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Understanding how rivers adjust to the sediment load they carry is
critical to predicting the evolution of landscapes. Presently, how-
ever, no physically based model reliably captures the dependence of
basic river properties, such as its shape or slope, on the discharge
of sediment, even in the simple case of laboratory rivers. Here, we
show how the balance between fluid stress and gravity acting on the
sediment grains, along with cross-stream diffusion of sediment, de-
termines the shape and sediment flux profile of laminar laboratory
rivers which carry sediment as bedload. Using this model, which
reliably reproduces the experiments without any tuning, we confirm
the hypothesis, originally proposed by Parker (1), that rivers are re-
stricted to exist close to the threshold of sediment motion (within
about 20%). This limit is set by the fluid-sediment interaction and
is independent of the water and sediment load carried by the river.
Thus, as the total sediment discharge increases, the intensity of sed-
iment flux (sediment discharge per unit width) in a river saturates,
and the river can only transport more sediment by widening. In this
large discharge regime, the cross-stream diffusion of momentum in
the flow permits sediment transport. Conversely, in the weak trans-
port regime, the transported sediment concentrates around the river
center without significantly altering the river shape. If this theory
holds for natural rivers, the aspect ratio of a river could become a
proxy for sediment discharge — a quantity notoriously difficult to
measure in the field.

rivers | sediment transport | momentum diffusion | Poisson equation

lowing from mountains to oceans, rivers traverse immense

distances across the land, eroding, transporting, and de-
positing sediment along the way, thereby shaping much of the
landscape we see on Earth (2-5). However, a precise under-
standing of how rivers adjust their shape to the amounts of
sediment and water they transport is lacking. This is partly
due to the difficulty of collecting sediment flux measurements
in the field, and partly due to the complicated coupling be-
tween the flow and the sediment bed.

In rivers that carry a small amount of sediment, sediment
grains are typically close to their threshold of motion — below
this threshold, any sediment carried by a river would be de-
posited, building the river bed until it eventually reaches the
threshold, while, above the threshold, uncompensated erosion
of the bed would quickly bring the river back to the threshold
(6). For this reason, early theories were formulated for inert
rivers (rivers that do not transport sediment) and assumed
that such rivers construct their own bed so that the grains on
the bed surface are exactly at the threshold of motion (7-10).
Under this assumption, they showed that the shape of the
river channel is independent of its water discharge, which can
only affect the size of the river. This threshold theory accounts
for the observation that the width of rivers increases as the
square root of their discharge, an empirical correlation known
as Lacey’s law (10, 11).

In active rivers (those that transport sediment), sediment

www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

transport is driven only by a small departure of the shear
stress from its threshold value (5, 9). The minuteness of this
departure makes the study of active rivers challenging. It
means that, to find the sediment flux, one needs to measure
or calculate the stress with high precision — simple order-of-
magnitude estimates are not sufficient (12). This is a daunting
task, since the stress sensitively depends on the river shape,
which, in turn, adjusts to the stress distribution.

Parker (1) first addressed the question of active rivers with
a model in which a turbulent river splits into inert banks
and a flat, active bottom. He found that the cross-stream
diffusion of momentum, which distributes stress from faster
flowing regions to slower ones, is essential to enable sediment
transport in a stable river channel. His model qualitatively
agreed with real rivers — he found that the stress on the river
bed is at most about 20% above critical, which limits the
intensity of sediment transport. It is, however, unclear why a
river should sharply split into inert banks and a flat bottom,
as required by Parker’s model. Moreover, it is unclear how a
river transitions from an inert, threshold channel to a singular
configuration of Parker as its sediment discharge increases.

Since field measurements are difficult, a good place to test
our understanding of rivers is the laboratory (13). However,
even laboratory investigations have been a challenge in them-
selves (14-16) — stable single-thread rivers were only recently
produced in a laboratory setting (17—-19). Nevertheless, these
experiments have been enlightening — by focusing on straight,
laminar, stationary rivers, they presented strong support for
the threshold hypothesis of inert rivers. So far, however, they
have not been compared to Parker’s theory for active rivers.

Another key insight that arose from experiments is that the
grains that are carried as bedload (i.e. that are dragged along
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the river bed) (20) diffuse laterally by randomly hitting other
grains on the bed surface along their way (21, 22). In analogy
with a gas placed in a gravitational field, the balance between
gravity and diffusion distributes the transported grains over the
bed so that the concentration of moving grains exponentially
falls off with increasing elevation above the channel centerline
(22). This Boltzmann distribution of the moving grains relates
the sediment flux to the shape of the river. The role of sediment
diffusion was recognized early in rivers that transport their
sediment in suspension (23), but these experiments have shown
that this mechanism also applies to bedload transport.

In this paper, we use the experiments of Abramian et al.
(19) (section 1) to understand what sets the channel shape of
active rivers. In our theory, the above mechanisms combine
to shape the river — the shape of the channel determines
the stress, the stress determines the sediment flux, while the
Boltzmann distribution relates the sediment flux back to the
shape (section 2). In equilibrium, these mechanisms are all
coupled together, and their simultaneous coexistence deter-
mines a unique river channel for given discharges of water and
sediment (assuming the channel is straight and single-thread).
Therefore, the problem can be solved self-consistently, at least
in principle. However, this problem is difficult since the fluid
stress anywhere on the bed depends on the entire shape of the
river.

We bypass this issue by simplifying the equation for the
fluid stress, assuming that the aspect ratio of a river (ratio
of width to depth) is large (section 3). We then formulate a
model for the steady-state shape of a straight, laminar river
with bedload transport by using this minimal representation
for the stress, and including the Boltzmann distribution for
the moving grain density. This model takes the form of a
second-order boundary value problem (BVP) which can be
analyzed numerically (section 4) and analytically (section 5).
We note that this is a well defined problem only for a river in
equilibrium (steady-state), so that it does not answer how the
river reaches this equilibrium.

In the limit of large water and sediment discharge, the
river in our model splits into inert banks and a flat active
bottom, exactly as prescribed in Parker’s (1) model. We, thus,
show how Parker’s (1) model arises as a limit of our theory.
We call this limit the “Parker regime” (section 6), and we
define a condition for reaching it. Like Parker (1), we find
that laminar rivers cannot exist far from the threshold of
sediment motion and, thus, cannot accommodate a sediment
flux (discharge per unit width) larger than a maximum. We
find that this maximum depends only on the friction coefficient
of the sediment, p:. Since the sediment flux is bounded, a
river in the Parker regime has to widen to accommodate a
larger sediment discharge. Moreover, we find that momentum
diffusion in the flow plays a key role in sediment transport.
We compare our results with laboratory experiments and
find good agreement without any tuning. In this way, for
the first time, we provide support for Parker’s hypothesis
in a controlled setting. However, we also discover another
qualitatively different regime, which applies to rivers with large
water but small sediment discharge. In this “weak transport
regime” (section 7), sediment transport relies on the diffusion
of sediment, and a higher load is accommodated by increasing
the sediment flux without altering the shape of the river which
carries it.

