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HIGH ORDER ISOMETRIC LIFTINGS AND DILATIONS

CATALIN BADEA, VLADIMIR MULLER, AND LAURIAN SUCIU

To the memory of Ciprian Foias (1933-2020)

ABSTRACT. We show that a Hilbert space bounded linear operator has an m-isometric lifting
for some integer m > 1 if and only if the norms of its powers grow polynomially. In analogy
with unitary dilations of contractions, we prove that such operators also have an invertible
m-isometric dilation. We also study 2-isometric liftings of convex operators and 3-isometric

liftings of Foguel-Hankel type operators.

1. INTRODUCTION AND PRELIMINARIES

Denote by B(K) the algebra of all bounded linear operators acting on a Hilbert space K.
Let H be a closed subspace of a Hilbert space K. We denote by Py € B(K) the orthogonal
projection onto H. Let T' € B(H) and S € B(K). We say that S is a lifting of T if TPy, = PyS.
Equivalently, in the decomposition IC = H @ M, the operator S has the matrix form

T 0

X* X

S =

Clearly S is a lifting of T if and only if S* is an extension of T*, that is S*H C H and
S*|H =T
We say that S is a (power) dilation of T if

T" = PyS™ | H

for all n > 0.

The existence of isometric liftings and unitary dilations for Hilbert space contractions are
basic results in dilation theory (see for instance [14, 27]). For other dilation results, related
to the topics studied in this paper, we refer the reader to [22, 11, 7, 8] and the references

therein. In this paper, continuing earlier investigations in [9, 10, 26], we study liftings and
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dilations which are m-isometric. Recall that 7" € B(H) is called m-isometric for some m > 1
if it satisfies the relation

m

3 -1y (m> THTI =0,

§=0 J
Clearly 1-isometries are just isometries in the classical meaning. We refer the reader to the
trilogy [2, 3, 4] for more information about m-isometries.

It is well known (see [2, page 389]) that the powers of an m-isometry S can grow only
polynomially: there exists K such that ||S"||2 < Kn™"! for all n € N. Therefore any
operator T which has an m-isometric lifting (or dilation) must satisfy the same estimate.

In the next section we show that any operator whose powers grow polynomially has an
m-isometric lifting for some m. Moreover, it has an invertible m’-isometrical dilation for
some odd number m/. In particular, any power bounded operator has a 3-isometric lifting
and an invertible 3-isometric dilation.

In the last sections of the paper we indicate particular classes of operators for which one
can prove stronger results. We show that all convex operators satisfying necessary growth
conditions have 2-isometric liftings, while Foguel-Hankel type operators possess 3-isometric

liftings.

2. m-ISOMETRIC LIFTINGS AND DILATIONS

High order isometric liftings. The next result shows that any operator whose powers
grow polynomially has an m-isometric lifting for some m. Recall that an operator S €

B(K) is called expansive if || Sz|| > ||z| for all x € K. The operator S is called analytic if
Mnzo S™(K) = {0}

Theorem 2.1. Let m > 0 be an integer and let T € B(H) be an operator satisfying the

condition

(2.1) sup ™ 2T < oo.

n>1
Then T has an (m + 3)-isometric lifting.

Moreover, the (m + 3)-isometric lifting can be chosen to be expansive and analytic.

Proof. Suppose first that the Hilbert space H is separable.
Let K > max{1,n~"/2||T"|| : n > 1}. Then
177> < K*n™, n>1.
For every integer s > 1 we set

oKs+1 ™22
s = <2K(s—1)+1> '

Clearly a1 > a9 > ... > 1.



HIGH ORDER ISOMETRIC LIFTINGS AND DILATIONS 3

Let (%2 (H) = @52, H;, where H; = H for j > 0, and let S be the weighted forward shift
of multiplicity dim H with the weights as, i.e., S is defined by

S(ho, hl, ) == (0, Oélho, aghl, )
for all sequences (hg, h1,...) € €3 (H). Then
157 (0,0, )2 = 10,0, . (2K -+ 1" 0, )2 = (2Kn + 1)™+2,

Moreover, it is easy to see that S is an (m + 3)-isometry; see [1, 5, 24] for more information
about m-isometric weighted shifts.
Let S* be the adjoint of S, i.e., S* is the weighted backward shift defined by

S*<h0, hl, hg, ) = (Oélhl, O¢2h2, )
We prove now that S* is (unitarily equivalent to) an extension of T*. Indeed, for s > 1, let
by =(ay - a5) 2= (2Ks+1) ™2

Using (2.1), we get

o (o) o
SObTEP = Db < KDY sT(2Ks + 1)
s=1

s=1 s=1
2 S 2 w2
< K™moTm~— << — <1
= ;S =2

Thus, by [19, Theorem 2.2], T* is unitarily equivalent to a restriction of S* to an invariant
subspace for S* (H being separable). Hence S is an (m + 3)-isometric lifting of 7" and it is
clear that S is analytic and expansive (because as > 1 for all s > 1).

