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THE CAUCHY DUAL AND 2-ISOMETRIC LIFTINGS OF
CONCAVE OPERATORS

CATALIN BADEA AND LAURIAN SUCIU

ABSTRACT. We present some 2-isometric lifting and extension results for Hilbert space con-
cave operators. For a special class of concave operators we study their Cauchy dual operators
and discuss conditions under which these operators are subnormal. In particular, the quasi-

normality of compressions of such operators is studied.

1. INTRODUCTION AND PRELIMINARIES

Preamble. Extensions and liftings are classical notions in Operator Theory. To give some
examples, we recall that a linear bounded Hilbert space operator is an isometry if and only
if it is the restriction of a unitary operator to an invariant subspace. Also, it is known from
the Sz.-Nagy-Foias dilation theory that an operator C is a contraction if and only if it lifts
to an isometry V; that is if and only if its adjoint C* is the restriction of a coisometry V* to
an invariant subspace (see [14}27]).

In this paper, we prove some 2-isometric lifting and extension results for Hilbert space
concave operators, that is for operators satisfying the inequality below. A 2-isometry is
an operator for which the equality in holds true.

The notion of Cauchy dual operator for a left invertible operator is more recent, being
introduced in 2001 by Shimorin in his seminal study [24] of Wold-type decompositions and
wandering subspaces. Here we study the Cauchy dual operators for the special class of
concave operators satisfing the condition below.

Notation and basic definitions. For a complex Hilbert spaces H we denote by B(H)
the Banach algebra of all bounded linear operators on H with the unit element I = I3 (the
identity operator). For T € B(H) the kernel and the (closed) range of T are denoted by N (T')
respectively R(T'). Also, T* € B(H) stands for the adjoint operator of T', and the orthogonal
projection in B(#H) onto a closed subspace M C H is denoted by Prq. For T' € B(H) we

consider the operator Ap := T*T — I. The operator T is called expansive (respectively

contractive) if Ap > 0 (respectively Ap < 0). If T is a contraction, then Dp = —Ap is the

defect operator and Dy = R(Dr) is the defect space of T
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Recall that an operator T' € B(H) is said to be normal if TT* = T*T, quasinormal if
TT*T = T*T?, hyponormal if TT* < T*T, an isometry if T*T = I and, finally, T is unitary
if it is a normal isometry.

A (closed) subspace Hog C H is invariant for T € B(H) if THy C Ho, and Hy is reducing
for T if THo C Ho and T*Ho C Ho. If T € B(H) and H is a closed subspace of another
Hilbert space IC, then S € B(K) is an extension of T if H is invariant for S and T' = S|y.
This definition can be rephrased as Jy x1" = SJy x where Jyx : H — K is the natural
embedding of H into L. We also say that S is a lifting of T' if S* is an extension of T*; that
is if P35 = TPy, where Py = Jy; i 1s the projection of K onto H.

An operator T on H is called subnormal if it has a normal extension on a Hilbert space
K>H.

Recall ( [24], |10L[11], [16]) that an operator T on H is called concave if it satisfies the

inequality
(1.1) TT? - 2T*T + 1< 0.

The operator T is said to be a 2-isometry whenever the equality in holds true. In this
case, according to [1-3], the above operator Ap = T*T — I is called the covariance operator
of T, while the scalar cov(T) := ||Ap||'/? is called the covariance of T. Tt is obvious from the
inequality that Ap > 0, i.e. T is expansive, hence T is left invertible.

For a positive operator A € B(H) and an integer m > 1 we define the operator

(1.2) B(T) := i(—w‘ <m> TY9ATI, T e B(H).
=0 J

Accordingly to [15] we say that T" is (A, m)-expansive (or (A, m)-contractive) if B} (T) <0
(B}(T) > 0). Also, T is said to be (A, m)-hyperexpansive (or (A, m)-hypercontractive) if
BX(T) < 0 (B}(T) > 0) for all positive integers n < m. Finally, T is called completely
A-hyperexpansive (completely A-hypercontractive) if B’y (T) < 0 (B}(T) > 0) for all m > 1.
When A = I we denote B,,(T) = B7*(T') and we shortly refer to m-(hyper)expansivity
instead of (I, m)-(hyper)expansivity etc.

In particular, following the terminology of |12}|18][25L[26] we say that T is an A-contraction
if T'is (A, 1)-contractive, i.e. T*AT < A, and T is an A-isometry when T*AT = A. Every
A-isometry is completely A-hypercontractive (and completely A-hyperexpansive). In this
context, the inequality can be written as T*ArT < Ap. Hence, concave operators are
Ar-contractions, or 2-hyperexpansive operators, while 2-isometries are Ap-isometries.

Such general classes of operators were studied by many authors, from several points of
view. We refer the reader to [1], [2,3], [4], [5], [6], [10.[11], [12], [13], [15], [16], [18.[19], [20],
[21], [22], [23], [24], [25}26] for some of these contributions.
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Organization of the paper. In Section 2 we construct several 2-isometric liftings for a given
concave operator. Also, we show that concave operators have certain extensions with block
matrices containing contractions and unitary operators on the main diagonal, so having their
spectrum in the closed unit disc (as in [20], [7]). Finally, we characterize concave operators

T which are Ap-regular, that is they satisfy the condition
(1.3) AT = AYPTAYP.

In Section 3 we study properties of the Cauchy dual 77 = T(T*T)~! associated to a given
concave operator T'. The Cauchy dual operator was studied in [24], |10], [11] and recently
in [5]. We describe the Ap-regular concave operators in terms of 7" and we solve the Cauchy
dual subnormality problem (which appear in [5] for 2-isometries) for this class of operators.
Recall that J. Agler showed in [1] that a contraction 7' is subnormal if and only if it is
completely hypercontractive, while in [5] it was proved that if 7' is a Ap-regular 2-isometry,
then 7" is subnormal. Here we show that for T concave and Ap-regular the Cauchy dual
contraction T” is subnormal if and only if T" is completely hyperexpansive.

In Section 4 we present several conditions which are equivalent to the quasinormality of

the compression to R(Ar) of a Ap-regular concave operator 7. The same thing is done for

the compression of 7" to R(Ar). As usual, by the compression of T to a subspace Ho C H

we mean the operator Py, T |,

2. LIFTINGS AND EXTENSIONS OF CONCAVE OPERATORS

We proceed to the construction of two special 2-isometric liftings for the class of concave
operators. Recall that a lifting S on I D H is said to be minimal if K = \/n20 S™H.

