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An inverse problem: recovering the fragmentation kernel from the
short-time behaviour of the fragmentation equation

Marie Doumic * Miguel Escobedo | Magali Tournus *

Abstract

The present paper provides a new representation of the solution to the fragmentation equation
as a power series in the Banach space of Radon measures endowed with the total variation norm.
This representation is used to justify how the fragmentation kernel, which is one of the two
key parameters of the fragmentation equation, can be recovered from short-time experimental
measurements of the particle size distributions when the initial condition is a delta function. A
new stability result for this equation is also provided using a Wasserstein-type norm. We exploit
this stability to prove the robustness of our reconstruction formula with respect to noise and
initial data.

1 Introduction

The fragmentation equation is a size-structured PDE describing the evolution of a population of
particles and is ubiquitous in modeling physical or biological phenomena (cell division [13], amyloid
fibril breakage [21], microtubules dynamics [9]) and technological processes (mineral processing,
grinding solids [10], polymer degradation [19] and break-up of liquid droplets or air bubbles). The
equation is written as

%u(t,x) — _B()ult,z) + /;O p (g) B(y)u(t,y)d_;, (1)

to be understood in a weak sense given below in Definition Il The two key physical parameters are
the fragmentation rate B(xz) and the fragmentation kernel x. They encode fundamental information
on the mechanical stability of each particle, and can take quite different forms depending on the
particular process considered. To estimate the parameters B and r using population data (when
only particles density can be accessed, not the trajectory of each individual particle) is a challenging
problem.

The particular question that lead us to consider such a theoretical question originates from the
studies [20] 21], where the authors provide experimental size distribution profiles of different types
of amyloid fibrils, in order to estimate their intrinsic division properties (B and x) and then to relate
them to their respective pathogenic properties [1]. It is not possible to follow experimentally each
fibril one by one, hence the necessity to draw the characteristic of each particle from the evolution
of the whole population.
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Identifying the fragmentation kernel from measurable population data has been a challenging
problem these past years. In the seminal paper [10] of Kolmogorov (1940), the large time behaviour
of the size distribution is identified for a constant fragmentation rate (B(x) = B) and a discrete
time model. The self-similar asymptotic behaviour of the fragmentation equation (the shape of
the particles size distribution is preserved) has then been established in [8] by Filippov (1961)
for the case B(xr) = z7, v > 0 and the result is now well-known by the scientific community
under fairly general balance assumptions on the parameters (see [6] for instance).  From the
seventies, scientists from physics and chemical departments have been using this similarity concept
for the kernel inverse problem. In 1974, a scientist of a department of chemical engineering [I7]
developed a method to extract information on probabilities of droplet-breakup, and in particular
on the daughter-drop-distribution (in modern terms: the fragmentation kernel), as a function of
drop sizes data, obtained from an experiment of pure fragmentation in a batch vessel. To do so,
he uses the self-similar behaviour of the fragmentation equation, thereby restricted to monomial
fragmentation rates, and evaluates the moments of the kernel from the moments of the large time size
distribution. To recover the kernel from its moments, a method based on the expansion of the kernel
on a specific polynomial basis is suggested. These results are generalized later in the eighties [12]
to non-monomial fragmentation rates associated with an adapted definition for the self-similarity
of the kernel so as to keep the self-similar asymptotic behaviour of the model. More recently, a
reconstruction formula for x based on the mere knowledge of the asymptotic profile g is proved
mathematically in suitable functional spaces [3]. This formula involves the moments of order s of
the asymptotic profile g, s being taken along a vertical complex line, i.e. s =u+iv, v € (—00,00).
One of the drawbacks of these methods based on self-similarity is that they require access to high-
order moment measurements of the self-similar profile to obtain a fine estimate for x. Another
drawback is the difficulty to obtain a robust inversion formula to deduce the kernel from its Mellin
transform. From the late nineties, the large improvements in computer hardware opened the field
of numerical investigations of mathematical models, see for instance [I1] where the authors provide
insights on how the stationary shape of the particle size distribution is impacted by the kernel.
Their conclusion is that the inverse problem of assigning a breakage kernel to a known self-similar
particular size distribution is ill-posed not only in a mathematical but also in a physical sense
since quite different kernels correspond to almost the same particles size distribution. In a recent
work [4], we explored the influence of the kernel on the time evolution of the length distribution.
We showed that the asymptotic profile is helpful to distinguish whether the fragmentation kernel
is of erosion-type kernel (one of the fragments has a size close to that of the parent particle) or
produces particles of similar size. We also showed that to obtain a finer estimate on the kernel, there
exists a time-window right after the initial time where two kernels result in a maximal difference in
length distributions, and where the initial condition that maximizes this difference is a very sharp
Gaussian.

In the present paper, we provide a new method to estimate the kernel from population data,
using only short-time measurements of the solutions. We assume the fragmentation rate B to
be known, and we provide a reconstruction formula for the fragmentation kernel. Unless specific
assumptions are stated, we restrict to monomial fragmentation rates

B(z) = az”, v>0, a>0. (2)

This simplification renders our formulae easier to read, but our results can directly be generalized
to generic smooth fragmentation rates. The idea is based on the following remark: for At small
enough, the solution u to the fragmentation equation (I4]) formally satisfies



o
u(t + At,x) = u(t, ) — aAtx"u(t,x) + aAt/ K <£> Y Lu(t, y)dy + o(At). (3)
)
X
If we assume that at time ¢, the size distribution (¢, x) is a Dirac delta function at x = 1, that

is denoted 01 or §(z — 1), then

u(t+ At,z) = 0(z — 1) — aAtd(x — 1) + aAtk(z) + o(At),

and thus the kernel k can be directly expressed from the measurement of the profile u at time ¢+ At
as )
K(z) ~ A (u(t+ At,z) — (1 — aAt)o(z — 1)) + o(1), At < 1.

To make rigorous the above estimate of k as At goes to zero, we expand the solution u(t, z) to
the fragmentation equation as a power series about ¢ in the Banach space of Radon measures. Up
to our knowledge, such a representation of the solution to the fragmentation equation is novel.

How to use this formula in practice? The cunning to obtain x directly form the measurement
of the distribution profile u(At,.) is to impose that the initial distribution «(0,.) is a Dirac mass.
In other words, at time ¢ = 0, all particles have the same size. Heuristically, if all particles have the
exact same size at t = 0, after a time ¢ long enough so that almost all particles have broken once, but
short enough such that almost no particle has broken twice, it is clear that the kernel k, sometimes
referred to as the ”daughter particle distribution” can directly be read on the distribution. No
experiment may produce a suspension where all the particles have the same size since it would
mean being able to follow each particle one by one. However, we can hope to obtain a suspension
where all particles have approximately the same size described by a gaussian distribution. For
that reason, the second part of our work focus on the stability of our reconstruction formula with
respect to noise and to the error on the initial data. To quantify the stability result first requires
to understand what are the types of experimental uncertainties on the initial data coming from the
experiments. These are twofold: first, instead of a delta function at x = x(, the initial data is a
spread gaussian with variance o > 0 (due to the impossibility to obtain a perfectly homogeneous
suspension). Second, the gaussian is centered as z = xy + ¢ for some € > 0, instead of =z = xg
(possible bias on the measurement of the particles size). In order to deal with these uncertainties,
the Bounded-Lipshitz (BL) norm is better suited than the total variation norm (TV). For instance,
Va € R, b € R, such that |b—a| <2

||5a - 5b”TV =2, ||5a - fa,crHTV =2,

whereas

2./ 0
160 —ollse = lb—al, 161 — frollzs < 22

\/27r’

where f, , is the density of the gaussian function centered at x = a and with variance o.