If H is non-separable and T' € B(H) satisfies the condition (2.1), then H = @, H,,
where H, are separable subspaces reducing 7. So each restriction T'|3;, has an (m + 3)-
isometric lifting S, on a space K, D H,. Moreover, one can take for S, the same operator
on Ky = (2 (H,). Then S = @D, Sy is an (m + 3)-isometric lifting of 7', which is analytic and
expansive.

The proof is now complete. H

Remark 2.2. In general the integer m’ = m + 3 given by the previous theorem for an
operator T satisfying (2.1) is not optimal, that is, sometimes it is possible for T to have an
m”-isometric lifting with m” < m/. Some particular cases will be discussed in the following

two sections.

Remark 2.3. We have the following implications:
1"

nmfl

T has m-isometric lifting = sup < 0o = T has (m + 2)-isometric lifting.
n

We can therefore formulate the following corollary.
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Corollary 2.4. For T € B(H) the following statements are equivalent:

(i) T has an m-isometric lifting for some integer m > 3;
(ii) {T™} satisfies a growth condition
I
sup < 00
n>1 M

for some integer p > 0.

The case p = 0 in the last condition means that the operator T is power bounded. Thus

we obtain by Theorem 2.1 the following consequence.

Corollary 2.5. FEvery power bounded operator has a 3-isometric lifting, which can be chosen

to be expansive and analytic.

Extremal operators. The following theorem concerns extremal operators in estimates of
functions of power bounded operators. We refer to [21] for several estimates of functions of
power bounded operators on Hilbert spaces, in particular in terms of Besov-type norms, and
to [17] for an answer to an open problem raised in [21].

In order to state the next result we need to introduce some notation. For a fixed K > 1
and every integer s > 1 we set

2Ks+1
as(K) = <2K(s —Jlr) + 1) ‘

Clearly a1(K) > as(K) > ... > 1. Let Sk be the weighted forward shift on ¢2 = (*(N,C)
with the weights as(K), i.e., Sk is defined by

Sk (20,21, -.) = (0,01 (K)zp, aa(K)21, ...)
for all sequences (zg, 21, ...) € 2.

Theorem 2.6. Let K > 1. Suppose that T € B(H) is a power bounded operator such that
|IT"|| < K for every n > 0. Then

(2.2) (D) < [lp(Sk )l

for every polynomial p with complex coefficients.
Howewver, for any fired K > 1, there is no power bounded weighted forward shift E such
that || f(A)|| < || f(E)|| holds true for every power bounded operator A with sup,,>q [|A"|| < K

and every polynomial f.

Proof. The first part of the proposition follows from the construction of Theorem 2.1 for
m = 0 and standard spectral theory. Indeed, the operator Sk ® Iy (the weighted forward
shift of multiplicity dim A with the weights a(K)) is a dilation of T

Let K > 1. Suppose that there exists a power bounded weighted forward shift £ such that
[f(A)]] < [If(E)]| holds true for every power bounded operator A with sup,»q[|A"|| < K
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and every polynomial f. It is known that a power bounded weighted forward shift is similar
to a contraction (see [25, page 55]). Using the von Neumann inequality for contractions
(see [27, page 31]), we obtain that every power bounded operator A with sup,,>¢ [|A"[| < K
is polynomially bounded. This means that there is a constant K’ > 1 such that || f(A)| <
K'||f|loo for every polynomial f. That this is a contradiction can be proved as a variation of
the classical construction of Foguel [15]. We follow the exposition from [20]. Let N € N be
such that

We consider the following Foguel type operator

(s X
0o S
acting on (3 & (3, where S is the forward shift of £3 := (3 (C) and X = Y77, Egu 3. Here

E; ;j denotes the standard matrix units, that is E; ; is 1 in the (7, j)th entry and 0 elsewhere.

