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Abstract

A proper understanding of the links between varying gene expression levels and complex
trait adaptation is still lacking, despite recent advances in sequencing techniques leading to
new insights on their importance in some evolutionary processes. This calls for extensions
of the continuum-of-alleles framework first introduced by Kimura (1965) that bypass the
classical Gaussian approximation. Here, we propose a novel mathematical framework to
study the evolutionary dynamics of quantitative alleles for sexually reproducing popula-
tions under natural selection and competition through an integro-differential equation. It
involves a new reproduction operator which is nonlinear and nonlocal. This reproduction
operator is different from the infinitesimal operator used in other studies with sexual re-
production because of different underlying genetic structures. In an asymptotic regime
where initially the population has a small phenotypic variance, we analyse the long-term
dynamics of the phenotypic distributions according to the methodology of small variance
(Diekmann et al. 2005). In particular, we prove that the reproduction operator strains the
limit distribution to be a product measure. Under some assumptions on the limit equation,
we show that the population remains monomorphic, that is the phenotypic distribution
remains concentrated as a moving Dirac mass. Moreover, in the case of a monomorphic
distribution, we derive a canonical equation describing the dynamics of the dominant alle-

les.

Contents

1 Introduction 2
1.1 Model and biological motivations. . . . . . . . . .. ... ... . ..., 2
1.2 Stateof theart . . . . . . . .. . e 4
1.3 Assumptions . . . . .. e e e 5
1.4 Presentation of the results and outline . . . . ... ... ... ... ....... 6

2 Qualitative results and numerical analysis 9
2.1  Monotonic selection yields monomorphism . . . . . .. ... .. ... 9
2.2 Canonical equations under monomorphism . . . . . .. . ... ... 11

3 Preliminary results on the well-posedness of P (n.): proof of Theorem 1.1 17

*Institut Camille Jordan, UMR5208 UCBL/CNRS, Université de Lyon, 69100 Villeurbanne, France. Email:
dekens@math.univ-lyonl.fr.

fInstitut Montpelliérain Alexander Grothendieck, Univ Montpellier, CNRS, Montpellier, France. Email:
sepideh.mirrahimi@umontpellier.fr.


mailto:dekens@math.univ-lyon1.fr
mailto:sepideh.mirrahimi@umontpellier.fr

4 Proof of Proposition 1.1 and regularity estimates on u. 18

4.1 Proof of Proposition 1.1 . . . . . .. .. .. oL 18
4.2 Regularity estimates on wes . . . . . . oL L L Lo 19
5 Proof of Theorem 1.2 21
6 Convergence in BV-norm for (p.): proof of Theorem 1.3 25
A Proof of Lemma 1. 27
B Proof of Lemma 2 28

1 Introduction

1.1 Model and biological motivations.

The development and popularization of sequencing techniques of the last twenty years has been
leading to a greater understanding of regulatory mechanisms of gene expression levels and to
new insights on their importance in evolutionary trajectories of complex traits (see the recent
theory of degeneration of the Y chromosome Lenormand et al. (2020)). However, a complete
picture of the relationship between varying gene expression levels and phenotypic adaptation
is yet to be drawn (Romero, Ruvinsky, and Gilad 2012). To model varying gene expression
levels on a trait under selection, one has to think of the effects of a gene as quantitative rather
than discrete. One class of models that was motivated by a similar perspective stems from
the reference study Kimura (1965): the continuum-of-alleles models in quantitative genetics,
that assume that mutations produce always slightly new allelic effects, so that the allelic effect
space is considered as continuous. The method indicated by Kimura (1965) is adapted for
asexual populations, or haploid sexual populations with only one locus contributing to the
trait under quadratic stabilizing selection. Under these specific assumptions, Kimura (1965)
shows that the allelic effects are normally distributed under mutation-selection balance. Several
studies (Latter 1972; Lande 1975) extended the model to account for finite number of loci with
additive effects on the trait for sexual reproducing populations, still relying on the essential link
between quadratic stabilizing selection and multivariate normal allelic distributions to derive
quantitative information from their non-linear model. The aim of this paper is therefore to
first study a quantitative genetics model that can account for polygenic traits under general
selection functions (not restricted to quadratic and considering situations where the alleles
do not necessarily have additive effects), in a sexually reproducing population regulated by
competition for resources. More precisely, we are interested in the following integro-differential
equation, where t > 0 denotes the time:

Y X
On(t,z,y) = § [W +n(t,z,y) } m(z,y) + rp(t)) n(t, z,y),
pX(ty) = [ nit,a' ) de 0= [ ntay)ay, pn)= [ nay)dddy,
I J IxJ
n(07 'r7 y) = n0($7 y)'

(P (n))
Here, n(t,z,y) denotes the allelic density of individuals of a haploid sexually reproducing
population carrying the quantitative alleles z and y at two unlinked loci of interest. The



alleles z and y are taken in compact allelic spaces I and J. Individuals experience mortality
by natural selection at a rate m(x,y) € C'(I x J) depending on their genotype (z,y) € I x J
and regulated by a uniform competition for resources with intensity . The first term in the
r.h.s of P (n) is the reproduction term, which translates how alleles are transmitted across
generations under random mating. According to Mendel’s laws, the alleles x and y can be
inherited either each from a different parent or both from the same.

Remark 1.1 (One-locus diploid population.). One can notice that up to setting m :=m — %

27
7 =15, P(n) also describes the dynamics of a population of diploid individuals (each individual
has two copies of each gene) whose adaptation are determined by the quantitative alleles (x,y)
carried at a single focal locus. The following equation was derived as deterministic limit of an

individual-based model in Collet, Méléard, and Metz (20153)

Y T X .
Ot @,y) = FEEDEEY — (m(,y) + K p(t)) nlt,z,y),

px(t,y) :/]n(t,x’,y) da',  pY¥(t,x) :/Jn(t,axy’) dy',  p(t) :/IXJn(t,ar’,y’) dx' dy’,

n(0,z,y) = n°(z,y).

(Paiploid (1))
According to Mendel’s laws, the copies x and y must be inherited each from a different parent.
In that case, 7 is the reproduction rate and both the selection function m and the initial
genotypic density mg are assumed symmetrical (requiring I = J) (one can verify that the
genotypic density n remains symmetrical at all times). All qualitative results will also be
presented for this case in Section 2.

We place our analysis in an asymptotic regime where we consider that the initial distribu-
tion is concentrated, with a small variance € so that it is convenient to introduce the following
transformation:

n’=—. (1)

The motivation behind (2) comes from a future project that will include mutations on the alleles
with a small mutational variance of order £2. Here, we expect that starting with such an initial
condition (2), the population density n solution of P (n) would keep the same exponential
form and would remain asymptotically concentrated with a small variance. Consequently, the
dynamics of its mean, driven by natural selection with an intensity correlated to its variance,
cannot be observed at shallow time scales, and (P (n)) needs to be adequately rescaled in
order to explore long-term dynamics. To that effect, let us define the following rescaling in
time:



Under the latter, the problem (P (n)) becomes, for t > 0, (z,y) € I x J:

Y T X
e Ome(t,2,y) = 5 | ZEDED) §on (1 2,9)| = (m(2,y) + 5 pe(t) ne(t,,y),

pX(t,y) Z/na(t,x’,y) o', pl(t,x) Z/na(t,x,y’) dy',  pe(t) :/ ne(t,',y') da' dy,
I I IxJ

ne(0,z,y) = nl(z,y).

(P (ne))
As we expect the density n. to remain concentrated in our regime, the objective is to analyti-
cally describe the dynamics of the Dirac masses (ie. of the dominant alleles in the population),
for various selection functions.

1.2 State of the art

Integro-differential models for quantitative genetics modelling the evolutionary dynamics of
large sexually reproducing populations with selection have been on the rise recently, especially
those that model the phenotypic trait inheritance according to the non-linear infinitesimal
model introduced by Fisher (1919) (Mirrahimi and Raoul 2013; Raoul 2017; Bourgeron et al.
2017; Calvez, Garnier, and Patout 2019; Patout 2020; Dekens and Lavigne 2021; Dekens 2020;
Raoul 2021; Dekens, Otto, and Calvez 2021). According to the latter, the offspring’s trait
deviates from the mean parental trait according to a Gaussian kernel of fixed segregational
variance. The classical interpretation is that the trait under consideration results from the
combination of a large number of loci with small additive allelic effects (Lange 1978; Bulmer
1980; Turelli and Barton 1994; Tufto 2000; Turelli 2017), a framework rigorously justified
in Barton, Etheridge, and Véber (2017). In another study Perthame, Strugarek, and Taing
(2021), asymmetrical kernels are considered to model the effect of asymmetrical trait inher-
itance or fecundity on the asymptotic behaviour of the trait distribution. The present work
also studies sexually reproducing populations, but the genetical framework is different from
the ones aforementioned: here, we consider that the allelic effects at the two loci are continuous
and not necessarily small nor additive.

