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ABsTrRACT. In this paper, we focus on the penalty finite element method for the non stationary porous
media model. We begin by showing the existence and uniqueness of the solution for the initial problem.
Error estimates for the velocity and the pressure are obtained via the energy method.

We introduce a time discretization by the use of a backward Euler scheme combined with fully discrete
finite element method to approximate the penalized problem and establish an error estimate for the
velocity and the pressure which will be used to show the convergence of the approximate solution to the
solution of the initial problem.

The shape optimization problem is to find the shape which is optimal in that it minimizes a cost func-
tional related to a comfort fish populations. We derive the adjoint system associated to the penalized
problem. We compute the gradient in terms of state and adjoint variables. The optimization procedure
is implemented using the continuous adjoint method and the finite element method.

Numerical simulations are presented to show the efficiency and the robustness of the proposed method.

Key Words unsteady flow, finite element method, optimal shape design, fishways.
Mathematics Subject Classifications 35B45. 35Q93. 65N30. 76D55

1. INTRODUCTION

In this work, we are interested in studying the non-stationary Navier-Stokes Forchheimer (NSF) equa-
tions
u — vAu+ (uViju+ta|u|[*u+Vp=f inQx|[0,7],

Vu=0 in Q x [0,T],
(1.1)
u=0 on 09 x [0,T7,
uli—0 = ug on Q,
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where ) is an open bounded set in R? (d = 2 or d = 3) with a sufficiently smooth boundary 2. The
unknown functions here are u(z,t) = (ui(x,t),us(x,t),us(z,t)) and p = p(z,t), which stand for the ve-
locity filed and the pressure of the flow, respectively. In damping term, 1 < o < 2 and a > 0 are two
constants. The given function uy = ug(z) is the initial velocity and the constant v > 0 represents the

viscosity coefficient of the flow.

In the literature, there are several papers devoted to the mathematical study of NSF equations without
the nonlinear convection terms. References [2], [14, 17] reported results concerning the structural stability
for the coefficients in flows. We refer to the work of [21] for the asymptotic behavior of solutions. In [12],
the analysis of the pressure stabilization method for the unsteady incompressible Brinkman-Forchheimer
equations is proposed. Error estimates for the velocity and the pressure are established. The existence of
regular dissipative solutions with the nonlinearity of an arbitrary polynomial growth rate is investigated
in [10].

Among the applications of these water flow model are the problems associated to the optimization of
fishways structure. In fact, some types of fish accomplish their daily or annual migrations and for long or
short distances to complete their life cycles. These migratory fish species are threatened by urbanization,

agriculture, or dams.

Dams are built through centuries by men for agriculture, navigation, electricity or economic reasons.
They represent impassable barriers for migratory species for their reproduction or feeding areas during
the rise of the rivers. To meet this challenge, man thought to built fishways for permitting fish to pass
with comfortable conditions. Fishways (fish ladder, or fish passage) are hydraulic structures placed near
from dams or weirs to allow migratory fishes to cross to upstream river. Several types of fish passage are
known nowadays. The best general reference Clay [5] for the pool and weir type, the standard work of
Katopodis et al. [11] for the Denil fishways and the classical work for the vertical slot type Rajaratnam et
al. [18]. We are involved in the third type of fishways: vertical slot fishway (VSF). VSF has an area of low
velocity for fish to rest during upstream passage, a good energy dissipation. This makes them suitable to

sites where fish passage is needed at different times of the year and for a maximum number of small species.

In actual engineering, in order to reduce the flow velocity in the fishway pool, sand gravels are usually
laid at the bottom which can increase the roughness of the fishway and bring the flow information in the
fishway much closer to a natural river and induce a familiar flow patterns for fish. The flow behavior can
only modeled accurately if the structure of porous media is properly described. Transition from the Darcy
flow regime to the Forchheimer regime can be observed by the investigations of flow in pore space. Many
researchers have attempted to clarify the physical meaning of the linearity in the Forchheimer equation
by recovering the Forchheimer equation from the Navier-Stokes equation by using the basic principles
underlying the theory of hydrodynamics. Despite the diverse opinions on the origin of the nonlinearity,
it is now generally agreed that the quadratic term involves the separation of boundary layers and wake
formation behind solid obstacles. Detailed discussions can be found in [3, 9, 13].

Our purpose is to investigate these structures using the non stationary porous media model and to assess
the possibility to compute the flow pattern in vertical slot fish ladder and deduce an optimal structure
allowing fish to cross the obstacle in a convenient conditions.
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The resolution of the problem (1.1) could be difficult numerically, caused by the incompressibility con-
straint V.u = 0. A popular strategy to overcome this difficulty is to relax the incompressibility term with
the penalty approach. Our purpose is to use a penalty method, introduced by Courant [6] and used by
Temam [20] for the approximation of the Navier Stokes equations, to treat the Navier Stokes Forchheimer

system.

The penalty method is to establish an approximation of the couple (u,p) solution of (1.1) by (u®,p®)
solution of the following penalized problem

1
u$ — vAu® 4 (u.V)u® + E(V.uE)uE +alu |*ut+VpE=f inQx|[0,T],

V.aue +epf =0 in Q x [0,7],
u =0 on 99 x [0, T,

(1.2)

u®li—0 = ug in Q.

We prove the existence and uniqueness of the initial problem solution. We analyze the error behavior for
the linearized NSF model. Then we treat the penalty method for the fully nonlinear NSF system.

The penalized model is considered to study an optimization problem related to fish pass structure, which
consist to find an optimal shape of fishway by minimizing a cost function connected to fish comfort. We

derive an adjoint equation and compute the shape gradient of the objective function.

We propose and analyze a fully discrete finite element method for the penalized problem. The numerical
approach combines a finite element method to solve the non-stationary porous media equations and a

gradient type algorithm called spectral projected gradient to solve the optimization problem.

The remainder of this paper is organized as follows. In the next section, we introduce notations and recall
some preliminary results. We use also the classical Faedo—Galerkin method and the Fourier transform
technique to prove the existence of a weak solution. The Section 3 deals with the shape design. We define
a shape optimization problem. We then derive the adjoint system and compute the shape gradient of the
cost function. The Section 4 treats a time discretization by the use of a backward Euler scheme combined
with a finite element method to approximate the penalized problem and obtain an error estimate for
the velocity and the pressure. Finally, the last section is devoted to the gradient method to solve the
shape optimization problem and the presentation of some numerical results to prove the efficiency of the
suggested technique.

2. MATHEMATICAL MODEL

2.1. Preliminaries. The Navier Stokes Forchheimer equations governing the motion of an incompressible

viscous fluid inside €2 read:
u; — vAu+ (w.V)u+alu/*u+Vp=fin Q x[0,T] (2.1)

Vau=0 in Qx[0,7T], ulsg =0, ul=o = ug (2.2)

We aim to describe some of the notation and results which will be frequently used in this paper. For the
mathematical setting of the Navier Stokes Forchheimer system, we introduce the Hilbert spaces’

H= {V € L*(Q),: V.v=0, vnlpg = 0}

V={veH}Q): Vv=0}

1 The vector functions and vector spaces will be indicated by boldface type.
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= (Hy(Q)* (d=2,3),Y=L*Q) ,Y={qe H'(Q)} , M= {qeLQ(Q) /qu—o}
Vo () = {ue (H?(Q))%u=00nT;}, where 02 =T1 UT;
:{ Q)| (q,V.v) =0, g € L)}

2(Q): the dual space of H2(Q) N H(Q)

PH. the orthogonal projector in L?(2) onto H

A = —PygA = A: the Stokes operator, which is an unbounded positive self-adjoint closed operator in H
with domain D(A) = H*(Q) N'V. We denote also by ||.||, the norm of H*(Q), In particular, we will use
||.]| to denote the norm in L?*(Q) and (.,.) to denote the scalar product in L?(Q).

We now recall some classical properties associated with the nonlinear terms in Navier Stokes equations.

B(u,v) = (w.V)v, B(u,v)=(w.V)v+ %(V.u)v,

b(u,v,w) = (B(u,v),w), bu,v,w)=(Bu,v),w).
We observe that
b(u,v,v) =0 VYueH, veHQ), (2.3)
and
b(u,v,v) =0 Yu,veHQ). (2.4)
We have also the two following inequalities which will be used repeatedly in the upcoming sections.
b(u, v, w) < [[ul[1||[v[[§[[v]|3||w]] Vv € H*(Q) NHy(Q), Yu,w e Hy(Q). (2.5)
allf[v]ll[wlls Yu, v, w € Hi(Q),
lallo[[v][[[w][; Yu e B*(Q) NH§(Q), Vv,w € Hy(),

b(u,v,w) < (2.6)
lallo|[VI[ W] Vu e H*(Q) NHj(Q), Vv,w € Hj(Q),

[[ull[v][2l[w]] Vv € H?(Q) N H(Q), Yu,w € Hj(Q).

1
Let introduce the perturbed A.u = —vAu — —V(V.u), which is the operator related to the penalty
€

method. Tt is a positive self-adjoint operator from H?(Q) N H{(Q) onto L?(Q) and the powers A% of A
(8 € R) are well defined and we have

1
(AV2u, AV2v) = (Vu,Vv),  (AY?a, AY?v) = (AY/2u, AV2y) + g(divu, divv)

for all u,v € X.

For ¢ sufficiently small,
|Au|| < C||Acu|| Yue H*(Q)NX,
IVu]| < C||AZu|| VueX, (2.7)
A7 ]l < Cllull-s Vue H2(9),

C' is the generic constant that can take different values in different places.

If the boundary 99 is smooth enough, for any v € VN H?(Q)

[vll2 < [IAv]. (2.8)
It is well known that the following Gagliardo-Nirenberg inequalities hold:
Lemma 2.1.

Ivllze < ellvI[V2I[AY2v][V2, Jlv]] < c]|AY2v]|, Yo e X (2.9)

IVVlipe < cl|AV2v][V2]|Av][V2, [|AY2v]| < c||Av]], Vo € D(4) (2.10)
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IVllze < ellvI*?[|Av[['/%, Vo € D(A). (2.11)

Furthermore, we have the following properties for the Stokes operator.

Lemma 2.2. There exists a constant co > 0 depending on ) and such that if ce <1,

1Av]| < collAevll, [|AY2v]| < eollAL2v]] (2.12)

Also, we remind two Gronwall’s lemmas type which will be often used.

Lemma 2.3. (Gronwall lemma) Let y(t), h(t), g(t) and f(t) be non negative functions verifying

¢ ¢ T
y(t) +/0 h(s)ds < y(0) +/0 (9(8)y(s) + f(s))ds YO <t <T, with /O g(t)dt < M,
then . .
y(t) —|—/ h(s)ds < exp(M)(y(0) —|—/ f(s)ds) VO<t<T.
0 0

Lemma 2.4. (discrete Gronwall lemma). Let y™, h™, g™, f™ be nonnegative series verifying
m m T/k
YR RN <EY (gMyt+f"), withkY g" <M Y0 <m<T/k.

n=0 n=0 n=0

S kg <1V dlet o = 1— kg™, th
uppose kg n and let o Ognga;g/R( g") en

y" kY B <eap(oM)(B+kY | f"), Vm < T/k
n=1 n=0

It is worth pointing out that the mapping F: x +— |z|*@ is monotone, then:
Vu,v € X, (e — |v|%v,u — v) > 0. (2.13)

The following Sobolev inequality is useful to deal with the nonlinear form F.
[l <[IVvl, 1<p<6 (2.14)

It is convenient to consider the functional G defined by G(u) = PF(u) Vu € X.

In the next lemma, we provide the estimate for the velocity’s second derivative, the velocity’s derivative
with respect to time and the pressure.

Lemma 2.5. We assume that the given data uwy and f satisfy the following regularity
u € Vn H*(Q), f, f, € I*(Q) (S1)
Then there exists Ty < T such that the solution of the system (2.1)-(2.2) satisfies:
lu(®)l2 + llw @) + p(t) ] < C, V¥t €[0,Th]. (2.15)
Proof. Take the inner product of the equation (2.1) with Aw and integrate all to get
1d 2 N 12 X A X
§%||Vu|| + | Au|® = —b(u, w, Au) — a(ju|"u, Au) + (f, Au). (2.16)
Combining the inequalities (2.7)-(2.11) with Young inequality, we have
b(w, u, Au) < %qun? + O Vull®, (2.17)
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a(jul*u, Au) < %H&uu2 + O V|2t D), (2.18)
Substituting (2.17) and (2.18) into (2.16) and using the fact that

(. Aw) < F1Bul + [,

we obtain
1d
2dt
In particular, it is equivalent to solve the following equation (by assuming C’ > 1):

Yix 3
HVU\|2+§HAUH2 SC’I\VUH6+5||J°H2- (2.19)

%y(t) < Cy(t)?, with y(t) = [Vu)|* + C1, y(0) = [[Vu(0)|* + C1

1 1

- — — and
20702~ Cp

3
and C; = — sup ||f]|?. The equation above has a solution in [0, T}] where T3 <
27 o<t<T

y(t) < V2y(0), te 0, To).