2 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX
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Fig. 1. (a) Experimental setup of Abramian et al. (19). (b) Photograph of the sediment
bed taken with the overhead camera. Brown lines represent trajectories of tracked
grains.

In both theory and experiments, we find that the aspect
ratio of a river strongly depends on its sediment discharge.
This suggests that, in the field, the shape of the river could be
used as a proxy for its sediment load. To verify this, however,
our theory would have to be adapted for turbulent flows — a
task we leave for the future.

We also leave the mathematical details, tables for exper-
imental runs, and other results that are not necessary to
understand the main points of the paper to the Supplementary
Information (SI).

1. Experiments

In this section, we briefly describe the experiments of Abramian
et al. (19), which inspired the present theory. A schematic
and a photograph of the experiment are shown in Fig. 1, and
experimental parameters are summarized in Table S1 of the
SI.

The setup consisted of an inclined tank, 190 cm x 90 cm X
10 cm in size, filled with plastic sediment made up of grains of
diameter ds = 0.83 & 0.2 mm and density ps = 1490 kg m 3.
At the inlet, a mixture of water and glycerol was pumped
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Fig. 2. (a) and (b) River cross-sections from the experiments of Abramian et al. (19) (brown line) and the present model (blue lines). Aspect ratio is preserved. (c) and (d)
Corresponding sediment flux profiles, g, (y), for the experiments (red lines) and our model (blue lines). Panels on the left ((a) and (c)) correspond to an inert river (no sediment
discharge, Qs = 0), while the right panels ((b) and (d)) correspond to an active one (sediment discharge Qs ~ 44 grains s~ !). The transport width, W = Qs/{qs), with
(gs) given by Eq. 1, as well as the maximum sediment flux, g, max, are marked with arrows in panel (d). The downstream slope, .S, could not be measured accurately, but it is

approximately S = 0.005 for the inert river and S & 0.01 for the active one.

into the tank, at a discharge Q. ~ 1 1 min~!, which was kept
as constant as possible during all experimental runs. The
density and viscosity of the fluid were p; = 1160 4+ 5 kg m ™3
and v = 107° m? s7!. The high fluid viscosity, achieved by
adding glycerol to the mixture, kept the fluid flow laminar (the
Reynolds number remained below about 10 in all experiments).
The fluid found its way to the outlet at the opposite end of the
tank, meanwhile carving its own channel through the sediment.
Additionally, dry sediment was injected into the system at
a prescribed rate, Qs. Abramian et al. (19) performed 5
experimental runs in which they varied the sediment discharge
between 0 and 60 grains s~ !.

A typical river forms as follows. First, the experiment
goes through a transient during which the fluid erodes more
sediment than is injected at the inlet. At this stage, a sin-
gle channel of width W ~ 5 cm quickly forms, whose down-
stream slope, S, slowly changes over time until it reaches
steady-state at S ~ 0.01. The duration of this transient, T,
roughly corresponds to the time to build a sediment channel
of constant slope, S, and width, W, over the entire length
of the tank, £ ~ 2 m, by exchanging sediment at a rate
Qs ~ 100 grains s~ ! with the bed. A simple scaling analysis
yields T ~ L2WS/(d3Qs) ~ 5 h, consistent with typical tran-
sients in the experiments. The exact duration of the transient
depends on the initial setup of the experiment and can be
shortened by, for example, setting the initial inclination of the
tank close to the steady-state slope of the river. After reaching
steady-state, the river transports as much sediment along its
bed as is delivered by the sediment feeder. Sediment travels as
bedload — grains roll, slip, and bounce on the sediment bed.
The river channel typically appears to be roughly straight
with only minor sinuosity, and, once formed, it does not move
significantly. Moreover, the steady-state river is insensitive
to the initial setup of the experiment — it selects its own

Popovi¢ et al.

width, W, depth, Dmax, and downstream slope, S, regardless
of the initial conditions. Beyond a certain value of sediment
discharge (about Qs ~ 90 grains s™'), the channel destabilizes
into intertwined threads that form a braided river. The range
of Qs explored in these experiments covered the entire range
of sediment discharge for which a stable single-thread river
can form.

To characterize the shape of these experimental rivers,
Abramian et al. (19) measured the sediment bed elevation
along a cross-section with a laser sheet. They constantly
monitored the river using an overhead camera, and tracked
the trajectories of moving colored grains, which allowed them
to measure the profile of sediment flux, gs, across the river (to
avoid possible confusion, we emphasize here that the sediment
discharge, @s, is the integral of the sediment flux, ¢s, over
the cross-section of the river). We show two rivers and their
sediment flux profiles in Fig. 2; profiles for the other runs
are shown in Fig. S1 and their properties are summarized
in Table S2 of the SI. Most sediment concentrates near the
channel center over a well-defined bed section of width Wr. We
define this transport width, Wr, as the width that relates the
sediment discharge and the mean sediment flux, Qs = Wr{qgs).
To make Wr a robust quantity resistant to experimental noise,
we define (gs) to be the average sediment flux over a probability
density function ¢s/Qs, so that

1 w/2
=2 / 4 (y)dy .
s J_wy2

Figure 3 and Fig. S2 of the SI illustrate how the characteristics
of laboratory rivers change as the sediment discharge, Qs,
increases: the rivers become wider, shallower, steeper, and
transport sediment more intensely.

(gs) (1]
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aspect aspect ratio, W/Dmax. The weak
transport regime assumes a fixed bed shape
so the aspect ratio is constant. (b) Down-
stream slope, S. The slope is too small for
direct measurement. As in panel (a), the fixed
bed shape in the weak transport regime leads
to a constant slope, while the Parker regime
follows from Eq. 24. (c) Normalized maxi-
mum sediment flux, qs,max/q,., where q,, is
the prefactor of the sediment transport law
(Eq. 7). The weak transport regime corre-
sponds to Eq. 27 while the Parker regime

Qs/Qs

2. The mechanisms that shape a river

Keeping in mind the rivers of Abramian et al. (19), the goal
of the present paper is to understand how an active laminar
river adapts its own depth and sediment flux profiles, D(y)
and ¢s(y), to the fluid and sediment discharges, Q. and Qs,
it carries. In this section, we will start by reviewing the
equations which govern the flow and the transport of sediment
in such a river. Throughout the paper,  will represent the
downstream, y the cross-stream, and z the vertical coordinate,
measured with respect to the surface of the river (Fig. 2a).
We restrict our attention to a straight river that is uniform
in the z-direction. Accordingly, we only need to consider its
cross-section in the (y, z) plane.