On the other hand, the Mellin transform provides a full range of moments of the fragmentation
kernel, in particular mean, variance and skewness, and is then of interest by itself. Our last contri-
bution is a robust reconstruction formula for the Mellin transform of the fragmentation kernel using
short-time measurements of the solution to the fragmentation equation endowed with a generic ini-
tial condition. Since the equation is autonomous, it means to be able to access two close consecutive
measurements of the particles size distribution. The proof of the reconstruction formula requires
that the Mellin transform of the solution of the fragmentation equation does not vanish on a vertical
strip of the complex plane. An estimate of the error for the variance of the kernel is proved however
without such a condition. Recovering the complete kernel from its Mellin transform reveals to be



a hard problem involving noisy deconvolution. The mathematical justification of the robustness of
the formula is based on the following property: for a function u regular enough, the asymptotic
behaviour of its Mellin transform U on a vertical line of the complex plane (i.e. the behaviour of
U(w+iv) for large values of v) does not depend on the vertical line (i.e. does not depend on w). We
prove this result on the Mellin transform by using an adaptation of the stationary phase method
for oscillatory integrals.

The main novelties brought by this paper are

e a proof of the uniqueness of the solution in the space of measures endowed with total variation
norm (Theorem [),

e a representation of the solution to the fragmentation equation as a power series in the Banach
space of measures endowed with total variation (Theorem [2)),

e a stability result for the solution to the fragmentation equation for the BL norm, which is a
norm adapted to weak convergence of measures (Theorem [,

e a robust reconstruction formula for the fragmentation kernel involving the short-time solution
of the fragmentation equation endowed with a delta function as initial condition. Robustness
is to be understood in the sense that if the initial condition is close to a delta function at
x = x¢ in the BL norm (for instance a rectangular function centered in xy or a delta function
at © = xo+e€ with e small), then the estimated kernel obtained with the reconstruction formula
is close to the real kernel in the BL norm (Theorem Bl and Theorem [),

e a reconstruction formula for the Mellin transform K of the fragmentation kernel x involving
the short-time solution of the fragmentation equation endowed with any initial condition
(Theorem [@]).

The outline of the paper is as follows. In the remaining of Section [I], some properties of measures
and classical results on measure theory are recalled. Then, uniqueness of solutions to the problem
() @) is proved in the space of Radon measures and, their structure is provided for general initial
conditions. In Section 2] we provide a new representation of the solution of the fragmentation
equation as a power series in the Banach space of Radon measures. In Section [B] the power series
representation is used to render explicit the short-time behaviour of the solution to the fragmentation
equation with a Dirac delta as initial data. We also explore the robustness of this behaviour, because
it is close to impossible to obtain experimentally an exact delta function, the initial data is actually
a slightly shifted gaussian distribution. In Section ] we exhibit a reconstruction formula K¢ of K,
the Mellin transform of the fragmentation k, only based on short time intervals measurements of
the solution to the fragmentation equation, and prove and estimate of the error K — K*. An exact
expression for K was obtained in [3] from the exact long time self similar asymptotic profile of the
solution to the fragmentation equation, but no estimate were obtained of the difference between K
and the actual values that may be reached through the experimental data. We end the paper with
numerical illustrations of the short-time behaviour of the fragmentation equation, we illustrate the
estimation results of Theorems B and [, and we explore how Theorem [6] can be applied to recover
the variance of the kernel from the data.

1.1 Short reminder on measure theory

We define M(R™) as the set of Radon measures p (not necessarily probability measures) such that
supp (1) C R*. Let us recall that M(R™) is the dual space of the space (C(RT), ||.||o) of continuous



functions. We denote by (u*, ™) the Jordan decomposition of u. We endow M(R™) with two
different norms: the total variation norm and the Bounded-Lipschitz norm. As mentioned in the
introduction, the final purpose is to obtain stability with respect the Bounded-Lipschitz norm, the
TV norm is a technical intermediate tool to reach this purpose. The total variation (TV) of the
(signed) measure u € M(R™T) is defined as

lullzv = Sup{/R+ px)dp(z), ¢ € CRY) NLY(dul), llello < 1}. (4)

We recall that (M(R™), ||.|[7v) is a Banach space. We now introduce the Bounded-Lipschitz norm
defined as

lullBL = Sup{/R+ p(@)dp(z), ¢ € CRY)NL(du)), el <1, [l¢'lloo < 1} (5)

Comparing () and (B, it is clear that

Ve MRY),  lpllse < llplrv. (6)

An optimal transportation point of view is provided in [16, Proposition 23] for the Bounded-
Lipschitz norm. It is proven that for any signed Radon measure with finite mass u we have

lallzr = inf { (™ = vllry + 0™ = nllrv) + Walvm),  (vm) € MiE(RY), } (7)

M) = {(vm) € MER) x MERY); v < it on <™ vlloy = Il | ®)

where M™(RT) is the space of positive Radon measures with support in R™, and W stands for
the classical Wasserstein distance [I8] between two positive measures of same mass, namely

Wl(V, T/) = WG}_II/I(If;n) f[R+ ‘.Z' - y‘dﬂ'(l’,y)’

(9)
II(v,n) := {7 positive measure on RT s.t. [, 7(z,y)dz = n(y), [p+ 7(z,y)dy =v(z)}.

Let us recall that for p, v two probability measures and for a > 0, we have Wy (au, av) = aWi(p, v).
Formula () [8) can be interpreted as follows: the BL norm of the signed measure p is the BL
distance between the two positive measures ™ and u~. Now take ™ and =~ two positive measures.
Consider v and 71 two positive measures such that v < p*, n < p= and |v|rv = ||nllrv. The
subpart v of the measure p* is transported onto the subpart 1 of the measure p~, with a cost
Wi(v,n). The remaining positive measures (ut — v) and (1~ — 7)) are both cancelled with a cost
l#" =vlizv +lp~ =nllrv. Among all couples (v, n) that satisfy v < u*, n < p~ and |[v||lrv = [|Inll7v,
we choose one such that the sum (||u* —v||7v + ||~ — nllrv) + Wi(v,n) is minimal (such a couple
exists, it is proved in [I5] that the infimum is actually a minimum). We provide here three examples.

e Take p = d(x — 1) and p. = é(x — (1 4 ¢€)). Consider v, = ap and 7, = ape with 0 < a < 1.
Then 0 < vy < p, 0 < g < pie, and ||vg|l7v = [[0a]l7v = a. Using formula (@) () we have

i = mellge = int { (s = vallry + e = nallrv) + Wi (vayna) }

0<a<1
:0%%21{2(1—@4-%}
€ for e < 2,
:{ 2 for e > 2.



e Take p = 6(x — 1) and p, is the measure with the rectangular density #\/51[1—0\/5,14-0\/5]
with variance o2 for 0 < o < 1. We take v, = w =01 and 1, = py = fodzx, in (1), and obtain

1+0’\/§’ .

y—1ldy V3
— tioll B < Wit o) < v _Yo,
e = poll Bz < Wip, o) /1_0\/3 Ve 5

e Take = §(x — 1) and p, the Gaussian with mean 1 and variance o?. We have

2

| Iz < Wi( )</\ 16_2102 g
— , < €T = —.