So, for all ¢ € [0, T1] with T7 = min{T1, C%)L we have

IVu®l? < V2(|Vu(0)[* + C1) := Cs, (2.20)
Consequently, using (2.19) and (2.20), to infer that
T
sup [|[Vu(t)|* + ’y/ |Au(t)||?dt < C, vt € [0, T1]. (2.21)
0<t<Ty 0
Deriving one time the equation (2.1) with respect to ¢, we obtain
wy — AU, + aF' (w)u, + B(ug, w) + B(u, wy) + Vp, = f, (2.22)

Multiplying the relation (2.22) with u:, we get
S lwll? F A Vudl® = —a(F' (w)ue, we) — blug, w, we) + (Fy, we)-

Since (F'(u)u:) - w; is positive definite, using the inequalities (2.7), Holder’s and Sobolev’s inequalities

yields to
1 1
1 1 1
sapllwel? + Vel < cllwllllwlF w3V + S1£07,

0% 1
< GIVul® + Clluwlallaflo) el + S 1101

Combining Cauchy-Schwarz inequality, estimates (2.8) and (2.21), to have:

T T 1 T 1
|l hlus)eds < ([ fulRdas) ([ i) <c. (223)
0 0 0
Applying Gronwall Lemma to (2.23), we obtain:
T
e M/ IVui(s)|2ds < C, Ve [0, Thl. (2.24)
0

Multiplying the equations (2.1) by Aw, we get

/YHAU’HQ = _(ut7 Eu) - a’(|lu’|au7 EU) - b(lu’v u, Eu) - (.f7 E’U/)
0N X XKoo VIR
< glAwl® + 2vfjwl + al (Ju|"w, Aw)| + [b(uw, v, Aw)| + 2| Al + 29| f]*.
Similarly as in (2.18) and (2.17) we control the nonlinear terms. Using (2.20), (2.24) and (2.8), we infer

that
Jul <C,  Vte (0, Tn]. (2.25)
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For the pressure estimate, we use the equation (2.1) to have
IVl < (luell + IVl + aflfa**) + [ B(u, u)]]). (2.26)

Using the Holder’s and the inequalities (2.7), the estimates (2.20) and (2.25), since H'(Q) — L*(Q), we
observe that:
1B(w, w)|* <Clluflatel| V] 2oz
<Clullaa | Auls T Jul 5
<Claaf; FullG <

Substituting the inequalities (2.20), (2.24) and (2.25) in (2.26), we obtain the pressure estimate. O

Lemma 2.6. Under the same assumptions of the lemma 2.5, we suppose in addition that
fis fu € C([0,T], L*(92)) (S3)

Then, the solution of the system (2.1) satisfies
t
(D13 + (Ve +/ (e ()13 + pee(s)[ D) ds < C, Wt € [to, Ta. (2.27)
to

Proof. Deriving one time the equation (2.1) with respect to ¢, to have
uy — YAuy + aG' (w)uy + B(uy, ) + B(u, uy) = f, (2.28)
Multiplying the equation (2.28) by ﬁut, we obtain:
SalVuel? + | Aul® = —(F, Aug) + blur, u, Aug) + b(u, up, Auy)
+a(F'(u)wg, Auy)
< FlNAw|® + 2017 + [b(wr, w, Awy)| + [b(u, e, Awy)|
+a|(F'(u)ws, Auy)|

With a similar manner as in lemma 2.5 we write

e, Aw)| < LB + w3V (2.29)
b Aug)| < LI Aw|? + Cllulf2]| Va2 2.30
[b(w, ue, Aug)| < llAue]” + Cflullz[ V]| (2.30)
Next,
a|(F'(w)uy, Auy)| < Cla+ 1) |[ul| [[ug || Aug | < %H&ltll2 + CllullE [V (2.31)
Combining the previous estimates together and using the inequality (2.14), (2.20) and (2.25), to obtain
d ~
IVl + Al Aw | < 4lf|° + ClIVa*. (2.32)
Thanks to Gronwall’s inequality, we infer that
¢
sup ||Vut(t)||2+7/ |Rui(s)|2ds <C, Vit € [to, T1]. (2.33)
to<t<Th to

Now, differentiating the equation (2.22) with respect to ¢, we have
Ut — ’YA'U,tt =+ aF”(u)|ut\2 + G,FI('U,)U” + QB(’U.t, ’U,t) + B(Utt, ’LL) + .B('U,7 utt) + tht = ftt~ (234)

Taking the inner product of the relation (2.34) with w, to get

1d
5&”"”“2 F Y Vuul® = = a(F"(w)|wel®, we) — a(F'(w)we, wey)

— 2b(w, Wy, Uyg) — b(gr, w, wey) + (fre, Vee ).
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Since (F'(u)uy) - wy is positive definite, using Young’s inequality, we have
d
%£||utt||2 F AVl < lIF el + 18" (w)we?, wee)| + 2[b(ws, we, wer)|
Ho(wer, w, wg)|.
Thanks to (2.14), (2.20) and (2.33), since H'(Q) < L*(Q),
[(F" (w)|ue? uee)| < ala+1)(Jul* el [us))
< ala+ DfwlS w3l el
< Ollugl® + Clul 2V [Vu|* < Clluwl® + C. (2.35)
Using Young, Holder inequalities, the inequality (2.7)- (2.11) and estimate (2.15), we have

[0(wse, w, wir)| < [Jwge | [l 2]l we ) < %IIVMII2 + Clluel . (2.36)

(e, we, wee)| < Jlwelaflwe 1 f|weell < ClIV > + el e |- (2.37)

Replacing (2.35)-(2.37) in (2.35), using (2.33) and applying Gronwall Lemma yield
T
e ||* + 7/ [Vue(s)]*ds < C. (2.38)
to

Multiplying the equations (2.1) with Eut, we obtain:
WAu? = (wee, Aug) — (Fy, Awg) — a(F' (w) g, Aug) — b(uy, w, Auy)
—b(u,us, Auy)
< Flhuee? + 2 Awl? + 5P + al (F(u)ur, Auy)
+[b(us, w, Aug)| + [b(u, ur, Auy)|
For bounding the nonlinear terms we apply a similar estimations as in (2.29)-(2.31), thanks to (2.8), (2.38)
and (2.33), we deduct
a2 < C, Yt € [to, T1]. (2.39)
We can obtain the remaining estimates in (2.27) by following same arguments of Lemma 2.5. Notice that
(2.33) is an analogue of f; | Aw(s)||2ds for uy instead of u,. O
Moreover, if we assume that
tf, € L2(0,Ti; H' (), (82)
We obtain the pressure estimate
tpe € L*(0,Ty; H (Q)) (2.40)
Lemma 2.7. Assume that 1 < a <2 and ug € H, then the solution u of the problem (2.1)-(2.2) satisfies

sup |l < C (2.41)
t€[0,T]

Proof. We multiply the equation (2.1) by u; +u in L?(£2)

d 2
M) +2 [V||Vu<t>||2+“ / u(x,t>|a+2dx} 2 Va)? +20 [ Ju(e, 0]+

1 v
+o(u,w,uy) = (F, w) + (F,w) < el £ + 5wl + 3 flulf?
The equation (2.42) implies

2a
a+ 2

luoP + & [VHVu(t)n? T

/ |u<x,t>|a+2dx} | Vu()]? + 20 / (e, H]*+2dz < o £
dt Q Q

(2.43)
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We define the function

b(t) =v[Vu@)* + —= fg u(a, t)[**2dx
d
1 satisfies the inequality %w(t) +(t) < c||f||*. we have the estimate

v[Vu(®)]* +

+2/ lu(z,t)|* 2de < Ke™* (2.44)
«

2
where K = v||Vug|* + a7—|C—L2 /Q [ug ()| *T2da O
The next result gives the control of the mapping F'.

Lemma 2.8. Consider u,v € X such that (2.41) holds for u and v, then
[F(u) = F(v)[| < Cllu—v]| (2.45)

Our next point is the existence and uniqueness of weak solutions to system(2.1)-(2.2).

Theorem 2.1. Under the assumption (S1) and ug € H, the system(2.1)-(2.2) has at least one solution
ue L2(0,T; Hi (Q)) N L¥T2(0,T; LT2(Q)) N L*°(0, T; L*(2)).

Proof. We consider an orthonormal basis (wy) in X and define the sequence (u,,) € X satisfying

(aug;(t),wk)—H/(Vum(t),Vwk)—i—b(um(t),um(t),wk)—|—a(|um(t)|°‘um(t),wk) =(f@t),wr), for k=1,.,m
(2.46)
with initial conditions
U, (0) = uom (2.47)
where for each m € N .
() = &em(t)wy (2.48)
k=0

and ug,, is the projection of ug from the space X to the space span{wi, ..., Wy }.
The Cauchy problem (2.46)-(2.47) is a first order nonlinear ordinary differential equation in t for the

functions &£1,,(t), ..., &mm(t) with the initial conditions
&km (0) = the kth component of ug,,, k=1,.., m

Applying the properties of an ordinary differential equations, there exist a solution of the Cauchy problem
Uy, in the time interval [0,¢,), 0 <t, < T and we have if ¢, <7, then lim, ,,— ||| = +oc. Otherwise
t,="T.
We multiply the equation (2.46) by &k, and sum with respect to k from 1 to m, to obtain
ou,,
(¢

Using Poincaré inequality and Holder inequality yields to

W) + V]|V + alun 752 = (f, un) (2.49)

d «
—||um||2 + 20||Vu, |12 + 2alju,, || 547,
1
< 2(f um) < 20If [l < 117 + vA w2 (2.50)

1
< SIFIP + vV

Therefore y )
£I|umll2 + ]| Vg, [|? + 2alJu, || 737, < j\llf\l2 (2.51)
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We integrate the inequality (2.51) with respect to t from 0 to s (< ¢,) to have
1 S
Rl < o2+ 55 [ )P

1
< luoll? + —/ I ()]t < +o0
When t,, = T we obtain
1
sup ([t |? < [full? + — / oI

t€[0,T]
We integrate (2.51) with respect to t form 0 to T, to get

1
/ [V Pdr < ol + 35 Hf()||2dt
T +2 24 1 2
ml|Faredt < — dt
[ Tt < ol + 5 [ s

(2.52)

(2.53)

(2.54)

(2.55)

In order to estimate the derivative term with respect to t of u,,(t) for passing to the limit in the nonlinear

term in (2.46), we define
Van(t) = F(8) — VAU (E) — (W (£). )t (£) — s (B)] 1 (1)

We rewrite the equation (2.46) as

(8ug;(t)’wk) = (Vi (t),wg), for k=1,2,.., m

We define

o ua®), tefo.T]
u’”(t)_{ 0, t€R\[0,T]

Uy, () is discontinuous at ¢ = 0 and ¢t = T. For all the set R, we have

d . -
a(um(t),wk) = (Vi (t), wg) + (u0m,wk)6(0) — (um(T),wk)(S(T), k=1,2,.... m

with gy and 67y are the Dirac distributions at 0 and T, and
m(t), telo,T
ooy vel e
0, teR\[0,T]
Applying the Fourier transform on the both sides in equation (2.56) yields to
2T (U (7), wi) = (Vi (7), wi) + (Wom, wg) — (W (T), wi)exp(—2in7T), k=1,...,m

With a similar manner, we define ékm and we denote by ékm the Fourier transform of ékm.

We multiply the equation (2.56) by ékm and sum with respect to k, to obtain
2077 || (7)]* = (Vi (1), @ (7)) + (W Wi (7)) — (W (T), (1) Jexp(—2im7T)
Using the inequalities (2.52)-(2.55), yields to
217 [ ()12 < (Vi (7), G (7)) 4 [0 [0 (7) [ + ([ (T) [0 ()

<@ (1), i (7))] + 2VE [ ()|

where K = ||uo||2 + */ (¢ )||2dt-

The term |(Vy,(7), @ (7)) can be raised as

|V (T @ ()] < (F (1), @ (P)] A+ V[Vl (7)[2 4 0@ (7), 8 (7), (7)) + [ (7))

a+2
La+t2

< NF @I + 1 (P + 28 (1) + al| @ (7))

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

a+2
La+2

(2.61)
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Combining the inequalities (2.60)-(2.61) yields to

27070 (1) 12 < 1F (DI 4 ([ (7)1 + w1180 (7)1 + @@ (1) 15522 + 2VE (1) (2.62)
1
Consider v € [0, 1/4], we have the inequality: |7]?7 < (2 + 1)1+|+||1T|27, V7 € R. Therefore
T
+oo +0 |15 2 +oo 0 2
Sl <o) [T IOL oy [ O,
[Pl <@yen [ e i ey [ ST o
< (2v+1)/+°°|a (7)2d7+(27+1)/+00|7|”ﬁ"‘(7)”2 |
: L e TP

For raising the first term on the right hand side in (2.63), we use the Perceval equality, the Poincaré
inequality and the inequality (2.54) to have
—+o0

+oo
(27+1)[ [ (7) | dr =(27+1)[ [ (8) |2t

N (2.64)
—@r+1) [ un®lPa < clr.a)
It remains the second term on the right hand side of the inequality (2.63). We use the inequalities (2.53)-
(2.55) and (2.62) to get

Sl @yeD) [ @yeDa [
ey [ B < CVED [ g G [ e

— 00 — 00 — 00

2y + v [ (27 + DVK [+ | Vi, ()]
T / 2w / dr

Vi, (7)|%d
- [V, (7)|dr + 1+ 72

— 00 — 00

+oo R
<c [ (IFI + lan®l5. + [Van(©]F) d

— 00

+00 dr 1/2 +oo 1/2
N 2
+c <‘/_OO 1+ |7_|1_27> <‘/_OO Hum(t)H dt)

T
<o [ (U1 + B 0l + 1V, (0)12)

1/2

+oo dr 1/2 T
1L [~[1—2y Amt 2dt < Y, a, ,d,T
e (/oo 1+ |T|1—zw) /0 [[am (£)]] < e(m,y,a,v,d, T)

(2.65)
Using the inequalities (2.63)-(2.65), there exists a subsequence denoted without lose of generality by u,,
and u such that

u, ~u in L®(0,T;L*(Q)) (2.66)
u,, = u in L*0,T;H}(Q)) (2.67)
u, — u in L*(0,T;L*(Q)) (2.68)
u, —u in L*T2(0,T;L*T%(Q)) (2.69)

Consider ¢(t) € C§°(0,T'). Multiplying the equation (2.46) by ¢(t), integrating from 0 to T and integrating
the first term of the result by parts to obtain

-/ (1), w06 (Bt + v / '

0 0

T
(Vuu (1), () Vo) + / bt (1), W (1), wi (1))

. 0 (2.70)
0

a/ (|um(t)|aum(t),wk¢(t))dt:/ (f,weop(t))dt, k=1,2,.... m
0
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Now, we study the convergence of the nonlinear terms in (2.70). We begin by the trilinear form