Theorem 2.1. Let T € B(H) be a concave operator. Then:

(i) T has a 2-isometric lifting S on a Hilbert space K = H*+ ® H with the covariance
cov(S) = v2max{1,||Ar||'/?} and having a block matriz of the form

(2.1) S:<W X) Hl], W:(si ﬂE@)
0o T)|H 0 S0

where W is a 2-isometry on a nontrivial decomposition H+ = Hq ® Ho with S, Si

Hi
Ho

], W*X =0,

unilateral shifts and Ey is an isometry.
ii) T has a minimal 2-isometric lifting S, with W = S|y,1 in (2.1]) an isometry such that
H
W*X =0 and cov(S) = || Ar|Y/2.

Proof. Assume T concave, that is T*ArT < Ap. Let Qp := Ap — T*A7pT. Clearly, we may

assume Ap # 0 and Qp # 0, otherwise T is an isometry or a 2-isometry, respectively. Then
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it is easy to see that for every h € H and any integer n > 1 one has

n
1/2 1/2/7j 1/2
|A2RIP =190 TR + || A>T A,
=0
Since T*" DAL < T*"ApT™ < Arp, the sequence {T*"*ApT™} converges strongly to an
operator Ap > 0 such that T*ApT = Ap. So, from the above equality we obtain the relation

JAZ2RI> = Y I TR + || ArhlP,
§=0
whence we have ArH C Ho @ ArH where Hy = l%r (QrH).

For the construction of S in (i) we use the operator Ap. The previous equality suggests
that one can firstly obtain a one step lifting Ty of T on H & Hp and later a second step lifting
of T (one step for Tp) on H & Ho & Hi where Hy = 12 (Ho & (A7 — Qp)H). Clearly, since
Ap — Qp = T*ArT, we have (Ap — Qp)H C Ho & ArH.

We define S on K =H; @ (Ho®H) = H1 @ Ho @ H by the block matrices

o g St V2Ey Ji(Ar —Qp)l/?
(2.2) sz<0+ TO>= 0 59 Joy!?

0 0 T

Here S?r, Si are the forward shifts on Hg, respectively H1, while Ey, J1, Jy are the embedding
mappings of Hg and W into H1, respectively of Q7H into Hg. Also, the operator
E:Hy®H — Hi and the lifting T of T on Hg @ H have the matrix representations which
appear in the second matrix of .S in , respectively.

Since S}F*E =0 and SS);"JOQ;/2 =0, we have

AT() =0 (QAT — T*ATT), AS =0 [(2[’;.[0 D T*ATT) =+ ATO] =0 Q(IHO &) AT)

Now a simple computation gives the equality S*AgS = Ag, i.e. S is a 2-isometry and
by , S is a lifting of T. Obviously, S can be expressed in the terms of W and X
as in with W*X = 0, W being a 2-isometry (as the restriction of S to its invariant
subspace H;1 @ Hop). Also, from the above representation of Ag we get cov(S) = ||Ag||*/? =
V2max{1, ||Ar||'/?} taking into account that Ap > 0. The assertion (i) is now proved.

To show the assertion (ii) we use that 7' is expansive, i.e. T*T > I. Thus, by a result of
Treil and Volberg (see [8], [28]), there exist a Hilbert space K’ D H, an isometry V' on K’
and an operator B : H — K’ such that BT = V'B, PyB = AlT/Q and ||B|| = ||Ar|/'/2. Then
the operator A = B*B satisfies the conditions: T*AT = A, Ap < A and ||A]| = ||Ar]||. Now
we define the lifting Sy of T on the space Ko = H+ & H, where H+ = li(m), by

Sy J(A-Ap)'?
o ]
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Here S, is the forward shift on H+ and J is the embedding mapping of (A — A7)H into
HL. Tt is clear that Ag, = 0 ® A, which immediately gives S;Ag,S = Ag,. Thus S is
a 2-isometry. Also, one has cov(Sg) = ||A||'/? = ||Ar||'/2. By a standard argument one
can see that the 2-isometric lifting Sy for T' is minimal, that is it satisfies the condition
Ko = V,>0SgH. This ends the proof. O

The converses of the statements (i) and (ii) in Theorem are not true. In other words,
the class of operators which have 2-isometric liftings as in (i) and (ii) above is larger than
that of concave operators. For example, let T be a T*T-isometry, i.e. T*2T? = T*T. Let S
be the operator on H = 12 (H) ® H with the matrix representation

0 T

where S is the forward shift on /2 (H) and J is the canonical embedding of H into 2 (H).
It is clear that S is a minimal 2-isometric lifting for 7" as in Theorem (ii). But T is not
necessary concave. In fact, since T ’W is an isometry, one can easily see that 1" is concave
if and only if the operator 17 = Pmﬂ N(T*) 18 expansive.

We mention without further details that if T" satisfies the inequality 7*27T2 < T*T', then T
has a 2-isometric lifting as in Theorem (1).

An interesting problem in this context is to describe the class of all operators having
2-isometric liftings; presently we do not know the answer.

Returning to Theorem [2.1} we remark that the lifting in (i) is not minimal, in general. In
this case the lifts produced by (i) and (ii) are not unitarily equivalent.

The minimal lifting from (ii) leads to an extension of 7" with interesting properties.

Proposition 2.2. Every concave operator T on H has an extension T on a Hilbert space
M D H, which with respect to a decomposition M = My ® M1 has the form

~ C JVE
(2.4) T = ,
0 U
where C, E are contractions, U is unitary and § = ||Az||'/?, such that there exist a Hilbert

space M’ and two isometries Jo : Do — M', Jg : Dp — M’ satisfying the condition
(2.5) C*FE + chévJEDE = 0.