Small variance methodology and long term-dynamics. We choose to place our study
in the small variance methodology, introduced for quantitative genetics studies in Diekmann
et al. (2005) from a high-frequency method used in geometric optics. When the variance
introduced by events of reproduction (by mutations, segregation...) is small compared to the
reduction of diversity following natural selection, they propose to unfold Dirac singularities
that are expected to arise using the so-called Hopf-Cole transform:

Ue
€

e

ne = .
€
The idea behind considering u. instead of n. stems from the fact that, when ¢ vanishes, the
limit u (to be characterized) is expected to have more regularity than the (measure) limit
n, making it more suitable for analysis. Moreover, u would retain important quantitative
information on the support of n.

The small variance methodology has first been applied successfully to several quantitative
genetics settings for asexual reproducing populations in the regime of small variance of mu-
tations: adaptation to homogeneous environments Perthame and Barles (2008) and Barles,



Mirrahimi, and Perthame (2009), to spatially heterogeneous environments Mirrahimi (2017)
and Mirrahimi and Gandon (2020), in a time-periodic environment Figueroa Iglesias and Mir-
rahimi (2018). Recently, it has been extended to quantitative genetics models for sexually
reproducing populations characterized by complex traits inherited according to the aforemen-
tioned infinitesimal model (Calvez, Garnier, and Patout 2019; Patout 2020; Dekens and Lav-
igne 2021; Dekens 2020; Dekens, Otto, and Calvez 2021). However, the asymptotic analysis
of this non-local, non-monotone, non-linear operator of reproduction presents great analytical
challenges, and it has only been rigorously derived in a model for homogeneous environments
(Calvez, Garnier, and Patout 2019; Patout 2020). The same methodology is used in Perthame,
Strugarek, and Taing (2021) to study the asymptotic behaviour of the trait distribution under
asymmetrical reproduction kernels. Here, as described above, our genetical framework differs
significantly from the infinitesimal model’s one. Therefore, it yields a different reproduction
operator (see Eq. (P (n.))), which is in fact closer to the ones used for asexual populations
(Perthame and Barles 2008; Barles, Mirrahimi, and Perthame 2009), since one can use ar-
guments based on the maximum principle to provide regularity estimates on the solution.
However, the nonlinear nonlocal term describing the reproduction operator still leads to new
difficulties to be overcomed.

Let us then consider (ug)€>0 a sequence in C! (I x .J), uniformly bounded when & vanishes.
It defines subsequently a sequence of concentrated initial genotypic densities with decreasingly
small variance (Hopf-Cole transform):

nd=—. (2)
Let us define n. solution of (P (n)) with initial distribution ng., and u. similarly as above:

Ug
e

e

n, = .
€
We expect indeed that starting with such an initial condition (2), the population density n.
would keep the same exponential form and would remain asymptotically concentrated with
a small variance. Consequently, the dynamics of its mean, driven by natural selection with
an intensity correlated to its variance, cannot be observed at shallow time scales, and (P (n))
needs to be adequately rescaled in order to explore long term dynamics.

Moreover, in order to study the asymptotic properties of n., we align with Perthame and
Barles (2008), Barles, Mirrahimi, and Perthame (2009), Mirrahimi (2017), and Mirrahimi and
Gandon (2020), and introduce the derived problem on u. := ¢ log (£ n.):

1 , / + /, _ ,
e = — (m(w,y) + K pe —§) + 2; // — exp [ua(:r y) Fuelely) — ue(@y) dz dy,
€ JJIxJ € €
UE(Oa'v') =
Pe = //
IxJ

1.3 Assumptions

u9

£

1 / /
7exp |:u<‘:‘<‘r 7y ):| dZL'/ dyl
9 S

We assume that the selection term m satisfies the following;:

meCHI x J,Ry), 4|mle <7 (H1)



For € > 0, let u? € CY(I x J) be such that:

IM >0, Ve<l, \ug wiereny <M (H2)
;00 ([
Then we define the initial state by
ug
e e
=
Let us define the following uniform bounds:
B _7“—||m||OO I
0 - ,{_I ) po - E:

We assume that the initial size of population is bounded uniformly by p, and pa' :
Ve > 0, pgzz//] Jng(:lr,y)d:rdy G}pa,pz{[. (H3)
X

Next, to prepare Proposition 1.1, we assume that there exists 0 < v, < 1 — 4% <1+
4% < vps such that:

X,0 Y,0
Ve, V(x,y) € I X J, vy <V2(z,y):= Pz y) pe () <. (H4)

nd(z,y) p2

1.4 Presentation of the results and outline

First, we show some preliminary results of well-posedness of P (n.):

Theorem 1.1. Under the assumption H3,(P (n.)) has a unique solution with positive values
ne in CLRL x I x J)NCYHRy, L>®(I x J)). More precisely, we have for all e:

PESP&SPE{-

Hence, for all T > 0, (n.) converges along subsequences in L™ (w* —[0,T], M*(I x J)) toward
a measure n when € vanishes.

We recall that we expect n. to concentrate as € vanishes. As such, we expect the weak
limit » to be a sum of Dirac masses. The aim of this paper is to determine where n is
supported, that is to determine which alleles become dominant in the population. To study
the asymptotic properties of n, it is more convenient to shift the asymptotic analysis from n.
on u:. = elog(en:). Consequently, the main result of this paper focuses on the asymptotic
behaviour of wu,:

Theorem 1.2. Under the assumptions H2-H/, for all T > 0, u. U in C°([0,T] x I x J)
E—

(along subsequences). Additionally, u satisfies the following properties:
(i) u is Lipschitz continuous,

(7i) w is non-positive and satisfies an additive separation of variables property:

V(t,z,y) € [0, T xIxJ, wu(t,x,y)= uy(t,a:)—l-ux(t,y) = max u(t, z, ) +maxu(t,-,y).
(3)

Furthermore, we have at all time t: max uY(t, -) = max uX (t,-) =0.



(7ii) n(t,-,-) is supported at the zeros of u(t,-,-) for a.e. t:

supp(n(t,-,-)) C {(z,y) |u(t, z,y) = 0}
= {z[u" (t,2) = 0} x {y|u™ (t,y) = 0}.

(iv) uX (resp. u¥') satisfies the following limit equation for a.e. y:

vVt € [0,T] uX(t,y):uX(O,y)+rt—/{/(]tp(s)d5—/(Jt <¢X(t,.,y)’m(.7y)> ds, (4)

where ¢~ is the limit of ;L—f( in L= (w* —[0,T] x I, M*(I)). Moreover, for a.e. (ty)

supp (¢ (t,,)) = {= | (t.2) = 0}.

The second and third point of the results in Theorem 1.2 highlight the originality of this
problem: the limit u separates the variables additively and therefore, the limit measure n is
a product measure. This asymptotic decorrelation of the effects of the two loci relies on the
following proposition, that is key to establish the convergence stated in Theorem 1.2:

Proposition 1.1. Let us assume Hj. FOr allT > 0, let n. be the positive solution of (P (n.))
on [0,T]. Define v, = L2PL Thep:

Ne Pe

Vi e [0,T), V(z,y)elxJ, 0<vy<v(tzy) <vuy.

Indeed, the compactness result of Proposition 1.1 together with some a priori estimates
relying on a maximum principle yield the convergence of Theorem 1.2 thanks to the Arzela-
Ascoli theorem (see 1 for a flowchart that exposes the layout of the different results).

Moreover, although P,_ involves an equation on u., one can notice that Theorem 1.2 states
limit equations on u* and uY (4). Instead of passing to the limit in the equation of u in P,
once the convergence is established (as it is done in most asexual studies in the regime of small
variance), the separation of variables u(z,y) = u* (y) + uY (z) allows us to take an alternative

approach. In the proof Theorem 1.2, we will show indeed that uX = lir% ¢log (pg( ) and
e—

u¥ = ;1_% elog (p?) The idea is then to focus on the equations satisfied by pX and p}!

instead of the equation satisfied by ne:

{6 O (t,y) = (r — ke (1) p2* (t,y) — [y m(z,y) ne(t, z,y) dz,
edpY (t,x) = (r— kpe(t) pY (t, ) — [ m(z, y) ne(t, z,y) dy.

The advantage of considering (5) over (P,_) is that the reproduction terms involved are linear,
much simpler than the integral operator involved in the equation on u.. However, the difficul-
ties are transferred on the selections terms [; m(x,y) n.(t,z,y) dx and [; m(z,y) n.(t,z,y) dz
that asymptotically lead to involve ¢X and ¢ in (4). These terms are new compared to the
typical asexual studies, which only present two unknown variables in their constrained limit
equation: u and p. Consequently, here, regularity in time, which would allow us to write the
limit equation (4) under a differential form, is harder to get for p and ¢X (resp. ¢").
Nevertheless, under an additional hypothesis on the selection term m being additive, we
show that the limit size of population p is BV. This result aligns with the typical analogous
regularity obtained on the asymptotic size of population in aforementioned asexual studies.

