®(z) for
r € R3¥\ D. Note that if we vary the incident di-
rection § € S?, u™(Z,9, k) is also infinitely differen-
tiable with respect to ¢, and in fact it can be shown
that u® (2,9, k) = u> (-7, —, k).

Figure 1: Sketch of the scattering problem

Associated with the scattering problem (1)-(3) are
two basic non-selfadjoint eigenvalue problems. The
first of these, and by far the most studied, is the
theory of scattering resonances which seeks values of
the wave number k such that for u! = 0 there exists
a nontrivial solution u of (1)-(2) with an appropriate
modification of the radiation condition (3) accounting
for S(k) < 0. Such values of k are called scattering
resonances and can be shown to form a discrete set
lying in the lower half of the complex k-plane. The
second class of eigenvalue problems associated with
the scattering problem (1)-(3), and one of more recent

origin, is the theory of transmission eigenvalues and
this is the topic of our survey article. Now, instead of
asking for a nontrivial solution u of (1)-(3) for which
u® = 0, we ask if there is a nontrivial solution u of
(1)-(3) for which u®* = 0. In other words, we ask
the question if we are able to construct an incident
field which does not scatter. Values of k for which
this is possible will lead to the theory of transmission
eigenvalues. Of particular interest to us in the sequel
will be incident fields u’ = v, where v, is defined by
vlo) = [ g@et=ds )
52
and g € L*(S?) is referred to as the kernel of v,.
Solutions of the Helmholtz equation of the form (5)
are called Herglotz wave functions and are extensively
discussed in [CK19].
We now proceed to outline the basic theory of trans-
mission eigenvalues and in particular their dual rela-
tionship to scattering resonances. We begin by noting
that a solution v of the Helmholtz equation
in R?

Av+ k=0 (6)

is of the form v, in (5) if an only if

1
}S%li% ﬁHUHU(BR) <o
where Bp, is the ball of radius R centered at the ori-
gin. Every v, in the space of Herglotz wave functions
can be uniquely decomposed as vy := uy — uy where
the total field u, and the scattered field uy satisfy
(1)-(3) with u® := v,. The scattering operator (ma-
triz) as defined by Lax and Phillips in [LP89] maps
vg — uy and for k such that I(k) > 0 is an iso-
morphism in appropriate Banach spaces. A heuris-
tic argument for the latter can be given using the
Lipmann-Schwinger equation for the solution of (1)-
(3) with u’ := v, in terms of the compact k-analytic
integral operator T'(k) : L?(Bg) — L*(Bgr)

(I = T(k))u = v, (7)

where D C Br and

) eik|m7y|
Ty 1 [ (1 = (o)) u) dy



A fixed point argument implies that for |k| small
enough I — T'(k) is invertible, and hence by the An-
alytic Fredholm Theory we have that u, := (I —
T(k))'v, is meromorphic for k € C. Furthermore,
for k such that S(k) > 0, uniqueness of the scattering
problem implies that u, is analytic and thus its poles
are in the lower-half complex plane.
Of particular interest to us in the sequel will be the
“incoming-to-outgoing” mapping vy — ug 1= ug—vy.
We shall characterize this in terms of the far field pat-
tern defined in (4). To this end let ug® denote the far
field pattern of the scattered field u; corresponding
to the incident field v4. The compact linear operator
F(k) : L*(58%) — L*(S?) defined by
F(k): g uy’ (8)
is called the far field operator (otherwise referred to
as the relative scattering operator). Clearly from (5)
and by linearity

u(#) = (F(k)g)(#) = / w5, 5, k)g(§) ds

S2

where 4> (&, g, k) is the far field pattern of the scat-
tered field due to an incident plane wave e?*%9 (4).
The scattering operator S(k) : L?(S?) — L?(S?) can
then be expressed as [LP89]
ik
Sk): =T+ 27rF<k)'

If $(n) = 0 then F(k) is normal and S(k) is unitary
for real k > 0, which is not the case if (n) > 0 on
a subset of D of non-zero measure. Both are ana-
lytic operator valued functions of k£ in the upper half
complex plane. The scattering poles are the poles of
the meromorphic extension of S(k) in the lower half
complex plane.

Now we are ready to formally introduce the trans-
mission eigenvalue problem. An application of Rel-
lich’s lemma implies that the incident field v, with
g € Kern F(k) does not scatterer. Straightforward
calculation reveals that the kernel of F(k) consists of
all g € L?(S?) such that, if v, is the corresponding
Herglotz wave function, v := vg|p and u satisfy the

transmission eigenvalue problem

Au+ E*n(x)u =0 in D
Av+E2v=0 in D
U= on 0D 9)
ou Ov
% = % on (9D

A value of k € C is said to be a transmission eigen-
value if (9) has non-trivial solutions u € L*(D)
v € L?(D), such that u — v € HZ(D). We call
the pair (u,v) the corresponding eigenfunction. In
general, at a transmission eigenvalue the part v of
the corresponding eigenfunction does not take the
form of a Herglotz wave function and hence the ker-
nel of the far field operator is in general empty.
Thus the set of non-scattering wave numbers k for
which Kern F(k) # {0} is a subset (possibly empty)
of the transmission eigenvalues. There is a special
configuration for which transmission eigenvalues and
non-scattering frequencies coincide, namely the case
of spherically stratified media which is discussed in
the next section. Allowing u' to be any function
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Figure 2: Tlustration of a transmission eigenvalue for a
dielectric medium formed by two concentric circles with
outer radius = 1 and inner radius = 0.3. The refractive
index n = 2 in the annulus and n = 3 in the inner circle.
The wave number is k = 7.223. Left: Incident field; a
Herglotz wave function with kernel g(0) = exp(—2:0).
Middle: Total field. Right: Scattered field (=0 outside
the circle of radius 1).

