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Abstract. Solving the equation P,(X) := X9 + X 4+ a = 0 over the
finite field Fg, where Q = p",q = p® and p is a prime, arises in many dif-
ferent contexts including finite geometry, the inverse Galois problem [2],
the construction of difference sets with Singer parameters [8], determin-
ing cross-correlation between m-sequences [9,15] and the construction
of error-correcting codes [5], as well as speeding up the index calculus
method for computing discrete logarithms on finite fields [11, 12] and on
algebraic curves [18].

Subsequently, in [3, 13,14, 6,4, 16, 7, 19], the Fg-zeros of P,(X) have been
studied. It was shown in [3] that their number is 0, 1, 2 or peod(mk) .
Some criteria for the number of the Fg-zeros of P,(x) were found in
[13,14,6, 16, 19]. However, while the ultimate goal is to identify all the
Fg-zeros, even in the case p = 2, it was solved only under the condition
ged(n, k) =1 [16].

We discuss this equation without any restriction on p and ged(n, k).
Criteria for the number of the Fg-zeros of P,(x) are proved by a new
methodology. For the cases of one or two Fg-zeros, we provide explicit ex-
pressions for these rational zeros in terms of a. For the case of pg¢d(™*) 41
rational zeros, we provide a parametrization of such a’s and express the
p&°d(™*) 1 1 rational zeros by using that parametrization.

Keywords: Equation - Finite fields - Zeros of a polynomial - Projective polyno-
mial.

Mathematics Subject Classification. 12E05, 12E12, 12E10.

1 Introduction

Let k and n be any positive integers with ged(n, k) = d. Let Q = p™ and q = p*
where p is a prime. We consider the polynomial

Py(X):= X"+ X + a,a € Fp,
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where Ff, :=Fq \ {0}. Note that the more general polynomials
X 4 X9 45X 4 t,

with s # r? and t # rs can be transformed into this shape by the substitution
X=(s— ri)i Xy — 1.

It is clear that P,(X) has no multiple roots.
Polynomials of the form

t )

a'—1
E a; X a1, a; € qu7
=0

are called projective polynomials. Projective polynomials were introduced by
Abhyankar [1]. His original motivation was to find polynomials with a given
Galois group. P,(X) is a particular projective polynomial where t = 2, a; =
as =1, aozaandm:m.

Projective polynomials have arisen in several different contexts including fi-
nite geometry, the inverse Galois problem [2], the construction of difference sets
with Singer parameters [8], determining cross-correlation between m-sequences
[9,15], the construction of error-correcting codes [5] and the calculation of com-
position collisions [10]. These polynomials are also exploited to speed up (the
relation generation phase in) the index calculus method for the computation of
discrete logarithms on finite fields [11,12] and on algebraic curves [18].

Let N, denote the number of zeros in Fg of the polynomial P,(X) and M;
denote the number of a € Ff, such that P,(X) has exactly i zeros in Fg. In
2004, Bluher [3] proved that N, equals 0, 1, 2 or p? + 1 where d = ged(k,n) and
computed M; for every i. She also stated some criteria for the number of the
Fg-zeros of P,(X).

The number of roots of any projective polynomial was determined implicitly
in [10] and explicitly in [19] from its coefficients. In particular, new criteria for
which P,(X) has 0, 1, 2 or p? + 1 roots were proved in [19] for any characteristic.

The ultimate goal in this direction of research is to identify all the Fg-zeros
of P,(X). Really many efforts were made by several researchers toward this
goal, specifically for a particular instance of the problem over binary fields i.e.
p = 2. In 2008 and 2010, Helleseth and Kholosha [13,14] found new criteria
for the number of Fan-zeros of P,(X). In the cases when there is a unique zero
or exactly two zeros and d is odd, they provided explicit expressions of these
zeros as polynomials of a [14]. They also showed in [13] that if d = 1 then N,
equals 0, 1 or 3. In 2014, Bracken, Tan and Tan [6] presented a criterion for
N, = 0 in Fon when d = 1 and n is even. Very recently, Kim and Mesnager
[16] completely solved the equation X241 4 X + a4 = 0 over Fon when d = 1.
They showed that the problem of finding zeros in Fan of P,(X) can be divided
into two problems with odd & : to find the unique preimage of an element in
Fa» under a MCM polynomial and to find preimages of an element in Fon under



a Dickson polynomial. By completely solving these two independent problems,
they explicitly calculated all possible zeros in Fan of P,(X), with new criteria
for which N, is equal to 0, 1 or 3 as a by-product.