()



Theorem 1.1
Well-posedness

Weak convergence

P(n.) P(n)
ne € CH([0,T) x (I x J)) e—0 n € L>([0,T), M (I x J))
Support of n
C zeros of u
S [P
P(u.) ‘ ( 0
N = ue CY[0,T] x I xJ)
ueeC([O7T}><I><J)‘ e — 0 . . .
A S e ) = o¥ @)+ (@)

k4

Regularity estimates

Proposition 4.1

Additivity of u

Proposition 1.1

Theorem 1.2

Strong convergence

Figure 1: Flowchart of the analytical results of Section 3, Section 4 and Section 5.



Theorem 1.3. Suppose that there exists m* : I — R and mY : J — R such that:
m(x, y) = mX (x) =+ mY (y) (Hm,add)

Let ne be the solution to Eq. (P (n.)). Then, pe is locally uniformly bounded in W1(R,).
Consequently, after extraction of a subsequence, p. converges to a BV-function p as € vanishes.
The limit p is non-decreasing as soon as there exists a constant C > 0 such that:

o)
(r—npg)pg—//RQm(Ly)ng(x,y)dardyZ—Ce < . (6)

The paper is organized as follows. In Section 2, we present qualitative results and numerical
analysis that stem from the analysis of the subsequent sections, and demonstrate the interest
of the model by exploring some biologically relevant situations. Next, in Section 3, we prove
the well-posedness of P (n.). Section 4 is dedicated to show Proposition 1.1 and derive uniform
L* and Lipschitz bounds for wu., which prepares the proof of the main result in Section 5.
The interplay between the different results until that point is displayed in Fig. 1. Finally, in
Section 6, we show that p is a BV-function, under the additional hypothesis (H,, ,ad)-

2 Qualitative results and numerical analysis

In this section, we explore the insights on the dynamics of the allelic distribution in a population
following the main result of the paper (Theorem 1.2), assuming that (t,y) — ¢X(t,-,y),
(t,z) — ¢Y (t,z,-) and t — n(t,-,-) (and by extension t — pX(t,-), t — p¥ (t,-) and p) are
continuous so that we can formally write:

{V@JDG[QTWXJ, auxa4»::r—mp@>—§¢xuﬁyxnuywi,

7
Y(t,x) € [0,T] x I, 0w (t,x) =7 —rp(t)— (oY (t,z,-),m(z,) ()

We first show that under a hypothesis of strict monotony Hi,creasing on the selection, the
population is strained to be monomorphic, i.e. all individuals share the same alleles (z(t), y(t))
at all times. Then, we derive canonical equations describing the dynamics of (z(t), y(t)) under
monomorphism.

2.1 Monotonic selection yields monomorphism

We first show that a condition of monotony on m (in both variables) yields the limit allelic
distribution to be monomorphic at all times:

Proposition 2.1. For T > 0, assume that (7) holds and that m satisfies:
V(xz,y) € I x Jym(z,-) and m(-,y) are increasing (resp. decreasing). (Hincreasing)

Then: ¥t € [0,T], 3! (z(¢), () € I x J,

supp (0°) = [«*] 7 (00 = (@)}, Sup (o) = [w] " ({0}) = {2(1)}.



Diploid case: homozygosity. In the diploid case, the symmetries indicated in Remark 1.1
yield uX = uY and therefore z(t) = #(t) for all t € [0,T7]. All individuals are therefore
homozygote in a monomorphic population.

Proof of Proposition 2.1. For t € [0,T1], since n(t,-, ) is supported at the zeros of u(t, -, -) (see
Theorem 1.2), p* (t,-) is supported on the set of the zeros of u* (¢, -), that we denote by Fx(t),
and pY (t,-) is supported on the set of the zeros of uY (t,-), that we denote by Fy(t). It is
therefore sufficient to prove that F'x(t) and Fy (t) are both singletons for all ¢ € [0, T1.

Since uX (t,-) and uY (¢, -) are continuous, F'x (t) and Fy (t) are closed subsets of I and .J, and
are therefore compact sets. In particular, the extreme points of Fx(t) (resp. Fy(t)) denoted
by yine(t) and ysup(t) (respectively, zine(t) and zgup(t)) lie in Fix(t) (respectively, Fy (t)). As
(t, yint(t)) and (¢, Ysup(t)) maximise u™ and (t, Tine(t)) and (¢, Teup(t)) maximise u¥ (since u™
are uY are non-positive, from Theorem 1.2), we obtain that

0= @uX(t, Yint(t)) = O™ (t, ysup(t)) = atuy(t, Tint(t)) = &guy(t, Zsup(t))-

The equations Eq. (7) next implies that

vt € (0,81, (6™ (- pine(1)), e, e (£)) ) = (6™ (¢, Youp(£) M- Yo (1)) )
= (6" (im0, ) ml@in(t), ) ) = (&Y (t,wsup (1), )y Ml@sup (), ) -

Recall that, for (t,z,y) € [0,T] x I x J, ¢~ (t,-,y) and ¢ (¢, z,-) are probability distributions
supported respectively on a subset of Fx(t) and Fy (t) (from Theorem 1.2). Then, we deduce
from Hincrea‘sing that:

| A

m (Jiinf ysup < 7 7ysup t ) ('7 ysup(t))>
< t $mf m(xinf(t)a )>

(zing(t), ysup(t))

IN

Similarly, we obtain

IN

(6" (tzsup (), ), M@ (1), ))
< t, 7y1nf( )) ('7yinf<t))>

<m (xsup(t) ylnf(t))

m (Zsup(t), Yint (1))

All the inequalities above must be equalities, which implies

¢X (t T ybup( )) = 5z—a:inf(t)7 ¢X (t, L Yinf (t)) = 5x=msup(t)’
¢ (t mSup( ) ) 6y Yine ()7 ¢Y (t’ Tinf (t)v y) = 5y:ysup(t)~
Since the support of ¢X (¢,-,9) (resp. ¢¥ (t,x,-)) does not depend on y (resp. z) (see (iv) of

t,
Theorem 1.2), we obtain from (8) that @int(t) = Tsup(t) and Yin(t) = Ysup(t). The latter yields
the result. O

(8)

Numerical simulations: robustness of monomorphism with regard to Hj,creasing
of Proposition 2.2 with dimorphic initial densities. We show in Fig. 2 the result of
numerical simulations solving a discretized version of (P (n.)) with initial dimophic states to
test the robustness of monomorphic trajectories with regard to Hi,creasing. We consider three

10



different selection functions m(z,y) = 2? +y%, m(z,y) = (z +y)?, m(z,y) = (1 — zy)?. Fig. 2
seems to indicate that monomorphic trajectories occur under a wider scope than the what is
required by Proposition 2.1. Fig. 2 also gives some insights on the diversity of trajectories
that can arise under different selections functions (see the next subsection for a more complete
view).

2.2 Canonical equations under monomorphism

In all this section, let us fix 7' > 0 and let us assume that for all time ¢ € [0, 7], there exists
unique points Z(¢) and y(t) such that:

vt e [0,7] u(t,-,)~" ({0}) = {(@(1),5(1))}. (9)
In that case, for all (¢,z,y) € [0,T] x I x J, we deduced from Theorem 1.2 that:
¢X(ta BY) = 550(t)7 ¢Y(t7l’a )= 57;(t)-

Hence, (7) reads:

~—

), Y),
(t))-

Proposition 2.2. For T > 0, assume that m,ug € C%(I x J) and that (10) holds. Then:
u € C°[0,T],C*(I x J)) and the dynamics of the dominant alleles (%(t),y(t)) read:

{V(t,y) c[0,T) xJ, OuX(t,y)=r—rp(t)—m(z(t (10)

V(t,x) € [0,T] x I, 0w (t,x) =r — Kk p(t) — m(z,

<

(11)

Diploid case: canonical equations. In the diploid case, the symmetries indicated in
Remark 1.1 yield uX = u¥ and = ¢, so the canonical equations (11) reduce to
dx

Ouats™ (2(1)) — = Dam (2 (1), 3(1)). (12)

Proof. Let us show how to obtain the first equation of (11) on z(t). The equation on y(t) can
be obtained similarly.
As 0 = 0,u” (t,2(t)) = uY (¢, z(t)) = maxuY (¢,-) for all ¢t € [0,T], we get:

dz

I 0) dz
dt’

- = 8,0,u” (£, Z()) + Opgul¥ (¢, Z(t))

0

Differentiating (10) with regard to z reads:
V(t,z) € 0,T] x I, 9,00 (t,x) = —0um(z, §(t)).
By substitution, we obtain:

dz

= Deatt? (£, (1)) = Oxm(Z(t), §(1)).

11



Dynamic - pX(z,y) Dynamic - p)(z, x)

0 75 100 0 25 50 75 100
[ !

(a) m(z,y) = 2* + 42 (b) m(z,y) = 2* + ¢*.