v € Hine(D) with
v € Hine(D) :={ve L*(D): Av+k*v =0}

the scattered field u® corresponding to v can be de-
fined as u® € H? (R3) satisfying

loc

Au® 4+ E*nu® = k*(1 —n)v in R3 (10)



together with the Sommerfeld radiation condition
(3). Note that H;n.(D) is a Hilbert space which
densely contains the Herglotz wave functions v,.
Defining the operator G(k) : Hine(D) — L*(S?) map-
ping v — u* where u™ is the far field associated with
the solution of (10), which is a compact linear op-
erator, then we can equivalently define transmission
eigenvalues as the values of k for which Kern G(k)
is nontrivial (in fact the part v of the corresponding
eigenfunction belongs to Kern G). In addition, the
following relation holds

where

H(k): g — vg|D (11)
and we already observed that H(L2(S52)) = Hin(D).
Hence, in general, at a transmission eigenvalue one
can construct a Herglotz wave function v, of unit

L?(D)-norm, that produces an arbitrarily small scat-

tered field uj (see Figures 2 and 3).

Figure 3: We represent the scattered fields for the
same scattering experiment as in Figure 2 with an in-
cident field being a Herglotz wave function with kernel
g(0) = exp(—2i0) but for different wave numbers. From
top to bottom and left to right K = 6, k = 6.5, k = 7,
k = 7.223 (a transmission eigenvalue).

Spherically stratified media

As mentioned above, the scattering problem for
spherically symmetric media is of great importance
since it provides an example where the set of non-
scattering frequencies and transmission eigenvalues
are the same. More precisely, when D is a ball of ra-
dius a centered at the origin and n := n(r), r = |z|, is
a radial real valued function, the part v of a transmis-
sion eigenfunction is indeed a Herglotz wave function
and hence transmission eigenvalues coincide with the
values of k € C for which Kern F(k) # {0}. Fig-
ure 2 gives an example in two dimensions. To see
explicitly what the transmission eigenvalues are in
this case, we use as incident field the Herglotz wave
function v = je(k|z|)Y,"(&) where j, is a spherical
Bessel function and Y;™ is a spherical harmonic of
order £ € Ng, m = —{---{. Straightforward calcula-
tions by separation of variables lead to the following
expression for the scattered field for r > a and the
corresponding far field, respectively

() = e ka7 )
sora  Colksn) 1
u>(2) = mgye (2)

where hgl)(r) is the Hankel function of the first kind
of order ¢ and

. (@) —jlha)
Celkin) = det < Wla) —kji(ka) >
ye(a)

Wo(k; n) = det < —1y")(ka) )

yi(a) —kh{" (ka)

with gy, the solution to

2 L0+ 1
y'+ =+ <k2n(r) - #) y=0
r r
which as r — 0 behaves like ji(kr) i.e.
4
lim, g r_fyg(r) = %. Thus transmission

eigenvalues are those values of £k € C such that
Ce(k;n) = 0, whereas the scattering poles are k €
C for which Wy(k;n) = 0. The latter set lies



in the lower half of the complex plane. If k is
a zero of Cy(k;n) (i.e. a transmission eigenvalue)
then the part v of the corresponding eigenfunction is
v = je(k|z|)Y, (&) which is an entire solution of the
Helmholtz equation in R3. All transmission eigenval-
ues for a spherically stratified medium are obtained
in this way by choosing ¢ € N. Hence in this case,
at any real transmission eigenvalue, there is at least
one incident wave v = jy(k|z|)Ye(2) for some ¢ € N
that does not scatter (in fact there are at least 2¢+ 1
linearly independent non-scattering incident waves) .
It is possible to give more details on the structure
of transmission eigenvalues for spherically stratified
media if we focus on the case of spherically symmet-
ric incident fields (¢ = 0 in the above discussion),
in other words when the transmission eigenfunction
is radially symmetric. Hence in the rest of this sec-
tion we consider only transmission eigenvalues with
spherically symmetric eigenfunctions. These are the
zeros of Cy(k;n), and at such a zero v := jo(kr) and
u = yo(r) satisfy the transmission eigenvalue prob-
lem:

Au+E*n(rju=0 for |r|<a
Av+k?v=0 for |r|<a
v(a) —u(a) =0 and v'(a)—u'(a)=0

Letting yo(r) := y(r)/r where now y(r) satisfies y"’ +
k*n(r)y = 0, and noting that jo(kr) = sin(kr)/kr,
we obtain that k is a transmission eigenvalue i.e.
Co(k;n) =0, if and only if

d@ﬂ:_(Mt<5%3

We now note that d(k) is an entire function of k that
is real for real k and is bounded on the real axis.
Hence, by Hadamard’s factorization theorem, if d(k)
is not identically zero, then there exists a countable
set of transmission eigenvalues (c.f. [CCH20] for this
conclusion in a similar case). It can be shown that
if d(k) is identically equal to zero then n(r) is iden-
tically equal to one [CCH16], Section 5.1. From now
on we assume that

0= /a\/n(p)dpyé a.
0

—shﬂka)/k) o

—coska

(12)

An asymptotic analysis shows that

1

sin(kd) cos(ka)

1
+o(ﬁ>
as k — oo and hence there exist an infinite number
of positive transmission eigenvalues.