We discuss the equation XP**1+ X +a =0,a € F,», without any restriction
on p and ged(n, k). After defining a sequence of polynomials and considering its
properties in Section 2, it is shown in Section 3 that if N, < 2 then there exists
a quadratic equation that the rational zeros must satisfy. In Section 4, we state
some useful properties of the polynomials which appear as the coefficients of that
quadratic equation. In Section 5, criteria for the number of the Fg-zeros of P, (z)
are proved. For the cases of one or two Fg-zeros, we provide explicit expressions
for these rational zeros in terms of a. We also provide a parametrization of the a’s
for which P,(X) has p&°d(™*) 11 rational zeros. Based on that parametrization,
all the pged(™*) 1 1 rational zeros are expressed. For the case of psed(™k) 4 1
rational zeros, some results to explicitly express these rational zeros in terms of
a are presented in Section 6. Finally, we conclude in Section 7.

2 Preliminaries

Given positive integers k and [, define the polynomial

k(1—2) k(1—1)

THX) =X+ X7 4.+ xP""77 4 x7

Usually we will abbreviate T} () as T;(-). For « € F,, T;(z) is the absolute trace
Tr! () of . For z € k1, its norm Nt (z) over [, is defined by

Nifl () 1= g4 b2t

The preimages of T} (X) are studied in [20]. Let F, denote the algebraic closure
of F,,. The following is, in essence, a restatement of Hilbert’s Theorem 90 (cf.
Theorem 2.25 in [17]).

Proposition 1. For any positive integers k and r,
_ k
{z€F, | TF"(x) =0} = {u—uP |u€Fpr}.

Proof. Evidently, {u — uP* lu € Fper} C ker(7T}"). The linear mapping u +
u—uP" has the kernel F,. and so #{u — u? u € F,er} = p*"=1. On the other
hand, TF" cannot have a kernel of greater cardinality than its degree p*"=1. 0O
Define the sequence of polynomials {A,(X)} as follows:
Ap(X) =0,41(X) =1, A43(X) = -1, M
1
Aria(X) = —A,1(X)7 — X9A,(X)7 for r > 0.

This sequence of polynomials {4, (X)} have also appeared in [13, 14] for p even
and in the independent study [19] for general p by a bit different form (see also



Remarks 12 and 13). However, our motivation is different from [13,14,19] (see
Sec. 3).

Lemma 2 gives another identity which can be used as an alternative definition
of {A,(X)} and an interesting property of this polynomial sequence which will
be important later. Its proof also appear in [14] for p even and in [19] for general
p. For completeness, we include here the proof.

Lemma 2. For any r > 1, the following are true.

1.
Apsa(X) = —Araa (X) — X7 A,(X). (2)
2. i
A1 ()T = A, (X)9A,4(X) = X 57 (3)

Proof. We will prove these identities by induction on r. It is easy to check that
they hold for r = 1,2. Suppose that they hold for all indices less than r(> 3).
Then, we have

= (A1 () + X7 4,00)) "+ X7 (4,(X) + xq“"”A,._1<X>)q2
= (A2, 00 + X747 (X)) + X7 (A3(X) + X747, (X))

r41

=—Ara(X) - XT A (X),
which proves (2) for all r. Also, using the proved equality (2), we have

Argo (X)Q+1 —Arp (X)qArJrS (X>
= A3 (0T + A (X7 (Ars2(X) + X7 4 (X)

r+1

= X (A ()T = A (X) A 42(X)) + Apy2(X) (Apy2(X)7 + A (X)7 4+ X077 4,(X)7)

@ X0 (4,41 (X)TH — A, (X)7A,45(X))

a(q"—1) a(g"tl 1)

r+1
= X9 X o1 =X a1 ,

which proves (3) for all . O

The zero set of A,.(X) can be completely determined for all r:

Proposition 3. For any r > 3,

{xEIF},AT(:B):O}:{W uewqr\m}.

