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Abstract 

Because of its counterintuitive nature, the Negative Group Delay (NGD) remains as an uncommon 

and unfamiliar electronic function. For this reason, the design and analysis of NGD circuits is not 

well-known for most of electronic designers. This paper initiates a basic and easy to understand 

theory, in addition to a design methodology for the low-pass NGD function. The circuit theory on the 

low-pass NGD function is described using a NGD passive topology which is constituted by a RC-

parallel network with a resistive load. The NGD analysis and synthesis equations in function of NGD 

specifications are provided and a proof-of-concept of 6dB low-pass NGD circuits has been designed, 

simulated, fabricated and tested. Frequency and time domain analyses have been performed to 

validate the low-pass NGD function. Theoretical and simulated results are in very good agreement 

and a NGD has been obtained in measurement for the proposed structure.               

Keywords: Circuit theory, low-pass NGD function, negative group delay (NGD), NGD analysis, 

passive topology, time-domain measurement.   

1. Introduction 

The delay effects are susceptible to limit certain electronic, electrical and automatic system 

performances [1-7]. The control systems are literally dependent to the delay [1] and 

performances of network control systems with energy constraint can be degraded by delay 

[2]. The delay is modelled in electronic components such as CMOS circuits [3] and Printed 

Circuit Board (PCB) electrical interconnect since it is one of the main parameters affecting 

the signal integrity [4, 5]. In addition to the noise effects, the Group Delay (GD) remains an 

open problem degrading communication data [6, 7]. To overcome this issue, delay insensitive 

circuits using time sharing technique have been proposed in [8]. However, delay functions 

have been developed for certain electronic systems [9-14]. For example, by exploiting the 

GD, a channel blind identification was proposed in [9]. In addition, electronic devices with 

delay lines have been designed in [10, 11] and radio frequency filters [12], and amplifiers [13] 

based on the time delay function have been proposed too.  

To face up the delay effect, a compensation technique using a negative group delay (NGD) 

function has been initiated in [15]. The principle of NGD compensation is illustrated in Fig. 1 

by considering a delay function which delays of τ the t-time dependent input signal Vin. This 

delay can be reduced to zero using a NGD function introducing a delay equal to -τ. The global 

cascaded system also generates an output Vout in phase to Vin. Moreover, NGD circuits have 

been proposed for bilateral gain compensation and broadband switch-less bi-directional 



amplifier [16, 17]. To understand this NGD function, a brief state of the art is described in the 

following paragraph.  

 

 

Figure 1. Delay compensation principle with NGD function. 

 

The counterintuitive and unfamiliar NGD effect have been experimented with lumped 

electronic circuits since 1990s to 2010s [18-25]. Nevertheless, this intriguing effect which 

induces negative delay [18-22] remains unfamiliar for most of electronic designers because of 

its counterintuitive property to operate with output signals in time advance [20, 21] compared 

to input signals. This time-domain NGD effect is not in contradiction with the causality [18, 

19] and for example the NGD effect has been experimented with audio signals [23]. Various 

NGD circuits based on lumped circuits have been designed [26-28]. But so far, despite the 

work done on this extraordinary function, the NGD function is still not clearly interpreted by 

non-specialist due to the circuit topology complexity [26-28]. Therefore, further studies are 

necessary for the understanding of this intriguing function as the common classical electronic 

functions such as filters, amplifiers, oscillators, phase shifters, etc. For this reason, a more 

general NGD theory has been initiated by considering the analogy with the linear filter 

behaviour [29-31].  

The identification of Low-Pass (LP) and band-pass NGD functions built with lumped circuits 

have firstly been proposed in [29, 30]. For further understanding about the low-pass NGD 

concept, an NGD passive circuit operating with a 6dB attenuation is investigated in this paper 

which is organized in three main sections as follows. Section 2 theoretically investigates the 

LP NGD function and especially a LP NGD 6dB topology including its analysis, 

characterization and synthesis. Section 3 focuses on the results validation. Frequency domain 

analysis are firstly used to highlight the LP NGD behaviour. Then, time-domain simulations 

and experimentations are presented to verify the NGD function operation. Then, Section 4 

concludes the paper.     

