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The dimension of the moduli spaces of curves defined by
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Abstract

We consider a topological class of a germ of complex analytic function in two variables which
does not belong to its jacobian ideal. Such a function is not quasi homogeneous. The O-level
of such a function defines a germ of analytic curve. Proceeding similarly to the homogeneous
case Genzmer and Paul (2011) and the quasi homogeneous case Genzmer and Paul (2016), we
describe an algorithm which computes the dimension of the generic strata of the local moduli
space of curves.

Keywords: moduli of curve, singularities.

1. Introduction.

A germ of holomorphic function f : (C?,0) — (C,0) is said to be quasi-homogeneous if
and only if f belongs to its jacobian ideal J(f) = (g—f, %). If f is quasi-homogeneous, then there
exist coordinates (x, y) and positive coprime integers k and / such that the quasi-radial vector field
R= kxg—x + lya% satisfies R(f) = d - f, where the integer d is the quasi-homogeneous (k, [)-degree

of f Saito (1971). Based on that, the following family of functions

N M
fun =] |o+ax) [ [0 +b:)
i=1 i=1

is not quasi homogeneous. We denote by 7,5 the set of holomorphic functions which are
topologically equivalent to fj,y. This topological class is the simplest one beyond the quasi-
homogeneous singularities. In Loubani (2019), we described the moduli space M,y of fo-
liations, which is the topological class 7,x up to right-left equivalence, and gave local ana-
Iytic normal forms. In this article, we study the dimension of the moduli space of the curve
S ={fun =0}

This problem is a particular case of an open problem known as the Zariski problem. Zariski prob-
lem has only some answers: Zariski (1986) for the very first treatment of some particular cases,
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Hefez and Hernandes (2009), Hefez and Hernandes (2011) and Hefez and Hernandes (2013)
for the irreducible curves, Granger (1979) and Genzmer and Paul (2011) for the homogeneous
topological class and J. Briancon and Maisonobe (1988) for some results which are particular
cases of the quasi homogeneous topological class treated later by Genzmer and Paul (2016).

Since the topological class 7y is the simplest one beyond the quasi-homogeneous singularities,
solving Zariski problem for this class would be the first step towards solving it for the remaining
cases and consequently for the general case. In our work, we follow the strategy introduced by
Genzmer and Paul: on the moduli space of foliations My, y, we consider the integrable distri-
bution C related to the following equivalence relation: two points in My, y are equivalent if and
only if the separatrices of the corresponding class of foliations are in the same analytic class of
curves. In section 3, we describe the infinitesimal generators of the distribution C. The main
result of this section is proposition 3.2 in which we show the algebraic independence of some
coefficients of the O,-generator of C. Section 4 presents an algorithm to compute the dimension
of the generic strata of the local moduli space of curves (Theorem A). Finally, we give some
examples in section 5. Section 2 is devoted to recalling some needed definitions and notions.

2. Definitions and Notions.

The strategy introduced by Genzmer and Paul Genzmer and Paul (2016) is based on the
deformation theory introduced by Jean-Frangois Mattei in Mattei (1991). In view of that, we
need to recall the following concepts.

Definition 2.1. Let 7y be a germ of holomorphic foliation at 0 € C* with isolated singularity
0. An unfolding of Fo of base P = (C?,0) is the data of a germ of saturated foliation ¥, of
codimension 1 at the origin of (C**7,0) of singular set 2(Fp) such that the leaves of F, are
transverse to the fibers of the projection

I: (C*P,0) » P, (x,0) =1,
with x = (x1, X2),t = (t1, ..., tp), and such that we have the equality
i"(Fp) = Fo,
where i : (C2,0) — (C>*?,0) designs the embedding i(x) = (x, 0).

In other words, it is the data of a germ of holomorhic 1-form

P
Q=A(x,t)dx) + Ay(x,)dx, + ZCJ'(.X, l‘)dl‘j, (D)
=

such that

1. A, Ay and Cy, ..., C,, are germs of holomorphic functions at a neighborhood of {0},
2. Qisintegrable,i.e. Q A dQ =0,
3. The singular set () is the zero set of the ideal (A}, A, Cy, ...,Cp) C Oayp,

4. (C1,...Cp) is a sub-ideal of V(A Ay).



The last condition corresponds to the transversality of the leaves and the fibers.

Two unfoldings ¥, and ¥, of the same base P are said to be holomorphically conjugated, or
equivalent, if there exists a germ of holomorphic automorphism ¢ of (C?*7,0) such that

¢*Fp =9, and [o¢ =1L

When ¢ is only a C*-homeomorphism, we say that 7, and F, , are C*-conjugated. An unfolding
¥ is said to be trivial if it is conjugated to a constant unfolding % X P, i.e. defined by (1) with

Ai(x,1) = Ai(x,0), Ci(x,n) =0, i=12, j=1,.,p.

The equireducibility of an unfolding corresponds to the existence of reduction of singularities in
family as precised in Mattei (1991). An equireducible unfolding is in particular a topologically
trivial deformation Mattei (1991). This property is essential and is the only property we need
here about equireducible unfoldings because as we work with a fixed topological class, we have
to make sure that any deformation we consider does not change the class.

3. The infinitesimal generators of C.

We first recall general facts proved in Genzmer and Paul (2011), which are valid in every
topological class. Let ¥ be a foliation defined by a holomorphic function f (or more generally
by any generic non dicritical differential form w), and let S be the curve defined by f = 0 (or by
the separatrix set of ). Let E : M — (C?,0) be the desingularization map of the foliation, and
D its exceptional divisor. We denote by £, ¥ and S the pull back by E on M of f, ¥ and S. The
tangent space to the point [S] in the moduli space of curves is the first Cech cohomology group
H'(D,®s) where Oy is the sheaf on D of germs of vector fields tangent to § Mattei (2000).
Denoting by @ the sheaf of germs of vector fields tangent to the desingularized foliation 7, the
inclusion of @ into @y induces a map i:

H'(D.07) -5 H'(D, 05)

whose kernel represents the directions of unfolding of foliations with trivial associate unfolding
of curves. We recall that according to Mattei (1991), the tangent space to the moduli space of
foliations is given by the cohomology group H'(D, ®¢). Therefore, to compute the dimension
of the generic strata of the local moduli space of curves, which is equivalent to computing the
dimension of the cohomology group H'(D, ©y), we need to study two objects: the cohomology
group H'(D, ©) and the kernel of the map i.

To study the kernel of the map i, we shall make use of a result by Genzmer and Paul Genzmer
and Paul (2011). Before stating this result, we need the following definition:

Definition 3.1. An open set U of M is a quasi-homogeneous open set (relatively to f) if there
exists a holomorphic vector field Ry on U such that Ry(f) = f.

The foliations induced by the elements of 7,y can be desingularized after two standard blow-
ups of points.
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Figure 1: Desingularization of fy;y for M = N =3

Since the invariant curves of the desingularized foliations are smooth, we can always cover
D by three quasi-homogeneous open sets V,, V3 and V4. For i=2,3.4, we denote the corre-
sponding holomorphic vector field Ry, by R; to simplify the notation. The cocycle of the quasi-
homogeneity [R3 4, Ry4] of F is the element of H'(D, ®) induced by (R3 — R4, R> — Ry).

Noting that H (D, ®«) has a natural structure of O,-module, we have:

Theorem ( Genzmer and Paul (2011)). The kernel of the map i is generated by the cocycle of
quasi-homogeneity, i.e.:
ker(i) = {h - [R34,Rr4], h € Os}.

In particular, the distribution induced by these directions is integrable and defines a singular
foliation C on H'(D, ©).

For H'(D, ®#), we know from Loubani (2019) that its basis is in bijection with  which is the
open set of C° defined by
P = {(- e, Qg by, -+ )suchthatay; # 0,0y # 0,1 and
ai; # aij, by # by y fori # jand i # j'},

where the indexes k,i,k" and i’ satisfy the following system of inequalities

0< k-1 <i-1
“(N=-2)< 2k—i—-1 <2i-2
~-M-2)< K-i-1 <N-3+27

0< K-1 <N-2+27.

We also know from the same work that the dimension § of H'(D, ®«) is equal to the number of
the integer points in the region @y, in the union of the real half planes (X,Y), X > 0and Y > 0,
delimitedby Y - X+ (M —-1)>0and2Y - X - (N -1) <0.

