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Graph coloring involves assigning colors to the vertices of a graph such that two vertices linked by an edge receive different colors. Graph coloring problems are general models that are very useful to formulate many relevant applications and, however, are computationally difficult. In this work, a general population-based weight learning framework for solving graph coloring problems is presented. Unlike existing methods for graph coloring that are specific to the considered problem, the presented work targets a generic objective by introducing a unified method that can be applied to different graph coloring problems. This work distinguishes itself by its solving approach that formulates the search of a solution as a continuous weight tensor optimization problem and takes advantage of a gradient descent method computed in parallel on graphics processing units. The proposed approach is also characterized by its general global loss function that can easily be adapted to different graph coloring problems. The usefulness of the proposed approach is demonstrated by applying it to solve two typical graph coloring problems and performing large computational studies on popular benchmarks. Improved best-known results (new upper bounds) are reported for several large graphs.

Introduction

Graph coloring problems are popular and general models that can be used to formulate numerous practical applications in various domains [START_REF] Lewis | A Guide to Graph Colouring -Algorithms and Applications[END_REF]. Given an undirected graph G = (V, E) with a set of vertices V and a set of edges E, a legal coloring is a partition of vertex set V into k different color groups (also called independent sets) such that two vertices linked by an edge belong to different color groups. A legal coloring of G can also be defined by a mapping that associates each vertex to a color such that two adjacent vertices must receive different colors (this is the so-called graph coloring constraint).

Typically, the used colors or the color groups are represented by consecutive integers 1, . . . , k. Consequently, the following statements are equivalent: vertex v is assigned to (or receives) color i; v is assigned to color group i.

Graph coloring problems generally involve finding a legal coloring of a graph while considering some additional decision criteria and constraints. Specifically, the popular Graph Coloring Problem (GCP) is to determine the chromatic number of a graph, i.e., the smallest number of colors needed to reach a legal coloring of the graph. With an additional equity constraint, the Equitable graph Coloring problem (ECP) [START_REF] Meyer | Equitable coloring[END_REF] requires finding a legal coloring with the minimum number of colors while the sizes of the color groups differ by at most one (i.e., the color groups are almost of the same size). When the number of colors k is given, the Graph k-coloring Problem (k-COL) is to find a legal coloring of a graph with the k given colors.

In terms of computational complexity, graph coloring problems including those mentioned above are NP-hard and thus computationally challenging. Given their theoretical and practical significance, graph coloring problems have been studied very intensively in the literature. However, as the review on the GCP and the ECP of Section 2 shows, studies on graph coloring are usually specific to a problem and it is difficult to generalize a method designed for a coloring problem to other coloring problems even if they are tightly related. This work aims to target a more general objective for solving graph coloring problems by proposing a framework that can be applied to different graph coloring problems and more generally grouping problems where a set of items needs to be separated into different groups according to some given grouping constraints and objectives. The contributions of this work are summarized as follows.

First, a population-based gradient descent weight learning approach with a number of original features is proposed. A coloring problem is considered from the perspective of continuous optimization to benefit from the powerful gradient descent. Specifically, a weight matrix representation of a candidate coloring is used, where each entry of the matrix corresponds to a learned propensity of a vertex to receive a particular color. Then a gradient descent method is used to improve a population of candidate solutions (or individuals) by minimizing a global loss function. The global loss function is designed to effectively guide the gradient descent. To be informative, the global loss function aggregates different terms: a fitness term measuring the quality of a candidate solution, a penalization term aiming to discourage the individuals to repeat the same color assignment mistakes and a bonus term aiming to encourage the individuals to keep the shared correct assignments. To solve this problem, the tensor of candidate solutions is expressed as a tensor of continuous weight matrices. Accelerated training with Graphics Processing Unit (GPU) is used to deal with multiple parallel solution evaluations. As the first study of using gradient descent based weight learning to solve graph coloring problems with tensor calculations, this work enriches the still limited toolkit of general solution methods for this important class of problems.

Secondly, the usefulness of the proposed framework is demonstrated by applying it to two popular graph coloring problems: the GCP and the ECP. For both problems, extensive computational experiments are presented on well-known benchmark graphs and show the competitiveness of our approach compared to state-of-the-art algorithms. In particular, improved best results are presented for several large geometric graphs and large random graphs for the ECP.

Thirdly, this work shows the viability of formulating a discrete graph coloring problem as a real-valued weight learning problem. The competitive results on two challenging representative graph coloring problems invite more investigations of testing the proposed approach to other graph coloring problems and related grouping problems.

The rest of the paper is organized as follows. Section 2 reviews related heuristics for the GCP and the ECP. Section 3 describes the proposed approach and its ingredients. Section 4 provides illustrative examples on the gradient descent learning. Section 5 reports computational results on well-known benchmark graphs and shows comparisons with the state-of-the-art. Section 6 discusses the applicability of the proposed framework to other graph problems. Section 7 summarizes the contributions and presents perspectives for future work.

Reference heuristics for the two coloring problems

The GCP and the ECP have been studied very intensively in the past. Both problems are known to be NP-hard in the general case (see [START_REF] Michael | Computers and Intractability: A Guide to the Theory of NP-Completness[END_REF] for the GCP and [START_REF] Furmańczyk | The complexity of equitable vertex coloring of graphs[END_REF] for the ECP). Thus, assuming that N = N P , no algorithm can solve these problems exactly in polynomial time except for specific cases. In practice, there are graphs with some 250 vertices that cannot be solved optimally by any existing exact algorithm (see [START_REF] Malaguti | An exact approach for the vertex coloring problem[END_REF] for the GCP and [START_REF] Méndez-Díaz | A dsatur-based algorithm for the equitable coloring problem[END_REF] for the ECP).

Therefore, to handle large graphs, heuristics are typically used to solve these problems approximately. Generally, heuristics proceed by successively solving the k-coloring problem with decreasing values of k [START_REF] Galinier | Recent advances in graph vertex coloring[END_REF] and the smallest possible k gives an upper bound of the optimum.

A thorough review of existing heuristics for the GCP and the ECP is out of the scope of this work. Instead, a brief description of the main heuristics including in particular the best-performing heuristics is presented below. For a comprehensive review of these problems, the reader is referred to the following references for the GCP: local search heuristics [START_REF] Galinier | A survey of local search methods for graph coloring[END_REF], exact algorithms [START_REF] Malaguti | A survey on vertex coloring problems[END_REF] and new developments on heuristics till 2013 [START_REF] Galinier | Recent advances in graph vertex coloring[END_REF]. For the ECP, both [START_REF] Sun | Memetic search for the equitable coloring problem[END_REF] and [START_REF] Wang | Tabu search with feasible and infeasible searches for equitable coloring[END_REF] provide a brief review of main heuristic algorithms.

Heuristics for the graph coloring problem

There are different ways of classifying for the GCP. Following [START_REF] Galinier | Recent advances in graph vertex coloring[END_REF], these heuris- One of the most popular local search heuristics for the GCP is the TabuCol algorithm [START_REF] Hertz | Using tabu search techniques for graph coloring[END_REF]. TabuCol iteratively makes transitions from the current solution to a new (neighbor) solution by changing the color of an endpoint of a conflicting edge according to a specific rule. In order to avoid search cycling, it uses a special memory (called tabu list) to prevent a vertex from receiving its former color. Despite its simplicity, TabuCol performs remarkably well on graphs of reasonable sizes (with less than 500 vertices). This algorithm was largely used as the key local optimization component of several state-of-the-art hybrid algorithms (see below). Recently, TabuCol has also been adopted as the local optimizer of the probability based learning local search method (PLSCOL) [START_REF] Zhou | Improving probability learning based local search for graph coloring[END_REF]. Finally, this single trajectory local search approach has been extended to multiple trajectory local search, which is exemplified by the Quantum Annealing algorithm (QA) [START_REF] Titiloye | Quantum annealing of the graph coloring problem[END_REF]. In QA, n candidate solutions are optimized by a simulating annealing algorithm, while the interactions between the solutions occur through a specific pairwise attraction process, encouraging the solutions to become similar to their neighbors and improving the spreading of good solution features among new solutions.