Dynamic - pX(z,y) Dynamic - p](z, x)

0 25 50 75 100 25 30 75 100
t

(c) m(z,y) = (z +y)*. (d) m(z,y) = (z +y)*

Dynamic - pX(z,y) Dynamic - p)(1, x)

0 25 50 75 100 25 50 75 100
t

(e) m(x,y) = (1 —zy)*. (f) m(z,y) = (1 —zy)*

Figure 2: Robustness of monomorphism with regard to assumption Hj,creasing of
Proposition 2.2 with dimorphic initial densities. For each selection function (by row),
we display the numerically solved dynamics of pX (¢,%) (left panel) and p¥ (¢, z) (right panel)
((z,y) € [-2,2]). The colors correspond to isolines of p* and p¥. The initial state is sum
of two Gaussians centered in (z1,y1) = (—0.3,1.3) and (z2,y2) = (0.7, —0.5) and of variance
e = 0.05. Lighter colors indicate stronger densities. The figures seem to indicate that the
trajectories become monomorphic almost instantaneously and that this phenomenon actually
occur under weaker conditions than H;i,creasing 0of Proposition 2.2. One can also notice that the

stationary dominant alleles that arise vary greatly from one selection function to another.
12



Remark 2.1. As Z(t) mazimizes u¥, we have Oy u¥ (t,Z(t)) < 0 for all t € [0,T]. If
Ozzu (t,Z(t)) < 0 for all t € [0,T)], then we obtain:

dz _ 0xm(z(1),y(t))
vt € (0,7, T o (L2(0)
As 010pzuY (t, 1) = —0pam(z,y(t)), we obtain

t
Dpes? (t, ) = Ogpu¥ (0,2) — / Ogzm(x,y(s)) ds.
0

Consequently, the strict inequality is ensured if ug is strictly concave and m is convex.

Three examples. In this paragraph, we illustrate the insights provided by Proposition 2.2
through the study of the system for three given selection functions m. In all examples, we
consider that I = .J = [~2,2] and the initial state ug is given by (Zo, 7o) € [~2,2]? and:

up(z,y) = —((z — Zo)* + (y — %0)?).

1) m(z,y) =2 +y% Oym(z,y) =22,  Oym(z,y) =2y, Owam(z,y)=dyym(z,y) = 2.
This selection function separates additively the variables. The canonical equation Eq. (11)
then reads:

dz(t) _ _ z(t)

dt +1>

{dy(t) _ )

dt — T t+1
We obtain that, for t > 0 ~ ~
_ Zo _ Yo

Consequently, the system remains monomorphic and the dominant alleles evolve and con-
verge towards (0, 0).

2) m(z,y) = (x+y)?,  dm(z,y) = dym(z,y) =2(x+y), Owm(x,y) = dym(z,y)=2.

The canonical equation Eq. (11) then reads:

dz(t) _ dy(t) _ z(t) +5(t)

dt at t+1
We deduce that, for ¢t > 0
_ _ Zo + Yo _ _ _ _
t t) = t) —y(t) = —
z(t) + y(t) TESER z(t) — y(t) = Zo — Yo,

which leads to:

To—Y , Zo+ Yo _ Yo — Zo Zo + Yo

(1) = 7 2(t 4+ 1)2’ (1) = 7 2(t+1)2
On the contrary to the previous example, the dominant alleles of the monomorphic system
evolve to converge towards a state that is dependent on the initial state of the system. Geo-
metrically, it is the orthogonal projection of the initial point (Zg,yo) on the diagonal defined
by z+y=0.

3)m(z,y) = (1 —ay)?, dem(z,y) = -2y (1 —=ay), Im(z,y)=—-2z(1—ay),

Opam(z,y) =292, Oyym(z,y) =222

In this case, the canonical equation (11) reads:

dz(t) _ y(t) A —z(t)y(t))  dy(t) _ =(t) 1 —2(t)y(t)) (13)
2

X
dt 1+ [1g(s)2ds dt 1+ [Ta(s)2ds

Without lack of generality, we can assume that zg < .

T

13



Proposition 2.3. Let 0 < zg < yg < 2. Then the dominant alleles of the monomorphic
system converge towards the stationary state (xp,yr) € (]Rj_)z that solves:

) (14)

{JUF?JF = 17
YE — 2% = Up — Tp.

Proof. First, we treat the case where zgyo = 1. Then, the function ¢ — (x,yo) defines a
solution of (13). By uniqueness, it is the only solution and (xg, yo) satisfies (14).

Let us now suppose that gy < 1 (the case where xgyp > 1 can be treated following
similar arguments). We define, for A > 0 yet to be specified:

ta = min {inf{t > 0, (2(t), §(t)) ¢10, AP}, inf{t > 0,2(t)5(t) ¢0,1[}} .
For t < t4, we have the following inequalities
y(1—zy) dx (1 —xy) _dy _ -
LAt e T LW Yz 75). 1
1 aze S g SV ey S g sTA-w) (15)

Let us define (x7,y~) and (z",y™) solutions of the following equations:

- “@)(1—z— )y~ (¢t o+
=" )E e );7 L =yt ) (1 - Oy (1)
- o= () (1= (t)y— (£) +
dydt(t) _ S Yy : dydt(t) =2t () (1 — 2T (t)yT (1)), (16)

(27(0),57(0)) = (Zo, %), (&7(0),57(0)) = (Zo, Yo)-

By comparison, we deduce that (z—,y~) and (z*,y™") are respectively subsolution and super-
solution of (z,y):

V<t am(t) <Et) <at(), y () < §) < yT ). (17)
We define tj by
th = min {inf{t >0, (z(t),y" (1) ¢]0, A}, inf{t > 0,27 (t)y™ (t) ¢]0, 1[}} .

We will show that 27y ™ converges increasingly toward 1. First one can compute that

d (x;?fr) _ (1 - x*y*) (x*Q + y+2> .

Next, one can notice from (16) that ™ and y™ both increase on [0,¢}]. We thus obtain that
for t € [0,t7]
d(zy")
et T 2 2\ ~ < 2 ettt
(1 :L’y)(:no—i—y())_ 7 <24 (1 :cy)
Hence, by comparison, z7y™ converges increasingly toward 1.
We next notice thanks to (16) that:

1dat?(t)
2 dt

+2
="yt (1) (1- 2 (yH (1)) = %dy dt(t))

and hence:



Therefore, since (Zg,%0) € [0,2]%, and 0 < zt(t)y*(t) < 1 for ¢ < ¢}, the latter implies
that, if we choose A large enough, 7 and y* remain uniformly bounded above away from
A. Therefore, we can consider tj arbitrarily large. We deduce that ™ and y* converge
increasingly to xp > 0 and yp > 0, satisfying (14).
We next show that (x~,y~) converges toward the same couple (zp,yr). Notice that for
t <t we have
(@~ (),y~ (1) €0, A%, 2~ (),y (t) <1.

Similarly as previously, we show by comparison that £~ y~ converges increasingly toward 1,
since ) )
— [ T+ Y dz"y") 2 -
1—2z o < <2A°(1—=x .
( y)<1+A2tj>— i = v)
Next, we notice that we still have:
de=?(t)  dy~*(t)
d dt

We deduce that 2= and y~ converge also increasingly to a solution of (14). As (14) has a
unique solution in (Ri)z, it must be (zp,yr).
Finally, we obtain the announced result using (17). O

— vt<th, 2 () -y ) =2 — i

Diploid case with the three selection functions. Due to the symmetries indicated in
Remark 1.1, the dynamics of the dominant allele (12) are simpler, because they are limited to
occur on the diagonal z = y.
1) m(x,y) = 2% + y*>. We obtain that, for t > 0
_ _ 0
t) =y() = .
() =9 = 7
Consequently, the system remains monomorphic and the dominant alleles evolve and converge
towards (0, 0).
2) m(x,y) = (z +y)%2. We obtain that, for t > 0

_ _ Zo
z(t)=9ylt) = —5-
0 =50 = 545
Consequently, the system remains monomorphic and the dominant alleles evolve and converge
towards (0,0).
3) m(z,y) = (1 — xy)?. In that case, we deduce from Proposition 2.3 that the dominant
alleles of the monomorphic system converge toward (1,1).

Numerical analysis. Note that Proposition 2.2 relies on the fact that equation (10) holds.
Due to lack of regularity estimates, in this paper we have proved this property only in a weaker
integral form (4). However, we conjecture that this property would hold in a rather general
framework. In Fig. 3 using numerical simulations, we investigate whether the qualitative
results obtained above are consistent in the case of the three examples considered in Fig. 2.
For each selection function above, we display the trajectories of the dominant allelic effects
z and y, for 20 numerical resolution of Eq. (P (n.)) with ¢ = 0.01 (plain lines), with initial
conditions uniformly randomized over the square [—2,2]? (each color corresponds to an initial
condition). We confront them to the canonical equations given in Proposition 2.2, for the same
set of 20 initial conditions (dashed lines). The corresponding trajectories as well as the final
states (full circle for the model and cross for the canonical equations) are quite in agreement.

15



2
X 1
= 0 > 0
—1 -1
25 10 I , 2 -1 0 ! 2

= xZ

(b) m(z,y) = (z + y)2. (the black line repre-
sents the line z +y = 0).

(c) m(z,y) = (1 — zy)?. (the black line repre-
sents the hyperbola zy = 1).