For p € P, we consider the saturated foliation F, ISM’N) defined by the one-form dN,(,M’N ) on C2+9,

where
N-1 i M=2 N-142i
NI(,M'M = xy(y + x%) 1—[ [y + Z ak,,'xyk_'] l_[ [y + Z bk,,-xk“].
k=1

i=1 k=1 i=1

We would make use of the following result:
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Figure 2: The region Qyy for M = N =6

Theorem 3.1 ( Loubani (2019)). For any po in P the germ of unfolding {F,*"", p € (P, po)} is

a universal equireducible unfolding of the foliation 7—'15(?4 N,

The universaliy means that for any equireducible unfolding %, t € (7, tp) which defines T,Séu M

for t = ty, there exists a map A : (7,f) — (P, po) such that the family ¥; is analytically
equivalent to N%)’N). Furthermore, the differential of A at the point #y is unique. As for the
uniqueness of the map 4, it follows from the uniqueness of the normal forms which is proved
in Loubani (2019).

This theorem shows that the family of foliations (dN,(,M’N ))peP defines the moduli space of folia-
tions M,y locally, or equivalently the family of germs of vector fields induced by the family of
germs of functions (N;M’N ))pEP defines the space H' (D, @¢). Thus, our study reduces to studying
the action of the distribution C on this family of functions.

ﬂll’l

Let X, , be the vector fields on # generated by x™y" - [R3 4, Ry 4]. We give the expression of Xj
in the basis { ajk’, 52“ }kl of the vector space generated by the set P:

Proposition 3.1. The O,-generator of C is given by:

Xoo = [R3—R4,Ry — Ry4]
N-1 i M-2 N-1+2i

v | D D2k~ Daniz— +Z Z (k= Db —
i=1

i=1 k=1

Proof. Let p be in P and consider the following deformation
(4, p) € (C, 1) X (P, p) > Nyt (x,3) = N, (Ax, %) = 22NN (),

where - p = A+ (ar;, b)) = (A% 3ay;, A*7'by;) and we denote the normal form N;,M’N ) by N,
for simplicity. This deformation is analytically trivial in A. Hence, its related cocycle is trivial.
5



Blowing the deformation up yields

N-1 ;
Npa (o ya) = ALty +x4)r[(y4 £y gy

i=1 k=1
M-2 N-1+2i
1_[ 1+ Z /lk_lb ,xﬁyi H,
i=1 k=1
and so we have
N-1 i 2k—-4 k—1,2k=2
<1 N, Dkt 2k =3) a7 vy

Dt —_ -1
NP,/l o - (2M+2N l)l +; y4+2 /12/{ 3ak .X'k 1 2k 2

MZ—2 N—1+2i (k— 1)/lk_2bk,)€§y§ 1
- 1+z,§’ PR Ay kgt

The vector field Ry is defined as a solution on V4 of R4N b= N ». Moreover, according to Loubani
(2019), aa and 3 ‘9 are deﬁned by the cocycle related to the vector fields X,((]l) and Y, ,E’l) respec-

tively such that X(])N » = 7o and ¥y (])N AZ” Setting A = 1, we obtain
N-1 i
Mo | y= ((ZM +2N — DRy + Z Z(Zk 3)ar XL,
M=2 N-1+42i =
+Z Z (k- 1)bk,iY,§f§)]N A
=1 k=1
= C(4)Np,,1.

The same computation in the other two charts leads to

N-1 i M-2 N-1+2i
C(3)—((2M+2N—1)R3+ZZ(ZI< 3y X <3)+Z Z (k — Dby <3)]
i=1

i=1 k=1

i M- 2N 1+21
C(”—((ZM”N-I)RZ*ZZ@" 3)aklx(2)+z Z (k—l)bk,y(z)]

i=1 k=1 i=1 k=1

The triviality of the cocycle induced by (C ) —c®,c® - (4)) ends the proof. O
From now on, we denote by g, = ]"*N 2] + M — k the number of integer pomts in the intersection
between the region @y y of moduli and the straight line of equation (y4 =k—-1)if N < k <

N+2M - 5.

We consider the following two subspaces of the vector space generated by the set



For 1 <[, < N -1 (respectively 1 < [, < N + 2M - 5), we denote by Pﬁ;’ (respectively PZ’) the
level of height [, (respectively /,,) of the subspace P, (respectively Pp), i.e.

la _ il
Pa = VeCt{ﬂaza,f }i:l ,,,,, N-1
Vect{% if 1< I, <N
/ i) i=1,..M=2
?)bb — 1 gosey.
veet {5} it N+l< I, <N+2M-5.
v ) i=M-1-gy,....M~2

We have the following direct decomposition of

Is\ ly=N+2M-5 ol
P =y SN,IVect{Pl“,P”}GB’_ * Pr.

[b ) a b I,=N b
a=lb

Now, we consider the following two subsets of the region Qv corresponding to the subspaces
P, and P, respectively

lo= [G.)I0<i<N-2and ~(N-2)+2i < j<i)
L= {G)10<j<N-Tand ~(M-2)+j<i<j-1
N<j<N+2M-6and —(M—2)+jsi§j—1—(M_2_qj+1)}’

where the levels [, and /, are given by the straight lines of equations x4 = [, — l and y4 = [, — 1
respectively.

x4

Figure 3: The Corresponding decomposition of the region Qyn for N =5, M =7

Let ®p be a holomorphic vector field with isolated singularities defining 7?[(,34’1\])

tersections V, N V4 and V3 N V4. We denote by [xf‘yi] the class of xiyi (®9,0) (respectively
2! (0,8p)) in H' (D, ®¢(M,N>) if (i, ) € I, (respectively (i, ) € I).
PO

on the two in-



We can write the standard basis of H' (D, @7:(M.N)) as B = B, U B;, where
Po
B, = {[x}]1G.j)e L)
B, = {[xpy]1Gpen}

The following proposition is the basic tool for the proof of the main result of this article.

N-3 X
a,j 4
Jj=0 Y4

where the dots correspond to the decomposition of Xoo at the levels l, and I, with l, > 3 and
l, > 3, then the functions X 0.0 are the zero functions for 1 < j < N — 2 and the functtons

a,0 ybi ya.j
{Xoo*Xoo’Yoo} =1

Proposition 3.2. If we decompose the vector field Xo
N-

el 2l

=0

Xoo =

2M+2N—1

,,,,, M—2 are algebraically independent.
j=0,..,N=3

Proof. Let us write the decomposition of the first term of the cocycle {ai’ (%} in the standard
basis of I‘I1 (D, G)(F(M.N))
PO
J
6a1 1 Z R(p) [xiyl]
i,jeB

where p € . In view of theorem 3.1 and using the notation introduced in its proof, the first term

of the cocycle associated to %l is written {CDT;‘), (I)(2 4)} where
G4 _ 1 U(xs)
¢)1’[ T eM+Nay 1Y ars [xiM*Z + W(X4)] + ya(...)
e _ -1 K(ra)
D7 = Moy [yiN_z + B4 |+ x4,

with W is the polynomial function of degree M — 1 satisfying the Bezout identity

N-1 M=2
ONQ =WQ' +20, Q) =5 +xp ] Jar; [ [(1+b1m),
J=1 J=1

U is a polynomial function in x, defined by the equality

U(xg) = xy" ' U(ys),

where U is the polynomial function of degree M — 1 satisfying the Bezout identity

1 oM
PAP =UP +VP,  P(y3)=y3;(y3 +1) H“l’f I_l(y3 +bug).
e

and B and K are polynomial functions of degree N — 1 in the variable y, satisfying relations
similar to those satisfied by W and U.
In fact, R® O(p) is the coeflicient of in the development of oy

8

3 . . .
G349 in Laurent series, which is



zero forall 1 <i < M -2 and Rl ( p) is the coefficient of - in the development of CD(12;4) which
can be written as .

1 L
-1 DV R (=ayy) 1 B(0)  R(y4)
24 ,
= — + + y4(...) + x4(...),
LI M -j-1 2N-2
+ N j=1 allv;—J yiv J al’[ 4N

where R is a polynomial function of degree N — 1.
For simplicity, we will replace the notation Rloy_j(p) by Rf)’i(p). So, we can write Rf)’i(p) as

follows )
-1 | KGa) | BO) P
Rl (p) _ M+N [ 0217 lll + T] lfj =0
0,j - 1)/~ . .
' MLN%’W if1<j<N-2.
It is clear that Rf)’].(p) satisfies the following relation
R, (P) 1 B(0)
Rf),o(P) == (;],, - M+NTJ
Ry (p) = (=17l 'Ry (p) if1<j<N-2.