[ 1
[n(0)n(a)]'/*

{Zgg§}1/4608<k5>sin<ka>

Example: Let n(r) = n2 with ng a positive constant.
When ng = 1/2 we have that

ﬂm_%gﬁ(%>

and hence d(k) has a set of real zeros and no complex
zeros. When ng = 2/3 we have that

it = sind (1) [3+ 2008 (%57

and hence d(k) has an infinite set of real and complex
Z€eros.

This example demonstrates the perplexing structure
of transmission eigenvalues and in particular their
dependence on the properties of the contrast of the
medium. Now let n € C?[0, a] and assume (12) holds.
Then one can prove the following results [CK19]

Theorem 1 Assume that either 1 < /n(r) < d/a
ordfa < /n(r) <1 for 0 <r <a. Then there ex-
ists infinitely many real and infinitely many complex
transmission eigenvalues.

Theorem 2 Assume that n(a) # 1. Then, if com-
plex eigenvalues exist, they all lie in a strip parallel
to the real axis.

The above theorems are quite different if we relax the
assumption that n(a) # 1. In particular if n(a) =1
and n/(a) = 0 then there exist infinitely many real
and infinitely many complex transmission eigenval-
ues only under extra assumptions, e.g. n”(a) # 0.
Furthermore, if n(a) = 1 and either n’(a) or n’(a)
is non-zero, then the set of transmission eigenvalues
does not lie inside any fixed strip parallel to the real



axis. The extension of these results to the general
media case will be discussed later in this paper.
Given the existence of both real and complex
transmission eigenvalues for a spherically stratified
medium with spherically symmetric eigenfunctions, it
is a natural question to ask if whether or not a knowl-
edge of all eigenvalues, both real and complex in-
cluding multiplicity, uniquely determine n(r). Recent
progress in this direction has been obtained by Akto-
sun, Gintides and Papanicolaou, and Colton and Le-
ung (see [CCH16], Section 5.1 and references therein).
Both of these papers assumed that 0 < n(r) < 1
for 7 < a as well as the fact that n(a) = 1 and
n/(a) = 0. The case when n(r) > 1 is still open.
However it can be shown that all transmission eigen-
values (not only those with spherically symmetric
eigenfunctions), real and complex including multi-
plicity, uniquely determine n(r) in both the case when
0 <n(r) <1andn(r) > 1 for r < a provided that
such information is known along with the value of
n(0) [CCH16], Section 5.2.

Note that a similar asymptotic analysis used above
for Cp(k;n), can be employed to prove that Wy(k;n)
has infinitely many complex zeros, thus proving the
existence of an infinite set of scattering poles for
spherically symmetric media (see [CCH20] for more
details)

Non scattering frequencies and
transmission eigenvalues

The basic question that led to the transmission eigen-
value problem is the injectivity of the far field opera-
tor F'(k). In particular, if the far field operator F'(k)
is not injective, then there is a Herglotz wave function
vy which is not scattered by the homogeneity. We
can more generally define non-scattering wave num-
bers as the values of k € R for which there exist an
incident wave v, a solution of the Helmholtz equation
Av+k%v = 0 in R3, which does’t scatter by the inho-
mogeneity. A necessary condition for k£ to be a non-
scattering wave number is that k is a transmission
eigenvalue with u := (u® + v)|p and v := v|p as cor-
responding eigenfunction. On the other hand, a real

transmission eigenvalue k is a non-scattering wave
number if the part v of the corresponding transmis-
sion eigenfunction is also defined as a solution of the
Helmholtz equation outside D. Whether at a trans-
mission eigenvalue such an extension is possible re-
mains largely open. In the case of a spherically strat-
ified media, we already saw that there exist infinitely
many non-scattering wave numbers and furthermore
the set of non-scattering wave numbers coincides with
the set of real transmission eigenvalues. The spher-
ically symmetric configuration is unstable with re-
spect to non-scattering. Recently in [VX] it is shown
in R? and for constant refractive index n # 1 that if
the disk is perturbed even slightly to an ellipse with
arbitrarily small eccentricity then there exist at most
finitely many positive wave numbers for which a Her-
glotz wave function with a fixed, smooth non-trivial
density can be non-scattering. When the boundary
of the inhomogeneity D contains a corner, at a trans-
mission eigenvalue it is impossible to extend the part
v of the transmission eigenfunction as a solution to
the Helmholtz equation in the vicinity of the cor-
ner outside D. Thus, for such inhomogeneities, non-
scattering wave numbers do not exist. This result was
first proved in [BPS14] for D having a right angle and
non-vanishing n—1 at the corner, followed by [EH18]
for inhomogeneities containing arbitrary corners and
edges. The recent paper [CV21] contributes to filling
the gap between spherically symmetric media and in-
homogeneities containing a corner in relation to non-
scattering waves (with the exception of a few earlier
partial results for analytic boundaries, c.f. references
in [CV21]). Roughly speaking, employing techniques
on free boundary regularity, the authors show that if
there is a point xg € D, such that n is analytic in a
neighborhood of xp, but the boundary is not analytic
in any neighborhood of z(, then every incident field
v is scattered, provided (n(zo) — 1)v(zo) # 0. A sim-
ilar result is proven for n that are less regular locally
near xg, in which case it is proven that if the bound-
ary is not sufficiently smooth locally (related to the
order of smoothness of n), then every incident wave is
scattered, again provided (n(xzg) — 1)v(zg) # 0. The
study of the behavior of transmission eigenfunctions,
in particular of the part v satisfying the Helmholtz
equation, is important since one can obtain informa-



tion about v from scattering data and this informa-
tion can be used in inverse scattering theory. The
results in [CV21] also shed light into boundary regu-
larity of transmission eigenfunctions.