Figure 3: Simulated trajectories of the dominant alleles £ and y. The plain lines
correspond to the trajectories of (z™*(t), y™**(t)) that realizes the maximum of n.(t, -, ) in the
numerical resolution of (P (n.)), with & = 0.01. The dashed lines correspond to the numerical
resolution of the canonical equations given in Proposition 2.2. Each color corresponds to one
trajectory starting at an initial monomorphic state chosen randomly and uniformly in [—2, 2]2.
The final states of the trajectories obtained from the discretization of (P (n.)) are indicated
by full circles. This figure shows that the qualitative derivation of the section are numerically
consistent with the model.
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3 Preliminary results on the well-posedness of P (n.): proof of
Theorem 1.1

Well-posedness of P (n.) In this section, we prove Theorem 1.1. The proof relies on two
lemmas. We fix Ty > 0. The first lemma gives a priori estimates for a solution of (P (n.)) on
[0,Ta] x I x J. The second one relies on a contraction mapping argument for 7' > 0 small,
chosen uniformly with regard to the initial state, so that the reiteration of the process ensures
the existence and uniqueness of a solution on [0, Ths| x I x J.

Lemma 1. Let Ty > 0 and n. € C*([0,Tas] x I x J) be a solution of (P (n.)). Then, under
the assumptions H1 and HS3, we have the following a priori bounds for t € [0, Tas]

_ X X rt Y rt
po < p(t) < pg, 1Pt )loo < 102 o=, [lpX (t )l < 10X lsce=,  (18)
rt art X,0 Y,0 rt
wameWSe%mamwww+esmk”iW%”w@%_n
0 (19)
rT 2rT X’O Y70 rT
< o (0, e 4 €T [l p !!mllps \oo(e Wy Ny,
Po
Hﬂe O e,
0 t 2p7 e € +25
197 (2, -5 Moo= ( 10anelloo + Ny Z 102l 0
0 (20)
H"E H RAPRES YA Y
0 TM om0 T .
< (10zngloo + N1y — [|02m]| o 0 =: N7,

The proof of Lemma 1 relies on classical computations and is left to be consulted in A.
Before stating the next lemma, let us define, for n € C1([0,T] x I x J, R})

= [ ntawdzdy @)= [ntagde, o @)e) = [ altay)dy
IxJ I J
We also define, for T' < Ty
@=%6¢@ﬂxbﬂan&ﬁ=W mmq%@m
P )ty) <[ et o )y < 20 e

,0 0
||n(t, 5 )Hoo < 62—5 ‘n(a)H + Hpa HOO_HP& Hooe% <€i . 1) ’
0o Po

. T
M e ©F
[02me(t, - ) [loo < ||aa:ng”oo + N1y, Haxmnoo € *o

13

Y,0
o=l 111 et
—_— X €

T =
J0ymc(t Mo < (10,22l + Ny, 2L [0yl ) € ,

Tt
2e

By

which is a closed subspace of X := C1([0,7] x I x J, R;) and has a Banach space structure

with the norm .|| x :=||.||oc + |02 - [loo + [|0y - |loo- Let us also define
AV — X
(I) . t
s @) (t,,9) o nayg)e I A L [ ) et o AP g

(21)
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where

Aln](s,z,y) = m(z,y) + £ p(n)(s), Blnl(r,z,y) =

Lemma 2. Let T' < Ty;. Then, under the assumptions H1 and HS3, we have:
1. @ (AY) c AL

2. For T small enough, ® is a contraction mapping. Such a T can be chosen uniformly
with regard to the intial state.

The proof of this lemma can be found in Appendix B.

From Lemma 1, any solution of P (n.) in C! ([0,7] x I x J,R,), for all T < Ty, lies in
AY. Next, Lemma 2 allows us to use the Banach-Picard fixed point theorem in A2 to prove
existence and uniqueness of a solution to P (n.) in A2, hence in C* ([0, T] x I x J,Ry). Since
T does not depend on the initial state, we can iterate this process to extend the well-posedness
to C1 ([0, Th] x I x J,Ry). Finally, since T); can be arbitrarily large, there exists a unique
solution to P (n.) is C' (Ry x I x J,Ry)

Weak convergence of (n.). From Lemma 1, for ¢ > 0 and ¢ € [0, T], we have:
l[ne (2, -, ')||L1(I><J) < P(T-
Consequently, (n.) is bounded in L* ([0,T], L'(I x J)). Hence, there exists a subsequence
that converges in L™ (w* — [0, 7], M*(I x J)) to a measure n.
4 Proof of Proposition 1.1 and regularity estimates on u.

In this section, we provide the proofs of the regularity estimates that will be used in the proof
of Theorem 1.2.

4.1 Proof of Proposition 1.1

In this subsection, we prove the Proposition 1.1, which is a key step to prove the additive
separation of variables for u (see Theorem 1.2).
Let t € [0,T], (z,y) € I x J. We differentiate v, with regard to ¢ to find:

€6t1/€(t T y) pa € t,05 +Pg € tpg _ (6 M n € tp€> "

Ne Pe Ne Pe
ng z',y) pl (2) ne(z,y'), p2 (y)
=2(r—rKp:)v, m e dx — | m(x,y) L2 S dy
ne(Z, y)pe J na(:v Y)pe

)
—ve (vt = — - =2V A d
Ve (2 + 2 5~ m(@,y) —KpetT—Kpe = //m S drdy

:gys(l—l/g)-i-Vg( m(z,y +// o )dxd>

/ oy ne(@ y)ne(z,y') o,
_//Ixj(m(x’y)+m(x’y)) @ W

18



Since m > 0 and n,, pf,pg,pg > 0, we get:
r r
cowi(tie,y) < (5 + 2l ) ve - 302

Hence:

1
ve(t, 2, y) < ¢ L
R G 8 P S PR T o I
e e )+ Gy (170 )

1 4
< < max (Ilvflloo, (HM’O)) <wy
min( T ) r

1
v(zy)” (r+4mlleo)

Similarly, from (22), we have:
r T
cowi(tin,y) 2 (5 - 2mlle ) ve = 502

Recall from HI that: r > 2||m||«. Hence:

1
tv ) Z
ve(t, 2,y) 2 — Ce G2l E (1 e (52lml=) 2)

_r
r—4lm[le

1

4
- > min (||V£||oo, (1_\771||oo>) = Up.
Inax( r ) r

v2(zy)? r—4lmflo

Y

4.2 Regularity estimates on u.

In this subsection, we prove the regularity estimates that underlie the convergence of u. based
on the Arzela-Ascoli theorem.

Proposition 4.1. Assume that H1, H2 and H3 hold. Let e >0, T >0, and u. € C1([0,T] x
I x J) be the solution of P,_. Then, u. is Lipschitz continuous in time and in space, and is
bounded in C([0,T] x I x J), all the bounds being uniform with regard to .

Proof of Proposition /.1.

Lipshitz bounds in time. The existence of the upper bound for v, in Proposition 1.1 along
with H1 and Theorem 1.1 imply directly the following uniform Lipschitz bound in time on w,:
r

19stclloo < lImlloc + £ o5 + 3

(1+VM).

Lipschitz bounds in space. In this paragraph, we rely on a maximum principle to show
the following inequalities for all (¢,z,y) € [0,T] x I x J:

[Ozue (t,2,y)| < 2| emllocT+[100ullloo+1,  [9yue(t, z,y)| < 2| 9ymllocT +Oyulloc+1. (23)

The latter together with H2 implies that (u.) is uniformly Lipschitz continuous in space.
Let us show (23). For t € [0,T], (x,y,2',y') € I*, define A.(2',y,z,y,t) = u:(t,2',y) +
ue(t, x,y') —ue(t, x,y). Differentiating the equation on u, from P,_ with regard to x, we obtain:

1 ’o
0t Ozte = —0pm + - // - [8:Bu€(x7 y,) - 8:vu€($> y)] eAE(CC v 7x7y7t)d$/ dy,-
2p¢ IxJ €
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Let us define for (z,y) € I x J:
we(t, 2, y) = Opuc(t, z,y) — 2[0emfoot — Haxu(s)noo -1

First, we have that for all (z,y) € I x J: we(0,z,y) < 0. Next, let us assume that there exists
t > 0 such that max we(t,-) > 0. Then we can define:
X

to = inf{t > 0, max wc(t,-) > 0}.
IxJ

By continuity of 0yu. at t = 0 and compactness of I, we have: ¢ty > 0. Let (z9,y0) € I x J be
such that: we(tg, xo,y0) = max we(to, ). Then, we have:
X

0 < 0y we(to, zo, Yo)
T 1 10
= —0umao.g0) + 5 [ [weeo.y') = welo, )] A <00l dy — 20,m o
20:(to) JJixs €
< —||0zm||0 < 0.
which is a contradiction. Therefore:
vVt € [0,t], (z,y) € I x Jyws(t,z,y) <O,

which yields:
Ozue(t, x,y) < 2[0xm|| ot + Haxugnoo + 1.

Next, let us consider, for (¢, z,y) € [0,T] x I x J:
ve(t, 2, y) = Opue(t, 2, y) + 2/|0emlco t + [|Opul]| + 1.