The second category of methods includes hybrid algorithms, in particular, based on the memetic framework [START_REF] Neri | Handbook of Memetic Algorithms[END_REF]. These hybrid algorithms combine the benefits of local search for intensification with a population of high-quality solutions offering diversification possibilities. Different solutions evolve separately using a local search algorithm, such as the above-mentioned TabuCol algorithm, and a crossover operator is used to create new candidate solutions from existing solutions. One of the most popular crossover operators for the GCP is the Greedy Partition Crossover (GPX) introduced in the hybrid evolutionary algorithm (HEA) [START_REF] Galinier | Hybrid evolutionary algorithms for graph coloring[END_REF]. HEA follows the idea of grouping genetic algorithms [START_REF] Falkenauer | Genetic Algorithms and Grouping Problems[END_REF] and produces offspring by choosing alternatively the largest color class in the parent solutions. The MMT algorithm [START_REF] Malaguti | A metaheuristic approach for the vertex coloring problem[END_REF] completes a first phase of optimization with a memetic algorithm by a second phase of optimization based on the set covering formulation of the problem and using the best independent sets found so far. An extension of the HEA algorithm called MACOL (denoted as MA in this paper) was proposed in [START_REF] Lü | A memetic algorithm for graph coloring[END_REF]. It introduces a new adaptive multi-parent grouping crossover (AMPaX) and a new distanceand-quality based replacement mechanism used to maintain the diversity of the solutions in the population. Recently, a very powerful variation of the HEA algorithm, called hybrid evolutionary algorithm in duet (HEAD), was proposed in [START_REF] Moalic | Variations on memetic algorithms for graph coloring problems[END_REF], which relies on a population of only two solutions. In order to prevent a premature convergence, HEAD introduces an innovative diversification strategy based on an archive of elite solutions. The idea is to record the best solutions (elite solutions) obtained in previous few generations and to reintroduce them in the population when the two solutions becomes too similar.

The third category of approaches is based on extracting large independent sets in order to copy with the difficulty of coloring very large graphs [START_REF] Wu | Coloring large graphs based on independent set extraction[END_REF].

With this approach, an independent set algorithm is used to identify as many possible independent sets of large sizes and a coloring algorithm is employed to color the residual graphs (whose size is largely reduced). These methods are particularly effective to color large graphs with at least 1000 vertices.

One notices that the above algorithms cover the current best-known results on the benchmark instances used in the experimental section of this work.

However, no single algorithm is able to reach the best-known results for these hard instances. Moreover, it is worth mentioning that most current best-known results have not been updated for a long time, indicating the high difficulty of further improving these results.

Finally, it is worth mentioning that there are a number of other algorithms based on fashionable metaheuristics including ant colony optimization [START_REF] Nguyen Bui | An ant-based algorithm for coloring graphs[END_REF], par-ticle swarm optimization [START_REF] Aoki | Pso algorithm with transition probability based on hamming distance for graph coloring problem[END_REF], and other fanciful bio-inspired methods (flower pollination [START_REF] Bensouyad | A discrete flower pollination algorithm for graph coloring problem[END_REF], firefly [START_REF] Chen | A discrete firefly algorithm based on similarity for graph coloring problems[END_REF] and cuckoo optimization [START_REF] Mahmoudi | Modified cuckoo optimization algorithm (MCOA) to solve graph coloring problem[END_REF]). However, the computational results reported by these algorithms (often on easy benchmark instances only) show that they are not competitive at all compared to the state-of-the-art coloring algorithms.

Heuristics for the equitable graph coloring problem

Most of the above-mentioned best performing methods for the GCP rely in one way or another on extraction of large independent sets or spreading of large building blocks between solutions. Thus, these methods cannot generally be applied as it stands for the ECP, because regrouping vertices in large sets may conflict with the equity constraint. Therefore different approaches have been proposed in the literature for the ECP.

One of the first method is the tabu search algorithm TabuEqCol [START_REF] Méndez Díaz | A tabu search heuristic for the equitable coloring problem[END_REF], which is an adaptation of the popular TabuCol algorithm designed for the GCP [START_REF] Hertz | Using tabu search techniques for graph coloring[END_REF] to the ECP. This algorithm was improved in [START_REF] Lai | Backtracking based iterated tabu search for equitable coloring[END_REF] by the backtracking based iterated tabu search (BITS), which embeds a backtracking scheme under the iterated local search framework. These two algorithms only consider feasible solutions with respect to the equity constraint, which may restrict the exploration of the space search too much.

A new class of methods relaxes the equity constraint and considers both equity-feasible and equity-infeasible solutions to facilitate the transition between visiting structurally different solutions. By enlarging their search spaces, these algorithms are able to improve on the results reported by the basic tabu search algorithm [START_REF] Méndez Díaz | A tabu search heuristic for the equitable coloring problem[END_REF] and the backtracking based iterated tabu search algorithm [START_REF] Lai | Backtracking based iterated tabu search for equitable coloring[END_REF]. The first work in this direction is the Feasible and Infeasible Search Algorithm (FISA) [START_REF] Sun | On feasible and infeasible search for equitable graph coloring[END_REF]. The hybrid tabu search (HTS) algorithm [START_REF] Wang | Tabu search with feasible and infeasible searches for equitable coloring[END_REF] is another important algorithm exploring both equity-feasible and equity-infeasible solutions and applying an additional novel cyclic exchange neighborhood. Finally, the latest memetic algorithm (MAECP) [START_REF] Sun | Memetic search for the equitable coloring problem[END_REF] is a population-based hybrid algorithm combining a backbone crossover operator, a two-phase feasible and infeasible local search and a quality-and-distance pool updating strategy.

MAECP has reported excellent results on the set of existing benchmark instances in the literature. Among the algorithms, FISA, HTS and in particular MAECP hold the current best-known results on the benchmark instances used in the experiments of this work.

The above review indicates that the existing approaches for the GCP and the ECP are specific (i.e., they are specially designed for the given problem) and thus cannot be applied to other (even tightly related) coloring problems. For instance, the best performing methods for the GCP such as the multi-parent memetic algorihm [START_REF] Lü | A memetic algorithm for graph coloring[END_REF], the two phase memetic algorithm [START_REF] Malaguti | A metaheuristic approach for the vertex coloring problem[END_REF] and the two individual memetic algorithm [START_REF] Moalic | Variations on memetic algorithms for graph coloring problems[END_REF] are based on specific crossover operators to combine large color classes. Such a strategy is meaningful for the GCP, but becomes inadequate for the ECP due to the equity constraint. As such, these approaches lack generality and are not readily applicable to other problems.

The current work aims to propose a more flexible and general framework for graph coloring problems, which is less dependent on the type of coloring problems or the type of graphs. This goal is achieved by formulating the computation of a solution of a coloring problem as a weight tensor optimization problem, which is solved by a first order gradient descent. As such, this approach can benefit from GPU accelerated training to deal with multiple parallel solution evaluations, ensuring a large examination of the given search space. As the computational results presented in Section 5 show, this unified approach, with slight modifications, is able to compete favorably with state-ofthe-art algorithms for both the GCP and the ECP, leading to record breaking results for several large graphs for the ECP. Generally, this work narrows the gap between discrete optimization and gradient descent based continuous optimization, the latter being routinely used in particular in machine learning to train deep neural networks with billion of parameters.