Proof. Clearly, one can assume T non-isometric, i.e. § = ||Az['/? > 0. Let Sy be the 2-
isometric lifting of T with cov(Sg) = d given by (2.3) on Ky = H+ @& H, and let S be a

Brownian unitary extension of the 2-isometry Sy on K = ICo & Ky with cov(S) = J, obtained

by [3, Theorem 5.80]. Using that Sy is a lifting of 7', as well as the canonical representation
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of S on K = N(Ag) ® R(Ag) given by [3, Proposition 5.12], we obtain S in the form
S+ * K HJ‘ ~ ~
~ So * VvV O0F
S = =10 T H| =
0 * 0 U
0 0 x ’Cl
Here S is from the matrix of Sy in (2.3), V and E are isometries with N'(V*) = R(E),
U is unitary and 0 is as above. The subspace H* is invariant for Sy and so for S and
g"HL = Solyyr = S4. Hence H* C N(Ag) (having in view that S is a 2-isometry) and
‘7]7# = S,. Then the operator T' with T* = g*‘H@Kjl is an extension of 7'on M =H @ K;.
Clearly, T has a block matrix on M = (N(Ag) ©HE) & R(Ag) =1 Mo & M, of the form

(2.4), where C = PMO‘7|MO7 E= PMOE\MI and U, § are as above.
For the condition (2.5) we decompose V on H+ & Mg and E : R(Ag) = H- & M as

_ (s, C - (E
V= , E= .
0 C E

Here C,C’, E, E' are contractions (C, E as above) with $*C’ =0, C"*C’ = D% and E*E' =
D% (because V and E are isometries). In addition, as V*E = 0, it follows that S% E/ = 0 and
C™*E' + C*E = 0. Thus, using the polar decomposition, we have C' = JoD¢, E' = JgDg,

where Jo : Do — N(S%) and Jg : D — N(S%) are isometries with R(Jo) = R(C') and

R(Jg) = R(E'). We used here that R(C") UR(E’) C N(S%). Then the above condition
becomes Do JiJpDE + C*E = 0, i.e. the condition (2.5). The proof is complete. O

Ko
K1

N(Ag)

R(Ag)

*

Note that in [20] a Brownian extension for concave operators T' with ||T|| < /2 was
obtained in a different way. In fact, the Brownian operators from [20] are concave, and
(up to a normalization) they do model all concave operators. Concerning the operator T in
(2.4), it is easy to see that it is concave if and only if C' is an isometry with C*E = 0 and
U*E*EU < E*FE.

Next we turn to the class of concave operators 7' which are Ap-regular, that is satisfy the
condition . We have the following characterizations for these operators.

Theorem 2.3. For a non-isometric concave operator T € B(H) the following statements are

equivalent:
(i) T is Ap-regular;

(ii) T has on the decomposition H = N (Ar) & R(Ar) the representation

V oZ
o (1)

where V is an isometry, Z is an injective contraction with V*Z = 0 and 0 =

|Ar|| + 1, while T is a contraction which commutes with 0>Z*Z + Az;
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(iii) T has a 2-isometric lifting S on K D H with S*SH C H and N (Ar) C N(Ag), such

that 0=2Ag is an orthogonal projection.

Proof. Assume that T is Ap-regular. Since § := ||Az|"? > 0 and T*ArT < Ag, the
subspace N (Ar) is invariant for 7. Therefore T has a block matrix of the form ([2.6) with
V an isometry and two appropriate operators Z, IA“, and some scalar ¢ > 0 which will be
determined. As Ap > 0, we obtain by that V*Z = 0 and so Ar = 0@ Ay, where
Ao = 02Z*Z + Az is an injective positive operator. It follows from the assertion (i) that
AT = Aé/QfAé/Q, which means (by the injectivity of Ag) that Aémf = fAé/Q. Also, from
T*ArT < At one obtains T*AgT < Ag. This inequality together with the previous equality
imply that we have
172G kIl = 1A * Tk < 185" k]

for k € R(Ar). Hence T is a contraction. On the other hand, if D7 is the defect operator
of T, we have 022*Z = Ay + D%. We infer 02| Z||? < ||Aol| + 1 = 6% + 1, so choosing
o = V02 +1 we get that Z is a contraction. Also, one has N (Z) = N'(Ag) NN(Dz) = {0}.
Therefore Z is injective and the statement (ii) is proved. Hence (i) implies (ii).

Suppose now that T has the form . Let V be the minimal isometric lifting of T on

K1 =R(Ar) & 13 (Dz) =: H1 ® Ha (sce [14,27]). Consider the operators
Zo: Hi® Ho — N(Ar) = Ho, Zo = <az o)

and
Zy:H1@Hy = Ko:=12(Dz @ Ha), Zi=0 (JlDZ JQ) )

where Z is the contraction from (2.6), while J; : Dy — Ko and Jo : Ha — Ko are the
corresponding embedding mappings. Define the operator S; on K = Ko ® Ho ® K1 = (Ko @
Ho) & K1 with the corresponding block matrices

s 0 Zz .
N ' Vi oZ
Sl = 0 |4 ZQ = -~ .
~ 0 Vv
0 0 V
Here SS)r is the forward shift on Ky and V is as in (2.6)), while V] = ,5'9r @V on Ky Hp and
~ ~ t
the operator Z : Hi @ Ha — Ko @ Ho is given by the column matrix Z = o1 <Z1 Zo> r.
It is easy to see that Z is an isometry and Vl*f = 0 because V*Z =0 in (2.6). As V; and
V are isometries too, it follows that S is a 2-isometry with Ag, = 0@ 02I = 2P, where

P is the orthogonal projection onto K1 = R(Ag, ). To see that S is a lifting of 7', we write
explicitly V in the above 3 x 3 matrix of Si. So, by using ([2.6)), we obtain the representation

w X Ko ® Ho Sg_ oJsy 0 oJ1iDy Ho
2.7) S1 = , W= , X = ~ ,
@7 5 ( 0 T) < 0 s 0 Dy )|H

Ho ® Hi

Ko
Ho




8 C. BADEA AND L. SUCIU

where Si is the forward shift on Ho and lAif =7 Dz with J the embedding mapping of Dx
into Hg. This shows that S is a lifting of 7" with W*X = 0 because J5.J1 Dz = 0, R(J1) and
R(J2) being orthogonal in Ky. Thus on K = Ko @ Ha @ Ho @ H1 one obtains

SiS1 =W*W & (X*X + Ar) = I, @ (0 + D)3y, ® Iy © (02 + 1) Iy,

Hence N(Ar) = Ho C N(Ag,) and R(Ar) = H1 C R(Ag,). In conclusion, S; has the
properties from (iii). Therefore (ii) implies (iii).