T T 1| T T
bmvma dt — b’, dS* bmvma dt — b,, d
/0 (W, Wi, Wi P(L))dE /0 (u, u, wre(t))dt 5 /0 (W, W, Wi P(t))dE /0 (u,u, wio(t))dt
T T
3| g = [ o). war
e ], ("
< 5| How = w0 + 5| [ b, - ww(o)
1| /" .y
—|—§/0 by, — u, wrd(t), u,, )dt —&—5/0 b(u,wrd(t), u,, —u)dt

b1 + ba + b3 + by
(2.71)
where
T

1
< 5 sup ()| sup fwk| [ [um — ull|Vulldt
te[0,T) z€Q 0

1

T
by = 5 / by, — u, Uy, wee(t))dt
0

(2.72)
< cllum — ullL20,7, 2 ) [Umll L2 0,7, 52 ()

—0asm — oo

1 'S a(um_u

5/0 JZ::I /Q(“)i T on; (p(t)wy)jdxdt
1 T 3

<3 /0 ]2
1 T 3

3 /0 >

ij=1

T
: / bttt — 1, (1))t
0

[ =0, S o0y,
Q

O(wy)j

8wj

dxdt

=)o)

1 T
<5 suwp |¢(t)\suplwk\/ [w — [ Vuldt
t€[0,T] z€e 0

1 T
+5 sup \¢(t)|sup|Vwk\/ ([un — ulf[[ul|dt
t€[0,T] zeQ 0

< cllum —uallrz(0,1;r20)) (10l 20,7152 (2)) + [l z20,7:22(2)))

—>0asm— o
(2.73)

T
< sup |p(t)] sup [V / It — |Vl
te[0,T] zeQ 0

1 T
b= | [ bl = wwo(t), e
0

(2.74)
< cllum —ullpz0, 12 @) [[0m | 220,752 ()

—0asm—

1 T
by L < sup [o(0) sup [Vun] [, — ul ful e
2 €N 0

te[0,T

T
/ b(u, wi(2), uy — w)de
0

(2.75)
< cllum —ul[z20,7;22 ) 1l 20,7522 ()

—r0asm — oo
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Using (2.72)-(2.75) to deduce that

T T
/ bWy, o, ()t —> / b, w, we (1))t (2.76)
0 0

It remains the Forchheimer term. We write

T T T
‘ | Gt wonat - [ (i wo®)de) < [l  fuful o 60
0 0 0

T
<e / 1V (e — w)ldt
0

< cllum —ullr20,1,m1 () — 0 as m — oo
(2.77)
Equation (2.77) implies

T T
. / (o[ “ s w0 (1)) — @ / (I, wid(6))dt (2.78)
0 0

Now, for fixed k = 1,2, ..., m, we pass to the limit in (2.70) and using (2.66)-(2.69), (2.76) and (2.78) to
infer that

T , T T
- / (0, w)¢ (t)dt + v / (Vu, ¢(t) Vg )dt + / b(u, w, wpb(t))dt
0 0 0

(2.79)
T T
vo [ (ultw ot = [ (FO o) k=12m
0 0
As it is known the nonlinear terms in (2.79). By continuity properties we have Vw € H
T ) T T
- / (w,w)g (1)dt + v / (Y, 6(6) V) dt + / b, w, wo(t))dt
0 0 0
. ., (2.80)
b [l won)t = [ (F(0, wo)d:
0 0
Equation (2.80) implies in the distribution sense
d
—(u,w) + v(Vu,Vw) + b(u,u,w) + a(|u|*u,w) = (f,w), YweH (2.81)

dt

At least, we verify if the velocity u satisfies the initial condition u(0) = ug. We have u € L2(0,T; H} (2))N
Lot2(0,T; LoT2(Q)) N L*°(0, T; L?(Q2)), and we use the fact that

T T
« a+2)/3 a
o / lhut) () |23t < c / |42, dt (2.82)

alu|®u belongs in L(+2)/3(0, T; L(e+2/3(Q)) c L¥3(0,T; H1(Q))
We use the fact that

T 4/3 T
/ IBu(t), u(®)ll2 dt - < c/ ()12 ()l
0 0 (2.83)

T
2/3
< a2 iy | IOl

B(u,u) € LY3(0, T, H~*(2)). Using (2.81)

%‘; e LY3(0,T, H1(Q)) (2.84)
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By the embedding theorem u € C(0, T; L?(12)).
Consider ¢ € C1([0,T]) such that ¢(0) # 0 and ¢(T) = 0, then we have

T T T
- /0 (w, w)e (t)dt + v /0 (Vu, ¢(t)Vw)dt + /0 b(u, u, we(t))dt

. . (2.85)
+a [ (Qulu,wo(0)de = (uo.w)o(©) + [ (70, ws0)d o eH
0 0
Multiplying the equation (2.81) by ¢(t) and integrating yields to
T ) T T
- / (w,w)g (t)dt + v / (Vu, (6) V) dt + / b, w, wo(t))dt
’ ’ ’ 2.86)
T T (2.
b [ (ulu wo()dt = (). wo(0) + [ (7@, wort)ar e H
0 0
We look at the analogy between the equations (2.85) and (2.86) to infer that
(up —u(0),w) =0 YVweH (2.87)

Therefore u(0) = uy.
The existence of the pressure follows from the existence of the velocity and for each ¢ € [0, 7], p(t) € L?(Q2).
Moreover Vp € C(0,T; H=1(Q)) and we have

p € C(0,T; L*(Q)) (2.88)

and satisfies in the distribution sense that
8871; —vAu+ (u.V)u+alu/*u+Vp=Ff (2.89)
which complete the proof. d

Lemma 2.9. Under the assumption (S1), there exists To < T and a positive constant C' independent of
€ such that

t t t
v «
[[u||* + 5/0 ||u®||2ds + a/o ||u5||Lj32d3 + 6/0 ||p¥]|%ds < C, Vt € [0,Ts). (2.90)
Proof. We use the inner product of (3.1) with u® and (3.2) with p® to obtain
1d
5 g eI vV + alluf||732, +ellpfl]? = (fiue)
1 v
< 2 ZVus 2
< o lAE + 29w
By integrating with respect to ¢, we get the inequality (2.90). O

3. STUDY OF THE PERTURBED PROBLEM

In this section we focus on the existence, the uniqueness and the regularity for the penalized problem
associated to porous media model (2.1)-(2.2).
The associated penalized problem to the equations (2.1)-(2.2) writes

u — vAu + B(uf,uf) 4 au®|*uf 4+ VpF = £, in Q x [0, 7], (3.1)
Vau® +ep =0, in Qx[0,7], ulsaq =0, uli—o = uo, (3.2)

~ 1
where B(u,v) = (u.V)v + i(V.u)v is the modified bilinear term.

Using the operator A., we can reformulate the perturbed system (2.1)-(2.2) as

u$ + A.uf + B(uf,u) + afu|“u® = f, (3.3)
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ulog =0, uli=0 =19 (3.4)

Proposition 3.1. Under the assumption (S1), there exists To < T and a positive constant Cy and Cy such
that the solution u the system (3.1)-(3.2) has one solution (uf,p®) which belongs in € L*(0; T0; H(2)) N
L>°(0; To; HY(2)) x L°°(0; To; H1(Q)) and we have

£ 4 ¢ £ ¢ £ £
[Ju ||2—|—§/0 [lu ||fds—|—a/O [lu ||zj32ds+€|\Vp I|? < Co, Vte0,Ty]. (3.5)
and .
sup |\Vu6|\2+5/ |Aus|2ds < C, ¥t € [0, T3], (3.6)
0<t<T, 2 Jo

Proof. With a similar manner as done for the system (2.1)-(2.2), we establish the existence of solution
via a Faedo-Galerkin method. To derive the regularity of the velocity u* and the pressure p°; First, we
use the inner product of (3.1) with u® and the equation (3.2) by p® to obtain

1d
5 [P+ v Vus]]? + af ][22, + el [VPFIP = (fiuf)
2 dt
. (3.7)
v
< 2~ el|2
< oo A2+ 211w
1
By integrating with respect to ¢, we get the inequality (3.5) with Cy = EH,)"'H2 + | ugl|?.
Next, to obtain more regularity for the velocity u, we multiply the system (2.1) by —Au to infer
1d ~
§$|\Vu5|\2 +v||Auf|)? = a(Juf|*u®, Au®) + b(u®, u®, Au®) — (f — Vp, Au®)
3 (3.8)
v
< Z|IAUEII2 + — 2 el2
< llaw(l® + (AR + Vel
By applying Cauchy-Schwartz inequality and Young’s inequality to obtain
a(fu]*v®, Au®) < afjut][*H]|Au®
%||Au5||2 + a?’%HVUEHQ(aJrl)
Taking 1 < o < 2 to deduce
a(ju/*u®, Auf) < %llﬁusll2 +Cl[Vu©|[® (3.9)
Using Agmon’s inequality to bound b(u®, u, Auf) as follow
b(ut,uf, Au®) < COffuf|oo|[u |1 [uf |2
C (3.10)
< Zllaut|? + = vue|?
6 v
Substituting (3.9) and(3.10) in (3.7) to have
d
%|\Vu6||2+1/||Au5||2 < Co + Cs||Vuc|[® (3.11)
Let y(t) = ||[Vu®||? + K. Note that for Ko > 1
d
p < Koy(t)?, where y(t) = ||Vu||* + K1 and y(0) = ||[Vu®||? + K (3.12)
From (3.10) we derive a solution defined on t (¢ > 0) satisfies
1 1
t (3.13)

< - =
T 2Koy(0)2 Ko
This leads to

y(t) < V2y(0) (3.14)
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1
Set Ty = min(T, —), for t € [0, T3], we deduce

K,
IVus (1)|]? < V2[|[Vus(0)|* + K, == K3 (3.15)
To summarize, we combine the equations (3.7)and (3.10) to conclude
¢
sup ||Vu®||? + K/ ||[Au®||?ds < C1, Vt € [0,Ts). (3.16)
0<t<Ty 2 Jo

O

To

Let us consider Ty = min(T1,T5). For simplicity we denote by ||v||.»(x) the norm (/ ||v|\§(dt)1/p in
0

L7(0, Ty; X).

4. ERROR ANALYSIS

The main result of this section is stated in Theorem 4.2. The proof is split into two steps: the error of
the linear case is given in the first step and the second one is related to the error behavior for the fully

nonlinear problem.

4.1. Error estimates for a linearly perturbed problem. Primarily, we will focus on the analysis of
the error for the linear case.

We consider the linearized Navier Stokes equations at u =0 :
u —vAu+Vp=f inQx|0,T]
Vau=0, in Qx[0,7]
ulopgo =0, u(0)=ug

The associated perturbed problem to the system (4.1) takes the form

uj —vAu*+Vp =f inQx[0,7T]
Vut+ep*=0, inQx][0,T] (4.2)
ulon =0, u(0) =ug

Let e = u — u® and ¢ = p — p°. Subtracting (4.2) from (4.1) to get
e —vAe+Vqg=0 (4.3)
V.e+eg=cp, €0)=0 (4.4)
The following result summarizes the error relating to the linearized problem

Lemma 4.1. Let assume (S1), we have
llel| Lo z2) + VVllell L2y + Vellall L2 z2) < CVe (4.5)

lle|[r2(g2) < Ce (4.6)

Proof. Multiplying (4.3) by e and (4.4) by ¢ and summing up, we obtain

1d € €
ga\lell2 +v[|Vell* +ellql]* = e(p, q) < 5Hq\|2 + §||p||2

We integrate the previous inequality from 0 to ¢t < Tj, and we use the fact that e(0) = 0 and lemma 2.5
to have

||eH2<>o(L2) + V||e||2L2(H1) + 5||q||%2(L2) < Ce
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which is equivalent to (4.5).
To deduce the assertion (4.6), we need to introduce the auxiliary problem: for 0 < ¢ < T we define (w, ¢)

ws + VAW + Vo =e(s) VO<s<t,

(4.7)
Vw=0, w(t)=0.
Firstly, we derive the following inequality
v|wllL2mz) +1IVOllr2az) < Cllef|p2 e (4.8)

For this aim, we use the inner product of (4.7) with Aw, and we integrate from 0 to ¢, to obtain
V||W||L2(H2) + va(0)||L2(L2) < CHeHLZ(m)
Using the projection operator Pg on (4.7) to get
IWsllr2@z) < Cllellr2w?)
We use the equation (4.7) again to get
[IVO[lL2r2y < Cllel|r2r2y

This latter inequality completes the demonstration of (4.8).
We now multiply the equation (4.7) by e(s), using (4.3) and fact V.w = 0 we obtain

lell? = (ws.e) +v(Aw,e) + (V,e)

d
L

w,e) — (es,w) —v(Ve,Vw) + (Vo, e)

- %(W,e) +(Vg,w) — (¢, V.e) = %(V‘Ue) — (¢, p7)

We integrate from 0 to ¢, and the fact w(t) = e(0) = 0 gives

t t
/0 le||*ds = —/O e(¢,p%)ds < 0l[@lI72 w2y + Cse®| P72 1)
with Cj is a positive constant depending only of §. Applying (4.8) and choosing ¢ small enough to have

t
/ lle|ds < Ce|lpf||2wey < C=2 V¢ < [0, T,
0

The following result is necessary for the subsequent investigations.
Lemma 4.2. Provided (S1) and (S2) are satisfied, we have

t
/ s°||pf|[?ds < C YVt €[0,To).
0

Proof. We derive one time with respect to ¢ on (4.3) and (4.4), we get
ey —vAe; + Vg =0 (4.9)

V.ei+eq =cep, €0)=0 (4.10)
Multiplying (4.3) by te; and (4.10) by tq to get
vd

tllel” + 5 -

ed v €
t 24+ -—tllg* = zlIVell® + zllgll* +et
Vel + 52 tlall* = 5IIVel® + S llall” +et(pr.0)

2 2 et? 2
< Z|1ell + ellal + -l lp

VIIN
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Integrating from 0 to ¢, using Lemma 4.6, (2.40) and Gronwall lemma, we derive
t
/ Slled] 2ds + t]e]|? + etllgl|? < Ce (4.11)
0