(u —ug®)atl’



Proof. Given any = € F, \ {0}, there exists at least one element v € F, such

2
that z = % and v + v? # 0. Then, for any r» > 2, we have

where for 4 = 2 it is assumed that the product over the empty set is equal to 1.
Indeed, this can be proved by induction on 7 as follows. For r = 2 and r = 3, we

have ) )
q]

Zj:l v
Ve + v9®

Ay(z) = -1=(-1)°

and

2

3 3 J
q q
pata 4 2j=1 ¥ ( v )

gl —1_ = (=
Agz) =12t =1 (U+Uq)q+q2_( 1) vl 4+ v \ v+ e

Assuming this identity holds for all indices less than r, we have

Ap(z) 2 — A1 (z) — 27 Ao (2)

r—1 g3 r—9 J r r—2 gl r—2
= (=1 Zj:l v Tl‘[ v ’ —(=1)r*! vt Zj:l v h v !
4 + Uq2 ol v+ v4 (1} + Ufl)q”l-&-q 5 v+ v4

Jj=

J

r—1 ~1 i r —92 i j
_ (_1)r+1 (v +v?)? 22:1 v? — 0t 22:1 v’ ﬁ ( v )qJ

(Uqrfl (’U + Uq)q i3 v+ ve

Thus A,(z) = 0 if and only if >37_, v? = (T} (v))? = 0 and v + v? # 0,
which by Proposition 1 is equivalent to v = u — u? for some u € Fyr \ Fo.

ayaZ+1
Therefore, A,.(z) = 0 if and only if z = ()" for some u € Fgr \Fp2. O

(u—ud?)a+1
Later we will need the following lemma.

Lemma 4 ([3]).
1. Ny =p+ 1 if and only if Py(X) splits in Fym.
2. The number of a € Fy, such that P.(X) has exactly p® + 1 zeros in Fg is

p(m—l)d _ ped

M = ,
pi+1 p2d — 1

where € = 0 if m is odd and e = 1 otherwise.

Proof. The first item follows from Theorem 4.3 and Corollary 7.2 of [3] since
Fgm is the smallest field containing both F, and Fg. The second item is from
Theorem 5.6 of [3]. O



3 Quadratic equation satisfied by rational zeros of P,(X)

Put m = n/d and define the polynomials

F(X) = An(X),
G(X) = — Ay (X) — XA

m—1

(X).

We will show that if F'(a) # 0 then the Fg-zeros of P,(X) satisfy a quadratic
equation and therefore necessarily N, < 2.

Lemma 5. Let a € F,. If Py(z) =0 for v € Fg then
F(a)z* + G(a)x + aF%(a) = 0. (4)

Proof. If 29! + 2 +a =0 for z € F, then z # 0 and thus we get

g_ —T—a
2= = (5)

Now, we prove that for any r > 1
27 (Ap(a)z — ad,_1(a)?) — Apy1(a)z + adp(a)! =0 (6)

with the assumption Ag(z) = 0. In fact, if » = 1 then the left side of (6) is P, (z)
and so it holds for r = 1. Suppose that it holds for > 1. Taking ¢—th powers
of (6) and substituting (5), we have

za (Ar(a)qxq - anr_l(a)qQ) — Apy1(a)129 4 a94,(a)? =0 =

r+1

20 (@12 — 014, 1 (@)7) + Arga ()12 4 at A, (a)7 =0 =

x
r+1

2 (( — An(a)? — atA,_1(a)7 )z — aAr(a)q) + (Am(a)q + anr(a)q2> z+
aAri1(a)? =0=
29 (A1 (a)z — aAr(a)?) — Apyo(a)z + adyyq (a)? = 0.

This shows that (6) holds for r 4+ 1 and so for all r.
Taking 7 = m in (6) and using the fact that z7 = 2Q"" = 2 when z € Fo,
we obtain the result of the lemma. O

4 Some equalities involving F' and G

To determine the Fg—rational zeros of P,(X) when N, < 2, we will need the
following properties of the polynomials F' and G which appear as coefficients of
the quadratic equation (4).

Proposition 6. For any x € Fym, the following are true.

1.
(G(z) = 2F ()" = —G(x). (7)



G(z)? — 4z F(x)"" €T, (8)

G(x) = —29F7 (z) + F(z) + zF(z). (9)
Proof. The first item follows from
(G(z) — 2F(2))? = G(2)? — 2F(2)? = —Apsr ()7 — 2941 (2)F — 24 (2)"
D A (@) + 2" A (@) — 29An_ () — 24, (2)
=xAnm_1(x)? — ﬂchm,l(gc)q2 — Ay ()7 (since 29 = x)
W oA 1 (2)7 + A () = —C(2).