Stokes flow. In a straight river, the flow is forced by gravity
that pushes the fluid down a slope, S. This slope is usually very
small (for the experiments of Abramian et al. (19), S ~ 0.01).
The laminar flow in such a river obeys the Stokes equation

vAu = —g8S , 2]

where u is the downstream component of the velocity, g =
9.81 m s~ 2 is the gravitational acceleration, S is the slope
in the downstream (z) direction, and A = % + 86722 is the
Laplacian operator in the (y, z) plane. The boundary condi-
tions are that the velocity vanishes on the bed (u = 0 when
z = —D) and that there is no shear stress on the free surface
(0u/0z = 0 when z = 0).

The term ¢S in Eq. 2 is the force driving the fluid flow. In
the experiments, the slope is not prescribed a priori. Instead,
the river selects it while forming its own bed. It depends on

4 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

corresponds to Eqg. 19. (d) Transport width,
Wr = Qs/(gs), normalized by the total
width, W. The weak transport regime corre-
sponds to Eq. 28, while the Parker regime
follows from Egs. 19, 20, and 24.

the river’s discharges and we cannot prescribe it arbitrarily.
Importantly, the Stokes flow is scale-invariant — the flow in
two channels of a different size but the same shape looks the
same, and one can find one from the other by simple rescaling
of lengths and velocity.

If we can find the velocity in the channel by using Eq. 2, we
can also get the stress, 7, shearing the bed surface. This stress
is proportional to the gradient of u in the direction normal to
the bed surface, with the dynamic viscosity, psv, acting as a
constant of proportionality. To get an idea of how the stress
depends on the channel shape, we integrate Stokes law, Eq. 2,
along the vertical direction, and find an equation for 7:

7 = (095D + py(@D)") cos | 3

1 [°
U= = udz , [4]
D [D

where primes denote y-derivatives, u is the vertically averaged
flow velocity, and ¢ is the angle between the vector normal to
the bed’s surface and the vertical (see SI section S2.1 for a de-
tailed derivation). Equation 3 follows without approximation
from the Stokes equation. The first term of Eq. 3, pygSD,
is simply proportional to the weight of the water column. It
corresponds to the stress that the fluid would exert on a per-
fectly flat surface. It ignores the transfer of momentum across
stream and we will call it the “shallow-water component”, in
reference to the celebrated shallow-water approximation. The
second term, psv(aD)”, accounts for the viscous transfer of
momentum across the stream (along y), and we will call it
the “momentum diffusion component”. Finally, the term cos ¢
accounts for the orientation of the bed surface. Equation 3
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is not closed — in order to find 7, we still need to solve the
Stokes equation for u to get the vertically averaged velocity, .
Since we hope to bypass the solution of the Stokes equation,
Eq. 3 is not very useful in its present form; we will, however,
close it by assuming the river is much wider than it is deep
(section 3).

Sediment transport. If the forces acting to dislodge sediment
grains are too weak, the grains remain trapped on the river
bed, and there is no sediment transport (24). The existence of
this threshold force is an instance of Coulomb’s law of friction
an.

On a flat bed, the fluid acts tangentially to the bed surface,
dislodging the grains, while gravity acts normally, anchoring
the grains to the bed. In such a case, the sediment flux depends
on the so-called Shields parameter, 0, which is proportional
to the ratio Fy/F, of the fluid force acting on a single grain,
Fy o< 7d2%, and the grain’s weight, Fy oc (ps — ps)gde (24):

T

o=
(ps — pyr)gds

[5]

The onset of sediment transport is a complicated phenomenon
under active investigation (25-27). However, a simple repre-
sentation of sediment transport is to assume that on a flat bed,
there exists a threshold Shields parameter, 6;, below which
there is no sediment transport, while for small deviations above
this threshold, the sediment flux, gs, increases linearly with
the distance to the threshold (28),

qs = QQ(G — 0,5) fOI‘ 0 > 975 . [6]
The values of 6; and ¢o can be directly measured in experiments.
The pre-factor qo is of the order of the ratio of the velocity,
vs, of a moving grain to its area, d2 — go o< vs/d>, where
vs is proportional to the Stokes settling velocity, vs o (ps —
ps)dag/psv (29, 30).

On a rounded bed (as in Figs. 2a and b), we cannot simply
use the Shields parameter as a criterion for grain motion, since
gravity has both a normal and a tangential component with
respect to the bed surface. Grains in such a configuration
begin to move when the ratio, u, of tangential forces acting
to dislodge the grains to normal forces acting to keep them
in place becomes greater than a certain value, u;, which we
can roughly interpret as the friction coefficient (17). We
can estimate this friction coefficient independently from 6; in
experiments, e.g. by building a heap of sediment and finding
the angle at which its grains begin to topple. Abramian et
al. (18) hypothesized that the transport law for the flat bed
can be generalized to a curved bed — i.e. that the flux, g¢s, is
proportional to the distance of p to threshold, p:

qs = qu(pe—pe) for p>p . [7]

To keep this expression consistent with Eq. 6 for the flat bed,
we must have ¢, = qof:/p, since, on a flat bed, u = u:6/6,
(17). Although Eq. 7 is difficult to test independently in
an experiment, we will show that it is consistent with the
experiments of Abramian et al. (19). Parameters 0y, u¢, and
go depend on the grain shape and on the Reynolds number at
the grain scale. Abramian et al. (18) found them to be 6, =
0.16740.003, ps = 0.940.2, and go = 544448 grains cm s~ *
in their experiments.
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To find p, we need to consider the forces acting on a grain
of sediment — the fluid force, F, acts tangentially, while
gravity has both a tangential (downhill) component, Fy sin ¢,
and a component normal to the bed, F; cos¢. Because the
downstream slope of a channel, S, is small, the gravitational
force is approximately perpendicular to the fluid shear force,
Fy, and the force ratio, u, is therefore

F- 2
n= (W) + (tan ¢)? , (8]

The ratio of fluid force to gravity, Ff/Fy, is proportional to
the Shields parameter. In particular, we must have Fy/Fy =
u0/0:, since, on a flat bed, p = u+ when 0 = 0,. With this
relation, using Eq. 3 for stress, and relating ¢ to depth as
tan ¢ = D', we can express the force ratio u from Eq. 8 as

2 2
pepsS Vo=
=) (D+-—@D)") +D2, [9
g (Gz(ps—pf)ds) ( g5 P ) .