Population-based gradient descent learning for graph coloring

Given a graph G = (V, E) with vertex set V = {v i } n i=1 and edge set E, the considered problem is to partition V into a minimum number of k color groups g i (i = 1, . . . , k), while satisfying some constraints. For the GCP, only the coloring constraint is imposed while for the ECP, the equity constraint must be additionally satisfied. To minimize the number of color groups, a typical approach is to solve a series of problems with different fixed k. For instance, the GCP can be approximated by solving a sequence of k-COL problems, i.e., finding k-colorings for decreasing k values [START_REF] Galinier | Recent advances in graph vertex coloring[END_REF] such that each k leading to a legal coloring is an upper bound of the chromatic number of the graph. This approach is adopted to handle both the GCP and the ECP in this work.

Tensor representation of a population of candidate solutions

A candidate solution for a graph coloring problem with k color groups can be represented by a binary matrix S = {s i,j } in {0, 1} n×k , with s i,j = 1 if the i-th vertex v i belongs to the color group j and s i,j = 0 otherwise. Therefore, k j=1 s i,j = 1, as one vertex belongs exactly to one color group. For the two graph coloring problems considered in this work (GCP and ECP), the constraints and the optimization objective of each problem are formulated as the minimization of a single fitness function f : {0, 1} n×k → R. The goal of the problem is then to find a solution S such that f (S) is minimum. The definition of this function for the GCP and the ECP is provided in Section 3.5.

In the proposed approach, a population of D candidate solutions (individuals)

will be considered and their fitness scores will be computed in parallel with tensor calculus on Compute Unified Device Architecture (CUDA) for GPU hardware. In order to do that, the D matrices S d (d ∈ 1, D ) of the population are regrouped in a single three-dimensional tensor S = {s d,i,j } in {0, 1} D×n×k .

For a tensor S of D candidate solutions, its global fitness function is defined by the sum of all individual fitness D d=1 f (S d ) and will be written as f (S).

Hereafter, bold symbols are used to denote three-dimensional tensors and normal symbols to represent the underlying two-dimensional matrices, just like tensor S of D candidate solutions and a single solution matrix S.

Weight formulation of a coloring problem

Inspired by the works on reinforcement learning based local search [START_REF] Zhou | Reinforcement learning based local search for grouping problems: A case study on graph coloring[END_REF] and ant colony optimization [START_REF] Costa | Ants can colour graphs[END_REF], a real-valued weight matrix W = {w i,j } in R n×k is employed. It is composed of n real numbers vectors w i of size k corresponding to a learned propensity of each vertex v i to receive a particular color. In order to build a discrete solution S from W , each vertex v i will be assigned to the color group with the maximum weight in w i .

As a main idea, a real-valued weight tensor

W = {w d,i,j } in R D×n×k of D matrices W d is used to compute a tensor S of D discrete coloring solutions.
This is simply achieved by a function g : R D×n×k → {0, 1} D×n×k such that S = g(W) (cf. Section 3.4 below). As S derives from W, the given coloring problem becomes then the one of finding W such that f • g(W) is minimum.

Our approach starts with a random weight tensor W where each entry is sampled independently from a normal distribution N (0, σ 0 ). Then, as explained below, a first order gradient descent is employed to update this weight tensor W with information learned during the search.

General scheme

The population-based gradient descent weight learning for graph coloring (or simply TensCol) proposed in this work relies on a population of candidate solutions represented as a weight tensor and performs tensor calculations in parallel with GPU by minimizing a flexible global loss function that encourages correction of wrong vertex-to-color assignments and consolidation of correct assignments of the solutions.

From the perspective of algorithmic procedure, the proposed TensCol algorithm iteratively improves its population in four steps, as illustrated by Figure for shared correct color group assignments (see Section 3.6.2). Finally, the gradient of the loss L with respect to the weight tensor W is evaluated and then used to update the weights by first order gradient descent (Step 4). In the following subsections, each of these steps is described in detail.
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Fig. 1. General scheme of the TensCol algorithm

Step 1 -Vertex to color assignment

At each iteration of the TensCol algorithm, the current weight tensor W is used to derive the associated tensor S of candidate solutions as follows. For 

(d, i, j) ∈ 1, D × 1, n × 1, k , s d,i,j = 1 if j = argmax

Step 2 -Fitness evaluation

For a graph G = (V, E) with n vertices, let A = {a i,j } i,j=1...n be its adjacency matrix sothat {v i , v j } ∈ E if and only if a i,j = 1. This symmetric matrix defines the coloring constraints to be respected by a legal coloring. The threedimensional tensor A is used to represent the D duplications of the adjacency matrix A.

Given S the tensor of D candidate solutions, S denotes the transposed threedimensional tensor obtained from S by swapping its second and third axis and an association tensor M is defined as M = S • S , where • is the dot product between two tensors (sum product over the last axis of S and the second axis of S ). 

For (d, i, j) ∈ 1, D × 1, n × 1, n , each entry of M is given by m d,i,j = k l=1 s d,i,l s d,
f color (S d ) = 1 2 n i,j=1 c d,i,j . (1) 
f color (S) = 1 2 sum(C). (2) 
For the classical GCP, any solution S d satisfying f color (S d ) = 0 is a legal coloring for the problem. As such, this global coloring fitness f color (S) is used as the global fitness function f (S) to be minimized in the case of the GCP (see Section 3.1): f (S) = f color (S).

For the ECP where the additional equity constraint is imposed, a supplementary equity fitness f eq (S d ) is introduced for each candidate solution S d . Indeed, the equity constraint states that the number of vertices assigned to each of the k color groups must be equal to c 1 = n k or c 2 = n k + 1 where • denotes the integer part of a positive real number and n is the number of vertices in G, with a particular case of c 1 = c 2 when n is divisible by k. To take into account the equity constraint, the additional equity fitness f eq (S d ) is defined as follows:

f eq (S d ) = k l=1 min(| n i=1 s d,i,l -c 1 |, | n i=1 s d,i,l -c 2 |). (3) 
It corresponds to the total number of surplus or deficit in terms of the number of vertices in the color groups with respect to the admissible numbers of vertices c 1 and c 2 in each group. A legal solution S d for the ECP must simultaneously satisfy f color (S d ) = 0 and f eq (S d ) = 0. Let f eq (S) = D d=1 f eq (S d ) be the global equity fitness for the whole population S of D candidate solutions.

Then the global fitness function for the ECP (to be minimized) is given by f (S) = f color (S) + f eq (S).

Step 3 -Computing global loss with penalization and bonus

Given a population S of D solutions, the key idea is to introduce two dependency terms linking the D solutions for two considerations: discourage that the solutions repeat the same mistakes of creating conflicts for the same pairs of vertices (penalization) and encourage the solutions to consolidate the correct group assignments (bonus).

For this purpose, a summation of the association tensor M (see Section 3.5) is performed along the first axis. The group concentration matrix M of size

n × n is obtained: M = sum(M, 1), (4) 
For (i, j) ∈ 1, n × 1, n , each entry of M is mi,j = D d=1 m d,i,j which indicates the number of candidate solutions where vertices v i and v j are assigned to the same color group. The construction of this group concentration matrix is independent by permutation of the k colors (or k groups) of each candidate solution S d .