1.2 Measure-valued solutions to the fragmentation equation

We recall that for p € M(R') and T' € C(R"), the pushforward 7 of the measure u by the function
T is defined as the unique measure n = T#pu such that for all ¢ € C(RT),

[e@in@) = [ (oo T)@ynto).
For ¢ > 0, we define the application
To(x) = Lx, r € RT. (10)

The basis of our analysis in all the remaining of this work are the weak solutions to the Cauchy
problem for equation [[4] with the initial condition

11¢(0) = po, (11)

whose precise definition is given below. Throughout the present paper, the following assumptions
are used.

Hyp-1 The fragmentation kernel kK € M™(R™) contains no atom at x = 0 and at x = 1, and satisfies

1

1
supp (k) C [0, 1], /d/{(z) =N < +o0, /zd/{(z) =1. (12)
0 0

Hyp-2 The initial condition pg € M*(RT) is compactly supported
supp (o) C [0, M]. (13)

Even though s and p; are measures, we sometimes write the fragmentation equation as

0
aﬂt(w) = —ax" w(z) + a/

T (5) ), o) = mole), (14)

or as

%,ut(:n) = —ax"(x) + a/

xT

T (5) )y, o) = po(a).



Definition 1 (Weak solution for [I) ). A family (p)i>0 € M(RT) is called a measure solution
to problem M) @) () with initial data pg € M(RT) satisfying if the mapping t — pu; 1s
narrowly continuous and for all o € C(R™) and all t > 0,

/[R+ p(z)dp(z) = /[R+ z)dpo(z / ds /[R+ dps(x)az” < o(x) + /Old/-e(z)go(:pz)> . (15)

We recall that i, converges narrowly toward p if for all p € Cyo(R™), [ @du, — [ odp, where
Cp(R™) denotes the set of continuous and bounded functions defined on [R+ We also recall that T,
is defined in ({I0I).

Theorem 1 (Uniqueness and stability for the fragmentation equation in (M(R™),].||rv)). As-
sume (Hyp-1), (Hyp-2), v > 0, then there exists at most one measure-valued solution to ([I4]) in
the sense of Definition [ in C(RT, M(RT)). More precisely, any weak solution satisfies

supp (1) C [0, M, Jellry < e N g |y, /+ rdp(r) = /+ xdpo(x),  t>0,
R R
(16)
where M and N are defined in (Hyp-2).

Proof. We start by proving that any weak solution is compactly supported. We define

—sup{/ Ddue(x), ¢ € CRY), [l < 1, supp (i2) 1 [0, M] = B},

so that F(0) = 0 and F(t) > 0. Take ¢ € C(R") such that ||¢]lcc < 1 and supp (¢) N [0, M] = 0.

Then, using the formulation of Definition [l combined with (Hyp-2]), we have
1
/ x)dp(x / ds/ azVdug(x < o(z) + / go(:nz)d;@(z)) .
R+ R+ z=0

v(w) = a0 (~ot) + [ iosoccz)dm(z)) |

then ¥ € C(R™), supp (¥) N[0, M] = () and since |||/ < 1, we have| V||, < aM7(1+ N). Thus,
with the notation

We set

o V(=)
V@) = Sra Ny

we obtain

/R+ ()d,ut()—al\f{l—i-N/ds/[R+ d,us()<aM71+N/F

Taking the supremum over ¢, in the left hand side gives us

Pt) < aM(1+ N) / " F(s)ds
0



and the Gronwall lemma implies that for all ¢ > 0, it holds F'(¢) = 0, hence supp (u¢) C [0, M].
To prove the BV estimate, we use definition @, and take now ¢ € C(R™) such that |||/ < 1. With
the same arguments as above, we obtain

t
[ e@iduta) < ol + aar' i+ 3) [ nslrvs,
R 0
which implies
t
Inellry < lallry + a2 +N) [ fulirvs,
0

and Gronwall Lemma provides us with the result. Finally, mass conservation is obtained by choosing
¢(x) = z in definition [ O

1.3 Structure of solutions to the fragmentation equation

Definition 2 (Fundamental solution). We denote by ul” the fundamental solution of equation (Id),
i.e. the unique solution to the equation

%,ut(:n) = —axu(x) + a/

xT

T w (g) Y dp(y),  pi=o(z) = 6(x — 1).

Proposition 1 (Fundamental solution rescaled). Fiz £ > 0. Denote by uf the solution to (1) with
po = 6(x — 1), then the solution to () with u§ = 5(z — £) is uf = Ty#uk,,, with Ty(z) = lz.

Proof. We set uf := Tg#ugt. Let us prove that uf is a solution to (I4]) with initial condition
1§ = §(z—~) and conclude by uniqueness of the solution. First, u§ = Ty#puo = Ty#5(z—1) = §(x—F).
Then, we obtain that for all ¢ € C.(R™)

| e@ai@) = [ e Tt @) = [ (oTh@dut@) = [ oleo)dnky ).

Since p; is a weak solution to (I4]), we have

L e@intiula) = Jow olta)dinla)

ta /0 : /[R ) <—x7gp(£3:)duf () + o(0x) / y <y> duF (y )) ds.

Let us treat each of the three terms of the sum above separately. The first term is

/ o(lx)dpio(z) = / (@) dpi ().
R+ R+

The second term is treated using the change of variables s = {7«

ot
—a/ / 2V p(lx)dut (z)ds = —a/ / (z0)" o(x)duk.,, (x)du
R+ R+

and then the change of variables z = Ty(x) i.e. dul,, () = d (Ti#ul,) (2)

o[l o= o [ [ o) e
= —« /0 /[R +z“*<p(z)d,uf;(z)du.

8



For the third term we also use the change of variables s = ¢£7u followed by the change of variables
z = Ty(x) and to finish the change of variable w = Ty(y) i.e. dul,,(y) = d (Li#uk,) (w) = dub(w)
to get

a/ow/wgo(&n)/x v 1d/€< >d,u8 s—a/ /[R+ /Z w’™ 1d/1<w)d,uu( )du.

To summarize,

| e@ii@ = [ ela)dub@) o /0 [ (zvgp(z)dﬂg(z)w(z) [ (2) )> ”

Finally, since ¢ — /" is narrowly continuous, then ¢ — uf is narrowly continuous as well. This
ends the proof of Proposition [Il O

The structure of solutions to () is as follows:

Proposition 2 (Superimposition principle). We denote by uf the solution to ([A) with initial
condition pu§ = 5(x —{), then, for an initial condition ug € C(RY), the superimposition principle [7]
provides the solution u to the linear equation as ()

u(t,z) = /000 o (0)dpt (z)de.

Proposition 3 (Representation of the solution to (I4]) when initial condition is a measure). Con-
sider equation ([I4)) endowed with initial condition ug € M(RT). Then, the unique solution to (I4))
is the measure p; defined for allt > 0 as

/Om 2z / / ()l (@)dpuo(6), ¢ € CRY),

where p!” is the fundamental solution defined in Definition [

Proof. The superimposition principle implies

| et = [ "ot [T duaidntio). o ec®),

where pf is the solution to (I4]) with initial condition g = 6(x — £) and the conclusion follows by
using Proposition [ O

Let us provide two cases where we have explicit formulations for the fundamental solution to
(@) for a =~y =1 and po =do(xz —1).

Example 1. For r = 21(g ], we have [22]
pt (z) = e '0(x = 1) + (t+ (1 — 2)t*)e™™,

Example 2. For k(z) = 26(z — 1/2) we have [5]

Flo)y=et(z — ‘X’@ x—i
) = oo+ 3 0 (- o)

In both examples, the mass initially located at x = 1 decreases exponentially with respect to
time and is teleported on (0,1). We end this section with the definition of the Mellin transform.



