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SETS OF INTEGERS DETERMINED BY
OPERATOR-THEORETICAL PROPERTIES: JAMISON AND
KAZHDAN SETS IN THE GROUP Z

by
Catalin Badea & Sophie Grivaux

Abstract. — The aim of this partly expository paper is to present and discuss two classes
of sets of integers (Jamison and Kazhdan sets) whose definition and/or properties are deter-
mined or inspired by operator-theoretical properties. Jamison sets first appeared in the study
of the relationship between the growth of the sequence of norms of iterates of a bounded
linear operator on a separable Banach space and the size of its unimodular point spectrum.
Kazhdan subsets of Z are particular cases of Kazhdan sets in general topological groups,
which are especially important as they appear in the definition of Property (T). This paper
is also intended as a companion to the authors’ paper [3], which undertakes a study of Kazh-
dan subsets of some classical groups without Property (T). We present here in detail the
case of the group Z, which is one of the most natural examples of groups without Property
(T), and which may be useful to build an intuition of some of the main results of [3]. Also,
the proofs in the case of the group Z rely solely on tools from basic operator theory and
harmonic analysis. Some crucial links between Jamison and Kazhdan sets in Z are exhibited,
and many examples are given.

Résumé (Ensembles d’entiers déterminés par des propriétés opératorielles : en-
sembles de Jamison et de Kazhdan dans le groupe Z.)

Nous présentons dans ce texte deux classes de sous-ensembles de Z (les ensembles de
Jamison et les ensembles de Kazhdan) dont la définition et/ou les propriétés sont motivées
et/ou inspirées par des propriétés de nature opératorielle. Les ensembles de Jamison sont
apparus dans ’étude des relations entre, d’une part, la croissance des normes des itérés
d’un opérateur borné sur un espace de Banach séparable et, d’autre part, la taille de son
spectre ponctuel unimodulaire. Les ensembles de Kazhdan dans Z sont des cas particuliers
d’ensembles de Kazhdan dans les groupes généraux; ces derniers sont particuliérement im-
portants puisqu’ils apparaissent dans la définition de la Propriété (T). Ce texte complémente
également notre article [3], dans lequel nous étudions les sous-ensembles de Kazhdan de cer-
tains groupes classiques n’ayant pas la Propriété (T). Nous présentons ici en détail le cas
du groupe Z, qui est I'un des exemples les plus élémentaires de groupes ne possédant pas
la Propriété (T), et qui peut étre utile pour appréhender certains des résultats principaux
de [3]. De plus, les preuves dans ce cas particulier reposent exclusivement sur des outils
de théorie des opérateurs élémentaire et d’analyse harmonique. Nous présentons également
certains liens importants entre les ensembles de Jamison et les ensembles de Kazhdan, et
donnons de nombreux exemples.
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Key words and phrases. — Kazhdan sets in Z, Jamison sets in Z, Jamison sequences, equidistributed
sequences.
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DMS-1440140 while the first author was in residence at the Mathematical Sciences Research Institute in
Berkeley, California, during the Fall 2016 semester.
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1. Introduction

Our aim in this partly expository paper is to present a study of two particular classes
of subsets of Z, defined by operator-theoretic conditions: Jamison sets and Kazhdan sets
in Z. Our study fits into the general framework of the investigation of sets of integers
defined by properties coming from various fields of mathematics: combinatorics, dynamical
systems and ergodic theory, harmonic analysis... or operator theory. Well-known examples
of such classes of sets are recurrence sets for dynamical systems in various contexts, or
pointwise convergence sets (see for instance the accounts [14], [13] or [7], among many
other works on the subject), van der Corput sets (see for instance [9] and the references
therein), Bohr sets ([8], [20], [17]), Rajchman and Riesz sets, Sidon sets ([18]), and (very)
many others. In several of these settings, the original definition admits a reformulation in
operator-theoretic terms. We consider here classes of sets originally defined in operator-
theoretic terms, motivated either by natural problems in operator or representation theory,
or by questions pertaining to the study of geometry of groups via representation theory.
In the two cases on which we focus here — namely Jamison sets and Kazhdan sets in Z —
one of our aims is to obtain characterizations of such classes of sets in terms of measures,
which are much more tractable than the initial definitions and allow a thorough study of
the aforementioned classes.

Jamison sets were first defined in operator theory as subsets of N, in the study of the
relationship between the growth of the norms of the iterates of a bounded linear operator on
a separable complex Banach space and the size of its peripheral point spectrum. Kazhdan
sets in Z are particular cases of Kazhdan sets in general topological groups. This class of
sets is especially important, as it is involved in the definition of the famous Property (T): a
topological group has Kazhdan’s Property (T), or is a Kazhdan group, if it admits a compact
Kazhdan set. As any other non-compact locally compact amenable group, Z does not have
Property (T), and thus admits no compact (i.e. finite in this case) Kazhdan set. Still, it
makes sense to investigate the structure of Kazhdan sets in groups which do not have
Property (T), and several questions along these lines were proposed in [6, Sec. 7.12]. Some
of them were solved in the authors’ paper [3], where a new characterization of Kazhdan sets
in general topological groups was obtained which yielded a characterization of Kazhdan
sets in many classical groups. This approach also yielded an answer to a question proposed
by Shalom in [6, Sec.7.12] concerning the links between equidistribution properties of
sequences (ni#)i>o for irrational numbers 6 and the fact that the set {ny; & > 0} is a
Kazhdan subset of Z. Although the results of [3] hold in a much more general framework,
understanding the case of the group Z proved to be a crucial step towards the general
results. In particular, as we will see, Jamison sets play a key role in the proof of the
results of [3] specialized to the group Z.

Thus, besides being a survey paper about Jamison and Kazhdan sets in Z, the present
article is also intended as a companion to [3], in which we present independent proofs
of some of the results of [3] in the case of the group Z. The proofs in this particular
setting rely only on classical tools from harmonic analysis, whereas the general proofs of
[3] involve more sophisticated tools from abstract harmonic analysis, ergodic theory and
representation theory. Also, the case of the group Z is extremely useful to build a good
intuition of what is likely to happen in the study of Kazhdan sets in arbitrary groups. The
reader familiar with [3] will realize easily enough that the proof of Theorem 2.3 of [3] relies
on the same ideas as the proof of Theorem 4.12 below: convolution of measures become
tensor product of representations in the proof of [3, Th. 2.3], continuous measures are
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replaced by weakly mixing representations, and although Jamison sets do not appear in
the proof of [3, Th. 2.3], the dichotomy between Case 1 and Case 2 reflects the dichotomy
between Jamison and non-Jamison sets in the case of Z.

The paper is organized as follows: we first present in Section 2 below the definition and
the main properties of Jamison sets in the original setting of [1] and [2], namely that of
subsets of N. We introduce Jamison subsets of Z in Section 3, and briefly indicate how
the known results about Jamison subsets of N extend to this setting. We also give in
this section several examples of Jamison and non-Jamison subsets of Z. In Section 4, we
consider Kazhdan subsets of Z as a particular case of the more general notion of Kazhdan
sets in topological groups, and we characterize them in several ways. The two most useful
characterizations are given in terms of Fourier coefficients of probability measures on the
unit circle. While the first of these two characterizations (Theorem 4.6) follows from rather
standard arguments, the second one (Theorem 4.12) is far less obvious, and actually forms
the core of our study of Kazhdan subsets of Z. After giving several examples of Kazhdan
and non-Kazhdan subsets of Z, we prove Theorem 4.12 in Section 6. Section 7 deals
with the link between equidistribution properties modulo one and Kazhdan sets in Z. In
particular, we re-obtain the answer of [3] to the above mentioned question of Shalom ([6,
Sec. 7.12]).

2. Jamison sets: the origins

Let us first fix some notation, which will be used throughout the paper. We will denote
by T the unit circle in C and by D the open unit disk: T = {A € C : |\| = 1} and
D={NeC: |\ <1}. If T € B(X) is a bounded linear operator on a complex Banach
space X, we denote by 0,(T") the point spectrum of T (i.e. the set of eigenvalues of T').
The set 0,(T') " T of eigenvalues of T" of modulus 1 is called the unimodular point spectrum
of T. We say that T' € B(X) is power bounded if sup,~q [T"| is finite. Observe that the
spectrum of a power bounded operator is always included in the closed unit disc. Lastly,
a set is said to be countable if it stands in one-to-one correspondence with a subset of N.

2.1. Definition of Jamison sequences. — The study of Jamison sequences of positive
integers originated in the following question: how is the growth of the sequence (|T"])n=0
of the norms of the iterates of T influenced by the size of the (unimodular) point spectrum
of T" and by the geometry of the ambient space X7

A basic result in this direction is due to Jamison [19], who proved in 1965 that if
X is separable and T' is power bounded, the unimodular point spectrum o,(7) N T of
T is countable. Jamison’s result is optimal in several senses: suitable unitary diagonal
operators on a (separable or non-separable) Hilbert space show that o, (1) N T may be any
countable set under the hypotheses of the result, and that one cannot drop the assumption
that X be separable. Also, nothing can be said in general about the size of the set of
eigenvalues of a power-bounded operator which are not on the unit circle. For instance,
the backward shift B on £2(C) given by B(zg, 1, ) = (z1,22, ), = (2)ns0 € £*(C),
has any A € D as an eigenvalue but has empty unimodular point spectrum. Jamison [19]
gave an example of an operator of spectral radius one on a separable Hilbert space which
has uncountably many unimodular eigenvalues.

In view of the result of Jamison, it was natural to investigate whether, given a strictly
increasing sequence (ny)r>o of integers, the condition sup;~g ||77| < +00 (where T' is a
bounded operator on a separable Banach space X) implies that 0,(T) n T is countable.
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When X is a general Banach space and ¢,(T") n T is assumed to be uncountable, Ransford
[29] proved that the norms ||T™|| of the iterates of T" tend to infinity along a subset of
density 1 of N. This last result was complemented in the paper [30], where Ransford and
Roginskaya showed that the norms ||[7"| do not necessarily tend to infinity under such
assumptions, even for separable Banach spaces. More precisely, they constructed, for each
sequence (ng)r=o of integers such that ny divides ni,q for each k = 0 and (ng)g=0 grows
fast enough, a separable Banach space X and an operator T on X with uncountable
unimodular point spectrum such that the sequence (|77 |)r>0 is nonetheless bounded.
This motivates the following definition.