Neglecting the cross-stream momentum diffusion, (aD)”,
yields a purely shallow-water model, which Seizilles et al.
(17) used to find the shape of inert rivers.

Sediment diffusion. Due to random interactions with the river
bed, grains traveling downstream also diffuse laterally, towards
areas of the bed where sediment transport is less intense
(21). This cross-stream diffusion of sediment opposes gravity,
which pulls the grains down towards the center of the channel.
Abramian et al. (22) showed that, in equilibrium, the downhill
flux of sediment due to gravity is balanced by this uphill
diffusive flux of sediment. Like the Boltzmann equilibrium
of a gas in a gravitational field, this balance leads to the
exponential distribution of the moving grains as a function of
the flow depth:

gs = que”’ . [10]

The last parameter in this equation, A, is the characteristic
scale for sediment diffusion, and is analogous to the tempera-
ture in a gas. Since sediment diffusion is driven by the bed
roughness, A scales with the grain size (A ~ 0.12ds £ 20%
(22)).

The prefactor, ¢g, is the sediment flux at the banks of
the river (D = 0). Since the flux at the banks is very small
compared with the flux at the bottom, gg does not yield
the correct scale for the sediment flux (gs,max/qB ~ 10%® for
the experiment with Qs = 60 grains s~'). For this reason,
we rewrite Eq. 10 in a more convenient form by defining a
parameter £ with units of depth, such that gg = quef‘g/k,
where g, is the prefactor of the sediment transport law, Eq. 7.
In this way, g, gives the correct scale for the sediment flux,
while £ is of the order of the maximum depth of an active river
(gs,max/qu ~ 0.2 and £/Dmax ~ 1.05 for the experiment with
Qs = 60 grains sfl). As we will see below, the maximum river
depth, Dmax, is generally less than £, so the maximum flux in
a river is typically less than g,. With this, Eq. 10 becomes

qs = ’IMe(D_Q/A : (11]
The parameter £ controls the intensity of sediment flux and
ensures that the sediment discharge is the integral of the flux,
Qs =qu f exp((D — €)/A)dy. As an integration constant, its
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value depends on the discharges transported by the river, but
it is not immediately obvious how. A vanishing sediment
discharge in rivers corresponds to & — oo, while finite values
of the sediment discharge correspond to smaller values of &.
Sediment transport in a river is significant when the difference,
Dmax — &, between the river depth and &, is of the order of \.
This is why £ of active rivers is of the order of the maximum
depth, while it is much greater than the depth of inert ones. In
the experiments of Abramian et al. (19), £ is not set a priori,
but only becomes measurable after the river has formed, and,
in that sense, plays a similar role as the slope, S.

Equation 11 relates the sediment flux, gs, to the river
shape, D(y), and has been confirmed repeatedly in experiments
(21, 22). We note that, unlike the gas which simply adjusts to
the external field, the river selects its own potential (i.e. its
own shape), D(y).

3. Boundary value problem

The relations for the flow, sediment flux, and sediment diffusion
we introduced above combine to determine the equilibrium
shape of a river. In particular, the Stokes law, Eq. 2, relates
the river depth profile, D(y), to the vertically averaged fluid
velocity profile, @(y). Then, the sediment flux equations,
Eqgs. 7 and 9, relate this fluid velocity to the sediment flux
profile. Finally, the Boltzmann distribution, Eq. 11, relates
the sediment flux back to the depth profile, thereby closing
the system of equations for D(y). However, solving these
equations simultaneously to get a self-consistent depth and
sediment flux profiles is a difficult task — one needs to solve
a two-dimensional, partial differential equation with a moving
boundary. Instead, in order to make sense of these equations,
we propose to approximate the average velocity, .

Seizilles et al. (17) showed that the shallow-water approx-
imation accounts for the equilibrium shape of inert laminar
rivers. This approximation, which assumes that there is no
transfer of momentum between adjacent fluid columns, i.e.
that we can neglect the y-derivatives of u in the Stokes equa-
tion, is exact when the bed is completely flat. It also works
well when depth variations occur on length scales that are
much longer than the depth itself. In the case of our river,
this would apply when the aspect ratio of the river is large.
Neglecting the y-derivatives in Eq. 2, we find that the ver-
tically averaged shallow-water velocity, usw, is proportional
to the square of the depth, a result known as the lubrication
approximation (31)

_ gSD?

SW —
3v

[12]

On a flat bed, where Eq. 12 is exact, the fluid stress, 7, would
only contain the shallow-water contribution proportional to
depth, 7sw = prgSD (Eq. 3). Approximating stress in this
way would allow us to close the system of equations for the
river shape, in a way similar to Seizilles et al. (17). However,
it turns out that keeping only the shallow-water contribution
to the stress yields unrealistic profiles for active rivers (i.e.
when @, > 0) (SI section S7.1). Parker (1) first suggested that
the cross-stream diffusion of momentum plays an important
role for bedload sediment transport in rivers. In line with
his suggestion, we keep the momentum diffusion term, (aD)”,
in the expression for the stress, but approximate u with the
shallow-water velocity, tsw, given by Eq. 12. Then, combining
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Egs. 7, 9, and 11, we get an ordinary differential equation
expressed solely in terms of the depth and its derivatives:

S2 _
\/ 73 (D4 5(D%)")" + D2 =y = P79

[13]

where we have introduced a length scale of the order of the
grain size, Ls, that is a combination of parameters directly
measurable in our experimental setup:

et(Ps — pf)ds )
Hepy

We discuss this approximation in detail in the SI sections S2.2
and S2.3, where we show that it is the first term in a series
expansion for large aspect ratio, W/Dmax — it corrects the
shallow water stress with a term of order D2, /W?. There,
we also show that the contribution of momentum diffusion,
(D®)’/3, in Eq. 13 is of the same order as the contribution
of gravity, D', so that it should not be neglected in a self-
consistent model of a river (SI section S2.2). Recognizing that
momentum diffusion is essential to form active rivers, and
finding a suitable approximation for it, is a major theoretical
contribution of our paper. In principle, Eq. 13 could fail to
be a meaningful approximation of the stress in a channel with
an aspect ratio of order one, but, in our case, it meaningfully
corrects the stress for rivers under all experimental conditions
we tested (even in the case of inert rivers with W/Dmax ~ 4).