Penalization term for shared wrong color assignments

Using the group concentration matrix M above, the penalization term κ(S) = sum(A M •α ) of the population S is computed, where sum(•) corresponds to a sum of all matrix elements and • designates element-wise power tensor calculation.

κ(S) = n i,j=1 a i,j mα i,j , (5) 
where α is a parameter greater than 1 in order to penalize the conflicts shared by candidate solutions. By minimizing this term, the solutions are discouraged to make the same assignment mistakes for the same pair of vertices. 

Bonus term for shared correct color assignments

Then using the same idea the following bonus term (S) = sum( Ā M •β ) is computed, where Ā = J -A, with J the matrix of ones of size n × n.

(S) = n i,j=1 (1 -a i,j ) mβ i,j (6) 
with β greater than 1.

By maximizing this bonus term, the D candidate solutions are encouraged to make the same correct color assignments for any pair of vertices.

Global loss function

The global loss function (to be minimized) aggregates the following three criteria: (i) the global coloring fitness f color (S) (equation ( 2)), (ii) the optional global equity fitness f eq (S) for the ECP (equation ( 3)), (iii) the penalization term for shared wrong color assignments κ(S) (equation ( 5)) and (iv) the bonus term for shared correct color assignments (S) (equation ( 6)), subtracted in order to maximize it.

L(S)(t) = f color (S) + νtf eq (S) + λtκ(S) -µt (S) [START_REF] John S Bridle | Training stochastic model recognition algorithms as networks can lead to maximum mutual information estimation of parameters[END_REF] where ν ≥ 0 (ν = 0 for the GCP since f eq only concerns the ECP); λ > 0 and µ > 0 are the weighting factors for the penalization term and the bonus term, while t ∈ 0, maxIter is the iteration counter of the algorithm. The introduction of the time dependent parameter t aims to dynamically change the fitness landscape and increase the chance of the algorithm to get out of local minimum traps. Introducing the equity fitness progressively for the ECP improves the results as it leaves the possibility for the algorithm to find a legal coloring before having to consider the equity constraint too much.

Step 4 -Gradient descent

Gradient descent is a powerful optimization method that has been applied

to various applications such as coefficient updates in linear regression and weight adjustments in neural networks [START_REF] Lecun | Backpropagation applied to handwritten zip code recognition[END_REF], weighted nearest neighbors feature selection [START_REF] Bugata | Weighted nearest neighbors feature selection[END_REF], and dimensionality reduction using similarity projections [START_REF] Spathis | Interactive dimensionality reduction using similarity projections[END_REF]. In the context of this work, since the set of candidate solutions S derives from

W (cf.
Step 1 above), the problem is to optimize W such that L(S)(t) = L(g(W))(t) is minimum with a first order gradient descent method. To make it easier, L(W) is written instead of L(g(W))(t) hereafter.

Let ∇ W L(W) be the gradient tensor of L(W) with respect to W of size

d × n × k whose element (d, i, j) is ∂L ∂w d,i,j .
Then the entries of the weight tensor W can be updated at each iteration as

W ← W -η∇ W L(W), (8) 
where η > 0 is a fix learning rate. This kind of first order optimization is classically used to learn neural networks (in stochastic version) and is known to be very efficient to learn models with a huge number of parameters.

However, in order to allow the method to escape local minima and forget old decisions that were made long ago and are no longer helpful, a weight smoothing inspired by the work [START_REF] Zhou | Reinforcement learning based local search for grouping problems: A case study on graph coloring[END_REF] is applied. Every nb iter iterations all the weights of W are divided by a constant number ρ ≥ 1, which can be achieved with a single tensor computation according to

W ← W/ρ. (9) 
This weight smoothing procedure can also be compared to the pheromone evaporation process used in Ant System (AS) [START_REF] Costa | Ants can colour graphs[END_REF] in the sense that the pheromone guides the ant search toward the most promising solutions, while a decay factor controls the rate at which historic information is lost.

Gradient computation with softmax approximation

To tackle this real-valued optimization problem by first order gradient descent over W, ∇ W L(W) needs to be computed. By applying the chain rule [START_REF] David E Rumelhart | Learning internal representations by error propagation[END_REF], it

gives for d, i, j ∈ 1, D × 1, n × 1, k , ∂L ∂w d,i,j = k l=1 ∂L ∂s d,i,l × ∂s d,i,l ∂w d,i,j . (10) 

Softmax approximation

Due to the use of the function argmax to build S from W, each partial term

∂s d,i,l
∂w d,i,j entering in equation ( 10) is equal to zero almost everywhere. Therefore, the softmax function will be used as a continuous, differentiable approximation to argmax, with informative gradient.

S can be approximated by a tensor Ŝ of size D × n × k, where each ŝd,i,j is computed with the elements of W using the softmax function [START_REF] John S Bridle | Training stochastic model recognition algorithms as networks can lead to maximum mutual information estimation of parameters[END_REF] as

ŝd,i,j = e w d,i,j k l=1 e w d,i,l , for d, i, j ∈ 1, D × 1, n × 1, k . (11) 
Each entry ŝd,i,j ∈]0, 1[ of the tensor Ŝ denotes, for each candidate solution S d , a continuous indicator that the i-th vertex v i selects the j-th color group g j as its group. In the following this soft assignment is rewritten for each vertex with a single tensor equation as

Ŝ(W) = softmax(W), (12) 
where the softmax function is applied along the last axis (color group axis)

for each candidate solution and each vertex.

For d, i, j, l,

∂s d,i,l ∂w d,i,j is approximated by ∂ŝ d,i,l
∂w d,i,j = ŝd,i,l (δ j,l -ŝd,i,j ), with δ j,l the Kronecker symbol equaling 1 if j = l and 0 otherwise. Using this Straight-Through (ST) gradient estimator [START_REF] Bengio | Estimating or propagating gradients through stochastic neurons for conditional computation[END_REF] of

∂s d,i,l
∂w d,i,j in equation [START_REF] Chen | A discrete firefly algorithm based on similarity for graph coloring problems[END_REF], it gives for

d, i, j ∈ 1, D × 1, n × 1, k : ∂L ∂w d,i,j ≈ k l=1 ∂ŝ d,i,l ∂w d,i,j × ∂L ∂s d,i,l (13) 
= k l=1 ŝd,i,l (δ d,j,l -ŝd,i,j ) × ∂L ∂s d,i,l (14) 
= ŝd,i,j ∂L ∂s d,i,j -ŝd,i,j

k l=1 ŝd,i,l × ∂L ∂s d,i,l . (15) 
In the proposed framework however, no sequential loop is used to calculate the gradient of each parameter. Instead a tensor product is simply computed to get the full gradient matrix. This operation can easily be parallellized on GPU devices. With tensor operations, the D ×n×k equations ( 15) for d, i, j ∈ 1, D × 1, n × 1, k become then a single equation:

∇ W L = Ŝ (∇ S L -( Ŝ ∇ S L) • J), (16) 
where

∇ S L = { ∂L ∂s d,i,j } d,i,j is the gradient matrix of size D × n × k of L with respect to S, J is a matrix of 1's of size k × k,
is the Hadamard product (element-wise product) and • is the dot product between two tensors.