The second item is proved as follows. Let E = G(z)? — 42F (z)*"". Then
2% (a+1)
E1 - F = (Am+1(x)q + 274, _1(x)? ) — 4294, ()"

— (A1 () + 2A 1 (2)) + 4z Ay, (2) 7

Consider A,,+1(x)? @ (—Ap(z) =2 Ap_1(2)? = —Ap(2)? — A1 ()7

By substituting this and using (1), we have

m—1

2\ 2
B B = (= An(@)? = 241 (2)" + 20 A 1(2)7 ) = 42 Ayy ()70
2 2 +1
- (—Am(a:)q —x%A,, ()" + mAm,l(x)q) +4x Ay, (2)?
— 44, (z)? (:vAm_l(:E)q - qum_l(x)qQ) — A2 A (2) 1Y 4 4z A, (2)0T
=4A,,(x)? (xAm_l(x)q — qum_l(x)qz - qum(x)qz T xAm(x)> .
If m = 1, then obviously E? — E = 0. Now, assume m > 2. Then, by using

21 A1 (2)T + 29 A (2)7 = 29 (A1 (&) + A (2))7
(2)

_xq(xq”"QAm_2(x))q2 _ —xq+1Am_2(m)q2,

@

we get B1 — E = 4z A, (x)? (Am_l(x)q + 29 A _o(2)T + Am(a:)) = 0, that is,

E =G(z)* —4xF(x)"" € F,.
Finally, the third item is verified as follows:

G(x) = —Amir (@) — 2Am_1(2)7 L A (2)? + 29401 (2)7 — 2 A1 (2)?

@ A (2) + 29401 (2)7 + 2 (qum,g(x)cf + Am(x))
2

= 27 (Apa(2) + quAm,g(x))q + A (2) + 2 A ()

QD 1A, ()7 + A (2)7 + 2 A (2).



When p = 2, Item 1 and 2 of Proposition 6 are reduced to
G(z) € F, for any « € Fym. (10)
For p even, we will further need the following proposition.
Proposition 7. Let p = 2. Let a € Fg with G(a) # 0. Let E = alz;(f():;rl and
H = Tr¢ (l\gg((aa))) The followings hold.

1.
TrY(E) = mH. (11)

G(a) + F(a)? k
Gla) 4

Proof. From the fact that modulo n the sets {0, k, 2k, ..., (m—1)k} and {0,d, 2d, ..., (m—
1)d} coincide, Nr{"¥ (a) = Nr7}(a) follows and we have

Ty(E) = H. (12)

aF(a)?™ 3) aAp_1(a)An11(a) + Nrj(a)

E="Cur ~ G(a)2
_ (Amia(a) + G(a) Amya(a) + Nrj(a)
G(a)?
o Am+1(a) Am-&-l(a) 2 Nrg(a)
= Gla) (Gw )*G@f

Hence, (11) immediately follows from the facts Nrj;(a) € Fpa and G(a) € Fpma N
F,r =TF,a (which follows from (10) as a € Fma). And also

CApi1(@) L (Amr @)k 10) Amsi(a) + Amir(@)? |k
T (B) = =G ( =10 >+dH_ @ Taf
~ Gla)+aA,1(a)? + Apgi(a)? Kk
- G taf
Ga) + adnr(0)? + (Am(@) +a?™ " Apa(@)’ 4
(2
- Ga) gt
_G(a) + F(a)? K
=T @ taf
O

5 Rational zeros of P,(X)

By exploiting the results of the previous sections, now we represent the rational
zeros of P,(X) in terms of a.



51 N,=p%+1
Theorem 8. Let a € F(,. The following are equivalent.

1. N, =p?+1i.e P,(X) has evactly p® + 1 zeros in Fg.
2. F(a) =0, or equivalently, by Proposition 3, there exists u € Fgm \ Fg2 such
_ (u—u‘l)q2+1
that a = (a—ua®)it1
(u—u®)a°+1
(u—ud?)at1’

7(U+O¢)q27q
1+(u—ud)a—1

3. There exists u € Fg \ Fp2a such that a = Then the p® + 1 zeros

in Fo of P,(X) are :L,O:l-ﬁ-(u:ijq)q_l and o = for a € Fpa.

Proof. (Item 1 <= Item 2)
We already showed that if F(a) # 0, then N, < 2, i.e. Ny # p? + 1.

q l]2
If F(a) = 0 i.e. there exists u € Fgm \ F,2 such that a = (u—u)?