Finally, we assume that there exists a lifting S; for T as in (iii). So S; has the form
for some 2-isometry W on H+ = K & H and an operator X : H — H' with W*X = 0.
Therefore Ag, = Ay @ (X*X + Ar) =0?P and P = Pr(ag,)- Since (072Ag,)? = 07 2Ag,,
we infer A%V = 02Ayw. Therefore Ay = 0?Py, where Py = Pr(ay)- We used here that W is
a 2-isometry, Ay > 0, and that N (Aw) C N(Ag,).

On the other hand, we always have N'(Ag,) NH C N(Ar) because

0 < (Arh,h) = (S;PySih, h) — ||h||*> < (As, h, h)

for h € H. Since we have also N(Ar) C N(Ag,) from (iii), it follows that N (Arp) =
N(Ag,)NH = N(X*X + Ar). Therefore N (Ar) is invariant for S;. On the other hand, the
above inequality Ap < Ag, |y gives R(Ar) C Ag,H C R(As,) NH which by the previous

equality becomes R(A7) = R(As,) NH = R(X*X + Ar). Thus R(A7) reduces SiS; and
one has Ag, = 02Py @ 0>Pr, where Pp € B(H) is the orthogonal projection onto R(Ar).
In addition, since S7 is a 2-isometry, T" as a compression of S7 to H is a Pp-contraction. As
N (A7) is invariant for T one also has the relation PrT = PrTPr, i.e. T is Pp-regular.

Now by the inequality T*PrT < Pr there exists a contraction Ty on R(Pr) = R(Ar)

satisfying the relation Ty Pr = PrT'. So Ty is even the compression of T to R(Ar). Then the

usual representation of the concave operator T on H = N(Ap) ® R(Ar) is

V F
T = :
(0 T0>

with V' an isometry and some operator F satisfying the condition V*F = 0 (as Ap > 0).
By Ppr-regularity of T' we have ToPrh = PrTh = PrTyPrh whence ToPrh = Priyh for
h € W Since 02 Pr = Ag, |3 = 0 ® Ag, where Ag = F*F + Aq, = AT\W, it follows
that TyAg = AgTp. Finally, as Ap = 0@ Ao, we infer that ApT = AYPTAY? e T is

Ap-regular. Thus we proved that (iii) implies (i), and this ends the proof. O

As a consequence, we re-obtain the equivalence of (i) with (ii) for a 2-isometry given
in [18, Proposition 5.1]; see also [5, Theorem 7.1]. Notice that in the terminology of [5] a

Ap-regular 2-isometry T is called a quasi-Brownian isometry.
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Corollary 2.4. A non-isometric operator T' € B(H) is a Ap-reqular 2-isometry if and only
if T has on H = N(Ar) ® R(Ar) a representation [2.6) with V and T isometries, Z an
injective contraction such that V*Z =0, TZ*Z = Z*ZT and o = Azl

Remark 2.5. In order to compare the 2-isometric liftings obtained in Theorem [2.3] (iii) and
in Theorem [2.1} (i), we record the following remarks. For the 2-isometric lifting S; obtained
in (the proof of) Theorem (iii), the subspaces N'(A7) and R(Ar) reduce SiS; (not just
), while the covariance of S; is less or equal to the covariance of the lifting from Theorem
(i). It is easy to see that if the concave operator T" possess a 2-isometric lifting S which
(only) satisfies the property that 372Ag is an orthogonal projection for some scalar 3 > 0,
then R(A7) C R(Ag). Also, R(Ar) is invariant for S* and T, := T*|R(AT) = S*|R(AT) is a

contraction. But this does not ensure that T, commutes to Ag := AT|W’ in general, so

T in not Ap-regular in this case.

On the other hand, for any contraction 7 on H one can obtain a non-isometric concave
lifting T on K = li(?—[) @ H which is Ap-regular, so of the form with T} instead of 7,
V a shift operator, and ¢Z an isometry with o = 1 + ||Tp||>. Therefore Ap-regularity of T
does not force T in to belong to a restrictive class of contractions.

3. THE CAUCHY DUAL OF A REGULAR CONCAVE OPERATOR

By definition, the Cauchy dual of a left invertible operator T € B(H) is the operator
T' = T(T*T)~!. Recall (see [24]) that if T is an left invertible operator on H, then the
operator T*T is invertible and T"* = (T*T)~'T* is a left inverse of T, hence T’ is left
invertible too. Also, T” is a contraction if T' is expansive. It is known from [10, Theorem 2.9]
that if T is concave, then T” is hyponormal, i.e. T'T"™* < T"*T’. This implies that T” is a

D%,—contraction, that is a 2-hypercontraction. Indeed, one has D2, < D2,,. Therefore
T" D3 T < T*D%.T' =T*T — (T"*T')* < D3..

In this case, according to the terminology from A-contractions (see [2526]) we say that T” is
D%,—regular if it satisfies the condition D%,T’ = Dp/T'Dyr. The next result shows that the

mapping 7' — T preserves the regularity condition.

Theorem 3.1. There is a bijective mapping between the set of all Ap-reqular concave op-
erators T on H and the set of all left invertible 2-hypercontractions T' on H which are
D3, -regular, with ||Pp, T'h|| < |T™*T'h|| for h € Dr.

Proof. The required mapping is given by o(T) = T’, where T is the Cauchy dual of T.
Assume firstly that T is a Ap-regular concave operator. So by Theorem (ii), T has
the representation (2.6)) with V' an isometry, Z and T contractions such that V*Z = 0 and
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TA = AT, where A := 022*Z + T*T. Since T*T = I ® A on N(Ap) & R(Ar) and T*T is
invertible it follows that A is invertible too, and so TA—! = A-IT.
Now using (2.6) we get that 7" = T(T*T)~! has on H = N(Ar) ® R(A7) the block

representation

vV Z'A7L
/ I __
(3.1) T = <0 7 _1>, A YA

But 7" is a contraction and the representation ([3.1)) gives D2, = I — T"*T' = 0 @ A/, where
AN =T-A'Z"Z A — AT TA T =T — AL

Since A—1 = AT|W is injective, it follows that A’ = A=1(A —1) is injective. Therefore
N (D) = N(Ar), so R(Dg) = R(Ar). Hence the above representations of 7" and D2, are
given on the decomposition H = N(Dy/) ® R(Dr/). As T' is a DZ,-contraction, the D2,-
regularity of 7’ will mean that TA“1A! = A/TA1 (taking into account that A’ is injective).
But this last relation holds because 7' commutes with both A~! and A/ , while A~! and
A’ obviously commute. Hence 7" is D2,-regular. Now denoting T} = TA~! we have, for

h € Dy,

1P, T'h|| = | Toh|| < [|AT Al = [[(I — A")h|| = | T"T"R].