Thus, we obtain the following equality

§ _ BO) 1
dar; M-li-N ai Z( ~ay)’” R 1(1’) Z<_ x4y4> [x4y4]
B,
i#0
Dl ol
]-'»—"0
where <%, xﬁy£> denotes the coefficient of [xiy4] in the decomposition of 7> - on the standard

basis of H! (D, @7_-(M,N) .
PO

Proposition 3.1 yields a decomposition of the cocycle Xy in the standard basis which can be
written as

N-2
_ a,j
X(),o = C XO,O

=0 yf; =1 X4 =0 Vi
N-1 P N-1
_ AN, j
+ c Z Z a1,1<6a”,x4y4> [x4y4] + Z Zaz, < x4y4>[x4y4]
Boi#0,1 I=1 ; Bo,i#0,1 1=2
By, j#0.1 By.j20,1
M-2 o \. . N P
+ Z Z by <W’ x2y£> [xgyi] + 2k - 3) a"”a_
By j#0 I=1 21 1=3 k=3 el
Bo.i#0,1
M—-2 N—-1+21 P
+ (k - l)bklab_]
=1 =3 k,



where

Xg:(()) = avBO) + ZR 1(p)

N-1

Xgg= > (=ai)’Rh,(p)
=1

M=2 J N-1 a
RTR PR A TR U S B
0.0 Z 2'l<8b2,, x"> al’l<6a1,, e

j = 0 «x R 0 «x p 0 «x
Yoo = sz,l<w,j—:>+ az,l<6—,j—i41>+ —d1,/<6—,j—i41>
I=1 20y, 1=2 Dl yy I=1 L yy
and c is a constant given by
-1
C2M+2N -1

We note that the term < 4 _n > isequaltozeroforall 1 <i <M -2.

a”l

Now, according to the proof of theorem 3.1, Ro,l (p) can be written as

1 DN
Roi(P) = 3N o '
a [1;5 (Cll,l - al,j)
J#l
To compute the term X(‘)‘ o» We introduce the polynomial F) in the variable x, defined by
N-1
Fo(xa) = 1—[ X4 —ay ,
j=1
Clearly, we have the following equality
N-1 1
FO(X4) j:l X4 — ay j) H = (al,j - Cll,j/)
J’¢J
So, we can write Xg:g as
N-1
DN
x40 = M-l p) +
0,0 M y M N —
’ " IZ:‘ an 15 (Cll,l - al,j)
j#l
_ )N+] 1
= M+N 2w BO) + ¢ M+N_ Fo(0)"

The initial expression of Fy(x4) implies that Fo(0) = [TV (—al ,~) Since, from the proof of

j=1
theorem 3.1, we have B(0) = , we obtain the following expression of Xg’g

(2M+N) nN !

2M +2N - 1
Xj0="—-"——B
0= I (0),



which is different from zero.

Similarly, to compute the term X"/

0.0 We introduce the polynomial F; in the variable x, defined by

O(x4)

F;
j(xq) = P

where Q(x4) = Hf\:l' (x4 —ay;) and Pj(xs) = (-xq)/ forall 1 < j < N —2. Also, we have the
following equality

1 _ li ( all)J
Fi(xs) & (xg—a) [TV (@ —ary)
%
So, we can wrlteX 0.0 as
W DV S (—ar)’ (=M
00 = — =
M+N = a, Hi-vzll <a1,1—611,j) F;(0)

j#l
The initial expression of F;(x4) implies that X“ T =0forall 1 < J<N-2.

Now, for the terms X2/

0.0 proceeding similarly to the proof of theorem 3.1, we can show that the

N-1
term Z —ay < dary’ x > is equal to the coefficient of - = —L in the development of Z —ay 1 Di(x4)

I=1
in Laurent series Where @;(x4) is given by

_ —(2M+N+1) U(xy)
D (x4) = (2M+N)2a],HN T (+xs) ( w2 T W()C4))

M-2 N-1 1
Z bz, i=1 ay,
n%lmb' 1+ by J"4 x T8 (1+ b1jxs)

_ 1 U(xs)
CM+NE, T ar (ng*Z + W(x4)).

Since % = x@q%, then we have the following relation

<i y_4>_<i i>
8b2,,’x§(1 B 6b1’1’x§" ’

M-2
0
and so in view of the proof of theorem 3.1, the term Z by < Fn, Y4 > is equal to the coefficient

M=2
of XL_, in the development of Z b2,1x4‘{’ )(x4) in Laurent series where ‘P( 4)()64) is given by
4
=1

1 U(xs)
Gd = — [ s W)
LT MM T a0+ b |2

+ ya(...).

11



We can write

N-1  N-l M2
; - - _ a U Z _ 7
l_[ 4L Z aPx) = S T 2 24 T4 by x
j=1 =1 J=1 o
+x4(...) + cst+ ...
N-1 -2 M-2

byixs U(xs)
L1 2M + N)(1 + by g) 2203

34
ai; Z bz,zxﬁ’(u (xg) =
=1

+ x4(...) + y4(...),

~.
Il
-

CM+N+1)(N-1)

where ¢| = GMINY

and the dots stand for terms which do not contain b, ;.
N-1  N-1 N-1 M2
The coefficient of b, ; in the sum 1_[ ayj Z —ay 1 Di(xq4) + ayj Z b2,1x4‘11(131’4)(x4) is given by

j=1 =1 j=1 =1

1 [.7()64) C1

E()C ) = +
TS A+ bu) [+ x) T2+ by e

Co X4

where ¢, = m This implies that the coefficient of b, in the expression of Xf)’(') is equal to the

coefficient of —i; in the previous expression.
4

The next part of the proof is devoted to showing that if we consider the functions Xg(’) as linear
functions of the M — 2 variables b, ;, where 1 </ < M — 2, then their determinant is not the zero
function. Hence, for a generic choice of the variables b, i, ..., by y—2, these M — 2 linear functions
are independent as linear functions of M — 2 variables. Thus they are algebraically independent.
In fact, we know that U is a polynomial function in x4 defined by the equality

U(xy) = x§" 7' U(3)
where U is the polynomial function of degree M — 1 satisfying the Bezout identity
PAP =UP +VP.

Since we are interested in the generic independence, we restrict the proof to the following case

N

-2
-1
bij=1  and (_bl,j)M =-1 YI<j<M-2 ifMiseven

i

<
b

M71 . . .
bij=-1 and (b} =1 VI<j<M-2 ifMisodd.

—

Jj=

So, the function P can be written as

=

-1
aiiys (yé”’1 + 1) if M is even

o

P(y;) =

=
L

aiys (yéw_1 - 1) if M is odd.
i=1

12



If M is even, then using euclidean division, we find that U is given by

. . M
U(x4)=x2/1 1+M—1.
In this case, the expression E is equal to
1 U(xs) Cl
E = + .
(X4) 2M 3 (1 + bl [X4) 1+ XM 1 2t

From the proof of theorem 3.1, we have the following equality

_ U T(x)
a +b11X4)x2M 3 Zdﬂ_ 23 + x4(..),

where T is a polynomial function in x4 of degree M — 2 and d; is given by

_( 1)]+1b2M J- 3 (_1)

by
In this case, we have
4= C s
and the polynomial T satisfies the equality

2M-3
T(xg) Z 1
Cil—
2M-3 w7
Xy J=M-1 x;
where Iy
i—172M-3—j
cp= (DT ——.
’ M-1
Thus, the decomposition of X 00, where 1 <i < M — 2, on the family b,;, where | <[ <M -2,
is given by the matrix
b1 b2 bM-2
X00 Xo0 e X500
by cady g + cdoy = ciepy-1,1 cadyy + crdyy = ciep cady-2 + crdy-3,1 = C1Copm-4,1
by cdip +cidop = cicm-12 cadop +cidip = cicmp ‘e c2dy-22 + c1dy-32 — C1CaM-42
byy—2 \cadiy—2 +crdoy—2 —cicm-im—2 2oy + crdiy—2 = cicum—2 - C2dy—om—2 + C1dy-3m-2 — C1C2m-4.m-2

From the expressions of ¢;.y—; and d;_; ;, we have the following relation

di1g = =g Ci+M-2
Since d;; = —1/b1,d;-1;, we can write the following
1 2
cadig+ crdimiy = ciciym—2g = |—— |1 — — | = c1| ciem—2,-

13



Thus, the determinant of the above matrix is equal to

M A\ e
— — e - — |+
(M—l) 1;[ M(C1 bu) “
which is not the zero function since by ; # by j fori # j.
The case where M is odd can be treated similarly.