(u—ua?)a+1’?
set given by

U e U )

a€l,

then the

is the set of all ¢+ 1 zeros of P,(X). In fact, the cardinality of this set is exactly
¢+ 1 as u is not in F,. Also, we have

-1 -1 1 T (u— uq)q2+1
Pa = 1-— + 5
1+ (u—u?)9-1 1+ (u—u?)9-1 14+ (u—wug)at (u — w2 )+l

_ —(u—wu?) ((u—uq)Q)q+ (u — u?)?*+1 L

u— ut® u — ud’ (u —ud®)a+l

and

L+ (u—ut)a=t ] 14 (u—u2)e? 1+ (u—u?)9-1

pa< ~(u-+a)’ )_ ~(u+a)’ <1+ —<u+a>f—q> | (w—uny

= —(u—uf) w—u)(u+a) = (u—u)uta)) (u—uf)?

= e sy (e ) = k) ) s

= —(u—uf) w—u? ) (w4 a) — (u—ud)u? +a / (u,uq)q2+1

_(u_wﬁﬁ%u+aﬁ(< )(u? + @) — (u—uf)(u? + 0<+w_uﬁﬁﬂ
—(u — u?) (u—uq)q%rl

- (w = )+ @) + —0.

(u— uq2)q+1(u + )1

(u — uqz)q+1

Lemma 4 concludes N, = p? + 1.

(Ttem 1 <= Ttem 3)

To begin with, define Sy = Fgo \ Fp2, S1 = {u—u? | u € Sp}, So = {v?7! |
veS }and S={ae€Fqy | N, =p+1}.



Now, we will show that the mapping

(u— u?)?+1

W:UESOHW

€5,

which is well-defined by Proposition 3 and by the equivalence between Item 1
and Item 2, is surjective.

u,uq)q%rl o ((u,uq)qfl)q
u—ud?)atl — (I+(u—u)a-l)atlo
where @1 :u € Sg — u—ud € 51, pa :VE ST —> VI €Sy, 3w € Sy —>
ﬁ € S. Here, we note that —1 ¢ Sy (and hence 3 is well-defined) since

Regarding E we can write ¥ = @3 0 g 0

(u —u?)?! = —1 would yield u = ut’ e u € Fgo.

Consider 1 (u + Fpa) = ¢1(u) for any u € Sy and #S; = p(m=Dd — (pd —
(p? — 1) - (m mod 2)) = (pmd — p—m mod 2)dy /pd — 4G, /pd. Therefore ¢y
is p?-to-one and surjective. Next, note that os(vy) = @a(vs) for vy,ve € Fg
if and only if v = Bv; for some 3 € IE‘;d and that if v; € S; then fv; € S
for any 8 € F}, since Try(Bv1) = BTrg(vi) = 0. Hence 3 is (p? — 1)-to-one

and surjective. On the other hand, if a = @3(w) for w € Sy, then Po(—1) =

g+1 .
(_ﬁ) + (—ﬁ) +(1+11Uuﬁ = 0. Since a € S and so N, = p? + 1, there

are at most p? + 1 such w € Sy that (3(w) = a. Therefore we get

#SQ p(mfl)d _ p(lfm mod 2)d

> =
#W(SO) = pd +1 pgd 1

. (m—1)d__(1—m mod 2)d .
Since #S = L p’;Ll by the second item of Lemma 4, we have a

sequence of inequalities #S < #W(Sy) < #S which concludes that ¥(Sy) = S,
i.e. ¥ is surjective (note that it also follows that 3 is (p? + 1)-to-one and ¥ is
p?(p?? — 1)-to-one). This means that Item 1 and Item 3 are equivalent. a

52 N, <2:0dd p
Theorem 9. Let p be odd. Let a € Fy, and E(a) = G(a)? — 4aF(a)".

1. N, =1 if and only if F(a) # 0 and E(a) = 0. In this case, the unique zero

in Fg of Py(X) is —%.
d

2. No = 0 if and only if E(a) is not a quadratic residue in F,a (i.e. E(a) e #
0,1).

3. Ny = 2 if and only if E(a) is a non-zero quadratic residue in Fpa (i.e.

pio1 £E(a)® ~Ga)

E™=2 =1). In this case, the two zeros inFg of Py(X) are z12 = 5F(a) ,

where E(a)% represents a quadratic root in F,a of E(a).

Proof. To begin with, note E(a) € F, by (8) and so E(a) € F,NFg =TFa.

