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PROPAGATION OF COHERENT STATES THROUGH CONICAL
INTERSECTIONS

CLOTILDE FERMANIAN KAMMERER, STEPHANIE GAMBLE, AND LYSIANNE HARI

ABSTRACT. In this paper, we analyze the propagation of a wave packet through a conical intersec-
tion. This question has been addressed for Gaussian wave packets in the 90s by George Hagedorn
and we consider here a more general setting. We focus on the case of Schrédinger equation but
our methods are general enough to be adapted to systems presenting codimension 2 crossings and
to codimension 3 ones with specific geometric conditions. Our main Theorem gives explicit tran-
sition formulas for the profiles when passing through a conical crossing point, including precise
computation of the transformation of the phase. Its proof is based on a normal form approach
combined with the use of superadiabatic projectors and the analysis of their degeneracy close to
the crossing.
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We consider a system of two Schriodinger equations coupled by a matrix-valued potential

(1)

1. INTRODUCTION
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where 9§ is a bounded family in L2(R?, C?), and V € C*(R%, C??) is a self-adjoint matrix that we
assume to be subquadratic: || - [|c2.2 denotes a norm in the space of matrices C?2, the matrix V

satisfies

(2)

Vy e N4 |y >2, 3¢, >0, sup |07V (2)]|c22 < ¢y
z€ERY
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These assumptions guarantee the existence of solutions to equation in L2(R?,C?) or, more
generally, in the functional spaces X¥ := ¥¥(R? C?) containing functions f € L?(R¢,C?) such that
Vo, 5 € NY, Ja| + (5] <k, 2*(e8,)"f € L*(R, C?)

with a uniform control of the norm, with respect to £ € (0, 1]

I fllse = sup  [lz®(e02) f| 12
|<k

e+

For simplicity, we denote by ¥ the sets X¥ corresponding to ¢ = 1. The Schwartz space S(R?)
then satisfies NpenX* = S(RY). The initial data that we will consider belong to X¥ for all k € N,
as explained below.

Let us first detail the assumptions we make on the matrix structure of the potential. As any
symmetric matrix, the potential V' can be decomposed as the sum of a scalar function and a trace-
free matrix: we write

(3) V(z) = v(z)ldes + (wﬂw) ws () )

wo(z) —wi(x)

and denote by A_ and A, the eigenvalues of V' with A\_ < A,. We have

As(x) = v(z) £ w(z), |w(@)] =/wi(z)+ wi(z).

We associate with these eigenvalues the scalar Hamiltonians

_le? _
(4) he(2) = == +Ase(2), 2= (2,0).

Since V is smooth, the functions v and w = (w1, wsy) are also smooth and the eigenvalues of V are
smooth outside the set T of crossing points
T={z= (2,6 €R hy(2)=h_(2)}={z=(2,8) €R* w(z)=0p}.
We shall also consider the eigenprojectors associated with each of the eigenvalues
1 L fwi(@)  wa(x)
I = — | Idg2 + .
£(@) =3 ( B ()] <U12(!E) —wi ()
Following [23], we will work in the case of conical crossing points by considering the following
set of assumptions.

Assumption 1.1.
(1) The crossing on Y is a conical crossing of codimension 2:
V¢’ € T, Rankdw(q’) = 2.
(2) The conical crossing point 2> = (¢°,p°) is non-degenerate:

E(2) = (1" - Vi (q"),p" - Vwa(q')) = dw(q")p’ # Oge
We write dw(q°)p” = rw with r > 0 and w € S*.

In the notations above, we denote by dw(q) the 2 x d matrix

U4y x>

meaning that, when applied to a vector p € R?, one gets a vector rw = dw(q)p € R2. Note that

Point (1) of Assumption [1.1/implies that Y is a submanifold of R%. Then, the points of T are said

to be conical crossing points because the eigenvalues Ay and A_ develop a conical singularity at
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those points. This singularity induces special behaviors of the solution to Equation that has
been already studied in the literature (see [23| [I2] for example) and that we want to analyze here
for wave packets propagation.

The eigenvalues A, and A_ are also supposed to satisfy a polynomial gap condition at infinity:
we assume that there exist constants cg, ng, 79 > 0 such that
(5) Ay (z) = A-(2)] Z cox)™™ , when [w(z)| = ro,

where (z) = (1 4 |2|?)*/2. This gap condition at infinity ensures, that the derivatives of the
eigenprojectors Iy (x) grow at most polynomially : it is proved in [3] Lemma B.2] that for all
B € N? there exists a constant Cs > 0 such that

(6) ||85Hi(x)HCz,z < Cﬂ(x)lﬁ‘(1+"°) , when |w(z)| > ro.

We are interested in initial data that are wave packets as studied in [7]. Wave packets are
highly localized in position and impulsion, they are associated with a profile ¢ € S(R?) and a point
z = (g,p) € R?? of the phase space according to

(7) WPEp(r) = e U/ eire-np(20).

Such families are uniformly bounded in all the spaces X¥ for any k € N. Note that Hagedorn’s
wave packets in [23] are built by choosing ¢ related to Hermite functions. Our set of data contains
Hagedorn’s ones. With these notations, we shall make the following set of assumptions on the initial
data.

Assumption 1.2. The initial data of the system is given by
Vi () = Yo WPS (),

where € S(RY), 2o = (qo,p0) € R\ Y and Yy € R? is a normalized eigenvector of the matriz V
n qo for the minus-mode:

V(g0)Yo = A_(q0)Yo.

Note that since Yy is assumed to be a real-valued normalized eigenvector of V (go) with w(gq) # 0,
one can replace the pair (Yg, ¢) by (—Yy, —¢) without changing the wave packet.

Wave packets satisfy localization properties that are recalled in Appendix [B] In particular, con-
sidering a function Vo € C> (R4, R?) such that %(qo) = Y,, we have

(8) Vi) = Volx)WPS p(x) + O(VE)
in ¥¥ for all & € N. Additionally, we can assume without loss of generality, that Vy(z) is an

eigenvector of V(x) associated with A_(z) for all 2 in a neighborhood Q of go.

Tt is well-known (and we provide a detailed exposition of those results below) that, outside the
crossing set, such a wave packet propagates along the classical trajectories associated with the
mode A_(z) (see [7]). We aim at precisely describing what happens when a wave packet reaches
the crossing set, and passes through it. These results have been announced in [20].

We provide a picture similar to the one involving Gaussian wave packets in [23]: as long as the
gap remains large enough on the trajectory, the solution can be approximated by a wave packet
with a time dependent profile, an action S_(¢, o, 2¢) and a time dependent eigenvector Y. (t)

V(1) = Vo (t)e? 5 (LS OWPL g (u (1)) + o(1),
3



in X¥. Besides, as soon as the gap shrinks, transitions occur on the other mode, leading to the
birth of a quite similar wave packet on the other mode. The advantage of considering general wave
packets lies in the fact that the transitions generate contributions on each mode that keep the more
general structure, while the Gaussian one is not preserved (see [23]).

We use the following ingredients:

(1) The existence of generalized trajectories that exist despite the conical singularity (see [23]
121 [13]).

(2) The use of real-valued eigenvectors evaluated along the time-dependent classical trajectories.

(3) The introduction of a profile equation along a trajectory and the analysis of this profile
when the trajectory reaches a crossing point, proving precise estimates on its behavior close
to the crossing time. This is performed in Section and uses ideas from [23] 24].

(4) The definition of a thin layer close to the crossing point of the trajectory and the reduction
to a model problem in this thin layer.

In the next Section we introduce the main objects (classical trajectories, actions, eigenvectors
and profiles) that characterize the approximate solution, and our result is stated in Section

We point out that this transfer has been precisely described in terms of Wigner measures by the
results of [13] when one single wave packet reaches a crossing point. However, if two wave packets
reach simultaneously a point of the crossing set, the Wigner measure information is not enough and
a phase information is needed to describe the Wigner measure of the outgoing wave packets. One
of our aim here is to get this phase information.

Even though our results are inspired by those of [23], they differ on several aspects. First, the
way we handle the problem is different and easier to generalize to other Hamiltonians. Secondly,
the results obtained are more general in terms of the data that are considered. Thirdly, the method
we develop also allow to treat data passing close to the crossing set and not exactly through it (see
Remark and more general Hamiltonian (see Appendix @[) The latter point opens the way to
further development and proofs of the convergence of numerical methods mixing surface hopping
approaches [14] [T5] [16, (17, [3T] and thawed or frozen Gaussian algorithms (also called Herman-Kluk
approximation) as introduced in chemical literature in [26] 27) 28] and studied from a mathematical
point of view in [38, [40] (see also [19]).

1.1. The parameters of the approximate solution. The aim of this paper is to give a precise
description of how one can approximate solutions to equation in the framework of Assump-
tions and This result is presented in the next section and we begin here by introducing
the parameters of the wave packets that are involved in the process. We give a description of their
centers, profiles and phase factor, which are e-independent and related with classical quantities.

1.1.1. Classical trajectories and actions. For (tg,z9) € R x (R??\ T) we consider the classical
trajectory (q+(t), p+(t)) issued from zg = (qo, po) at time to, and defined by the ordinary differential
equation
4+ (t) = p+(t), p+(t) = —VAr(gx(?))
with
q+(to) = qo and p4(to) = po-

The associated flow map is then denoted by ®4% (o) = (g=(t), p+(t)) and we have

(9) QPG = JV. hy o @Y, DI = 1p04,
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where

(0 Tdg
(10) 7 _<—1de 0)

and the Hamiltonians h are defined in . It will be convenient in the following to denote by {f, g}
the Poisson bracket of two functions f, g € C>(R??), that might be scalar-, vector- or matrix-valued
as soon as the product fg makes sense:

d

{f.9} =JVf Vg=> (0c,f0u,9 — 0a,0c,9) -
j=1
Of course, since w(qg) # Oz, the existence of these Hamiltonian trajectories is guaranteed by
Cauchy-Lipschitz theorem, as long as they do not reach Y. Moreover, one can prove that there exist
trajectories passing through z” = (qb,pb) € T that are piecewise smooth, as soon as Assumptions
hold at point (¢’, pb). We point out that we will make the convenient abuse of notations of saying
indistinctly that z = (¢,p) € T or g € T.

Proposition 1.3. [[I3], Proposition 1] Let 2> € Y satisfying Assumptions the notations of
which we use. Then, there exist two continuous maps
b
t = 4" (2%) = (q£(1), p=(1))
b 4b
defined in a neighborhood of t* and which satisfy @D for t # t* with moreover @i’t (zb) = 2",
Besides, we have for all t ~ t°

(11) w(gs(t) = (¢t = ")rw + O((t = ')?).

We shall call generalized trajectories these continuous maps passing through points 2° € T
satisfying Assumptions We associate with ®4% (o) = (g+(t), p+(t)) the action integral
t
(12) St (tto, 20) = / (p+(s) - 4+(s) — ha(24(s))) ds.
to
We analyze in Section [2.1] the behavior of both these generalized trajectories and their actions close

to a crossing point.

1.1.2. Real-valued time-dependent eigenvectors along the trajectory. We introduce the matrix-valued
function By € C®°(R??\ Y) defined by

(13) By(z,§) = £l (2)¢ - VoIl (2) I (2) = Fllx(2)€ - VI (2) 4 (z) = —Bx(x, &)™
Proposition 1.4. Let (to, 20) € Rt be such that the trajectory ®°™ = (q_(t), p_(t)) reaches T at

b S L.
time t* > to and point 2° = ®" " (zy) satisfying Assumption - Let Yy such that TI_(qo)Yo = Yo.
Then, the solution Y_ (t) of the differential system

{ @37— (t) = B_(L" (20))Y-(1), t€ [to, 1)
Y_(to) = Yo

satisfies the following properties:

(14)

(1) for all t € [to,t"), Y_(t) is an eigenvector for the minus-mode along the trajectory:

I (g (8)V-(t) = Y- (¢).
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(2) There exists a normalized real-valued vector V,, such that

lim Y_(t) =V,

t—th, t<t
and
(15) (“’1 ‘”2)17;:12, with T, € B2, [T = 1.
Wy —W1
(3) There exist T > 0 and a function x — V_(z) smooth in a neighborhood of (®" (ZO))te[tb_.,.,tb)

such that TI_V_ = V_ and Y_(t) = V_(q_(t)).

Note that since Vw is real-valued, the relation fixes V, up to its sign. Its sign depends on
the value of Yj.

Of course, a similar result holds for the plus-mode. More generally, one can construct ingoing and

outgoing eigenvectors along the trajectories arising from a non-degenerate conical crossing point 2°.

Proposition 1.5. Let t* € R and 2° satisfying Assumption and V,, € R? satzsfymg .
Let VJ- obtained by the rotation of angle 5. There exist two famzlzes of eigenvectors Yi( ) defined
in a neighborhood I of 1, such that

— b —
(16) 0,Yi(t) = Be (@' (2"))Ye(t), teI\{'}
and
(17) lim Y ()= lm Y ()=V,, lm Y ()= lm Y, (t)=Vr
t—t?, t>tb t—tb, t<tb t—t?, t>tb t—tP, t<tP

As a consequence, starting at time ty from a trajectory <I>t_’t°(zo) for the minus-mode that
reaches T at a non-degenerate conical crossing point z”, we are left with a family of time-dependent
eigenvectors Y_ (t) that reaches the crossing and defines a vector V... One can then continuously pass
through the crossing, while hopping from the minus-mode to the plus-mode at time ¢’. Similarly,
with the generalized trajectory arriving at time t* in 2” for the plus-mode, one can associate a
family of time-dependent eigenvector for the plus-mode that will pass continuously through the
crossing with , while hopping from the plus-mode to the minus-mode at time ¢°.

1.1.3. Profile equations. The profiles of the approximate solutions are linked with the scalar Hamil-
tonians hy - see (4) - and the associated trajectories. We consider trajectories @ito (z0) that do not
meet Y on some time interval I containing ¢y and associate with them the Schréodinger equations
with time-dependent harmonic potential

1 1
(18) i0uy = *§Auﬁ: + §Hess i (D41 (20))y - yut,

with initial data in S(R?). In view of [34], these equations have a solution in ¥*(R¢) on the time
interval I for any k& € N*. Moreover, we have the following proposition.