Definition 2.1 ([30]). — Let X be a separable Banach space. Let (ng)r>o be a strictly
increasing sequence of positive integers and let 1" be a bounded linear operator on X. We
say that T is partially power bounded with respect to the sequence (ny)i=o if supy=q |77 ||
is finite.

The question to know for which sequences of integers partial power-boundedness implies
countable unimodular point spectrum was investigated further in [1] and [2], where the
following definition was introduced:

Definition 2.2. — Let (ny)r=0 be a strictly increasing sequence of positive integers.
We say that (ng)r=o is a Jamison sequence if for any separable Banach space X and any
bounded operator T'on X, 6,(T') n T is countable as soon as 7" is partially power-bounded
with respect to (ng)r=o-

2.2. A characterization of Jamison sequences. — We shall see that being a Jamison
sequence or not depends not only on the growth of the sequence but also on its arithmetical
properties. Our aim now is to present a complete characterization of Jamison sequences
which was obtained in [2]. In order to formulate this characterization we need to introduce
a distance on the unit circle T associated to a given sequence (ny)r=o with ng = 1: for
A, e T, let us define

Ay (N5 1) = sup [A™F — p"*].
k=0

This distance is used in [30] as well as in [1, 2] for the construction of non-Jamison
sequences. The assumption that ng = 1 comes into play in order to ensure that d,,)
is indeed a distance on T. It could be replaced by the weaker assumption that the set
{nk ; k = 0} generates the group Z, but we will for simplicity’s sake keep the hypothesis
that ng be equal to 1. Observe also that the property of being a Jamison sequence remains
unchanged by the addition or the removal of finitely many terms of the sequence. Assuming
that the first term is equal to 1 is thus no real restriction.

Theorem 2.3 ([2]). — Let (nk)k=0 be a strictly increasing sequence of positive integers
with ng = 1. The following assertions are equivalent:
(1) the sequence (ng)k=o is a Jamison sequence;
(2) for every uncountable subset K of T, the metric space (K,d,,)) is non-separable;
(3) for every uncountable subset K of T, there exists € > 0 such that K contains an
uncountable e-separated family for the distance d,,);
(4) there exists € > 0 such that every uncountable subset K of T contains an uncountable
e-separated family for the distance d

ng)s



JAMISON AND KAZHDAN SETS IN Z 5

(5) there exists € > 0 such that any two distinct points X and p in T are e-separated for
the distance d,,:

for every X\ £ pu, sup |\"*F — p"F| > e.
k=0

We obtain in particular the following characterization of Jamison sequences, which is
the most useful one for practical as well as theoretical applications.

Theorem 2.4 ([2]). — Let (ng)r=0 be a strictly increasing sequence of integers with
ng = 1. The following assertions are equivalent:
(1) (nk)k=0 s a Jamison sequence;
(2) there exists a positive real number € such that for every A € T\ {1},
sup |A"F — 1] > €.
k=0
Indeed, condition (2) in Theorem 2.4 can be reformulated in terms of the distance d
by saying that distinct points of T are uniformly separated for dy,).

ny)

Remark 2.5. — Let 0 € R. Let us denote by
0] := min ({#},1 — {6}) = inf{|0 — n| :ne Z}

the distance of 6 to the nearest integer ({#} denotes here the fractional part of #). Then
40| < [e*™ — 1] < 27|0|  for every 6 € R.

The condition (2) of Theorem 2.4 can be thus expressed as follows: there exists a positive
real number ¢’ such that for every 6 € (0,1/2] we have

sup |ng0|| = €.

k=0

The most difficult part of the proof of Theorem 2.3 is that of the implication (1) =

(2). Assuming that a sequence (ng)r=o does not satisfy (2), and that there exists an
uncountable subset K of T such that (K, d(nk)) is separable, we have to construct an
operator on a separable Banach space which is partially power bounded with respect to
(nk) k=0 and has uncountable unimodular point spectrum. Starting from the Hilbert space
of complex sequences

1
2> ) ?
H ={x = (zj)j20 ; [|z]| = (Z 72 i 7] <tk

j=0
we consider the backward shift S on H. For every A € T, ey = (A, A% )A3,...) is an
eigenvector of S associated to the eigenvalue A. A new norm on this space H is defined
by setting
J
[J(s™ — D)z
1=0

= max | |[z|[, sup 9~U+1) sup

7=0 nko,...,nkje{nk}

5]

and we set Xpew = {2 € X ; [|2||new < +0}. Notice that ey belongs to X, for every
A € T. Indeed, we have

J
lleallnew = max  1Lsup 270FD  sup [N = 1] | [eal] = [leall-

j=0 nko,...,nk].e{nk} 1=0



6 CATALIN BADEA & SOPHIE GRIVAUX

If T denotes the operator induced by S on Xy, we have supy>q ||T"||,,.., < 3. Thus,
with respect to the new norm, T is partially power bounded with respect to (ng)r=o-
The proof goes on by establishing the existence of a constant C' > 0 such that for every
A e T,

llex = eullnew < Cdy) (A, ).
Our assumption that (K, d(nk)) is separable then implies that the space

XK spanlllnew ey ;s N e K]

ew
is separable, and the unimodular point spectrum of the operator induced by T on Xffew
is uncountable, as it contains K.

The proof of the implication (3) = (5) in Theorem 2.3 shows that assertions (3) and
(4) actually admit “infinite” instead of “uncountable” versions which are equivalent to
(nk)k=0 being a Jamison sequence:

Corollary 2.6. — The assertions of Theorem 2.3 are also equivalent to the following:

(3’) for every uncountable subset K of T, there exists € > 0 such that K contains an
infinite e-separated family for the distance d,,;

(4°) there exists € > 0 such that every uncountable subset K of T contains an infinite
e-separated family for the distance d

ne)-

For a fixed sequence (ng)g=o with ng = 1, we denote, for each ¢ > 0, by A. the subset
of T defined by
(2.1) Ac={AeT: sup|\" — 1| <e}.
k=0
Theorem 2.3 and [30, Prop. 2.1] imply the following result:

Corollary 2.7. — The assertions of Theorem 2.3 are also equivalent to:
(6) there exists € > 0 such that A. is countable.

Thus, as soon as each one of the sets A. has at least two elements, all of them are
automatically uncountable.

2.3. Universal Jamison spaces. — The assertion that (nj)r>o is not a Jamison se-
quence means that there exists a separable Banach space X and a bounded operator
T e B(X) such that supgq||7"*|| < 400 and 0,(T) N T is uncountable. But the space
X may very well be extremely complicated: as was briefly sketched above, in the original
proof of Theorem 2.3 the space is obtained by a rather involved renorming argument.
See also [4, Chapter 6] for a slightly modified description of this construction. We now
introduce the following definition.

Definition 2.8. — Let X be a separable infinite-dimensional complex Banach space.
We say that X is a universal Jamison space if the following property holds true: for
any increasing sequence of positive integers (ny)x>¢ which is not a Jamison sequence,
there exists a bounded operator 7' on X which is partially power-bounded with respect to
(ng)k=0 and whose unimodular point spectrum o,(7") N T is uncountable.

Eisner and Grivaux proved in [12] that a separable infinite-dimensional complex Hilbert
space is a universal Jamison space. The proof of [12] is completely explicit: the operators T'
with supy~q [|[T7*|| < 400 and 0,(T") N T uncountable constructed there are perturbations
by a weighted backward shift on ¢3(N) (endowed with its canonical basis) of a diagonal
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operator with unimodular diagonal coefficients. For other Banach spaces, the following
results are known.

Theorem 2.9 ([12]). — The space £,(N) is a universal Jamison space for every 1 < p <
+00.

Using the ideas of [12], this was generalized by Devinck in [10] to a larger class of
Banach spaces.

Theorem 2.10 ([10]). — Any separable Banach space which admits an unconditional
Schauder decomposition is a universal Jamison space.

We recall here that a separable Banach space X admits an unconditional Schauder de-
composition if there exists a sequence (Xy)r>1 of closed subspaces of X (different from
{0}) such that any vector = of X can be written in a unique way as an unconditionally
convergent series Y}~ x7, where x; belongs to X, for all £ > 1. There are many exam-
ples of Banach spaces which admit an unconditional Schauder decomposition, like spaces
possessing an unconditional Schauder basis. Additional examples are C([0,1]), the James
space and all spaces containing a copy of ¢o(N). On the other hand (see [10]), a hereditar-
ily indecomposable Banach space is not a universal Jamison space since the unimodular
point spectrum of any operator on such a space is countable (see [24] for details)).

2.4. Examples of Jamison sequences. — Using the characterization of Jamison se-
quences given by Theorem 2.4, it is easy to obtain many examples of such sequences. We
present here some of them, following [2]. We have chosen to present the complete proofs
whenever they are not too long.

Example 2.11. — Let (ng)r=0 be the sequence of all positive integers: ng = k + 1 for
every k = 0. Then (ny)r>o is a Jamison sequence.

Proof. — This is the classical result of Jamison. It is also a folklore result in character
theory (or a simple exercise about the geometric aspects of complex numbers) that (ng)r=0
satisfies condition (2) of Theorem 2.4. It can even be proved that e = /3 is the best
Jamison constant for (ny)r=0 in the following sense: if z € T is such that [2**! — 1] < /3
for all k£ > 0, then z = 1, and this constant v/3 is optimal. Here is a possible proof of this
statement. Let z € T\{1}. If z is not a root of unity, then the subgroup generated by z is
dense in the unit circle. In particular, there exists k > 0 such that |zF*1 — 1| > /3. If 2
is a root of unity of even minimal order 2n then z™ = —1. The last case that we need to
consider is when z is a root of unity of odd minimal order 2n + 1 for some n > 1. It is
then enough to consider the case when z = ¢27/(27+1)  We have 227an1 =T — goig = %’r
Therefore

2

21 2
mm )—1 =2—2(:os(2 n

2n+1 n+1

The example A = ¢27/3 shows that the constant v/3 appearing in this statement cannot
be improved. ]

2
exp( ) =2— 2005(%) = 3.

Example 2.12 ([30]). — Let (ng)k>0 be a strictly increasing sequence of positive integers
such that

Nk+1
sup —% < +op.
k=0 Tk
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Then (ny)r=0 is a Jamison sequence. For instance, the sequence defined by ny, = 2%, k > 0,
is a Jamison sequence.