We Multiply (4.9) by t?e; and (4.10) by t?q; and we sum up we obtain

1d
Sl + vl Vel 2+ 2llal - = tlled]? + =t2(pe, )

et? et?
< tlled]|> + 7”%”2 + 7|\pt||2

Integrating over [0, t], using (4.11) and (2.40) we get

E/Ot s2||q.|)?ds < C’/Ots||et||2ds+ C’a/ot s%||pe||Pds < Ce
The results follows from the previous inequality and (2.40). O
Lemma 4.3. We suppose that (S1) and (S2) are satisfied then

t t
fle(ol +v [ slIVe(s)IPds += [ slla(s)lPds < = ¥ee 0.1, (4.12)
0 0

t
|| Ve(t)||? +/ s%||q(s)||?ds < Ce? YVt €[0,Ty). (4.13)
0
Proof. We consider the decomposition
Hj(Q) =V eVt where V= {(-A)"1Vq, g€ L?(Q)}

and v = (—=A)~ V¢ if and only if —Av = Vq and v|sq = 0. We note that for p(t) € L?(2)/R there exists
a unique ¢(t) € V+ such that V.p(t) = p(t) with

@) < Clip(®)]] vt € [0, Tol. (4.14)
Moreover, if p;(t) € L?(2)/R, we then have V.p;(t) = p;(t) such that
| #:(@) 1< Cllpe(®)]] ¥ ¢ € [0, To. (4.15)

Multiplying (4.3) by te and (4.4) by tq, we sum up and use (4.3), we infer

1d 1 1
Stllell” +tvl|Vell? + ctlall” = Sllell? +<t(p, @) = 3 llell* + =t(7.,0)

1 1
= 5llell* = ct(Vg, @) = Sllel* + ct(er, @) + evi(Ve, Vi) (4.16)

1 d
= 5”8‘ |2 + 5%t(e7 ‘P) - E(e, (p) - Et(e, @t) + El/t(ve, V(P)
By the assumption (S1), we have v/tp € L>(0, Tp; H*(Q)/R). Using (4.14) we obtain
t t
ct(e(t), (1)) < Llle()I2 + <llgl? < (o2 +C<*

By integrating (4.16) from 0 to ¢, using the previous inequality, the Cauchy-Schwartz inequality, Lemma
4.6, (2.40) and (4.15) we deduce

t
ﬂmum?+é<wmv4ﬁW+fﬂmwm%¢
t t t
sc¥+c/Hdﬁww+%{/Hﬂ@ww+08/sm%wm%s
0 0 0

t
sc¥+08/umﬁ+¥mm%ﬁsc£
0
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Taking the inner product of (4.3) with t?e;, (4.10) with t2q we deduct
1d cd
2dt 2dt
Using equation (4.3) and the inequality (4.15) to obtain

2lec||? + = 2| Vel® + = —2[|q||* = t||e||] + etl|q||* + ct*(pe. @) (4.17)
et?(pr,q) = et*(V.pr, q) = —et* (91, Vq) = et’ (e, 1) + ct?(Ve, Vi)

t2
< Slleddl® + el |2 + £2][ Vel |* + €282 Vipu

t2
< Dlledl + £219el? + Ce22

We integrate (4.17) and using the Gronwall lemma to have
¢
| lleus)lds + Vel + <t < €= vt e 0.7
0

Again from the equation (4.3)
llall* < ClIVal2y < CUllAel2y + llecl2 1) < C(llel]} + [ledl*)

Consequently

T(] TD
/ 32|\q|\2dss0/ 2(|lell? + [ler]2)ds < C<2
0 0

The result below describes the behavior of the linear error part.

Theorem 4.1. Assume the assumption (S1). Then, there exists a constant C depending on the given
data such that

le(t)]| + (/ ||e<s>||%ds)2 <OV vie T

If we assume moreover the hypothesis (S2), then

1
2

t
\/%||e<t>||+t||e<t>||1+(/ 52|q|2ds) <Ce Vie 0,1
0
holds.

The following subsection treats the transfer of the results that have been derived for the linear case to

the non linear one.

4.2. Error estimates for the nonlinear perturbed problem. Let (u;p) be the solution of the sys-
tem (1.1) and let (v;~) be the solution of the perturbed non linearly problem:

vi — VAV + Vv = f—B(u,u) —alu|*v in Qx [0,T] (4.18)
Vv+4+ey=0, inQx][0,T] ulspgq =0, v(0)=vy, (4.19)
Taking £ = v — u, ¢ = v — p, and subtracting (4.18)-(4.19) from (1.1), we get

ft - Z/Ag + Vqﬁ =0
(4.20)
Veé+ep=—ep, £0)=0.

The next Lemma describes the control of the errors through the non-linearities.
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Lemma 4.4. We suppose that (S1) and (S2) are valid. Then we have

(/ ||£(s)||2d8>; VAW + AIED + (/ Fllo(o)lds) < e vee 0T

Proof. The lemma is a consequence of Lemma.4.1 and Theorem.4.1 applied to the problem (4.20). O

We now take n = u® — v, ¢ = p° — v, and subtracting (4.18)-(4.19) from (3.1)-(3.2) to obtain

ne — vAn + B(u®,u®) — B(u,u) + a(|u|*u® — |[u|®u) + Vg =0 (4.21)
V.n+eqg=0, n0)=0 (4.22)

Or ~ ~ _ _

B(u®,u®) — B(u,u) = B(u®,u® —u)+ B(u® — u,u°)
] ~ (4.23)
= B(u®, &+ 1) + B(§ +1,u%)
We rewrite the equation (4.21) as

e+ Aety+ B(u, & +n) + B(€ +1,u°) + a(ju|*u® — |u[*u) =0 (4.24)

The following theorem states a general priori estimate for the errors e = u — u® and ¢ = p — p°; with

(u,p) are solutions of the state problem (1.1), and (u®, p®) are solutions of the penalized problem (3.1).

Theorem 4.2. Assume that (S1) and (S2) hold. Then we have

Villu(t) —w ()] + Vot|lu(t) —u(t)]1 + (/O Szllp(t)pa(t)IIQd)Q < Ce Vi€l0, T

Proof. Multiplying (4.24) by AZ'n, we obtain

1d % 2 2 7 (14€ -1 7 -1 €|y E e -1
5%”145 77|| +V||77|| = —b(ll 7§+777Ae 77) - b(€+n7uuAe 77) - a(|u | u - |u| uuAs 77)
=L+1+ 13
Using (2.6), (2.7), and Cauchy Schwartz’s inequality we derive that
Iy < Cllu|la[l€ + nllllAZ 91l < Cllu|la]l€ + nlllIVAZ ]
E -3 LA 2 SN2 AT Z 02
< Cll (el + TnlDllAs *nll < 2 llnll” + ClIE" + Cllu® ]| As * ]
With the same argument, we have
v 1
L < Zlinll* + ClIEN* + Cllul[3]]A< 2 n]?
For the third term we proceed similarly
1
I3 < Cflu® —ulf2[|Ae *n]]
(|2 2 -3 112
< C([[u’[z + |[ull2) + Cl[A 27|
Adding the above inequalities we get
d _1 _1
A2 nlPrinl® < ClIEN” + C+ (a3 + [l D)1 A< *nll* + C(|[afl13 + [Jul[5) (4.25)

To
Thanks to lemma 2.5, / (|[uc]|3 + |Ju||3)dt < C, we can apply the Gronwall lemma to (4.25), using
0

lemma 2.8 to obtain

1A= 50O +v [ ln(s)|Pds < € [ le(o)lPds < 0 e 0,13 (4.26)
0 0
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We now multiply the equation (4.21) by tn and (4.22) by ¢tq and we sum them up, then using (2.6) and
Cauchy Schwartz’s inequality one gets

Sl + vl (Vl? + <tlall? = 5nll? — t5a® € 4+, m) — 15+, ,1)
~ at(luf]u® — [ul*u, )
< gl + Coljalie + il nll + Ctlulll € + nllnl] + el — |l
< 2l + Ctllue s 1€ + nllslinll + Celfullole + il + ColI(u® —v) — (=)l
< g1l + Ctllulall€ + alslnll + Cellullol€ + s ball + Ctlln — €l
< Sl + 29l + il + Ot + [l ol

We integrate from 0 to t and use (4.26), Lemma 2.8 and the Gronwall lemma we get

t t
Aol -+ [ sIVn(s)|Pds e [ slalPds < e (427
0 0
We now derive one time with respect to the equation (4.22)
Multiplying the equation (4.21) by t21;, and (4.28) by t?¢, summing them up to get
vd ed
t2 2 77t2 v 2 **tQ 2 _ t V 2 t 2
> +5 =219 + S 2 e2llall? = vl Fall? + etlal )
_tQB(usv g + 7, 77t) - tQB(g + n,u, 77t) - at2(|u5|aus - |u|au’ 77t)
For the first nonlinear term in the right hand side, we proceed as follow
t2b(u, & +n,m:) < %][0C[[a] 1€ + nll1||ne]
t2 .
< EIIWII2 +CE[[uf[[3(IElT + [n]13)
t2
< 5 llmel? + C22[[w|3 + C2[ [ |5 V|
With the same manner we obtain
- t2
(& +n,wm) < Zllml* + C2[[ullz + CF[Jul 5]Vl
For the last non linear term we have
at?(Ju®|*u® — [u|*u,n) < at?[el|[[u® — ully
2
< llmel? + Ctln = €1t
Summing the above inequalities into (4.29) to get
d d
Clnel|* + v [[Vnl* + e lall* < vtl|Val* + etlq|?
+C( + 2(|Val*) (w3 + [[ul3) + C#2|ln — €13
We integrate from 0 to t, using (4.27) and the Gronwall lemma we obtain
t
/ s?|Inel[*ds + vE(|[Vn(0)]” + et?[lq(t)]]* < C? (4.30)
0

Using (2.6), we have
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1B(u®, & +n)l|l-1 < C[L[[€ +nlh) < C([us[1]|€][x + [n]])

1B +n,wll-1 < Cllall1[l€ +nll) < C(allal|gll + [1nlh)

a([u®|*u — Juf*u) < C([[E][1 + ||n]]2)
From (4.21) and (4.23) we obtain
Vg =1 +vAn = B(u, & +n) = B +n,u) — a(ju®|*u — |u|*u)

consequently, by applying the above estimates on the previous equation we get

To TO
| SlalPds < [ 219l as < o2
0 0

which end the proof of the theorem 4.2.2. O

5. OPTIMAL SHAPE DESIGN

The goal of a shape design problem is to find an optimal shape domain in a set of admissible domains
when a cost functional achieves a minimum on this domain. In gradient-based optimization techniques,
the objective is to minimize a suitable cost function with respect to a set of design variables. One of the
key ingredients to compute efficiently the cost function gradient is the use of the adjoint system techniques

to simplify the computation of gradients.

5.1. Adjoint equation. In this section we derive an adjoint equation related to the fluid flow system

1
u — vAu® + (u.V)u® + i(V.u‘E)uE +alu |*ut+Vp=f inQx][0,T],

Vau® +ep® =0 in Q x [0,7], (5.1)
u® =0 on 00 x [0, T,
u®li—0 = ug in Q.

The aim is to obtain a design in which the velocity is close to a typical suitable velocity and flow turbulence

as low as possible. According to this, we define the objective function as
J(Q) = 1 (Q) + (), (5.2)

where

T T
J1(Q) = %/0 /Q lu® — ug|?dtdz, and Jo(Q) = %/0 /Q |curl(u®)|*dtda.

The generic optimization problem can be succinctly stated as follows

1 (T T
min  J(Q) = f/ / [u® — ug|*dtdx + E/ / |curl(u®)|?dtdz
Q€Qaa 2)o Ja 2Jo Ja (5.3)

such that (u®,p®) is solution of (5.1)

and the corresponding adjoint state system satisfy the following theorem.
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Theorem 5.1. Let (u®,p°) € H?(0,T;Q) xY be solution of the penalized problem (5.1). Then the adjoint

equation associated to the equation (5.1) takes the form

1 1
—v; — VAV 4+ (Vu) v — (u*.V)v — §V(u5.v) + §(V.u5)v + alu®|* 72 (Juf > v + a(u®.v)u®)
+Vq = (u® — ug) — ocurl(curl(u®)) in Q x [0,7T)

Vv+eg=0 in Q% [0,T) (5.4)

ov
v— —ng = ocurl(u®).7 on 99 x [0, T

on
v(T)=0

Proof. We define also the following function

T
1
F(Q,u®,p°,v,q) = / / (ui +vVu® : Vv + (u*.V)u'.v+ §(V.u5)u5.v + a|u5|au€.v) dtdx
o Jo

T T
—/ / fu dtde — / / (pEV.v —gV.u® — sqps) dtdzx.
0o Ja o Ja

Let L(Q,u®, p°,v,q) be a Lagrangian functional defined by
L(Qvu€7ps7v7Q) = J(Q) _F<Qau€ap€aV7Q)? (55)
we first derive L with respect to the state variable p in any direction p € M (), we obtain

OL

T
8*(97115’175,",@-15:/ /(ﬁv.v—l—eﬁq) dtdz,
P 0 Jo

the variation p is arbitrary, we get

Vv+eg=0 onQ. (5.6)
Next, we derive L with respect of the state variable u® in the arbitrary direction @ € V;(£2) we have
0L
- Oue

_ /0 ! /Q (0~ wa) it — oeurt(u®).curl(®) ) dida

0

(Q7 usvpsv v, q)ﬁ7

T
- / / ( — v+ vV Vv (@ V) + (0F.V) i + %(V.ﬁ)us.v + (v.uf)ﬁ.v) dtdz
0o Ja
T
+ / / (qV.ﬁ — (aJu®|*a+ aoz\u5|o‘*2(u€.ﬁ)u€).v)dtd:z7
0o Jo
T —
= / / ((uE —uy) — ocurl(curl(u®)) + v + vAu® — (Vu®) v + (u°.V)v
o Jo
1 1 . N
+ §V(ua.v) - §(V.u5)v — (a|u®|%v + aa|u®|*"*(u®.v)u® — Vq).u dtdx