Gradient of L with respect to S

In order to compute ∇ W L(W) with equation ( 16), it remains to compute ∇ S L. According to equation [START_REF] John S Bridle | Training stochastic model recognition algorithms as networks can lead to maximum mutual information estimation of parameters[END_REF], it gives

L(S)(t) = f color (S) + νtf eq (S) + λtκ(S) -µt (S) = 1 2 sum(A (S • S )) + νtf eq (S) + λt sum(A M •α ) -µt sum( Ā M •β ).
At iteration t, the gradient of this loss with respect to the tensor S of D solutions is then given by2 

∇ S L(t) = A • S + νt∇ S f eq (S) + 2αλt(A M •(α-1) ) • S -2βµt( Ā M •(β-1) ) • S, (17) 
where ∇ S f eq (S) is the gradient of the additional global equity fitness. For

d, i, j ∈ 1, D × 1, n × 1, k , each entry (d, i, j) of ∇ S f eq (S) is equal to ∂f eq (S) ∂s d,i,j =                    0 if #V d,j = c 1 or #V d,j = c 2 +1 if #V d,j > c 2 -1 if #V d,j < c 1 (18) 
with #V d,j = n i=1 s d,i,j the total number of vertices receiving color j for the candidate solution d.

General TensCol algorithm

The general TensCol algorithm involving the above-mentioned four steps is summarized in Algorithm 1.

The algorithm iterates the four composing steps (Sections 3.4-3.7) until one of the following stopping conditions is reached: 1) the global fitness of one of the D candidate solutions in S reaches 0 (i.e., a legal k-coloring is found); 2)

the number of iterations reaches the allowed limit maxIter. One can notice from Algorithm 1 that it is not necessary to evaluate the penalization term κ(S) and bonus terms (S). It saves computational and memory resources to compute only their gradients with respect to S.

The only stochastic part in TensCol concerns the initialization of the tensor W whose weights are drawn randomly according to a normal law. This random initialization has an impact on the search. Therefore for practical performance evaluation, the algorithm will be run a lot of times with different random seeds r to initialize the pseudo-random generator of the normal law.

The time complexity of each step of the algorithm is given in Table 1 

First experimental analysis

In this section, an illustrative toy example is first presented for the GCP (subsection 4.1) to give intuitive insights on the gradient descent learning.

In Subsection 4.2, a sensitivity analysis of the main parameters λ and µ is presented in order to show the importance of the penalization and bonus terms in the global loss function used by the algorithm. Then in subsection 4.3, the fitness evolution of the algorithm during the search is shown.

Algorithm 1 TensCol for graph coloring problems

Input: graph G with adjacency matrix A, available colors {1, 2 . . . , k}, random seed r, and number of maximum allowed iterations maxIter; Output: a legal k-coloring G if it is found; W ← W 0 / * Weight tensor initialization: w 0 i,j,d ∼ N (0, σ 0 ) with random seed r * / t ← 0 repeat # Step 1) Vertex to color assignment i) S = one hot(argmax(W))

# Step 2) Fitness evaluation (forward phase) i) M = S • S ii) C = A M iii)
Compute the vector of fitness (f (S 1 ), ..., f (S D ))

#
Step 3 ) Group concentration matrix, penalization and bonus terms evaluation Step Type of operation Time complexity

i) M = sum(M, 1) ii) Compute ∇ S L(t) = A • S + νt∇ S f eq (S) + 2αλt(A M •(α-1) ) • S - 2βµt( Ā M •(β-1) ) • S # Step 4 ) Weight update by gradient descent i) Compute Ŝ = softmax(W); ii) ∇ W L = Ŝ (∇ S L -( Ŝ ∇ S L) • J) iii) W ← W -η∇ W L; iv) Every nb iter do W ← W/ρ; t ← t + 1 until min d f (S d ) = 0 or t = maxIter if min d f (S d ) =
Step 1 -i) Finding the color with max weight value for each vertex O(Dnk)

Step 2 -i) Tensor dot product between two tensors of size (D, n, k) and (D, k, n) O(Dn 2 k)

Step 2 -ii) Element wise multiplication between two tensors of size (D, n, n) O(Dn 2 )

Step 2 -iii) Fitness vector computation O(Dn 2 )

Step 3 -i) Sum along first axis of a tensor of size (D, n, n) O(Dn 2 )

Step 3 -ii) Computation of the gradient of the loss with respect to S O(Dn 2 k)

Step 4 -i) Tensor softmax operation O(Dnk)

Step 4 -ii) Computation of the gradient of the loss with respect to W O(Dnk)

Step 4 -iii) Tensor subtraction O(Dnk)

Step When λ = 0 and µ = 0, meaning that there are no interactions between the D candidate solutions, TensCol fails to obtain a good solution in the allotted time. The parameter that plays the most crucial role is λ which is used to penalize shared incorrect group assignments of the D solutions. Best results are obtained for λ ∈ 1e -05, 1e -04 . Furthermore the parameter µ used with the bonus term to encourage shared correct pairwise assignments, also helps to improve the results when it takes values between 1e-06 and 1e-05.

However, its impact is less important than λ. If µ is set too high, the results deteriorate as the D candidate solutions are not diverse anymore. Best results with an average fitness equal to 0.0 (corresponding to a success rate of 100% on the 20 different runs) are obtained for the pairs (λ = 10 -5 , µ = 10 -6 ) and (λ = 10 -4 , µ = 10 -5 ). The first pair of values (λ = 10 -5 , µ = 10 -6 ) will be kept in the comparative benchmark evaluation presented in this work.

Evolution of the loss function

To illustrate how the objective converges during the learning and search process, the fitness evolution is studied when applying TensCol to color the ran- TensCol reaches a legal coloring (for the GCP) with 17,000 iterations on average (this corresponds to 3.4 million fitness evaluations since 200 candidate solutions are evaluated at the same time). It takes 33 seconds on average to find the solution on a Nvidia RTX2080Ti GPU card with a success rate of 100%.

Figure 6 shows that for the GCP, the fitness improves very quickly at the beginning to reach a score of around 15 conflicts and gradually decreases until a legal solution is found. For the ECP, Figure 7 indicates oscillations of the equity fitness (in red) as the algorithm quickly moves between equitable and non-equitable colorings during the search before reaching a feasible coloring.

Small oscillation peaks appear due to the process of resetting the weights to avoid local optima (cf.

Step 4-iv in Algorithm 1).

Finally, the objective convergence profile observed on the graph R250.5.col represents a typical search behavior of the algorithm. 

Computational results

This section is dedicated to a computational assessment of the TensCol algorithm for solving the two target graph coloring problems (i.e., GCP and ECP).

The benchmark instances are first presented (subsection 5.1), followed by the experimental setting of TensCol for both problems (subsection 5.2). Then, the computational results obtained on the GCP are shown in subsection 5.3, and the results on the ECP are presented in subsection 5.4. An analysis and discus-sions of the results obtained on different graph structures are then proposed in subsection 5.5.

Benchmark instances and comparison criterion

For the GCP, the TensCol algorithm is evaluated on the 36 most difficult benchmark instances from the second DIMACS competition3 that were used to test graph coloring algorithms in recent studies including the two individual memetic algorithm [START_REF] Moalic | Variations on memetic algorithms for graph coloring problems[END_REF] and the probabilistic learning based algorithm [START_REF] Zhou | Improving probability learning based local search for graph coloring[END_REF].

For the ECP, the same set of 73 benchmark instances used in [START_REF] Sun | On feasible and infeasible search for equitable graph coloring[END_REF][START_REF] Wang | Tabu search with feasible and infeasible searches for equitable coloring[END_REF] from the second DIMACS and COLOR02 competitions4 is adopted.