Proof. — Without loss of generality, we can assume that ng = 1. Let
Nk+1
K = sup .
k=0 TNk

We are going to show that condition (2) of Theorem 2.4 is satisfied with ¢ = 2 sin 5. Let
X e T\{1}, which we write as A = ¢, 0 < § < 2r. Without loss of generality we suppose
that 0 < 0 < 7. Since (ng)r>0 is a strictly increasing sequence with ng = 1, there exists a

(unique) integer k£ > 0 such that 2n:+1 < g < g, Hence 3 < "T’“e < 4 so that for this

special choice of k,

0
A" — 1| = 2|sin%] > 281112%'

This proves our statement. O

Example 2.13. — Let (ng)g=0 be a strictly increasing sequence of integers such that
the set {ny ; k > 0} contains intervals of arbitrary length. Then (ng)r>o is a Jamison
sequence.

Proof. — We suppose as usual that ng = 1. Let dg be such that 0 < §y < 2. We are
going to show that for every \ = ¢ € T\{1}, 0 < § < 7, with §/r irrational, there exists
k = 0 such that A" = ™% lies outside the arc Is, = {\ € T ; |\ — 1| < &}. For each
p=1,let [N,,...,N,+p—1] be an interval of length p contained in the set {nj ; k > 0}.
Since 0/7 is irrational, there exists an integer p > 1 such that the numbers A", 0 < n < p,
form a (2 — dp)-net of T (for the distance on T induced by the absolute value on C). In
particular there exists 0 < n < p such that A" + A\™Ne| < 2 — 4, i.e. [ANVP™7 1] < 2 — 4.
Then AV»*" does not belong to the arc I5,. Since the integer N, + n has the form ny for
some k > 1, and since the reasoning above holds true for any 0 < g < 2, we obtain that
SUPgso [\ — 1| = 2 for every A = e with /7 irrational. Hence the set Ao (see (2.1)
for the definition) is countable, and by Corollary 2.7 we obtain that (ny)r>o is a Jamison
sequence. [

Example 2.14. — ([29]) If (ng)r>0 is a strictly increasing sequence of integers such that
the set {ny ; k > 0} has positive upper density, (nx)r=>0 is a Jamison sequence.

Proof. — We suppose again that ngp = 1. Since D = {ny ; k = 0} has positive upper
density, there exists 6 € (0,1) and a strictly increasing sequence (N;),>1 of integers such
that #[1, N.] n D = § N, for every r = 1. Fix 0 < 0y < 07, and let v > 0 be such that
0o+~ < dm. For any A e T with A = ¢, 0 < § < 7, /7 irrational, we have by the uniform
distribution of the sequence (\"),>¢ in T that

- 4 200 + 2
#{1 S n < N’r’ : )\n c (e—zeo’e’beo)} < NT%
T
for r sufficiently large. Hence
#{1<n< N, ;\"¢ (e ,e )}ZNT—%_ = N,.(1— - ) > N,(1—-19)

for all r sufficiently large. It follows from the fact that #[1, N,] n D = ¢ N, that for all
such r there exists 1 < n < N, belonging to D such that A" does not belong to the arc
(e~ %), We have thus proved that supjsg [A\™ — 1| > [e/® — 1| > 0 for every A = €%
with /7 irrational. By Corollary 2.7, (ng)r=0 is a Jamison sequence. O
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Condition (6) of Corollary 2.7, which is weaker than Condition (5) in Theorem 2.3, is
already used in [30] and [1] in order to obtain Jamison sequences. We use it again in the
following example (cf. [2]). Recall that a set ¥ = (0j)r>0 of real numbers is said to be
dense modulo 1 if the set X +7Z = {0, +n : k > 0,n € Z} is dense in R. For any n > 0, the
set X is said to be n-dense modulo 1 if the set > + Z intersects every open sub-interval of
R of length greater than 7.

Example 2.15. — Let (ng)r=0 be a strictly increasing sequence of integers. If there
exists a number 0 < n < 1 such that the set

D, = {0 e R : (ny0)r>0 is not n-dense modulo 1}
is countable, then (ny)r>o is a Jamison sequence.

Proof. — We can suppose that ng = 1. Let I be a closed sub-arc of T, not containing the
point 1, of length 27n < 27. If A = €2 is such that 6 does not belong to D,,, there exists
a k = 0 such that \"* belongs to I. Hence there exists € > 0 such that sup;>q [\ —1| > ¢
for every such A. The set A; defined in (2.1) is thus countable for this particular choice of
e, and hence (ng)r>o is a Jamison sequence. O

In particular, if (ng@)k>o is dense modulo 1 for every irrational 6 (for instance, if
(nk0) k=0 is uniformly distributed modulo 1 for every irrational 6), then (ng)r>o is a Jami-
son sequence.

2.5. Sequences which are not Jamison sequences. — The fact that all the sets
Ag, € > 0, are uncountable as soon as all of them are non-trivial greatly simplifies the
task of exhibiting non-Jamison sequences, in the sense that we only have to construct one
non-trivial point belonging to each one of the sets A. instead of uncountably many ones.
We recall below the following example of non-Jamison sequences:

Example 2.16 ([1]). — Let (ng)r=0 be a strictly increasing sequence of integers such
that % tends to infinity as k tends to infinity. Then (ng)r>0 is not a Jamison sequence.

Proof. — A first proof is given in [1], and a simplified new proof in [2]. O

In view of Example 2.13 above, it is natural to ask whether a sequence (ny)x>o contain-
ing arithmetic progressions of arbitrary length is necessarily a Jamison sequence. It is not
so, as shown in the next example which was pointed out to us independently by Evgeny
Abakumov and Vladimir Miiller.

Example 2.17. — If (ng)r>0 is the strictly increasing sequence of integers defined by

the condition
frs k= 0y = {02 20002, (r))2),
r=1
then (ng)r=0 is not a Jamison sequence, but it contains arithmetic progressions of arbitrary
length.

Proof. — Since nyg = 1, it suffices by Theorem 2.4 to exhibit for each ¢ > 0 a number

A € T\{1} such that supy>o|\** — 1| < e. Let ro be an integer such that ((T0(+()1))2) > =

I3 7
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and let A = €, where § = W Then A(ro+1)* = 1 go that A" = 1 for every k such
that ng = (rg + 1)!2. Now if ng < ((ro + 1)!)2, i.e. ng < ro(ro!)?, X = ™ and
ng ro(ro!)?
N <ok o OO
e (TR (e
so that supy~q [\ — 1] <e. O

The same kind of proof shows that the following conditions suffice for a sequence to be
non-Jamison:

Example 2.18. — Let (ny)k>0 be a strictly increasing sequence of integers such that ny,

divides ngyq for every k = 0, and limg_, o nfl“ = 400. Then (ng)k>o is not a Jamison
sequence.

k

Proof. — Again we can assume that ng = 1. Fix ¢ > 0, and let kp > 1 be such that

% > 20 If X = ¢, where § = —27— then the divisibility assumption on the integers
kq € Nko+1

ny, implies that \™ = 1 for every k > ko. Also, X = e for every 0 < k < ko, and we
obtain in the same way as in Example 2.17 above that supy>q [\ — 1| <e. O

As a corollary, we obtain our last example in this section:

Example 2.19. — Let (ng)r>0 be a strictly increasing sequence of integers such that 7y

divides ny1 for every k > 0. Then (ny)r>0 is a Jamison sequence if and only if sup,~ nflzl

is finite.

The notion of Jamison sequence can be extended, in a natural way, to that of Jamison
subset of Z. As Jamison sets will play an important role in our forthcoming study of
Kazhdan subsets of Z, we give briefly in Section 3 below the definitions and results which
will be needed.

3. Jamison sets in Z

Taking into account that power bounded operators are nothing but bounded represen-
tations of the semigroup N, the following definition of Jamison sets in Z is quite natural.
This definition first appeared in [11], in the more general context of the study of Jamison
subsets of certain abelian groups.

Definition 3.1. — A subset ) of Z is said to be a Jamison set in Z if it has the following
property: whenever T' is a bounded invertible operator on a complex separable Banach
space X such that sup,cq ||T"] is finite, the unimodular point spectrum o,(T) N T of T
is countable.

Jamison subsets @@ of Z can be characterized in exactly the same way as Jamison
sequences were characterized in Theorem 2.4 above. We will need to assume in what
follows that 1 belongs to @ (or, more generally, that the subgroup generated by @ is the
whole of Z).

Theorem 3.2. — Let Q) be a subset of Z containing the point 1. The following assertions
are equivalent:

(1) Q is a Jamison set in Z;
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(2) there exists a positive real number € such that for every A € T\ {1},

sup |\" — 1| > ¢.

neq
Proof. — The proof of Theorem 3.2 is very similar to that of Theorem 2.4, as given in [2].
Let @ be a subset of Z containing 1. The easy implication is the following: if we have,
for some € > 0, sup,,cq |\" — 1| = € whenever A € T\{1}, then @ is a Jamison set in Z.
Indeed, let X be a separable Banach space, and let T' € B(X) be an invertible operator
which is partially power-bounded with respect to Q. We set M = sup, ¢, |[T"[|. If A and
 are two different eigenvalues of T', let ey and e, be two associated eigenvectors of T" with

llex]l = [len|| = 1. Then TPey = APey for every p € Z. We have
1
lea = eull = S A" —
for every k = 0. Since A % p,
€
— 2 -
o —eull > 375

by our assumption, and the separability of X implies that 0,(T") n T is countable.

The proof of the converse implication follows the same method as in [2]. We present
only the (very minor) necessary changes. Starting from the Hilbert space

1
jz;* ) ?
H = {())jez ; ||l = (Z o | < +o},
JEL J
we consider the bilateral shift S on H and its eigenvectors ey = (..., A2, A7, 1, A\, A2,..)),
A e T. We define a new norm on this space H by setting
J
H(S”l — Dzl |,
1=0

and define X ey = {x € X ; ||2||new < +00}. Then ey belongs to X e, for every A € T, and
the invertible operator T" induced by S on a suitable closed subspace of X,,¢,, produces the
desired example of a partially power-bounded operator with respect to () on a separable
Banach space with uncountable unimodular point spectrum. ]

7=0 no,...,n]'EQ

x = max | ||z]|, sup 27UTD  su
2|00 ||z[|, sup P

A constant € > 0 for which assertion (2) of Theorem 3.2 above holds true is called a
Jamison constant for Q). The same proof as that of [2, Th. 2.1] shows the following result:

Theorem 3.3. — If Q) is a subset of Z containing 1 which is not a Jamison set, there
exists for every € > 0 an (uncountable) perfect compact set of elements X € T such that
SUppeq A" — 1] <e.