Vand (_bl,ls ceey _bl,M—Z) )

we have

o ) 2o
6[92!1’)}‘{_1 6b1,1’y£

forall 0 < j < N — 3. Since %’ = Myi%, we have

Pl 0 1 i
(om 28 = (o ) = ) By

6a2,1 yil 0611,1 yi"’l

Now, for the terms Y0 o

forall0 < j<N-3.
Computations similar to those in the proof of theorem 3.1 show that the term

N-1
0 X

Z —a1,1< 4 > is equal to the coefficient of — 7 L in the development of
4

— day
N-1
—a; ;'¥;(y4) in Laurent series where W¥;(y4) is given by
=1
a, y g
_  __ (M+N+1) 14
lPl(y4) = (M+N)2()4+a11) i + Z Va + ar; } 2N ') + B(y )]
a K(\u)
+ M | + ;B4 )]
N-1
The coefficient of a,; in the expression of Z —ay ;¥ i(ys) is given by
=2
ca K(y4)
—cay ————
(s + ap)>yN
where ¢ = % Thus, the coefficient of ay; in Y, “’é is equal to (—a1)’R) | (p) added to the

coefficient of —; in the previous expression. We can easily check that it is given by
4

+C(2N_2_j)) CVK(a) (1) Z( il

N2 2N2]
ay,

M+ N

N-1 k

where the complex numbers k; are such that K(ys) = 2iico ,-yf‘. Similarly, we can show that if we

consider the functions Y“’j as linear functions of the N—2 variables a,;, where 2 < [ < N—1, then
their determinant is not the Zero functlon Hence, they are algebraically independent. Finally, it
is clear that considering the functions Xoo’ X/” and Y o where 1 <i<M-2 and0<j<N-3
as linear functions of 1, a,; and b,y where 2 < l <N- 1 and 1 <" < M -2, we can deduce that
they are algebraically independent. O

14



4. The dimension of the generic strata.

The dimension 7 of the generic strata of the local moduli space of curves corresponds to the
codimension of the distribution C at a generic point of M. According to proposition 3.2, the fam-

ily of coefficients {Xg’g,Xg’(i), Yg’g }i=1,..m-2 of Xop is functionally independent: thus, any family
’ ’ " j=0,...N-3

. . . . 0 wbi
of r vector fields in dimension r whose coeflicients are chosen among {X{'), X**

ajy .
0,0 “0,0° Y0’0}1j=1 ..... M-2

=0,..,N-3
is generically free: indeed, their determinant cannot identically vanish since it would produce

a functional relation between {X(‘)"g ,Xg’é, Yg’é }i=1,..m-2. Thus, to compute the dimension of the
’ ’ " j=0....N-3

generic strata, we just have to browse the region of moduli and to compute at each level how
many moduli can actually be reached by the vector fields X,, ,. For the following considerations,
we recommend to refer at each step to Example 3 in section 5.

From now on, we denote by [ the levels of the region of moduli in correspondence with the
decomposition of the set # introduced before. In fact, for 1 < [, < N — 1, it implies that it is the
level formed by [, = I}, of the subspace P, and /;, of the subspace P, and for N < [, < N+2M -5,
it is just the level formed by [,. The previous proposition shows that the first level at which the
vector field X starts action is / = 1. We note that we say a vector field X, , starts action at a
level [ if there is at least one non zero coefficient in its decomposition on this level and all the
coefficients in its decomposition on the previous levels are zero. The main purpose of this section
is to show:

Lemma 4.1. If M, N > 2, then the vector space generated by the vector fields X,,, which act at

15



the levell = 1,...,N + 2M — 5 admits as a basis:

I=1 {Xo,0}
[=2 {X10}
=3 {X2,0, Xo,1}
4<i< [%] +1 (Xi-1.0, X1-3,1, Xo,-2, - Xi—a2}
= L%] +2 {Xi-1.00 Xi=3,15 Xo-2, s XN-1-220-n}
I=%+3+i, 0<i<i-5 X210, X1-3.1, X0,-25 s XN-1-221-N>
N even Xy 04ins XN 41i30 oo XN 4im2my my+1
1= 424+i 0<i<fL-s5, X210, X1-3.1, X0,-25 s XN-1-221-N>
N odd Xt i Xst_giigs vees X0l i, m2+1}
I=N-1 {X1-1,0,X1-3,1,XN—6,2,XN—8,3, s
XN7472min([%]+1,M73),min([%]+1,M73)+1}
I=N X231, Xn=52, XN-735 s
XN7372min([B]+1 M-3)min([ 252 ]+1.M- 3)+1}
I=N+1+4r, O0<r<N-4 {XN_3%+1,XN 5.55420 o0 XN or2m 05
rodd XN-141,0s XN-341,15 oo XN,%}
I=N+1+r, 0<r<N-4, {XN—2,§+1’XN—4,§+2, coos XN4r—2m42,m—15
reven XN-141,00 XN-311,15 -e» XN-1 f}
[=N+1+r, N=-3<r<2M-6, {Xyse Xy s Xniamm
rodd XN-141,0s XN-34r15 -os XN,%}
[=N+1+r, N-3<r<2M-6, {XN—2,§+1,XN—4,§+2, coos XNtr—2ng42,n4- 1>
reven XN—1+r,07XN—3+r,la-~-aXN—1,%} .
where m; = min([2‘+1]+1 M- 3) = min([2—i]+1 M—3) n = [—N‘33+2’] +2, m =
[W +3, n3 = | = 1;”4 +N—-2and ng = [’ —N+4\ L N — 1. The asterisk (x) means that

this family is a basis if its cardinal is less than or equal to qy, otherwise, any subfamily of cardi-
nal q; form a basis.

Since X 0.0 is a non zero coefficient among the coefficients {X } in the decomposition of X,
the vector fields X, 0 may start action on the subspace P,. The first level of the subspace P,
at which X,,o may have an action is /[, = m + 1 and that of the subspace P} is [, = m + 2:
this is because X0 = x"Xo,0 = x}'y} X0, and the levels of the subspace #, are determined by
the powers of x4 and those of the subspace $; are determined by the powers of y4 and since
Xmo = X" X0, its projection on the previous levels vanish. For 1 <[, < N -1, [, = l;, the vector
fields X, can be used to kill only one modulus at each level I, = m + 1 of the subspace P,.
For N <[, < N + 2M -5, the monomial term having X 0 as a coeflicient in the decomposition
of X,,0 is outside the region of moduli (at these levels we are outside the subspace #,) and so
we will see that the vector field X,, acts only on the subspace P, starting precisely at the level
Iy =m+2.

The vector fields X,, | may start action on the subspaces $, and $;,. The first level of the subspace

%P, at which X,,; may have an action is /, = m + 3 and that of the subspace P} is [, = m + 3 as

well. If M = 2, then there are no moduli in the region associated to the subspace $;, and so we

can use the vector field X, ; to kill one modulus at each level [, = m + 3 of the subspace P,. If
16



M > 2,thenfor3 <[, <N + 1, [, = I;, the vector fields X, can be used to kill one modulus at
each level [, = m+3 of the subspace Pp. For N+2 < [, < N+2M -5, the monomial term having
Xg:g as a coefficient in the decomposition of X, ; is outside the region of moduli, and so we will
see that this vector field acts only on the subspace P, starting precisely at the level [, = m + 4.