1.4 Mellin transform

Definition 3. For a measure p € M(RT), its Mellin transform M |u] is defined as

Mp(s) = /R o Ndue), (17)

for those s € C such that ([I7) is well-defined.

Definition 4 (Multiplicative convolution). Take p and v two compactly supported finite measures
on RT. Their convolutive multiplication is defined as

Vo €C(RT),  (nxv¢) = (u"@v¥,pop),
where p : (x,y) — xy.
If du(x) = f(x)dr and dv(x) = g(x)dx for f and g in L'(R"), then u * v is the measure with

density
)= [ (5) 5

If du(z) = f(x)dx with f € C(RT) and v = &(y — £), then pxv = Ty#p is the measure with density

(Fene =17 (3).

Proposition 4 (Mellin transform and multiplicative convolution). Take p and v two compactly
supported finite measures on R™. For the s for which the expression below is defined, we have

Mlpa % v)(s) = Mu)(s) MIV](s).

2 Representation of the solution as a power series

Theorem 2 (Representation of the solution of the fragmentation equation as a power series). For

K a fragmentation kernel satisfying (Hyp-1)), for v > 0 and for pg satisfying (Hyp-2)), the weak
solution to ([I4) in C((0,T), M(RT)) is

. > n [ n x dt
pe= e+ 30" [0 (5) m(0F (15)
n=0 z

where, for x € [0,1],

ao(@) =0,  ap(z) = % <—aﬂan(x) + / T G) an(y)dy + r(z) (_nl!)n> Ca9)

Remark 1. We emphasize that in the formulae (I8) and [I9), &, o and a, may be measures. In
this case, the multiplicative convolution product has to be understood in the sense of measures. For
instance, the formula ([I8)) means

(o]
e =e g+ Z(at)”an x by,
n=0

where the multiplicative convolution product is defined in Definition [f] and where the measure by, is
the product of the smooth function £ — £ and of the measure ug. The explicit formula also implies
that Supp(pu) C Supp(po) for all t >0 (as also shows the superimposition principle).

10



Proof of Theorem [2] follows from two lemmas.

Lemma 1. The fundamental solution ul” to (&) (with po = §(z — 1)) can be written as
pi (x) = e 6z — 1) + vy(2), (20)

where vi(x) L §(x — 1) is a positive measure-valued solution to

O () = —ax vy (x) + a/ vk (g) ve(y)dy + ce™ ki (x),

vo(x) = 0.

(21)

Proof. We recall that p L v if there exists E € B(R) such that u(R) = p(F) and v(E) = 0. The
Radon Nikodym decomposition guarantees that p; can be decomposed as

uF = A 1) + v (22)
where v; L 6(z — 1), A(0) = 1 and vg(x) = 0. We plug (22) into (I4) and get

A)6(z — 1) + Ovy(z) = —At)az"6(x — 1) — vy(z)ax?

X

n a/:o ¥ 1k <§> (A(t)o(y — 1) + due(y))
which is

A')6(z — 1) + Ovy(z) = —aAt)d(z — 1) — ve(z)ax? + ak(x)A(t) + a/

TR <£> dvy(y).
x )
By identification, we get
Al(t) = —aA(t), A(0) =1,

Byve(z) = —azu(z) + o / e (g) dvy(y) + ar(z)A®t), wvo(z) = 0.

xT

[e.e]

The first line gives A(t) = e~ **, and Lemma [ is proved. O
Lemma 2 (Representation of the solution to (21I]) as a power series). The power series

v(t,x) = (at)an(z),  C((0,T), M(R")), (23)

n=1
where ay, is the sequence defined in Theorem [3, is the unique weak solution to (21l).

Proof. Let us verify that the series ([23]) converges. Since (M(R™),|.||rv) is a Banach space, it is
enough to prove the normal convergence of the series ([23]). We first claim that

1 N
fansalry < = (V4 Dlenlire + 7)) 21

This comes directly from the induction formula ([I9) since x € [0, 1] implies

lz7anllTv < llanllTv,

11



and

dx

oo B T 00 oo B T
[T (2) ettt = [ (2 antiray
x ) 0 x )
y'y_l/i <£> an(y)‘ dydzx
)

= [ [T @) anto)l e
1

an(y)| dy < Nlay|/Tv,

o\
E3
=
K

h

and finally
=n* _N
Ik(2)——lrv =
We deduce from (24)) that for all n € N,
N +2)°
Janliry < 22 (25)

hence the normal convergence of the series in (M(R"),||.||7v). We prove this by induction: (28] is
true for n = 0 and n = 1, and if it is satisfied for n > 1 we have

1L (N+DWIN+2"+ N _ (N +2)ntt
(n+1)! n! ~ (n+1)!

1 N
fonsalry < — (V4 Dy + ) <

We prove then using the differentiation rule of power series in a Banach space that the power series
([23) is a solution to (I4]). We have

av (t,x) == Z:: (at)"ay, = ;n(at) an = aZ(n + 1) (at)"ant1

n=0

and then using the induction hypothesis (I9)

—” (t, —aZ ()" ( lan (@ )+/;o vk <§> an(y)dy+/-e(x)(_nl!)n>
S——— Z at)ay, + a/oo I <§> (i(at)"an(y)> dy + ag(_at)n,{@)

n=0 n=0

= —azx v(t,z) + a/ vk (g) v(t,y)dy + ae” “k(z)

which ends the proof of Lemma 21
[l

Proof of Theorem[2. From the two lemmas above, we have a representation of the fundamental
solution as a power series, namely

pl =e o5 (x — 1) + Z(at)"an,
n=0

12



where the induction relation between the a,, is expressed in ([9). We recall that from Proposition
the solution y; to the fragmentation equation when initial condition is any measure po € M(RT)
can be obtained as

/0 " (@) dpu(x) = /0 h /0 " () dpl () dpo(0), @ € CRY).

This ends the proof of Theorem [2
[l

We now use the explicit expression provided by Theorem 2] to obtain error estimates for the
fragmentation kernel using the short-time behaviour of the solution.

3 Short-time behaviour

3.1 An estimation for x using shor time measurements

Let us first investigate the best case for an initial condition, namely when we depart from a Dirac
delta function at = = 1.

Theorem 3 (An estimate for s using short-time measurements of the particles size distribution
when initial condition is a delta function at @ = 1.). Assume r satisfies (Hyp-1). We define

F _ _—at _
IQESt(t) — 152 € 5(:17 1)

at ’

where we recall that uf is the unique fundamental solution to the fragmentation equation (I4), i.e.
endowed with the initial condition o = §(x—1). Then, fort € [0,T] and for some K > 0 depending
on T, we have

Before proving Theorem B we point out that another possible formula for the estimated kernel
is

ket — /<;H < Kt.
TV

F_(1—at)i(z—1 F_§(x—1
K/g@s;ﬁ(t): [y ( OZ) (:E ):1+Mt (:E )

at at

Since e~ =1 — at + o(t), we also have

Proof. We have, using the notations introduced in Lemmas [1l and [2]

- HHTV < Kt.