An important consequence of Theorem 3.3 is the following: suppose that @ is a subset
of Z containing 1 which has the following property: there exists € > 0 such that the set
of A € T such that sup,cq |\ — 1| < ¢ is countable. Then Q is a Jamison set. Thanks to
this, one can show easily, in the same way as in [1, Cor. 2.3] or Example 2.15 above, the
following result:

Example 3.4. — Let (ng)r=0 be a sequence of elements of Z such that ng = 1 and
(nkB) k=0 is uniformly distributed modulo 1 for every § € R\Q. Then Q = {ny; k = 0} is
a Jamison set in Z.
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We will come back to this example in Section 6.

4. Kazhdan sets in Z

Before starting to discuss the particular case of the group Z, let us say some words
about Kazhdan sets in general topological groups.

4.1. Kazhdan sets in topological groups. — We start by recalling briefly the rele-
vant definitions, and refer the reader to [6] for more information. All the Hilbert spaces
that we consider in this paper are complex, and all the unitary representations of topo-
logical groups are assumed to be strongly continuous.

Definition 4.1. — Let ) be a subset of a topological group G, and let € > 0.

(i) If 7 is a unitary representation of G on a Hilbert space H, a vector z € H is said to

be (Q, e)-invariant for 7 if supyeq ||7(9)x — z[| < ¢l|z[|. In particular x is non-zero.
A G-invariant vector for 7 is a vector x € H such that m(g)x = z for every g € G;

(i) the pair (Q,¢) is called a Kazhdan pair in G if any unitary representation 7 of G on
a Hilbert space H which admits a (Q, €)-invariant vector has a non-zero G-invariant
vector;

(iii) the set @ is a Kazhdan set in G if there exists € > 0 such that (Q,¢) is a Kazhdan
pair in GG. Such an ¢ > 0 is called a Kazhdan constant for Q);

(iv) the group G has Property (T) if it admits a compact Kazhdan set.

Property (T) is a rigidity property of topological groups which has been introduced by
Kazhdan [21] in order to show that certain lattices in locally compact groups are finitely
generated. It has striking applications to many subjects, as shown in the authoritative
monograph [6] by Bekka, de la Harpe and Valette. Typical examples of groups with
Property (T) are the groups SL,(K) for n > 3, where K is a local field. As a lattice in a
locally compact group has Property (T) if and only if the group itself has it, SL,(Z) has
Property (T) for n > 3. Property (T) and amenability are two opposite properties, and
the only locally compact amenable groups with Property (T) are the compact ones.

It is not an easy task to exhibit explicit Kazhdan pairs in groups with Property (T),
as pointed out by Serre and de la Harpe and Valette [6]. Discrete groups with Property
(T) are finitely generated, and Kazhdan sets in such groups can be completely described:
these are the generating subsets of the group [6, Prop. 1.3.2]. See the references [31],
[21], [5] or [26] for some examples of constructions of explicit Kazhdan sets in groups
with Property (T). When the group does not have Property (T), it is also an interesting
and difficult problem to exhibit “small” —although non-compact— Kazhdan subsets of the
group (we remind that the pair (G, +/2) is always a Kazhdan pair in a topological group
G, see [6, Prop. 1.1.5]). This problem is mentioned in [6, Sec. 7.12], where, more precisely,
the following two questions are stated. The second question is attributed in [6, Sec. 7.12]
to Y. Shalom.

Question 4.2 ([6, Sec. 7.12]). — Given a non-compact amenable group G, is it possible
to characterize the Kazhdan sets in G? What are the Kazhdan sets in the groups Z¢ or
R d > 17

Question 4.3 (Shalom, [6, Sec. 7.12]). — Given a sequence (n)g=o of elements of Z,
what are the relations between the equidistribution properties modulo 1 of the sequences
(nk0) k=0, 0 € R\Q, and the fact that {ny ; k£ = 0} is a Kazhdan set in Z?
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In the paper [3], we answered Question 4.3 by showing that if (ng)r>0 is a sequence of
elements of Z such that (nxf)g=>0 is uniformly distributed modulo 1 for every irrational
number 0, then {ny; k > 0} is a Kazhdan set in Z as soon as the subgroup it generates is
Z itself. This result is a particular case of a much more general statement ([3, Th. 2.1]),
valid in any second countable locally compact Moore group G: if (gi)r=0 is a sequence
of elements of G satisfying a suitable equidistribution condition which generalizes that of
Question 4.3, {gx; k = 0} is a Kazhdan set in G as soon as it generates GG. Concerning
Question 4.2, we study in [3, Sec. 6] Kazhdan sets in locally compact abelian groups,
and provide a complete characterization of Kazhdan sets in such groups, as well as in the

Heisenberg groups, and the group Aff, (R) of orientation-preserving homeomorphisms of
R.

The proofs of our main results in [3] rely on a new criterion for a subset @ of a topological
group G to admit a “small perturbation” which is a Kazhdan set in G ([3, Th. 2.3]). As
a particular case, we obtain the following necessary and sufficient condition for subsets of
a locally compact group which generate the group to be Kazhdan sets:

Theorem 4.4 ([3, Th. 2.5]). — Let G be a locally compact group, and let Q be a subset
of G which generates G. Then @ is a Kazhdan set in G if and only if the following property
holds true: there exists € > 0 such that any unitary representation m of G on a Hilbert
space H with a (Q,€)-invariant vector has a finite-dimensional subrepresentation.

As the results of [3] hold in a very general framework, their proofs involve some abstract
tools: a key ingredient is an abstract version of the classical Wiener Theorem ([3, Th. 3.7])
which, given a unitary representation m of an arbitrary group G on a Hilbert space H,
yields an explicit expression for the quantities mg(|(7(. )z, y)|?), where z and y are two
vectors of H. The notation mq represents here the unique invariant mean on the space
WAP(G) of weakly almost-periodic functions of G. The proof of Theorem 2.5 in [3]
proceeds by contradiction, and uses this general version of the Wiener Theorem to show
that certain infinite tensor products of unitary representations are weakly mixing. The
spaces supporting these representations are incomplete tensor products of Hilbert spaces,
which were first constructed by von Neumann in [27], and whose study was later on taken
up by Guichardet in [15].

4.2. Characterizing Kazhdan sets in Z. — The definition of a Kazhdan set in Z can
immediately be reformulated in the following way:

Fact 4.5. — Let Q be a subset of Z. The following assertions are equivalent:

(a) @ is a Kazhdan set in Z;

(b) there exists € > 0 such that any unitary operator U acting on a complex separable
Hilbert space H satisfies the following property: if there exists a vector xz € H with
||| = 1 such that sup,q |[U"x — z|| < ¢, then there exists a non-zero vector y € H
such that Uy = y (i.e. 1 is an eigenvalue of U).

As any cyclic unitary operator lives on a separable Hilbert space, it suffices to consider in
(b) separable Hilbert spaces. Suppose indeed that (b) holds true, and let U be a unitary
operator acting on a complex (possibly non-separable) Hilbert space H. Decomposing
U as a direct sum of cyclic unitary operators, we can write H as H = @;c;H;, where
H; is separable for every ¢ € I, on which U acts as U = @;c;U;, U; being a unitary
operator on H; for every i € I. Suppose that * = @erx; € H is such that ||z]| = 1
and sup,,cq [|[U"r — z|| < £/2 (where ¢ > 0 is given by (b) above). This means that
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Sier l1zil]? = 1 and sup,cq Dier Ui — x| |* < €2/4. Let Iy be a finite subset of I
(depending of course on x) such that Y., ||z;||> > 1 —€2/16. Then

iEIQ
DUNUPw: =l < D NUPw — 2P +4 ) lwil* for every n e Z,
i€lp el €el\Ip
so that
Sup DUNUPz; — x| |* < £2/2 < 2/16 Z i[> < €2 ) il

i€lp iely

Hence we get that

1 1

2 2
sup (2 U7 —min?) <e (2 ||a:i|2>
ne . :

iely ielp

Since @jer, Ui is a unitary operator on the separable Hilbert space ®jer, Hi, (b) applies, and
@ic1,U; has a non-zero fixed point. This implies that U itself has a non-zero fixed point.
We have thus proved that @ is a Kazhdan set in Z (this proof is actually a mere rewriting
of the well-known observation that if a topological group G is second-countable, @ is a
Kazhdan subset of G as soon as there exists € > 0 such that property (ii) of Definition 4.1
holds true for unitary representations of G on separable Hilbert spaces).

Applying property (b) of Fact 4.5 to multiplication operators and using the spectral
theorem for unitary operators, we first derive a characterization of Kazhdan subsets of Z
in terms of Fourier coefficients of probability measures on the unit circle.

Theorem 4.6. — Let Q be a subset of Z. The following assertions are equivalent:

(1) Q is a Kazhdan subset of Z;
(2) there exists € > 0 such that the following property holds true: any probability measure
o on T such that sup,cq |0(n) — 1| < € satisfies o({1}) > 0.

Proof. — We first prove the implication (1) = (2). Let 6 > 0 be a Kazhdan constant
for the set Q, and let o be a probability measure on T such that sup,,cq [6(n) — 1| < §2/2.
We denote by M, the multiplication operator by the independent variable A on the space
L?(T, o) and by 1 the constant function equal to 1. Then |[M?1 — 1||?> = 2(1 — Re5(n))
for every n € Z, so that sup,cq |[M71 — 1|| < . Since M, is a unitary operator and 1 a
unit vector in L2(T, ), it follows from (b) of Fact 4.5 that there exists a non-zero function
f € L*(T,o) such that M, f = f, i.e. (A —1)f(A) = 0 in L*(T,0). Hence o({1}) > 0,
which proves (2).