For n # 0, 1, the vector fields X,,, may start action on the subspace #,. The first level of the
subspace P, at which X,, , may have an action is /, = m + n + 2 and that of the subspace P}, is
I, = m + 2n + 1 which is strictly greater than m + n + 2 as n > 2: in fact, X,,,, = x"y"Xo0 =
xf*”yZ’”’z”Xo,o and the levels of the subspace #, are determined by the powers of x4 and those
of the subspace P, are determined by the powers of y4. For [, > 4, X,,,, can be used to kill a
modulus which is exactly at the level I, = m + n + 2 of the subspace $,. However, once all the
moduli at a certain level are killed, the extra vector fields acting at this level can be used to kill
moduli at the level [, = m + 2n + 1 of the subspace P, if the monomial term having X(‘;g as a
coefficient in the decomposition of X,,, is inside the region of moduli. Otherwise, if it is outside
the region of moduli, then either the extra vector fields X, , do not act at the level [, = m+2n+1
but act and can be used to kill moduli at the level I, = m + 2n + 2 of the subspace P, or they
actually act at the level I, = m + 2n + 1 of the subspace #;, but all the moduli at this level and the
next levels are killed. This also works for the extra vector fields acting at the higher levels of the
subspace P,.

Based on that, we denote by v,,, + 1 = m + 2n + 1 the first level of the subspace #;, at which a
vector field X, , may have an action.

We note that if M > 2, then killing moduli on the subspace $, always starts at the level [, = 3
and this is because we use Xop to kill a modulus at the first level of the subspace #, and X; ¢ to
kill a modulus at the second level (if it exists, i.e. N > 2), so X ; will be used at the third level of
the subspace P}, (if N = 2 then both X ¢ and X ; will be used at the third level of the subspace
Pp).

Using the equations of the edges of the region of moduli, we find that the monomial term having

ng as a coeflicient in the decomposition of X,,,, which is xZ””yT*z”, is inside the region of

moduli when m and n satisfy the following inequalities

n+l < M-1
m+1 < N-1.

The vector fields X, ,, such that m > N — 1 and n # 0 do not actually act at the level v,,,, + 1 of
the subspace P,. The following lemma shows that they act at the next level. We note that they
do not even act on the subspace P,.

Lemma 4.2. For a fixed integer d, the vector fields Xy, , such that v,,, +1 =d+1andm > N -1
act at the level vy, +2 = m+ 2n + 2 = d + 2 of the subspace P, when there are moduli at this
level.

Proof. If m > N — 1, then the vector fields X, , such that v,,, + 1 = d + 1 do not act at the level
Vmn+1=N+1+iwhere -1 <i <2M —-6: X, does not act at the level v,,, + 1 of the subspace
P, and X, , such that n # 0 does not act at the level v,,, + 1 of the subspace $,. They are given
by

{XN*1+2J'»%*J}05_,'S% if i is odd

{XN”J'»%‘J'}OSJ‘S . if i is even.
17
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If i = —1, then Xy_1 0 = x} "'y} Xo is the only vector field X, , such that m > N — 1 and v, , +
1 = N which does not act at the level N of the subspace P, (because it does not exist actually):

indeed it is the first vector field for which the monomial term having Xg’g as a coefficient in its

decomposition , which is x}~'y}~!, is outside the region of moduli: it is actually at the edge of

equation (2x4 —y4 — (N — 1) =0) of the region. Supposing that M > 2 (otherwise there are no
moduli in the region associated to the subspace P), the coefficient of y, in the decomposition of

Xo,0, which is Xo o 18 different from zero. So, the vector field Xy 0 acts at the level N + 1 of the

subspace Pp: in its decomposition, X 0,0 is the coefficient of xN ! which is the first monomial
term inside the region of moduli at the level N + 1.
If 0 < i < 2M — 6, such that i is odd, then since Xy_; o= y 5 XN 10, the monomial term

having Xg’ as a coefficient in the decomposition of Xy il is also at the edge of equation

(2x4 —y4 — (N — 1) = 0) of the region of moduli (as y = X4y4). Again since M > 2, the vec-
tor field XN_I’%, which does not act at the level N + 1 + i of the subspace Py, acts at the level

ﬂ .
N+ 1+ (i + 1): also in its decomposition, X7 is the coefficient of x4 o 2 yY~1**2 which is the
first monomial term inside the region of moduh at the level N + 1 + (i + 1). Now, for the other

vector fields, we have
2
Xy- 1+2j, 8- = FXN &l xi al.

> 2 ’2

If j+1 < M -2, then the coefficient of ‘j‘- in the decomposition of Xy, which is Xb’jH, is

different from zero, and so the first monom1al term inside the region at the level N+ 1 + (i + 1)

N-1+5L
which is x, vy ~1++2 will have X J as a coeficient in the decomposition of Xy_;,; .

This means that to show that the vector ﬁelds { N-142], ﬂ,j}(k _ actatthelevel N+1+(+1),
<l
it is enough to show that we have the following inequality i

j+l<sM-2

for0 < j< ’“ , which ensures the existence of L forall0 < j< ’” in the decomposition of X o.

In fact, it is enough to show that these vector ﬁelds actatthelevel v, , +2 = N+ 1+(i+1) =d+2
when there are moduli at this level. More precisely, we need to consider the action of the r vector

fields { X { N-142151 j}0< ., atthe level d + 2 if the number of points at this level is greater than
Jjsr=1

or equal to 7 i.e. if we have the following inequality g4.» > r where gg4+2 = ]”’*TN] +M—-(d+?2).
It clearly implies that j+ 1 <M -2 forall0 < j<r-1.
The case where i is even can be treated similarly.

O

If M > 2, then the vector fields X,,, such that n > M — 1, which are extra from the region
associated to the subspace $,, may start action at the level v,,, + 1 of the subspace #;. In the
next lemma, which deals with the generic dimension of the distribution C, we will see that all the
moduli at such a level as well as the next levels are killed. Lemma 4.1 is equivalent to:

Lemmad4.3. If M > 2 and N > 6, then foranyd = 0, ..., N + 2M — 6, the dimension of the vector
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space generated by the vector fields X, , which act at the level | = d + 1 is given by:

1 ifd=0,1

2 ifd =2

1+min(N—-d-1,d-1) if3<d < [%2]

N—d+min(M—3,[%]+1) ifd=§+2+iwhere
0§i§%’—3andNiseven

N —d+min(M-3,[%]|+1) ifd =21 41 +iwhere
0<i< ™! —3andNisodd

1+ min (M -3,[ 3] +2 ifd=N

min(qN+1+,, [N_33+2r] + [g - [% + 2) ifd=N+rwherel <r<N-4

min(qN+1+,,N—2+[#]+[g —[%]) ifd = N + r where
N-3<r<2M-6.

Proof. 1t is clear that only Xy acts at the level / = 1 and X; acts at the level [ = 2. The
vector fields X, and X act at the level [ = 3 and they are linearly independent. In fact, their
decomposition is given by the following invertible matrix

Xo0 Xo,

2.2 a0 a,l

i (Xoo Yoo
2 a0 |-

xayy 0 Xp

For d > 3, the vector field X,, o such that m + 1 = d + 1 acts at the level /[, = d + 1 of the subspace
P,. The vector field X,,,; such that m+3 = d + 1 acts at the level [, = d + 1 of the subspace P}, (it
also acts at the level [, = d + 1 of the subspace P, but we will consider its action on the subspace
Py as M > 2). The number of vector fields X, , such thatn # 0,1 and m+n+2 = d + 1 is equal
to d — 2 and the number of points at the level [, = d + 1 of the subspace #, isequal to N —d — 1.
If N is even, then the first level of the subspace #, having all the moduli killed corresponds to
d= %’ and there are no extra vector fields at this level. For d = % + 1, there are two extra vector
fields acting a the level [, = d + 1. Among them, the vector field X,,, with the smallest n is given
by X ¥ g This vector field acts on the subspace P, starting precisely at the level [, = % + 3.