Proposition 1.6. Let (tg, z9) € R2HL be such that the trajectory @l’to reaches Y at time t* > tg
b

and point 2> = fbi’to(zo) satisfying Assumption . Then, there exists a solution us(t) to

on [to, ") with initial data u*(tg) = o+ € S(RY). Moreover, for any t € [to,1"), u+(t) € S(RY),

lux(®)|lz2 = llexllrz and if k € N*, there exists a constant Cy, > 0 such that

(19) sup Hui(wnzkggok(14-pnn-#w).

tElto,t?)
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The result of Proposition[1.6] implies that the time derivatives of the profile functions u; and u_
are integrable, up to a phase. With the notations of Assumptions|l.1} we consider the d xd matrix 'y
defined by

(20) To=7r""dw(q’)(Idge — w ® w)dw(q’)

where w®w is the 2 by 2 matrix (w;w;); j and dw is the 2x d matrix (0., w;);,; (note that Idg> —w®w
is the orthogonal projector on Rw>).

Corollary 1.7. Under the assumptions of Proposition there exists vl € S(RY) such that for
all k € N, there exists C, > 0 with

(21) |

i .
EXp(3F§1“0y cy Inft — " us(t) — ull

< Cylt —1°| (1+ ‘ln\t—tb|D.
sk

Moreover, once given uQ™ € S(R?), there exists a unique pair uy (t) for t > t° satisfying and
such that for all k € N, there exists Cy > 0 with

7
(22) ] Bxp(= Loy -y Inft s (1) — w2

< Cilt —t°| (1 + ‘ln |t—tb|D .
Sk

a point z° that satisfies Assumption [1.1] Then one can associate a profile u_ (t) with the ingoing
trajectory ®" for ¢ € [to,1"); this generates an ingoing profile u® € S(R%). We shall see later how
to build an approximate solution to the system thanks to u'™, and how to associate two outgoing
profiles, u®"* and uS"*, with u" in an adequate manner; these outgoing profiles then generate two

profiles u, (t) and u_(t) when t > ¢°, one for each mode, by solving equation with initial data

at time ¢’ given by u°"* and u‘jr“t respectively.

Let us consider an initial data as i and assume that ®"°(z) passes through T at time ¢ at

1.2. Main results. Let us consider an initial data at time t; satisfying and assume that the
trajectory ®"°(z) does not reach Y on the interval [to, to + 7] because & (zq) € {|w(z)| > &} for
some § > 0. Then, there is adiabatic propagation of the wave packet: at leading order, the solution
remains in the same eigenspace and can be approximated by a wave packet whose parameters are
determined by the classical quantities associated with the related eigenvalue. This type of results
are already present in the literature, see [I] for the case of wave packets and [33] [4I] for more general
results. Our contribution here is intended to emphasize the dependence of the approximation on
the parameter §, encoding the minimum gap along the trajectory, which is a crucial ingredient in
the proof of our next result.

Theorem 1.8. [Propagation with a gap of size §] Let k € N. Assume 1§ is chosen as in Assump-
tion , Let § > 0 and assume that ®" (zy) € {Jw(x)| > 6} for all t € [to,to + T). Consider the
time-dependent eigenvector Y. (t) given by Proposition and the profile u_ associated with ¢_ by
Proposition [1.6. Then, there exists Cy > 0 independent of § such that

u_(t)| <G+ ma)) (53/2 + ﬁ) .

(%) 04 ]

’ws (t) — Y (t) eés_(t7tb72b)wp¢t,tb

=E

Of course, this result easily extends by linearity to the case of data which have components on
both modes with wave packet structures. Theorem only gives information when the gap along
the trajectory is large enough.

7



Let us now assume that the trajectory ®"" (20) passes through Y at time t* € (to,to+7T), T >0
at point z” where Assumption is satisfied. We consider:

e The trajectories " (zy) and @itb (2°) built in Proposition

e The time-dependent eigenvectors Y- (t) associated with Yy by Proposition for t € [to,t°],
and the pair of time-dependent eigenvectors (Y (t),Y_(t)) of Proposition [L.5{on [t”, to + T]
with

e The profile u_(t) built for ¢ € [ty,t’), thanks to Proposition with data u_(t9) = p_.
We define u'® by Corollary and associate with u™ the profiles u (¢) defined for t > ¢’

thanks to the outgoing limiting profiles u®"* and uS"* given by

@ () = (7™ o) (o )

where, S° = S_(t*,t9, z) and, with the notations of Assumption

(24) n(y) = (“’ (dw(q)y),w* - (dw(qb)y)) = (m(y),m2y)), VyeR

(25) a(ne) = e*@, b(ne) = \/27,:772 9= M5/ 2g=mn3/4 T (1 + 17722> sinh <7T2772) ,
2 r 2

(26) 0. = Zm (%) + 24

We recall the Gamma function and hyperbolic sine function we use:

1 z—1 00 _
1 z _ z
I'(z) = / <ln ) dt = / t*~te~tdt, sinh(z) = £e-°
0 t 0 2

We then have the following result.

Theorem 1.9. [Propagation of a single wave packet] Let k € N. Assume ¢§ is chosen as in
Assumption and that the trajectory <I>t;t°(z0) reaches Y at some time t° and some point 2’
satisfying Assumption [1.1. Consider the above-mentioned classical quantities. Then, as ¢ tends
to 0, the solution to equation with initial data g satisfies in SF(RY): if t € [to,t°)

VE(t) = eésf(tvt‘J’ZO)YL(t)WP‘i,ito(ZU)u,(t) +0 ((1 + |1n8|)5ﬁ_)
and if t € (£°,to + T,

(27) G (t) = V(1) efS- (012 WP u_(t)

38t (20)

FVL eSO (1) +0 (14 el

By £11 , we mean €11~ for some < € (0, =) small enough. Note that the constants involved in
the approximation result of Theorem depend on the initial data, the potential V' and the time
length T of the approximation. This is also the case in the next results.

Remark 1.10. The presence of the phase-shift driven by the function 6.(7) in the transfer formula

implies that if the L?-norms of the outgoing profiles are still uniformly bounded with respect to e,

it will not be the case for their Schwartz semi-norms, that will grow as powers of In(¢). However,

setting & = WP, (e?*WIE)p(y)) with ¢ € S(RY) and S € C*(R?) with polynomial growth
8



together with its derivatives, one can check that the e-derivatives of f¢ are uniformly bounded.
Indeed, one can prove by a recursive argument that for o € N%,

ellO 2 (y) = WP, (WO (y))

with for & € N, ||¢f ||sr < ex(1 + (vVeIn(e))l*F* ¢, > 0. The wave packet structure is not exces-
sively deteriorated by this phase shift and the approximate solution in is uniformly bounded
in X¥ with respect to ¢ for all k € N.

The result extends, by superposition principles, to the case where two wave packets interact at
a crossing point z’. Assume

(28) V5(x) =Yoo WP, ¢ (w) + Yo s WPS, ¢4 (a),

b N
where ¢+ € S(RY), 20+ = (go.+,p0+) € R*\ Y with @ti’to(zo’i) = 2", and Yy 1+ € R? are
normalized real-valued eigenvectors of the matrix V:

V(go,+)Yo,x = Ax(go,+) Yo+
We associate with each mode classical quantities:

e One first computes the time-dependent eigenvectors along the trajectories ?i(t), carefully
handling the fact that if V,, is the vector associated with 17[)7_, the vector associated with
Yo.4 by (2) of Proposition adapted to the plus-mode is VL or —VL. If one gets —V 1,
one has to turn the pair (Yy +, @) into (—1_/})7+, —p4).

e Once this issue is fixed, one computes the profiles ui (t) for t < t* associated with the
trajectories and the initial data ¢4. Note that the change of initial data (}707+, ©4) into
(717’07_5_, —4+) corresponds to changing the ingoing profiles u'? into —ul?.

e This generates incoming profiles u™

in

and u}' on the minus-mode and plus-mode, and in-
coming actions S% = Si (1, to, 20,4 ) respectively. Then, we set

wt\ _ (e 0b0) () (eFShulr
(29) out | — —if=(n)}) 18° in
u?! a(n2) e (m2)) \e=5-uim

and one computes the outgoing profiles u (t) for ¢t > t along the trajectories and with
initial data uS™ at time ¢ = ¢’.
Then, the following result is a straightforward consequence of Theorem [I.9] and of the linearity

of the equation.

Corollary 1.11. [Interactions of wave packets at conical intersections] The solution of equation
with initial data is given fort € (£, to + T by

vE(t) = Y- ()t S5-I wp u_(t) + Yy (t)et S+ (WP (t) + O((1 + [Inel)er )

U
oh " (2) S

in Y (RY).
Remark 1.12. Several remarks are of interest :

(1) The adjustment of the-time dependent eigenvectors is a crucial issue. It is connected with
the choice of the basis (V,,, Vj) at the level of the transition. This basis plays the role of
what is sometimes called a diabatic basis and the process that we describe above gives a
way of choosing a diabatic basis close to a non-degenerate conical crossing point.

9



(2) The actions accumulated during the transport to the conical intersection play a part in the
transition process and the new profiles are affected by a e-dependent phase.

(3) The analysis performed above extends to the case of time-dependent symmetric Hamiltonian
H(t, z) presenting conical intersections. Appendix |E| is devoted to the generalization of the
process.

It is interesting to compute the Wigner measure of the function v (t) (¢ > t°) of Corollary

Corollary 1.13. The (matriz-valued) Wigner measure of the solution to equation with initial
data is given fort > t* by

(80)  plt2) = cid (2= @5 () Vi) @ Vi) +c-6 (2= @2 (1)) V- () @ V- (1)
and (with the notations of and )
cx = lla(m)ulf |2 + v/~ a(n)® ul2| .

Let us conclude this section with a parallel between our main result and Theorem 6.3 of [23]. The
latter deals with the propagation of a Hagedorn’s wave packet through the conical intersection; it
corresponds to our Theorem for ¢ being a Gaussian multiplied by a polynomial function, which
implies that the ingoing profile 4" has the same structure. The outgoing profiles are decomposed
on the basis of Hagedorn’s wave packets in formula (6.53). One sees that the component that
switches from one mode to the other one only has a finite number of components. In fact, it still
has the structure of a Gaussian multiplied by a polynomial function, while the one that keeps going
on the same mode has a full decomposition, which is due to the presence of the function I' in
the coefficient b(n). The comparison with our result is easier page 100 (last formula of the page):
one can observe the oscillating phase and the exponential transition coefficient in the part of the
approximate solution that switches of mode, together with a decomposition on Hermite functions at
the top of page 101. The other mode is treated page 102 and 103, where the Gamma function can
be spotted. The phase shift itself is more visible in [24] where A(g) of Theorem 3.1 is the analogue
of our 0.(y). The phase A(¢) does not depend on y but does depend on the parameters of the
avoided crossing that is the subject of [24]. Note that in both references [23] and [24], the scaling
of the equation is not the same, as ¢ in this present article corresponds to €2 in those contributions.

1.3. Ideas of the proof, organization of the paper and notations. An important part of the
proof consists in the construction of the approximate solutions and, in particular, in the resolution
of equation , as well as the analysis of the properties of its solutions. This part is performed in
Section[2] together with results on the classical quantities. Then the proof proceeds in two steps. We
first show that the approximate solution fits outside Y, which corresponds to times ¢ ¢ (” — 6, 4-6)
for some ¢ that will be chosen small. In this region - that can be qualified as adiabatic - the solutions
of decouples on each of the modes. Using techniques arising from [T}, [41] for example, as spelled
out in [I8], we carefully analyze the order of the approximation (which involves negative powers
of § combined with powers of £) in Section [3| Then, in (£” — 6,” + §), we are able to reduce to
a local model of Landau-Zener’s type and exhibit the transitions relations in Section 4} This
allows us to fix the ansatz for times ¢ > t* 4+ 6. All along the proof, it will be convenient to use the
notation

(31) Alw) = (“’1 w2 ) w € R,

w2 —wWi
10



U1
V2

—Vy

Besides, with a vector V' = ( v
1

) € R?, we associate the vector V- = ( ) Moreover, if

U= (Zl) € R? weset UAV = ULV = ujvg —uzvy. Finally, we will use the notation D, = %Vy.
2
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2. ANALYSIS OF CLASSICAL QUANTITIES AND CONSTRUCTION OF THE APPROXIMATE SOLUTION

In this section, we first focus on the properties of the classical trajectories and actions in the
neighborhood of the crossing set. Then, the next subsections are intended to construct the time-
dependent eigenvectors along the trajectories and the solutions of the profile equation , together
with a careful analysis of their properties.

2.1. The classical trajectories and actions. It is interesting to compare a generalized classical

b
trajectory <I>ti’t° (z0) reaching the crossing set T at time t” and point z° with the trajectory <I>6’t (zb) =
(qo(t),po(t)) associated with the (smooth) Hamiltonian

(32) ho(z) = % +v(x).

A simple Taylor expansion close to ¢t = t* gives the following lemma.

Lemma 2.1. Under the assumptions stated in Proposition we have

{Qﬁ:(t) = qt) F gsen(t — ') (t — ")* 'dw(¢’)w + O((t — 1°)?),
p=(t) = po(t) F [t —'|"dw(q’)w + O((t — )?).

We recall the notation S:bt =S4 (1", o, 29) introduced in Section
The next lemma provides a comparison between the action Sy (t,t°,2”) = Sy (t,to, 20) — S’ associ-
ated with a generalized trajectory @ti’to(zo) and the action

(33) %@ﬂ%zl@ﬁ%%@JMMWMS

b
associated with the trajectory ¢é’tb (2").
Lemma 2.2. Using the notations of Proposition we have the following asymptotics
Si(t,t°,2°) = So(t,t°,2°) F sgn(t — t*)r(t — °)% + O((t — 1)),

and

St ) = (0 ) (G = o(@)) = - ola )t = 0P+ Ot =)
Proof of Lemma[2.3 We use that hy(z4(t)) is conserved along the trajectory and we write

Sa(t,t0, 20) = p(t) - 4o () — hae(2") = |p£(t)]* — hs(2").

Lemma [1.3] gives

St (t,to,20) = [P°)2 = 20 - Vu(@)(t — 1) F 2dw(q’)p’ - w|t — t°] — ha (") + O((t — £°)?).
11



Integrating between ¢ and ¢ and using [p’|> — hy(2") = 3|p°|? — v(q"), we obtain

1
Seltuto o) = 8+ (1= ) (S = (@) = - Vola) )t )
F sgu(t — )dw(q")p’ - w(t —°)* + O((t = ')*),
and we identify the terms (t — ¢°) (3|p°|? — v(¢")) — p" - Vo(¢®)(t — t°)? with the first terms of the

Taylor expansion of Sy(t,t”,2”) close to t°. O

2.2. Parallel transport. In this subsection, we prove Propositions [[.4] and [[.5] We begin with
preliminary conditions in order to prepare the elements required for the proof. We use the crucial
observation that for all (z,¢) € (R \ T) x R?, the matrix ¢ - VII, () is off-diagonal (see Lemma
for details), that is

(34) I ()€ - V1L ()11 () = 0
and that for o € N¢, there exist constants C,, > 0, n,, € N such that
(35) 10T (2) |22 < Cafw(a)] 1! ()",

which is obtained by combining the estimate @ at infinity and the analysis of the singularity close
to Y.