[ee]
t)"a
B e—ats(p 1 2_: (Oé n 0 0
B —€ — (z )—HZn_lT—Fé:Z(at)"_lan—/ﬁZZ(at)"an+1—/<a
n=1 n=0
and since a1 = k, we have

[ee] [e.e] [ee]
Z(at)"anH — K= Z(at)"anH =at Z(at)”an+2.

n=0 n=1 n=0

13



Thus

H,uf —e M5(x — 1)

[ee]
y —wllrv < ot (at) fansslry.

n=0

The series converges (normal convergence) and thus it is bounded on any compact set, for instance
for t € [0,7]. Then Theorem [ holds for

)

K({f—T) = )" lan .
(#7) =0 a5 (et lnsalry

O

From Theorem [B] and Proposition [I we can deduce an estimate for any Dirac delta function
taken as an initial condition.

Corollary 1 (An estimate for s using short-time measurements of the particles size distribution
when initial condition is a delta function at x = £.). We denote by r; the rescaled fragmentation
kernel

ke = Ti#k,

where the map Ty is defined in ([I0). We define

b et 5(x — 1)

est _ I

where pif is the unique solution to ([4) endowed with the initial condition po = 6(x — £). Then we
have for t € [0,T] and for the constant K > 0 of Theorem [3 depending on T

Before proving Corollary [, let us mention that if  is a function, then

KGSH(t) — HZHTV < Kto,

Rz(Z)Z%H(%), 0<z<V

the measure y is positive, or if 7' is injective). Let us set n = uf), — e " 5(z — 1). We have
Ty#n = pf — e~ §(x — £), hence using Theorem

Proof. We notice that for any continuous map 7', we have [|[T#pu|rv < ||ullrv (with equality if

e~ §(x — 1)
atly

H pt— e 5(x —0)

ity = [ (2

- K) HTV < Kol

with K the constant of Theorem (B]). This ends the proof. O

Experimentally, a Dirac delta function as an initial condition is in most cases out of reach. We
thus use the superimposition principle stated in Proposition [ to obtain an estimate not directly
for k but for a convolution product of k depending on the initial condition, as stated in the next
corollary. Let us first define, for a general initial data wug

u(t, z) — e~ ot”

K:est(uO; t, x) — u0($) )

at

14



Corollary 2 (Generic initial condition). Assume x € C1([0,1]). Take ug € C(RT) N L1(¢*Vdf).
Then the unique solution u to (1)) endowed with the initial condition ug satisfies for t € [0,T] and
for some K > 0 depending on T, o,y and [[uol| 1 (¢2var)

|

where wg denotes the measure with density ¢ — (Tuy(l).

K (ug; ) — wo * /-{(:E)HTV < Kt.

Proof. For ¢ > 0, we multiply the measure

l —atl”
Hi — € 6(z —0)
Xy = —
¢ ot e

by the smooth function ¢ — ¢7, and apply Corollary [Il to obtain
1Yellrv < Kt

l_ —atZ'V(S v
By © =0 _ kg We multiply the function £ — Y, from Rt onto M(R™) by

where Y, =

«
¢ — up(f)and integrate over RT. Since (M(RT),||.|[7v) is a Banach space, we can use the Bochner
integral so that we have

est(

K& (ug; t) — wo * ’f(ﬂf)H YZUO(@CMHTV

TV _H R+

< / IYollzvuo(0)de = Kt / o () de.
R+ R+

Remark 2. If ug satisfies the hypothesese of Corollary[2 it follows,

est( est(

| (w0 t) — kllry < |8 (uost) — wo * Kl|7v + [Jwo * K — K|V

In Section [, we use this corollary to estimate x for general initial conditions.

3.2 Stability of the x estimate

Let us now turn to error estimates in more realistic observation cases, where the noise may be
twofold: 1/ a model noise, where the initial condition is close to a Dirac delta in the BL distance;
and 2/ a measurement noise, where the size distributions pg and p; are observed with an error.
Before stating our error estimate for x when taking into account these two sources of noise, we need
a stability result for the time-dependent solution with respect to the initial condition. Now that
uniqueness of the weak solution to (I4]) is guaranteed, we then use the explicit expression provided
by Theorem [2] to obtain stability with respect to the BL norm.

Theorem 4. [Stability of the fragmentation equation in (M(R1),|.||sL)] Assume k satisfies (Hyp-1)),
po € MT(RY) satisfies (Hyp-2), and moreover either v > 1 or supp (po) C [m, M| with m > 0.
Then the unique solution p; to the fragmentation equation (I4]) satisfies

el B < C(M,N,T) ||pol| B, 0<t<T.

15



Proof. We use the definition of the BL norm given by (B and the representation of the solution
provided in Theorem 2l Take ¢ € C(R') such that [|¢|lc < 1 and ||¢[lcc < 1. Then, using

Proposition [, we have
“+oo
| e / / ()it (2)dpo £).
0

1
w(e) = /0 o (Cx)dpl ().

We notice that for any r > 0, the moment of order r of the absolute value of the fundamental
solution pf” is uniformly bounded for ¢ € [0, 7] using the rough estimate based on Theorem [

We set for ¢ < M,

/[R+ AP () < M aFllry < M7 T 150 — 1) lpy == C(M, N.T.7)

Then for all £ < M,

+o0 +o0
(W) < /0 () |d] i | () < HSOHoo/O d|ufa|(x) < C(M, N,T,0),

and oo oo 5
ol < [ il @+ [ letine ™ | Sk @
where oo
|1 Eledify @) < COLN.T D)
and where

r |0
1ol | Zdut @
0

< el Tmax(u0 e | [ el o / / <>7_1d|ﬂw|( \dz
0

— gl Tmax (M7, m" Yy ( /0 Pl (@ / / o) deydlyin |y >)
< Tmax(M7™' m? Hya(N +1)C(M, N, T,~).

We set C(M,N,T) := C(M,N,T,0)+C(M,N,T,1) +Tmax (M~ m"Hya(N +1)C(M,N,T,~)

and define
()

VO = GarnN Ty
then ] )
Voo <1, [¥]00 < 1.

We have shown that for any ¢ € C(R") satisfying [|¢[lsc < L, [¢/[lc < 1, there exists ¥ € C(RT)
such that | ¥]|s < 1,]|¥||oo < 1 and

+00 +oo
/ o(2)dpy(x) < C(M, N, T) / B () dpo ().
0 0

Thus the conclusion of Theorem M holds. O
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Remark 3. For v < 1, and for any initial condition pg such that pug(0) # 0, it can demonstrated
that stability with respect to the initial condition is lost.

We are now ready to state our main stability result.

Theorem 5 (Stability of the x estimate with respect to the initial condition). Assume r satisfies
Hyp-1). Take an initial condition p satisfying and that is close to a delta function at
x =1 in the sense that

g —d(z = DlpL < q.

Denote by pi the unique solution to the fragmentation equation ([[4) with initial condition pd.

Consider the noisy measurements pud™® and pf® of the respective measures ut and uf such that

»E0

g™ — kgllsr <eo. lud® —ufllsr < e

Assume moreover either v > 1 or supp (ug) C [m, M| with m > 0. Then, for all 0 <t < T, there
are some constants Ky and Ko depending on M and T such that

9, _ —at,,4,€0
H,Ut e g _“H §K1t+EO+E+K2q.
at BL at
Proof. We use the triangle inequality to write
H Pt — e g™ ”‘H Mt = pidllpr e = pellsr a9 = 1) = pollBL
at BL — ot at at
q 40 —e %8 —1

oot lo = mo™llBL ‘ pe —e” “o(@—1) "H ‘

at at BL

The first term, the third term and the fourth term are directly controlled using the assumptions of
Theorem Bl Theorem Bl combined with (@) guarantee that

‘ pe — e~ (x — 1) H
— K
at

< Kt.
BL

For the second term, we use Theorem Ml to obtain
[uf = pellBr < C(M,T)||pg — pollBe-
Thus with the assumptions of Theorem [l we obtain
| — pell B < C(M, t)q.
This completes the proof of Theorem Bl with K1 = K and Ky =1+ C(M,T). O

4 Reconstruction formula using Mellin coordinates

We have seen in the previous section, how to approximate  for general initial conditions, and obtain
k! (ug;.). However, it is also interesting to have an approximation of the Mellin of k. Of course
the best method to this end is not to use the Mellin transform of the approximation x¢(ug;.) of
k. We use instead the series representation of u; to obtain a series representation of its Mellin
transform, and then deduce an approximation. We denote by U(t,.) the spatial Mellin transform
of the solution y; to (I4]), and we denote by K the Mellin transform of x, i.e.