Thus, if 3 < d < % + 1, then the dimension of the vector space generated by the vector fields
X,n.n Which act at the level / = d + 1 isequal to 1 + min(N —d — 1,d = 1). In fact, if 3<d < &,
then their decomposition is given by the matrix

Xoa-1  Xia—2 .. Xasp Xao Xi2i
wy e e Dm0
el TR R U
A L v v x
Xyl Lo 0 ... 0 0 X5

which is clearly invertible. If d = % + 1 and d # N — 2, then their decomposition is given by the
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matrix

Xoa-1 Xia—2 o Xn-a3pa-nv2 Xap  Xu21
2d-N+2 a,N-3 a,N—4 a,d a,N—d—-1
X4 Yoo Yoo e Yoo 0 Yoo

Cdod-1 ad ad-1 a,2d-N+3 : a2
X4 Yoo Yoo e Yoo 0 Yoo
d.d a,d—1 a,d—-2 a,2d—N+2 a,0 a,l
X4V Y Yoo e Yoo X00 Yoo
—1.,d a,0
Xy 0 0o .. 0 0 Xpp

which is clearly invertible as well. We note that if d = % + 1 = N — 2, then the associated matrix
is the principle submartix of the above matrix corresponding to the vector fields X0 and X5 ;.
To know the number of vector fields which act at the level [, of the subspace #;, for % +3<, <
N, we have to count the extra vector fields acting at the levels % +2 <1, < N -1 of the subspace
P,. For that we write d = % +jwhere ]l < j< % —2, and so the number of the extra vector fields
acting at the level [, = d + 1 is equal to 2j. We can easily check that among them the number of
those which act at the level [, = % +3+iwhere0<i< % — 3 is equal to [%] + 1. We note
that at the levels § + 3 < I, < N, all the moduli are killed. Thus, if § +2 < d < N -3, then
the decomposition of the vector fields which act at the level [ = d + 1 is given by the following
invertible matrix

Xoa-1 Xia—2 - Xn-a-32a-n+2 Xao  Xa-21 Xy ovin Xo ez oo Xbyiomme
2 g 2 g 3 1My
I 2d-N+2 [ yaN-3  yaN-4 ad aN=-d-1
ki Y50 Y50 e Yoo 0 Yoo
" dod-1 ad ad-1 a2d-N+3 i a2
X4Yy Yoo Yoo e Yoo 0 Y50 *
d ad-1  yad-2 a,2d-N+2 a0 a1
Xy Yoo Y00 B Yoo X0 Yoo
i-1d a0
iy o0 .. 0 0o x ,
2.4 @0
Xy X x
d-3.d a0
Xy V4 Xo‘o
: 0 .
d=1-my _d a,0
Xy Yy ‘ 0 Xo0

where m; = min ([%] +1,M - 3). If d = N -2 (respectively d = N — 1), then their decomposi-
tion is given by a matrix of the above form such that the first block matrix reduces to its principle
submatrix corresponding to the vector fields X, and X;_, ; (respectively X, 1).

Now, for d = N — 1, the number of vector fields X,,, suchthatn # 0,1landm+n+2 =d + 11is
equal to d —2 = N — 3. Actually, if we write d as before i.e. d = % + jwith j = % — 1, then this
number is not equal to 2j = N — 2. The vector field among them having the greatest n is given
by Xon-2. Since this vector field starts action at the level /[, = 2N — 3 of the subspace #;, then
we can not use the previous formula to find the number of vector fields which act at the levels
l, > 2N — 2 of the subspace P;. If we writed = 2N — 3 + jwhere 0 < j <2M — N — 3, we can
easily check that among them the number of those which act at the level [, = d + 1 is equal to
N-3+ [%] For thelevelsl, =d+1 =N+ 1+ r where 0 < r < 2M — 6, we know from lemma

4.2 that among the vector fields X, ,, such thatn # 0,1 and m + 2n + 1 = d + 1, there are [’;21]
vector fields such that m > N — 1 which do not act at the level [, = d + 1. They are given by the
family

{Xaap, o Xy e} ifr > 3is 0dd

{Xd_4,2, s XN,%} if r > 4is even.
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However, we also know from lemma 4.2, that at the previous level [, = d,_; + 1 where d,_; =
N + (r—1), there are [%] + 1 vector fields X, , such that m+2n+ 1 = d,_; + 1 which do not act at
the level [, = d,_; + 1 because m > N — 1 but act at the level [, = d, + 1 where d, = N + r. They
are given by the family

{Xy-11r0, s Xy} if ris odd

{XN—|+r,o, ...,XN_I,g} if ris even .

We note that the vector fields X,,, such that m > N — 1 do not act on the subspace #,. Thus,
if 0 < r < N -4 and r is odd, then if the number of the vector fields which act at the level
I, =N+ 1+ r,whichis equal to n; = [W] + 2, is less than or equal to the number of points
at this level, then their decomposition is given by the matrix

XN—S,@-H XN_5,%+2 XN+r72n|.n| XN*IH‘O XN—3+r,I XN'%
N+l . b,542 b5+l
2 N+r a0 L) i) b,2
Xy V4 Xoo * 00 Xo0 X050
N+ZL3 . b5 43 b5 42
3 N+7 a,0 s ) b3
4 Vs Xo0 Xo0 Xo0 X0
: : : s
N+r—ny _ N+r a0 b,ny b —1 =5
Xy Yy 0 Xo,o Xo.o Xo,u Xg,o
—3
+r—ni—1_N+r bni+1 b,y b,nr'T’
)84\, Yy X500 X0 Xo0
: 0 : : :
N+Zomol e Xh,npr% Xh.n|+% xbm+l
X4 Ya 0,0 0,0 00

We note that having vector fields less than the number of points at that level is equivalent to

having the following inequality
r+1

2

This ensures that all the entries Xg:é in the last block matrix of the above matrix satisfy j < M -2
and so they are different from zero. Otherwise, if their number is greater than the number of the
points at that level, then their decomposition is given by a principal sub-matrix of size gy i+, of
the above matrix. So, it is invertible.

Similarly, if 0 < r < N — 4 and r is even, then if the number of the vector fields which act at the
level I, = N + 1 + r, which is equal to np = [%] + 3, is less than or equal to the number of
points at this level, then their decomposition is given by the matrix

n<M-2-

N-2,5+1 N-4,%+ N+r—2ny+2,n,—1 N—1+r, N-3+r,1 N-1,%
XN s Xn_a £42 X 21 +2. X 0 X3 XN z
N+%-1 b.L+1 I3
2 N+r a,0 -2 2 b,1
4 V4 X0 * X00 Xﬁ.o Xo0
N+5-2 Nyr a.0 b,5+2 b,5+1 b2
Xy Vs Xo,o Xo,o X00 Xo,o
" Ntr-m+l Ner a0 b1 D=2 bns—5-1
X4 Ya 0 X00 X0 X0 X00
N+r—ny N+r by by—1 bny=%
Xy Yy Xo,o Xo,o X 0,0
) N+5-n nNip 0 Xb";Z‘*'% Xb~”2~+§_l X};le
X4 Ya 0.0 0,0 0.0

Having vector fields less than the number of points at that level is equivalent to having the fol-
lowing inequality

r
np<M-2- 3
This ensures that all the entries Xg:é in the last block matrix of the above matrix satisfy j < M -2

and so they are different from zero.
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Now, if N =3 < r < 2M — 6 and r is odd, then the number of the vector fields which act at the
level I, = N+ 1 + risequal tony = [#] + N — 2. If this number is less than or equal to the
number of points at this level, then their decomposition is given by the matrix

Xn-a i Xyosriao XN+r-2mym Xn-14r0  Xn-34r1 Xy,
Nzl o b5t +2 b5 +1
2 N+r a,0 g g b2
4 Ya Xo0 * Xo0 Xo0 Xo0
N+l 3 b5 +3 b5 +2
2 N+r a,0 S S b,3
Xy Yy Xo,o Xo.o X0 Xo,o
3+l N+r a0 b3 b3—1 b5
Xy Yy 0 Xo,o Xo,o Xo,o Xo,o
n3 N+r b,ny+1 b3 b5 +1
4 Yy X0 X00 Xo0
N 0 :v N: Nerel
¥ b,N+r Yir-1 b, Hirel
2\ N+r ) "2 T2
X4 Yy 0,0 Xé.o 0.0

which is invertible for the same previous reason.