A simple calculus shows that the pair (17+, 17_) given by Vi(x) = (;i ((i))> with
+
wz( ) +y/|w(z)| F wi(z)
i onx(z) =
V2w (@)[(lw ()] F wi (@) V2

is a pair of real-valued eigenvectors of the matrix V' (x) given in . These functions are smooth
in {wy # 0} (indeed, one has |w| # tw; when ws # 0). Actually, one cannot construct pairs of
eigenvectors that are smooth in R2?\ Y. However, it is possible to construct pairs of eigenvectors
that are smooth in R??\ {w(z) - € # 0} for all &€ € R?, |¢] = 1. Indeed, we introduce the rotation
matrix

(36) R(6) = < cosy  —sing ) fcR

sx(z) =

which satisfies

X _( Eprw  EAw
(37) RO AwR®) = (20 TN
where €y = (cos 6, sin 8) (recall w A w' = wiwh — wow} for w,w' € R?).

Then, consider the vectors V¥ (z) = <<i( )> with
n(z)

0 (y ()/\50 . 0 (x j3\/| z)| Fw(z) - €y
N N e O I V2 ’

the pair (R(Q)*Vf, R(@)*Vf) with gives a pair of eigenvectors of V' (z) that are smooth in the region
R\ {w(z) - & # 0}

12
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Lemma 2.3 (Control of real-valued eigenvectors outside T). Let (V, ‘7,)) be a pair of normalized
eigenvectors of the matriz V (x) that are smooth in Q = R24\ {w(z) -w # 0} for w # 0. Then, for
all « € N%, there exist Co, > 0, and ny, € N such that for x € Q

(38) |

V(@) , < C @) @)=

Moreover, with the notation of , the following relation holds in Q)

(39) ¢ VaVi(z) = B2, Vi (x).

Proof. e« Proof of . We proceed by induction on |a| > 1, using the relations
.Yy =Yy and |}7i|2 =1.

When |a| = 1 with a = 1,, we derive the second relation in z; and using the fact that the vectors
are real-valued, we obtain that

B, Vi - Vi=0
which implies that 0, Vi is colinear to ‘7¢. Deriving the first relation, we have
(%,-Hivi + Hiamj‘?i = 5wj‘7i

that is
(40) 3y, T Vi = (Idge — 114)0,, Vi = 1110,V = 0,V
since 0, Vs is colinear to V;. Using (35), we obtain for all € N? such that |a| = 1.

We now fix o € N¢ and suppose that for some Cs > 0, ng € N, we have

V8 e N |8 < ol = 1, |05V (x)| < Cplw(x)| 1P (z)".

Let j € {1,--- ,d} such that a; # 0. We apply 9~ to the relation “O, M.V = Oz, V" from .
The chain rule implies that 8;“_/; is a linear combination of terms OPII, V4 for B + v = «a with
|B8] > 1 so that |y| < |a|. Using and the assumption on lower order derivatives of Yy, we infer
that there exist a constant C, and an integer n, (taking the sup on (m,¥)) such that holds.

e Proof of. We write the proof for the plus-mode, since the other mode is dealt in the
same manner. We first notice that

£-VaVy = (& VI )V, + T (¢- V, V).
Since ‘7+ is normalized and real-valued, I1 (¢ - VIV’JF) = 0 and we are left with the relation

€- VoV = (£ VL IIL )V, = (€ VIOV, =T1_(¢ - VI ), V, = B, V,.

We can now prove Propositions and

Proof of Proposition[T. 1- Differentiating in time the expression I, (q_(t))Y_(t), we obtain

d

%(HJF(Q—(Z?))?— (£)) = p— () - VILp (a— (£)) Y= (t) + T4 (g (£)) B— (- (1)) Y- (t) = 0.
13



Indeed,

—

p—(t) - VILL(q- (£) Y= (t) = T (g (£))p— () - VIL: (¢— (0)TI-(q— (£)) Y- (1)
— I (g (1) B (¢~ (1) F-(1
by (13), and Y_ = II_Y_. Therefore, I1 (q_(t))Y_(t) = Iy (q_(to))Y_(to) = 0
2- We start by analyzing II_ (®""(2)) and (€ - VII1)(®%"(20)) when t goes to t* with t < .
We recall
M (z) = % (1d - Jw(z)| " Alw(z)).

By equation setting w = (w1, w2)?, We obtain

(41) T (8% (29)) = %(Id—FA(w)) L0t — 1),
We now consider the limit of B_(®""(2)). Using Lemma we obtain
(12 B(ag) = -SSRy o () )

__1 # fvzwl gver
=5 I+(@) [|w(m) (g Vews € vxm)
_ (£ - Vaw)wy + (§ - Vawa)we (wl wa )

jw(@)[? wy  —wy

II_(z)

We now specify this relation to (z,£) = "' (z,). By definition
p—(t) - Vow(g—(t)) = rw + O(|t = £°]),

! (wl _“’2)+0(1)

and, using , we obtain

lw(x)| \&- Vaws —£- Vewr (,6) =00 (z0) - [t —t°] \w2 —w1
and
(€ Vawi)wy +(§'wa2)w2 (wl wo ) _ 1 (“’1 w2 ) +0(1),
w(o)? wr =) | grioiy TPl
that is

& - Vw(z) Aw(x)
2|w(z)?

- o)
(2,£)=0""(20)
and the singularity in [t — ¢’|~' disappears in the expression of B_(®""(z)). We obtain that
B_ (9" (%)) is uniformly bounded in a neighborhood of ¢”.
As a consequence of the last observation, we deduce the boundedness of 9;Y_ (t) for t € [to,t°),
which - in turn - implies that Y_(¢) has a limit V,, when ¢ goes to (£”)~ which is normalized and
real-valued. Besides, by (4], V,, is in the range of 2(Idc2 + A(w)), thus an eigenvector of A(w).

3- One checks that the function w(z) - w is non zero along the curves ®"(zq) for t close to .

Therefore, we choose the function ‘7_(30) that is a smooth real-valued eigenvector of V(z) for the
minus-mode in the region {w(z) - w # 0} and so that V_(g_(¢)) has the same limit V,, than Y_(¢)
14



as t goes to t* with ¢t < t* by turning V_ into —V_ if necessary. Then, the result comes from the
observation

—V_(q- (1) =p_(t) - VV_(q_(t)) = T (¢ (t))p— (1) - VV_(g_(t))
=TI (¢ ()p—(t) - VII_(q— () V- (g (t)) = B_(®""(20))Y_(t),
where we have used (&-VII_)Y_ =11, £-VV_ =¢-VV_. O

Proof of Proposition[I.5 The proposition follows the same ideas than in the preceding one and is
based on the following observations

(43) (3" (2) — V@V, (0% () — VieV.,
t=(t")~ t—(t?)~

44 L (@Y (2) — VoV, I_(@" (") — VieV:

( ) +( + (Z ))t—>(t")+ @ ) ( — (Z ))t—>(tb)+ w ® w?

(45) (€ - VIL ) (@4 (")) = O(1) when ¢ ~ t.

O

2.3. Resolution of the profile equations. In this section, properties of the solutions of equa-
tion are discussed and Proposition and Corollary are proved. A crucial element of
the proof is a good understanding of the singularity of the Hessian of the function A+ along the
trajectories. We start by a technical Lemma that we shall use later.

Lemma 2.4. There exist smooth matrices M+ (t) defined on [to,t°] (resp. [1°,1> + 7]) such that
when t tends to t° with t < t* (resp. t > t°),

(46) Hess Ax (g1 (1)) = My (t) £ |t — | ' T
with Ty given by .
Proof. We have Hess Ay = Hessv & Hess(|w|) and

5 ) = 08, 1 2 O (00,10 ) (D0 )
(] K} w

w] [w]?
We deduce from that

1
Hess Ay (g1 (t)) = imro + sgn(t — £°)d*w(2")w + Hess v(¢°) + O(t — 1)

with
I'g= ril((?xiw O, w — (0w - W) (O, w - W))1<i j<ds

whence (]
We now prove Proposition [T.6]

Proof of Proposition[I.6 Let us consider the operator
1 1
(47) Qx(t) = —5 Ay + SHess A (£ 1)y - .

This operator has a classical symbol (y,§) — £[¢|> + Hess ()\i(fbti’to(zo))) y -y that enjoys sub-
quadratic estimates in the interval [to, #°[, which guarantees the existence of the solution (see [34]):
15



the solution u. (t) exists for all ¢ € [to,#"[ and is in all spaces ¥* for k € N. Since we know that the
L?-norm is conserved, we focus on |u(t)||sx for k > 1.

For convenience, we fix a mode, the plus-mode, and choose t < t*. So we drop any mention of
the mode as it will cause no confusion in this part of the paper:

Q(t) = Q+(t), Aq(t)) = A+ (g+ (1)), u=u4.

The proofs for the minus-mode or for t > t* are similar. We set the following notation,

U = "(yu, Dyu),
and our aim is to prove that the norms |U||g» are bounded for all k¥ € N. Using
(48) [Q(t), Dy] = —iHess Mq(t))y and [Q(t),y] = =V, = —iD,,
we obtain

QM0 (0D, us = “iDHessNa0)) = i (e vy o) " Dl

We deduce the equation

. . o Yy . 0 Ide
10, U —Q()U = {Q(t), (Dy>} u=—i (HessA(q(t)) 0 )U
This system is closed and by Lemma [2.4] it is a system of the form
iU —Q)U = (M(t)+i(t—t")"'I) U,

where t — M(t) smoothly depends on t for t € [to,t’] (meaning that it has - as its derivatives -
limits when t goes to ¢’ from below) and

0 0
o= (5 0)
for T'g defined in . Our aim is to prove the following claim :
Claim: For all k € N, there exists C, > 0 such that for all t € [to, [
10 @)l qee c20) < Cr (14 (hl = t"\D .
For that purpose, we introduce the following projector of rank d
P= 0 0 ; satisfying (1 —P)I' =0 and PI' =PI'(1 — P).
0 Idga
Step one: k=0. Weset V= (1—P)U and W = PU. Then, because (1 — P)I" =0,
10,V —QQ)V=>1-P)M(t)(V+W)
and
W — QW =i(t — ") 'PTV + PM(t)(V + W).
We then introduce the variable

V=W —I|t—|PTV
16



so that V satisfies
iV — Q)W =PM(t)(V + W) —In|t — *|PT(i0,V — Q(t)V)
=PM#)(V+W)—1In|t — *|PT(1 - P)M(t)(V + W)
= (P—1In|t — "|PT)M()(V +V + In|t — t°|PTV).

To conclude, V and V satisfy the system

as) (a-aoy = avvs s
i0,V —Qt)YV = AV + B(t)V,

with ¢ — A(t), B(t), A(t), B(t) are smooth on [to,#’) and integrable on [to,’]. The change of
unknown has contributed to improve the integrability of the functions of the right-hand side of
the system. It allows us to conclude thanks to an energy estimate and Gronwall lemma. As a
consequence, there exists a constant C' > 0 such that

V€ [to, ), V(B2 + V(B 52 < C.
Since we can write
U=V+W=V+V+hl|t— PV,
this implies the existence of C; > 0 such that for all ¢ € [to, ")
U@z < NV @)llze + IV (@)llzz + 1 [t — [PV ()] 2
e (1+’1n|t—tb|D.

Step two: k = 1. In view of , the quantities
satisfy a closed system of equations of the form
i0:(y;V) — Q) (y;V) = A(t)(y;V) + B(t)(y; V) + Dy, V,
10, 7) — QW) V) = AW V) + BW)(y;7) + 1D, 7,
i0:(Dy, V) = QU)(D,, V) = A()(D,, V) + B(t)(D,, V) + C(t) -y V
+ilt —t°|7Hej - Toy) V,
iat(Dyj ‘7) - Q(t)(DUJ ‘7) = A(t)Dij + B(t>(DyJ ‘N/) + é(t) : yf/
+ilt — )" e; - Toy) V,
where A(t), A(t), B(t), B(t),C(t) and C(t) are smooth maps. Again, this system presents the non-
integrable singularity |t — ¢’|~! in the right-hand side that calls for a change of unknown, as we
previously did. We write V3 =V € C¢, V; = V € C? and consider the derivatives and momenta of

Vi and f/l We set
‘/2 = (yl‘/a 7deay1Va"' ,de)

and
Va =((Dy,V + 1|t = £|(e; - Toy)V)1<j<a, (Dy, V +In [t — £*|(e; - Toy)V)1<;<a),
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where (e;); is the canonical basis of R?. We have: Va, Vy € C2D” and the functions ¢ — Va(t), Va(t)
satisfy a system of the form

{ i0,V2 = Q(t)Va = As(t)Va + Ba()V2

10 Vo — Q(t)Va = As(t)Va + Ba(t)Va

with Ag(t), Ba(t), Ax(t), Ba(t) are integrable.
Arguing as above by using an energy estimate and Grénwall lemma, together with the control
established for Vi, Vi, we obtain a control of the L?—norm of (Va(t), Va(t)) of the form

V() o ey + (T2 (0] 2 o czary < C.
We then write
U@ s < NU@L2 + Va2 + Va2 + | [t — £](e; - Toy) Vi (t)]| 2
+ I ft = ¢*|(e; - Coy) Vi (t)l| 2
< Cy (1 + ’1n|t—tb|’> ,

where we have noticed that ||(e; - Toy)Vi(t)|| 2 is controlled by ||Va(t)| L2, and the same holds with
the tilda-term.

Step three: from k to k + 1. At the (k — 1)-th step, we are left with a vector
(Vi(1), Vi (t)) € C2D"
satisfying a system of the form

{ Vi —QW)Vie = Ap(t)Vi + f}k(t)‘:/k
10V, — Q(t)Vk = Ak(t)Vk + Bk(t)Vk

with Ag(t), Be(t), Ap(t), By (t) are integrable. This leads to the construction of a vectors of (2d)* =
d(2d)*~' 4+ d(2d)*~! variables. Re-organizing the equation in order to cancel the singularity gener-
ated by the commutator [D,, Q(t)]: we set

Vier = 01 Vi - YaVi, 11 Vi, -+, YaVi)

and Vk;Jrl = ((DyJ Vi +1n ‘t — tb|(€j . Foy)Vk)lngd, (Dyj Vk +1In ‘t — tb|(6j . Foy) Vk)lgjgd)~

One can proceed as before and one obtains the boundedness of (Vii1,Viy1) in L?, whence the
existence of Cy11,Cj; > 0 such that

(Ve Vidlss < eull (Vw1 Viea) |22 < Chaa,s

which implies ||U||sx < Cri1 (1 +[Inft - tb”) . -

With Proposition we have a precise information on the behavior of the ¥¥—norms of the
solutions to the system . This allows to characterize their behaviors on the crossing set and to
solve the equation after the crossing time. This is the subject of Corollary that we now
prove.