T
+/ / <0’C’LL’I“Z(118)T - (Vav - nq)) .adtdz + / [v.a]dd.
0o Joo In Q

Considering an arbitrary direction u which vanishes in neighborhood of the boundary 052, we obtain

1

fvthAv+(Vu)T.vf(uE.V)vffV(ug.v)Jr% (V.u®)v+alul*2(Ju Potau® v)u®)+Vq = (0 —ug)—ocurl(curl(u®)),

2
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and an arbitrary @ in 0% gives

Va—v —ng = ocurl(u®).Tr  on 0N

on
Finally we obtain the adjoint equation

1 1
—vi — VAV + (Vu) v — (u®.V)v — §V(u5.v) + §(V.u5)v + alu®|* 72 (Juf[2v 4 a(u®.v)u)
+Vq = (u® — ug) — ocurl(curl(u®)) in Q x [0,7T)

Vv+eg=0 in Q% [0,T) (5.7)

ov
v— —ng = ocurl(u®).7 on 99 x [0,T)

on
v(T)=0

O

5.2. Shape gradient. In the following, we derive the structures of shape gradients for time-dependent
cost functionals by using the the velocity method (see Céa [1]) and its associated adjoint state.
Let Q be a reference domain in R?, the perturbation of Q by the velocity method is described as the
velocity field

V(t)(x) =V(t,x), Ve € Q,¢t > 0.
It can generate transformations

T,(V)X =z(t,X),t > 0,X € Q,
the flow defined by the initial value problem

dx
E(t’ X) = V(tx({®), (5.8)
x(0,X) = X,

with the initial value X given. Let €, be a perturbation domain of Q and J(2) be a functional associated
to . The shape derivative of the functional J(€2;) at 02 in the direction of the deformation field V is

written as
dJ (V) = lim JEh) = J(€)

—0 t
If dJ(; V) exists for all V € C([0, T]; (D*(R?))?), for small positive constant 7T, the functional J is called
shape differentiable at 2 and its shape gradient verifies

dI (V) = (VI V) (pr(r2))2) < (Dr 22
We define the velocity field admissible domain as follow
Vaa = {V €C%0,7;(C*(R*)*)|V=0 on 092}

The use of the velocity V for ¢ > 0, implies the transformation of the domain 2 into Q; = T3(€2) by the
velocity method with formulation (5.8). Let us find an expression of the derivative of the saddle point
problem j(t) with respect to t where

J(t) = min . max L(Qhui)p?)tht)
(uf,py)EVG () XY () (Ve,qe) EVO (D) XY (2¢)

with (u,p) and (v, q) are solutions of (1.1) and (5.4) in the perturbed domain 2, respectively.
We consider the Hilbert spaces which depend on the parameter t defined by

Vo(9) = {uE oTt_1 : ufe VO(Q)}

V() = {pE oT L pfe Y/(Q)}
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since Ty and Tt_1 are diffeomorphisms, the parametrization do not influence j(t). And we have

Jjit) = min max L(Q,u o T, L pf o Ty vo Tt go T, Y
(us,p=)EVL ()XY (Q) (v,q) EVo(Q) XY (Q)

we define the following functions which depend on the parameter t

1 (T T
L1(t) = f/ [u o Tyt — ug|?dx + g/ lcurl(u® o T, 1) [dtde,
2Jo Ja, 2Jo Ja.

T
B = [ [ bV eI Ve T (w0 )W) (w0 T (ve 1Y)
0o Ja,
Fafut o TR o T ). (v o T Y) — (5 o T )V.(v o Trh) — (f o Ty ). (v o Ty dtda
T T
- / / (qo TV (uf o T, Y dtdr — 5/ / (qo T, 1) (pf o T, Hdtdx
0 Qy 0 Q4
The Lagrangian functional writes

LQuueo T, L pf 0T o vo T qo T Y = 14 (t) — (1)

If ®:[0,7] x R? — R is sufficiently smooth, we have the following Hadamard formula

d (7 T ¢ 9% T
—/ / @(t,x)dm|t:0:/ —(O,x)dx—i—/ / ®(0,z)v(0, X).nds (5.9)
dt Jo Ja, o Jo Ot o Joo

We consider V(0, X) € V.4, and observe that V(0, X) = V. Therefore we can derive the shape gradient
using the formula (5.8)

d _ £ _ _ — ’ ’
7 E@Quu o T p o T v o I g o T im0 = 11 (0) = 15(0) (5.10)

where

L) = /0 ' /Q (W — ug).(~ VU V)dz + o /O ' /Q curl(uf)curl(— V. V)da

1 T o [T (5.11)
+3 / / (Ju® = ug|*V.n)ds + — / / (|curl(u®)|*V.n)ds
2Jo Joa 2 Jo Joo

’

lL(0) = /OT /Q[(—VUE.V)W + (~VV.V)u 4+ vV (=Vu.V) : Vv + vVu : V(=Vv.V)
+ (V. V).Vu).v + (0. V(= V. V).v + (u°.Vue). (- Vv.V)
%V.(—VuE.V)uE.v + %V.us(fVuE.V).v + %V.usug.(—Vv.V)

+ aaluf| 2 (= VuE. V.u) (uF.v) + afuf|*(—Vus . V).v

+ a|uf|fuE (V. V) — (£.V).0 — £.(—=V0).V) — (Vp*.V)V.v

—p°V.(=VVv.V) = ¢V.(=Vu°.V) — (V.u*)(-V¢.V)]dz
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Using Green’s formula and the condition u® = 0 on 052, we obtain

T
/ 1
15(0) = —/ /[(uf —vAU® + (u°.V)u® + §V.u5uE + au®|%u® + Vp© — f).(Vv.V)]dtdz

/ /Vu Vqutder/ /Vv (Vp® thdx+/ / —vi —vAvV 4 (Vu®)l v

—(u®. )vf§V(u V) + 1(Vu W A alu® |72 ([uf 2o + a(uf.v)uf) — Vg].(Vu®. V)dtdz

ou®
A ngl.(Vu®.V)dtds —/ / (Vv.V)dtds
/ /09 On ) 0 aQ[ On M )

—l—/ / [vVu® : Vv + (u®.Vu®).v + a|u®|*u®.v — pV.v — ¢V.u°|V.n dtds
o0

(5.12)
Replacing (5.11) and (5.12) in (5.10) and using the fact that (u®,p®) is solution of (1.2) and (v,q) is
solution of (5.4) respectively yields

d
dJ(Q; V) = %L‘t:O

1 T
= f/ / ((Ju® — ug* + olcurl(u®)|*)V.n)ds —|—/ / v ng|.(Vu®.V)dtds
2 Jo Joo o On
o Joo On

—0o /OT /89(68[1115 S(curl(u®) An))V.n dtds

Note that u® = 0 and v = 0 in 992 we have

(5.13)

1. (Vv.V)dtds — / /aQ[(I/VuE : Vv)V.n dtds

n.(Vu.V) =Vu'.(n®n).V.n = Vu'.n.n(V.n) = (V.u®)(Van) =0, Vo €N (5.14)
ov ov  Ou® Ov

n (Vu®.V)=Vu®.(n®n).V. n" on .8—n(V.n) =(Vu®:Vv)V.an (5.15)
Similarly we obtain
ou® ou® ov .
n.(Vv.V) =0, n (VVv.V) = o .%(V.n) =(Vu®:Vv)V.n (5.16)

Substituting (5.14), (5.15) and (5.16) in (5.13) the shape derivative takes the form

J(Q; V) / / [ lu® —ug|* + |curl( 2 + I (Vav — ocurl(u®) A n)] V.ndtds (5.17)
o0 on

Consequently, the shape gradient writes

| 9 O oo OU® ov R
VJ= [2|u uy| +§|curl(u )| —i—a—n. (l/an ocurl(u®) An ) |n (5.18)

6. DISCRETE FINITE ELEMENT METHOD

6.1. Preliminaries. In this section we write some results and notations which will be used in this work.
We define the following forms
a(u,v) = v(AY?u, AYV?v), a.(u,v) = V(A;/Qu, A;/QV), co(u,v) = (alu|*u,v) Vu,veX
d(v,q) = (V.wv,q), WwweX VgeM
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The following assumptions on the datum ugy and f will be needed throughout this section

The initial velocity ug € D(A) with V.up =0
the forcing function f € HL°(0,7;Y) with |[Aug||+ sup {||[fF®)|] + [|If: )]} < C. (A1)
t€[0,T)

We recall the two weak formulations concerning the initial problem and its penalized.

Find (u,p) € L>=(0,T;Y) N L*(0,T;X) x L?(0,T; M) such that

(6.1)
(ug, v) +a(u,v) —d(v,p) +d(u, q) + b(u,u,v) + ca(u,v) = (f,v),V(v,q) € X x M
and
Find (u.,p.) € L0, T;Y)N L%*(0,T;X) x L?(0,T; M) such that
(u€t7 V) + a(u€7 V) - d(vap€) + d(uEa q) + E(pé‘a q) + B(u&‘a Ug, V) + Ca(uEa V) = (.f7 V) (62)

for all (v,q) e X xM

with the initial data u(0) = ug and u.(0) = ug respectively.

Now, we define the time discretization of the penalized weak formulation (6.2) by the backward Euler

scheme
(dal,v) +a(ul,v) —d(v,pl) +d(ul,q) + e(p2,q) + B(u?, ul,v) +co(ul,v) = (f(tn),v) (6.3)

for all (v,q) € X x M and 1 < n < N, where 0 < At < 1 is the time step size, t,, = nA, ty =T,

n n—1

(u?,p?) = (up,0), dyu? = uE_TtE for 1 <n < N and d;u? satisfies the following equation

(dpu?,v) = a(ug, v) + ((ug.V)ug, v) + cq(ug, v) = (£(0),v),Vv € X with divv =0
By using the inequality (2.11), we infer that

ldia?]| < v|[Augl| + [[(uo-V)uol| + [|A'2ugl| + || (0)]] -
< ¢y || Auo|| + ¢l [uo|[[|[ A" 2uo| > + [ £ (0)]]
We begin with a general regularity result, on the perturbed solution, useful for the establishment of an
error bound associated with the finite elements discretization.

Theorem 6.1. Under the assumptions (A1) and Ce < 1, there is a constant ko > 0 such that if koAt < 1,
then the following estimates hold

AL 2al|? + At Y (lldeal[|* + [[Acul|* + ||p2]]* + allal]|552,) < C, (6.5)
n=1
[l dea || + [ Al |* + [[p2]1F + At Y [|AYV 2l |* < C, (6.6)
n=1

foralll <m < N.
Proof. Taking (v, q) = 2(u?,p)At in (6.3), using (6.3) and the relation

2(u—v,u) = [[ul® — [[v|* + [Ju—-v[]’, Va,veY (6.7)
to have

[[uz |? = (272 + 20| AV 202 [PAt + ade ST uz |72 < 2fIF (ta)|l| a2 ]| At
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We sum this inequality from 1 to m and using (2.9) and the Young’s inequality, to obtain

a2 |? + Aty [JAYV2u2 | +adt Y ul|i2 < Jluol® + v teAt Y [If (t)IP < ©

n=1 n=1 n=1

We can establish from (6.3) that
diu +vAcul + B(u?,uf) + aful|*ul = f(tn)
Taking the scalar product of (6.9) with (v~'d;u” + A.u”)At in Y and using the relation
2(A* (u - v), A%u) = [|AY?u]? — [JAY2V]P + [JAY2(a = v)|?, VuveX
we obtain
Az P[] AYPuz 2 v || P A¢ + v Azu? At
+co(u?, v du? + Acu™)At + b(u?, u”, v du? + A.ul)At
= (f(tn), v 'dul + Acul)At
Using (2.11)-(2.12), we get

Firstly
[b(uz, uZ, v dpul? + Acul)]
< c||AV2ul||[up]| L~ ||y dpul + Acu? |
1 1% _ 1/2
< a\ldtugl\z + 5\|AEU?H2 + v Vel 2] AY2up 2| AY Pup |2
Secondly
n —1 n n 1 n||2 v n|l2
caful, vt + Acwd)| < o ld]? + ]| Ao |
v Lel| A 2ag| 2] AY Puz 2
Finally

1 v
[(f(tn), v dpul + Acul)| < (lelléltlt?ll2 + gllAEUEIF + vl |f ()]

Combining these inequalities with (6.11) to obtain

1

1/2 1/2 — —
AP uz|? (A Puz P 4 5 7 [ dea2 | + vl Acul ) At

Feo(ul, v=ldul + Aca?) < dp||AY U PAt + v te||f (1) [PAt

(6.8)

(6.11)

with d,, = v=e(1 4+ v=2||u?||?)]|A/?u?||?>. Summing this inequality from 1 to m and observing that

AYuy = AYV?uy, we get

1 m n
AL 2 4580 (0 oz P + vl A2 |?) + ALY ca(ul, v du + A.ul)

n=1 n=1
m m
< (A Pug|* + ALY do|| AVl v At Y [[F (t0)|?
n=1 n=1

< C+ ALY dy||Aur|?

n=1

(6.12)
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1
If we take At such that d, At < 2 by applying Lemma 2.4 to (6.12) we infer