Let us now prove the implication (2) = (1). Let U be a unitary operator on a
separable complex Hilbert space H. By the spectral theorem for normal operators, there
exists a finite or infinite sequence (o;);er of probability measures on T such that U is
similar, via an invertible isometry, to the direct sum operator M = @, ; M,, acting on

K = @®,;.; L*(T,0;). Let V: H——= K be an invertible isometry such that U = V*MV.
Let now £ > 0 be a constant satisfying assumption (2) of Theorem 4.6, and suppose that
x € H is a unit vector such that sup,.q ||[U"r — z|| < e. Setting Vx = f = @, fi, with
fi € L*(T,0;) for each i € I, we have ||f||> = Y./ ||fil|* = 1 and

HM"f—fHQZZH o fi — sz f|)\” 1’2’]2 ’daz for every n € Z.

iel i€l
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Let o be the positive measure on T defined by

do(N) = Y |fi(NPdos(), AeT.
el

Since ||f||? = Y IIfill* = 1, o is a probability measure. It satisfies |[M"f — f||* =
2(1 — Rea(n)) for every n € Z, so that

sup|l — &(n)? = 2sup (1 — Red(n)) = sup | M f — f||? = sup ||[U"z — z||* < 2

neqQ neqQ ne@Q neqQ
It follows that o({1}) > 0, so that o, ({1}) > O for some ig € I. Set g;, = 1 (the
characteristic function of the set {1}), g; = 0 for i € I\{io}, and g = @,.; g;- Then g is
a non-zero vector of K with Mg = g. Since U = V*MYV | it follows that y = V*g is a

non-zero vector of H which satisfies Uy = y. Property (b) of Fact 4.5 is proved, so @ is a
Kazhdan set in Z. O

Remark 4.7. — The above proof yields the following quantitative statements: if (Q, J)
is a Kazhdan pair for Z, then assertion (2) of Theorem 4.6 holds true with ¢ = §2/2;
conversely, if assertion (2) of Theorem 4.6 holds true with constant e, then (Q,¢) is a
Kazhdan pair for Z.

As we will use it repeatedly to exhibit non-Kazhdan sets in Z, we state separately the
following obvious reformulation of Theorem 4.6:

Corollary 4.8. — Let QQ be a subset of Z. The following assertions are equivalent:

(1) Q is not a Kazhdan set in Z;
(2) for any € > 0, there exists a probability measure o on T such that o({1}) = 0 and
SUppeq 0(n) — 1] <e.

As a consequence of Theorem 4.6, we now show that whenever @) is a Kazhdan set in
Z, property (b) of Fact 4.5 above can be extended to arbitrary contractions on complex
Hilbert spaces. Recall that if T" is a bounded operator on a complex Hilbert space H, we
denote by o(T") the spectrum of 7', and by o0, (T") the point spectrum of T" (i.e. the set
of eigenvalues of T'). A contraction on H is a bounded operator T' on H with ||T'|| < 1.
If T is a contraction on H, we set T,, = T" for n > 0 and T,, = T*" for n < 0. For
every z € H, the sequence ((T),x,x))nez is positive definite (see [32]), so that there exists
by Bochner’s theorem a positive measure p, on T which satisfies ji,(n) = (T,x,z) for
every n € Z. If ||z|| = 1, p, is a probability measure on T. Contractions (and, more
generally, power-bounded operators) on a Hilbert space satisfy the von Neumann mean
ergodic theorem: for every x € H,
| N1
N Z;) 172 — Pier(r-1)%

j=

— 0 as N — + o,

where Pyer(r—1) denotes the orthogonal projection of H on the space Ker(T' —1I) of fixed
points for T'.

Theorem 4.9. — Let Q) be a subset of Z. The following assertions are equivalent:

(1) @ is a Kazhdan set in Z;

(2) there exists € > 0 such that for any contraction T on a complex Hilbert space H,
the following holds true: if there exists a vector x € H with ||z|| = 1 such that
Suppeq |1 — (T, )| <€, then 1 belongs to a,(T).
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Proof. — The implication (2) = (1) follows immediately from Fact 4.5, observing that if
U is a unitary operator on H and z € H is a unit vector such that sup,cq |[|[U"z —z|| <,
then sup,,cq [(U"r, ) — (x,2)| <€, i.e. sup,eq KUnz, 1) — 1] <e.

It remains to prove that (1) implies (2). Let ) be a Kazhdan set in Z, and fix ¢ > 0
satisfying property (2) of Theorem 4.6. Let T' € B(H) be a contraction on a Hilbert space
H, let z be a unit vector in H with sup,,cq [1 — (Tnz, )| < ¢, and let u, be a probability
measure on T which satisfies ji,(n) = (T,,z,x) for every n € Z. Our assumption implies
that sup,,cq |1 — fiz(n)| < &, from which it follows that . ({1}) > 0. Since

1 N
»[JI‘<N 2 /\j>dum()‘) — uy({1}) as N— + 0,
=0

and
;| N=1 N
| (F Z¥)dien = 5 X @ao)
j=0 j=0
it follows from the mean ergodic theorem that p.({1}) = (Pker(r—1)Z, ). Since g ({1}) >
0, Ker(T' —I) is non-zero, which means exactly that 1 belongs to o,(T). O
Remark 4.10. — The above proof gives the following relationships between the con-

stants: if (Q,0) is a Kazhdan pair for Z, then assertion (2) of Theorem 4.9 holds true
with € = 62/2; if assertion (2) of Theorem 4.9 holds true with constant ¢, then (Q,¢) is a
Kazhdan pair for Z.

Remark 4.11. — Using unitary dilations, one can give a different proof of the implication
(1) = (2) of Theorem 4.9. Suppose that (@,d) is a Kazhdan pair in Z. Let T €
B(H) be a contraction on a Hilbert space H, and let h be a unit vector in H with
SUP,eq |1 — (Tnh, k)| < 62/2. Let U be the minimal unitary dilation of T (see [32] for
definitions), acting on a larger Hilbert space K = H @ (K © H) endowed with an inner
product (-, ). Then (U"(h,0), (h,0))x = (T,h,h) for every n € Z, and therefore we
obtain

|U™(h,0) = (h,0)|* = 2(1—ReCU"(h,0), (h,0))x)
= 2(1 — Re(Tph, h)) < 2|1 —{Tph, h)| < &*
for all n € Q. Hence sup,cq [U"(h,0) — (h,0)| < J, and by Fact 4.5 the point 1 belongs

to the point spectrum of the unitary operator U. Since U is the minimal unitary dilation
of T', we also have (see [32, Chapter 2]) that 1 belongs to o,(T).

The following characterization of Kazhdan sets will be very important in the sequel.
Rather surprisingly, it shows that the point 1 does not play a special role in the description
of Kazhdan sets (either as an eigenvalue of the operators involved in the statement of
Theorem 4.9 or as the point mass of the measures o appearing in Theorem 4.6).

Theorem 4.12. — Let QQ be a subset of Z which contains the point 1. The following
assertions are equivalent:

(1) Q is a Kazhdan subset of Z;
(2) there exists € > 0 such that the following property holds true: any probability measure
o on T such that sup,cq |0(n) — 1| < & has a discrete part.

Theorem 4.12 can obviously be reformulated as follows:
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Corollary 4.13. — Let Q be a subset of Z containing 1. Then @ is not a Kazhdan set
i Z if and only if there exists for any € > 0 a continuous probability measure o on T such
that

sup|o(n) — 1| <e.

neq

We postpone the proof of Theorem 4.12 to the forthcoming Section 6 of the paper.

5. Examples of Kazhdan sets in Z

As Jamison sets are a crucial tool for the proof of Theorem 4.12, we begin this section
by studying the links between the classes of Jamison and Kazhdan sets in Z.

5.1. Kazhdan versus Jamison sets in Z. — A first reason why Jamison sets appear
naturally in our study of Kazhdan sets in Z is given by the following fact:

Fact 5.1. — If Q is a Kazhdan set in Z, () is a Jamison set.

Proof. — Let ¢ > 0 be a Kazhdan constant for Q. Let also A € T be such that sup,,cq |\" —
1| < e. Applying (2) of Theorem 4.6 to the measure o = dy,;, we obtain that o({1}) > 0,
i.e. that A = 1. Hence @ is a Jamison set in Z. This argument shows that if ¢ is a Kazhdan
constant for Q, then £2/2 is a Jamison constant for Q (in the sense of the definition given
after Theorem 3.2). The following direct argument using operators shows that ¢ is also
a Jamison constant for Q. Indeed, if A € T is such that sup,cq|\" — 1| < ¢, the unitary
operator U given by multiplication by A on C satisfies sup,c |[U"1 — 1|| < e. Hence 1 is
an eigenvalue of U, and \ = 1. O

Fact 5.1 is actually a direct consequence of the observation that Jamison sets in Z are
exactly Kazhdan sets in Z for the class of irreducible unitary representations of Z (if C is
a certain class of representations of a topological group G, a subset @) of GG is a Kazhdan
set for C if there exists € > 0 such that property (ii) of Definition 4.1 holds true for every
representation m of G belonging to C). Not all Jamison sets give rise to Kazhdan sets
though. This can be seen thanks to the following example:

Example 5.2. — Let (ng)r=0 be a sequence of positive integers such that ng = 1, and
such that ny divides ng,q for every k > 0. Then Q = {ny; k > 0} is not a Kazhdan set in
Z. But (as shown in Example 2.19) if supyo(ng+1/n) is finite, then @ is a Jamison set
in Z.
Proof. — We will construct, for every € > 0, a continuous measure ¢ on T such that
sup|o(ng) — 1] <e.
k=0
The construction is essentially the same as the one given in [12, Prop. 3.9]. It uses infinite
convolution of two-points Dirac measures, following an argument communicated by Jean-

Pierre Kahane. Let (a;)j=1 be a decreasing sequence of positive real numbers with a; <
g/(2m) such that the series > ;- a; is divergent. Then the measure

o= '* ((1 — aj)é{l} + aj6{62iw/nj})

j=1
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is well-defined on T, and is a probability measure. Moreover, the assumption that the
series )’ =1 diverges implies that the measure o is continuous. For every k > 0,

G(nk) = H(l —a; + aj€2i7rnk/nj) — H (1 _ aj(l . eQiﬂnk/nj))

j=1 j=k+1
since n; divides ny, for every 0 < j < k. As |1 — a;(1 — e¥™*/")| < 1, it follows that

~ ; . 1
lo(ng) — 1| < Z a;|1 — 2™ | < O ag g my, Z —

n
j=k+1 j=k+1 "7

But since n; divides nji1 for all j > 0, nj > 27=kny, for all j > k + 1. Hence

~ 1 ;
lo(ng) — 1| < 2m a1 ng — Z 27 =2mapy <e  forevery k=0
"k =1
by our assumption on the sequence (a;);>1. Thus, by Theorem 4.12, {n;; k > 0} is not a
Kazhdan set in Z. O

5.2. Some examples of Kazhdan and non-Kazhdan sets in Z. — We are now
going to present a variety of examples of Kazhdan and non-Kazhdan sets in Z. For this, we
choose to use exclusively, and without further mention, the characterizations of Kazhdan
and non-Kazhdan sets provided by Theorem 4.6 and Corollary 4.8 respectively, although
several of these examples could be obtained from the original definition of Kazhdan sets
as given in Definition 4.1. Let us start our list of examples with the following obvious
observation:

Example 5.3. — The set N is a Kazhdan set in Z, as well as any subset Q = {ny; k = 0}
of Z such that (ngf)r>o is uniformly distributed modulo 1 for any 6 € R\Z.