We can repeat the argument above switching maximum to minimum. First, we have that
ve(0,-,-) > 0. If we assume that there exists ¢ > 0 such that minv.(¢,-,-) < 0 and define:

to = inf{t > 0, minv.(¢,-,-) <0} >0,

and (xg,yo) realising that minimum, we would have:

0 > dyve(to, o, Yo)

T 1 10
- _8xm(x07 yO) + — // - ['LUE((IJO, y/) - ’U)E(.%'(), ?JO)] eAS(I Y 7x7y7t)dx/ dy + 2”83;77’&“00
20 (to) JJixs €

> ||0zm||so > 0.

Which is a contradiction. Thus v, > 0 and for all (¢, z,y) € [0,T] x I x J:
Optie > —2||8pmlloc t — [|0pul]| — 1.

The bound on dyu. can be obtained using similar arguments.

Uniform L*° bounds on u.. Let us show the following lemma:

Lemma 3. For any § > 0, there exists g > 0 such that for all 0 < e < gq:
—§ < maxu. < 0, minue > = — |I| (||0zte oo + ||Oytie||oo) -
Hence, (uc) is uniformly bounded for e small.

Proof.
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1. Bounds on maxwu.. Let § > 0. On the one hand, we have:

exp () exp (222)

<[] L ey < i EE
IxJ € €
which leads to:
€pPg
>el —
max s > € og(m2> E_)—)()()
That implies that there exists g9 > 0, such that:
V0<e<gy, —0<maxdue.

On the other hand, if max u. = us(zpm, ym) > 0, then, for all (z,y) € I x J, we have:

Ue(2,Y) > Ue(Tns Ym) — ”axueuoo |z — T | — Hayueuoo [y — Y- (24)

Therefore, using the fact that u. is Lipschitz continuous in space, we obtain, for (x,y) € I x J
Uge xm,ym) Ue xmaym)

such that |z — x,,| < o |y — ym| < Togut

Ue (:L'ma ym)

Us(xvy) > B

We deduce that:

exp
po > //
IxJ

ue(z,y)

dx dy > // M dx dy
| = | < €

ue(zm ym us(mmxym)
Momuelae VYIS To ]

(us(wfy

us(wm,ym)
Ua(fpmvym)2 eXp (T)

— 4 10zuel oo 10yuell o €

The latter yields that if uz (2, ym) > 0, then:

[
52 exp | 5=
Po > <28) — +oo0.
4 [ Optie| o [[Oyuell o € e=0
Therefore, there exists g > 0 such that:
VOo<e<egy, —0<maxu.<?9.

2. Bound on minu.. From (24), for all (z,y) € I x J, we have:
ue(w,y) > maxue — [I] ([|0zuello + 10ytellg) > =6 = ] ([0rtieloo + [10yuell o) -

Thanks to (23), the r.h.s is uniformly bounded.

5 Proof of Theorem 1.2

In this section, we provide the proof for the main result of this paper, which is the convergence
of u. towards a non-positive limit u that separates additively the variables. We also link the
support of n to the zeros of u and derive a limit equation.
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Limit w. From Proposition 4.1, there exists €g > 0 such that (u).<¢, is uniformly bounded
in C°([0,T] x I x J), and uniformly Lipschitz continuous in space and time. Hence, from the
theorem of Arzela-Ascoli, after extraction of a subsequence, (u:) converges uniformly toward
a limit u € C°([0,T] x I x J), that is also Lipschitz continuous.

u(t,z,y) < maxu(t,,:) + maxu(t,:,y). From H4 and Proposition 1.1, there exists
Vm > 0 such that:

V(t,z,y) € [0,T] x I x J, vy <ve(t,x,y)

1 at ! Etv /7 - Et)7
:// eXp{U(,x,y)JrU( 'y y) — ue( ﬂfy)]dxdy
IxJ € Pe

€ €
SHIPL ettt )+ mes el ) —telms)]
Po € €

Moreover, for all (t,z,y) € [0,T]xIxJ, and § > 0, there exists 9 > 0 such that for 0 < ¢ < ¢,
max (us(t, z,-)) < max(u(t,z,)) + 0, max(ues(t,-,y)) < max(u(t,-,y))+ 0.
We deduce that, for 0 < & < g¢:

Po Vm
117

ue(t,x,y) —u(t,z,y) + clog (5 ) — 26 <max(u(t,z,-)) +max(u(t, -, y)) —ult,z,y).

Letting § and ¢ vanish yields:
u(t7 xz, y) < max(u(t, Z, )) + max(u(t, ) y))

u(t,xz,y) > maxu(t,z,-) + maxu(t,-,y). For & > 0, there exists g9 > 0 such that for
0<e<eg, for (t,z,y) € [0,T] x I x J,

max(ue(t, z,-)) > max(u(t,z,-)) — 0, max(ucs(t,-,y)) > max(u(t,-,y)) —d.

Let € < g¢ and y.(z) be such that: u.(t,x,y-(z)) = max(uc(t,z,-)). Since wu. is uniformly
Lipschitz in space (Proposition 4.1), we can choose M > 0 such that:

V(y,y') € I x J, Jus(t,z,y) —u(t,z,y')| < My —/|.

Combining the last two estimations leads to:
)
ly = y=(2)| < v ue(t,z,y') > maxu(t,z,-) — 26.

The same holds for max(u(t,-,y)). Hence, from Proposition 1.1, there exists vy, such that:

1 / / _
pE)FVMZ// *eXp |:u8(tﬂx7y)+u€(t7w7y) 'U,g(t,l',y):| dfﬁdy
IxJ € €

S (1\64)2 lexp {max(u(t,x, ) + max(u(st, L y)) — 46 — us(t,x,y)] '

We next obtain:

52
Letting § and ¢ vanish yields:

P+VM M2
€ lOg € 0 + 45 + Ua(t7 €, y) - U(t, xz, y) Z max(u(t, €, )) + max(u(t, ) y)) - U(t, €, y)

u(t, z,y) = max(u(t, z,-)) + max(u(t, -, y)).
This concludes the proof of (3).
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u is non-positive. This property follows directly from the uniform convergence of u. towards
u and the uniform estimates on the max(u.) from Lemma 3.

Support of n and zeros of u. Let t € [0,T]. Let: (zo,y0) ¢ {(z,y) | u(t,z,y) = 0}. Since
u(t, -, -) is uniformly continuous, there exists § > 0 such that: max (|2’ — zol, |y — wo|) <6 =

u(t,z',y') < M Also, from Theorem 1.2, there exists €9 > 0 such that, for all £ < g,

< lult,zo.y0)|
— 4

we have: |lu: — ulloo . Then, for € < gp, we have:

ue (t,2',y')
e €
/ ne(t, ',y da' dy = / ———dx' dy
[z0—0,20+0] X [yo—0,y0+] [x—0,2+3] X [yo—3d,y0+4] €
w(t,z0,y0)
(& 4e
<462
€
— 0.
e—0

From the weak convergence result of Theorem 1.1, (x,y0) ¢ supp(n(t,-,-)).

Limit equation on u*. Let ¢ > 0. From the equation (5) verified by pX, we get, by
integration:
V(t,y) € [0,T] x J, ¢ log M —’I”t—li/ pe(s ds—//mxy )(( )dxds
P2 (0,y) P (5,9)
(25)
Let us define ¢X € C ([0,7] x I x J) by:
ne(t T y)
¢X(t,z,y 7.
¢ (tx,y) = Xt y)

1. Convergence of ¢X to ¢X. For (t,y) € [0,T] x J, we have:
/qﬁg{(t,x’,y) da’ = 1.
I

Hence, (d)?) 0 is bounded in L>([0, T] x J, L' (I)). Thus, from ??, there exists a subsequence
3
still denoted ((;Sg() . that converges in L™ (w* —[0,T] x J, M*(I)) toward a measure ¢~.
3

Support of ¢X(¢,-,y). Proposition 1.1 implies that, for f € C.(I,R,), for a.e. (¢,y)
1

UM Py

[0 f@)de < (5 (0), ) < —— [0 00) fla)do

Vm Pg

Hence, for a e. (t,y), oX(t, ,y) and pY (t,-) share the same support. As n(t,-, ) is supported

at u(t,-, )1 ({(0, 0)}) = uwX(t,)71 ({0}) x u¥(t,-)~' ({0}) for a.e. t, we obtain that p¥ (¢,-)
(and therefore ¢ (¢, -, )) is supported at the zeros of u¥ (t,-).
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2. ¢ log (pg() v uX € C°([0,T] x I). We fix § > 0 and let &g > 0 be such that:

Ve < €, ||ue — ul|, < 6. Next, we compute:

ue (t,2,y)
¢ log (p?(t,y)) = ¢elog (/ S dx)

I e

u(t,z,y)+6
e £
< e log (/ _ dx)
I €

uX (t,y)+5 v (26)
e € u’ (t,x)
=¢ log —e = dx
I 9

uY T
SuX(t,y)+5—Elog(5)+€10g</e ( )dm‘)
I

< u¥(t,y) + 0 — e log(e) + e log (1)

Similarly, we have:

uY , T
e log (p?(t,y)) > uX(t,y) — 0 — e log(e) + ¢ log </Ie e da:) : (27)

For al

1 ¢ € [0,T], we have shown at the step (ii) that there exists zg(t) € I such that
u¥ (wo(t)) =

0. We have therefore the following lower bound:

'u,Y(t,z) J?()(t)-f—&‘ uY(t,z)
5log</e E da;)Zslog / e = dx
I xo(t)—e

zo(t)+e  _Mle—aq(t)]
Zslog(/ eMsOtdx>
xo(t)—e

> —eM +¢log(2¢)

where the intermediate inequality is obtained due to the fact that there exists M > 0 such
that u(t,-,-) is M-lipschitz in space, and thus, so is u¥ (¢, -).