+o0o +o0 +o0o
Ul(t,s) = / 2 (z), K(s) = / 2" Ldr(z), W(t, h,s) = / 25 lem M quy(x), t>0.
0 0 0

for complex values of s for which the integrals are defined and for h > 0.
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4.1 A formula for U

Lemma 3 (Representation of U as a power series). Take K satisfying and py € M(RT).
Then, the Mellin transform U of the solution u; to (I4l) satisfies

00 n n—1 Jj—1
U(t+ At,s) =W (t, At,s) + > (aﬁ,t) U(t,s+yn) > (=" " K(s + jv) [] (K(s+my) - 1),
n=1 ’ j=0 m=0
(26)

with the convention
[t =1
nel

Proof. Since the fragmentation equation is autonomous, Theorem [2] implies that for all ¢ > 0,
At > 0, we have
v = o T dl
fepar = €7 Ay + Z(aAt)”/ May, (—) e (0)—,
= 0 14 l

We pass the above equality into Mellin coordinates to get, using Proposition [

U(t+ At,s) = W(t,At,s) + i(aAt)"U(t, s+ ny)An(s),

n=0

where we denote by A,, the Mellin transform of the measure a,. Passing (I9]) into the Mellin
coordinates, the sequence A,, satisfies

1 (="
Ag = An = K(s)—1)A, K .
0=0. Ara(s) = (506 - D+ ) + SR )
By induction, we deduce
1 n—1 ' j—1
An(s) = — | (=1)" K (s) + Y (ED)TIK (s + ) HO(K(S +my)—1) |,

7=1 m=

and Lemma [3] is proved. O

Inversion of the formula provided by Lemmal[3] i.e. expressing K as a function of y; is not easy.
However, since « is supported on [0, 1], it follows that K(s + ny) — 0 as n — oo, and then an
approximation formula for K is obtained by truncation at n = 1 of the second term at the right
hand side of (28). In order to estimate the error of such approximation the following condition is
needed

Hyp-3 There exists a compact interval I C RT such that the Mellin transform U satisfies
U(t,w+~v+iv) #0, Vt>0, Ywel, YveR.

(the Mellin transform U of the solution p; to the fragmentation equation does not vanish on some
vertical strip of the complex plane.)

Remark 4. It was proved in [3] that condition [Hyp-3 is fulfilled by the Mellin transform of the
self similar solution of the fragmentation equation ([I4). If, following the basic assumption that for
sufficiently large times t, it may be considered that measuring s provides a measurement of the self

similar solution (c.f. [17], [14)]), it could be considered that the condition [Hyp-3 is fulfilled for t
large enough.

18



4.2 A reconstruction for K using short times

Definition 5 (Approximation formula for the Mellin transform of the kernel). For those s such
that s = w + v with w € I and where I is defined in (Hyp-3)), we define an estimate K* for the
Mellin transform K.
U(t+ At,s) — W(t, At, s)

aAtU(t, s +7) ’

K®'(s,t,At) =

Theorem 6 (Reconstruction formula for K).

Let us assume that the fragmentation kernel satisfies and that additionally k € C1([0,1]).
We assume that ug € C3([0, M]) and that either ug(M) > 0, or ug(M) = 0 and uf(M) < 0. In
addition to that, we assume that holds. Let us define R as the difference between K and
Kest

R(s,t,At) = K(s) — K'(s,t, At), (27)
then there exists C' > 0 depending on I,T, and M such that
CaAt

IR(s,t, At)] < R(s) €I, S(s)eR, tel0,T].

(1+]s])’
We state one technical lemma that is used in the proof of Theorem €l

Lemma 4 (Regularity and support of the solution to the fragmentation equation). Assume the
fragmentation kernel k satisfies and that k € C1(0,1). Take ug € C3([0, M]) such that
supp (ug) = [0, M]. Then, if we denote by u the solution to the fragmentation equation ([I4), it holds

1. The function x — u(t,z) is in C3([0, M]) for all t > 0.
2. supp (u(t,.)) = [0, M].

3. If ug(M) > 0, then for all t > 0, u(t, M) = e=*M"tyo(M) > 0.

If ug(M) = 0 and uj(M) < 0, then u(t, M) = 0 and dyu(t, M) = e=*M "ty (M) < 0 for all
t>0.

The proof of Lemma [ is postponed at the end of Section [l

Proof of Thereom [@. Combining (27)) with Lemma [l we have the expression for the rest R

00 - j—1
1 (aA)" U(t,s +yn) 1= g
R(s,t,A) = — HZ::Q (RS ZO K(s + jv) WEO(K(S Ymy)—1).  (28)
Step 1. Estimate for K.
We prove here that for some C > 0 depending on [ it holds
|K(s)] < ¢ R(s)el, S(s)eR (29)
-_— 1 + |8|7 )

We have . .
K(s) = /0 k(z)zS e = )

19



Then W .
k(1 1 C
ng——+—/f%nm§—

KG) <+ | W @lde <

for some C' > 0. This implies ([29)
Step 2. Estimate for U. We prove here that for some C' > 0 it holds

Ut )
‘ Gwtny+ )| - )ME=, wel, n>2 veR (30)

U(t,w + 7+ iv)

For |v| large, we follow the calculation of [2, Chapter IV, Section 4] where the stationary phase
method is used to study the behaviour of oscillatory integrals. For w > 0, we have for v # 0

M ‘ M '
U(t,w+iv) = / u(t,x)az“’_lxwdx = / u(t,g;)xw—lewln(w)dx
0 0

1 M w d i In(z)
= — u(t, x)x" — <e ) dx.
w Jo dx
since d—(e“’ nr)y = —en®) - We perform an integration by part and we obtain
x x
1

M
U(t,w+ iv) = %u(t,M)Mweivln(M) - —/ eivln(x)% (u(t,z)x") dz,
0

w

which we rewrite, using the same trick than above

2 oM
U(t, w + Z'U) = %U(t, M)Mweivln(M) _ <%> / xé (u(t, x)x“’) % (eivln(gp)) de.
0

We perform another integration by part to obtain
1

2
Ult,w+iv) = %u(t, M)Mv e M) _ <E> M"Y <M%u(t, M) + wult, M)> etvn(M)

1N2 (Mo [0 -
_ w wIn(z)
+ <zv> /0 pe <x8x (u(t,z)x )> e dx.

The third term of right hand side above can be expanded using

3 3 w 2 w1 w 2 w+1
pe (x(‘)a: (u(t,x)z )> =w 'z u(t,z) + V(1 + 2w) axu(t,x) +zx

Then we have

—u(t, x).