Equation 13 is an ordinary differential equation. To solve
this second-order problem, we need to specify two boundary
conditions. For a solution of Eq. 13 to be a river, the depth
needs to vanish on the banks and the center needs to be flat.
Therefore, Eq. 13 is a boundary value problem (BVP) with
boundary conditions D(y = —W/2) = 0 and D'(y = 0) = 0.
There are several parameters that enter our equation, some of
which are directly measurable in our experimental setup (u«,
A, and L), while others depend implicitly on the discharges
of fluid and sediment and become apparent only after the
river has formed (S and ). Although the river width, W, is
unknown a priori, it is not an independent parameter — it
can be inferred through solving Eq. 13 for a given choice of
other parameters (SI section S3.1). We emphasize that Eq. 13
describes the equilibrium river profile, and, therefore, does not
convey anything about transient, time-dependent processes
that occur as the river approaches the equilibrium.

L, = [14]

4. Dependence on water and sediment discharge

If we choose the parameters u:, A, Ls, S and £, we can nu-
merically solve Eq. 13 to get a unique river profile, D(y) (SI
section S3.1). However, since S and £ are not directly measur-
able in our experiment, we cannot immediately determine the
shape of the river by simply prescribing the discharge of fluid
and sediment in the same way as we would in an experiment.
The dependence of S and £ on the discharges is complicated,
and, on the theoretical grounds, we can only say that the
inert river, Qs = 0, corresponds to £ — oo, while active rivers
correspond to smaller values of £&. Nevertheless, we can find
this dependence numerically as follows. For each solution,
D(y), of our equation that corresponds to a particular choice
of S and £, we can find the discharges of fluid and sediment as

w/2 3 w/2
SD -
Qu = / -y, Q= / gue!”"9 M dy , [19]
—-W/2 —-W/2
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where we relate the fluid discharge, Q. = f Dudy, to the
depth profile by approximating # with the shallow-water ve-
locity, usw (Eq. 12), and use the Boltzmann distribution
(Eq. 11) to relate the sediment flux to depth. Keeping e,
A, and L fixed to their experimental values, @), and Qs are
only functions of the parameters S and £. Inverting these
relations numerically yields the model parameters as func-
tions of the discharges of water and sediment, S(Q., @s) and
&(Qw,Qs). This allows us to directly compare our theory to
the experiments (SI section S3.2). We find that the theoret-
ical cross-sections and sediment flux profiles resemble their
experimental counterparts, without any fitting parameter (Fig.
2).

Encouraged by this result, we now describe how our theo-
retical rivers depend on @, and Qs (see also SI section S3.3).
As we increase the water discharge, Q., the w1dth and depth
of the river increase approx1mately as Qw , while its slope
decreases roughly as Qw (SI Fig. S5f), in accordance with
the result of Seizilles et al. (17) for inert rivers. This 1/3
exponent is a signature of the laminar flow in our rivers, in
contrast with natural turbulent ones which scale with the 1/2
exponent of the empirical Lacey’s law (10, 11). Though the
size of a river in our model may vary by orders of magnitude
under varying (., its shape, described for example by the
aspect ratio, does not change much unless the river trans-
ports a significant amount of sediment. On the other hand,
increasing (s while keeping @Q,, fixed makes the river wider
and shallower, while affecting its overall scale only slightly. In
short, the water discharge sets the size of the river, while the
sediment discharge sets its shape.

In Fig. 3, we show that our predictions fall within the
uncertainty range of observations of Abramian et al. (19).
The aspect ratio and the transport width, Wy, increase with
sediment discharge in both the model and the experiments
(Figs. 3a and d). The sediment flux increases and saturates
for large sediment discharge (Fig. 3c). This explains why
the river becomes wider as we increase Qs — if the sediment
flux, gs, saturates, the river needs to widen to accommodate a
larger sediment discharge. At the same time, this widening
forces the river to become shallower in order to maintain a
constant fluid discharge, Q.,, so that its overall size does not
change much while its aspect ratio grows. The simple, nearly
linear relationship between the aspect ratio and the sediment
discharge shown in Fig. 3a means that this basic geometric
property of the river shape can be used to infer the sediment
load, at least in the case of straight, laminar, single thread
rivers.

Since the downstream slope, S, is very small, it cannot
be measured directly in the experiments. Nevertheless, our
theory makes a prediction for it, which we show in Fig. 3b:
the predicted slope is of the order of 0.01, and increases almost
linearly with Q5.

5. Inert, active, and limiting river

We can simplify our model by making Eq. 13 non-dimensional,
thereby reducing the number of parameters that represent the
river. To that end, we rescale all lengths by Ls/S

<
)
[95)

S 5 —
- D=

< AS .

<
Il
=
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Inert river (£ — 0o)

(a)

1 unit

Active river (£ > £.)

IR — —"

Dmax

Infinite river (£ = £.)

_ (©

Dmax,c

3

Fig. 4. River solutions in the non-dimensional -z space for ; = 0.9, A =01,
and varying £. Black dashed lines in panels (b) and (c) represent the inert river from
the upper panel. Aspect ratio is preserved. (a) Inert river (€ — oo). Brown dot
marks the non-dimensional inert river depth, Dmax7o. This depth is greater than the
friction coefficient, f)max,o > e, marked by the horizontal dotted line. (b) Active
river (£ = 1.33 > £..). Brown dot marks the depth, Dy (c) Infinite limiting river
(€ = 1.3237 = £..). Brown dot marks the limiting depth, Dmax,c-

In terms of these non-dimensional parameters, Eq. 13 becomes:

\/(DJr (D3)”) + D2 — (D=8)/X ,
where, now, the primes stand for derivatives with respect to
y. The non-dimensional depth, D, is of order one, regardless
of the size of the original river. Therefore, Eq. 17 describes
the river shape, while the ratio Ls/S sets its size. The river
shape depends on only three non-dimensional parameters —
Loty X, and €.