Inside-outside duality

The fact that the injectivity of the far field operator
can be related to eigenvalues of an interior problem is
referred to in the literature as inside-outside duality
[KL13]. It leads in particular to a numerical algo-
rithm for determining real transmission eigenvalues
from the far field operator. The algorithm described
n [CCH16], Section 4.4 is based on a study of the
phase of the eigenvalues of the far field operator. For
media with real valued index of refraction n, the com-
pact far field operator F'(k) is normal and therefore
admits a sequence of eigenvalues \; (k) that accumu-
lates at the origin. One then can prove the following
theorem, where we have set \;(k) := \;(k)/|\; (k)|
and v;(k) := H(k)g;/|H(k)gjllL2(p) where g; is an
eigenfunction associated with A;(k) and H(k) is de-
fined by (11). This theorem states how to determine
real transmission eigenvalues along with an approxi-
mation of the v part of the corresponding eigenfunc-
tion from the far field operator. We refer the reader
to [ACH18] for details.

Theorem 3 Assume thatn—1 > « > 0 (respectively
1—n>a>0)in D for some constant . Let kg > 0,
and {ke} be a sequence of positive numbers converging

to ko as £ — oo. If there exists a sequence {5\5} such

that N\ = X, (k¢) for some j, and \* —
tively A +1) as £ — oo, then kg is a transmission
eigenvalue. Moreover, the sequence {v;,(ke)} admits
a subsequence that converges strongly in L*(D) to a
non trivial v solving (9) with k = kg.

—1 (respec-

The converse of the statement in this theorem has
been proved only for cases where n is a sufficiently
small perturbation of a constant [KL13].

The inside-outside duality also leads to a duality be-
tween the set of transmission eigenvalues and the set
of scattering poles. In particular, these two sets are
interchangeable if instead of the relative scattering

operator for the scattering problem (1)-(3) we con-
sider the relative scattering operator for an appropri-
ate interior scattering problem. Such a duality was
first established in [CCH20] and we sketch the ap-
proach given there for the special case when the inte-
rior relative scattering operator is defined on a sphere
inside D centered at the origin. This allows us to give
an equivalent definition of the involved operators in
terms of Fourier series representation which better
reveals the duality between the exterior and interior
operators (since there is no natural dual definition of
the far field for the interior problem). To explain this,
we first represent the far field operator defined by (8)
as a Fourier series in terms of spherical harmonics
{Y,™(#)}. For g € L*(S?) we set

oo £
9@) =Y > gem¥i"(@)

=0 m=—¢

and define an isometry Z between L?(S?) and 1%(Z)
by the mapping g — § := {g¢,m}. Thus we now have
a new representation of the far field operator, denoted
by F(k) : 12(Z) — 12(Z):

F(ky=T"VF(k)T!

where Z~1" denotes the L2-adjoint of Z~'. The dis-
cussion on transmission eigenvalues in connection to
the kernel of the operator F'(k) can now be carried
over in exactly same way as before if we replace F'(k)
by F(k). To introduce the duality, we first observe
that the operator F(k) can be equivalently defined
using scattered waves associated with incident spher-
ical waves. More precisely, let uj . (x) be the scat-
tered field corresponding to the incident wave (which
is a Herglotz wave function)

v(x) = Je(klz])Y," (2).

Outside a ball By of radius R containing D, the scat-
tered field can be expanded as

=YY g

p=04g=—p

D (k[ Yy (&)

(note Y, = Y, %). Then, up to a multiplicative con-



stant the Fourier coefficients of F(k)g are

P.q
Gpg = E: E:gﬁm%m

=0 m=—4¢

(13)

Now reversing the role of the incident and scattered
waves, we can define similarly to (13) an interior
far-field operator to characterize the scattering poles
where in the following we assume that k is complex
with 3(k) < 0. To this end, let Bs C D be a ball
centered at the origin, and for an outgoing solution
to the Helmholtz equation

wem () = je(k8)hY (k|x|) Y™ (&)

we denote by (wem,vem) € L*(D) x L*(D) the solu-
tion of the interior transmission problem

Atgm + k*n(z)ugm =0 in D
Avg m + k2’Ug7m =0 in D
Upm — Ve,m = We,m on 0D

aUg m (%g m awg m

mo mo_ ) oD
ov ov ov on

Inside Bjs, the field vy, can be expanded as

-3 3 w2z,

p=0g=—p

vlm

Thus, we can define the interior far field operator
Fing - 12(Z) — 12(Z) by its Fourier coefficients

(~znt p,q Z Z ge, mbp:gn-

=0 m=—¢

(14)

Observe that this operator can be defined for any
k € C with (k) < 0 that does not coincide with
a transmission eigenvalue. Now, let k£ be such that
there exists a § # 0 with Ej(k)§ = 0. Then by
unique continuation we have that

o0 n
vg = Z Z In.mVUn,m =0

n=0m=—n

in D

3

H2

and consequently one can show that w € HZ (R?)

defined by

) 4
w = E E ge,mUe,m

{=0 m=—/¢

in D

and

o l
_ . 3
w = E g 9o, mWe,m in R°\ D
=0 m=—/¢
is a non trivial solution of

Aw+Enw=0 inR3

0P (-, .
- w(y)# dy inR3\ D.