Therefore T" satisfies all the properties from the statement of the theorem, and so the corre-
spondence T' — T” induces a well-defined mapping ¢ between the corresponding sets.

To prove that this map ¢ is onto, let C' be a left invertible 2-hypercontraction on H which
is D%-regular, with C5Cy < DZ, where Cy := Pp.C|p, and Dy := C*C|p,. Then N (D¢) is
invariant for C' and V' := C|zr(p,,) is an isometry (C being a contraction). Therefore C' has
on the decomposition H = N(D¢) @ D¢ the block matrix

oo (V Cl)
0 Co
with V*C1 = 0 (C and V being as above). Then C*C = I & (C7C1 + C5Cy) = I & Dy. As
C' is left invertible, it follows that C*C' is invertible, hence Dy is an invertible contraction.
Also, we have D% =0 (I — Dy).

Let T := C' = C(C*C)~!. Then T*T = (C*C)~tC*C(C*C)~! = (C*C)~!, whence
T' = T(T*T)"! = C. To conclude the surjectivity of the map ¢, we show that T is a
Ap-regular concave. Firstly, we have Ap = (C*C)™' — I = (I — C*C)(C*C)~!. Hence
N(Ar) = N(D¢) and R(Ar) = R(D¢). Thus, using the block matrix of C', we obtain the

following representation of T on H = N (Ar) & R(Ar):

vV C1Dy!
T= o).
0 CoDy
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Now, since C' is D%—regular, ie. D%C = DcCD¢, we infer that
(I — Do)Co = (I — Do)2Co(I — Dy)'/2.

Since I — Dy = D% |p,, is injective, we deduce that (I — Dy)Co = Co(I — Dp). This also gives
DyCy = Cy Dy and so Co D\, - Dy 1Cy. But from the above block matrix of T we get

Ap =TT —1=0&[Dy' (C;C1+ C;Co)Dyt — I =0 (Dy' = 1).
Then, denoting T = CoDy 1 we have
T(Dy' 1) = Co(Dyt — I)Dyt = (Dg* — DT.

This relation implies that 7' is a contraction and T is concave. Indeed, since CxCo < D3, it
follows that Dy IC’()" CoDy < T, that is T is a contraction. So, we get

T*ArT = 06 Dy'Ci(Dy* —I)CoDy'?
= 0@ (Dy' - DY?DylcicoDy (Dt — Y2 < 0@ (Dyt — 1) = Ar,

that is T is concave. In addition, as T commutes to Dy L1 = Aﬂm, we have by
Theorem (i) that T is Ap-regular. Thus T has the required properties.

We conclude that the mapping ¢ from the set of Ap-regular concave operators T into
the set of D2-regular 2-hypercontractions C' given by ¢(T) = T'(= C) is surjective, and it
remains to show that ¢ is injective. Indeed, let us assume that 7' = T for two regular
concave operators T and Ty. Then T = T'T*T = T{T*T, which gives T*T = T*T{T*T so
I =T*T] = T/*T. Using this and a previous relation, we obtain I = T{*T{T*T, whence

(D)™ =TT = (Y1) T (T )~ = (T T)

that is T*T = T{Ty. Finally, as T = T7, we get T' = T'"T*T = T{T}Th = T. Therefore ¢ is
injective. This ends the proof. O

Remark 3.2. Assume that T is a concave operator. Then T" is D%,—isometry if and only if
T" is an isometry, and in this case T'= T". Therefore, even if T is a Ap-regular 2-isometry,
we do not have more information about 7”.

Recall that sometimes concave operators are called 2-hyperexpansive. Also, it is a well-
known fact that an operator 7" is m-hyperexpansive for m > 2 if and only if T"is (Ap,m —1)-
hypercontractive (see Section 1 for terminology). Now, assuming Ap-regularity, we can

express this equivalence in terms of the contraction T from (12.6)).

Proposition 3.3. Let T € B(H) be a Arp-regular concave operator and let m > 2 be an
integer. Then T is m-hyperexpansive if and only if the compression T of T on R(Ar) is a

(m — 1)-hypercontraction.
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Proof. We use the representation (2.6) of T on H = N(Ar) @ R(Ar). Thus Ar = 06 Ao,
where Ag = 02ZjZ + As Az 0 is an injective operator, while T = Pmﬂm is a
contraction with TAg = AgT. One can easily prove by induction that the relation

m
Z(—l)J ( > T9T7 <0 ie. T is m — expansive
j=0 J

is equivalent to

m—1

. —1 ) .
g (—1)/ (m _ > TY9ArT? >0 ie. T is (Ap,m — 1) — contractive.
=0 I

Then the last relation can be expressed in terms of T and Ag as

m—1
A 1\ -
S (1) <m » ) T AT? > 0.

j=0 J

Using that TAO = Aof, this is equivalent to

m—1
. —1\ ~
Ao | Y (1Y (m >T*m Ay >0,

§=0 J
Since Ay is injective, this inequality is equivalent to

m—1 m—1\ ~ -
=7 ) TYT >0,
—0 J

J

which means that T is (m — 1)-contractive. This argument shows that for m > 2 and for
2<n<m-—1,T is n-expansive if and only if T is (n — 1)-contractive. In other words, T is

m-hyperexpansive if and only if T is (m — 1)-hypercontractive. This ends the proof. U

Now, for Ap-regular concave operators we obtain an affirmative answer to the Cauchy dual
problem (see |10, Question 2.11]).

Theorem 3.4. Let T € B(H) be a Ap-regular concave operator. The following statements
are equivalent:

(i) T is completely hyperexpansive;

(ii) The Cauchy dual T' of T is subnormal;
(iii) The compression of T on R(Ar) is subnormal;
)

(iv) The compression of T' to Dy is subnormal.