When € — oo (Fig. 4a, SI section S4.3), the river becomes
inert as the exponential on the right-hand side of Eq. 17
vanishes. In this case, the dependence on 5 and ) vanishes,
so the river shape depends only on the friction coefficient,
pe. Since the friction coefficient is a fixed property of the
sediment grains, the fluid discharge, Q.,, cannot change the
shape of such a river. Instead, the fluid discharge can only
affect its size by changing the scale factor, Ls/S. Physically,
this is because the laminar flow is scale-free, which makes
the inert river shape independent of its size. An inert river,
thus, reaches a maximum depth Dmax,o(,ut). To calculate
its value, we need to numerically solve Eq. 17, but unlike
the complete theory of section 3, this is a straightforward
problem since it depends on a single, directly measurable
parameter. For p: = 0.9 which corresponds to the experiments,
we numerically find Dinax o(pe) = 1.1. From Eq. 17, we can
express this depth as Dmax,O e — J(DS) |center, since the

[17]

gravity contribution, D', vanishes at the river center. Thus,
the momentum diffusion contribution to the stress (the term
1(D*)"" in Eq. 17) ensures that the dimensionless inert river
depth is greater than the friction coefficient (Dmax,0 > fr)
— had we ignored the momentum diffusion, the inert river
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Weak transport regime (Qs = 5 grains s 1)

Parker regime (Qs = 40 grains s~ 1)

(a) (b)
Flat
v Bank bottom Bank
qs = 0 gs > 0 gs = 0
1cm
I I I I I I I I I I
0.3 }© —— Numerical solution - (d) — = Parker regime
----- Weak transport regime
S 0.2 = _
~
>
0.1} = .
0.0 i | /’:\ I ! ! !
-3 —2 -1 0 1 2 -3 —2 —1 0 1 2 3
y [em] y [em]

Fig. 5. Asymptotic regimes. Black dashed lines correspond to the Parker regime while the black dotted lines correspond to the weak transport regime. Top row panels ((a) and
(b)) show river depth profiles in our model. The brown lines are numerical solutions of Eqg. 13 for two values of sediment discharge, @ s. The numerical and asymptotic depth
profiles are not distinguishable by eye and the error is of the order A (or about 2% of the maximum depth) — the maximum deviation of the asymptotic approximation from the
numerical solution is about 0.05 mm = 0.5\ in panel (a) and about 0.15 mm & 1.5\ in panel (b). The vertical black lines in panel (b) split the river in three parts used to
construct the Parker river. Lower row panels ((c) and (d)) show the dimensionless sediment flux profiles, ¢, /q,., that correspond to upper panels. Blue lines are numerical

solutions.

depth would have been exactly p:. Physically, the diffusion of
momentum relieves some of the stress from the river center, so,
to remain at the threshold of sediment motion, the river has
to be deeper than it would be without momentum diffusion.
In the next section, we will show that this fact is crucial for
the transport of sediment.

As é decreases to finite values, the river becomes active
(Fig. 4b). The banks of such a river largely retain the shape
of the inert one, but its bottom part, which carries most of
the sediment, widens, and the discharge of sediment increases.
For a particular value of €, say £, which depends on p: and
X, the river becomes infinitely wide and transports an infinite
amount of sediment (Fig. 4c, SI section S4.2). Such a river
has a finite, well-defined depth, Dmax,c(pt, :\) This means
that, for given values of A and p., there exists a river-solution
with a highest possible sediment flux, ¢s,c = g, (Dmax,c — ).
The existence of this limiting flux explains the saturation of
qs for large values of total sediment discharge, Qs, that we see
in Fig. 3c. It also means that, in our model, the distance to
threshold in a river, pu — u¢, is always less than Emax,c — Ut.
Numerically, we find Dmax,c — pe = 0.22 for experimental
parameters (u; = 0.9 and X = 0.02). In the next section,
we will estimate the limiting flux, ¢, by assuming sediment
diffusion is weak (A — 0), in which case gs,. only depends on
the friction coefficient, p;.

6. The Parker regime

Moving grains accumulate at the bottom of the river due to
gravity, while they climb back onto the banks by diffusion (22).
The Boltzmann distribution, Eq. 11, implies that diffusion
can pull the grains up by a height that is of the order of the
length scale A. Therefore, the region of the bed over which

8 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX

transport occurs has a depth that is within several A of the
maximum, Dmax. Since X is small (less than the grain size),
rivers that transport a significant amount of sediment need a
wide, and essentially flat bottom. Moreover, a small A means
the sediment transport decreases rapidly towards the banks,
so the banks are nearly inert and, thus, close to the threshold
of sediment motion. If, following this reasoning, we neglect
sediment diffusion altogether by taking the limit A — 0, the
river sharply separates into a flat, active bottom and curved,
inert banks (Fig. 5b). We will call this simplified configuration
the “Parker regime,” after Parker (1) who constructed a similar
model for natural gravel-bed rivers. The limit A — 0 is
equivalent to assuming that the fluid discharge is large (to
ensure that A\ is small compared with the width of the inert
banks), and that the sediment discharge is large (to ensure
that A is small compared with the width of the active, flat
bottom).

We begin the investigation of this regime by first finding
the depth, D,(ni)x, of a Parker river (denoted by the superscript
(P)). The banks in this approximation are inert and, thus,

satisfy our model, Eq. 17, with the right-hand side set to zero.

Therefore, their non-dimensional depth matches that of an

inert river, Dmax,0(it), and we can set, D) = Damax,0(it).

In dimensional units, this becomes

L Dmax,O (Mt)

(P) _
Dlnax - S(P)

[18]
We note that this dimensional depth of a Parker river differs
from that of an inert river, since the slope of a Parker river,
S ig different from the slope of an inert river, Sy — these
slopes depend on the shape of the entire channel, not only
on the banks. The non-dimensional inert river depth, Dmax,07
depends only on the friction coefficient, u: (section 5). For
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this reason, the river depth given by Eq. 18 is inversely
proportional to its slope, Dﬁnix x l/S(P), regardless of the
fluid and sediment discharges. This is consistent with the
original model of Parker, as well as with observations in natural
rivers (1, 32).

Once we know the depth of a Parker river, we can find its
sediment flux. Since the bottom is flat, the cross-sectional
profile of the sediment flux is a rectangle of height qu) and
width W) (black dashed line in Fig. 5d). The flat bottom
feels only the shallow-water component of the stress so the
force ratio on the bottom is u = Dfnl?x (Eq. 9). According to
the transport law, Eq. 7, this yields a sediment flux

o

- = Dmax,O(Nt) — Ut ,

m [19]

where we used ﬁfn}z)x = Dmax,o(,ut). Therefore, the sediment
flux, and, correspondingly, the distance to threshold, p — g,
depend only on the friction coefficient, p+, and have the same
value regardless of the discharges of fluid and sediment — this
is the gist of the Parker regime. Numerically solving Eq. 17 for
an inert river (with p; = 0.9), we find Dmax,O — pt ~ 0.2. The
sediment flux of a Parker river, qu), is an approximation of the
limiting flux, gs,., we discussed in section 5 — in fact, qu) is
the limit of gs,. as A — 0. For typical experimental parameters
(e = 0.9 and A= 0.02), gs,c is less than 10% higher than qu),
so the Parker regime approximates the numerical solution well.