This means that such a value of k is a scattering
pole. For the given inhomogeneity (D,n), there is a
duality between F(k) whose kernel is related to the
transmission eigenvalues and I:"mt(k) whose kernel is
related to the scattering poles. Both are defined by
similar expressions, but F(k) corresponds to the ex-
terior scattering problem due to an incident Herglotz
wave function, whereas Fj,; (k) corresponds to the in-
terior scattering problem due to an incident outgoing
spherical wave. In [CCH20] this duality is expressed
in terms of near field operator for the exterior scat-
tering problem and an interior operator associated
with w being a single layer potential associated with
a boundary strictly included in D. The interior op-
erator (k) coincides (up to an isometry) with the
interior operator considered in [CCH20] when the sin-
gle layer potential is supported by 0Bs.

Transmission for

general media

eigenvalues

We now turn our attention to the study of the spec-
tral properties of the transmission eigenvalue prob-
lem for general media. Despite its inherent connec-
tion with scattering theory, the transmission eigen-
value problem is a new spectral problem leading to
many interesting and challenging mathematical ques-
tions. The transmission eigenvalue problem has a
deceptively simple formulation, namely two elliptic
PDEs in a bounded domain that share the same
Cauchy data on the boundary, but presents a per-
plexing mathematical structure. In particular, it



is a non-selfadjoint eigenvalue problem for a non-
strongly elliptic operator, and hence the investiga-
tion of its spectral properties becomes challenging.
Roughly speaking, the spectral properties depend on
the assumptions on the contrast n — 1 of the media.
Questions central to the inverse scattering theory in-
clude: the discreteness of the spectrum, the location
of transmission eigenvalues in the complex plane, the
existence of transmission eigenvalues and the deter-
mination of real transmission eigenvalues from scat-
tering data, which is important since real transmis-
sion eigenvalues can be used to obtain information
about the material properties of the scattering me-
dia. For a more comprehensive and detailed discus-
sion on the transmission eigenvalue problem and its
application in inverse scattering we refer the reader
to the monograph [CCH16].

Setting k2 := 7, the transmission eigenvalue problem
(9) written in terms of w = u — v and replacing kv
by v becomes: find w € HZ(D) and v € L*(D) such
that

{ Aw+1nw = (1 —n)v in D, (15)

Av+T10=0 in D.

We have already noticed in the spherically stratified
case that this eigenvalue problem is not selfadjoint
(since complex eigenvalues can exist). Obviously this
is a non standard system of two elliptic partial differ-
ential equations since one unknown has two boundary
conditions while the other has none. A first natural
idea is to eliminate v from the system which obvi-
ously can be done if 1/(n — 1) is in L°>°(D). Under
this assumption, w € H3 (D) satisfies

(A+7) in D.

(A4+mm)w=0 (16)

n—1
We therefore obtain a quadratic eigenvalue problem.
Note that although the transmission eigenvalue prob-
lem (16) has the structure of a quadratic pencil of
operators, it appears that available results on these
types of operators are not applicable to our problem
due to the incorrect signs of the involved operators.
This formulation can be used however to prove dis-
creteness of transmission eigenvalues provided that
the contrast function n — 1 keeps a definite sign in

the whole domain D. Since AﬁAw is an equiva-

lent norm in HZ (D), from an application of the An-
alytic Fredholm Theorem one easily sees that the set
of transmission eigenvalues is at most discrete with
infinity as the only accumulation point and that all
transmission eigenvalues have finite multiplicity. Fur-
thermore, by rewriting (16) one can also prove the
existence of an infinite set of real transmission eigen-
values. For instance, if the contrast n — 1 is positive
definite in D then the main idea is to consider for
fixed 7 the generalized self-adjoint eigenvalue prob-
lem

(A+7) (A+T)w+7%w = —\(1)Aw in D (17)

n—1
and notice that transmission eigenvalues of (16) are
solutions to A(T) = 7. Proving existence of zeros
to this equation exploits a min-max principle for
A(7) and the construction of special subspaces using
known results on transmission eigenvalues for spher-
ically symmetric problems. This reasoning leads to
the following theorem, where n € L>°(D) and we set

0<n,= i%f(n) and n* :=sup(n) < +o00
D

Theorem 4 If either 1 < n, or n* < 1, then there
exists an infinite sequence of real transmission eigen-
values 7; > 0, for j € N accumulating only at 4-oc0.

The proof of the above theorem also provides mono-
tonicity results for real transmission eigenvalues with
respect to n. More specifically, let 7; := 7;(n, D) > 0
for j € N be the increasing sequence of the transmis-
sion eigenvalues for the media with support D and
refractive index n(z) such that 7; is the smallest zero
of A\;j(1) = 7 for some eigenvalue A; of (17). More
specifically, let D1 and D5 be two domains such that
Dy C D C Do, then for 1 < n, the following mono-
tonicity property hold

Tj(n*,Dg) S Tj(n*,D) S Tj(?’L,D)
< Tj(n*vD) < Tj(n*le)a
whereas for n* < 1

Tj(n*vDQ) < Tj(n*aD) < Tj(?’L,D)
< 7;(n*,D) <T7;(n*,D1).



In particular, the above inequalities are valid for the
smallest real transmission eigenvalue 71 (n, D) > 0.
This fact can be used to show that a constant re-
fractive index n # 1 is uniquely determined from
71(n, D). Furthermore, the smallest real transmis-

A(D
sion eigenvalue satisfies 71 (n, D) > (*) itl < n,
n

and 7 (n, D) > A(D) if n* < 1, where A(D) is the
first Dirichlet eigenvalue of —A in D.