Proof. The assertion (i) means that 7" is m-hyperexpansive for every integer m > 2 which by
Proposition is equivalent to the fact that T = PWT \W is an m-hypercontraction
for any m > 1. According to a result of Agler from [1], the operator T is subnormal. Hence

(i) is equivalent to (iii).
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Next we take into account the representation (3.1) of 77 on H = N (D7) & Dpr, where
N(Dpr) = N(Ar) (see the proof of Theorem . Denote T/ = TA™! = Pp,,T'|p,,, where
A=Ag+1and Ap = AT’W' Then D%, = 0@ (I — A™!) and it is easy to see that T” is

m-hypercontractive if and only if

n
(I —AHY2 [N (—1) (”) TTI (I-AY2 >0, 1<n<m.
Jj=0 J
We use here that 7(I — A™1) = (I — A™1)T” because TA = AT by Theorem [2.3] (ii). Since
(I— A‘l)l/ 2= Dp |, is injective, the previous inequality is equivalent to the fact that T is
n-contractive for 1 < n < m, that is to the fact that T' is m-hypercontractive. So, by Agler’s
result (see [1]), we infer that the statements (ii) and (iv) are equivalent.

Finally, if T is subnormal then, because T' = TA™' = A~'T and A~ > 0, it follows by
Bram’s result in [9] that 7" is subnormal too. Conversely, if 7’ is subnormal, then 7 = T'A =
AT’ is subnormal by the same argument. Thus the statements (iii) and (iv) are equivalent.

The proof is complete. (]

In particular, for 2-isometries we re-obtain the main assertion of 5, Theorem 7.5] which was
proved there in a different manner. As we already mentioned, in [5] the regular 2-isometries
are called quasi-Brownian isometries. Clearly such operators are completely hyperexpansive.
Thus by Theorem we have the following

Corollary 3.5. The Cauchy dual T' of a Ap-regqular 2-isometry T is a subnormal contraction.

As a direct consequence of [3, Proposition 5.6] and Theorem we have the following

result which generalizes [5, Corollary 7.6].

Corollary 3.6. If T' is a concave operator with At of rank one, then T is a Ap-reqular

completely hyperexpansive operator and T' is a subnormal contraction.

4. QUASINORMALITY CONDITIONS

We study now when the compressions of T" and 7" from the statements (iii) and (iv) of
Theorem are quasinormal.

Theorem 4.1. Let T € B(H) be a concave operator and let m,n > 1 be positive integers.
Then T" is a Apm-contraction and N(Ar) = N (Apn).
Moreover, if T is Ap-reqular, then the following statements are equivalent:
(i) T™ is Apm-regular for every m,n > 1;
(ii) The compression T of T to R(Ar) is quasinormal;
(iii) T commutes with Z*Z where Z = PN(AT)T‘W;
(iv) The Cauchy dual T" of T is a regular D%,Q—contmction;
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(v) The compression T} of T" to R(Ar) is quasinormal;

(vi) Tg commutes with T{*Ty, where T = Pyam) T 75,5

Proof. Assume that T is concave, that is a Ap-contraction. So, one has T*?T? — T*T <
T*T — I. Then T? is also a Ap-contraction, therefore we have T*373% — T*2T2 < T*T — I.
Both these relations and the fact that 7" is expansive give that T is a Ap2-contraction. Indeed,

we have
T*T3 — T27? = T*(T?T% — T*T\T < T*(T*T — )T = T**T? — T*T.
We obtain

T*ApT = THST3 —T*T =T373 — 7**7? 4 7272 — T*T
< TRT2—T*T+T*T — I = Ape.

Since Apz > 0 (T being expansive) we conclude that T' is a Apz-contraction.
We can now show by induction that 7" is a Apm-contraction for each integer m > 2. So,

assuming that T*ApmT < Apm for m > 2, we have

T*Agma T = THmE2pm+2 oy — 2N L, T2 4 T2T? T
< T ApmT + Ap = TN T — Ay

Hence T is a Apm-contraction for any m > 1 and consequently T is a Apm-contraction for
m,n > 1. In addition, because T is expansive, one has Ap < Apm. Therefore N'(Apm) C
N(Ar). But N(Ar) is invariant for T', so also for T and T™|pr(a,) is an isometry, T'|n(a)
being so. Since N (Ar) is also invariant for T*™T™ it follows that N'(Ar) C N(Apm). We
conclude that N (Apm) = N(Ar). The first assertion of theorem is proved.

Assume now that 7" is Ap-regular and that the statement (i) is true. Then T is also A2-
regular, as a Apz-contraction, while 7 and T2 have on H = N (A7) @ R(Ar) = N(Ap) &
R(Ar2) the block matrices

vV Z , (V2 VZ4+ZT
T = ), = .
0 T 0 T°

with V*Z = 0. Consequently, V*Q(VE + 2?) = 0. But, by Theorem (ii), one has
T(Z*Z +T*T) = (Z*Z + T*T)T. Also, since T**T? =1 & [Z*Z + T*(Z*Z + T*T)T)| and T

is Apa-regular, i.e. AT = AlT/22T A%F/f, we infer that 7' is a Aj-contraction and Aj-regular,
where A; = AMm = AT2‘W. Having in view the above expression of T*?T? and
T

the fact that A is a positive injective operator, we infer that

A~ A

Z*Z+TDT)=2*Z +T(2*Z + T*TT|T.

~

TZ*Z +
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Using that TA = AT, where A := T*T|m =77 +T* 'f we can equivalently write the

previous relation in the form
7577 — 73T + (PT*F — T*T2)A 0.

By the commutation TA = AT we have TZ2*Z — Z*ZT = T*T? — ff*f, which together

with the above relation lead to

(TT*T — T*T?)(A —I) = 0.