The two inequalities (26) and (27) above ensure the convergence of € log (pg( ) toward u
uniformly in [0,77] x J.

3. Limit equation. For all (¢t,y) € [0,T] x J:

t X _ pg((t7y) . ¢
/0 /Im(nr:,y)<bE (s,z,y)drds = ¢ log (pf(O,y)) rt + H/o pe(s)ds.

From the strong convergence ¢ log (pf ) = uX € 0°([0,T] x J) shown previously, the r.h.s
E—r

of the equality above converges toward a function in C°([0,T] x J) as e vanishes. Hence,
G: == (t,y) — fot [rm(z,y)¢X (t, 2, y) dz ds converges uniformly toward a function denoted
G(t,y) in C°([0,T] x J).

We aim to show that for all ¢ € [0,T]:

Gt =y [ (650 p)hmCo)) ds € 12(),
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which would yield (4). Let f € L*(J). We have, for t € [0,7T7:

(6t [ (6% pomC) ds) fw)ay

T
<G = Gello I1f1ly + /0 /J<¢§(Smy) —6%(5,,1), m(y)) Lo (s) F(y)dsdy|.

The first term vanishes because of the uniform convergence of G. to G. The second term does
the same because of the weak convergence of ¢X to ¢~ in L (w* —[0,T] x J, M(I)) applied
to (s, x,y) — Ly (s)f(y)m(z,y) € L'([0,T] x J,CO(I)), since f € L'(J) and m € CY(I x J).
We obtain that for all t € [0, 7], f € L'(J):

/J(G(t,y) _/Ot <¢X(t,.’y),m(.7y)> ds> F(y)dy = 0.

Therefore, we deduce that for all ¢ € [0,T], for a.e y, G(t,y) = [, <¢X(t, -,y),m(-,y)> ds.

6 Convergence in BV-norm for (p.): proof of Theorem 1.3

In this section, we provide the proof of Theorem 1.3 under the additional hypothesis that the
selection function m is additive (H,, adq)-
Let € > 0. First, we have, for all ¢ € [0,T7:

/dE d+2/( ) ds
=)= +2 [ (%) (5)a
<p0+2/ (dp5> s)ds,

using the estimates of Lemma 1. Let us define:

dp r—/ip ta:y
L.(t) = Tty = T //M (2,9) "2 B2 4oy,

dpe

To prove that p. is locally uniformly bounded in W11([0, T)), it is sufficient to give an upper
bound on [j (Z.)_ ds. To this end, let us notice that for a.e.t:

d(Z:)_ dZ.
g M ="ln< dt

We deduce that, for a.e.t

d(Z.)_ dL
7t (t) = 7 —=(t) L4z 1)<y
—26p: // 8ms(t ,y) }
S drdy| 1
[ g c LAyl Hz.(t)<o}

- {‘“ (Z.)_(t)

Pe pz—:
+// m(z, Pele 4
IxJ y52 <2l Pe ‘
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— K pe e — m(x,y) ns) dx dy‘| 1{Ig(t)§0}-
(28)



Let us show that the following term is non positive:

1{15 (t)<0} // ( [pappe —}-TL!| — K pene — m(z,y) ns) dx dy
&€
taom |} // b=y (5 =) [ miaiyndsts— f[ | wnedzas).
IxJ Pe IxJ I><J

On the one hand, from the Cauchy-Schwartz inequality, we get:

—Pe //IXJmZ(ﬂc,y)ned:Edy = —//IXJ\/"TsQ//IXJ(m(x,y)\/@)gdwdy < — (//IXJm(:L‘,y)nsdxdy>2.

On the other hand, thanks to the additional hypothesis on m (H,, a44), we have

X Y
// m(x, )p5 pe dx dy = // (y)} Mdmdy
IxJ IxJ Pe
—/m z)p) ( dw+/m y)p (y) dy
|| m¥@n@ydrdy+ [ m @) nela.y) dody
IxJ IxJ

= // m(z,y) ne(z,y) du dy.
IxJ
We deduce that

17 (4)<0} // < [psppe + ne
&€
< Liz. (<0} lr/lxjmng—ﬁpg/lwmng - — (//IXJ m(x,y) nadxdy> ]

— kK pe e — m(z, ) ne> dx dy

mne dz dy

e Y (o [[ mnededy
Pe IxJ
mne dz dy

< L{z.(1)<0} Hixs ; : eT.(t) < 0.

Consequently, (28) implies the following inequality

W)y < 72200 1)
r—2Kpg
< fe (Ze)_ (t)
_ 2fmflee —
AR

Let us define ¢ := r — 2|jm||o > 0 from H1. From the last differential inequality, we deduce
that S
(Zo)_ (1) < (Zo)_ (0) ™", (29)
which concludes the first part of the proof.
For the last part of the theorem, recall that I.(t) = ddpte (t). Then, the inequality (6) implies

that there exists C' > 0 such that




As a corollary of (29), we obtain that for all ¢ € [0, T

o(1)—5t
(Z.)_(t) < C < E .

We deduce that the limit p is non decreasing.

A  Proof of Lemma 1.

Proof of Lemma 1.

1. Bounds on p.. Integrating (P (n.)) leads to p. being solution of:

{6 Ope = (1 — K pe) pe — [[1x g m(T,y) ne(t, 2, y) dz dy.
p(0) = p2.

Since m,n. > 0, we get that p. is a subsolution of the Cauchy problem:

{5dtfa = (T - ’ffa) faa
f=(0) = pg.
whose solution is:

1
Vt Z 07 fE(t) = _rt rt S max (1087 T) 9
£+ & (1—6_7) k

£
p? r

since p? > 0 from assumptions. Using the comparison principle, we obtain
VE >0, pe(t) < fe(t) < pg-
Similarly, we get:
¥t >0, py =< min (pf; T_”m”c”) < pe(t).

R

2. Bounds on pX, pY. Integrating (P (n.)) with regard to z leads to:

{6 Opl = (r — ki pe) pX = [ym(z, y) ne(t,z,y) do < rpZ,
pX(0) = pX0.

The upper bound on pX is then obtained by comparison with pX-° ¢ . The upper bound on
pY can be proved using similar arguments.

3. Bound on n.. From Duhamel’s formula, we obtain, for all ¢ > 0, (z,y) € I x J:

t m+rpe(s)—% t X Y t mtrpe(s)—5
ne(t, ) = (e )e o EET ey 2 [PERTIERT) - [
2e Jo pe(T)

Hence, using the bounds on pg( and pgf from (18), we deduce that:

X,0 Y,0 t
s Pe lloo 192" | 0o T 2rr r(t=7)
L. < OH H 3 3 /
H?’Lg(t, ) )Hoo S ez |Ing oo+ pa ; —286 s e 2 dT
X,0 Y,0
< 6% ng” + Hpe ”OO_HPE ooe% (6% _ 1) .
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4. Bound on 0,;n.. We differentiate P (n.) with respect to x to obtain:

{537&635”5 = % {M + Ogne(z, y)} — Oem(x,y) ne — (M + £ pe) Oxne,
n

Putting the latter under integral form yields:

_ [t mtrpe(s) 1 ¢ .. 0Y X ot mbepes)
Bone = Q™ bR (; [meg(m,y) ) e
0 €

Hence, by first using the previous bounds (18) and (19) and next using the Gronwall’s inequal-
ity on ¢t — [|0zne(t, -, )|, (second line), we obtain that:

X,0
t top Pe’ |J‘ rr
x (e) oo+NTMg||azmH°°+/0 276 [’/)H—OOQE +1
0

Pl

|02me(t, -, )Hoo <

10zne(7, )l dT

I

t -
< (0unlo+ Moy, £ ) ¢

[J] rt
Tt
€ +2£

B Proof of Lemma 2
Proof of Lemma 2.
® (A2 c AY.  Let us recall the definition of A2:

A ={ne 01([0 T) x I % J, R+)|n(0,-,') =nd, p(n) € [papcﬂ’

P m)(t,y) < X0 e (n)(t,) < 2| e
,0 0

In(t, o < €3 ngumﬁ"’& ol e 22 (eff:—l),

0

. .