   

2. Theory on the 6-dB NGD Circuit Under Investigation 

The initiated circuit theory is aimed to indicate the basic element allowing to introduce the 

uncommon LP NGD function. Compared to the previous NGD papers published in literature, 

this paper focuses on the properties of a low-pass NGD passive circuit operating with a 6dB 

attenuation. 

 

2.1 General specifications of LP NGD function 

To be familiar with NGD systems, a simple and easy to understand representation is 

necessary. The present subsection addresses the theoretical approach related to the LP NGD 

circuit design.  

2.1.1 Recall on the circuit and system parameter definitions 

Figure 2 introduces a the LP NGD system having a Laplace transfer function N(s) which links 

the input signal Vin to the output signal Vout in Laplace domain. As shown in the right part of 



Fig. 2, the output signal can appear in advance in the time domain compared to the input 

signal thanks to the NGD function. 

 

 

 
Figure 2. LP NGD system black box and behavior of transient input, and output signals. 

 

Similar to classical engineering system, the analysis can be performed with the transfer 

function. Based on the classical circuit theory, by denoting the Laplace variable s, we can 

express the associated Voltage Transfer function (VTF) traditional defined as: 
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By denoting the angular frequency ω, the associated magnitude and phase can respectively be 

written as follows: 

 ( ) ( )N ω N jω=  (2) 
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and the associated group delay (GD) is given by: 
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2.1.2 Guideline design of LP NGD circuit 

Generally, the ideal frequency responses of LP NGD system can be represented as illustrated 

in Fig. 3. Figure 3(a) shows the ideal group delay (GD) response of a LP NGD function and 

Fig. 3(b) shows the ideal magnitude response. It is important to underline that the LP NGD 

should not be confused with the classical LP filter. Compared to usual system analysis, the 

NGD analysis focuses on the GD response but not the magnitude response. Thus, a LP NGD 

function is a system having a NGD for low frequencies. However, the NGD effect is obtained 

for low frequencies with passive circuits at the cost of an attenuation of N0 in the NGD 

bandwidth BWNGD. The main specifications of LP NGD function are also the GD value and 

the NGD cut-off frequency ωn defined as follows: 

0 ( 0) 0GD GD ω=        (5) 

( ) 0nGD ω =       (6) 



 
Figure 3. (a) GD and (b) magnitude ideal response of LP NGD function. 

 

2.1.3 Recall on the circuit and system parameter definitions 

Because of its counterintuitive effect, the NGD function remains so far as an unfamiliar 

electronic function. Therefore, an academic design method should be initiated to open the 

NGD engineering to non-specialists. Fig. 4 introduces the basic actions to be fulfilled during 

the design of a LP NGD circuit.  

 

 

Figure 4. LP NGD circuit design flow. 

 

2.2 Passive circuit-based LP NGD analysis 

The LP NGD analysis consists in demonstrating the possibility to generate a GD with 

negative value in function of the circuit parameters. 



2.2.1 NGD properties 

Fig. 5 presents the simple investigated LP NGD circuit. Its passive topology consists of a RC-

parallel network followed by a resistive load R. This circuit looks as a basic familiar passive 

cell but few investigations have been made to illustrate the possibility of generating LP NGD 

function from such a simple topology.  

 

Figure 5. Passive circuit under study. 

Considering the circuit shown in Fig. 5, the VTF introduced in (1) can be expressed as 

follows: 
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2.2.2 Analytical investigation on the NGD circuit frequency responses 

After analytical calculation, it can easily demonstrate that this VTF can be expressed as the 

canonical form:  
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with: 

 τ=RC > 0 (9) 

 

Thus, the magnitude and phase frequency responses of the passive circuit can respectively be 

written as follows: 
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 ( ) ( )( ) atan atan 2φ ω τω τω= − . (11) 

The GD of the circuit shown in Figure 4 is given by: 
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2.3 NGD characteristics 

The NGD characteristics depends on the specifications initially introduced in Fig. 3. The 

calculation of these characteristics as a function of the considered circuit parameters is 

proposed in this subsection. 