Because A — I = AT|R7 is positive and injective, one has R(A — I) = R(Ar). So from
the previous equality we infer that the contraction T is quasinormal. Hence (i) implies (ii).
Next, we assume (i), that is, T is quasinormal. Since T is Ap-regular we have T(Z*Z +
T*T) = (Z*Z+T*T)T. By our assumption we get that TZ*Z = Z*ZT. Therefore (i) implies
(iii). Also, the last commutation relation of T to Z2*Z implies, using the Ap-regularity of 7',
that 7' is quasinormal. So the assertions (ii) and (iii) are equivalent.
To prove that (ii) implies (i) we represent T™ on H = N (A7) @ R(A7) using the above

block matrix of T, in the form

—_— POy VmeIiZN (VT 2
0 A 0o Tm
Since V*Z = 0, we have V*"Z,, = 0. From this representation we get, using V*Z = 0,

m—1
T Ty = ZmZm+ T T =Y T2 7T + T T
=0

3
L

= A+ THA-DT = Ay

<.
Il
—

Here, as above, A = 2*7 + T*T.

Now, as T' is Ap-regular, we have T"A = AT" forn > 1. Also, assuming that the assertion
(ii) is true, i.e. T is quasinormal, we infer that TN, = Ay T™ for m,n > 1. Recall that
A )

R(Apm). We also have that T™ is a Apm-contraction and from the above commutation of

is a contraction (T being so) and A,, — I = AT'm|R —y because R(AT) =

T with Ay, it follows that 7" is Apm-regular, for m,n > 1. Hence (ii) implies (i).

Next we use the representation (3.1) of 7" and denote Tj) = Té_l = Priayy |m,
where A is as above. We have that T} is quasinormal if and only if 7" is quasinormal, taking
into account that TA~1 = A=1T by the Ap-regularity of T. So (ii) is equivalent to (v), and
similarly (iii) is equivalent to (vi), where T} = Z’A~! =ZA 'in (3-1). To end the proof we

will prove that (ii) is equivalent to (iv).
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Notice firstly that since 7" is a DZ,-contraction, 7" will be also a DZ,-contraction, i.e.
T"*2D2,T" < D2,, because T*2D32,T"? < T"*D2,T'. Moreover, we get that

T*D%,T =T*D3,T +T**D3T"? < D} + T"* D3 T = D2,..

Hence 7" is a D%/Q—contraction. Since T” is a contraction, we have D%, < D%,Q Therefore
N(D3,,) € N(Dg) = N(Ap). But the last kernel is an invariant subspace for 77, so also
for T7"2. From the block matrix of T" we have that T"?|y/(a,) is an isometry. Thus we
obtain that N'(Ar) = N(DZ,) = /\/( 2,5). Consequently one has R(A7) = Dys = Dye.
Using the block matrix of T on H = N(Ar) @ R(Ar) we get T" in the form

e _ V2 VZAT' 4 ZAT'TATY (V2 (VZ+ ZAT'T)A
0 TA-ITA! 0 T2A2 '

We used here that TA™! = A=LT by Ap-regularity of T. This representation of 772 gives
immediately that

~

T2T? = ToAVZ*Z+TANZ*Z +T*T)A~'T|A™!

'z
= IaAYZ*
= ITaA N2 2+T*(I—A’)f)A’1
= I A Y A-T*AT)A™?
= IT®I—TTA'A)A

Here A’ := I — A~ and we used also the fact that 7' commutes with both A~! and A/.
We infer that D%,Q =0a® I+ T*TN A~HA~! and thus D%,Q—regularity of T'" will mean
that 7)) = P|WT)T,’R(AT) TA~! commutes with DT/2|R A = = (I +T*TA'A HATL
Equivalently, this relation can be written as TT*TN A3 = T*T2N’ A73, which holds if and
only if T is quasinormal, since A’ = I — A~1 = (A — I)A~1! is injective by the injectivity
of A—1 = AT\W. This argument shows that D%,Q—regularity of T" is equivalent to the
quasinormality of 7. We conclude that the assertions (ii) and (iv) of theorem are equivalent.

The proof is complete. U

Remark 4.2. It is easily seen that if T' is a Ap-regular concave operator, then 7" (and
consequently T) is quasinormal if and only if 7" is an isometry (and in this case T = T").
On the other hand, by the first assertion of Theorem a concave operator T' is a Ape-
contraction, while the assertion (i) of Theorem ensures that T is Apz-regular if 7' is
Arp-regular. But Ar2-regularity of 7' is equivalent to each of the other statements (i)-(vi),
because it implies (ii), as we have seen in the previous proof. Thus the general statement (i)

can be reduced only to (i) for n =1 and m = 2, what can be easily verified in applications.

As a consequence of Theorem [£.1] and Theorem [3.4) we have the following result.
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Corollary 4.3. Let T be a Arp-regular concave operator. If T is Ape-regular, then T is

completely hyperexpansive. In particular, if Ar is of rank one, then T is Apz-regular.

Corollary 4.4.

(a) If T is a regular concave operator that satisfies one of (the equivalent) conditions of
Theorem[4.1], then T™ is a Apn-regular concave operator for every integer n > 2.
(b) If T is concave and o~ Py(az T|W is an isometry, where o = |Ar| + 1, then

T is Ar-regular if and only sz P T\R is a quasinormal contraction.

Proof. The assertion (a) follows directly from the statement (i) of Theorem
For the assertion (b) we assume that Z = o' Py AT)T|W is an isometry. Then, by the

matrix representation of the concave operator T'on H = V(A7) ©R(Ar) with V' = T|x(a);
Z=0Zand T = Priany T’R(A we have AT\W/\T) = (62 +1)I + T*T. Thus T commutes
to AT|W (ie. T is AT regular) if and only if 7" is quasinormal. O

The second statement of this corollary shows that if Z before is an isometry, then the
condition of Ap-regularity can be added to the equivalent statements of Theorem If
T is a Ap-regular 2-isometry (i.e. a quasi-Brownian isometry), then T is even an isometry.
Therefore T trivially satisfies the assertions of Theorem [£.1]in this case.

Returning to Theorem we remark that for 7' € B(H) the assertion ( ) of Theorem [3.4]
means that 7" is an A, (T')-contraction for any integer n > 1, where as in (L.2)),

An(T) = —=Bn(T) >0, B,(T)=BXT), Ay(T)=—Bi(T)=Ar.

Under the assumption of Ap-regularity of T, this fact ensures that T in (2.6) is subnormal,
while Arn-regularity of T' for any n > 1 means that T is quasinormal, by Theorem
We analyse now the case when T is A, (T)-regular, that is A, (T)T = A, (T)Y?*T A, (T)"/?.