In the cases when n does not keep the same sign
in D, the approach described above does not work
anymore. In particular, the existence of real trans-
mission eigenvalues is still an open problem for this
case and all the known spectral results are obtained
under the standard assumption that the contrast
n — 1 has a definite sign in a boundary neighbor-
hood Ds := {z € D; dist(x,0D) < §}. Then, if we
assume that either 1 < infp,(n) or supp, (n) < 1,
under the same L*°-regularity assumption on n as
above it is proven that the set of transmission eigen-
values is at most discrete with infinity as the only
possible accumulation point (see [CCH16], Section
3.1, and references therein). The proof of discrete-
ness is based on first showing that the resolvent of
(15) is Fredholm of index zero. The uniqueness of
the solution is then proved for 7 = ¢\ with \ suffi-
ciently large, exploiting the exponential decay inside
D of solutions to the Helmholtz equation for such
wave numbers. The proof is now completed by ap-
pealing to the Analytic Fredholm Theorem. However,
the real interest related to the discreteness of trans-
mission eigenvalues is in the case when the contrast
n — 1 is allowed to change sign in D, and this case is
still not understood. The discreteness of transmission
eigenvalues in this case, if it holds, would imply the
uniqueness of the sound speed for the wave equation
with arbitrary source which is a question that arises
in thermo-acoustic imaging.

In the case when both the domain D and the real
valued refractive index n are C'°°-smooth, with the
additional assumption that n # 1 on 9D, a com-
plete characterization of the spectrum of the trans-
mission eigenvalue problem is presented in [Rob13].
This study is done in the framework of semiclassical
analysis, relating the transmission eigenvalue prob-
lem to the spectrum of a Hilbert-Schmidt operator

whose resolvent exhibits the desired growth proper-
ties following the approach of Agmon in [Agm10].
This reasoning leads to the following spectral theo-
rem

Theorem 5 Assume that n € C*®(D), dD is of
class C*, n(x) > ng > 0 for x € D, andn # 1 on
0D. Then there exist an infinite number of trans-
mission eigenvalues k € C and the space spanned

by the generalized eigenfunctions (w,v) is dense in
HZ(D) x {LQ(D), Au € L2(D)}.

Another important question is the location of the
transmission eigenvalues in the complex plane C. In
particular, it is desirable to know if there exists a half
plane in C free of transmission eigenvalues. This is an
important question for analyzing the time-domain in-
terior transmission problem which is the main build-
ing bloc for the time-domain linear sampling method
for inhomogeneous media [CMS]. It was the paper
by Vodev [Vod18] which shed light onto this issue.
To explain the result in this paper, we first remark
that the transmission eigenvalue problem (9) can be
recast in terms of the difference of two Dirichlet-to-
Neumann operators. More precisely, let us define

Ny(k) : ¢ = 2% where u solves

{

(provided k? is not a Dirichlet eigenvalue). Then,
the transmission eigenvalue problem can be viewed
as finding k € C for which there exists a nontrivial u
such that

T (k)u := Np(K)u — N1(k)u = 0.

The operator T (k) : H=/?*5(0D) — H'/?*+5(9D),
0 < s <1 is one order smoothing and is Fredholm
with index zero. The eigenvalue free zone in C corre-
sponds to k € C for which T (k)~! exists. In [Vod18§]
it is proven that all transmission eigenvalues k lie in
a horizontal strip about the real axis. In addition
this paper provides k-explicit bounds for the norm
of the inverse of T (k) as well as Weyl’s asymptotic
estimates for the transmission eigenvalues. The main
tool in obtaining these results is the derivation of re-
fined high frequency estimates for the Dirichlet to

Au+k2qu=0
u=@

in D
on 0D
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Neumann operator in the framework of semiclassical
analysis. Therefore these results require C*° regu-
larity for both D and n and are summarized in the
following theorem.

Theorem 6 Assume that n € C*(D), 9D is of
class C*, n(z) > ng > 0 forx € D, and n # 1
on dD. The following holds:

i) There are no transmission eigenvalues in the
region {k € C: |S(k)| > ~v}, for some constant
v > 0. In this region, T(k)~* : H' (D) —
L?(0D) is bounded, and if in addition R(k) > 1,

|T(k) Y < clk|™"  for some ¢ > 0.

ii) Let N(r) := # {k trans. eigen. |k| < r} then

N = 6% /D (14 n(@)?*?) dz+ O, (r*+)

for all0 < € << 1, where the order term depends
on €.

We conclude this section by listing a few important
open questions. Although for the spherically sym-
metric media it is proven that complex transmission
eigenvalues exist, for general media (D,n) it is not
known if this is the case. Also in the case when the
contrast n — 1 is of one sign in a neighborhood of
0D but otherwise it changes sign inside D, it is not
known if real transmission eigenvalues exist, a ques-
tion which is important in the use of transmission
eigenvalues to obtain information on the refractive
index n. Nothing is known about the spectral prop-
erties of the transmission eigenvalue problem in the
case when there is a point P on the boundary 0D for
which n — 1 changes sign in every neighborhood of
P inside D. Finally the case of absorbing media, i.e.
media with refractive index n(z) := n1(z) + £na(z)
with n; and ngy positive definite real valued functions,
is not fully understood. Although the discreteness
of transmission eigenvalues is proven under some as-
sumptions on n; — 1, nothing is known about the
existence of the eigenvalues and their location in the
complex plane.
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Generalizations

Transmission eigenvalues in scattering
by anisotropic media

Of great interest in many applications is the scatter-
ing problem for anisotropic media having support D
where the wave propagation of the total field u inside
D is governed by