Following the common practice to report comparative results in the coloring literature, the assessment focuses on the best solution found by each algorithm corresponding to the smallest number k of colors needed to reach a legal coloring for a graph. It is worth mentioning that for the GCP, no single algorithm in the literature including the most recent algorithms can attain the best-known results for all 36 difficult DIMACS instances. Indeed, even the best performing algorithms miss at least two best-known results. This is understandable given that these instances have been studied for a long time (over some 30 years) and some best-known results have been achieved only by very few algorithms under specific and relaxed conditions (e.g., large run time from several days to one month). Moreover, one notices that for these benchmark graphs, even finding a legal k-coloring is a difficult task if k is set to a value slightly above the chromatic number or the current best-known result. In other words, it is extremely difficult and unlikely to find improved solutions for these graphs.

As such, an algorithm able to attain (or draw near to) the best-known results for a majority of the benchmark instances can be qualified promising with respect to the current state-of-the-art on graph coloring. Most of the above comments remain valid for the ECP.

Given these comments, one understands that for graph coloring problems (and in general for hard combinatorial optimization), computation time is not the main concern for performance assessment. This is also because the state-ofthe-art algorithms (implemented with different programming languages) often report different results for some graphs, which were obtained on various computing platforms with specific stopping conditions (e.g., maximum allowed generations or iterations, maximum allowed fitness evaluations, a cutoff time limit etc). As a result, the timing information, when it is shown, is provided for indicative purposes only.

Experimental setting

The TensCol algorithm was implemented in Python 3.5 with Pytorch 1.1 library for tensor calculation with CUDA 10.05 . It is specifically designed to run on GPU devices. In this work a Nvidia RTX 2080Ti graphic card with 12 GB memory was used. A Nvidia Tesla P100 with 16 GB memory was used only for the two very large graphs (C2000.5.col and C2000.9.col instances).

For a small graph such as r250.5.col colored with k = 65 colors for an equi- To identify appropriate values for TensCol's parameters, a grid search is applied on a set of representative instances (DSJC250.5.col, DSJC250.9.col, DSJC500.5.col, DSJC500.9.col, DSJR500.1c.col, DSJR500.5.col, R250.5.col, R1000.1.col). For the grid search, each parameter is set within a reasonable range (λ ∈ {10 -4 , 10 -5 , 10 -6 }, µ ∈ {10 -5 , 10 -6 , 10 -7 } (for the GCP), ν ∈ {10 -4 , 10 -5 , 10 -6 } (for the ECP), α ∈ {1.5, 2, 2.5}, nb iter ∈ {5, 10, 100}, For some particular instances, it is necessary to deviate from this baseline parameter setting in order to reach the state-of-the-art results. For the random DSJC graphs with a high density (DSJC125.9.col, DSJC250.9.col, DSJC500.9.col and DSJC1000.9.col), the value α = 1.5 is adopted instead of α = 2.5 in or- der to prevent the penalization term κ(S) from becoming too important (cf. equation ( 5)). On the contrary, for the random DSJC graphs with a low density (DSJC125.1.col, DSJC250.1.col, DSJC500.1.col and DSJC1000.1.col), the parameter µ is set to 10 -7 for the GCP instead of 10 -6 to avoid that the bonus term (S) (cf. equation ( 6)) becomes too preponderant in the global loss evaluation. Specific fine tuning of the parameters are also done in the best performing methods such as HEAD [START_REF] Moalic | Variations on memetic algorithms for graph coloring problems[END_REF] and QA [START_REF] Titiloye | Quantum annealing of the graph coloring problem[END_REF].

β ∈ {1.
For all the tested instances, the stopping criterion used is a maximum allowed number of iterations of 2 × 10 6 , which corresponds to a maximum of 4 × 10 8 evaluations of candidate solutions (as there are 200 solutions evaluated at each iteration). For the experiments, each instance was solved 10 times independently (with 10 different random seeds) following the common practice in the literature for graph coloring.

Computational results on graph coloring benchmark instances

This section is dedicated to an extensive experimental evaluation of TensCol on the GCP. A comparison of TensCol with 5 best-performing coloring algorithms is proposed (see Section 2.1 for a presentation of these algorithms):

• the two-phase evolutionary algorithm (MMT, 2008) [START_REF] Malaguti | A metaheuristic approach for the vertex coloring problem[END_REF] ran on a 2.4 GHz Pentium processor with a cut-off time of 1.6 or 11.1 hours;

• the distributed evolutionary quantum annealing algorithm (QA, 2011) [START_REF] Titiloye | Quantum annealing of the graph coloring problem[END_REF] ran on a 3.0 GHz Intel processor with 12 cores with a cut-off time of 5 hours;

• the population-based memetic algorithm (MA, 2010) ran on a 3.4 GHz processor with a cut-off time of 5 hours;

• the latest hybrid evolutionary algorithm in Duet (HEAD, 2018) [START_REF] Moalic | Variations on memetic algorithms for graph coloring problems[END_REF] ran in parallel on a 4 cores 3.1 GHz Intel Xeon processor with a cut-off time of at least 3 hours;

• the probability learning based local search (PLSCOL, 2018) [START_REF] Zhou | Improving probability learning based local search for graph coloring[END_REF] ran on an Intel Xeon E5-2760 2.8 GHz processor with a cut-off of 5 hours.

To the best of our knowledge, these reference algorithms represent the stateof-the-art for the GCP, which cover the current best-known results in the literature for the difficult graphs used in this work.

Detailed results of TensCol and the reference algorithms on the 36 DIMACS graphs are reported in Tables 4 and5 As one can observe from Tables 4 and5, TensCol always finds the best-known coloring for the instances with less than 200 vertices such as DSJC125.1.col or R125.1. On medium graphs with up to 500 vertices such as DSJC250.5.col or DSJC500.5.col, Tensol is competitive compared to all reference algorithms. For the two large random DSJC1000.5.col and DSJC1000.9.col instances, TensCol performs better than PLSCOL and MMT, but worse than the two bestperforming memetic algorithms MA and HEAD. For the family of flat graphs, MA and HEAD perform the best. But these graphs (especially flat300 28 0 and flat1000 76 0 graph) remain difficult for all the algorithms.

TensCol performs very well on the whole family of 7 geometric graphs by attaining all the best-known results and in particular reports a 234-coloring on the very difficult R1000.5.col graph. This is a remarkable result because this 234-coloring, which was first reported in 2008 by the highly sophisticated MMT algorithm [START_REF] Malaguti | A metaheuristic approach for the vertex coloring problem[END_REF], has never been reproduced by another algorithm since that date. TensCol also obtains an excellent 98-coloring for the large latin square 10 graph, which remains difficult for the reference algorithms except QA which reported the same result as TensCol.

Finally, given the particularity of the GCP benchmark instances as discussed in Section 5.1, it is not suitable to apply statistical tests.

Computational results on equitable coloring benchmark instances

This section reports a comparison of TensCol with 5 most recent state-of-theart algorithms in the literature for the ECP (more details of these algorithms are given in Section 2.2):

• the tabu search algorithm (TabuEqCol, 2014) [START_REF] Méndez Díaz | A tabu search heuristic for the equitable coloring problem[END_REF];

• the backtracking based iterated tabu search (BITS, 2015) [START_REF] Lai | Backtracking based iterated tabu search for equitable coloring[END_REF];

• the feasible and infeasible search algorithm (FISA, 2017) [START_REF] Sun | On feasible and infeasible search for equitable graph coloring[END_REF];

• the hybrid tabu search (HTS, 2018) [START_REF] Wang | Tabu search with feasible and infeasible searches for equitable coloring[END_REF];

• the memetic algorithm (MAECP, 2020) [START_REF] Sun | Memetic search for the equitable coloring problem[END_REF].