The sediment flux qu) ~ 0.2g, we find for a laminar river
corresponds to a fluid-induced stress on the river bottom
that is about 22% higher than critical. Interestingly, this
value of the stress is comparable to observations in natural
rivers, and to the original Parker’s theory for turbulent rivers
(1, 33). There is no reason to expect that this proportion
should be exactly the same for laminar and turbulent flows.
However, that it is independent from the water and sediment
discharges, and of order one, is likely not a coincidence. The
scale-independence of the flow ensures that the bank shape
(i.e. Dumax,0(t)) is independent of the discharges (section 5).
Thus, the discharge-independent sediment flux likely results
from the scale-independence of the flow, under both laminar
and turbulent conditions.

The difference Dmax,O — u¢ vanishes in the classical shallow-
water approximation (section 5). As a consequence, if we
ignored momentum diffusion, the river could not carry any
sediment — sediment transport in the Parker regime is only
possible because momentum diffuses across the stream. Indeed,
this tends to homogenize the distribution of shear stress over
the bed, especially on the banks, where the bed is curved.
As a consequence, the deeper parts of the banks hand over
some of the momentum to the shallower parts of the banks.
This means that, in order to stay at the threshold of sediment
motion, the banks need to be deeper than they would be in the
absence of momentum diffusion. This increased depth then
causes excess stress on the flat river bottom, which only feels
the shallow-water component of the stress, thereby driving
sediment transport (SI section S7). This is why we need to
keep track of momentum diffusion, even in a minimal model
of a river.

The weakness of sediment diffusion, characterized by a
small diffusion length, A, ensures that rivers remain close
to the threshold. For a small but finite A\, we numerically
find that the maximal distance to threshold is approximately
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Dumaxce — pt = Dumaxo(ue) — e + SA/Ls (ST section S4.4).
The term SA\/L, is negligible for large rivers with a small
slope, such as the ones in the experiments we are considering
(SA/Ls ~ 0.022 for highest experimental Q). The fact that
rivers tend towards the Parker regime as the fluid and sediment
discharges increase is, thus, the reason they do not exceed the
threshold significantly more than Dmax,o (tt) — pe. In short,
it is the combination of significant momentum diffusion with
weak bedload diffusion that maintains the laboratory rivers of
Abramian et al. (19) near the threshold.

Once we have identified the sediment flux, qu)7 all other
properties follow straightforwardly. In particular, we can get
the width of the active bottom, W}P), as

Wi = Qs /" . [20]
The total width of a Parker river, W) = Wq(«m—l—Wo(P), is then
the sum of W) and the bank width, W{" = W,L,/S").
Here, Wo is the non-dimensional width of an inert river that
is only a function of u; (numerically, we find Wo =~ 6.4 for

From here, we can find the aspect ratio of a Parker river as
w®) W s
R - (P)Q P) - [21]
Dmax Dmax,O qs Dmax

This equation shows how the geometry of a river can be used
to infer its sediment load. Namely, from Eq. 21, the sediment
discharge is

P ~
Y
Dﬁn}?x Dmax,O

[22]

The quantities qu) and Wo / Dmax,o are universal in that they

only depend on the properties of the sediment and the general
properties of the flow (such as its laminarity). As such, they are
independent of the discharges of fluid and sediment. All other
quantities on the right hand side of Eq. 22 are geometric (Dfn};)x
and W& >). Therefore, one can estimate the sediment load of
a river in the Parker regime by simply measuring its width and
depth. Equation 22 follows from general considerations that
allow the Parker regime to exist — such as, for example, that
the river splits into an active bottom and inert banks whose
shape is independent of the discharges. It is likely that these
conditions also apply to turbulent rivers. So, we speculate
that Eq. 22 holds for natural rivers in the Parker regime,
although with different values of qép) and W, / Dmax,o- On an
ensemble of rivers with varying fluid and sediment discharge,
qu) would represent the maximum observed sediment flux,
while Wg / Dmax,o would be the minimum observed aspect ratio.
So, to estimate the sediment load of a natural river, one could
begin by estimating the minimum aspect ratio and maximum
sediment flux on a large dataset of rivers, and then measuring
the width and depth of a particular river. We demonstrate
the validity of this method on our experimental dataset in the
SI section S6.

The transport width of a Parker river becomes com-
parable to the river size when the sediment discharge is
Qs ~ qu)LS/S(P). This defines a characteristic discharge
in the Parker regime, Q5:

o VQu 1/3
S*QH gLs )

PNAS |

[23]
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where we approximated the slope with that of an inert river (Eq.
S38 of the SI) and neglected dimensionless factors of order one.
When the sediment discharge is much greater than Q7, the
aspect ratio of a river grows with the sediment discharge, while
for Qs much smaller than Q7, it becomes that of the inert river.
In the experiments, we find Q% = 74 grains s~ *. Interestingly,
this value is close to the discharge Qs = 90 grains s~! at which
the experimental rivers destabilize into braids, suggesting that
@ may define an upper bound for the sediment load a single
channel can carry. Determining this would, however, require
an analysis that is beyond the scope of this paper.

Finally, to find the slope of the Parker river, S, we
first compute its water discharge, Qv (Eq. 15). The water
discharge of a Parker river is a sum of the the bank and the
flat bottom contributions. In particular, we find (SI section

35)
(P) 3
gl/;1 ~ QSS DmaxO
= - 24
Qu =253 (QwﬂJr 307 L. [24]
where Owo = L ["°/2 D3dj, is the dimensionless disch
w,0 = 3 7V.V0/2 0 y7 1S € dimensionless disc arge

of an inert river with a depth profile Do(§), and is, again,
only a function of p (Qw,o ~ 1.22 for u: = 0.9). The above
equation can be inverted to get S as a function of Qu,
Qs, and other measurable parameters, but, since the inverted
expression is cumbersome, we do not show it here. To leading
order, S Q;1/37 so the Parker river inherits the basic
scaling of laminar rivers (17).

In Figs. 5b and d, we show that the cross-section and
sediment flux profiles of rivers in the Parker regime capture
well the numerical solutions of our model, Eq. 13, when the
sediment discharge is large. In Fig. 3, we compare the Parker
river properties to numerical solutions of the full theory and
experiments (black dashed lines in Fig. 3). The slope and
shape of numerical solutions are well approximated by the
Parker regime for the entire range of sediment discharge (Figs.
3a and b). Conversely, the sediment flux profile (¢s and Wr)
for the Parker river is a good approximation of the full theory
only when the sediment discharge is large enough. This is not
surprising, since, according to the Boltzmann distribution, Eq.
11, the flux is a sensitive function of the depth so, to get a
reasonable estimate of the flux, we need to estimate the depth
accurately with a precision that is of the order of the diffusion
length, A.