Proof. — Let (ng)g=0 be such that (ng#)r>o is uniformly distributed modulo 1 for any

0 € R\Z, i.e. that
N

1
N;)\”’“HO as N — +©
-1
for every X € T\{1}. Let o be a probability measure on T such that sup,~ |0(n;) —1| < 1.
Since

LS s L3 ST )do(3) — o({1}) as N —= +o0
— o(ng) = — o(A\) — o as N — ,
Nz TNV 3
we have o({1}) > 0. O

On the other hand, the sets aN, where a > 2, are obviously never Kazhdan sets in Z
(they do not generate 7).

Example 5.4. — Let a > 2 be an integer. The set aZ, as well as all infinite subsets of
aZ, are never Kazhdan sets in Z.

We next provide an example showing that {ny; & = 0} may be a Kazhdan set in Z
without (ngf)r=0 being uniformly distributed modulo 1 for every 6 € R\Q.

Exzample 5.5. — The set {2F + k; k > 0} is a Kazhdan set in Z, although there exists
an irrational number @ such that the sequence ((2¥ + k)8)x=0 is not dense in [0, 1] modulo
1, hence not uniformly distributed modulo 1.
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Proof. — The sequence (ng)r=o defined by ny = 2F + k, k > 0, satisfies the relation
2ny, = np41+k—1. Let o be a probability measure on T such that supy~q |o(ng)—1] < 1/18.
Since, by the Cauchy-Schwarz inequality,

|6(k) — 1] < f NP —1|do(N) < V2|5 (k) — 1)V/?  for every k € Z,
T
we have

Gk—1)—1| < zf A 1|do () + f AR 1|do(N)
T T

<2V2(6(nk) — 11V + V2[5 (ny1) — 1|2

for all £ > 1, so that supy>q|6(k) — 1| < 1. Hence o({1}) > 0 by the proof of Example
5.3. So {n; k = 0} is a Kazhdan set in Z. But (ny)x>¢ being lacunary, it follows from a
result due independently to Pollington [28] and De Mathan [23] that there exists a subset
A of [0, 1] of Hausdorff measure 1 such that for every 6 in A, the set {ng0 ; k > 0} is not
dense modulo 1. One of these numbers 6 is irrational, and ((2¥ + £)6)s>0 is of course not
uniformly distributed modulo 1 for this particular choice of 6. O

The same kind of argument allows us to show the following result (which also follows
from Theorem 7.1):

Example 5.6. — The set P of prime numbers is a Kazhdan set in Z.

Proof. — A result of Vinogradov [33] states that any sufficiently large odd integer can
be written as a sum of at most three prime numbers; therefore every sufficiently large
integer can be written as a sum of at most four prime numbers. It follows from the same
reasoning as in Example 5.5 above that if o is a probability measure on T such that
sup,ep [0(p) — 1| < 1/32, there exists an integer ko such that supy>y, |[0(k) — 1| < 1. The
same argument as in Example 5.3 then implies that o({1}) > 0 and thus P is a Kazhdan
set in Z.

The above proof combined with Remark 4.7 implies that (P, 1/32) is a Kazhdan pair in
Z. A better Kazhdan constant for 7, namely v/2/4, can be obtained using Vinogradov’s
result and the following argument. Assume that U is a unitary operator acting on a
Hilbert space H and that = € H is a norm one vector such that sup,cp [UPz — x| < v/2/4.
If pj, 1 < j <4, are four prime numbers, then

4
|UPLHP2EPatPay g < Z |UPiz — x| < V2.
j=1
As every sufficiently large integer can be written as a sum of at most four prime numbers,
we obtain the existence of an integer ko such that supysy, [|U*z — 2| < /2. The classical
argument showing that (G,+/2) is a Kazhdan pair for any topological group G (see [6,
Prop. 1.1.5]) applies in our situation. We obtain that 1 is an eigenvalue of U, and it thus

follows that (P,+/2/4) is a Kazhdan pair in Z. O
More generally:

Proposition 5.7. — Let (ng)k=0 be a sequence of elements of Z. Suppose that there

exist an integer a = 2 and integers by, ..., b, € Z, not all zero, such that

(i) the set {bong + bings1 + -+ bpngip; k = 0} contains all sufficiently large multiples
of a;
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(ii) there exists k = 0 such that ni and a have no non-trivial common divisor.
Then {ny; k = 0} is a Kazhdan set in Z.

Proof. — We can suppose without loss of generality that ng and a have no non-trivial
common divisor. Let 1 < r < a — 1 be such that ng = rmoda, and let C' denote the
set of all the a-th roots of 1 which are different from 1. Then X" # 1 for every A € C (if
A% = X" =1and A + 1, a and r have a non-trivial common divisor), and hence there exists
0 < < 1/2 such that 1 — Re(\") > 126(a — 1) for every A € C. Let o be a probability
measure on T such that

1
sup |6(n) — 1| < 62 .
Suplo(ne) =1 < O S T o+ ¥ 52

Using again the chain of inequalities
3) 1 < | IV = 1do) < V2[a0) - 12, je.
T

we obtain that

sup |0 (bong + -+ - + bpng4p) — 1| < 6.
k=0

Suppose now that o({1}) = 0. Assumption (i) and an argument similar to the one em-
ployed in the proof of Example 5.3 imply that |o(C) — 1| < 6, so that o(C) > 1 — 6. Let
7 be the probability measure on T supported on C defined by 7 = ¢(C) '1c0. We write
T as T = D \cc @A0gx}, Where ay = 0 for each A € C and ], - ax = 1. We have

T(no) = Z ay\" = Z ay\”

AeC xeC
and 1 1
~ — 5 —_ _1)¢& - — Ado(N).
7(no) = 5(no) + (a(C) ) 5(no) a(0) ﬁr\c 7
Hence
R R 1— O'(C) . 20 3(5
P(n) = 1] < [5(n0) ~ 1] +2 == < [8(n0) ~ 1 + 75 < 75 <65

since § < 1/2. This implies that ay(1 — Re(\")) < 69 for every A € C. Since Y\ oar =1
and C has cardinality a — 1, there exists A9 € C such that ay, > (1 —0)/(a —1). We thus
obtain that 1 —Re(\j) < 66(a—1)/(1—0) < 12§(a—1), which contradicts our assumption
on 6. Hence o({1}) > 0, and {ny; k > 0} is a Kazhdan set in Z. O

As a consequence of Proposition 5.7, we obtain for instance:
Exzample 5.8. — The set of squares {k?; k > 1} is a Kazhdan set in Z.

Proof. — Tt suffices to observe that (k + 2)% — k% = 4(k + 1), while there are some square
numbers which are not divisible by 4. O

This last result will be generalized in Section 7 as a consequence of Theorem 7.1, see
Example 7.3 below.

Examples 5.6 and 5.8 above can also be derived from the following observation. A subset
Q@ of N is said to have positive Shnirel’man density if infns1 %#[1, N] n @ is positive.
Any set Q with positive Shnirel’'man density has the property that there exists an integer
d = 1 such that every element of N can be written as a sum of at most d elements of )
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(not necessarily distinct). See [25, Ch. 7] for more on this topic. We deduce from this
observation that

Example 5.9. — Any subset @) of N with positive Shnirel’'man density is a Kazhdan set
in Z.

The set {0,1} U (P +P) = {0,1} U {p + ¢ ; p,q € P} has positive Shnirel'man density
(see [25, Th. 7.8]), and this implies again (see also [25, Th. 7.9]) that P is a Kazhdan set
in Z.

We finish this section with a last example along these lines. It immediately follows from
[25, Th. 7.10], which states that if @ is a set of primes containing a positive proportion of
the primes, every sufficiently large element of N can be written as the sum of a bounded
numbers of elements of Q.

Example 5.10. — Let @ be a set of primes that contains a positive proportion of the
primes, that is, there exists a constant 6 € (0, 1) such that #([1, N]nQ) > 0 #([1, N]nP)
for all N sufficiently large. Then @ is a Kazhdan set in Z.

6. Proof of Theorem 4.12

The implication (1) = (2) being obvious, we prove that (2) implies (1). Reasoning by
contradiction, we suppose that (2) holds true, but that @ is not a Kazhdan set in Z. We
have to consider separately two cases, depending on whether () is a Jamison set in Z or
not.

Case 1. If @ is not a Jamison set in Z, Theorem 3.3 implies that there exists for
every ¢ > 0 a perfect compact subset K. of T such that sup,cq|[\" — 1| < € for every
A € K.. Any continuous probability measure ¢ on T which is supported on K, satisfies
sup,cq |0(n) — 1| < ¢, and this violates our supposition that (2) of Theorem 4.12 holds
true.

Case 2. Suppose now that () is a Jamison set in Z, and let £g be a Jamison constant
for @ (Jamison constants are defined after the proof of Theorem 3.2). The first step of
the proof in this case is to show the following lemma:;:

Lemma 6.1. — Under the assumptions above, there exists for every € > 0 a discrete
probability measure o on T which has the following properties:
(8) Suppeq 3(n) — 1] < =;
(b) o is supported on a finite subset F' of T\{1}: o = >}, pardx, with ay > 0 for every
ANeF and Y pay=1;
(c) 0 <ay <e/ed for every \e F;
(d) F is contained in the arc Te = {AeT; |\ —1| <e&}.