M — € T
10eme (2., oo < (naxnguoo + Ny, =21 Haxmnoo) e :

”pgf’onw\f\e%_’_%

Ty =
J0,nett e < (108l + Nay 2 foml ) ¢

We consider n € A2. Let us show that ®(n) satisfies all the conditions defining .A%. From H1,
H2 and (21), ®(n) is in C*([0,T] x I x J, R;) and ®(n)(0,-,-) = nl. Next, for t € [0, T}, since
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n € A% we use the bounds on p(n), pX (n), p¥ (n) and we obtain the same bound for ®(n):

|(I>(n)(tv'v')| < ‘ng + % t ( ‘ ‘ H ”n ( Ty )Hoo) dr
g f (P2 \ o
+e 2]+’ f’OHw‘ e e - ) D
S‘ngm<1+e%—1)+e% e’ H"o/ —exdr
:‘ng e%—i—e% pg/yo‘” H e2s—
o

Po
Next, for t € [0,T], integrating twice (21) reads:

/ (I) tl‘ LY dz:dy—// n e gfo z,y +npn)(8)dsdxdy
IxJ

ks — |

t
VL) | om0 iy
< pg e—é fo K p(n)(s)ds + ;/0 (Z‘)( ) f K p(n)(s)ds dr

px

1 r 1 [t
< 0ty men)(s)ds (1_ EfnmeQw><< .
pe —l—H e 0 < pg

Similarly, using that n € A2 and thus p(n) > p,, we obtain that:

/ O(n)(t,2,y) dudy > pl et Jo Imll=trptmds o T / p(n)(7) et J7 Imllectrp(m)(s)ds g
IxJ
—éft |:m|_°° +r|p(n)(s)ds t —é t|:|m!°° +r|p(n)(s)ds
2 pge 0 Po _|_ ” H r / ”mﬂoo + K p(n)(T) e T Po dT
e g Jo | po €
Po
0 —%fo |:7Z|OO+I<L p(n)(s)ds r —;fot|:”7::_|°° +k|p(n)(s)ds
= pee ° ol boe ’
=+ K
Po
r 0 r (o0 r =Ml —
>min | p?, ——— | =min | p, ——— :mm(p ——— ] =pg-
l[m[lo €7 _lmloc €
R e + w
Next, for y € J and t € [0,T], we get from (21):
t
X (®(n)) (t,y) /<IJ (n)(t,z,y)dr = /ng(x,y) e~ & Jo m@w)trpm(s)ds g
I

t
ot [im@y)+rpm)(s)ds g g0

+£/1/0 2 [P : ﬂT(;lg;)(f) 5.2) + n(t,z,y)
+£ /Ot HPX(n)(T, .)Hoo dr < Hpgf’OHOO +£ /Ot HpX,OHOO e dr < Hpgf,OHOO e
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since n € AY. The same holds for p¥ (®(n)) (¢, z) :

/ O (n)(t,x,y) dy.
J

Finally, we compute:

0, P(n) =

1 st t 1 rt 1 ft ¢
<(’3an —ngg/ amAds> e_éfoAdS—l- f/ <(‘9xB—B€/ 0xAd5> et ) Ads g
0 0 .

€
t 1 st t
axnge_%foAdS+f/ BxBe_éfT Ads g7

1 rt 1 t
—g/ Opm (n et lo Ads+Bg(t—7‘)> et Ads g,
0

We next consider the following integration by parts:

The latter

9, (

Hence, since n € A, we obtain thanks to (31):

L Aw s dr,

[a-npme it o [ [Tpe

leads to:

t 1 rt t
n) = &m?efﬁfoAdS + 7/ 835367%]; Ads g

1ot
o aﬂcm ngAdsdT

¢
<n06—€f0 Ads | / B(s)e 7 Au) du > o
0

t 1 A ¢ . . .
:8x”g€7%f0Ads+g/ 8xBeing AdeT—asm/ d(n)(1)e L) Ads
0 0

|B(n)(t,~,-)] < N, for t € [0,T], which

implies:
10, (n) (¢, -, )|oo
0 . \! . o
“lloo +/O 25 [ 6 = +1 ”arns(Ta'v')”oo dr + %NTM
< ot + WN
= B
t Pz’ |J‘ T I Moo = (e —1)41T
L € H_OO <||aa:ng”oo + NT]W 7M Hameoo) e 2p,, 2 dr
0 25 po
of . Tt ll2em] ' \ H oI
= < 8xn€ + OONTM) ].—l—/ e ry dT
> € 0 26
Tay [|0sm] L B ’
:(@@ +.MﬂnmNm)1+/ Feg|
o0 5
PO 1t e
Ty ||0zm| loo 1 2t vt
B ( axng ) + % NTM) e 2pg 2e

The same holds for ||0,®(n)(t

;). Hence: ®(n) € A2
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2. ® is a contraction mapping for 7T small.
(t,x,y) € [0,T) x I x J:

t ~
®(n)(t,x,y) — ()¢, z,y) = n2(z,y) { L[y AGay)ds _ L) A(S,x,y)d:|
1 3 . t
+ - [/ (B(T,:c,y) — B(T’x7y)> e—éfT A(s,a,y)ds
0

£
+ B(1,z,y) (eif: Alswads _ = [ Alswy)ds > dT:|

SNhJeiﬁﬂM@ﬁ@ws_%

o
2¢ Jo

pX oY XY

p

+n—n|dr

2
+L NTM|;[H<]| —|—NT]\J /t o2 K [p(s)—p(s )]d5_1’ dr.
2e P 0
Using that |e® — 1] < |z|el®l, we get that:
T r|I||J| 2xTaweq
fo )—p(s)] S—l‘f RLH |€$ Hn_ﬁHoo
Furthermore, we have:
t| X Y ~ Y ~Y
L/pp_p~ TS*/‘P -~ +Pp_p7~d7
2e Jo p 2e p

rT . Np,|J 5 7 |I|N- - ~
<2 TM| | n — iil|so + 1] TM/%V)_M"—T‘pY_ Y‘dT
2e p Po

< 2T o
Po
r|I|’J|NTM [Q_FNTM‘IHJ“| Hn_ﬁ‘H )
2 py Po

Hence, we have:
1®(n) = ()]l < T kiy, e lln = 7o,

where k%M’E is a constant that does not depend on 7.
Moreover, we need to control the difference of the derivatives:

am<1><n>—ax<1><ﬁ>=axn8<w,y> [eifo Azy) gg _ o=t Jy Asaw) ds}

8 m ( (R)e = HAds _ @(n)e_% rAds) dr.

Similarly as above (32), the first term is controlled by:

A(s,x, _1 tAs,m,
g(fﬂ,y) |:€ E‘[ ( y)ds—e efo ( y)d8:|

Ni &[T 25Taeg
Ny R 2

17— 72| oo-

<T
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Let n and 7 be in A2. We have, for all



The second term is broken down in two:
1 t 1 [t ~ 1 [tz
7/ <8IB e_}f L Ads O.Be =) Ads) dr
€ Jo
1 1 1t g 1 rt - 1 [t g
/aB( L Ads _ ifTAdS>dT+/(axB—axB)e e Ads gy
€ Jo €.Jo
The first part is controlled thanks to (32) and the estimates defining A2:
1 1 LiftA tp ||02p (n)| p*(n)
f/axB (e A iffAds)dT S/r[ . ‘ + |01
0 2 Po

€.Jo
<TTleL+MwmuWTMﬂnmem?@

t ~
LR Gs)—p() ds _

7 —71f]oo
9

2e py Po
TTTM N%]M ll + NTM‘_IHJ‘

Po

2k Ty pt

ZRTM P -
c|[Je™ = |In = fflo.

The second part is controlled similarly as in (33):
1 ~\ 1 (ti 1
f/ (2.8 - 0,B) 7% J-A%ar ’ f/
e Jo €

r
< —
- 2 /

dr

PP
5

p

dr

Oup™ — Oup \ + 1o

~X‘

r [T|1]|J| Ny ) Lor 54 5
<. Mua axn\|oo+\I|N%M/ jlp—9|+i‘f0y_py’
el Po 0 po Po
- 111 Nr
I|N% T|J| <1+_M>
r | T\I||J|N N 1IN, 1
< 2 (TN S o i+ =" In ~ flle
€ Po Po
Aol [N L||-J|N:
IHI[nqw _@mm+N%<LH”'7%>m—mu}
2epg | Po Po

The last term is controlled thanks to the first part of the proof on ||®(n) — ®(n),, (34) and
that ||®(n)||,, < Nry,, for ®(n) € Aj:

t
’M ( LA gt A ar
Orxm ) o
H Hoo/ |®(n )= ®R)(7, )l + 1PM)(T, )| o ot [ r(B(s)=p(s))d _1‘ dr
Ol o ) T k|I||J] 2eTaes
_T||8|| (H@(n)—@(n)|]w+NTM€|H|e i Hn—nHoo>

p10emll
- €

(TMk%’M,a + NTM
The same controls hold up for 9,®(n) — 9,®(n). Hence:
[®(n) — @A)l x <Tkrye

where kr,, . is a constant that does not depend on 7.
Hence, we can choose T' > 0 small enough uniformly on [0, T)/] so that ® is a contraction
mapping. ]

TMWHJ\ MMPS N
— In = Afloo

n—nllx,
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Remark B.1. Thanks to (34), the uniqueness can be obtained in C°([0, Ths], C°(I x J)).
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