When the sediment discharge is small, sediment diffusion
becomes important, and the Parker regime cannot account
for the sediment transport (Fig. 5c). In the next section, we
consider this weak transport regime.

7. Weak transport regime

When the sediment discharge is small, the sediment flux concen-
trates about the center of the river, and does not significantly
alter its shape. The sediment flux profile in this case is analo-
gous to the density of an ideal gas in a fixed potential — the
fixed bed shape sets the potential well in which the traveling
grains distribute themselves.

A random walker that makes steps of length A in a fixed
potential well with a characteristic size L would spend the
majority of its time moving around in an area with a size of
the order of v/AL. Therefore, we expect the sediment grains
in this weak transport regime to concentrate in a region of a
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size Wr ~ \/ALs/So, where L,/Sy is the characteristic size
of an inert river. As a consequence, the sediment flux would
be about ¢s ~ Qs1/So/ALs. Thus, unlike the Parker river
which changes its width to accommodate its sediment load,
the weak-transport river adjusts its sediment flux.

We can formalize this argument by first assuming that the
depth profile is approximately that of an inert river, Dg. Close
enough to the center, we can approximate this depth with a
parabola,

K
DO ~ Dmax,() - §y2 ) [25}
where k = —D{|center is the curvature of the bed at the center.

If only this quadratic part of the depth profile is relevant, the
Boltzmann distribution of traveling grains, Eq. 11, becomes a
Gaussian:

2

qs = q.s,maxe_ﬁy . [26}
Here, ¢s,max is a constant that depends on ¢, A, and . This
approximation is valid when the sediment discharge is small
enough to leave the depth profile unaltered, and when the
fluid discharge is large enough to keep 4/\/k small compared
with the river size.

To specify the sediment flux profile, we first relate the
curvature at the river bottom, x, to the depth of an inert river,
Dmax,0, using Eq. 13. Then, by integrating the sediment flux
profile, Eq. 26, we can find the maximum flux, gs max, and
the transport width, Wr = Q./(gs), as functions of @, (we
find (gs) through Eq. 1):

SO(Dmax,O - th)

s,max — s = 5 27

s @ 2mAL D2, [27]
4nALsD2,

Wr = : 28]

SO(Dmax,O - //Lt) ’

where Sy can be estimated from the fluid discharge, Eq. 15,
using the inert river profile (Eq. S38 of the SI). We can see that
Gs,max X Qsv/So/ALs and Wr o y/ALs/So, as anticipated.
Unlike the Parker regime, the weak transport regime re-
quires sediment diffusion — it does not exist when A vanishes.
Figures 3 and 5 show that the sediment flux profile in the
numerical model transitions smoothly from the weak transport
regime to the Parker regime. This transition happens when Qs
approximately equals g, +/ALs/So, at which point the weak
transport sediment flux overcomes the limiting flux of the
Parker regime. This defines a transitional sediment discharge,

Qs,t, given by
ArvQw 1/8
Qst = qu ( gL, ) .

For the experiments we are considering, we find Qs ~
8.6 grains s™'. A large river (with AS/Ls — 0) remains in
the weak transport regime when Qs < Qs¢, and enters the
Parker regime if Qs > Q.. When A vanishes, the tran-
sitional discharge tends to zero, and the river is always in
the Parker regime. Interestingly, the experiments span both
regimes — one experimental run of Abramian et al. (19) has
Qs ~ 12.6 grains s~ !, comparable to Qs . This means that
A in the experiments is small enough for the two regimes to
be valid approximations, but still large enough for the weak
transport regime to be visible.

[29]
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8. Conclusions

In this paper, we relied on a recent experimental success in
obtaining single-thread laminar rivers, and we developed a
physical theory that correctly represents the shape of a river
as a function of its water and sediment discharges. In steady-
state, the balance between gravity and the stress induced by
the fluid flow, along with the diffusion of sediment across
the channel, determines the shape of the river. We greatly
simplify the problem of calculating the fluid stress, which in
general depends on the entire channel shape, by relating it
to the local river depth and its derivatives only. Although
this model can be numerically solved relatively easily, the
relationship between the river properties and the discharges of
water and sediment is not immediately obvious. Fortunately,
when the sediment discharge is small or large, the relationships
between the properties of the river and its discharges reduce
to simple algebraic expressions. When the sediment load of a
river is large, we find that the diffusion of momentum across
the stream generates an excess of stress on the river bottom,
which drives sediment transport. Momentum diffusion, thus,
plays a key role in determining the shape of the channel, in
accordance with the model originally proposed by Parker (1).
This is not the case in the weak transport regime, which relies
on the diffusion of sediment.

Rivers in our model never deviate much from the threshold
of sediment motion. As their sediment discharge increases, the
sediment flux approaches a maximum, which forces the river
to widen and get shallower. This saturation of the sediment
flux results from the weakness of sediment diffusion and the
scale-independence of the flow. Most likely, natural rivers
also meet these conditions, which is why the original model of
Parker (1) has proven to be a fair representation of natural,
gravel-bed rivers. According to our theory, however, there
exists another, small discharge regime in which a river’s shape
is independent of its sediment discharge, while its sediment flux
is proportional to it. To our knowledge, this regime remains
to be identified in the field.

Although our model is aimed at a relatively narrow subset
of rivers (straight, laminar rivers that transport uniform, non-
cohesive sediment as bedload and with constant water and
sediment discharge), it is tempting to extrapolate it to natural
rivers which have been observed to maintain their channel
close to the threshold of sediment motion. The common
explanation for this is that hillslope processes, which feed
rivers with sediment, are slow, so that rivers carry only a small
sediment load. We show that this is not necessarily true —
our rivers are always close to the threshold, regardless of the
sediment discharge, due to the nature of the fluid-sediment
interaction.

Increasing the sediment discharge significantly beyond the
last experimental point of Abramian et al. (19) destabilizes
the rivers into several smaller channels that form a braided
river. Curiously, this happens when the transport width of
a river becomes comparable to its size. In the future, this
may help us identify a mechanism for braiding, which is still
debated (3, 6, 34).

Our model provides a link between the shape of the river
and its sediment load. It, thus, presents an opportunity for
field measurements, whereby one could estimate the sediment
discharge of a river by measuring its width and depth. Before
this method can bed applied to natural rivers reliably, we

Popovi¢ et al.

should first extend the present theory to the case of turbulent
flow, which will be the focus of future work.
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