1 m m m
1/2..mq|2 - -1 n||2 n||2 n o ,—1 n n
[| A “al*||” + 2At E (v |dpal||? + v||Acul||?) + At E co(ul, v diul + Acul) < Cexp(2At E dy)

n=1 n=1 n=1
(6.13)
for all 1 < m < N. By using (2.12), (6.8) and (6.12) there exists a constant Cy > 0 such that
- 1
2At2dn < C and dpy = v te(1+ v 2 [u™|?)||AV2u™|? < 500 (6.14)
n=1
forall 1 <m < N.
Next, using (6.3) to obtain
(dyu™,v) + ac(dea™, v) + b(du”, u, v) + b(u” !, du?, v)
1 [te (6.15)
+a (di (JuZ|*u?),v) = — fi@®dt,v|, YveX
At tn_1
We take v = 2d;ul At in (6.15) and we use (2.4) and (6.7) to obtain
l|dea?||? — [|deaZ | + 20]|AY2dul [P At + 2b(dul, v, dyul) At
tn (6.16)
+2a (di (Juz|ul),diul) At < 2 (/ f(t)dt, dtu?>
tn—1
Since 2a(d;(Ju?|*ul), d;u?) > 0 thanks to (2.13). We use (2.9) and (2.12) to get
Firstly
2b(deu?,uz, deul)| < clldpul([||AY2dea?]|0]| A uz]]
+elldeu? ||| AV 2 dpag |22 AV 2uc[[V2 ] [uz |12
v
< llAsdauz || + dpf|dru]]”
Secondly
tn tn
n v n||2 -1 2
| (/ ft<t>dt,dtua> e A CIR
tn—1 tn—1
Adding these inequalities and replacing them in (6.16) we have
[ldeal ||* — [|deal || + v]| AL 2 doul|*At
tn (6.17)
| Ny AT
tn—l
Summing this inequality from 1 to m and using (6.4), (6.13) and (6.14) we obtain
ldpuZ||? + vAE> " [|AV?dl > < C, VI<m < N (6.18)
n=1
Finally, we can establish from (6.3), (6.15) and the inf sup condition [19] that
v|[AcuZ|| < [ldeu?|| + [|B(uZ, u2)[| + [[[uZ[*uZ || + ||f (t.)]] (6.19)
P21 < elldeuz|| + ve||AuZ|| + el [ B(uZ, ul)|| + cl[[uZ|*uZ ] + c||f ()] (6.20)

Applying (2.11)-(2.12), we get
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IBuz,ul)l| < | A 2uz([[[ul|z < | A ul{]]|Acu([/?[[uz|[*/?
< ) A+ ezl 412z
and
[[uZ[*uZ|] < c[[Acu?|]
Replacing theses inequalities in (6.19) and (6.20) and using (2.12), we obtain

vl Acul|? < v |dea? [P + v el jul [Pl A 2uZ ||t + v el f ()]

12113 < e (Ildea | + [[AcuZ(|?) + cv ™| [uZ| [P AZ 202 ([ + || f (t0)]

AtY IR < eat) (lde?|? + [|Acuz|?)

n=1 n=1

oA (w2 [l 2 AY 2l |+ (1 (8)]12)

n=1

(6.21)

(6.22)

(6.23)

Combining the inequalities (6.21)-(6.23) with (6.13)-(6.14) and (6.18), we end the proof of the Theorem 6.1

Theorem 6.2. Under the assumptions of Theorem 6.1 we have the following estimate

T(t) || A2 deal || + ALY (tn) (ldeeu || + [|Acdpul ||* + [|dep?Z ) +

n=1
m

2 ALY aldy(|ul|*ul), dyul) < C,
n=1

foralll1 <m < N.

Proof. Taking v = 2v~tdyu At in (6.15) yields

2 (A;/zdtug, AP (dpup — dtu?_l)) + 207 |dgu? | [2At + 207 b(du?, ul, dyul) At

+2v1h(u?, dyu”, dyu) At + 20 a(dy (Ju?|*u), dypu’) At

tn
=27t ( f(t)dt, dttu?>

tn—1

We use (2.9)-(2.12) to raise
207 |b(dpul, ul', dyul)| +2v- Y b(uZ, dpu?, dyul))|

< ev”H[AY2dpu| ||| Acu? ||| deeu? ||

1
< g |2 4 v el | Acul| ]| A2 dpu|

— njo,.n n 1 n - n
20 al(d(fu2 u2), da?)| < o flda P v el AY |2

tn ) 1 tn,
207 ( ft(t)dt7dttug> | < 67||dttu?||2At+’/_lc/ |IF 1 (8)] |7 dt

t7171 tn—l

O

(6.24)
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Replacing these inequalities in (6.24) yields
27 (t,) (A dpur, AV (du?  —du 1)) + 17 (t,)||dypul |2 At

o tn (6.25)
< vl (14 || A |?) || A 2dpu |2 + ch/ [FAGIRCE
tn—1
We observe that
2r(ta) (A2 *dyul, AL (du? — dpu? ™) > 7(t) || A2 dul P = 7(to)|| A2 dpuz 2
—|AY?dun Y 2At, 2<n< N
27 (t,) (AL 2dpul, AYP (dpul — da®)) > 7 ()] AL 2dpul||?
—|lAcuz — Aupll[|deu?]|
We sum (6.25) in 1 < n < m to obtain
(tm)||AY *dyum |2 +1/‘1Atz ||dttu”||2+21/_1AtZ (dy(Ju|*u™), dyyu®)
n=1 n=1
< [JAcul — Augll[|deul|| + At Y ||AY?dpul|? (6.26)
n=1
m tn
+vT ALY (14 [|Acul|P)][AY Pdpal [P + Vﬁlc/ [FAGIRE
n=1 tn—1
Combining (6.26) with (6.6) yields
()| AL 2dpu|)? + v~ 1Atz Dlldgu?|?P < C, V1<m <N (6.27)
n=1
Next, we derive from (6.3) and the inf-sup condition [20] that
V|[Acdpu?|| < [|dpal || + || B(deul, ul) | + || B(ul, deal)|| + ||de([uZ[*uZ)]]| + [1f (t)]] (6.28)
lldep2 | < elldeu?|| +vel|AdpaZ|] || B(deuZ, ul)[| + c|| B(uZ, (deu?)]]
(6.29)
Felldi (uZ [*uZ) | + ¢[lf (En)]]
Due to (2.9)-(2.12), we get
|B(dul,ul)|| + || B(ul, dpul)|| < cf|A-ul|[[[AY *dpul]]
Combining this inequality with (6.28) and (6.29), we obtain
QAtZ D|Acdiu™|]? < cAtZ )| |deu| 2
n=1
(6.30)
oAt Y (14 A2 P AY 2]+ eat S £, 0]
n=1 n=1
Z w)llden? I3 <0Atz ) (ldeen?||* + 02| Acdpu? |?)
n=1 n=1
(6.31)

et (0 (A2 || AY 2|2 + [1f, (4)])

n=1

Combining the inequalities (6.30) and (6.31) with (6.27), this complete the proof of the Theorem 6.2 O
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6.2. Finite element penalty method. Let us consider a real positive parameter h. We denote by
(X, Mp,) the finite element pair of (X, M). It is a discretization of these domain into triangles 7.
We introduce the L2-orthogonal projections: 7, : M — M, defined by
(mha,qan) = (¢:qr), Vg € M, qn € M),
We shall make standing the assumption for the finite element pair (X, M)

There exists a mapping rj, : D(A) N X — X, such that (A2)
(div(u —rpu),qn) =0, Yge M, q, € My, (6.32)
142 (u = rpu)|| < chl|Aull, [p — mapl| < chllplli, ¥p € H'(Q) N M (6.33)

Moreover, we suppose the inverse inequality
|AY 20| < ch™H|val|, Vvi, € Xy (6.34)
and the inf-sup condition

p
lgll < sup (Hv(vh),dn)

 VgneM 6.35
vhLEXp HAl/thH an " ( )

Let us introduce the following finite element discretization of the formulation (6.3)
(dyulty, vi) + a(uly,, vi) = d(vi, ply) + d(aly, an) + (p, an) + b(ul,, ul,, vi) (6.36)
6.36
+ea(uly, va) = (f(tn),va), Y(vh,qn) € Xp x My

where u?, = rjug, p?, =0, {ugh}i:[:l C X}, and {pgh}szl C My, are the finite element approximations of
{U?}ivzl C X and {p:}}ff:l C M respectively.

Theorem 6.3. Suppose (Al), (A2) and eco < 1, Atkg < 1 are valid. Then the following proprieties holds

[l | + ALY [|AYug,|1? +adt Yyl |52 < O, (6.37)

n=1 n=1

A2l | + ALY Jldoud | < C+ Ch=2At Y A (u2 —uly)|P[luZ, |,

n=1 n=1
(6.38)
m
+Ch2At Y |lul —uly P[] A2l |2,
n=1
foralll1 <m < N.
Proof. In a similar manner as the estimation (6.8) in the Theorem 6.1, we can derive (6.37).
Next we can establish from (6.36) that
(dealy, va) + a(uly,, vi) = d(Vi, ply) + d(den,, an) + £(deply, an) + b(uly,, ully, vi) (6.39)
6.39
+ea(uly, ve) = (f(tn), vi), V(Vh,qn) € Xp x My
Setting (vn, qn) = 2(diuly, poy,) At in (6.39) and using (6.10), we get
2||deu, [[PAt + || AVl [|? — vl AVl P+ e(llp2 1P = [p2] %) (6.40)

+2cq(uly, diuly) ) At + 2B(u?h, uly,, dyuly )AL = 2(f(t,), duly,) At
Applying (2.9)-(2.11), (2.4) and (6.34), we obtain

2|B(u?hvu?hvdtu?h)| < 2\B(u?h —ul,ufy,, dul,)| + 2|E(ug’ugh7dtugh)|
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2(b(u, uly, douly)| < of|Aul||||AYuz, ||| doul,|

1
< Jlldealy |2 + ef | Auz 2] AY2u, |2

2fb(u, — vl dpuy)| < elful, — w2 ool e | AY 2y |

el AV, — )2 s 1A 2
< e 12+ =2 412G — )12 |2
eh =z — gy 2141,

1
2lca(y, dyuy)| < Jlldu, [ + of| AV 2uZ, |2

n 1 n
2/(f (tn), deuZy)| < Zlldeuls | + el (£)]?
Replacing these inequalities in (6.40). with some sample calculation we obtain
v[|AV2ug, |17 —p||AV2aZ, |12+ [deal, | PAL + e (151 — oz %)
< | Au?|P||AY2ug,[[PAt + ch 72| AY (ug — ul,)|P|lu,|[PAt (6.41)
+ [[u —uy [P AV 2u, || AL+ cf|AY 2l [P+ ol f (£
Summing these inequality from 1 to m and using Theorem 6.1 and (2.12) we get (6.38) O

In order to establish the error estimates of the finite element penalty method, we introduce the following
Galerkin projection Rp; (X, M) — Xy, Qn : (X, M) — M), defined by
a(u_Rh(uap)7vh) _d(vhap_Qh(uap)) +d(u_Rh(uap)7Qh) +€(p_Qh(uap)7q}L> =0 ( )
6.42
V(vh,an) € Xp x My,

for all (u,p) € X x M with divu +ep = 0.

Lemma 6.1. Under the assumptions (A1), (A2), coe < 1 and koAt < 1, the Galerkin projection (Rp, Qn)

verifies

[ ]
lu = Ri(u,p)||  +h[|AY?(a = Ry (u,p))[| + hllp — Qn(u,p)||
(6.43)
< e, h(|[AV2ul[ + |lpll), V(u,p) € X x M
[ ]
lu— Ry(u,p)||  +h[|AY2(u = Ry (u,p))|| + hl[p — Qu(u,p)|| (6.4
6.44
< Coh3([|Aul[ +[Ipl[1), ¥(u,p) € D(A) x (H(Q) N M)
with divu + ep = 0, where ¢, is a general positive constant depending only on Q) and v.
Proof. The Galerkin projection has its stability from (6.35) and (6.42), and we have
v
V| A2 Ry(u,p)l 2 < SIAY2Ra(w,p)l 2+ e, (1420 + [[pl[2) (6.45)
1Qn(u,p)|| < e (A2 Ry (u, p)|| + [|A"ul| + ||p|]) (6.46)

Using (6.45)-(6.46) and the triangular inequality, yields to

1412~ Ry (w,p) |+ [l = Qn(u, )| < e, (11472u]] + |Ip]]) (6.47)
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for all (u,p) € X x M with divu+ep = 0.
Let consider the dual problem: find (®, ) € X x M such that for all (v,q)e X x M

a(v,®) +d(v,¥) — d(®,q) + (¢, ) = (v,u — Rp(up)) (6.48)
By using the Lemma 4.2, the problem (6.48) has a unique solution (®, ¥) satisfying
[Au]| + [[¥[[; < cffu— Ru(u,p)l (6.49)

Taking (v,q) = (u— Ry (u,p),p— Qu(w,p)) in (6.48) and (vh,qn) = (3@, 7, ) in (6.42) and using (6.33)
and (6.49) we infer that

lu— Rp(u,p)|> =alu— Ru(u,p),® —1,®) +d(u— Rp(u,p), ¥ —m,V)
—d(® —rp®,p— Qn(u,p)) +e(p — Qn(a,p, ¥ —mp ¥)
< e, h(||AY? (a — Ry, (u,p))l| + |lp — Qu(w, p) [ ([[A®]] + [[2)]]1)

< eh(||AY2 (= Ry (w, )| + [Ip = Qn(w, p)l])|[u = Ri(u, p)]]

The estimation (6.43) is a consequence of (6.50) and (6.47) .
We consider (u,p) € D(A) x (H'(Q) N M) with divu + ep = 0. based on (6.32)-(6.33) and (6.42), we
deduce that

(6.50)

1AY2(rpu = Ru(w,p))ll - +mnp — Qn(u, p)]]
< ¢ ([[AY2(u = rpu)|| + [Jmnp — pl])
< cvh ([[Aul| + [Ip[1)
Therefore, using the triangles inequality and (6.33) yields to
|AY2(a = Ry (a,p))l| + |Ip — @u(w,p)|| < b (|| Aul| + ||p||1) (6.51)
Combining (6.51) and (6.50) to obtain
[lu— Ru(u,p)l| < e, h® (|| Aul] +|pl]1) (6.52)

Combining (6.51)-(6.52), we obtain the estimation (6.44) O

6.3. Error estimates.

In this subsection we are focused on the error estimates of (ul — uZ,,p? — pZ,) and then derive the
optimal bound of the error (u(t,) —uZ,,p(t,) — p2,)-