Theorem 4.5. Let T € B(H) be a Ap-regular completely hyperexpansive operator. With the
above notation, the following statements are equivalent:

(i) T is An(T)-regular for every integer n > 2;
(ii) T is A;(T)-regular for j =2,3;

(iil) T is Ao(T)-regular and the compression of T to Ao(T)H is a quasinormal contraction.

In addition, if (one of ) the assertions (i)-(iii) hold, then N (As(T)) = N (An(T)) forn > 3.

Proof. By hypothesis and the above remark, we have that T is an A,-contraction, where
Ay, := A, (T), for n > 1. This ensures that N'(4,) is an invariant subspace for T

Obviously, (i) implies (ii). Assume now that (ii) holds, that is 7" is Aj-regular for j = 2,3,
where

Ay =Ap —T*A7T =1 —2T*T + T**T?% > 0,
Ag = Ay — T*AyT =1 — 3T*T + 3T**T% — T*373 > 0.
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Since T' is Ap-regular, it follows from [25, Proposition 2.1 and Theorem 4.6] that
N(As) = N(Ar) & N (I — $7)

and that N'(I — S5) is invariant for A7. Here S is the asymptotic limit of the contraction
T = PriapT I,y But N(I — S5) is the maximum invariant subspace for T on which T
is an 1sometry (see [17]). In fact N(I — Sz) = N(I — T*T) because this last subspace is also
invariant for 7' , T being a D%-Contraction.

Using the block matrix of T" and denoting Ay = AT|R7, we have

taking into account that T Ay = Aof (by Theorem . Next we represent f and Ag on
R(A7) = N(Dz) © D4 in the form

~ (Vv D
(4.1) TZ(O C)’ Ap =A@ Ay,

where V is an isometry, C, D are contractions, V*D = 0 and A; >0 (j =1,2). Clearly,
Ag can be written in this form because N(Dz) is invariant for A = 0@ Ag on H =
N(Ar) ®R(Ar), so N(Dz) reduces Ag. Then we obtain from the relation TA¢ = AoT that
CA1 = A1C. By the above expression of Ay we get that

Ao =0 (I —D*D — C*C)Al =0 Al(I —D*D — C*C)
on " = N(As) ® Dz, with Ds = R(Az), because N (Dz) = N(A2) © N(Ar).

Next we use the expression of As in terms of Ay and the fact that A/(A3) is invariant for
T. Thus, as T is Ag-regular by (ii), we have by [25, Proposition 2.1 and Theorem 4.6] that

N(A3) = N(A) e NI — Se),

C being the compression of T' to Dz = R(Ag By (4.1] . and the condition V*D = =0, we get
that N'(I — C*C) C N(I — T*T). Hence

N(I - S¢) = N(I — C*C) = {o}.

We obtain N (A3) = N(Az) and so R(Asz) = R(Az2). Also, since T' is As-regular, we have
(4.2) C(I — D*D — C*)A; = (I — D*D — C*C)A,C.
On the other hand, as A3 = Ay — T*AsT', we infer
A3 = 0@ [(I — D*D — C*C)A; — C*(I — D*D — C*C)ALC] =: 0@ As

on H = N(Az) ® Dy = N(A3) @ Da. As T is Az-regular by (ii) and C' = Prian T|R , we
have as in the proof of Theorem [2 - 3| that CAg = A3C. This relation, together Wlth and
with the fact that CA; = A1C, lead to the identity

CC*C(I — D*D — C*C)A, = C*C*(I — D*D — C*C)A.
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This means that CC*C’A2|W = C*CQAZ\M. Since A2|W is an injective positive
operator, we conclude that CC*C = C*C?, i.e. C is quasinormal. Hence (ii) implies (iii).
Next we assume that (iii) holds, that is 7" is As-regular and that C' in is quasinormal.
We show that N (As) = N(A,) and that T is A,-regular for n > 3. Recall that A, = A,_1 —
T*A,_1T and that T is an A,-contraction, so N'(4,) is invariant for T, for any n > 2. Since T'
is also Ag-regular by (iii), it follows that C' commutes with Ag[w =({I-D*D-C*C)A1, D
and A from . This gives that CAé/Qh = Aé/QTh for h € ‘H. Since T is an As-contraction,
C' is the (unique) contraction on R(Ay) induced by T. Then, using [25, Proposition 2.1 and

Theorem 4.1], we have
N(As) = N(Ay — T*AsT) = (AY*)7IN(I - Se).

As we have seen before we have N'(I — S¢) = {0}. Therefore we get

N(A3) = {heH:A)*h =0} = N(4s), R(A3) = R(As) = Ds.

Recall that A3z = A3|m. Therefore Az = AQ|Df - C*(A2|Df)C. Taking into account that
C' is quasinormal and that it commutes with Ag]pf, it follows that C Az = AgC. This means
that T is As-regular.

We show by induction that N'(A2) = N (A,) and that T is A,-regular for n > 3. We had
proved this fact for n = 3 and we assume now that 7' is Aj-regular with N'(4;) = N(A3) for
3 < j <mn. A simple computation shows that

m—2
m — 2 .
A = Al => (- ( ; )c*y(AQbf)cj

j=0

for m > 3. So, as C is quasinormal and it commutes to Ag\pf, it follows that CA,, = A,,C
for m > 3. Furthermore, since for m < n one has R(4,) = R(A2) = Dz, we have by

this commutation relation that C' is the (unique) contraction on R(A,,) induced by T as an

Ap-contraction. Then, by [25, Proposition 2.1 and Theorem 4.1], we get (as above)

N(Api1) = N(A, — T*A,T) = (AV)TIN(T = So) = N(A,).

Hence C is the compression of T to R(A,+1) = R(Ay). Since CApy1 = Apy1C, we infer
that T is A, 41-regular. We conclude that T is A,,-regular and that N (A,,) = N(A3) for

every integer m > 2. Thus (iii) implies (i) and all assertions are proved. O
From the above proof we can extract more information about the operator C.

Corollary 4.6. If T is a completely hyperexpansive operator which is Aj-reqular for j =
1,2,3, then the compression of T to R(Az) is a completely non isometric quasinormal con-

traction.
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Note that if T is a Ap-regular 2-isometry, then A,, = 0 for n > 2. So Theorem [4.5] and
Corollary are meaningful only for completely hyperexpansive operators which are not

Arp-regular 2-isometries.
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