The powers of F' are of the following form

g (57 4%
0 S

It follows from the proof of [20, Theorem 10.7] that ||X,|| < 1. Using [16, Corollary 2.5] we

obtain

¥ +/4+ 5
sup [[F"| <
n>0

Thus sup,,> [[F"|| < K. The same proof as that of [20, Theorem 10.9] shows that F is not
polynomially bounded. We refer to [20] for more details. Thus there is no power bounded

weighted forward shift which is an extremal operator. O

Theorem 2.6 should be compared to the von Neumann inequality for contractions, which
says (in an equivalent form) that ||p(C)| < ||p(S+)|| for every contraction C' € B(#H). Here
the extremal operator Sy can be taken as the forward shift on Ei.

In connection with Theorem 2.6 and [21], one can ask whether the norms
lIpll & := sup{||p(T)|| : T is polynomially bounded, ||T"| < K(n > 0)}
on the space of polynomials are equivalent for different values of constants K > 1.

Invertible m-isometric dilations. It is known ([2, Proposition 1.23]) that if 7" is an invert-
ible m-isometry and m is even, then 7" is an (m —1)-isometry. Suppose that m+3 is odd. The
(m + 3)-isometric operator S constructed in Theorem 2.1 has an invertible (m + 3)-isometric

extension. Indeed, assuming that

1772 < K?n™, n>1,
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for fixed m and K, set w, = (2Kn + 1)™ for n € Z. Let S = S(m, K) be the weighted
bilateral shift of multiplicity dim H defined by

(2.3) S(....h_1,hoh1,...) = \/h 2,\/h1,1/wlh0,...).
wo

Clearly S is invertible and (m + 3)-isometric. Moreover, S is a dilation of T. We obtain

the following results.

Theorem 2.7. For T € B(H) the following statements are equivalent:

(i) T has an invertible m-isometric dilation for some odd integer m > 3;

(ii) {T™} satisfies a growth condition

|7 |?
sup
n>1 T

< 00
for some integer p > 0.
Corollary 2.8. FEvery power bounded operator has an invertible 3-isometric dilation.

Since every invertible 2-isometry is a unitary operator (see [2, Proposition 1.23]), Corol-
lary 2.8 is optimal.
We do not know the answer to the following question (which is a particular instance of

what we discussed in Remark 2.2).
Problem 2.9. Does every power bounded operator have a 2-isometric lifting?

3. CONVEX OPERATORS

In [9], it was proved that any concave operator T (i.e., an operator satisfying 7*2T? —
2T*T + I < 0) has a 2-isometric lifting. In this section we study the dual case.
We say that an operator T' € B(H) is convez if it satisfies the condition

T*2T%2 —oT*T + 1 > 0.

We show that convex operators satisfying the necessary growth condition (3.1) below have
2-isometric liftings. Note that Theorem 2.1 gives only the existence of a 4-isometric lifting,
so the result for convex operators is stronger than the general one.

We begin with the following lemma.

Lemma 3.1. Let T € B(H) be a convex operator satisfying
12

3.1 c:=su < 00
( ) n>%n+1

Let A =

—T*T +1 5 and Ty on Hy = H & H be the operator given by the block matriz

T 0
11 = A2 o)
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Then the following statements hold:
@) | Trh)? = (1T 0|2 + |7 R)?) for allh € H=H & {0}, n>1;
(ii) Ty satisfies (3.1), that is | T7|?> < e(n + 1) for n > 0;

(iii) Ty is conver.

Proof. (i) By induction we have

[T 0
L= A1/2Tn—1 0

for all integers n > 1. For h € H = H & {0} and n > 1 we obtain

ITPRI = TR+ AT B2 = | T7R|? + (T VAT 1h, b)
PO ey IO e G
= Tmhl? + )

1
= ST R+ T A)%).
(i1) For u=h & h' € H1 and n > 1 we have by (i) and (3.1),
c
17T ull® = IT7RI < 5 ((n+ 2) [l + nlAl) = c(n + DRI < c(n+ 1)]ull*.

So |72 < e(n + 1).

(i1i) For u = h & h' € H; we have (by (i))

ITPull? = 2| Tyul® + [Jul® = IT7R)? = 2| Tah)* + [lul® =
ITERIZ = (IT2R)P + [12]1%) + [ul® = | TR = | TAI* = |AY2Th|* > 0.

Hence T is a convex operator on H;. This finishes the proof. O

In the sequel, for an operator T', we denote Ap = T*T — I.