V- A(z)Vu + E*n(z)u =0

where A is a positive definite 3 X 3 symmetric matrix
valued function. The same analysis of the injectiv-
ity of the far field operator as previously discussed
leads to the following transmission eigenvalue prob-
lem: find u € H'(D) and v € H'(D) such that

V- AVu + k*nu =0 in D
Av+E2v=0 in D
U= on 0D (18)

v-AVu=v- Vv 0D.

on

Results on discreteness, existence of real transmis-
sion eigenvalues and their monotonicity properties in
terms of A and n can be found in [CCH16], Sections
3.2 and 4.3, under the assumptions that A — I and
n — 1 have one sign in D. In the same way as for the
case of A = I one can show that real transmission
eigenvalues can be determined from the scattering
data. In inverse scattering theory, it is known that in
general matrix valued coeflicients cannot be uniquely
determined from the scattering data. Hence, us-
ing real transmission eigenvalues to detect changes
in anisotropic media becomes quite important (see
[CCH16] and the references therein). More generally,
completeness results on transmission eigenfunctions
and Weyl’s estimates on the counting function are
obtained in [NN] for A and n continuous in a neigh-
borhood of 0D satisfying the following two condi-
tions:

(A(2)r,v) (A(2)E,€) — (Al@)n.€) #1, ¥ a € dD

and for every ¢ € R3\ {0} orthogonal to the outward
normal vector v at any x € 0D, and

(A(z)v,v)n(z) £ 1 for all x € 0D



(the first condition is known as the complementing
condition due to Agmon, Douglis, and Nirenberg).
Under C*° regularity for both the boundary and the
coefficients and assuming that A(x) = a(x)I, where a
is a scalar function, the location in the complex plane
of the transmission eigenvalues is studied in [Vod18].
Unfortunately, in this case (as opposed to the media
with A = T) it is not possible to prove that there is a
half plane of C free of transmission eigenvalues. For
example, if
(a(z) = )(a(z)n(z) = 1) < 1 for all x € 0D

it is proven that there are infinitely many transmis-
sion eigenvalues arbitrary close to the imaginary axis.

Transmission eigenvalues in hyperbolic
geometry and the Riemann zeta func-
tion

The concept of non-scattering modes and transmis-
sion eigenvalues appears in other scattering configu-
rations. As an example, [BBDCP18] discusses such
concept for the scattering by objects inside an infinite
waveguide, i.e an infinite tube with one direction of
propagation. In this section we describe it in connec-
tion with scattering theory for automorphic solutions
to the wave equation in the hyperbolic plane with
isometries corresponding to a specific group. We re-
fer the reader to the monograph by Lax and Phillips
[LP76] for a discussion on the mathematical foun-
dation of wave propagation in this framework and
scattering theory for hyperbolic surfaces. Limited to
automorphic forms with respect to Fuchsian groups
of the first kind that has only cusps at infinity, scat-
tering theory has a profound connection to funda-
mental results from analytic number theory. In scat-
tering theory of automorphic forms the concern has
always been with the poles of the scattering matrix.
In [CC19] the first effort is made to understand the
counterpart of transmission eigenvalues in this frame-
work, and in the following we sketch some of its re-
sults.

To explain the main ideas we start by recalling some
basic concepts of the hyperbolic surface generated by
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specific groups. The hyperbolic plane
H:{z::z:—l—iy: xeR,yeR*}
is a Riemannian manifold with the complete metric
ds* = y~%(dz? + dy?)

with geodesics the Euclidean semi-circles and lines
perpendicular to the x-axis. This differential form on
H is invariant with respect to the group of Mdbius
transformations acting on the whole compactified
complex plane C, which are fractional linear transfor-
mations gjis with a, b, ¢, d € R such that ad—bc = 1.
This group is isomorphic with SLy(R) \ £I. Derived
for the hyperbolic theory of wave propagation in the
hyperbolic plane [LP76], the Helmholtz equation in

the case of R? is now replaced by

y2Au+5(1 — s)u =0, (19)

Given a large isometry group of H, a natural way to
obtain a hyperbolic surface is by a quotient I' \ H
(the sets of orbits) for some subgroup I' of SLy(R).
The fundamental domain F := I'\ H corresponding to
such a subgroup is a region in H whose distinct points
are not equivalent (different modulo I') and such that
any orbit of I' contains points in the closure of F' in
the C topology. There are various ways to visualize
a fundamental domain (see Figure 5), and we refer
the reader to the monograph by Iwaniec [Iwa02] for
details and references on this matter. A function f :
H — C is called automorphic with respect to I' if

f(yz) = f(z) forally €T, (20)

ie. f lives on F := I' \ H. Because of (20), an
automorphic function is completely determined by its
values on F. Now we are ready to formulate the
scattering by a hyperbolic surface I'\ H. Let u be a
solution of (19). The non-identically zero total field

u := u’ + u® satisfies the equation
y*Au+ s(1 — s)u =0, z=(z,y) € F.

On the boundary of F' periodic boundary conditions
are imposed

u(yz) = u(z), z€0F, yeT
ou ou
5(72)—5(2) z € 0F, yeTl.



Scattering happens because the incoming free wave 1’
needs to be periodified on F. In connection with this
scattering problem, we consider the concept of trans-
mission eigenvalues for fundamental domains gener-
ated by some particular discrete groups, more specif-
ically Fuchsian groups of the first kind. A Fuchsian
group I' of the first kind is a discrete subgroup of
SL(R) that has a finite number of generators and
a fundamental domain of finite volume. We further
consider Fuchsian groups of the first kind that are
non co-compact, which means that the closure in ®
of the fundamental domain is not compact. Such
groups have only cusps (see Figure 4). The cusps are
formed by the two sides of F' meeting orthogonally
at a vertex in OH.