10



Theorem 8 shows that N, < 2 if and only if F'(a) # 0. Now, assume F(a) # 0.
Then Equation (4) can be rewritten as

G(a) >2 E(a)
x + = . 13
( 2F (a) 4F (a)? (13)
+E3
Now, we will show that the solutions z1 o = Wﬁ(a) of (13) become the zeros

of P,(X) if and only if E(a) is a quadratic residue in F,. In fact, (E(a)%)q =

E(a)% + ¢ for some § and then we have

Po(z12) = 212(212+ 1) +a = iE((;)Z;(a_)G(a) <1 i iE(?}i(;)G(a)> o
B (£E(a)? — G(a)) (iE(a)% 6+ (2F(a) — G(a))q> + 4aF(a)"!
B AF(a)"™
o) (£E(0)* = G(a) (£B(@)? +0+ G(@) +4aF@™  (Lp()? - Ga)s

4F (a)" 4F (a)?
and so P,(z1,2) = 0 if and only if 6 = 0, that is, E(a)% € IFy. On the other hand,
12 € Fg if and only if E(a)? € Fo. 0

Remark 10. In the last two cases of Theorem 9 (i.e. the cases of N, = 0 or 2),
the condition F(a) # 0 is implied because E # 0 implies F(a) # 0. Indeed, if
F(a) =0, then from Equality (9) G(a) = 0 follows and so E(a) = 0.

53 Ngo<2:p=2

Theorem 11. Let p = 2 and a € Fy. Let H = Try (%%jf) and E(a) =
aF(a)?t!
G*(a)
1. N, =1 if and only if F(a) # 0 and G(a) = 0. In this case, (aF(a)? )2 is
the unique zero in Fg of Py(X).
2. N, =0 if and only if G(a) # 0 and H # 0.
3. No =2 if and only if G(a) # 0 and H = 0. In this case the two zeros in Fg
are x4 = ggg; T, (% and To = 11 —i—%, where ¢ € pg ., = {z €Fq: |
2@t =1}\ {1}.

Proof. By Theorem 8 we may assume F'(a) # 0 since this is equivalent to N, €
{0,1,2}.
If G(a) = 0, then the Equation (4) has a unique solution z¢ = (aF(a)?~1)!/2.

Then P?(xq) = Fa) (aquQ(a) + F(a) + aF(a)) © G(a) = 0 and thus it

F(a) F(a)
follows that P,(X) has exactly one zero (aF(a)?')/? in Fg when G(a) = 0.

11



Now consider the case of G(a) # 0. Note that (9) shows that G(a) # 0 implies

2
F(a) # 0. The equation (4) can be rewritten as (ggg; x) + ggg;x = FE(a) and

so it has a solution in Fq if and only if

Tr} (E(a)) = 0. (14)
If Equation (4) has a solution then it has exactly two solutions z; and z2 in Fg.
ndeed, (E810,)" 4 Hleby, = (H0)n,)" 1 B0y — 1, (29)" 4o, (E19)) =

EBla) Q+ Bl)) = B({L-+-1) = E(a), and so z; and 5 are two solutions of
¢+l 1) T TV Iar T o) T ’ 1 2

(4). And, both z1 and x5 are in F¢ since T, (E(a))Q +T (E(a)> =T,(E(a)) =
’ n\ T+l n\ 1 n

T (E(a) 2 0 ie. T, (ffl)) e Fo.

2
Let z be a solution of (4). Then we have Ty, ((ggzg :E) + ggzg x) =Ty (E(a)),
a q
ie. (ZEZ; a:) + gEZ;Z = Ty(E(a)), hence z% = (gggg) (gggga: + Tk(E(a))> (1
‘ ; . a “)
G0 14 (a) = a{at+1)+0 = AEDERCOL B P &

z(G‘(a)Tk(E(;)()TF(G)“JrG(a))
a)d :
Thus, it follows that the solution x of (4) is a zero of P,(X) if and only if

G(a) + F(a)?
G(a)

Equalities (11), (12), (14) and (15) together leads us to conclude that when
G(a) # 0, P,(X) has a zero (equivalently, exactly two zeros) in Fg if and only if
mH = 0 and %H = 0 which is equivalent to H = 0 since at least one of m and
k/d must be odd as ged(m, k/d) = 1.

Combining the discussion above with Theorem 8 completes the proof. a

Remark 12. When p = 2, A,(X) defined in this paper coincides with C,.(X)
introduced in [14]. Many of our results for p = 2 appears also in [14] with
relatively longer and more complicated proofs.