Theorem 3.2. For a convex operator T' € B(H) the following statements are equivalent:

(i) T has a 2-isometric lifting;
(ii) T has a 2-isometric lifting S € B(K) with K ©H C Ker(Ag);
(iii) T satisfies the growth condition (3.1).

Proof. Assume that T is convex. We firstly remark that the condition (3.1) is necessary
for a 2-isometry (see [2, page 389]) and so for any operator which has a 2-isometric lifting.
Therefore (i) implies (iii).
Suppose now that 7" satisfies (3.1). Using the previous lemma inductively we find Hilbert
spaces H; = H;—1 @ H;j—1 and convex operators T; € B(H;) for j > 1 such that
H=HoCHI CHa2 C -,
T is a lifting of Tj_y (with Ty = T), |T}'||> < ¢(n + 1) and

1 -
(3.2) T3 ull? = 5 (177l + 177 ul]?),
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foralln > 1,7 >0, u € H;. More precisely, H;_1 is embedded into H; according to the

formulas
Hic1 =M1 ®{0} CHj1 @Hjm =H;.

Let Ko = U;?io H; and let K be the completion of K.
Let P; € B(K) be the orthogonal projection onto #;. Clearly, if u € H; for some j, then

1Tyl < I Tyrul? < ... < 2e]ull®,
so the limit limy_, o ||Tku|| exists. For j < k we have
1 Teu — Tyull* = || Tyul|* — | Tyull?,

so limy_,o Thu exists.
For u € Ky we define Su = limj_,o Tju. Clearly ||S|| < v2c and S can be extended
continuously to an operator acting on K denoted by the same symbol S.

If u € H; for some j, then similarly
ITFull® < 177 qul® < - - < 3clull?,
so lim;j o0 HTqu exists for all u € Ky. For u € Ky we have

S?u = lim T;P;jSu = lim T;P;T; Pju = lim TZPu: lim T2
j—r00

Hence

1% ull* = 2]|Sul® + |Ju* = gm(!\TZUIIQ 2| Tyull® + [[ul®) = 0

for all u € Ky, and so S is a convex operator.
We show that S is in fact a 2-isometry. Suppose on the contrary that there exists u € Ky
such that

§ = ||S%ul|® = 2||Su|? + [|ul/* > 0.
Let 7 > 1 be such that u € H; and
|77 qul® > [|S2ul| — 4.
Then by (3.2) we obtain
§ < |SPull® = 2| Tyul® + flul®
= [18%u))? = (175 gl + ) + fluf?
= [18%u)? = 1T yul® < 6,
a contradiction. Hence 6 = 0, and so S is a 2-isometry. Also, S is a lifting for T" because
Py Su = Jli)nolo PyTju = TPyu

for u € Ko (Tj being a lifting for T').
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In order to show that the assertion (ii) is true, we first prove that S*SH C H. We have

on Hi =HPH,
T"T+A 0 TT? + 1 0
T = + _ 1 + Iy 7
0 0 2 0 0
whence it follows TyThVH C H (by identifying H = H @ {0} into H;). Also, since

0 0

T*2T2 + T*AT 0
Tf?T%—( ! )

we infer Ty?TEH C H.
*2r2
On the other hand, denoting A; = £ 2T1 17T + IHTl, we have that the operator 75 on
Ho = H1 @ H1 has the representation

T, 0
T = .
2 (Ai/ i 0>

We get as above that T5Th = (T7Ty + A1) @0 = $(Ty*TE 4 Iy, ) ©0. This gives (by the above
inclusion) that T5TyH C H, where clearly we identify H with H & {0} & {0y, } in Ha. By
induction (and the corresponding identification of H into H;) one can see that TiTiH CH
for all j > 1.

Now, for every h € H and k € K & H, we have

(S*Sh,k) = lim (Tjh,Sk) = lim (T}h, P;Sk)

j—o0 Jj—o0

= lim (T;h, T;P;k) = lim (T} T;h, k) = 0.

Jj—00 Jj—0o0
Here we used that S is a lifting for Tj, that T;Tjh € H, k € K©H and H C H;. Thus
S*SH C H.