18



Proof of Corollary[1.7. Let us assume ¢ < t* and set
1
02(0) = Bxp [F5Toy -y e~ 1] s (0

‘We have

i0svy (t) = Exp :F%F()y cyln|t — t°

1
x | 0 —FTy - ,
(Z tui:F2|t_tb| oY yui)

= Exp :F%I‘Oy-y 1n|t—tb\ X

(500 0+ S e\~ 1)es () F Do s

1
2/t — 17|

[ 4 1 1
= Exp | F5Toy -y Inft - £]] x (_QAyui(t) + 5 Ma(t)y - yui)
where the matrix M4 (t) is defined in Lemmaand is smooth on [tg, #°] (the term £ (t—#*) "' Toy-y
compensates for the singularity of the potential of the operator Q(t) (see ) We now use
Proposition Therefore, for all t € [tg,1”), O;v(t) € XF for all k € N. Besides, for each k € N,
in view of the control , there exist constants Cy, Cx > 0 and Ng, N € N such that

o [\ 7 o o [\ ¥
000 (Bl < Co (14 [t = 1) s () ls < C (14 ]t = 7]])

b .
We deduce that ftto Oy (s)ds is well-defined as a function of % and we denote by u'!' this function

that satisfies .

We now want to use ull' as an initial data at time #”. We observe that the function v (¢) solves
an equation of the form

(50) 10wy = H(t)vy
with
H(t) = —%A ta(t)y- Dy £c(t)+b(t)y -y,

a(t)=Toln|t — |, c(t) = —%tr(ro) In|t — ¢

Bty -y = 5 Ma(t)y -y + 5 (n e — 2 ) [Coyf
Note that 1 1
a(t)y - Dy +¢(t) = S (a(t)y - Dy) + 5 (a(t)y - Dy)"
The operator H(t) is a self-adjoint quadratic operator with time-integrable coefficients to which we

can associate a two-parameters propagator U(t, s) defined for t, s € [t, ") (see [34]). our aim is to
construct U(s,t”). We use the following facts:

(1) It is equivalent to say that u (t) solves and to say that vy (t) solves (50]).
(2) There is conservation of the L2-norm and
lox(#)ll 22 = [lvs(to)ll L2 = [Jux(to)ll 2-
(3) When ¢ tends to £, U(t, s)u (o) has a limit «™ with |jus (to)|| 12 = |ul|| 2. Let us denote
by U(t’, ) the operator mapping u (o) to ulf.
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(4) For all f € S(R?), k € N there exists Cj, > 0 such that
VS € SRY), [UE,5)fllex < Crllfllzmea:
We claim that for ¢, s € [to,t*) we have U(s, t) = U(t, s)*, which allows to define the operator U((s, t*)
by
U(s, ) == U, s)".
Indeed, from the definition of u (t,s) as solving
(51) iOU(t,s) = H(U(L,s), U(s,s) = Idge,
we deduce on one hand, that
iOU(t, s) = —U(t, ) H(t), U(s,s)=Idpe,
and on the other hand, differentiating in s the relation (51), we obtain that V (t,s) = DU(t, s)
satisfies N
10,V (t,s) = H(t)V(t,s), V(s,s) =—0U(s,s) =iH(s).

Therefore, V(t,s) = U(t,s)iH(s), which gives iU(t,s) = —U(t, s)H(s). Exchanging the roles of

)
t and s we obtain that U(s,t) solves the same equation as U(t, s)* with the same initial data and
thus, they are equal.

Therefore, we have proved that we can build a function u®(¢) solving for t < t°, starting
from a profile u'f* on #* with enough regularity, in particular for u'f € S(R?). Arguing in a similar
way in the zone ¢t > t°, we deduce that there exists a unique solution to satisfying for

O

some given ug"t € S(RY).

3. ADIABATIC TRANSPORT OUTSIDE THE GAP REGION

This section is inspired by [I8] and discussions with Caroline Lasser and Didier Robert. We
focus here on zones that are far enough from the gap region in the sense that |w(z)| > §, along the
trajectories concerned by the process. In this adiabatic region, we prove the following result showing
that one can approximate the solution of the system by solutions of scalar type equations.

Proposition 3.1. Let k € N and § € (0,1) such that \/e6~* < 1. Consider s1,s2 € R, s1 < 82
and two classical trajectories 2+ (t))ie[s,,s,] that reach the crossing set Y at time t at a point where
Assumptions are satisfied. We assume [s1, s3] C {|t — "] > 0} and that at initial time sy,

142 6on) = Prtsnpus s0) = V(s )|, < OV2,

vi(s1) = WP, () (ux(s1)), us(s1) € S(RY), zi(s1) = (qu(s1),px(s1)) € R*,
and with T4 (q+(s1))Ys(s1) = Yi(s1). Then, for all k € N, one has

sup
t€(s1,s2]

. 3/2
M (1) — Va (s ()], < Cu1 +1mma)) (654 n \f) ,

where the constant Cy, is uniform in 6 and e, and for t € [s1, s2]

e the functions v5.(t) are wave packets:

(52) vi(t) = e EOWPE () (us(t))
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o the trajectory z1 (t) is the classical trajectory 24 (t) = ®3° (21(s1)) and S4(t) is the related
action Sy (t) = S+(t, s1,2+(s1))(see (12)),

o the functions uy(t) satisfy with data us(s1) at time s1 and their norms in spaces %*
satisfy ,

o the vectors Yy(t) are defined in Section and satisfy T (22 (t)) Y (t) = Yi(t), together
with ;Y1 (t) = By (24 (¢))Y.(t).

Note first that, by the results of Section [2} all the quantities involved in Proposition [3.1| are well
defined for ¢ € [s1, s2]. Besides, the solution at time ¢ € [s1, s3] on each mode only depends on the
data on the same mode at time s;. This is the reason why one may say that the approximation is
of “scalar type” as mentioned before.

Note also that the assumptions of Proposition [3.1] imply that there exists ¢ > 0 such that
Yt € [s1,82], |w(zL(t))] > cd.

In the proof of Theorem [I.9] we will use Proposition 3.I] twice: first between s; = ¢, and
s =t — & with u, (tg) = 0 and u_(tg) = a, then, between s; =: t” + ¢ and s, equal to some final
time ¢ with the profiles u4 (> + §) arising from the process of passing through the crossing.

For proving Proposition [3.1} we use the semi-classical formalism of Appendix [A] and the pseudo-
differential operators introduced therein: with a € C*(R?¢,CN) (N = 1 or 2), we associate the
operator op,(a) defined by (79). We shall use the matrices P, ]P’gf)7 Q and Q(ﬁ) of Section We
work close enough to the crossing time #” so that the curves z- (t)) are included in {w(z)-w # 0} for
all ¢ € [s1, 82]. Indeed, far from t”, the proof is easier since one does not see the singularities of the
involved quantities. The proof is divided into two steps: we first identify an approximate solution
satisfied by an auxiliary ansatz that is close to the function Y (¢)vs (£) (Lemma in Section,
then we prove that IT¢°(¢) (up to some remainder) satisfies the same equation (Section [3.2)).

3.1. The adiabatic ansatz. For proving Proposition [3.1] we first introduce cut-off functions that

allow us to restrict the analysis close to the trajectories, where the functions Ay and related quan-

tities are smooth. Let I be an interval containing [s1, ss]. We construct x. € C(I,C5°(R?)),

compactly supported in {|w(x)| > d}, equal to 1 close to the curve (2+(t))ie(s,,s,) and satisfying
195

(53) 3txi+{2+/\i,xi}=0~

Remark 3.2. Let s1,s2 as in Proposition The functions X(:;t can be taken for t € [s1, $2] as

X (t,2,€) = x (ﬁ 2(95,52;— zi(sQ))

where 0 < xy <1 with xy =1 close to 0 and x = 0 far from 0.

We also introduce Y. € C(I,C5°(R2?)) compactly supported, such that for all ¢ € [sq, s3], we
have Y9.(t) = 1 on supp X (t). We have

(54) for a € N?¢, 9\ = 0@~ ; 9°%% = 0571

Step one: reduction to an auxiliary ansatz. Let Vi be the smooth functions defined in (3) of
Proposition that is a smooth eigenvector of the matrix V() satisfying Y5 (¢t) = Vi (qu(1)).
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Lemma 3.3. Let & € (0,1] be such that /6! < 1. Then, we have for t € [s1, s2],
Vi(a (00 () = op. (x4 (62, V(@) ) 05 () + O (VEO (14 [nd)))

Proof. The proof relies on the application of Lemma with ng = 0 to the symbol a(t,z, &) =
X2 (t, 2, €)Ve(z), which requires the computation of the semi-norms

laf .
Niip41(0:,0) = Z ) sg;d)|8§‘8zja|, 1<j<2d,
aeN2d, |a|<ngqpi1 R

where for £ € N, ny = M{, M > 1. With a = Xi‘?i and in view of Lemma and equation ,
we obtain

VNG a0, OVE [ 3 @V amp|o2 (@ V)| + XD e2suplon (Lo, V)|
la|<natrs1 R la|<natrs1 R
< Cl\/g Z 5‘04/257‘0"71 =’ Z (\/5571)\a|+1 — O(\ﬁé’l)
lel<natr+1 la|<nayrsr

since /267! < 1.

We can now see, thanks to Lemma and the previous computation, that we have in ¥
some integer N’

op. (X4 (8, )V (@) ) vi (1) = €55+ Wop, (XA (2, Ve (@) ) WPE, ) (us (1))

i

= o5 OWPE () (W (t 20 (0)Va(ga (1)) us (8) + O (VAT luw (1) )
= Vi (1) S OWPE us(t) + O (Ved (1 + |Ind]))
— Ve (t)os(t) + O (Va5 (1 + | Ind)))

where we have used to definition of x4, the estimation on the profiles ([19), x4 (¢, 2+ (t)) = 1 and
Lemma [B1] ]

k

s, for

Step two: Analysis of the ansatz. We now study the properties of the ansatz
(55) U app(®) = 02 (XL (12, Vi () 0 (1),
We analyze the equations satisfied by 93 ,,,, and use the notations of Section

Lemma 3.4. Let k € N and 6 € (0,1] be such that \/e6~* < 1. With the notations of Proposi-
tion and Equation , fort € [s1, 2], we have

2
. € € € £ v 3 v &
Z‘C:((}tzvbzl:,app = 75Aw:|:,app + Ai(‘r)d]i,app + 50p5(QX6:|:)7/]:|:,app + 52 Ops(QEE)XfI:)QJZ):t,app
+0 ((53/2 42572 4 52674 (1 + |In 5|))

in XF, where Qg) is given in and ) is the self-adjoint matrix
(56) O =i(By+B_)=4MI_¢ VI I} —TI;¢- VI II)

_ e Ty a @) (01
= 2@ VO ) (—1 0)'
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We recall that the matrices B4 are defined in and we point out that € is self-adjoint because
V" =—i(B, +B)=i(By +B_) =4Q.

Moreover, by and @, the operator op.(€?) is a differential operator of order 1 with matrix-
valued coefficients that are growing polynomially at infinity and are singular on Y. The various
expressions of the matrix 2 are proved in Lemma

Remark 3.5. We shall use 6 = ¢* with 3/2—4a > 0, that is o < 3/8. We shall see in the next section
that the analysis requires 6%¢! < 1 (see Remark [4.7), which is possible since one has 1/3 < 3/8.
Besides, 2072 < £%/257* as soon as a > 1/4, which is satisfied when o € (1/3, 3/8). An optimal

choice of ¢ will then consist in choosing § = 614 leading to €%/26—% = ¢3! = —em1 (and of course
\[ < 55/14)_

Proof. We begin by considering for ¢ € [s1, so] the family (v5 (¢)) defined in (52). It comes from a
computation (see [7] for example) that v5 (¢) solves in X,

2
67) 2005 (1) = — 5 AL () + Aa ()05 () + O fus () 1s3).
Since the profiles satisfy , we have

O ||us|sr+s) = O(¥2(1+ [ nd])).

Considering 93 ,,,,, we write in »k,
(58) 1€01YT. app = OD: (iedy X’ (£) Ve )vs + op. (X‘Si (t)Vi) ie0vT .
Using in the first term of 7 we get

€%

oot 070 =i, ({4100} )

2 2
Writing { ERRNCRCEINADES £ P RORIOBL AT SR A AR
using (39) together with II+Vi = 0, we deduce
2
ops(isatxft(t)Vi)vft = —icop, <{ Ny + )\i,xi( )Vi}> vg + €op, (QVixi(t)) v, .

On the other hand, using (57)), the second term of (58) can be handled as

op, ( At )Vi) ie0yvs = op, (|5|2 + )\i> op, (Xft(t)vi) v
[opg (BE+0s) cop. (7)o + 0220 + s

ﬁ AN 1€ 7 .
+>\:|: 0P, X:I:(t)vﬂ: v iopa ) +>\:|:a (t)Vi e
+ (3/2(1+|1n5|))+(9(525_2)
thanks to Proposition
As a consequence of these two computations, we obtain
o = (At AL ) v VxS (1)) v5+O0(¥2 (14| In 8]))+O (252 (1+] In §
33 twi,app_ _5 + At q#i,app_'_‘c'\Opg( ViXi(t)> Vit (5 (1+‘ n D)+ (8 (+| n |)))
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We then use

op. (27:x (1)) = op. (2% (1) op. (XA ()72 ) ~ Zop. ({0xL(1), Vard (n)}) + 0(*59).