The results of TabuEqCol were obtained on a computer with an Intel i5 CPU750 2.67GHz processor under a cutoff limit of 1h, while the four other reference algorithms were run on an Intel Xeon E5440 2.83 GHz processor (or a comparable processor) with a cutoff time of 2.7h for the instances with upto 500 vertices and 11 hours for larger instances. Given that TabuEqCol is the oldest algorithm among the reference algorithms, it is no surprise that it is dominated by the other algorithms. TabuEqCol is included in this study as it is a baseline reference for the ECP. From the results of Tables 6789, one can observe that in terms of attaining the best-known results, TensCol is the second best performing algorithm after the most recent MAECP algorithm (12 best-known results missed by TensCol against 8 best-known results missed by MAECP). In particular, for the graphs with up to 500 vertices, TensCol obtains comparable results with the stateof-the-art algorithms, except for DSJC500.9.col, le450 15a.col, le450 15b.col, le450 25c.col and le450 25d.col where TensCol performs worse than some reference algorithms, but it is better on the DSJC500.5.col instance than most competitors. For the wapXXa.col instances, the results obtained by TensCol are not so good as the other algorithms.

On the contrary, TensCol excels on large graphs between 900 and 2000 vertices. Remarkably, it established 8 new best-known records (new upper bounds summarized in Table 3) by finding legal and equitable colorings with fewer colors compared to the current best-known k * values. As one can observe in Table 3, TensCol significantly improves the best-known upper bound for three large graphs with 37 colors less for C2000.9.col, 9 colors less for C2000.5.col and 8 colors less for R1000.5.col, while the improvement for the 6 other cases goes from -1 to -3 colors. These new solutions are available at https: //github.com/GoudetOlivier/TensCol. 

Analysis of the results and discussions

This section discusses the reasons behind the results presented in the comparative study of the last two subsections.

Analysis of the graph coloring results

One can notice in Tables 4 and5 that compared to most reference algorithms, TensCol competes favorably on the geometric graphs such as the large R1000.5.col graph by finding 234-colorings. Meanwhile, compared to some reference algorithms, TensCol is less competitive on some random graphs such as DSJC500.5.col and DSJC1000.5.col.

To better understand these results, one can look at the structure of the solutions obtained with the TensCol algorithm for the random graphs DSJC250.5.col (k = 28) and DSJC1000.5.col (k = 84), and for the geometric graphs R250.5.col (k = 65) and R1000.5.col (k = 234). All these graphs have an edge density of 0.5. However the distributions of the sizes of the color groups in the solutions for these two types of graphs are very different as shown in Figure 8. For the random graphs DSJC250.5.col and DSJC1000.5.col, there are important variations in color group sizes with many (12 to 15) shared vertices, while the color groups in the solutions of the geometric graphs are more homogeneous, mainly with small color groups of size 4 or 5 7 . TensCol does not explore (large) shared color groups during the search. Instead, it inherits and learns pairwise information via the computation of the group concentration matrix M with equation ( 4). In this matrix M , each entry (i, j) indicates the number of candidate solutions with vertices v i and v j being assigned to the same color group. This pairwise information sharing contributes to satisfactorily coloring geometric graphs. On the other hand, it seems to be a disadvantage when dealing with large random graphics (since it does not inherit large shared color groups).

This pairwise information sharing strategy is in sharp contrast to the reference algorithms that rely on recombination of large color groups (such as MA and HEAD with the Greedy Partition Crossover (GPX) of [START_REF] Galinier | Hybrid evolutionary algorithms for graph coloring[END_REF]). These algorithms are expected to perform well when large shared color groups are parts of a solution (this is the case for random graphs such as DSJC250.5.col and DSJC1000.5.col) and may fail if this condition is not met as for the geometric graphs such as R250.5.col and R1000.5.col. Indeed, an inspection of elite candidate solutions (with conflicts) from the HEAD algorithm for coloring R1000.5.col with k = 234 showed that the shared color groups inherited from parent solutions include at least 7 vertices, while the largest color group in legal 234-colorings has 6 vertices only. This indicates that memetic algorithms with the GPX crossover (such as MA and HEAD) can be misguided by the recombination, thus leading to mediocre results for this geometric graph.

These discussions lead to the conclusion that TensCol can be considered as a complementary approach with respect to the existing approaches, especially, the memetic approach.

Analysis of the equitable coloring results

TensCol has attained a very good performance on many instances for the ECP, including 8 new record-breaking results. TensCol seems powerful in finding solutions with homogeneous sizes of color groups for the GCP, this may explain its good results for the ECP. Indeed, given the equity constraint, the color graphs of a solution for the ECP are necessarily of homogeneous sizes.

However TensCol also reported bad results (see Table 7) for some specific instances, in particular for the wapXXa.col graphs. Two reasons can be advanced to explain this counter-performance. Second, most of the wapXXa.col instances present a very low density of edges (between 2% and 8%) with a high number of vertices. Therefore the number k of colors required to color these graphs is very low compared to the number n of vertices (for the instance wap01a.col, the number of vertices is n = 2368 and the best coloring found in the literature only requires k = 42 colors).

It was empirically noticed that the gradient descent used by TensCol is less informative in this case because the number of weights updated (n×k) at each iteration of the algorithm is reduced. In fact, TensCol benefits less from one of its main advantages which is to encode information on the possible colors for each vertex. In the extreme case of binary group assignment, with only two weights per vertex, our weight learning strategy is expected to be less effective compared to other approaches. This is consistent with the presented results that TensCol is more effective for large graphs with a high number of groups such as R1000.5, C2000.5 and C2000.9 colored with 239, 172 and 431 colors (see Tables 6 and8).

Other applications of the proposed method

In this section the generality of the proposed approach is discussed by showing how it can be conveniently applied to solve other graph problems such as multicoloring, minimum sum coloring and k-partitioning.

In the multicoloring problem [START_REF] Magnús | Multicoloring: Problems and techniques[END_REF], each vertex v i ∈ V is allocated a weight c i ∈ {1, 2, ...} and the task is to assign c i different colors to each vertex v i such that adjacent vertices have no colors in common and the number of colors used is minimal. For this problem, as c i different colors have to be assigned to each vertex, a modification has to be done in the vertex to color assignment procedure of the TensCol algorithm (Step 1). Instead of selecting for the i-th vertex the color group with the maximum weight in w i , a set of c i color groups corresponding to the c i maximum values of w i could be selected.

In the minimum sum coloring problem [START_REF] Jin | Algorithms for the minimum sum coloring problem: a review[END_REF], a weight z l is associated with each color and the objective is to find a legal coloring which minimizes the For the popular k-partitioning problem [START_REF] Fjällström | Algorithms for graph partitioning: A survey[END_REF], the same TensCol algorithm could be used except that M would be replaced by M = J -M , where J is the matrix of ones of size n × n. Then, the fitness of a candidate solution for the kpartitioning problem can be evaluaed by f (S d ) = 1 2 sum(A M ), corresponding to the number of cut edges between partitions. For the k-partitioning variant with a balancing constraint [START_REF] Andreev | Balanced graph partitioning[END_REF], the same additional equity fitness f eq (S d ) of a candidate solution S d given by equation (3) for the ECP could be added to the fitness function of the graph partitioning problem.

Conclusion

A population-based gradient descent weight learning approach is presented in this paper, as well as a practical implementation on GPU devices to solve graph coloring problems. This approach has the particular feature of being general and can be applied to different coloring (and other) problems with a suitable global loss function. This is in sharp contrast to existing approaches for graph coloring, which are specific to a problem. The proposed approach formulates the computation of a solution as a weight tensor optimization problem which is solved by a first order gradient descent. As such it can take advantage of GPU accelerated training to deal with multiple parallel solution evaluations.