Proof of Lemma 6.1. — Since @ is not a Kazhdan set in Z, there exists for each p > 1 a
probability measure j, on T with 11,({1}) = 0 such that sup,c |ip(n) — 1| < 27P. We
denote by p, 4 and p, . respectively the discrete and continuous parts of the measure f,,.
First, we have:

Claim 6.2. — We have lim,_, ., p1;, 4(T) =~ > 0.
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Proof of Claim 6.2. — Suppose that lim,_, tp.d(T) = 0. By passing to a subsequence,
we can assume that p, .(T) tends to 1 as p tends to infinity, and we denote for each p > 1
by v, the measure v, = pp ¢/ pip.c(T); it is a continuous probability measure on T. For each
n € Z, we have

1 1
Up(n) —1 = —— (fpe(n) = 1) + —= —1
P Np,C(T)( e ) :“p,C(T)
so that
Bp(n) = 1] € ——[1 = fipe(n)| + —— — 1
Vp(M) — S ———C —,LL7 n —_— —
P Np,C(T) e Np,C(T)
1
< 27P 4+ pyg(T)) + — — 1.
(@ 2 Hd M)+

Since the right-hand bound in this expression tends to zero as p tends to infinity, this
yields that there exists for every § > 0 a continuous probability measure v on T such
that sup,cq[V(n) — 1| < 6, which contradicts assumption (2) of Theorem 4.12. So
lm,, .o pp.a(T) =7 >0, as claimed. O

Now, observe that for every n € Z and p > 1,
Re pip(n) = Re pip.a(n) + Re fipc(n) < Refipa(n) + ppe(T) < Repipa(n) +1 — ppa(T),
so that p, 4(T) — Re fip g(n) <1 — Re fip(n). Hence

1 1
1 — ——— Refipqa(n) < 1 —Refip(n)).
di(T) g Mpﬂ(T)( P )
It follows that the discrete probability measures 7, = fi, a/11p,d(T), p = 1, satisfy

~ 1

sup |1 — 7,(n)]? <
e tp.a(T)

Combining these inequalities with Claim 6.2, we obtain that there exists for every § > 0

a discrete probability measure 7 on T with 7({1}) = 0 such that sup,cq [1 — 7(n)| < 0.

Without loss of generality, we can suppose that the measure 7 is supported on a finite set.

Write 7 as
AeG

where G is a finite subset of T\{1}, by > 0 for every A € G, and }}, ., by = 1. We have for
every A\e Gand ne Z

0<by(l—ReX") <1—ReT(n) <|l—7(n)
so that sup,cq(l — ReA™) < §/by. It follows that sup,cq |l — A"|> < (26)/by, i.e. that
sup,eq |1 — A" < 4/(26)/bx. Now, recall that A # 1, and that Q is supposed to be a
Jamison set with Jamison constant €. This implies that 9 < 4/(29)/by, i.e. that

26
0<by<—5 forevery AeG.
€

0

2*p+1
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The assumption that 1 belongs to ) now comes into play. It implies that |7(1) — 1| < J,
so that

f 1= A2dr()) — 2] (1= Re(A)) dr(A) < 26.
By the Markov inequaEty, Vo T(T\L51/4) <T25, where I'51/4 denotes the arc
Dy = {AeT; [A—1] <54,
Thus 7(Tz14) > 1 — 2v/6. Let now o be the probability measure on T defined by
o =71lp,,, /T(Lsya).

It is a discrete probability measure, supported on the set G N I'51/4, which has the form

o= D @iy

AEGﬁF51/4

with ay = by/7(Ls14) for every A € G n T's51/4. Hence

1) 2
O<ay< ———-— forevery N\e G Tsi4.
AT o el Y o
Moreover, we have for every n € Z
1 —~ 1
on)—1 < ——171 n)—1|+———-—1
|U( ) | T(F§1/4) T F51/4( ) T(F61/4)
L)~ 1 = (VD) + = — 1
T(n) — T —
T(F51/4) T(F51/4) ot T(F51/4)

so that

sup|o(n) — 1| < 0 +4vd
O' —_ —_—
vl 1-2v0

Let now € > 0. If § > 0 is so small that (§ + 4+v/9)/(1 — 2v9) < ¢, (26)/(1 —2V6) < ¢

and 64 < ¢, the associated measure ¢ satisfies properties (a), (b), (c), and (d) of Lemma
6.1. 0

Our aim is now to use Lemma 6.1 in order to construct, for every € > 0, a contin-
uous probability measure o on T such that sup,cq[0(n) — 1| < e. This will contradict
assumption (2), and conclude the proof of Theorem 4.12.

Let us fix € > 0, and let (¢)),>1 be a sequence of positive real numbers decreasing very
fast to 0 (how fast will be specified in the sequel of the proof). Let (0,),>1 be a sequence
of probability measures associated to (¢p),>1 given by Lemma 6.1. We write each measure

O'p as
op =D, aapdpy,
AeFp

where F), is a finite subset of T\{1} contained in Iz, 0 < ay, < &p/e3 for every X € F,
and Z,\er axp = 1. We have sup,cq [0,(n) — 1| < ¢, for every p > 1.

For each p > 1, let us denote by Fy - F» --- F}, the set
F1~F2 "'Fp:{Al/\Qu-)\p;)\iEFz’ foreachizl,...,p}.

We construct the numbers ¢, by induction on p > 1 in such a way that they satisfy the
following condition:

inf{A=XN[; A\, N eF-Fy - Fy_1, A# N} >4e,
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Claim 6.3. — Under this assumption, we have #F7 - Fy --- F,_1 = #F1 x --- x #F), for
every p > 1. In other words, the numbers A1...\,, \; € Fj for each ¢ = 1,...,p, are all
distinct.

Proof of Claim 6.3. — The proof is a simple induction on p. Suppose that the assumption
is true for some p > 1. If Ay ... Ay and A} ... A}, are such that \;, A\ € Fjforeachi=1,...,p
and Ap... A\, = A]... A}, we need to show that \; = A} for every i = 1,...,p. If A, = A},
then A1...A\,—1 = A}...\,_, and our induction assumption implies that A; = A} for
every 1 = 1 ..,p — 1. So let us suppose that A\, # /\;. Writing A = A1...\,—1 and

N o= )\. we have X\ # )\ and thus
My = NN = IA=N] =\, = N.| >4de, — 2e, = 2¢
P P P p p p P

since Ay, A, € I, and A\, N € F1-Fy -+ Fj, 1 with A # X, So A\, # AN\, which contradicts
our initial assumption. Hence #Fy - Fo -+ Fp,_1 = #F x -+ - X #F),. ]

pl’

We now additionally require that the sequence (g)),>1 decreases to zero in such a way
that the series sz 1 €p is convergent. This implies that we can define a probability measure
o as the infinite convolution product of the measures o:

o= ¥ko
p>1p

In order to prove that the measure o is well-defined, it suffices to check that the infinite
product Hp>1 ap(n) converges for every n € Z, and this is straightforward using the facts
that

|op(n) — 1] < f A" —1|dop(A) < nsup |A—1| < ngy

Fp AeF),

for every p = 1 and every n € Z and that the series szl gp is convergent. For every n € Z,

we have
= H ap(n)

p>1

and

sup |o(n) — 1| < sup2|0p )—1] < Zsup|ap )— 1] < Zep

neq p> 1 p>1 ne@ p>1

If we suppose that the sequence (p)p>1 is such that }, &, < &, then the measure o
satisfies sup,,c [0(n) — 1| < e. In order to reach the contradiction we are looking for, it
remains to prove that:

Claim 6.4. — The measure o is continuous.

Claim 6.4 follows from rather standard arguments which rely on the fact that o is by
construction a Cantor-like measure.

Proof of Claim 6.4. — For every p > 1, let 7, be the partial convolution product

Tp =01%02% ... ¥0p = 2 AN 1002 - - - Ay p Ofx Ay}
)\1€F1,...,)\p€Fp
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The support of 7, consists of the IV, = #F1 x #F, x --- x #F}, distinct points of the set
Fy - Fy --- F,. Whenever X\ and X are two distinct elements of this set, |A — X'| > 4epy1.
For each A € Fy - I --- ), let I'y ;, denote the arc

Dap={neT;|u—A <2p1}
All the arcs I'y ,, A € Fy - Fy --- ), are pairwise disjoint. We denote by K, the following
compact subset of T:
K= |J I
NeFy-Fy - Fy

IfXe Fy-Fy -+ Fpand Apy1 € Fpp1, [Api1 — A| < gpg1, and if 2649 < 41, it follows
that the arc I'xy,, p+1 s contained in I'y ,. The sequence (Kp)p=1 is hence decreasing,
and 7,(K,) = 1 for every g = p.

We now aim to show that for every ¢ > p and every A € Fy - Fy --- F},, which we write
as A = A1...\p with \; € F; for every i = 1,...,p, we have 7,(I'y ) = ax,,1...ay,,. For
this it suffices to prove that for every N € Fy - Fy --- F, and every \j € F;, i =p+1,...,q,
the point N'A\,11 ... A belongs to I'y , if and only if A = X. Indeed, if this last statement
is true we will have

7q(Uap) = Z AXp,1 -+ Ohg g

)\p+1EFp+1,...7/\q€Fq

= a’)\hl e a/\pvp 2 a)\p+1:p+1 T a)\qvq
)\p+1€Fp+1,...,/\q€Fq

q

i=p+1 \N\EF;
With the notation above, observe first that
q
My Ag= A< D) —1< ) e
i=p+1 i=p+1

If the sequence (g,)p>1 decreases so fast that Zi?p g; < 2¢g, for every p > 1, the right-hand
bound in the display above is less than 2¢,.1, so that A\,11 ..., indeed belongs to the
arc I'y,. Conversely, suppose that A # X. Then ANApi1...A; belongs to the arc 'y,
which is disjoint from I'y,. This proves our claim that 7,(I'y,) = ax, 1. .- ax,.p for every
g=zpand A= \;... )\, with \; € F; foreach ¢ =1,...,p.

Observe now that if we endow the set P(T) of probability measures on T with the
topology of w*-convergence of measures, the map m — m(F) is upper semi-continuous
on P(T) for every closed subset F' of T. The arcs I'y, being closed and disjoint, and
the measure o being the w*-limit of the sequence of measures (7;)4>1, it follows that
o(Tap) = ax;1-.-an,p for every A = Ay ...\, with \; € F; for every i = 1,...,p, and also
that o(K,) = 1. The measure o is thus supported on the compact set K = ﬂp>1 K,, and
there exists for every u € K a unique sequence ()\;);>1 with \; € F; for each ¢ > 1 such
that u belongs to I'y, ..z, for every p > 1. Thus

0< U({#}) < U(F/\I...Ap,p) =0)1---0),p for every p = 1.
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It is at this point that we use our assumption that 0 < ay,; < ei/sg for every ¢ > 1: it
yields that

p
c.

0<o({u}) < | | 6—; for every p > 1.
i=1 €0

If ey 2p €1...€p tends to zero as p tends to infinity, which can always be assumed provided
ep tends to zero sufficiently quickly, then o({u}) = 0. This being true for every p € K, the
measure o is continuous. O

We have thus constructed, for every € > 0, a continuous probability measure ¢ on T
with the property that sup,,c¢ [6(n)—1| < . This stands in contradiction with assumption
(2) of Theorem 4.12, and terminates the proof.