Ty (E(a)) = (15)

Remark 13. On the other hand, very recently, the number of roots of linearized
and projective polynomials was studied in [7, 19]. In particular, criteria for which
P,(X) has0, 1, 2 or p?+1 roots were stated by Theorem 8 of [19] using some poly-
nomial sequence G,(X) which are related by A,(X) = G,_1(X)? with A,(X)
defined in this paper. Using the notation of our paper, Theorem 8 of [19] states
that N, = p? + 1 if and only if A,,(a) = 0 and A,41(a) € Fpa. Firstly, here,
the condition A,,;1(a) € Fpa is surplus because this follows from the condition
Ap(a) = 0. In fact, if F(a) = Ay(a) = 0then by (1) Apt1(a) = (—adm—1(a)?)?
and by (9) G(a) =0ie. Apyi(a) = —aAnm—1(a)?, s0 Apt1(a) = Apmyi(a)? that
is Am+1(a) S Fq N ]FQ = de.

Secondly, when p = 2, the criteria for N, = 0,1,2 in [19] are false. In the
criteria for N, = 0,1, 2 of Theorem 8 of [19], G,, € F, or G,, ¢ F, must be fixed
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by G, +Gp° +G,_1° =0o0r G, + G,° +G,_1° # 0 respectively. Note that the
quantity G, + G, + Gp—17 (Ar for p odd, resp.) therein equals G(a)% (E(a)e
for p odd, resp.) with the notation of our paper.

6 More for the case N, = p¢ +1

Let Sq = {2 € Fyma = Fq | Py(x) = 0}. The following problem remained : when
N, =p?+1lie. A,(a) =0, express S, explicitly in terms of a.
For this problem, the following facts are the only things we know at the moment.

1. When m =3 and As(a) =1 —a?=01ie. a =1, we have
Sa={(b—0)"""b€Fyza\Fpa}.
2. When p=2, m=4 and A4(a) =1+ a? +a? =0, we have
VacS,.
3. When p=2, m =5 and As(a) =1+ a? +a? +aq3(l +a?) =0, we have

a(a + a?)

1+ a4 + aqt! € Sa-

4. Whenp =2, m =6 and Ag(a) = 1—|—aq—|—aq2+aq3(1+aq)+aq4(1+aq+aq2) =
0, we have

\/a2(1 +a+al+a?®tl) + a2’ tetl(1 + a + a9)4 cg

a2®+4+ (1 +a+a?)(1 + a2 + a?)4
All these can be checked by direct substitutions to P,(X).
Lemma 14. If 29t '+ 2 +a =0 fora € F¢), then for any r > 1

r_ Arvi(a)r — aA,(a)?
Ap(a)z — aAr_1(a)?’

where the denominator never equals zero.

xd (16)

Proof. This is an alternation of (6). The only thing to be verified is the fact

that the denominator never equals zero. In fact, if A,(a)z — ad,_1(a)? = 0
(and so also A,41(a)x — ad,(a)? = 0 by (6)), then z = aAA:(ltgl)q = j{:g?;
and thus it follows that a(4,(a)?™! — A,_1(a)?4,41(a)) = 0. But (3) shows

T

a(Ar(a)?t — A, _1(a)iA,51(a)) = a'FT # 0, a contradiction. O

Lemma 15. If A,,(a) = 0, then for any x € Fg such that 9 + 2 +a =0, it
holds
N (@) = A (@),

Furthermore, for anyt >0
Ams1(@) = A (a) - A(a).

13



Proof. By Proposition 3 and the premise A,,(a) = 0, we have a € Fym. By
multiplying all equalities (16) for r ranging from 1 to m — 1 side by side we get
2T = —aAp,_1(a) = Ay (a)V9) ie. Ay (a) = Nep™(z)4 = Nep™(z) €
F,. Then, an induction on ¢ leads to the conclusion of the lemma. O

7 Conclusions

We studied the equation P,(X) = Xl L X g = 0,a € Fpn and proved some
new criteria for the number of the Fjn-zeros of P,(x). In case of one or two Fpn-
zeros, we expressed these zeros in terms of a. For the case of pgd(™k) 41 rational
zeros, we provided a parametrization of such a’s and expressed all the pged(:*) 1
rational zeros by using this parametrization. An important open problem is to
explicitly express in terms of a the F,»-zeros when there are peed(k) 4 1 zeros
in Fpn.
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