Therefore,
P e? _ - e
E0S. app = (—2A +As +€op, (WL (D)) + €7 Ops(Qﬁf)Xi(t))> ¥ app

-, ie? .
— 2 op (QPRL(1)op. (Vexd (1) vi — S-op. ({XL(), Vaxh(t)}) v
+OE?(1+ [ Ind))) + O(2672(1 4 [Ind])) + O(e*6~°(1 + \1n5\)))

To handle the last terms, we rely on Proposition Remarkﬂ and estimates (54| . ), together
with (T9). We write in $*

op. (2254 (1)) op. (% (1) Vi )vs. = opo (2 XA (1) Vi)ws + O (e673(1 + | 1)) -

We finally use Lemma noticing that x%, Y% are equal to one close to the curve z4(t) and write
in ¥F

op (VL (Ve v = OF (22 (8) Vi (g (8)v5 + O/ 2674 [[0% | o)
— 0 (57%(1+ |Inéd))) +O (51/25—4<1 + |ln6|))

thanks to Lemma We treat the term op, ({Q)}i(lf),\@xi(lf)}) v in a similar way. One
notices

(22(1) = {2 Va} (22 (1)) = VeQ - VVi (24 (1)) = O(377)
X% (22 (t)) = 0. Then Lemma [B.2| gives
p. ({ XL, Vexd ) }) vi = { QXL (1), Vexd (0] (= ()vs
+ 0 (VE(L+ [0 N2 (XL, Vixl ()))))

One has {Q)th(t), Vixft(t)} (2+(t)) = O(6—%), which gives

{2 ®, Vaxd @)

because 9., X3 (24 (t)) = 0.

——

p ({ XL, Vexd (0] ) vi = O (/2674 + 7)1 + | Ind)))

One the concludes by observing that e%6~° <« £5/2§~* since /26~ < 1.
O

3.2. Superadiabatic correctors of the projectors. In this section, we proceed with the study
of the equation satisfied by the projections of 1°(¢) on the modes, the functions II1*(¢). We use
ideas issued from [4T], [ B6} [37] [33], aiming at improving the projectors 11 () into operators called
superadiabatic projectors that are pseudodifferential operators with symbols that are series in e.
For our purpose, we only need the first two terms of these series. We set

If\2 |§|2

H(z,§) = =-+V(z), hs(z,§) =

24

+ Az (),



and consider for z ¢ Y, the matrices Q(z, ) defined by ., (z,€) given by
(59) P(2.6) = o (I (2)¢ - VL (x) — 1L ()¢ - VIL, (2))

2Iw(_)l

— 0 1
& Vo N — ( )

~ Au(z)? lwf \-1 0

and ]P’(z), Qg ) written in details in Section The superadiabatic projectors at order 2 are the

functions
M5 (2,€) = s (2) + eP(z,€) + PP (z,€).

These matrices are smooth outside T. From Lemma outside T, we have equation , ie.
Lt H = (he +eQY + 7P 1. 115 + R

where R° satisfies the estimate . Besides, Estimate (35)) and Remark give precise informa-
tion about these matrices at infinity and close to Y. Because these corrected projectors may grow
in the variables z and £, we shall localize them by use of the cut-off functions of Section It will
also allow to restrict the analysis to the zone where they are smooth. By construction, we have the
following Lemma.

Lemma 3.6. Letk € N, § € (0,1) such that /6! < 1. Then, in L(XF), we have for all function
X (t) € C(R??) satisfying and supported on {x°(t)) = 1} for t € [to,1"),
. g? ; _
0D (VLoD (T () (= T4+ V() ) = 0 (LL0)0De (i, 0T (0) + O570)
with
Hgian, 4 () = ha + Q%% (1) + 0P34 (1)
Remark 3.7. Note that if § = ® with o € (3, 2), as suggested in Remark then €26 % <« £%/2574.

This lemma emphasizes the purpose of these superadiabatic projectors: they allow to diagonalize
the operator op_(H) up to the correction ¢ op, (Q) + &2 op.(Q?)) which is of lower order in ¢ (recall
that Q = ¢(By + B_) is self-adjoint).

Proof. The proof comes from the symbolic calculus of Proposition and Remark keeping in
mind that we have |w(z)| > § on the support of the cut-off functions. We observe

op. (IS X% (8))op. (H) = op, (Ex%(t)iH) = op. (X% (t) (1134 H)) + op, (b5

with b5 = (TI9.x%)4-H — X% (II5.4. H) depending linearly on derivatives of x of order larger or
equal to 1. Using , we obtain

op. (X (#))op. (H) = op. (XL(1)((hs + Q2 + 2P )8.115 ) +0p, (b2) + op. (X (1) R.)
= op, (L (he + LEONLOER + 2028115 ) + 0p (b2) + s op. (X (1) Re)

= op. (X&) Hzgian + ())8112) + 0p. (b3) + e”op. (X2 (1) Re)

where we have used in the last equation that 2. (¢) is identically equal to 1 on the support of x% ().
Then, we can write

op. (X (1)op. (H) = op. (Higian,+ (1)) 0p. (xL(D)I11) + 0p.(b2) + & op. (x4 (1) R:)
25



where b5, = bS. + (X:tHadlab L(O)8E — Hegiap, o (¢ Ve (5. X% ) satisfies the same properties as bS..

Using , we have
op: (X% () Re) = O(679).
Besides, on the support of X’ (¢), the functions 92Y. (t), 02X’ (t), and thus Ei and its derivatives,

are all identically equal to 0 for any o € N2¢, and similarly for the minus-mode. Therefore, using
Remark we obtain

o, (% (1))op.(b5) = OV 1572
because for v € N24, using Remark - the worst term being I19 ), we have

Ng(b3) = O(6717%) ‘and Nj(92x%) = O3~ 1).
One then concludes by choosing N = 2. O
We can now perform the proof of Proposition [3.1]

Proof of Proposition (3.1 Without loss of generality, we can reduce to only one mode and we can
assume v (s1) = 0, What we do from now on. Indeed, the same scheme of proof then extends to
the other mode and one gets the general case because of the linearity of the equation. It is also
enough to prove
3/2 \ﬁ)
)

[T (52) — V5 app (2 ||Ek < Cr(1+|Ind]) < +5

where ¢ ., has been defined in . ). Indeed, the same argument will be valid for any s* € [s1, s2],
with the same constant Cj because that constant will only depend on the sup-norm of quantities
that are continuous functions in {|w(z)| > d}.
We choose & such that \/26~! < 1 and consider x’.(¢), X% (¢) and Y% (t) as in the preceding
section (see Remark and Lemma ; they enjoy the following relations:
0 < XL(H) < XA <X4(1) <1
X4 (1) = 1onsuppx&(t) and x4(t) = 1 on supp X4 (¢).
We additionally require
00X (8) = {he, X3(D}-
and X3 (s2) = X2 (s2) =: ¥°(s2). Then, the functions Xi(SQ) localize close to the pomt z_(s ) while
for t € [s1, 52, X’ (t) localize on separated points, ®4(z_(
set for ¢ € [sq, s2]

s2)), and similarly for % and 3. We

w (£) = op- (X (1)) (0p= (X2 (T2 )3 (1) — 0P (X2 ()2 app (£))
and
w () = op. (¥4 (1)) op. (x4 (OIS ) 9" (t).
The crucial point of the proof is to establish the equation satisfied by w3 ().
Lemma 3.8. Let k € N, § € (0,1) with \/e6~! < 1. Fort € [s1, 2], we have in X¥,

2
iedpus = —%Awi + AywS + cop, ()”(ft(t)(Q + aﬂf>)) wS + O(36577)

2
iD= —%Awi +A_w +eop, (;zft(t)(ﬂ + EQ(E))) w® + O((%/2674 + £3/267 1) (1 + | In6]))

with initial data w5 (s1) = O(V/E).
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Proof of Lemma[3.8 Let us begin with ws (¢). We have
iedyws (t) = op. (X5 (1) )op (x5 ()11 Jop,. (H )¢~ (1)
+ ie0p. (9:X (£))ope (X ()15 )0° () + ig op. (X% (1)) (B ()15 ) 0" (¢).

Using 9; X3 (t) = {h4+,X’.(t)} and the fact that 0,x% (t) = 0 on the support of Y% (t), we obtain by
Remark as in the proof of Lemma [3.6]

 0p. (X" (£))op. (9, ()T )< () = O(N+15~3-N)
and we choose as before N = 2. By Lemma [3.6] we are left with
(60) iedyw? (t) = ope (X5 (£))op. (Higian,+) 0P (X3 (O)T5)4° (1)
+ i 0p. (X% (1)) 0p: (X ()T )w" (1) + O(%57).
We now take advantage of Remark [A-3] for writing
[Ope(Xi(t))7 op (Higian 1)] = —ie OPE({Xi(t)7 Higiap+}) + O(°077),
where we have used the analysis of the singularities of € and Qf) (see Lemma . We deduce

0P (X3 (1)) 0P (Hiaian,+) 0P (X3 (TI5)9° () = 0p. (Higian )05
— izop. ({4, PO Dop. O (DT (1) + OE3575).
Combining the latter with and the relation 9;X% (t) = {h4,X’.(t)}, we obtain
ie0yws (t) =op. (Hygian, + )W () + O(£767°).

For w® (t), the computation follows the same steps with the difference that there is an additional
term due to the presence of ¢ . Using Lemma an additional remainder in

O((267* +%/2671)(1 + [ 1nd])),
is generated, which is much larger than O(e3§75) (again because of /261 < 1). O

We can now conclude the proof of Proposition Using Lemma [3.8] and by the properties of
the unitary propagator associated with the operators

D 2) =~ A+ As + eop. (L (1) + <op. (L (1),
(see [34]), we obtain the existence of a constant C}, such that
(61) lws (s2)lls + 1w (s2)lme < Cil((e*267* + Ve85 1) (1 + | nd])).
Equivalently, using ¥°(s2) = X% (s2)x%(s2),

op. (Il +1I° ) = Id + O(?6 %)
(see Remark|C.3), and the localization properties of ¥° ,  (see Lemma (2)), the latter relation
writes
0P (X" (82))9° (52) = U2 pp(52) + O((€*/267 + V26~ 1) (1 + | Ind]))

in ¥*. The argument could have been worked out between s; and any s € [s1, s2]. Therefore, at

this stage of the proof, varying the function x5, we have obtained that for any ¢ € [s1, $2] and any
cut-off function x5 supported in {|w(z)| > 6}, we have in X,

(62) 0P (xs (D))< (£) = ¥ 4 (1) + O((£¥/267* + VESH) (1 + |0 d]))).
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We now want to extend this approximation to 1°(t) itself. We define #° localizing close to the
trajectory z_(t) and in {|w(x)| > §} (we denote it #° to emphasize that it is independent of the
functions x? used before). The analysis performed above applies to the special case of #° and we
have in ¥* and for ¢ € [sy, s

op. (0% ()Y (1) = ¢° opp(t) + O((€%267* + /25 ) (1 + [ In 5])).
We study
w®(t) = op. (1 — 6° (£))v°(t)
and aim at proving that w®(sq) is negligible, which is the case for w®(s1). Moreover, for t € [s1, s3],

62

1
(63) iedpw = = Aw® + V' + o [*A, 0p. (67 ()] ¥

Let us study the source term. By symbolic calculus (see Remark , we have
g2 _
-5 ,0n. 07 ()] = cop.((0) + 05 )

where x° = ¢ - V,0° € C®(R?*!) is supported in {Jw(z)| > cd} for some ¢ > 0, with x°(¢)
identically equal to 0 in a neighborhood of ®%%2(z_(ss)) and |0*x°(t,z,€)] < Cs~'=1el for all
a € N24,

We deduce from and from (2) of Lemma that for N € N*, ¢ € [sy, s5] and in XF

op. (X" (1)w* (1) = O (37 (VET )N (L4 |nd])) + O (%257 + Vs~ 1)(1 + | ma]))
Therefore, equation gives in Elg
wE(s2) = w(s1) + O (67 (VEs—H)N (1 + | Ind])) + O ((53/2574 FVETH (1 + | 1n5\)) +O(2573).
By choosing N = 3 and using €262 < £%/26~%, we deduce
U5 (52) = U7 upp(s2) + O (/2574 + VES)(1+ o))
whence Proposition [3.1] O

4. PASSING THROUGH THE GAP REGION

At this stage of the proof, we have obtained an approximation of the solution as long as the
trajectories do not enter in the region {|w(q)| < ¢d}, for some ¢ > 0 fixed, i.e. in a neighborhood
of the crossing set Y. We now focus on trajectories that reach their minimal gap inside this region
and enter in the region at time ¢* — § and leaves it at time * + 4.

The strategy is the following.

(1) We first perform a change of time and unknown in order to reduce the system into a
Landau-Zener model in the region {|w(q)| < ¢d}.

(2) We identify the ingoing wave packet in the new coordinates, i.e. the function 9 (t* — &)
that satisfy in L?(R?),

P = 6) = Pgpp(t’ — 8) + O((Ved™" +¥267%) (1 + |Ind])) .
(3) We prove that we can use the resolution of the Landau-Zener model to obtain an approxi-
mation of the solution at time ¢” + 4.
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4.1. Reduction to a Landau-Zener model. To pass through the region T, following ideas

b
from [23], we use a Taylor approximation along the trajectory ®5" (2°) = (go(t), po(t)) introduced
in Section We make the time-scaling t = t* 4 sy/ and consider the new unknown function
u®(s) € L?(R¢,C?) defined by

(64) VE(t) = egSo(t,tb7Zb)vvp<;mb (us(s)), t= L s\/E
0

(2”)
b

where the action Sy(t,#’, 2”) is associated with hg, defined in (32), and ®p' (2°) as introduced in

Lemma 2.2

Remark 4.1. (1) Note that when t = t* — §, then s = —sg := —6/+4/¢ and when t = > + 4,
then s = sg = §/y/e. Since we have assumed /26~! < 1 in the preceding section, we will
have sp > 1. Through the change of variable , for k € N and s € [—sg, so], there exist
constants ¢, C' such that

cllu()llge < N9 @)llsr < Cllu(s)ls

with
Lo +18]
(65) [fllse = sup &= || fllsiaria
° lel+IBI<E
Therefore, it is natural to use these sets f)’; for estimations.

Lemma 4.2. Let k € N. The family (u®(s)).>o satisfies for all (s,y) € R24+1
1
(66) i0su® = A (s rw + dw(qb)y) u® + e (QAUE + B®(s, y)us)
where BE is a smooth hermitian matriz valued potential with the following properties: there exist
constants Co, Cy > 0 such that for all s € [—sg, so] and y € RY,
1B=(s,) < Co (S*(VElyl) + [y?) » [VB(s,9)] < Cr (VP + Iyl + vEs?)
and for all |3| > 2, there exists Cg > 0 such that for all s € [—s¢,s0] and y € R,

181-2
05 B(s,y)| < Cpe = (Vey)®.

Remark 4.3. When (#", 2°) is the point of the trajectory ®°(zo) where the quantity |w (®2" (z))]
(called the gap) is minimal, a similar analysis yields to the system

w(q’)
NG
This observation gives a starting point for the analysis of the propagation of a wave packet passing

close to a crossing point, while no exactly through it. The size of the gap comparatively to /¢ then
is a crucial point of the description.

1
10su = A ( + srw+ dw(qb)y> u® ++/e (—QAu‘E + BE(s,y)us) .