!
U@w+www20@w@+0@ww)

" e (31)
U(t,w + ny + i) = nM"=1)7 C(t,w,v) n C"(t,w,v,n)
7 niv (iv)2
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for some complex constants C'(t,w,v), C'(t,w,v) and C"(t,w,v,n) defined as

C(t,w,v) = u(t, M)MW+7ev M)

C'(t,w,v) = —M"YT (M%(t,M) + (w+ 7)u(t,M)> eV In(M)

M 2
+ / <(w + )22 (t, @) 4 2TV (1 2(w + ’y))(%u(t, x)+ xwﬂﬂ%u(t, x)) V(@) gy
0

C//(ty wavy n) f— Mw-i"Y (M%u(t,M) + w —i;lnfyu(t,M)> eile(M)
M
2 w+ny—1 w=n ou win +182u
+ [ ((@+ny)? (L4 2" uft2) + 2 (L4 2w + ny) 7o (8 @) + 2T o (4 2) | da

If ug(M) > 0, then Lemma @] guarantees that u(t, M) > 0 as well. Then we have the following
estimates on C,C" and C”

0<Co<|C(t,w,v)] <Oy, |C'(t,w,v)] < Co, w € [0,a], t€[0,T], veR

|C" (t,w,v,n)| < Cs, w e [0,a], t€[0,T], veR, n>1.

Then, using (31)), there exists V' > 0 such that for [v| >V and w € I,

U(t,w + ny +iv) 1)y |Civ + ' _ |c" — ' _
’ M=y =2m T2 Me—Dy (1122 ) <« oMUY (V).
U(t,w+ v +iv) =" ]Civ—i—C”[‘n +]Cz’v+C’] - V)
(32)
Now, using Hypothesis (Hyp-3]), we have by continuity
|U(t,w+ v +iv)| > e(V), wel, vel-V,V]
for some (V') > 0. On the other hand, for w € I,
M ' M
|U(t,w + ny + )| = '/ w(t, x)z e @) gpl < pr= / u(t, z)z ™ Ldz
0 0
< M(n—l)yMa+’y+1 Hu(t, )Hoo
Then,
U(t,w + ny + iv) 2 _
: MO u(t, ) ||ao MDY el,ve[-V,V]. 33

Combining ([B82) and (B3] proves formula (30).
Now if ug(M) = 0, then Lemma [ guarantees that u(¢, M) = 0 as well. Thus

1\* M 9 d [ i
N v wy Y i In(z)
U(t,w) <zv> /0 To (u(t,x)z") T (e > dx.

In that case, up(M) < 0 so that Lemma [] guarantees that d,u(t, M) < 0 as well, and we go one
step further in the expansion and write
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ox
i win(M) Y 9 2 w
+() MO0 2 (o 2 gt )

- (%)3/0]” a% ( a% <x§( (t,:z:)xw)>> eV (@) gy

Using the same types of arguments than above, we end the proof of formula (30]).
Step 3. Estimate for R.
Using formula (28) and the triangle inequality, we have

1\? : 0
U(t7 'w) = — (_) Mw—i—lewln(M)_ (U(t, x)xw)

> (A2 |U(t, s +vn) =
At)| < aAt ] K —1].
Reso A0 < 080 = — |56 ) Z| (o431 IL 1K Gs +mn) —1
Using now (29) and (B0]) we obtain for R(s) € I and J(s) € R
At 25 :
|R(s,y, At)| < aAtM” Z u cv.
i
which implies
At)] < At "
|R(S Y, t)| o Z Tl—2 ) 1_07
(aAt)"_2 no 1 —C™

and Theorem [ is proved for C' = M7C' %, — < 00. O

oo M T

Corollary 3 (A better estimate for kernels not allowing erosion). Assume the fragmentation kernel
k € C%([0,1]) satisfies and k(0) = 0. We assume that ug € C3([0, M]) and that either
up(M) > 0, or ug(M) = 0 and u((M) < 0. In addition to that, we assume that (Hyp-3) holds.
Then, there exists C' > 0 depending on I,T and M such that
Cant

(1 +]s[*)’
Proof. The proof is the same than the proof of Theorem [0 except that the estimate for the Mellin
transform in Step 1 becomes

K(s) = /0 @)zl = —é /O (o) e = - (31+ 3 </{'(1) W (0) — /O 1 /-i”(x):vsﬂdx) .

Thus for some C' > 0

|R(s,t,At)| <

O

Corollary 4 (Estimate of the variance of the kernel). Let us assume that the fragmentation kernel
k € C1([0,1]) satisfies (Hyp-1)). We assume that ug € C3([0, M]) and that either ug(M) > 0, or
up(M) = 0 and up(M) < 0. We denote by Var|k] the variance of the fragmentation kernel k. Then,
there is C' > 0 that depends on t > 0 such that

\Var[k] — Var[s®(s,t, At)]| < CaAt.
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Proof. Notice that is not needed for this corollary, since U(t,s) > 0 for s € R™, and in
particular for s = 3. We express the variance of the kernel in terms of its Mellin transform

ver(3)=3 J,.

and we apply Theorem [ O

1
l’__

2

2
m@mx:%K@y—;am+éKayz§aa_i.

4.3 Proof of Lemma 4l
Proof of Lemma[j} The arguments rely on the formula obtained in Theorem [2

1. We use the formula (I8]) obtained in Theorem 21 Note that it can be rewritten using the
change of variables

z:% dz = — 2 de, (34)

as

0 1, .ny
u(t, ) = e 2 tug(z) + Z(at)”/o %an(z)uo <£> % (35)
The first term of the sum is clearly C!, since ug is. To deal with the second term, set

I,(x) = /01 j%an(z)uo <£> %

z z

The fisrt step is to prove by induction that for all 29 > 0, for all n > 0, z — a,(2) € C![xo, 1].
The function ag is clearly C', since it is identically zero. Let us assume that for some n > 0,
z — an(z) € Cxp,1]. The function a,41 satisfies ([T) and is composed with three terms.
The first term and third term are clearly C! since a,,(2) € Cl[zg, 1] and since x € C1(0,1). We

focus on the second term -
a@) = [y (g) an(w)dy.

Once again, it can be rewritten using the change of variables (34])

Jn(z) = /: :E—:/{(z)an <£> %

z z

The dominated convergence theorem guarantees that .J,, € C'[xg, 1] and that

1 .~ d 1 v—1 d
f = [ e (B [ zy dz
In(@) _/x zVH(Z)a" (z) 22 +/9607 27 r(z)an (z) z

0

Indeed
x AN - 1, 1 z\ 1 <7max{:ng_1,1}
=00 (3) 7| € gl s () 7 € TS laulera:

We have proven that a, € C'(0,1) since it is C*(K) for all K compact of (0,1).
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The fisrt step is to prove that I,, € C*([0, M]). To do so, we use the dominated convergence
to prove that for all x¢ > 0, we have I,, € C!([zo, M]) and that

1 1
ey 1 x\ dz x™ dz
I(z) = nya™! /0 —man(2uo (2) =+ /0 @y (3) S @€ o, M] (36)
Indeed, the conclusion of the dominated convergence holds: ug € C*([0, M]), hence the the
integrand is in C1([0, M]) as well. The domination is as follows: since supp (ug) C [0, M], the
bounds of the integral I, are z € [%, 1] C [M, ] and thus

_ ny—1 _
=1 ) ny—1

max{ (39

(o (3) 7| < gl (2),
e (£) % < 2B o),
and it was proved in (28]) that [|a, |7y < (*7\7;:7'2)”
Now we claim that the function S defined as '
S(x) = i(at)"fn(w) (37)

is of class C*([xg, M]) for all 7y > 0. Indeed, we just saw that I,, € C1([0, M]), and that I is
given by [B6l). For z € [xg, M], we can control each of the two terms of the sum ([B6l) by two
sequences that converge. Indeed using again (28]), we have

L grr—1 1 max{ (%2 ny-l M1} N +2)"
X xr )
n/ ——an(2)uo (—) —‘ dz < (5) 5 HuoHoon¥,
o | 2™ T n!
ny
! . ()l < >dz " max{ ($9) ’Mm}Hu I (N +2)"
o |z 0L 22 - zl oflee™ 1

and

> (at)" <M> V+2" <oo, Y (at)" (max{x’g,MV})"nM < o0,

7 ! !
g n n!