If N-3 <r <2M - 6 and r is even, then the number of the vector fields which act at the level
l,=N+1+risequal tong = [#‘ + N — 1. Similarly, if this number is less than or equal to
the number of points at this level, then their decomposition is given by the following invertible

matrix

Xyvori1 Xn-4zs2 XNtr—2ns42.m5-1 Xn-1410  XN-34r1 Xn-1,z
2 2 2
N+Z-1 L+l b5
2 N+r a,0 2 3 b,1
IR Xoo * Xg.o X0 e Xop
N+5-2 Nir a0 b,5+2 b,5+1 b2
X, 0Ty, Xoo Xo00 Xo00 X0
: : : .
na=1 Netr a0 by bing—2 3
Xy Ny 0 Xo.o Xo.o Xo,o o Xg 0
=2 N+r bony bns—1 b.3+1
Xy g X00 X0 Xo0
. 0 M Y :
¥oq by +r+l Nt D
2 N+r ] 2 b,y
X Vg X0 Xg.o X0

We note that if M is odd, then the number of the extra vector fields acting at the level [, =d + 1,
where d = % +jand 1 < j < % —2, is greater than or equal to the number of the remaining points
at the horizontal line of equation (y4 = d) of the subspace P}, if j > @ This means that at the
levels [, > % —3, all the moduli are killed. The vector fields X, , such thatn > M —1, which
act at the level [, = m+n+2 but extra, satisfy the inequality m+n > M+TN_3 Thus, they may start
action at the level [, > % where all the moduli are killed. The number of the vector fields
Xmnsuchthatm+n+2 = N + s, where s > 0, is greater than or equal to the number of points at
the horizontal line of equation (y4 = N — 1 + s) of the subspace $; if N—1+s > M -2, so at the
levels [, > N + M —4, all the moduli are killed. The vector fields X,, , such thatm+n+2 =N+
and n > M — 1, where s > 0, may start action at the levels [, > M + N — 2 where all the moduli
are killed. A similar argument works if M is even.

The next part of the proof is devoted to the case where N is odd. If N is odd, then the first level
of the subspace P, having all the moduli killed corresponds to d = % and there is one extra
vector fields at this level. We can choose the vector field X,,,, with the smallest n which is given
by X N 3. This vector field acts on the subspace P, starting precisely at the level [, = NT” + 2.

Thus, if 3 <d < NT”, then the dimension of the vector space generated by the vector fields X, ,
which act at the level / =d + lisequalto 1 + min(N —d —1,d - 1).

As in the case where N is even, to know the number of vector fields which act at the level [, of
the subspace P, for XL +2 < [, < N, we have to count the extra vector fields acting at the levels

2
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NT” +1 < I, < N—1 of the subspace P,. For that we write d = NT” +jwhere0 < j < NT“—3, and
so the number of the extra vector fields acting at the level [, = d + 1 is equal to 2 + 1. Similarly,

we can check that among them the number of those which act at the level /;, = % + 2 +i where

0<i< NT” — 3 is equal to [%] + 1. Also, we note that at the levels NT“ +2 <1, <N, all the
moduli are killed.

Now, for d = N — 1, the number of vector fields X,,,, such thatn # 0,1l andm+n+2 =d + 1
isequal tod —2 = N — 3. If we write d as before i.e. d = NT” + jwith j = % — 2, then this
number is not equal to 2j+ 1 = N —2. The vector field among them having the greatest n is given
by Xon-2. Since this vector field starts action at the level [, = 2N — 3 of the subspace $;, then
we can not use the previous formula to find the number of vector fields which act at the levels
I, > 2N — 2 of the subspace . Similarly, if we write d = 2N —3+ jwhere 0 < j <2M -N -3,
we can easily check that among them the number of those which act at the level [, = d + 1 is
equalto N -3 + [%] Thus, for the levels N + 1 < [, < 2M + N — 5, the same argument as the

case where N is even works. O

Remark. If M > 2 and N <5, then for anyd = 0, ..., N + 2M — 6, the dimension of the vector
space generated by the vector fields X,, , which act at the level | = d + 1 is given by:
1. N=5
1 ifd=0,1
2 ifd=2,3
l+min(1,M-3) ifd=4
l1+min(2,M-3) ifd=5
min (3, M - 3) ifd=6
mm@ﬁmg]+g ifd=r+5where2 <r<2M-6.

2.N=4
1 ifd=0,1,3
2 ifd=2
1 +min(2, M - 3) ifd=4
mm@ﬁizgy{%q+g ifd=r+4wherel <r<2M-6.
3.N=3
1 ifd=0,1,2
1+ min(1,M - 3) ifd=3
min (q,.4, 7= [5H] + 1) ifd =r+3 where 1 <r<2M -6,
4. N=2
1 ifd=0
0 ifd=1
1 +min(1, M - 3) ifd=2

min (g,43.2[5| - [5t]+1) ifd=r+2wherel <r<2M-6.
We note that we can easily check that if the number of the vector fields acting at some level is
less than that at the previous level by one (which is the only possible case and it is only possible
if [, > N+ 1), then the number of points at this level is less than the number points at the previous
level by one. So, we do not need to consider the vector fields, which are extra at some level, at

the next level.
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If we let

. = . ([N—3+2r +H [r—l +2)
0= N+1+r — ol
" 3 2 2
a2 4[4[ 5 ]2
2M-6
r-N+4 r r—1
: ==z [ 2]

v 2N-2e [ 415
where exceptionally gy = M — 3, then the previous lemma implies that we have the following:

Theorem A. The dimension of the generic strata of the moduli space for curves is given by

1. if M,N # 2 and N is even:

Tun = To+3N-T7+(M-3) (% + 2) + Q-0
43
N

+ Z (M—4—

ERRETE
i<

2. if M,N # 2 and N # 3 is odd:

TMN = T0+3N—7+(M_3)(%+2)+ (st)z

N+l _
73

2i
= % 3
[Z]+1<M-3
3. ifN=3 M+2:
2M—6 .
TuN =qa+3M +3N - 17 + ; (q,+4_[§]_2)

4. ifM =2 N#2:
[%5]

TN =2N -5+ Z (N-2d-1)
d=2

5. if N =2

r+2
2

2M-6
Ty =2(M -2)+ > Gri3 —(

0
gz B ]+[5]-[5]

[zl-=)

5. Examples.

In this section, we present some explicit examples.
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Example 1. For N =3, M = 2, we have 1,3 = 1. In fact, the region of moduli Qu y is given by

Xq

Figure 4: The region Qyxy for N =3, M =2
The vector field Xy is given by
0 0
X())() = Xg’o + Yg,O [)C4y4] + -
We have to study the action of the vector fields X, satisfying m +n =d ford =0, 1.

e For d = 0, we use the vector field Xy to kill one of the moduli of the first horizontal level
l, = 1 (the one corresponding to the constant term).

e Ford =1, we have two vector fields X,y and Xo1. For the vector field X1, the first non
zero coefficient is that of x4ys4, s0 we use this vector field to kill corresponding moduli,
which is the only one at the second horizontal level I, = 2. The first non zero coefficient of
the vector field Xy is that of x4yi, so this vector field start acting from the third vertical
level which does not exist here.

The decomposition of the vector fields acting at the level | such that | = d+1 on the corresponding
basis is given by Xo o forl = 1 and X, o for | = 2. So, we do not need to show linear independence.

Example 2. For N =4, M = 3, we have 134 = 5. In fact, the region of moduli Qu y is given by
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X4

3/2

Ya

Figure 5: The region Qyy for N =4, M =3

The vector field Xy is given by

Xoo = Xg0 + Xgolval + Yogluaya] + Ygglxal + -+ .

The vector fields X, satisfying m +n =d ford = 0, ...,4 are given by

m+n=0:
m+n=1:
m+n=2:
m+n=3:
m+n=4:

Xo0
X10
X20
X30
X0
Xoa

(la=1)
(la=2)
(la=3)
(la=4)
(a=3)

=)

Xo1 Uy =3)

Xip (b=4) Xoo (=4

Xo1 (p=5) Xip (=95 Xoz (.=5)
X351 (5) Xon (5) X3 ()

where the level in the parenthesis is the level at which the vector field acts and the dash means
that the vector field start acting at a level which odes not exist.

The decomposition of the vector fields acting at the level | such that | = d+1 on the corresponding

basis is given by:

e Forl =1, we have Xy .

e Forl =2, we have X, p.

For 1 = 4, we have Xo,.

Forl =S5, we have Xo3.

Forl =3, we have X, and Xo .