Recall that 7w = dw(q”)p® and that w(q’) = 0. We shall set in the following 7(y) := dw(q’)y
and compare u® with the solution u of the equation
i0su = A(srw+n(y)) u.

The important point to note here is that the leading part A (srw + n(y)) of the system has the
same structure as the well-known Landau-Zener system (see references [29, [43] and equation
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below). The latter is well understood as it will be detailed in the next sections. We shall use the
initial data at time s = —sg with

The time —so corresponds to t =t — §, i.e. to the ingoing solution, and we shall deduce the value
of the outgoing solution at time ¢ = ¢ + § or equivalently s = +so. This will be done assuming
0 > /e, thanks to the scattering result of the next section.

Proof. We use the formalism of Section together with the observation of Appendix[B] The first
step consists in observing that

2 i i
<i58t + %A _ v(x)) VE(tz) = e;So(t,tb’Zb)egpo(t)-(\/gy) (Z'\/gasus(s’ y) + gAyUE(S,y)

— (vlaolt) + VEY) = vlao(t) — yvEdvlao(®)) u(s,))|

—x=a(®)
y=Te
= G§S0(t’tb’Zb)egpo(t).(\/gy) (i\/gasue(s7 y) + gAyUE(S, y) + eW* (ta y)ue(s? y)) ‘ z—qq(t)
y:T

where we have used Lemma (1) and the definition of the action. Besides,

1
We(s.9) = Rolt. vy v, Ro(t.vE) = | Hessulan(t) + VE0y) (1 0)db.
0
and Ry is bounded with bounded derivatives according to . Similarly, we have

Alw(@)d(t,0) = o000 (0 VD Awlao(t) + VEy)u(s.0) )|

y:&ﬁ—m
Therefore, Equation (1)) becomes
VRO + DA+ W (s, ) (5,9) = Alw(go(t) +VEy)u(s.9).
Writing w(qo(t) + vey) = wlqo(t)) + vVedw(qo(t))y + eRu(t, yv/e)y -y
ivEdus = A (wlgo(t” +svE)) + VEdw(ao’ + svE))y ) u +eRalsvE Ve - yu(s.y),

for some bounded smooth matrix R; and tensor Rs, with bounded derivatives coming from .
We conclude by performing a Taylor expansion in s, writing

qo(t + svE) = ¢’ + esp® + es?Rs(s/z)
and  wao(® + sv/E)) + VEdw(ao(t +sv/E))y
= esdw(¢")p® + Vedw(q')y + eRy(sv/e)s? + /25 Ry (sv/2)y

for some smooth bounded vector-valued R3 and R4, and matrix-valued R5, with bounded derivatives
because of the assumption .

The properties of B®(s,y) come from its expression in terms of the R;, j € {1,---,5}
B(s,y) = W’ + sv/z,y) + s> A (Ra(svE) + VER5(svE)y) + Ra(sve, yve)y -y
and the assumption made on the potential. O
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4.2. The Landau-Zener model and the structure of the solutions. The structure of the
system suggests that we consider the model problem
{ i0su = A(srw + n)u,

(67) u(0,m) = up(n) € C?

where 1 € C? is a parameter. As we shall see below, this problem can be turned into the following
Landau-Zener problem by elementary computations

1 s+ z z
(68) gasuLz(S,Z) = ( o ! s i 21) urz(s, 2).

Therefore, one can deduce the behavior of the solutions to (@ from the asymptotics, as s — o0,
of the solutions to the Landau-Zener problem . Besides the historical references [29] [43], the
reader can refer to [12] where an analysis of the behavior of the solutions of the Landau-Zener
model is given with a stationary phase approach; or to [23] where the proof is given in terms of
parabolic-cylinder functions. We follow the results of the Appendix of [I2] which are obtained for »
taken in a fixed compact, while the analysis in terms of the size R of this compact is performed
in [Appendix, [14]]: as s — o0
22 + otz 22
(69) ULZ(S) :ei@+i7"’ln|s+z1\ uy (22) _i_efi%fz%ln\yrzl\ :I:O +O(R2|S|71),
0 uy (#2)
with B
ui = a(z)uy —b(z2)uy, ug = b(22)uy +az2)uy
where the coefficients a and b are given by . It is then possible to derive the next proposition
about solutions to in which (V,, V1) is a direct orthogonal basis of R? as in consisting of
normalized real-valued eigenvectors of A(w) satisfying
AWV, =V, and A(w)V} =-Vi.
Note that they are uniquely defined up to a sign. The next lemma gives the form of the asymptotics
of u(s,n) when s — +00 in such a basis, together with scattering relations.
Lemma 4.4. There ezists oi*, i, a$™, a§®t € S(RY) such that as s goes to —oo and for |n| < R,
u(s,n) = MDA (Ve MM ()T, + O(RP|s| ),
Hand as s goes to +oo and |n| < R
u(s,n) = €MD (V- + e MM agt ()T, + O(R%|s| 1),

where
1 1
(70) A(s,n) = —|w-n+7rs]> + 5=|w’ - n|* In(v/r]s]).
2r 2r
Besides . )
at™\ o172 L ar’
(agut) - S(’I" w 77) (a12n>
with

where the coefficients a and b are given by ,

Lcheck R3
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Proof. For proving Lemma we relate the solution u of the system to urz thanks to a
change of variables via the rotation matrix R(#) defined in and its property . Therefore,
choosing 6 € R such that wyp = —w, we have

1 __(n-wtsr 17-cuL
R(O)A(n+ srw)R(0) = (n.wl —n-w—sr)'

We then write

:(77"”87" 0w )(R(G)_lu).

n-wt —n-w—Ssr

and we deduce that
v(s,m) = R(0) u(sr™ /2,01 ?p)

solves

1 _(n-w+s n-wt
e (A I}

i.e. the equation for z = (n-w,n-w') and we can write
u(s,n) = R(O)upz(sr'/?,r71/22).
Then, Equation motivates the following:

1 1
A(s,n) = §|37“1/2 +r Py wf? + §|7’_1/217 cwh?In ‘srl/2 +r7 V2w

1 1
= o-lsr 4wl + fn - wh st /2| + O(RYs| )

where we have performed a Taylor expansion of In ‘1 + ‘ and used |n] < R. As s — +oo, we
r

n-w
S
deduce that Equation yields to

1

o) = A ER() ()

) ey ER () @ +ORYs| ).
In view of o (_01 ?)

we deduce that there exists ¢ € {—1,+1} such that
. O 1
Vo =<R(0) 1) V- =¢R(0) 0
up to a sign. The result of Lemma then follows with a;-“ =qu; and o' = §u;r, je{1,2}. O

In the following, we wish to compare u® with u from with n = n(y) and use Lemma [4.4] to
deduce the leading behavior of u® at sy = d/+/¢ from information available at time —sg = —d/+/c.
For that purpose, it is required to identify the ingoing profiles ai® and i related with the data
u(—s0) := u®(—sp), that is known from Section [3} We will do that in the next section and will
make use of the following property of u®(s,y).
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Lemma 4.5. Assume u(—sg) € 2*(R?), «, 8 € N2. Then, there exists a constant Cy 5 > 0 such
that the solution of satisfies for for s € (—so,80) we have

1“0 u(s)|lL2 < Ca,p(s)!?.

Proof. When 8 = 0, one easily checks that the result holds (because n® commutes with the equa-
tion). One then fixes «, uses a recursive argument on the length of 3, starting from the conservation
of the L2-norm (3 = 0) and based on the observation

i0s(n*0Pu) = A(srw + n)(n*0°u) Z 1g,50¢; A (ejn*0°Liu
Jj=1,2

where ¢; are universal constants and (ej,es) the canonical basis of R2. An energy inequality
generates the growth in s. O

4.3. The ingoing wave packet. Here we prove the following proposition.

Proposition 4.6. With the assumptions of Theorem the solution of satisfies at time
t=1" -6, 4. s=—8y=—0/\/2 with

W (=80, y) = e A0 o (n(y )W, + O ((\@54 F 3254 4 5Py (1 4 | 1n5|)) in S
where A(s,n) is defined in , 1 is given by n = dw(qb)y and we have
. ) 7 r 7 .
1 u =E Zgb (gt 21 - iy ;2 in
™) o) =B (187 + Lt i) + o) o)
with S = S_(t*, g, 29).

Remark 4.7. This result suggests that § has to be chosen so that §2 < &, accordingly with the
constraints mentioned in Remark |3__5| and fits with the choice of § = £71.

Proof. We start from the estimate obtained for ¢t < ¢* — §, namely
Ve (t, ) :g—d/4e%"57(t,to,zo)+§p7(t)(w—qf(t))vl(h phito (20))
—q_(t
cu (1,220 Lo ((\/55—1 + 326N (1 + |ln(5|))
NG
in X*. We fix k € N and prove the estimates in this set.

We begin by considering the phase. The asymptotics of Lemma [2.I] and Lemma [2.2] imply that
when t = * + /gs with s < 0 and 2 = qo(t) + /2y, we have the pointwise estimates

25, (1, 2") = éSo(t,t", ) —irs? + O(Vzs?)
and
)
—p-(t) - (x—q-(t) =

)
9 3

=z

(po( ) = Ves'du(@)w + O(es?) ) - (2 = ao(t) + 5

po(t) -y —isw - dw(q’)y + %sZw ~dw(q’)po(t) + O(Ves?|y|) + O(Ves?).

s2tdw(q’)w + (’)(53/253))

‘We observe that

w - dw(q")po(t) = w - dw(q’)p” + O(sve) =1 + O(sV/2).
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Therefore

4 Yl ) (e — _ by
gsf(tvtaz)—"_gp*(t) ({E q*@)) €SO(tataz)+ 8y pO(t)

. Ve
— 5rs” —isw - du(q’)y + O(VEs|y)) + O(V/Es?)

We now consider the profile and takes into account Corollary We obtain the estimate in %%
(t,z) =" Y*E L8t + /7 A0 2P ot -
Ve (t, ) xp | ZSolt" + Ve, 27 4 —epo(t) -y
x V,, Exp (—;I‘oy ~yln|sve| — %7‘52 —isw - dw(q)y + O(s?’ﬁ))

x oSl (y + 45 (s)) + O (VS +£¥/2671 4 6)(1 + | nd]) )

where we have approximated u_ (t) by u!® and Y_(t) by V,,(t) for ¢ close to t” ([t—#"| ~ &) and y=(s)
satisfies the pointwise estimate y°(s) = O(s?y/(y))). We deduce from the fact that u'® € S(R?)

o0 = Voot Bxp (= Ty yinlsvEl = grs? = isw - dula)y ) (1)
I ((\@5—1 P25 s e (14| ln(5|)>

where we have used that % < § since /£ < §. Given the definition of A(s,7n) in with
n = dw(q’)y, we obtain

T2 s dwld )y 4l ml? + Lt 2
As,m) = 58° + sw - dw(g )y + ol - 0l* + w0 n(v/rs]).
Moreover
Poy-y =1~ (a2 — w @ w)dw(e’)y) - (dw(e)y) =~ (du(@’)y - w*)

Therefore, in i’;

— 3 7 7 r 1 in
uf(—s0,y) = V., Exp (—iA(s, y)) Exp (SSb +—(n-wh)? () + 5w n2) u(y)

4r
4O ((\@5—1 + 325 L 54 6% (1 + | 1n5|)) ,
which concludes the proof in view of (71). O

4.4. The outgoing solution. We now compare u®(s) with a solution to the Landau-Zener model
problem. Let u be the solution of for n = n(y) and the initial data
u(—s0) = eiA(—sO,n)aiQn(n)Vw

where ol'(n) is given by (7I), R > 0, n = n(y). We consider xo € C§°(R%[0,1]) such that
[n(y)| < cR when y/R € suppxo. We consider the function ug(s) = xo(y/R)u(s). Then, ug is the
solution to for n = n(y) and the initial data

(72) ur(=s0) = =M al (n)xo(y/R)V.,
This cut-off allows us to use the scattering results of Lemma [4.4] for ug. As noticed in Remark

we shall use the norms i’g introduced in (65)).
34



Lemma 4.8. Let ug(s) be the solution of the Landau-Zener model problem @ forn=n(y) and
the initial data ug(—so) given by (72)), and u®(s) be the solution of (66). Let k € N, then for all
No € N and for all s € [—so, 0], for all R > 1 with R*\/e < 1, R§ < 1 and Re*5~* < 1, in
ZERY),

wS(s) — up(s) = O ((ﬁafl 432574 1 54 RBe~! + RVo)(1 4+ | lné\)) .

Remark 4.9. We are going to take oo = 1—54 as in Remark which implies 63! = £11. We choose

R = ¢7" with 8 € (0, 7;) small enough so that R?/e¢ < 1, R§ < 1 and Re?§~* < 1. Since R

produces an error of size R3,/z6~! < 1 by Lemma we additionally ask R3\/e6~1 < e11. We
choose Ny as large as necessary to ensure R~No < ¢71. We are then left with an approximation of

order O(e1i—F) = O <5ﬁ7).

Proof. We set 7°(s) = u®(s) —ug(s). We observe that using that u'® € S(R?) (see Proposition,
we deduce that we have in E’; and for any Ny € N|
r¥(—s0) = O ((\/55—1 32674 454 8 4 RNy (1 4| 1n5\)) = 0(c).
where we set for short O(c.) = O (a0~ ! +&267% + 6 + R6®c =1 + R~No)(1+ |In4])). Besides,
we have (with the notations of Lemma
i0s7°(s) — P (s)r°(s) = Ve fe(s,y)

where

PE(s) = A(SE -+ dulg’)y) + 5 A+ VEB(s,)

Fo() = 5 Dun(s) + B(s, y)unls)

We shall use the two following properties:

(i) By Lemma there exist constants Cy, C1,Cgs, || > 2, such that on the support of ug
(where |y| < R, ¢ > 0), and for s € [—sg, so], we have

[B]=2

|B=(5,9)| < Co(Rs® + [y[*), VB (s,y)| < Ci(Rly| + ds), |0, B%(s,y)| < CsR’e =
(ii) By Lemma f¢ satisfies the following: for all a, 8 € N9, there exists Cq,p such that

(73) 05 (5,912 < Cap(Rsg) ™ + R2s(7 ™) < Co g Ry ™

where we used Rsy 4 < 1. We prove by a recursive argument that

(74) sup 0y (s )l = O(VERsg ) + O
s€[—$0,50

which implies the Lemma since

lal+18]
2

3
R\/EsltTPIF8 = R /esd = R%.

e &k = 0. An energy estimate gives

(75) I (s)llz> < CVe S 1£2(s )| 2ds” + O(se) < CRVEs + O(<e),

—s0
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whence for £k = 0.

e k= 1. Using the equation satisfied by r¢, we write for j € {1,--- ,d}
(105 — P=(3))(y;7°) = Ve(y; f°) + Ve(9y,r%),
(105 — P=(5))(0y,7°) = VE(Oy, [7) + VE(Dy, BSr%) + A0, w(q’))r°.