2.3.1 Analysis of the 6-dB NGD circuit 

From the VTF expressed in (8), the NGD analysis can be elaborated. The associated 

magnitude and GD at very low frequencies (ω≈0) are given by: 

 0 01/ 2 6dBN N dB−=  = −  (13) 

 0
2

τ
GD = −  (14) 

It means that at very low frequencies, the RC-network presents a GD always negative for any 

parameters R and C. The LP NGD cut-off frequency, which is equal to the NGD bandwidth 

BWNGD for a LP NGD circuit, can be expressed as follows: 
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2.3.2 NGD circuit design equations 

The synthesis equation of this 6-dB LP NGD circuit aims to calculate the parameter R or C 

from the desired value of GD0 equal to τn < 0. By fixing for example the resistor value R, the 

capacitor can be computed from the equation: 

 
2 nτC
R

− 
= . (17) 

 

Table 1 addresses the range of values of RC and considered GD parameters. Then, the 

abacuses of C=f(R,τn) displayed in Fig. 6(a) and C=f(R,ωn) shown in Figure 6(b) indicate the 

value of calculated capacitor  in function of desired: 

• GD value τn supposed between -1 µs to -10 ns, 

• and available resistance R supposed between 100 Ω to 1 kΩ.  

It can be underlined that the capacitor element varies from Cmin=20 pF to Cmax=20 nF for the 

considered resistor and GD.  

 

 Resistor GD0 Capacitor 

Min. Rmin=100 Ω τn-min=-1 µs Cmin=20 pF 

Max. Rmax=1 kΩ τn-max=-10 ns Cmax=20 nF 

Table 1. Resistor, NGD and capacitor range of values. 
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Figure 6. Abacuses of capacitor value versus (a) (R,τn) and (b) (R,ωn). 

To verify the validity of the NGD theory, simulations and experimental investigations are 

discussed in the next section. 

 

3. Validation Results 

The present section introduces the validation of the 6-dB LP NGD function theorized in the 

previous section. The results are based on simulations run with the commercial tool ADS® 

electronic circuit design tool from Keysight Technologies® and measurements with discrete 

components soldered on a Printed Circuit Boards (PCBs).  

 

3.1 Description of the 6-dB NGD circuit proof-of-concept 

Following the NGD design flow introduced earlier in Fig. 4, a proof of concept circuit has 

been designed thanks to the theoretical analysis previously established. Accordingly, the LP 

6-dB NGD circuit has been simulated in the ADS® schematic environment as displayed in 

Fig. 7(a) and a photograph of the fabricated prototype is shown in Fig. 7(b). This circuit has 

been implemented on a classical FR4 dielectric substrate presenting parameters given in Table 

2. The PCB conductor traces have been obtained using copper. 

 



Components Description Parameter Value 

Dielectric substrate 

Material FR4 - 

Relative permittivity εr 4.5 

Loss tangent tan(δ) 0.12 

Thickness h 1.6 mm 

Metallization 

Material Copper (Cu) - 

Thickness t 35 µm 

Conductivity σ 58 MS/m 

Table 2. Proof-of-concept circuit constituting material parameters. 

 
(a) 

 
(b) 

Figure 7. Schematic and photograph of LP NGD 6-dB prototype. 

3.2 Discussion on results in frequency domain of the 6-dB LP NGD prototype 

To perform the simulations, an NGD circuit have been designed to operate with a NGD value 

equal to τn=-0.3 µs. The corresponding LP NGD circuit have been implemented with R=330 

Ω and C=1.82 nF. After AC simulations from DC to 2 MHz, frequency domain results have 

been plotted. Figure 8 presents the magnitude and the GD of the NGD circuit prototype. As 

expected, a LP NGD behavior is realized with GD=-0.3 µs at very low frequencies. The 

magnitude and GD at very low frequencies confirms the 6dB LP NGD theoretical analysis. 

Moreover, the NGD cut-off frequency fn=ωn/(2π)=375 kHz agreed very well with equation 

(15). 
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Figure 8. Frequency responses of the considered LP NGD circuit. 