2.2
X4Y4

2
X4y

X20 Xoga
0 5
(% 5
a,
0 XO’O
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Example 3. For N =8, M =7, we have 175 = 49. In fact, the region of moduli Qux is given by

x4

| % |
4

-6

N

Figure 6: The region Qyy for N =8, M =7

The vector field X is given by

5
_ ya0 bi| Y4

Xoo = Xp)p + Z X0 [xi—l
i=1 4

5
. x4

el (i R

+ YQ0 j_l}+ .
=0 V4

The vector fields X,,,, satisfying m + n =d ford =0, ..., 8 are given by

J

m+n=0: Xoo (=1

m+n=1: Xio (4,=2) Xo1 (p=3)

m+n=2: Xoo (.=3) Xiu (b=4 Xop (=4

m+n=3: Xzo (=4 X1 (b=35) Xip (L=5 Xoz (a=5)

m+n=4: Xpo (a=35 Xz1 p=6) Xon (b=7 Xiz (,=23)
Xoa (a=6)

m+n=5: Xso (lL,=6) Xg1 (pb=7) Xsp (L,=8) X3 L=9)
X4 (p,=10) Xos5 (p=11)

m+n=6: Xeo (a=7) Xs1 (p,=8) X4 (b=9 X33 (I, =10)
Xoa Up=11) Xi5 (p=12) Xog (I, =13)

m+n=T: X790 (L=9 Xe1 (b=9 Xsp (p=10) X453 (1 =11)
X34 (Upb=12) Xo5 (pb=13) X156 (pb=14) Xo7 €y =15)

m+n=28: Xg,() (lb = 10) X7’1 (lb = 11) X6,2 (lb = 11) X5’3 (lb = 12)
Xaa Upb=13) X35 (pb=14) X6 (=15 Xi7 (I, =16)
Xog Uy =17)

The decomposition of the vector fields acting at the level | such that | = d+1 on the corresponding
basis is given by:
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Forl=1,

we have X .

28

For |l = 2, we have X, .
Forl =3, we have X, and Xy .
X20 Xoga
2.2 a0 yal
X4V (Xo,o Yoo ]
2 a,0
X4y; 0 Xoo
Forl =4, we have X, X3 and X| ;.
Xoo X3 Xig
3.2 a,3 a2
i (Yoo 0 Yo
3.3 a,2 a,0 a,l
xva [ Yoo Xoo Yoo
2.3 a0
% L0 0 X
Forl =S5, we have X3, X12, Xap and X3 .
Xosz Xip Xap Xog
4.2 a,5 a4 a3
i (Yoo Yoo O Yo
4.3 a,4 a,3 a,2
i | Yoo Yoo O Yo
4.4 a3 a,2 a,0 a,l
s [ Yoo Yoo Xoo Yoo
3.4 a,0
XYy 0 0 0 Xy
e Forl =6, we have Xo4, Xs50 and X3 ;.
Xoa Xsp Xz
5.4 a,5 a,2
Xy (Yoo 0 Yo
5.5 a4 a,0 a,l
x| Yoo X0 Yoo
4.5 a0
Gy L0 0 Xyo
o Forl =", we have X¢, X4,1 and X, .
Xoo Xag Xop
6,0 a0 a,l
Xy (Xoo Yoo ¥
5.6 a,0 a,l
X4V4 0 X0 Yoo
4.6 a0
Gy L0 0 X
e Forl =38, we have X5, X3 and X, 3.
Xs5q1 X3p X3
6.7 a,0 a,1
Xy (X0 Yoo ¥
54,7 a,0 a,l
XYy 0 Xop Yoo
4.7 a0
Gy L0 0 Xyo



e Forl =09, we have X¢1, X472, Xo3 and X7.

Xo1 Xap Xo3 X7p
DY (XD . X
| 0 X5 Yo, Xop
xiyi 0 0 Xx*0 xb3

00 <00
4.8 b4
X3V, 0 0 0 Xy

o Forl =10, we have Xs7, X33, X;4 and Xg .
Xsp X33 Xia Xgo
74,9 a,0 a,1 b,2
Vi (Xoo Yoo * Xoo
6.9 a,0 a,l b,3
X3V, 0 X Y X

00 oo oo
5.9 -
| 0 0 Xpo Xoo

4.9 b5
X3V, 0 0 0 Xy

Example 4. For N =9, M = 6, we have 169 = 47. The vector field X, is given by

4 6
_ ya0 bi | Y4 gl X4
oo = X5+ 3 05| 2% +Zyg,0[
i=1 4 Jj=0

x4

\

e

Figure 7: The region Qyy for N =9, M =6
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The vector fields X,,,, satisfying m + n =d ford =0, ...,9 are given by

m+n=0: XQ,O (luzl)

m+n=1: Xl,O (la = 2) X(),] (lb = 3)

m+n=2: X0 (,=3) Xii1 (b=4 Xoo (=94

m+n=3: Xzg (=4 Xo1 (b=5 Xip (L=5 Xoz (.=3)

m+n=4: Xao (a=35) Xz1 (pb=6) Xon (b=7) Xi3 (a=6)
Xoa (a=06)

m+n=5: Xso (a=6) Xa1 pb=T) Xsp (b=8) Xz (,=9)
Xia (Up=10) Xos5 {€s=T7)

m+n=6: Xeg (=7 Xs51 (,=8) X4 (b,=9) X33 (=10
Xoa Up=11) X5 (p=12) Xo (I, =13)

m+n=T7: X790 (a=8) Xe1 (p,=9) Xso (pb=10) Xy43 (I =11)
X304 (pb=12) Xo5 (pb=13) X156 (b=14) Xo7 (Ip=15)

m+n= 8 N Xg’o (lb = 10) X7,] (lb = 10) X6’2 (lb = 11) X5,3 (lb = 12)
Xea (pb=13) X35 (pb=14) Xo5 (,=15 Xi7 (b =16)
Xog (-)

m+n=9: Xg,() (lb = 11) Xg’l (lb = 12) X7,2 (lb = 12) X6’3 (lh = 13)
Xsa (Upb=14) X455 (pb=15) X35 (b =16) Xo7 (-)
X1 () Xoo (=)

The decomposition of the vector fields acting at the level | such that | = d+1 on the corresponding
basis is given by:

e Forl =1, we have Xy .

e Forl =2, we have X, p.

e Forl =3, we have X» and Xy ;.

X20 Xo,

2.2 a0 a,l
i [ Xoo Yoo
2 a,0
xayy 0 Xp

Forl =4, we have Xy, X30 and X1 .

Xop Xzp Xi
xiy?1 Yyes o0 y*?

0,0 0,0
3.3 a,2 a,0 a,l
i | Yoo X0 Yoo

i L0 0 Xig

For [ =5, we have X3, X12, Xa9 and X5 .

Xo3 Xip Xap Xo
P 8 (D (Y S I

0,0 0,0

4.3 a4 a,3 a2
i | Yoo Yoo O Yo
4.4 a,3 a,2 a,0 a,l
Wi | Yoo Yoo Xoo Yoo

3,4 0
Lo 0o 0o Xxi



o Forl =6, we have Xo4, X133, X5 and X3 ;.

Xosa X133 Xsp Xz

B B

5,3 a,6 a5 a3
oy, (Yoo Y 0 Y

0,0 0,0
Y Yeo O Yoo
i | Y6 Yoo XGo Yoo
i L0 00 0 Xf

e Forl =", we have Xy, X60, Xa,1 and X;>.

Xos Xeo Xa1 Xop
xgyi Yee o y*? o«

0,0 0,0
% | Yoo Xoo Yoo o*
xiyg 0 0 Xg:g ng’é
i lo 0o 0 Xy

e Forl =28, we have X7, X5 and X3 .

X70 Xs1 X3o
7.7 a,0 a,l
Xy, (X Y *

00 Yoo
6,7 a,0 a,l
X4Y4 0 Xpp Yoo
5.7 a0
Gy L0 0 Xyo

o Forl =09, we have X¢ 1, X4 and X» 3.

Xo1 Xap Xo3

g

7.8 a,0 a,l
X4V, X Y *

00 Yoo
6,8 a,0 a,l
X4Y4 0 Xpo Yoo
5.8 a0
gy L0 0 Xyo

e Forl =10, we have to choose four vector fields among X71, Xs2, X33, X1.4 and Xs .

X1 Xsp X33 Xia
8.9 a,0 a,l
XYy (Xoo Yoo ¥ *
7.9 a,0 a,l
X4Y4 0 Xpo Yoo ¥
6,9 a,0 a,l
X4V 0 0 X0 Yoo
5.9 a0
Xy, 0 0 0 Xy
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