Note that |0, B*r¢| < C(R|y|+0s)|r®| and R > 1. Using Point (i) above, an energy argument gives
for some constant ¢;

S

lyr=($)llze + [IVyr(s)lle < O(se) + e (Rﬁ)/ (lyre (L2 + [IVyr< (sl =) ds’

)
S

+ve [ (luf (e + 11Vyfo(s)llz2) ds’ + +er0ve

—So —So0

<2c1Rveso  sup (IIyTE(S)IILz+||VyT€(S)||L2)+61/ (")l L2ds"
0

s€[—s0,50]

(Y () z2ds’ + 1 / 7 (") | e
0

+Ve [ (lyfo ()L + [V f5(s)lz2) ds’ + 015\@90/ I ()] L2ds” + O(s2)

—Sg —3S0

where we have used /sp < 6. Using R\/esp < RS < 1, and (75)), we deduce (changing the

constant ¢; as necessary)

sup  (lyr®(s)llz2 + [Vyre(s)llz2) < er(RVEs] + 0eRsg) + O(se) < erRvesg + O(<e),

s€[—s0,50]

where we have used sg/e < §, whence for k =1.
e k — k+ 1. We assume that there exists some k € N such that for all £ € {0,--- , k}

sup sup [y 0Lre(s)|| 2 < crRv/Esy™
lal+[B8]=¢ s€[—s0,s0]

and that for any term of the form y®92r< with |a| + |3] = k, we have

k
(10, ~ ()W 05r") = Vay a7+ 30 S chplsu)y o)

=0 o’ |+]87|=¢

for some smooth functions ¢, 5 bounded together with their derivatives uniformly in & with

|car g (8:9)| + [ Vyco g (5,9)| = O(Ve((s) + [yl) + 1) for ||+ || <k
|car g (8:9)| + [Vyco g (s,9)| = O(RVE) for || + |8 = k.
Multiplying the equation by y; and applying d,, for all j € {1,--- ,d}, one obtains that the form of

the equation passes to the (k 4 1)-th step, which gives the norm estimate by an energy argument.
This concludes the proof. O

5. PROOF OF THE MAIN RESULTS

5.1. Proof of Theorem When the trajectory ®"°(z) remains in the domain {|w(q)| > 6},
the results of Proposition [3.I] apply and imply Theorem [T.8]
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5.2. Proof of Theorem Inside the gap region, for ¢ € [t* — §,¢" + 8], we apply Lemma 4.3 to
pass through it. Then over the time [tb +6,to+T] we use Proposition 3.1 again to propagate further,
with initial data found from the resulting solution 1¢(t* + §) from Lemma 4.3 in the gap region.

Then, we optimize § and R to get the best approximation in terms of ¢ according to Remarks [3.5]
and

5.2.1. Away from the gap region. Given the initial assumptions of the theorem, we start at time ¢g
far from the crossing point with initial data f satisfying . We consider the trajectory &> (20)
and the classical quantities that are associated with it. Applying Proposition 3.1 on [t, - ] with
u (to) = 0 and u_(ty) = a, we propagate the solution up to the gap region: at t =t —sg\/c = t* -4,
we have in L?(R9)

q/}E(t’ l’) :sfd/4e§5', (t,to,zo)Jrl;p, (t)(z—q— (t))‘_/’_ (t7 (bt_,to (ZO))

X u_ (t, x_\qu(t)) +0 ((\/55-1 32674 (1 + |1n5|)> .

Using the minimal gap of the avoided crossing, d. > /¢, we are left with error terms o(1).

5.2.2. Passing through the gap region. In this section, we compute an approximation of w“e(tb +9),
thanks to the representation of ¢ as which reduces the analysis to one of function u®(s)
satisfying (66). Then, by Lemma[1.§] it is possible to use Lemma [£.4] to link u*(+s¢) and u®(—s).
Proposition [4.6] allow to identify the entering data at time s = —sg that we use in Lemma [£.4] :
o1 = 0 and a satisfying (7I). We define (a5, ag"") as

(76) ag™(n) = =b(r~'*n- wh)al (n)
05" (n) = a2 - ) ().

This follows from the formula giving (Zgit) in Lemma Besides, we know that when ¢ =
" 46 = t* 4 s504/E, 1°(t) satisfies with
(50, ) = eiA(s,n)a(l)ut(n)VwL i e—iA(s,n)agut(y)va
+0 ((\/55*1 4632574 45+ R&3e)(1 + | 1n6|)) .
This implies that for t = > + § = t* + /5o,

Yt x) = UF (L) +9F (La) + O ((\/55-1 4632570 1 5+ R%e1)(1 + |1n5|))

with

(77) ¢i(ta$) _ egso(t,tb,zb)+§'(x—qo(t))~po(t) (e—z’A(so,n(y))agut(n)) a0l V’w,
y="

(78) Ve (t, ) = oS0 (t,t",2")+ £ (2—qo(t))-po(t) (e+iA(80,n(y))a<1>ut(n)>’ i L
y=—>

in L2(R%). Tt remains to see why the functions 1 (¢,7) can be approximated by wave packets

b
associated with the curves @tj’[t (zb) respectively. For this, we study the asymptotics of the phase
and of the profiles for ¢ > t°, as we did in Section for times t < ¢°.
37



Let us begin with the phases. We observe that the asymptotics of Lemma [2.1] and Lemma
imply that when t = t” 4 /gs with s > 0 and = = qo(t) + /Yy, we have the pointwise estimates

gSi(t,tb, zb) = éSo(t,tb, zb) Tirs? + O(ves?)
and

épi(t) (@ — e (D) = (po(t) + Vestdw (¢ )w + (9(552)) : (x — o) £ 332 tdw(q”)w + 0(53/253))

o

= Jzp(t) -y Fisw - du(@)y + O(VESyl) & 55 - du@Imo(®) + O(VES") + Oes”)

We observe that
w - dw(q")po(t) = w - dw(q")p’ + O(s/E) = r + O(sV/z).
Therefore
7

() (2= (1) = —zy - polt) Fisw- dw(q)y + 57 + O(Ves?ly))) + O(Ves?).
Then, . _ ' .
i byt Az — _ ! by
gSi<t7t ) % ) + spi(t) (Qj Qi(t)) {_:S()(tat ) % )+ \/gy pO(t)
i .
$§r32 Tisw - dw(q’)y + O(Ves?|y|)) + O(ves®)
Given the definition of A(s,n), (70),
; - L . 2 i 1.2 2
iM(s,m) = oo rsf? + -l nGrs?),
we obtain

1 1
iA(s,n) = % (\w )+ 2rsw - dw(q’)y + 7’282) + 4—r|wJ‘ -n|? In(rs?)

= %M %+ isw - dw(q’)y + %7’32 + Z—T\wj‘ -n|? In(rs?)
Using all of these ingredients together, we have the pointwise estimate
gSi(t7tb7 Zb) + gpi(t) ) (Z’ - Qi(t)) = ESO(tatba Zb)

7

20 molt) F iA(su) £ ol 0
+O(Ves?lyl) + O(Ves®)

At this stage of the proof, we are able to see the wave packet structure of the functions 95 (t"46)
defined in and . Let us study more precisely ¢¢ (t, ), the computation for the other mode
being similar. In view of the relations stated above, we have in L?(R%)

+ -l (In(vrs))

=

Ve (t,x) = oS- (t,tb,zb)ﬁ'(x—qf(t))‘pf(t)+2%\w~n|2+2—i\w*n|2ln(ﬁs)agut(n)‘?j

+O((Ves®lyl + Ves®) (1 + [ In(sv/r)))).

Here again

1 1

—(w" () n(sv/r) = Toy - yIn(svr) = Loy - yIn(sv/E) + 5 (w™ - n(y))? ln(g)-
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and we obtain for t = t* + § = t* + 591/

V(1) = Vi B (£5(00,2) 4 2o = 0 (0) o)

1
€

4r
+O((Veslyl + Ves®) (1 + | In(sv/r)])
in L?(R?). Using the regularity of a$"t, we deduce a§"* (l"(t)) = aj"t (%) +0(y/z5?) with

(B0 (5T yin(ovE) ) Bxp (-0 0P 1n(r/2) + 5 0)? ) 0201

NG
O(y/zs%) = O(8%e~1/?), we identify a wave packet approximation in L?(R?)

Y51, 2) = oFS- NS (BT (e Rgn () nG o ggu () ) -

v ()

+O(Ves* (1 +yl)) + O(Ves?).
For t € [t” — 8,8 + 6], O(es*(1 + |y|)) + O(ves®) = O(e=Y262(1 + |y])) + O(e~16%). Using

= L\/qg(t) for this region, we are left with the error terms O(6%~1). In view of (22), this suggests
that we set

() = Bxp (@b a0 1u(r/2) + ool i?) o (o)
——Bxp (- ()P I /) + ol al? ) B2t ()
A similar computation for the plus-mode gives
2 (0) = Bxp ()1 /6) = o) )

i i — in
=B (=t )P /e) = ol al?) a2 w e ).
r 2r
In view of , we deduce
igh — in
W) = o5 a2y (),
igbh i T in

@ (3) = " Bxp (- 0P /) 4 o0 ) B0 )

which is equivalent to (23]).

)
2r

5.2.3. Leaving the gap region. We define u(t,y) for t > ¢+ as the solution of satisfying ([22)).
Then, we have when ¢ = t”+6 and the result for [t € t*+6, T| comes by applying Proposition (3.1

5.3. Proof of Corollary m Since for ¢ € (£*,¢* +T), we have @fb (2°) # bt (2”), any Wigner
measure of (¢°(t))e>o is of the form (30). Besides the coefficients c; and c_ are limits in € of
|lus(¢)]|22 and [lu_(t)||2. respectively. We focus on c; (the proof for c_ is similar). We have

ou in in icgh _gb
s ()13 = NS 132 = laCm)ul2 |32 + [b(r)ul |32 — 2Re (of 53-50),)
with

Ve = / a(n2(y))b(n2(y))u't (y)ui™ (y)e' W) dy.
R
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In view of |b(n2)]? = 1 — a(n2)?, we have ||b(n2)u'||?> = ||\/1 — a(n2)u||?>. Moreover, by and
using b(0) = 0, the term ~. writes

Ve = /772(y)f(y)e*%n2(y)21ngdy

for some smooth function f. Together with 7y (y) = w -dw(¢’)y where dw(q’) of rank 2, one writes
i N r B L i}
/ o (y) f(y)e~ 3@ negy — / | tdw(q")wt |72 tdw(q)wh - Y, f(y)e 2@ =gy
R ilne Jpa

which implies c; = [|a(n2)u'?||> + ||/1 — a(nz)u ||
APPENDIX A. SEMI-CLASSICAL PSEUDO-DIFFERENTIAL CALCULUS

This section contains results about semi-classical pseudo-differential operators. We consider
matrix-valued functions a € C>(R??,C??) which are bounded, as well as their derivatives. Then,
one defines the Weyl semi-classical pseudo-differential operator of symbol a as

(19)  op.(a)f(x) = (2me) ™" /R eitlmig (T’s) fW)dyd, Vf € SR, C?).

The reader may found proofs of the results presented here in [8, [44], I1], for instance. In the
following, we denote by z = (z,£) € R?? the variable of the functions a € C>(R??, C?2).

The Calderén-Vaillancourt Theorem [2] ensures the existence of constants Cy,ng > 0 such that
for every a € C°(R¢,C%2), bounded with bounded derivatives, one has

(80) lope (@)l £(r2(re,c2y)y < CaNg(a),
where "
Nj(a) = Z €2 sup|07al
a€eN?4 |a|<ng R24
with ngy = Md for some constant M > 1 (see [44] for example). It is then easy to check that, since
e € (0,1],
(81) VEN{(0.,a) < Nj,(a) forall je{1,---,2d}.
Matrix-valued pseudodifferential operators enjoy a symbolic calculus:
Proposition A.1. Let a,b € C°(R%,C%2), then
€
op.(a)op, (b) = op.(ab) + R (a,b) = op,(ab) + 5;0p=({a,0}) + e?R{ (a,b),
with {a,b} = 2?21 O¢;0 00 — 0,0 0g,b and
IRY) (@)l £(z2ra,c2y) < C o Ng(920]a)N5 (97 050), j € {1,2},
al|+|B8|=J
for some constant C > 0 independent of a, b and €.
Remark A.2. When a = 1 on the support of b, pushing the Taylor expansion at larger order, one
gets for N € N*,
op.(a)op, (b) = op.(b) + e~ R (a, b)
with /
IR (a,0)]| c(r2@eczyy <C sup NG(92a)Ng(d]'b).

[vI=1v|=N
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Remark A.3. For general (non-commuting) symbols a and b, Lemma implies
€
[op-(a), 0p. (b)] = op.([a, 1)) + - (op.({a, b}) — op.({b,a})) + €*(RZ (a,b) — B (b, ).

However, the term of order 2 in this expansion has symmetries so that if @ and b commutes, for
example because a is scalar valued,

[vI=1v'1=3

[opa<a>,op5<b>]=§0p5<{a,b}>+0<53 sup N3 (82a)N3(07 b>>

Note also that for 1 < j < d the commutation relations between x; or eD,; and op,(a) writes
(82) [z;,0p.(a)] = giop_(0¢,a) and [eDy;,op.(a)] = —ciop,(0y,a).

Using these relations and the estimates in L2(R?), it is possible to prove estimates in ¥ that are
uniform in e.

Lemma A.4. Let ¢ € (0,1] and k € N. There exist constants Cqr and cx such that for all
a € C°(RY), we have in XF:

(83) lops(a)|l sy < CaxNgyy(a).
Proof. The proof is based on and a recursive argument. For a € C°(R?), f € S(R?) and
je {17 . d}7
[zj0p(a) fllse-1 < [lopc(a)(@; f)llgr-1 + €llope (Tg; a) fll -1,
1€, (0P (a) f)llsye-1 < llop(a)(€0z, )51 + €llop. (O, a) fl 51

Therefore, there exists a constant ¢’ such that

llop-(a) fllsr < ¢llopc(a)ll £ (sx-1y
+ ¢ Z <|0pa 6§J HL nk-1y + ||0p5(8$1a)||£ bl 1)) ||fH§:" 1.

One then concludes by starting the recursive argument from and using . O

APPENDIX B. LOCALIZATION OF WAVE PACKETS

The wave packets defined in enjoy localization properties. We use here the notations intro-
duced in Appendix [A|and we use the notation a for denoting (non semiclassical) pseudodifferential
operators, a = op;(a).