Figure 4: Sketch of a hyperbolic surface with 2 cusps
(left) and part of a hyperbolic cusp (right) isometrically
embedded into R3.

Now, let y* and y'~* be solutions to (19) which are
invariant under z +— z+ 1. Similarly to the Sommer-
feld radiation condition in the Euclidean case (3) we
have that u := y° satisfies

ou

0
= L su=0.
ov |y

dy

—su=y

So if §(s) > 0, S(1 — s) < 0 then y*® is incoming
away from the cusp (traveling toward the scattering
medium like e?**¢ in R3) and y'~* is outgoing to-
ward the cusp (traveling away from the scattering
medium like e~%**¢ in R3). For R(s) > 1 and in-
cident field u' := y* the solution u(z) of the above
scattering problem is given by an Eisenstein series
(which roughly plays the same role as Fourier series
in the Euclidean case) which as y — oo within cusps
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behaves as
Saby® + Pab(s)y' T+ O((1 +y~ R))e=2m)

uniformly in z € H, where d,p is the Kronecker delta
vanishing when a, b are inequivalent cusps. The cor-
responding scattering matrix is

®(s) := (pab(s)), where a and b run over all cusps,

and it describes “incoming-to-outgoing” far field be-
havior in a similar manner as the far field operator
in R3 introduced earlier. The scattering matrix has
a meromorphic continuation to s € C, and the cor-
responding scattering poles are the poles of of this
meromorphic extension of Yan(s). In [CC19] a trans-
mission etgenvalue associated with a cusps a is de-
fined as the value A := s(1 — s) that corresponds
to s being a zero of the entry @aa(s) of the scat-
tering matrix ®(s). In particular, if s is a zero of
©aa(s) then the incident wave y® propagates through
without seeing any boundaries of the fundamental do-
main. In this sense, transmission eigenvalues corre-
spond to non-scattering energies. One could also con-
sider the zeros of off-diagonal entries pap(s) for two
inequivalent cusps a and b. This case would mean
that an observer sitting at the cusp b sees no effects
of an incident field y* coming into the media from the
cusp a, which corresponds to non-transmitted ener-
gies in the language of waveguides [BBDCP18§]. It is
known that the poles of main diagonal terms of the
scattering matrix are also poles for the off-diagonal
terms [Iwa02], however such a connection between
the zeros of the main diagonal and off-diagonal terms
remains open. Note that in the scattering by hyper-
bolic surfaces generated by Fuchsian groups of the
first kind a Rellich’s type lemma does not hold and
thus non-scattering is meant in an asymptotic sense.
We conclude this section by giving an explicit ex-
pression for the scattering matrix for two particu-
lar examples of Fuchsian groups of the first kind.
In these examples the transmission eigenvalues (non-
scattering energies) are related to the zeros of the
Riemann-zeta function, whereas non-transmitted en-
ergies are absent.

The modular group SL2(Z) is the subgroup of SL2(R)
containing 2 x 2 matrices with integer entries. The



fundamental domain of SLs(Z) contains only one
inequivalent cusp (see Figure 5). For the modular
group the scattering matrix contains only one ele-
ment and is given by

12— 3)¢(2s — 1)
I(s)  ((2s)

where ((s) is the Riemann zeta function.

(21)

Poocoo = T

only one
cusp 00 F
1 = ’Yl;%
-1 .1 11 1.1 ] 1
2 2 2

Figure 5: Left: Shaded region depicts the Ford funda-
mental domain F' for I' = SLy(Z). Right: Shaded region
depicts an equivalent fundamental domain Fy = v F,
where 71 : z — —1/z. The image of F' under I' tesse-
lates H.

The Hecke congruence subgroup I'g(N) of level N for
N an integer is defined as

To(N) = {’ye SLy(Z), v = ( ; i > (mod N)}.

When N := p is prime the fundamental domain
To(p) \H contains only two inequivalent cusps namely
at zero and infinity, and the scattering matrix is given

by
_ Poooco  Poo -
B(s) = (£ T )~ uom
where
o S T(s—3)¢(2s - 1)
v =T )

and N, (s) is a 2x 2 matrix with non-vanishing entries.
In these two examples we see that, except for A = 1
and A = 1/4 corresponding to trivial zeros s = 0 and
s =1/2, i.e. the poles of ((2s), all the transmission
eigenvalues A = s(1 — s) correspond to s being the
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zeros of ((2s — 1) such that $(2s — 1) # 0. Thus, the
Riemann hypothesis is equivalent to the statement
that all transmission eigenvalues lie on the parabola
T = % + 4y? except for finitely many trivial ones,
(see Figure 6).

by the Riemann Hypothesis

Figure 6: Black dots indicate possible location of trans-
mission eigenvalues. There are infinitely many transmis-
sion eigenvalues on the inner parabola and all eigenvalues
lie inside the outer parabola. If the Riemann Hypothe-
sis is true, all transmission eigenvalues lie on the inner
parabola. There are no real transmission eigenvalues ex-
cept for the trivial ones, at 0 and 1/4.

In [CC19] the reader can find a few more explicit ex-
amples. However in general for discrete Fuchsian sub-
groups it is not possible to derive an explicit expres-
sion for the scattering matrix. We also mention that
[CC19] provides estimates for the counting function
of transmission eigenvalues. As this paper remarks,
the density of transmission eigenvalues appears to be
related to the work of Phillips and Sarnack on the
existence of cusp forms.
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