Lemma 6.2. Under the assumption of theorem 6.3, we have the following estimate

[[aZ —uZp ]|+ AY " [|AY2(ul —ug,)[* < Cn? (6.53)

n=1

foralll1<m<N
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Proof. Subtracting (6.36) from (6.3) with (v,q)= (v, ¢n) and applying (6.32), we get
((I —rp)dpal + de™,vp) + a((I —rp)ul + e™,vy)
—d(vn, (I —mn)pZ +n") + d(e", qn)
+b((I = rp)ul + €™, u?, vy) 4 b(u?,, (I —rp)ul + €™, vy) (6.54)

+co(ul, vy) — ca (u?}u Vi)

+e((I = m)pl + 0", qn) =0, V(Vh,qn) € Xn x My,

where (e”,7") = (rpul — uly, mppl — po,). Setting (vp,qn) = 2(e",n™)At in (6.54) and using (2.4)
and (6.7), we obtain

[lem][? = [lem~H[? + 2v[|AV2en||PAt + el |PAt + 2b(e”, uZ, e”) At
+20((I — rp)ul, ul, e™)At + 2b(u?,, (I —rj)u?, e™)At
+2cq(ul, e™)At — 2¢cq (rpul, e”)At + 2¢q (upul, e”) At — 2¢,(uly,, ™) At (6.55)
< I = mn)p2 I[P At + 2d(e”, (I — mp)pL) At
—2a((I — rp)ul,e™)At — 2((I — rp)dyul, e™) At
Applying (2.9) and (6.33), we infer that

20b(e”,uz, )| < clle”|[7al| AT Puz]] + cl|AY2en [ [uz] | pal e | e

< Z|lA2en |12 + dy e
2[b((T = rp)ul,ul,e™)|  +2/b(u,, (I —rp)ul,e)]
< || AV — rp)ur|] (|| Az + [|AY 2 |[) [|AY2en|
< ZJ[AY2en 2 4, b2 | Auz| 2 (|| AV 2uz||? + || AV 2z, )
eI = ma)p2 112 + 2ld(e”, (1 —ma)pl)| < ZI1AY 262 + e b2 2

2la((1 — ra)uZ,e")] < 7311427 4 e, 1| Auz]

2|((I = rp)dpug, e")| < %HA”%”II2 + e h?| A 2 dpal|?

2lea(ul ") = campul, )] < 5142 P+ e, Aul |
Replacing these inequalities in (6.55) yields to
lle[1? —[le™ M ]? + v||AY2e™|PAt < dyle”||* At
+euh? (|[AY 2z P + (| A2z, |?) [|Auz|*At (6.56)
+eh? (2| AuZ|]? + [|AV2dpaZ|]? + [pl][7) At, V1 <n <N

Summing this inequality from 1 to m and using theorem 6.1, theorem 6.3 and (2.12) we deduce

le™ ||+ vAt Y " [|AY2eM|[P < At dnlle”| | + kh? (6.57)

n=1 n=1
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Using (6.14) and discrete Gronwall’s Lemma to obtain

[le™]|* + vAt Z |AY2em |2 < Ch2 (6.58)

n=1

By using (2.12), (6.33) and theorem 6.1 we get

(I = ra)u||* +vAt Y [J AV = rp)ul|? < ch? (IIAl/Qu?II2 +TUALY IIAUZ’J|2>

n=1 n=1 (659)
< Ch?
We end the proof of lemma 6.1 by combining (6.58) and (6.59). O
Lemma 6.3. Under the assumptions of Theorem 6.3, the following error estimate
AV (" —aZ)|* + ALY |Ip2 = pll]P < Ch®, V1 <m < N (6.60)

n=1

holds
Proof. Subtracting (6.36) from (6.3) with (v,q) = (vp,qn) and taking e” = R} —uly,, " = QF — ply,
Ry = Ru(ul,pl), Qp = Qn(uf,pt), we get

(dee™,vi)  Fale”,vi) —d(va,n") + d(dee”, qn) + e(den”, qn)

—|—B(u? — Ry +e",ul,vy) + I;(u?, u? — R} +€",vy)
(6.61)

—b(uf —ufy, ul —ug, vi) + aa(ue, va)
—ca(uly, vi) = —(dpul — Rp(deul, dipl), vi)
for all (vp,qn) € Xp X My, with 1 < n < N. Setting (vp,qn) = 2(die™, n™)At in (6.61), we obtain
2||dee™|PAt v ([|AY2en| P — [[AV2emH[2) (|l |P — ([0 H?)
+2b(u” — R 4 ™, u”, dye™) + 2b(u”, , u” — R + €™, dye™) At

(6.62)
—2b(u? —u?, u? —u?,, die™) At + co(uZ, die™) At — co (R}, dre™) At

+ea(Ry, die™ ) At — co(ufy,, die™)At = =2(dyul — Ry(dpul, dipl), die™) At
Using the fact that (u?,p?) = (ug,0), we establish from (6.33) and (6.40) that
1A (u = Riy(u2, p2))| + [1p2 = Qu(u, pl)[| < e, h||Aug| (6.63)

AV 2en ||+ [ln7]] < ||AY2(ug — rpud)|| + [|AY2 (02 — Ry, (u?, p))|

Ugp,s

(6.64)
[1Qn(u2, p2)I| < e hl|Aug||
Applying ones more (2.9)-(2.11) and (6.34), to have

2lben, w2, dye™)| + 2B, e, dye™)| < cf| Auz]|[|AY2en[[[dre |

—_

< lldee™||? + cf| Auz | ]?]| AT/ Zen||?

=~

2lb(ul — Ry, ul,de™)|  +2[b(ul, ul — Ry, dee")|

< of|Auz[[[[AY2 (a2 — Ry)[[|deuZ]]

—_

< Jlldee™||? + el Auz ||| A2 (ug — Rp)|P?

N
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20b(u? — uly, 2 —uly, dye”)| < (™A (a2 — )|z~ uty|
1A (az — )| 2] e
1 _
< Glldee ]2 e(h=2| AV (w2 — w2 ju2 — u

HIAY2 (uz — g, )[[4)

1

2lca(uz, die") = ca(Ry, die™)| < lldie||* + cl[AY?(ug — Ry
1

2lca(uzy, die”) = ca( Ry, die™)| < Slldie™|” + cl| AV (uly, — Rp)|P?

2(dpul — Ri(do, dep?), die™)| < Slde” |+ ld — R(dpal, dyp?)|
Substituting these inequalities in (6.62) and using Lemma 6.1 results in
v[|AY2er |2 —u|| AV P - [|dge™ [PAL + (| — |l 1)
< cf[AuZ|P([[A2e™]]” + h?||AuZ||* + h?|[p2[]]) At
+ch(||AdpaZ ||* + || Adpuly, |[* + [|depZ|*) At
o(h2 AV (ar — ) P — w2 4 (V2 — ) [ At
Using theorem 6.1 and 6.3, Lemma 6.2 and the propriety h? < c; At < ¢17(ty,), we get
vl[AV2er [P —y[|AV2er P o || dge [PAt + (|02 = [l IP)
< k(||AY2e| P + R3[| Aug|]? + h?||p2|[7) At
+ch?7(t,)([|[Adpu?|[? + [|Adeul, [ + | |depZ ||*) At

Hh([AYV2 (u2 —uly) [P+ |[AV2 (u2 —ul,)|*) At

€ €

37

(6.65)

(6.66)

Summing this inequality from 1 to m and using Theorem 6.1 and 6.2, lemma 6.3 and (6.64) yields to

m
V[ AVZem|[P + ALY ||die| P < kh?, VI <m <N

n=1

By applying Lemma 6.1, Theorem 6.1, Theorem 6.2 and h? < ¢17(t,), we obtain

V|| AV (w2 Ry (uZ,pl))|? + At Y [|deul — Ri(doul, dep?)|)?

n=1

< e h® (|Au2|? +|[p2]13) + e h?At Y r(tn) (| Adeal|* + [|depZ[7)

n=1
<kh®, VlI<m<N

Combining (6.67) with (6.68) leads to

[AY2(uf — a2 |2+ ALY [[dpu? — deu, |2 < kB2, V1< m < N
n=1

(6.67)

(6.68)

(6.69)
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Next, by using (6.54) , (6.35) and (2.9) we get
llmnp? = plll® < elldpu? — dpaly || + ev]| A2 (uf —ul)]]
+l[ AV (2 —ugy )] (||AY2uz]| + [|AY2uz,]) (6.70)
+el|(T=)p2 |l

Applying theorem 6.1, theorem 6.3 and lemma 6.1 results for establish from (6.70) that
Ip2 = Pl |PAt - < clldeul — deul, [[PAt + +k[|[ A2 (a2 —uly)|[2At

€

(6.71)
+el|(I = ma)p2||* At
Summing this inequality from 1 to m and using (6.69), (6.33) and Theorem 6.1 we infer that
m
ALY |Ipt = po|P < Ch?, V1<m < N (6.72)
n=1
Adding the inequalities (6.72) and (6.69) gives (6.60). O
Combining Lemma 6.3 with Theorem 6.3 gives the following optimal error estimate
Theorem 6.4. Under the assumption of Theorem 6.3, we have the following error estimate
T2 ()| A2 ((tn) —wZ)I2 A T2 () p(tn) — P21
n=1 (6.73)

<CO(E2+ A2 +h?), VI<m<N
7. NUMERICAL APPROXIMATION AND SOLUTION ALGORITHMS

From now on we will restrict ourselves to the approximation of optimization problems involving fish-

passes.

Vertical-slot fishway

Vertical slots

Lim IJHn‘

o [T

Ground Plan

F1GURE 1. Schematic description of fishway structure

The geometry of the vertical slot based on the use of guide elements to lead smooth hydraulic flow into
the next slot. The positioning of the guide elements was carried out at two different locations, a and b,
which configure the shape of the fish ladder 2 (Figure 2). The design variables a and b are subject to
constraints in order to ensure a positive influence on the flow in the individual pools.

These constraints are formulated as

1
1 1.213 <y, y3 < Z 1.213
(7.1)
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L=3

2.7 or2

3
W

0.12

| biys,
* alysyz) Sl Yoma {.\> ﬂ /

FIGURE 2. Fish pass geometry I shaped baffle (left) and L shaped baffle (right) for the

central pool

In order to provide a comfort conditions during the fish passage and permit to a maximum number of

fishes to pass to the river upstream, the following constraints are introduced

ys —y1 > dy =0.1

Yo — Ya > do = 0.05

7.1. Spectral Projected Gradient. We recall the approach of spectral projected gradient for solving
the shape optimization problem. This method use the projection into a closed and convex Q¢ C R* defined

as
QO:{y:(y17y27y37y4)eR4: azgyngw izla"'747

(7.3)
ys —y1 > dy, Y2 —ys > da}

1 3 1
where a1 = a3 = 11.213, by = b3 = 11.213, as =a4 =0, by =by = 10.97. The optimization problem is
then reduced to finding the positions of guidelines minimizing the cost function

min .J (y)- (7.4)

The optimal position y € g is found through the following algorithm using the computation of the cost
function gradient and the projection functions.
a) Begin with § € Q and ¢ > 0 a positive tolerance.
b) Compute the projection d = P, (7 — nVJ(§)) — §, where VJ is the gradient of the cost function
with 7 is a positive constant chosen according to particular conditions.
¢) Stop if d = 0 (in practice, || d ||< €).
e) Define § = § + &d, with ¢ is the descent step. Go to (a) with § = 3.

The value of J in this algorithm is given by the ensuing discrete formula

300 =25 [ [ =7 o [ fewnon ] (75)

n=1ecT;
y = Pq,(2) is the projection of z € R* in 2 onto Qq. It is computed by minimizing a quadratic function
of the distance of z to ) as follow

: 1 2_ : 1 T T 1T
IynengIIy Z\\—I;gngz ZY+gyy (7.6)

which is equivalent to
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(1 1
min Z {223 — 2y + 2yf}

(y1.y2,y3.91)
subject to a; <y, <b,i=1,...,4

Y3 —y1 > d1, Y2 —ys > do
We separate the previous quadratic problem into two quadratic problems the first one for the abscesses,

the second for the ordinates and we write

_ 1 1
min (2 +23) — (z1y1 + 23y3) + = (yF +y3)
(y1,y3) 2 2

subject to a; <y; <b;,i=1,3

Y3 — Y1 > di,
and
. 1 1
min =(25 + 2§) — (2292 + 2ay4) + = (45 + ¥3)
(y2,y4) 2 2

subject to a; <y; <b;,i=2,4

Y2 — Ya4 > do,

A Karush-Kuhn-Tucker (KKT) technique is used to solve the two quadratic problems above. We begin
by the first one and we choose a = a3 = ag, and b = b; = b3. We kept only three constraints and write

the optimization problem to be solved as

1
min c— (lhxy + lowy) + = (2] + 23)
(z1,22) 2

subject to x9 < b,
T Z a,

g —x1 > dy,
where ,a, b, dq, ¢, and [;, i=1,2, are real numbers.

We choose the following matrix

0 —1 —b
A= 1 0 , b= a )
—1 1 dy

Then the linear constraints write
Ar—v=0b, v>0,
where v = (v, vousz)T is the slack variables. The optimization problem has an unique solution due to the

convexity of the cost function in R2. This solution satisfies the KKT conditions

v = Ax—b

—l4+x=AT),

v >0, A >0,
vITA=0,

where | = (I1,12,13), and A = (A1, A2, A3) is the vector of the Lagrange multipliers associated to the three

constraints above. The unique optimal solution writes
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z=1+AT\

which gives

1 =0 +X— A3

Ty =1y — A1+ A3
For computing the Lagrange multipliers \;, we solve the following linear complementarity problem

v=(=b+ Al) + AAT
v>0, A>0
vIA=0

7.2. Numerical results. In this subsection we present some results about the optimization of a fishway
using finite element method investigated in the previous sections to solve the state problem combined
with a projected gradient algorithm for the resolution of the optimization problem. The numerical im-
plementation is carried out in the finite element package FreeFem++[8], using the sparse linear solver for
the linear systems.The computational grids are uniform, unstructured. Py-P; finite elements have been
used for the spatial discretization.