Next, by [10, Theorem 4.1], there exists a positive operator A € B(#) such that T*AT < A
and Ap < A. From these relations and the fact that T is convex, i.e. Ap < T*ApT, we
infer that

Ap < TAPT™ < TAT™ < TV AT < A
for every integer n > 1. So it follows that the sequence {T*" AT™} converges strongly to a
positive operator Ay € B(H) which satisfies the relations Ap < Ay = T*ApT. Now, if T is
not a contraction, then Ap # 0. These relations show, by [10, Theorem 3.2], that T has a
2-isometric lifting S on a space K O H such that C&H C Ker(Ag). When T is a contraction,
T has an isometric lifting S satisfying the previous inclusion. In both cases the assertion (ii)

holds. So (iii) implies (ii). As (ii) implies (i), the proof is complete. O

Theorem 3.2 shows that if a convex operator T satisfies (3.1), then it has a 2-isometric
lifting S on K = H @ H* of the form

T 0
s (7 1)
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with V an isometry on H' satisfying V*X = 0 (because Ag > 0). It is known from [9, 10]
that the concave operators also have liftings of the form (3.3), so the two dual classes of
operators (convex, or concave) behave similarly in this context. Of course, every isometric
lifting of a contraction is of the form (3.3) (see [14, 27]).

In order to obtain some applications of Theorem 3.2, we describe now the operators which

have convex liftings of the form (3.3), as well as convex liftings as those from Lemma 3.1.

Proposition 3.3. For an operator T € B(H) the following statements hold:
(a) The operator T has a convez lifting T of the form (3.3) on H="HOH withV = ﬂq_y
an isometry and V*X = 0 if and only if there exists a selfadjoint operator A € B(H)
such that

Ap < AL T*AT.

If this is the case and T is power bounded, then T has a 2-isometric lifting.
(b) The operator T has a convex lifting T onH =HoH with f];{/ =0 if and only if
there exists a selfadjoint operator A € B(H) such that

0<A—-Ap <T*AT - A.

If this is the case and T satisfies the condition (3.1), then T has a 2-isometric
lifting S on K such that K © H C Ker(Ag).

Proof. (a) Assume that T is a convex lifting for T as in (a). Then, using the form (3.3) for
f, we get Asz = A®0 on H=Ho H', where A = X*X + Ar is selfadjoint. As T is convex
we have f*Aff > Az. This, by (3.3), implies that T*AT > A, and clearly A > Ar.

Conversely, let us assume that Ap < A < T*AT for some selfadjoint operator A on H.
Define the lifting 7' of T on the space H = H & /% (D) with the block matrix

~ T 0
T = ,
<(A — Ap)l/? 5+>

where D = (A— Ap)H and Sy is the forward shift on ¢3 (D). Then Az = A® 0 and
f*Aff =T*AT ®0> A® 0= Az (by our assumption). Hence T is a convex lifting for T'
of the form (3.3).

In addition, if T" is power bounded, then Hf“”Q < K -n, for some constant K > 0. Indeed,

we have

. ™ 0
T = n—1 v rm—i_1 . ol n Z 1,
S VrITIXTI Y

where V' is an isometry. So T satisfies (3.1) and, by Theorem 3.2, T has a 2-isometric lifting
which is also a lifting of T
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(b) Assume that T is a convex lifting for T on H = H & H' of the form

(T 0
(3.4) T:<X o)'

Then Az = A® —I, where A = X*X + Ar is selfadjoint. Since T is convex, we have
T*A;T = (~X*'X + T*AT) © 0> A® 1.
We infer that T*AT > A+ X* X, or equivalently
T*AT —A>X*"X=A—-Ar >0.

Conversely, we suppose that there exists a selfadjoint operator A in B(#) such that 7% AT —
A > A—Agp > 0. Define T on the space H = HPD(A — Ar)H asin (3.4) with X = (A—Ap)Y/2.
Then, as above, we have Az = A®—TI and f*Aff = (T*AT—A+A7)®0, and our assumption
ensures that T\*Aff > Az. Hence T is a convex lifting for T of the form (3.4). In addition,
if T satisfies the condition (3.1), then T also satisfies this condition. Therefore, by Theorem
3.2, T has a 2-isometric lifting S on K = Ho Ko such that Vp = S|k, is an isometry. Then
S is also a lifting for T, so H+ = Ky @ H’' is an invariant subspace for S and V = § |y is a
2-isometry.

Now, taking into account the form (3.4) of T, we infer that V has on H+ = Ko & H’ the

form
\ 4%
v={ " ", wvi=o.
0 0

Hence V is power bounded and being a 2-isometry it follows that V' is an isometry. This

means that the lifting S of 7" has the property stated in the assertion (b). O

Proposition 3.3 (a) gives a partial answer to Problem 2.9.