This ends the proof of [Il and we have in addition for = € [z, M| an expression of the spatial
derivative of u

0
gu(t,w) =~ byl (1) — aya) T He ™ Ty ()
[e.9]

1 (38)
1 dz dz
n ny—1 -
+ E (at) (ny:p /0 —Zman( o an z) 22>.

Similar arguments hold to guarantee that = — u(t,z) € C3([0, M]).

. First, we claim that supp (u(¢,.)) C [0, M]. Indeed, this is a consequence of formula ([B3]) and
of the fact that supp (a,) C [0,1] for n > 0. Let us now prove that supp (u(t,.)) = [0, M]. Take
y € [0, M] and set Y (t) = u(t,y). The fragmentation equation (I4]) implies

Y'(t) > —ay?Y (1),
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Figure 1: On each plot, we display the estimated kernel x®!(t) defined in Theorem [3] for different
time points ¢t. All plots are in black, except for the very early time point (¢t = 0.1, blue), and a late
time point (red).

ie.
ult,y) = Y(t) 2 e V1Y (0) = e ug(y).

If up(y) # 0, then for all ¢ > 0, u(t,y) # 0. If ug(y) = 0, since y € supp (ugp), for all £ > 0,
there exists y. such that |y — ye| < ¢ and ug(y:) # 0 and then u(¢,y.) # 0, which implies that
y € supp (u(t,.)). Thus supp (u(t,.)) = [0, M].

3. It is clear from formula (I8) that u(t, M) = e=*M tug(M). Then, if ug(M) > 0, we have
u(t, M) > 0. If up(M) = 0 and uy(M) < 0, we have u(t, M) = 0, and formula (B8) implies

0 —aM?
G_xu(t’M) = e MMyl (M) < 0.
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Figure 2: Time evolution of the distance in the Total Variation norm between the fragmentation
kernel and its first order estimate given by k!, departing from ug = &; (Left) or departing from
a Gaussian curve centred at z = 1 with a standard deviation ¢ = 0.01, ¢ = 0.1 and ¢ = 0.2
respectively (Right). Left: the corresponding kernel is displayed on the inset with the same colour
as the error curve. Right: the fragmentation kernel is the one in Fig [I] bottom left (in blue on the
inset of the left figure). The corresponding initial condition is displayed on the inset with the same
colour as the error curve.

5 Numerical simulations

5.1 Illustration of the short-time behaviour

We illustrate on Figure [[l the formula obtained in Theorem [ for the estimated kernel x*, that is

t,x) —e 5(x — 1)

HeSt(t) — ’LL( v

)

where u is the solution to the fragmentation equation endowed with initial condition d(z —1). It
is observed on the plots that the above formula for the estimated kernel is valid for early time points.
As time goes by, the size distribution is driven towards stationary state and the information on the

RESt(t)—/ﬁH < Kt
TV

as in Theorem [3] for the four kernels of Figure[Il In Figure 2] Right, are drawn the curves of the error
est(

kernel is lost. On Figure 2] Left, we see the linear time evolution of the error ‘

|

ug,t) — HHTV as in Remark [2] for three initial conditions ug given by (truncated) Gaussians

of standard deviation ¢ = 0.01, 0 = 0.1 and o = 0.2. In that case, an extra constant error is added,
related to the distance between §; and ug. For large standard deviations, this error in the total
variation norm becomes so large that it is no more meaningful: we see the interest to turn to the
Bounded Lipshitz norm.

Figures Bl and [ illustrate Corollary 2] for the fragmentation kernel of erosion type higher at the
edges (Fig [l bottom left). We see how the estimation is differently impacted around z = 0 and
around x = 1,. This gives interesting hints on how the kernel symmetry could be used to improve
the theoretical estimates.

Finally, we tested the assumptions illustrate the results of Theorem [l computing the W7 distance
instead of the BL-norm (this is valid for our numerical case studies). In Fig ??, we display the results
obtained for the two-peak kernel (bottom right on Fig[5l). The time evolution of the Wj— error first
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Figure 3: Estimation of the fragmentation kernel x° at various times (black curves), first time
point in blue, latest time point in red. Left: for an initial data with variance o = 0.2, Right: with
variance 0 = 0.1. In dotted pink is what is truly estimated, namely the convolution wqg * k, see

Corollary 21

—1t=0.01 —o0=0.01
—t=2 —0=0.1
........ w0 * & (X) 0=0.2
15 ; : : . 10
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Figure 4: Estimation of the fragmentation kernel at various times (black curves), first time point
in blue, latest time point in red. Left: for an initial data with variance o = 0.01, Right: estimate
at an early time point t = 0.01 given by the three initial conditions of respective variance ¢ = 0.01,
0 =0.1and o =0.2.

27



e 0.1, e1=0.1 , 0=0.01 eo=0.1 ,e1=0.1 ,0=0.1

0.4 best time=0.01 0.8 ‘ ‘ best time=0.2
0.35 6 — st
0.3 4
<
7 025 5
<
£ 02 o
— 0 0.5 1
= 015 X ]
0.1
0.05
0 ‘ ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1 1.2 0 0.2 0.4 0.6 0.8 1 1.2
Time Time

Figure 5: Time evolution of the error estimate in W;— distance between the fragmentation kernel
and its estimate, for ¢g = ¢; = 0.1 and for o = 0.01 (Left), 0 = 0.1 (Right). The insets display the
best estimate, obtained at the timepoints where the W; distance is minimal.

decreases and then increases, as expected by the estimate of Theorem [B we also displayed the best
estimated k, taken at the optimal time where the error reaches its minimum.

5.2 Recovering the variance of the fragmentation kernel

In this section we explore how formulae from Theorem [6] enable us to recover the variance from
simulated data. We consider 6 different typical fragmentation kernels. In Table 1, we give the value
for their variance and standard deviation. We recall that the variance and standard deviation are

given by
K 1 1
¥MWAMTB]:§K@y—E SD = vVar,

1 1
and we define similarly, provided that §K est(3,t, At) — 1 >0

1 1
Var®t = ZK°(3,t, At) — —
ar 2 ( Y ) 4’
else, Var®t = 0. Also SD*! = /Varest, where the formula for K¢ is given in Definition
In Figure .21 we explore the influence of At on the estimation SD®! for standard deviation
SD. The relative error on the standard deviation is defined as

|SDest — SD)|
SD

We observe that for aAt = 0.05, we are able to have a precise idea of the standard deviation of the
kernel. The worst error we have is for the kernel in blue. In Table Il we see that this corresponds
to the kernel whose SD is of 0.1001. A 50% error gives us an estimated SD of 0.15, which is still
below the SD of the spread gaussian.

Relative Error on the Standard Deviation =
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