The domain fluid is considered as a rectangular channel consisting of ten pools. Inside each pool, two
baffles in form of I or L are built and they are perpendicular to the lateral boundary. The length and
width of baffles vary according to the nature of the studied fishway structures. In figure 3, we give a

description of the fishway structure.

| R ——
| -
| R —

FIGURE 3. ground plan 2: each pool is designed by dashed lines

We conduct two 3-D tests of fishway design mostly used for the modeling of fishway passage. Firstly,
we begin by a 3-D channel with I shaped baffle (Figure 2 (left)). Next, we consider a L shaped baffle
design (Figure 2 (right)).

The numerical simulation for the two tests is done with the same physical and numerical conditions. All
initial and boundary conditions are taken constants. the inflow velocity is (0.1,0,0), the target velocity
is ug = (0.8,0,0) to be as close as possible to a typical horizontal velocity suitable for fish leaping and
swimming capabilities. The vorticity parameter is ¢ = 0.3. The viscosity is v = 0.01. The exterior
function reflecting the gravity effect is £ = (0,0,9.81). The non-slip boundary condition was applied to
all walls (bottom, lateral walls and baffles).

7.2.1. Slot Fishway (3-D "I" shaped baffle-rectangular slots). The state penalized problem (3.1)-(3.2) is
solved by the finite element method (6.36) combined with a spectral projected gradient algorithm for the
resolution of the shape optimization problem (5.3).

This test consists to consider a 3-D geometry of pools with two rectangular baffles as shown in the Figure
4.

The coming results gives a description of the velocity for ten pools related to the natures of the studied
shape of fishway structures.
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1.2316e-036

FIGURE 6. Optimal shape and corresponding velocity for ten pools (T=20)

We observe that the recirculation areas near of slots are removed for the optimal shape (Figure 6) com-
pared to the initial random structure (Figure 5). The velocity is almost null in the areas near from the
boundaries behind slots for the optimal shape which provides a rest zones for fish before to begin the
passage from the current pool to the next one. These results appears clearly in the following examples
for the central pool (Figure 7 (right))

7.2.2. Slot Fishway (3-D "L" shaped baffle-oblique slots). In this subsection we give results of numerical
simulations in 3-D dimension with a L shape baffle. We consider a channel of ten pools. Each pool has
two vertical slots. The small one is oblique and the longest is in the form of L and they are vertical to
the lateral boundary. The different values corresponding to the geometry of pools are shown in the figure
2) (left). An example of the first pool geometry is given in the Figure 8.

The following results represent the velocity for ten pools in the initial random shape (Figure 9) and
the optimal shape (Figure 10). The nature of the studied structure takes part of the minimization of
turbulence by the use of the form L of baffles which are considered as a break waves of water.

The velocity is almost close from the uniform target velocity u, for the optimal shape (Figure 10).
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FIGURE 7. Initial and random shape (left) Optimal shape (right) and corresponding
velocity for the central pool

FIGURE 9. Non optimal shape and corresponding velocity for ten pools (T=20)

FIGURE 10. Optimal shape and corresponding velocity for ten pools (T=20)

We give numerical results for the central pool in the ensuing figures. Turbulence appears clearly in
the areas near from slots in the figure 11 (left). For the optimal shape (Figure 11(right)), the nature of

velocity permits a suitable passage for fish and provides for them a rest in the zones where the velocity is
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almost null.

FIGURE 11. Initial and random shape (left) Optimal shape (right) and corresponding

velocity for the central pool

Figure 12 represents the fast convergence of the cost functional for the various Forchheimer coefficients
for the L shaped baffle design.

«10°

1.28

1.26 -

= 1241

1.22r1

1.18 : : : : .
0 0.5 1 15 2 25 3
Iterations (x100)

FiGUure 12. Convergence history

8. CONCLUSION

The problem of the optimal shape design of vertical slot fishways has been addressed. For this purpose,
a complete penalty method has been introduced and different properties were derived. A finite element
method has been used to discretize the fluid domain and obtain an error estimate for the velocity and
the pressure in term of H' and L? norms respectively. The suitability and computational efficiency of the
proposed optimization methodology has been successfully demonstrated for 3-D fishways structures.

APPENDIX A. CONTROL PROBLEM OF MIXED BOUNDARY CONDITIONS

For some numerical simulations and in the case where the both Dirichlet-type and Neumann-type boundary
conditions are considered, we give the description of the shape derivative. We express the shape gradients
of the cost functionals by introducing the corresponding linear adjoint state systems.
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A.1. Adjoint equation. In this section we derive an adjoint equation related to the equation

1
u; — vAu® + (u°.V)u® + i(V.uE)uE talut |*ut+Vps=§F inQx|[0,T],
V. +ep® =0 in Q x [0,T],
u® =0 on Ty x [0,T], (A1)
a 5
1/81:1 —p’n=0 on Ty x [0,T],
u5|t:0 = Ug zn Q

where 0Q = T'; UT2. We keep the same definition of the cost function (5.2). The optimization problem
can be expressed as

T T
min  J(Q) = }/ / [u® — ug|?dtdx + g/ / |curl(u®)|?dtdx
QEQaa 2Jo Ja 2 Jo Ja (A.2)

such that (u®,p%) is solution of (A.1)

Theorem A.l. Let (uf,p°) € H?(0,T;Q) x Y be solution of the penalized problem (A.1). Then the

adjoint equation associated to the equation (A.l) takes the form

1 1
—v; — VAV 4 (Vi)' ov — (u*.V)v — §V(u5.v) + §(V.u5)v + alu®|* 2 (Juf [PV 4 a(u®.v)u®)
+Vq = (v — uy) — ocurl(curl(u®)) in Q x [0,7T)
Vv+eq=0 in Q x [0,T]
v=0 on T x [0,T]
ov
Vo +2(u®.n)v — ng = ocurl(u®).7 on Ty x [0,T]
n
v(T)=0

(A.3)

Proof. We define also the following function

T
F(Q,u®,p°,v,q) = / / (uf +vVu® : Vv + (u°.V)u.v + %(V.ue)us.v + a|u®|*uf.v — f‘v> dtdx
0o Ja

— /OT/Q (pgv.v —gV.u® — €qp€) dtdx.

Let L(Q2,u®,p°, v, q) be a Lagrangian functional defined by
L(Q7u87p87v7q) = J(Q)_F(Q’u67p67v7q)7 (A4)
we first derive L with respect to the state variable p in any direction p € M (), we obtain

OL

T
8—<Q7u5’ps’v,q).ﬁ:/ / (ﬁVV‘i‘Eﬁq) dtdl’7
P 0 JQ

the variation p is arbitrary, we get

Vv+eg=0 onQ. (A.5)

Next, we derive L with respect of the state variable u® in the arbitrary direction @ € V5 () we have
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0L
T dus

= /OT /Q ((us — ud).ﬁacurl(us).curl(ﬁ)>dtda&

O (Q7 us,ps7v’ q)'ﬁ7
r 1
—/)/(—vﬁ+uW®Vv+mxmfv+@ﬁVﬁN+§Wﬁmﬁw+Wuﬂﬁﬂﬁm
0o Ja
T
+ / / (qV.fl — (alu®|*a+ aa\u€|a*2(u€.f1)u€).v)dtdz,
o Ja
T -
= / / (us —uy) — ocurl(curl(u®)) + v; + vAu® — (Vu®)l v 4 (u°.V)v
0o Jo
1 1 . N
+ §V(u5.v) - §(V.u5)v — (a|u®|% + aa|u®|* "% (u®.v)u® — Vq).u dtdx

T
+ / / (O'CUTZ(UE)T — (VBV +2(u.n)v — nq)) udtdx + / [v.ﬁ]gdm.
0o Jr, on L

Considering an arbitrary direction u which vanishes in neighborhood of the boundary I'y, we obtain

1 1 -
—vt—vAv+(Vu)T.v—(uE.V)V—§V(u5.v)—|—§ (V) v+alu|* 2(Ju Pota(u®.v)u)+Vq = (u —ug)—ocurl(curl(u®)),

and an arbitrary u in I's gives

AdNE 2(u.n)v —ng = ocurl(u®).r  onTy

on

Finally we obtain the adjoint equation

1 1
—v; — VAV + (Vu) v — (u*.V)v — §V(u5.v) + i(V.ue)V + alu®|*72(|uf 20 + a(u®.v)u®)
+Vq = (v — uy) — ocurl(curl(u®)) in Q x [0,7T)
Vv+eq=0 in Q x [0,7)
(A.6)
v=0 onT1 x [0,T]
ov
Vo +2(u®.n)v — ng = ocurl(u®).7 on Ty x [0,T]
v(T)=0
0

A.2. Shape gradient. In this subsection, we will try to express the shape gradient using the velocity
method (see Céa [1]), via the state and adjoint problems.
Let us find an expression of the derivative of the saddle point problem j(t) with respect to t where

Jjt) = min max L(Q,uf,p;, Vi, qt)
(ug,py) EVy () XY () (ve,qe) EVo () XY (2¢)

with (u,p) and (v, q) are solutions of (1.1) and (A.3) in the perturbed domain €, respectively.
We consider the Hilbert spaces which depend on the parameter t defined by
Vo(u) ={uoT; ' : u € Vp()}

V() = {pe ol Y pfe Y/(Q)}

since Ty and Tt_1 are diffeomorphisms, the parametrisation do not influence j(t). And we have

Jjit) = min max LQuu o Ty L pf o T vo Tt qgo T Y)
(uf =) €Vy ()XY (Q) (v,) €V ()<Y ()
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we define the following functions which depend on the parameter t

1 /7 T
IL(t) = 5/0 /Q [u o ;! — ug|?dz + %/0 /Q lcurl(u® o T, 1) [dtde,
t t

T
Io(t) = /0 /Q WV oI/ ) :V(voT, Y+ (v o T, M. V) (€ o T, ). (vo T, )

+afut o Ty (e o Ty Y).(vo I ) — (pf o Ty V(v o T — (fo T ). (v o T, V) dtd
T T
—/ / (qOthl)V.(uEOthl)dtdx—s/ / (qo T 1) (pf o T, Hdtdx
0 Qy 0 Q
The Lagrangian functional writes
L(4,u® o Tt_17P€ °© Tt_lav ° Tt_17q ° Tt_l) =1 (t) — l2(t)

We consider V(0,X) € V,q4, and observe that V(0, X) = V. Therefore we can derive the shape gradient
using the formula (5.8)

d — — _ _ ’ ’
aL(Qt’U‘EOTt 17pEOTt l,voTt 17qut 1)|t:0 :ll(o)_l2(0) (A7)

where

15(0) :‘/()T/Q(uE —ud).(—VuE.V)dx—|—U/OT/chrl(ua)curl(—Vua.V)dx

1T T
+ */ / (Ju® — ug*V.n)ds + z/ / (|curl(u®)[*V.n)ds
2Jo Jr, 2 Jo Jr,

’

L) = /0 ' /Q (—VUE V)0 + (—Vv.V)ou® + vV (- V. V) : Vv £ Vs : V(- Vv.V)
F (-VUEV).V0)y + (0. V(- VW V).v 4+ (u.Vud).(~Vv.V)
%V.(—VuE.V)uE.V n %v.uf(—vua.V).v v %V.uaua.(—VV.V)

a0 (— Ve V) (uF.v) + afu] (— Vet V) v

o[ U (=Y. V) = (£V) o0 — £(—=V0).V) — (ViF.V) Vv

—p*V.(=VVv.V) = ¢V.(-Vu V) — (V.u®)(-V¢.V)]dz
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Using Green’s formula and the condition u® =0 on I'1, we obtain

T
/ 1
15(0) = —/ / [(uf — vAu® + (u°.V)u® + §V.u5uE + au®|*u® + Vp© — f).(Vv.V)]|dtdz

/ /Vu Vqutdx—!—/ /Vv Vdetdz+/ / —vi — VAV + (Vu©) v
0 0 0

—(u®.V) v—fV(u V) + (Vu W+ aluf|* 72 ([uf Po + a(uf.v)u®) — Vq].(Vu®.V)dtdr

/ /Fl y—+2u 1n)v —ngl.(Vu® thds—/ /1“1

+/ / [vVu® : Vv + (u.Vu®).v + a|u®|*u®.v — p°V.v — ¢V.u¥|V.n dtds
Iy

°1.(Vv.V)dtds

(A.9)
Replacing (A.8) and (A.9) in (A.7) and using the fact that (u®, p°) is solution of (1.2) and (v, ¢) is solution
of (A.3) respectively yields

d
dJ(;V) = %Lh:o

1 T
= 5/ / ((Ju® = ug|? + olcurl(u®)[*)V.n ds+/ / 1/— —ng|.(Vu®.V)dtds
0 Fl I—‘1

T (A.10)
+/ / [v 1.(Vv.V)dtds —/ / [(vVu® : Vv)V.n dtds
0 Iy T
T
ou® R
,U/O ./Fl( 2 (curl(u) A m)Von deds
Noting u®* =0 and v =0 in I'; to have
n.(Vu' V) =Vu'.(n®n).V.n=Vu'nn(V.n) = (Vu)(V.n) =0, Veely (A.11)
ov . ov  0Ou® oOv .
o (VutV)=Vu'.(n®n). V. m- om %( n)=(Vu® :Vv)V.n (A.12)
Similarly we obtain
ou® ou® oOv
n.(Vv.V) =0, o (VVv.V) = I a—(V n)=(Vu®:Vv)V.an (A.13)

Substituting (A.11), (A.12) and (A.13) in (5.13) the shape derivative takes the form

J(Q; V) //F[ lu® —ugl?® + f|curl( )|2+8— (2 g—n—acurl( A n)]V.ndtds (A.14)

Consequently, the shape gradient writes

_ 1 g __ 2 z €\|2 Ou® l o €
VJ = {2|u ugq|® + 2|curl(u )=+ o <2V - ocurl(u )/\n)] n (A.15)
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