Lemma B.1. Let zp = (¢,p) € R??, o € S(RY) and a € C°(R??). Then,
op. (@) WP, (12) = WP%, (alz0 +vE2) ¢) -
Proof. The result comes from change of variables. O

This Lemma has several important consequences.

Lemma B.2. Let e € (0,1], 20 = (¢,p) € R*, ¢ € S(R?) and a € C®(R?9) bounded together with
its derivatives. Then, we have the following properties:
a1



(1) For all ng,k € N, there exists a constant Cy, such that

op.(a) WP, () — WPZ, (Pé@?ﬁ)so)

< k™ Nt i1 (@ 0) [pllgrsro s
Zk

where z Pé"(’)(z) 1s the Taylor polynomial at order ng of a in zy:
1 1
P")(2) = a(z0) + Va(zo) - 2 + §v2a(z0)z cZ4 .+ mdnoa(zo)[z]”o.
0):

(2) Moreover, assume that a(z) =1 for |z — 2| <1 and a(z) =0 if |z — 20| > 2. Then, for any

n € N, there exists a constant Cj, , such that

[WPZ, (¢) — op.(a) WPS(@)llsx < Chpp €™ Ny joyn(d™a) 0]l srsn.
Proof. Let us prove Point (1). Applying Lemma

—

lop. (a) WPZ, (1) — WPS, (P (v/2)0) [ = [WPS, (alz0 + VE2) — P (2v/E)) @)1t

€

There exists a constant C}, such that for all profiles ¢ € S(R?),
IWPZ, (0)llsx < Cilllls

hence

IWP2, (a(z0 + VE2) = PS"(:vE)@) st < Chll(alzo +VE2) = ) (V&) el
We have
alzo + V22) = P (2/2) = 5 r(v/ez) 2]
where r € C*(R?) is a smooth tensor of order ng + 1 that is bounded with bounded derivatives

1
r(z) = i'/ d™t Va2 + 52)(1 — s)™ds.
UNE 0
We state the following auxiliary claim:
“ Consider a smooth function b that is smooth, bounded with bounded derivatives. Then, for all
k,n € N there exists a constant c;,, such that for all |a| <n,

(84) ||0p1(b(\/gz)za)ng(z’ﬁ",zg) < c;c,nN§+k:+n<b)' 7
Applying the claim to r(y/z2)[z]"0 L, with n = ng + 1, we obtain

oy (r(VEDET™ ) pgttnats gy < kNG ooy (700,

which is enough to complete the proof of Point (1).
We now turn to the proof of the claim. It relies on a recursive argument on n. When n = 0, the

estimate gives
llopy (b(ve2))ll £ty < ek N (b(Ve)) < ¢ o N1k (0).

Let us now assume that we have proved the estimate for all indices smaller than some n € N and
let us consider o € N2? with |a| = n + 1. Then, « has at least one non-zero component. Let a; be
such a component, with j € {1,---,2d}. Either j € {1,--- ,d} and 2% =z, or j € {d+ 1, -+ ,2d}
and 2% = &;. We consider the first case and a similar argument will work in the other one. For
a € N?¢ we have
2% =gt afler L Eg
42



so that z® = 2~ Yizli = 227 Lig,. Using and Proposition we then write for f € S(R?),

0p (B(VE2)=)f = 0py (b(VE2)" 1) (a3 ) — -opy (8, ((vE2)2")) f.
We deduce
lops (b(vE2)2) Fllse <llopy (B(vE2)2~ )| s sl e
+ 5 VoD (9, (vE)2 ™) e gy | F e
+ 3 lopy (b(VE2)2" 57559 | g |l

where the last term is there only if the (j + d)-th component of oo — 1, is non zero. One then
deduces the result from the recursive assumption, which concludes the proof of the claim, and thus
of Point (1).

Finally, to prove Point (2), we only need to observe that since a is identically equal to 1 close
to zp, its Taylor polynomial Pé")(z) is equal to 1 for all n € N. We then apply Point (1) with

ng=n-—1.
O

APPENDIX C. MATRICIAL RELATIONS

For w = (w1, ws) € R? and u = (uy, uz) € R?, the matrices A(u) and A(w) defined in satisfy

A = (

w - U w AU
—wAU W u

(recall w A u = wyug — watty).

C.1. The Bi matrices. We look more closely at the matrices B. introduced in . We recall
d

that for £ € R?, ¢ - V denotes the (scalar) operator & - V = ijagj.
j=1

Lemma C.1. For ¢ € R? and w € C*(R%,R?),

& V(@) Aw(z)

a7 )= )

§- VI =

Therefore, T1_(z)€ - VI, (z) — T, (2)€ - VI (z) = & Vuw(z) A w(z) < 0 1> .

2Jw(z)[? -1 0

Proof. Since I (x) = % (IdRz + A ( w(z) )), a straightforward computation gives

[w ()]
€ V1L, (o) =g (A€ Vuta) - 2 dua)
1

:W(UJQ § . le — W1 f . VU)Q)A(U}Q, —w1)
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whence the first formula. Then, we write
& Vu(z) Aw(z)

I (2)¢ - TT14 o) = 1 (0)¢ - VI ) = =S (1 @) A () - 1L (o) A 0)
_ & V() ANw(z) w(ENAlw: (z
o Al A (@)
__§-Vw($)/\w(as) 0 1
B 2|w(z)|? (—1 0) ‘
O

C.2. Superadiabatic projectors. In this section we use the semi-classical pseudodifferential op-
erators introduced in Appendix and we denote by a . b the symbol of the operator op_(a)oop,(b).

Lemma C.2. There exist matriz-valued functions Pg), ]P’(f), Qgtl) and Qf), that are smooth outside
T and such that the function

TS (2, €) = T () + P (2, €) + PP (2, €),

satisfies

(85) L H = (he +e QY + 2 QLIS + *Rel(a,€).

Besides, for all o, 8 € N, there exists constants Co.8, Pa > 0 such that for all (x,€) € R24\ 7T,
(86) 070¢ Re(2,€)| < Ca () 11Oy ()| 7l =2

(where ng controls the gap at infinity, see ) Moreover, the following properties hold
(1) One has
PO (2,6) = £P(2,€), 2L (2,€) = Qa,¢)
where P and Q are the linear functions in & defined respectively in and . They are
homogeneous functions in w of degree —1 and —2 respectively.

(2) The matrices Pf) and Qf) are polynomial functions of order 2 of the variable £ and for
(z,6) € R2\ Y, for all o, B € N, there exists Cop > 0 such that

0207 PD (2,€)] < Clayp (€)X )1 A1) () =l =4,
102079 (2,€)] < Ca (€)% (@) 11D+ gy ()|l =3,

Proof. We use the calculus of aff.b detailed in Proposition and the observations of Remark
We have

1 1
LM =T H + e(PYH + (T, 1)) + (B H + - {PY) HY + ds) + %,
1 1
1
(he +e QL) + 2 QPNEIIE = hally + e(haPY) + {ha, T} + QT

1 1
+ 2 (ha P + - {he, P} + {00 T} + QUPY + QP M + da)

where 7! and 72 involves derivatives of order 3 of Tl of order 2 of IP(il ) and of order 1 of Pf ) and dy

comes from the computations
2 2 c 2 2 2 c 2
7|§2| fell: = 7|€2| I + o {§2| 7Hi} +e%d, Hiﬁe% = 7'52‘ Iy — o {§2| 7Hi} +e2ds.
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We deduce that in order to realize equation , we only need to equalize the terms of order &
and €2 on both developments (indeed 1. H = h.II.). We obtain two equations that it is convenient
to put on the form

(87) P, H] = (hs — H)PY — QT = ig - VIL,
(88) PP, H] — (he — H)PY — P11, = Fy

where F. depends on P() and Q)
1 1 1
Fy = o {he PYY 4 (08 ) + 0PY — (P, ).

For solving these equations, we multiply them on both sides by I or II_, which gives four relations
each time.

Let us perform the computation for the plus-mode. Multiplying on the right by IT; and on
the left successively by II; and II_, we obtain two relations

m o, =o, m_oMn, =i1_¢. VIIII,.
Using that we want to find Q$> self-adjoint, we deduce that we can choose
O —ill_¢. VI T, — Il & VILIT = Q.
Similarly, for the minus-mode
QWY = I ¢ VIL I +4II_¢ - VIL I, = Q.
Multiplying on the left by I and on the right by II_, we end up with
(hy —h )P =4Il ¢ - VI I

Choosing IP’S:) self-adjoint, we obtain

PO — ' (¢ VILIL — Il ¢ VILIL) = P.
¥ 2|w(m)|( +& + 3 +114)

We argue in a similar way for the minus-mode and find

(1) v
P =— IH_¢-VIL I, —II.¢-VIILII_) = —P.
- 2|w(x)|( 3 +Hp =TI +11)

Let us now determine IF)(f) and Q(f). We first decompose Fy as the sum of a self-adjoint matrix
and a skew-symmetric one: Fy = Fy ,, + F ¢ with

1 1
F+,aa=§(F++Fi), Fys = 5(
1 1 1
Fr=——{hy,P —{II;,Q QP - —{H,P}.
+ 27/{ + }+21{ + }+ 27/{ ) }
We have used {M, N}* = —{N, M} for smooth matrix-valued function M and N. We also obtain
(89) ML Fy Iy =0,
which is required from (when multiplied on both side by IT). These relations come from
PQ = QP,

I+ (_01 (1)> IIL =0¢22 and A(u) (_01 (1)) + (_01 é) A(u) =0, Yu e RZ.
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Then, multiplying by II; on the right, we deduce
Q(Q)H+ = —F+H+.

One then chooses

(90) 0F) = T Fy o0l — T F T, — T FI0.
For determining ]P’f), we multiply by II_ on the right
(hy —h PP = —F, 10,
and we obtain
1
91 PP = — (I, F I +T_FI, + I F . J0).
( ) + 2\w(x)|( +4+ + + ++ +, )

The polynomial features of these matrices in the variable £ and their properties as functions of w
come from their explicit formula. These aspects determine their behavior at co and close to Y. [

Remark C.3. As already observed in the literature ([I} B3] 86l [37, [41], it is possible to push these

asymptotics at any order by constructing a sequence of matrices (Q(ﬁf),IP’(ij)) jen that will satisfy

controls of the form
020£PY (2,6)] < Clap(€)? (@) 1+ () 11725,
0200 (2,€)] < Ca s &) ) (A7) )| 71 =21,
As a consequence of the computations above, we also have the following result.
Lemma C.4. Let @i’t(zb) be a trajectory reaching the point 2 € Y at time t° with the conditions
of (T1). Then, we have fort close to t°,
ol (@4 (2) = 01), PL (@1 (=) = O(lt - '),
2 4 2 4
0P (@41(2) = Ot = %), PY(3L1(2") = O(t 1),
APPENDIX D. GENERALIZATION TO TIME-DEPENDENT HAMILTONIAN
We consider a Hamiltonian
H(t,z) = v(t, 2)ldee + A(w(t, 2)), w(t,z) = H(wi(t, 2), wa(t,2)) € R?
with subquadratic growth and polynomial control of the gap at infinity (as in ) The crossing
set is the subset of R x R? given by
T = {(t,2) € R x R*  w(t,z) = 0}.
We denote as before by hy and h_ the eigenvalues of H and Il and II_ the associated eigenpro-
jectors. Following [13], a point (¢’,2") € T is a non-degenerate crossing point if and only if

Rkdw(t’,2*) =2 and E(t,2") := d,w(t’, 2°) + {v,w}(t’,2") # 0.

With such a point, we associate the vector
B,
|E(#, 2)|

By Proposition 1 in [13], there exists a pair of generalized trajectories passing through non-

w and r = |E(t’,2")).

b
degenerate crossing points and we denote them by ®%" (2°).
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Time-dependent eigenvectors along the trajectories. Starting from a point (¢, z9) € R x R4
b
such that Cth’t" (20) = 2°, we associate with these trajectories time-dependent eigenvectors by solving

the differential equation
D9 (1) = Be@y (2)Pe(t), Tolto) = Vo
ZY(t) = Be(21 (2)Y2(t), Yalto) =Yo
where
By = H¥ (8,5Hi(t, Z) + {U, Hi})Hi,
and 370 is an eigenvector of H (g, 2¢) for the +-mode. One can then prove that the vectors ?i(t),
t < t* can be continued up to t = t’.

Profile equations. The profile equations associated with the trajectory @ti’to(zo) write

i0yus = Hess H(t, @) <g > . <Dy ) U, u+(to) = @+.
Yy Yy

Close to t*, we have the asymptotics
1

t,t
Hess I{(t7 ‘I)i O) Np_ytb iw

(tdw(t’, 2”)Idge — w ® w)dw(t’, 2%))
which allow to define ingoing profiles ull' by

i by s
Uy (t) ~eFelomIE=tlyin ag ¢ 5 ¢t <t

with
1

f‘\:ftdwtb,zb Id z—ou®oudwtb,zb <y><y>
0 r ( )( R ) ( ) Dy Dy

Note that in the case we have studied, the function w only depends on z and thus the operator f;
is an operator of multiplication.

Transition formulas. The transitions formula are now operator-valued. The function 7(y) inside
the coefficients of Theorem [I.9 have to be replaced by the operator

0y Dy) = (w0 (dew(t?, )y, D)), - (dew(®, 2) (3, D) )
Then, the transition rules are the same as in Theorem

The Hermitian case. Such an approach extends to Hermitian Hamiltonians with crossings that
have the geometric feature of [I3], the so-called generic involutive codimension 3 crossing (see
also [6]). Assume

H(t,z) =v(t, 2)1c2 + < w1 (t, 2) wa(t, 2) + iws(t, z)> 7

wa(t, z) — iws(t, ) —wi(t,2)
with w(t, z) = Y(wi(t, 2), wa(t, 2), ws(t, 2)) € R3.
Set
E(t,2) = (Oyw(t, z) + {v,w})(t,z) and B(t,z) = "({wa, w3}, {ws, w1}, {wy,w2})(t, 2).

The strategy developed in this article extends to crossing points (¢°, zb) close to T, where the latter

is a codimension 2 or 3 manifold, with E(t,z) - B(t, z) identically equal to 0 in a neighborhood

of (#,2") and |E(t",2°)| > [B(t",2?)|. Even though this situation is not generic, it contains for

example the case where w = w(x). More intricate phenomena appear in the generic setting (see [9]
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and [I0] for example). Note however that a special attention has to be attached to the diabatic
basis used at the crossing point because the eigenvectors are now complex-valued.
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