4. FOGUEL-HANKEL OPERATORS

We consider now other operators which have 3-isometric liftings but not 2-isometric lift-
ings. We start with a general result proving 3-isometric liftings for some Foguel-Hankel type

operators, as considered in [6, 13, 23, 20].

Theorem 4.1. Let T € B(H) be an operator such that, with respect to an orthogonal decom-
position H = Ho ® H1, has the block matriz form

(e c
) (05,

where C; are contractions on H; (i = 0,1) and C € B(Hi,Ho) is such that CCy = CyC.
Then T has a 3-isometric lifting S on K O H.
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Proof. Consider the minimal isometric lifting V; for C; on the space KC; = Hi@éi(l)gi), where
Dc, is the defect space of Cj, for i = 0,1. So V; has on K; the block matrix form

C; O
(4.2) V; = ,
D; S;

where D; = (I — C} Ci)l/ 2 is the defect operator of C;. As CC; = CyC, it follows by the
commutant lifting theorem (see [14]) that there exists an operator C' € B(K1, Ko) such that
Pyoé’ = CPy, and CVi = VoC. So C from K; into Ky has (respectively) the block matrices

decompositions
Hi Ho
_)
H) My

~ C 0
(4.3) C = :
D FE
with some appropriate operators D, E.
Let S on K = Ky @ K1 be the operator defined as
Vo C
(4.4) s=1{" .
0 W

We write S =V + @, where V =V @ V1 is an isometry and @ a nilpotent operator of order
2, that is satisfying Q% = 0. Since CV, = Voé, we have V@Q = QV. Thus, by [12, Theorem
2.2], S is a 3-isometry. To see that S is a lifting of T" we represent S with respect to the
decompositions K = H{ @ Ho b H1 P H|, K=HdH|dHoPHiand K = (KeH)dH
using (4.2), (4.3) and (4.4). We obtain

So Do D E So E Dy D
o 0 G ¢ O0f 10 S5 0 Di| (T O
0 0 Ci 0 0 0 Cy C D W
0 0 Dy 5% 0 0 0
for some operators W and D. O

Recall that a Foguel-Hankel operator is an operator T' of the form (4.1), where C; = S
is a shift operator on a Hilbert space H, Co = S} and C is a Hankel operator satisfying

CSy = S1C. So for such operators we obtain the following consequence.
Corollary 4.2. Every Foguel-Hankel operator has a 3-isometric lifting.

Remark 4.3. Let us remark that one can chose T' of the form (4.1) with some suitable
operators Cy, C1 and C, such that |T"|| ~ Kn for some constant K > 0 and n > 1. In this
case T has a 3-isometric lifting but cannot have a 2-isometric lifting. Indeed, the existence

of a 2-isometric lifting would necessarily imply || 77| < Kon'/? for n > 1 and some Ky > 0.
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Corollary 4.4. Let T,C € B(H) be such that T is a contraction and C commutes with T .
Then the operator T € B(H @& H) with the block matriz

- (T C
(4.5) T:(O T)

has a 3-isometric lifting S on some space K O H ®H.
Proof. The proof follows by applying Theorem 4.1 to T with Cy=C, =T. O

Remark 4.5. In operator ergodic theory one considers T as in (45) with C =1-T. It
follows that @ — 0 (n — o0) if and only if |[T"T! — T"|| — 0 (n — o), or equivalently,
the intersection of the spectrum o(T') of T' with the unit circle T is void, or the singleton {1}
(see [28]). Hence, for every contraction T on H with o(T)NT # () and o(T) N'T # {1}, the
operator T in (4.5) with ¢ = I — T cannot have 2-isometric liftings. Indeed, otherwise T
would satisfy (2.1) with m = 1 and thus HT%H — 0, contradicting the choice of T'. Therefore
the least integer m for which T possess an m-isometric lifting is m = 3. Notice that such

operators T (with C' = I — T') are not necessarily power bounded.

Remark 4.6. Another particular case of Corollary 4.4 is when C = T in (4.5). Then a
3-isometric lifting of the form (4.4) for T is

S = vy on K&K,
0V

where V' on K is the minimal isometric lifting of T". Thus, if U on K is the minimal unitary
extension of V| then the operator
~ U U SO
S = on KoK,
0 U

is an extension of S, hence S is a power dilation for T'. Operators with 3-isometric extensions

of the form S (with U unitary) were also studied in [18].
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