7. Equidistribution and Kazhdan sets in Z

As a straightforward consequence of Theorem 4.12, we obtain the following answer to
Question 4.3:

Theorem 7.1. — Let (ng)p=0 be a sequence of elements of Z with ng = 1. Suppose
that the sequence (ng0)r=o is uniformly distributed modulo 1 for every 6 € R\Q. Then
{nk; k= 0} is a Kazhdan set in Z.

Proof. — The proof uses the same idea as that of Example 5.3. Let 0 < ¢ < 1, and
suppose that o is probability measure on T such that supyq[6(nk) — 1| <e. Then
1 Nt
’Nkz 8(nk)—1‘<5 for every N > 1.
=0

Our assumption that (ng0)k>o is uniformly distributed modulo 1 for every § € R\Q means

that
N—1

1 .
~ DA™ —>0as N — +oo for every A = e*™ with 6 € R\Q.
k=0
If we denote by C' the set of all roots of unity, this implies that

f (1 N-1
) )\"k>da()\)‘>1—a>0,
c\N =

and thus in particular o(C') > 0. Hence o has a discrete part, and Theorem 4.12 implies
that {ny; k = 0} is a Kazhdan set in Z. O

U(C) = himN—»-‘rOO

More generally, we have:

Theorem 7.2. — Let (ng)r=0 be a sequence of elements of 7 such that (ngh)k=o is
uniformly distributed modulo 1 for every 8 € R\Q. Then {ny; k = 0} is a Kazhdan set in
Z if and only if it generates Z.

Proof. — As observed already in Example 5.4, sets of the form aZ, where a > 2 is an
integer, are not Kazhdan sets in Z, while they satisfy the assumption that (ngf)g=o is
uniformly distributed modulo 1 for every § € R\Q. So we only have to prove that if
{nk; k = 0} generates Z and satisfies the equidistribution assumption of Theorem 7.2,
{ng; k = 0} must be a Kazhdan set in Z. Suppose it is not the case. There exist then
r > 2 and ky,...,k, = 0 such that ng,,...,ng. have no non-trivial common divisor, and
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hence integers ai,...,a, in Z such that ayng, + -+ + ayng,. = 1. Since {ny; k = 0} is
not a Kazhdan set in Z, there exists for every € > 0 a probability measure ¢ on T with
o({1}) = 0 such that sup,~q|6(ng) — 1| <e. Then

' '
B0 - 11 < Yo [9(m) ~ 1 < (Xlad ) e
i=1 i=1
This being true for all £ > 0, it implies that the sequence (py)x=o defined by the conditions
po =1 and {pr; k = 0} = {ng; k = 0} U {1} is such that {py; k > 0} is a not Kazhdan
set in Z. But (pr#)k=o is still uniformly distributed modulo 1 for every 6 € R\Q, and this
contradicts Theorem 7.1. O

As a direct corollary of Theorem 7.2, we obtain:

Example 7.3. — Let p € Z| X] be a non-constant polynomial. If the integers p(k) have
no non-trivial common divisor, {p(k); k = 0} is a Kazhdan set in Z.

Proof. — 1t is well-known (see for instance [22]) that for any non-constant polynomial
p € Z[X] the sequence (p(k)@)r=o is uniformly distributed modulo 1 for every 6 € R\Q.
So Theorem 7.2 applies. O

We finish this section with a remark concerning finite perturbations of Kazhdan sets.

Proposition 7.4. — Let QQ be a subset of Z which generates Z. If Q is not a Kazhdan
set in Z, Q U F is not a Kazhdan set in Z: either, whatever the choice of the finite subset
F of Z.

Proposition 7.4 applies in particular when 1 belongs to Q. It obviously breaks down if
one discards the assumption that ) generates Z: the set 2N is not a Kazhdan set in Z,
while 2N U {1} is a Kazhdan set.

Proof. — The proof is essentially the same as that of Theorem 7.2. Under the assumptions
of Proposition 7.4, there exists for every € > 0 a probability measure o on T with o({1}) = 0
such that sup,cq [0(n) — 1| < e and |5(1) — 1| < e. If follows that [5(n) — 1| < #F ¢ for
every n € F. This being true for all ¢ > 0, Q U F' is not a Kazhdan set in Z. O

Corollary 7.5. — Let QQ be a Kazhdan set in Z such that 1 belongs to Q, and let F' be
a finite subset of Q, not containing the point 1. Then Q\F is still a Kazhdan set in Z.

References

[1] C. BADEA, S. GRIvAUX, Unimodular eigenvalues, uniformly distributed sequences and linear
dynamics, Adv. Math. 211 (2007), p. 766 — 793.

[2] C. BADEA, S. GRIVAUX, Size of the peripheral point spectrum under power or resolvent
growth conditions, J. Funct. Anal. 246 (2007), p. 302 — 329.

[3] C. BADEA, S. GRIVAUX, Kazhdan sets in groups and equidistribution properties, J. Funct.
Anal. 273 (2017), p. 1931 — 1969.

[4] F. BAYART, E. MATHERON, Dynamics of linear operators, Cambridge Tracts in Mathematics
179, Cambridge University Press (2009).

[5] B. BEKkA, Kazhdan’s Property (T) for the unitary group of a separable Hilbert space, Geom.
Func. Anal. 13 (2003), p. 509-520.

[6] B. BEKKA, P. DE LA HARPE, A. VALETTE, Kazhdan’s Property (T), New Mathematical
Monographs 11, Cambridge University Press (2008).



28

7]

CATALIN BADEA & SOPHIE GRIVAUX

V. BERGELSON, Combinatorial and Diophantine Applications of Ergodic Theory; Appendix A
by A. Leibman and Appendix B by A. Quas and M. Wierdl, Handbook of Dynamical Systems,
vol. 1B, (edited by B. Hasselblatt and A. Katok), Elsevier (2005), p. 745 — 841.

V. BERGELSON, H. FURSTENBERG, B. WEISS, Piecewise-Bohr sets of integers and combi-
natorial number theory, in Topics in discrete mathematics, Algorithms Combin., 26 Springer,
Berlin (2006), p. 13 — 37.

V. BERGELSON, E. LESIGNE, Van der Corput sets in Z%, Collog. Math. 110 (2008), p. 1 —
49.

V. DEVINCK, Universal Jamison spaces and Jamison sequences for Cg-semigroups, Studia
Math. 214 (2013), p. 77-99.

V. DEVINCK, Jamison sequences in countably infinite discrete abelian groups, to appear in
Acta Sci. Math. (Szeged).

T. EISNER, S. GRIVAUX, Hilbertian Jamison sequences and rigid dynamical systems, J. Funct.
Anal. 261 (2011), p.2013-2052.

N. FRANTZIKINAKIS, R. MCCUTCHEON, Ergodic theory: recurrence, Mathematics of com-
plexity and dynamical systems 1 — 3, p. 357 — 368, Springer (2012).

H. FURSTENBERG, Recurrence in ergodic theory and combinatorial number theory, Princeton
University Press (1981).

A. GUICHARDET, Produits tensoriels infinis et représentations des relations d’anticom-
mutation, Ann. Sci. E.N.S. 83 (1966), p.1-52.

P. DE LA HARPE, A. VALETTE, La propriété (T) de Kazhdan pour les groupes localement
compacts (avec un appendice de Marc Burger), Astérisque 175 (1989), Societé Mathématique
de France.

B. Host, B. KraA, Nil-Bohr sets of integers, Erg. Th. Dynam. Syst. 31 (2011), p. 113 — 142.
B. HosT, J.-F. MELA, F. PARREAU, Analyse harmonique des mesures, Astérisque, 135 —
136 (1988), Societé Mathématique de France.

B. JamisoN, Eigenvalues of modulus 1, Proc. Amer. Math. Soc., 16 (1965), p. 375 — 377.

Y. KATZNELSON, Chromatic numbers of Cayley graphs on Z and recurrence, Paul Erdos and
his mathematics (Budapest, 1999), Combinatorica 21 (2001), p. 211 — 219.

D. KAzHDAN, Connection of the dual space of a group with the structure of its closed sub-
groups, Func. Anal. Appl. 1 (1967), p.63-65.

L. KutPERrS, H. NIEDERREITER, Uniform distribution of sequences, Pure and Applied Math-
ematics, Wiley-Interscience (1974).

B. DE MATHAN, Sur un probléme de densité modulo 1, C. R. Acad. Sci. Paris 287 (1978),
p.277-279.

B. MAUREY, Banach spaces with very few operators, Handbook of the geometry of Banach
spaces, Vol.2, North-Holland (2003), p. 1247-1297.

M. NATHANSON, Additive Number Theory — The Classical Bases, Graduate Texts in Mathe-
matics 164, Springer (1996).

M. NEUHAUSER, Kazhdan constants for conjugacy classes of compact groups, J. Algebra 270
(2003), p. 564-582.

J. VON NEUMANN, On infinite direct products, Compositio Math. 6 (1938), p. 1-77.

A. D. POLLINGTON, On the density of sequences (ni§), lllinois J. Math 23 (1979), p. 511-515.
T. RANSFORD, Eigenvalues and power growth, Israel J. Math. 146 (2005), p.93 — 110.

T. RANSFORD, M. ROGINSKAYA, Point spectra of partially power-bounded operators, J.
Funct. Anal. 230 (2006), p.432 — 445.

Y. SHALOM, Bounded generation and Kazhdan’s property (T), Publ. Math. I.H.E.S. 90
(1999), p. 145-168.

B. Sz.-NaGy, C. Foias, H. BErcovici, L. KERCHY, Harmonic analysis of operators on
Hilbert space, Second edition, Springer (2010).



JAMISON AND KAZHDAN SETS IN Z 29

[33] I. M. VINOGRADOV, The Method of Trigonometrical Sums in the Theory of Numbers; Trans-
lated from the Russian, revised and annotated by K. F. Roth and Anne Davenport, Dover
Publications (2004).

November 1, 2017
CATALIN BADEA, Université de Lille, CNRS, UMR 8524 - Laboratoire Paul Painlevé, Batiment M2, 59655
Villeneuve d’Ascq Cedex, France e FE-mail : catalin.badea@univ-1lillel.fr

SOPHIE GRIVAUX, CNRS, Laboratoire Amiénois de Mathématique Fondamentale et Appliquée, UMR
7352, Université de Picardie Jules Verne, 33 rue Saint-Leu, 80039 Amiens Cedex 1, France. Current
address: CNRS, Laboratoire Paul Painlevé, UMR 8524, Université de Lille, Batiment M2, 59655
Villeneuve d’Ascq Cedex, France e FE-mail : grivaux@math.univ-1lillel.fr