3.3   Discussion on time domain results of the 6-dB LP NGD prototype 

Simulation and experimental investigations have been realized to validate the previously 

introduced theoretical analyses. 

3.3.1 Simulated results 

A typically arbitrary shape smoothed signal is necessary to demonstrate the LP NGD function 

in the potential applications. To realize the transient analysis, a sinc test input signal have 

been defined as in [32]: 

 ( )max( ) sinc 2 /inv t V π t T=    (17) 

with sinc(x)=sin(x)/ x which is equal to 1 when x is equal to 0. This signal was injected as 

input of the previously designed LP NGD circuit. The sinc pulse width has been set using T=2 

µs and the amplitude Vmax has been set to 1 V. Fig. 9(a) plots input signal and output signal, 

this last being obtained using analytical calculations and ADS® simulations. The calculated 

and simulated NGD outputs are in very good correlation. Fig. 9(b) shows normalized input 

and output signals in order to illustrate the time advance effect induced by the LP NGD 

function. It can be emphasized from this normalized plot that the output is in advance of about 

0.3 µs. Moreover, the input and output signals present a very well-correlative behavior with 

negligible distortion when a sync pulse is considered. It is noteworthy that the apparition of 

the signal advance depends on the matching between the NGD and input signal bandwidths. 

For further understanding on such matching, a cross correlation between the input and output 

versus the input signal bandwidth has been examined. 
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Figure 9. LP NGD POC transient simulation results. 

It is very important to underline that the input and output present a very good integrity with 

almost negligible distortion despite the signal advance aspect. Table 3 indicates the cross 

correlation between the LP NGD circuit input and output versus the sinc pulse width. 

 

T (µs) 1 2 3 5 

x-correlation (%) 94.7 97.25 98.5 99.4 

Table 3. Correlation Coefficient Between NGD Circuit Input and Output Versus Sinc Pulse-

Width. 

 

3.3.2 Measurement results 

The configuration of the experimental setup is illustrated in Fig. 10. The time domain 

measurement has been settled in order to plot simultaneously the NGD circuit input and 

output signals, vin and vout, respectively. It has been realized with an arbitrary waveform signal 

generator and a digital oscilloscope as indicated in Table 4. The prototype of LP NGD circuit 

with 5% tolerances R and C components are designated in this table.  

 



 

Figure 10. Experimental setup of NGD circuit time domain measurement. 

 

Description References Parameters 

Arbitrary function 

generator 

Textronix AFG3102C DUAL 

CHANNEL 

Sampling rate: 1 GS/s 

Bandwidth: 100 MHz 

Digital oscilloscope Agilent infiniium MSO8104A 
Sampling rate: 4 GS/s 

Bandwidth: 1 GHz 

NGD circuit 
Resistor R=470 Ω 

Capacitor C=0.56 nF 

Table 4. Correlation coefficient between NGD circuit input and output versus sinc pulse-

width. 

The measurement results with different types of input test signals presenting amplitude 

Vmax=1 V are displayed in Fig. 11. It is noteworthy that as predicted in previous simulations, 

normalized output signals are in advance compared to the input signals as illustrated in: 

• Fig. 11(a) for a Gaussian input generated with a Pulse Repetition Frequency (PRF) of 

50 kHz, 

• Fig. 11(b) for a Sinc input generated with a PRF of 20 kHz and, 

• Fig. 11(c) for a Sinc input generated with a PRF of 10 kHz. 

 

 
(a) 



 
(b) 

 
(c) 

Figure 11. Transient measurement results with: (a) Gaussian input pulse having a PRF equal 

to 50 kHz, (b) sinc input pulse having a PRF equal to 20 kHz and (c) sinc input pulse having a 

PRF equal to 10 kHz . 

 

4. Conclusion 

The basic theory allowing to understand and to be familiar to the NGD function has been 

established. The NGD design method and analyses have been performed on an innovative LP 

NGD passive function. The investigations demonstrate the possibility to obtain a NGD at the 

cost of a 6-dB attenuation only. The feasibility of the theory has been illustrated with the help 

of a commercial tool simulation and experimental validations, these ones being obtained using 

a prototype built with discrete passive component soldered on a PCB.  
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