The proposed approach was assessed on the well-known graph coloring problem and the related equitable coloring problem. The results of extensive experimental evaluations on popular DIMACS and COLOR02 challenge benchmark graphs showed that TensCol competes globally well with the best algorithms for both problems with an unified approach. Overall, even if TensCol does not find new record results for the GCP (this rarely happened since 2012), it provides good results in particular for large geometric graphs (such as R1000.5.col or latin square 10.col) which are particularly difficult for the best performing memetic algorithms. For the ECP, our method discovered 8 improved best results (new upper bounds) for large geometric graphs and random graphs, while the improvements for several graphs are very important in terms of the number of gained colors. Given the novelty of the approach and its promising results reached, this work can serve as the starting point for new research to further advance the state-of-the-art on solving graph coloring and other related problems as discussed in the last section.

A detailed analysis of the achieved results reveals however three main limitations of the proposed algorithm. First, the TensCol algorithm can be sensitive to its parameters for specific instances, especially regarding the ρ and λ parameters. An adaptive strategy could be employed to adjust these parameters depending on the graph encountered [START_REF] Huang | A survey of automatic parameter tuning methods for metaheuristics[END_REF]. Second, due to the memory capacity of the GPU devices used for our experiments, TensCol has troubles to deal with very large graphs with more than 2000 vertices. This situation will change because GPU devices with much more memory are expected to become increasingly affordable in the coming years. Third, TensCol does not learn information about large shared color groups like the best performing memetic algorithms do with the GPX-like crossover. This partially explains the mediocre results of TensCol on some random instances of the GCP. It would be interesting to extend the TensCol algorithm to take into account group information. However, this feature also proves to be an advantage to deal with large geometric graphs for the GCP and for the ECP where the equity constraint is imposed. TensCol can therefore be seen as a complementary approach with respect to the best existing approaches based on the memetic framework for graph coloring problems.

Other future works could be performed, but are not limited to the following.

It would be interesting to test the proposed approach on other graph problems including those mentioned in Section 6. Furthermore, the optimization process of the learned weight tensor can be improved by using more sophisticated methods such as second order gradient descent with Hessian tensor, adaptive learning rate or momentum [START_REF] Bertsekas | Convex Optimization Algorithms[END_REF]. To learn more complex dependencies between the group assignments, it would be worth investigating advanced strategies to replace the weight tensor of candidate solutions by a product of tensors or even a deep generative neural network [START_REF] Bengio | Deep generative stochastic networks trainable by backprop[END_REF].

Finally, the two coloring problems studied in this work are general models that can be used to formulate a number of real applications, such as scheduling and timetabling (see the book [START_REF] Lewis | A Guide to Graph Colouring -Algorithms and Applications[END_REF] for more application examples). The algorithm presented in this work could be adopted by researchers and practitioners to solve such real problems. The availability of the source code of our algorithm will further facilitate such applications. 

  tics can be classified in three main categories: local search based methods, hybrid methods combining population-based genetic search and local search, and large independent set extraction. Local search heuristics iteratively improve the current solution by local modifications (typically, change the color of a vertex) to optimize a cost function, which typically corresponds to the number of conflicting edges (i.e., edges whose endpoints being assigned the same color). To be effective, a local search heuristics usually integrate different mechanisms to escape local optima traps.

  l∈{1,...,k} w d,i,l and s d,i,j = 0 if j = argmax l∈{1,...,k} w d,i,l . This color group assignment for each vertex can be summarized as a single function g(W) = one hot(argmax(W)) from R D×n×k to {0, 1} D×n×k , where argmax and one hot operations are applied along the last axis of the tensor (color axis).Figure 2 shows an example with D = 3 individuals in the population, n = 5 vertices and k = 4 colors.

Fig. 2 .

 2 Fig. 2. Example of vertex to color assignment S from a weight tensor W, with D = 3, n = 5 and k = 4.

  j,l . One notices that m d,i,j = 1 if and only if the two vertices v i and v j in the solution S d are assigned the same color (i.e. belong to the same color group). Interestingly enough this association tensor is independent by permutation of the columns in each candidate solution S d (permutation of the k colors)1 . Then, by performing the element-wise product between the tensors A and M, the global conflict tensor for the D solutions is obtained as C = A M, where corresponds to the Hadamar product. For (d, i, j) ∈ 1, D × 1, n × 1, n , each entry of C is given by c d,i,j = a i,j m d,i,j , and so c d,i,j = 1 if and only if vertices v i and v j are in conflict in the candidate solution S d , i.e., they are linked by an edge (a i,j = 1) and are assigned to the same color group (m d,i,j = 1). As c d,i,j = c d,j,i , the total number of conflicts or the fitness f color (S d ) of the candidate solution S d is then given by

  So the fitness vector containing D fitness values (conflicts) for the whole population of solutions S is computed in parallel with a single tensor operation from C as (f color (S 1 ), ..., f color (S d )) = 1 2 sum(C, (2, 3)) where sum(•, (2, 3)) is the summation operation along second and third axis. The global coloring fitness for the tensor S of D candidate solutions can be evaluated as

Figure 3

 3 Figure3shows the computation of κ(S) for a graph with n = 4 vertices, k = 3 colors and a population of 3 individuals. In both example 3a and 3b, there is one conflict in each candidate solution. However κ(S) = 6 in example 3a as the conflicts are done for different edges, while κ(S) = 10 (greater than 6) in example 3b because the first and the third candidate solutions make a conflict for the same edge {1, 3} (even if different colors are used).

  (a) κ(S) = 6 for a population of 3 candidate solutions with different conflicts. (b) κ(S) = 10 > 6 for a population of 3 candidate solutions because two solutions share the same conflict on edge {1, 3}.

Fig. 3 .

 3 Fig. 3. Evaluation of κ(S) for two populations of D = 3 candidate solutions with one conflict in each solution. There are n = 4 vertices in the graph that are colored with k = 3 colors. In this example α is set to 2.

  . The most costly operation is in O(Dn 2 k). Therefore the main factor influencing the execution time of the algorithm is n, the size of the graph. This complexity is alleviated in practice thanks to two factors. First, the tensor operations of the algorithm greatly benefit from our implementation with the Pytorch library specially designed for the parallel calculation of tensors on GPU devices. Second, unlike local search based coloring algorithms where each iteration only changes the color of one single vertex in a candidate solution, each iteration of the TensCol algorithm may simultaneously change the colors of many vertices, because each iteration may update the n * k weights of the solution (see the example in the next section). Moreover, our experiments showed that this is quite useful to deal with large graphs, helping to find several record-breaking results for the ECP, as shown in Section 5.4.

0 then return S d * with d * = argmin d f (S d ) end if 4 . 1

 41 Toy example for the graph coloring problemA simplified implementation of TensCol is used for the GCP, where only one candidate solution is evaluated (D = 1). It is applied to an easy graph named myciel4.col of the COLOR02 benchmark with 21 vertices and known chromatic number of 5. Figure4displays the last 3 iterations (over 8) of TensCol to color myciel4.col with 5 colors and random seed r = 0. The parameters used

  4 -iii) Tensor division O(Dnk) in TensCol are λ = 0, µ = 0, η = 0.001, nb iter = 5 and ρ = 200. The number written on each vertex indicates the gradient of the fitness with respect to the selected color for this vertex. It corresponds to the total number of conflicts, i.e., adjacent vertices receiving the same color. Red edges correspond to conflicting edges. Blue circles highlight the vertices that change their color from one iteration to another. As one can see on this figure, TensCol tends to change the color of the vertices with the highest gradient values. One can also notice that TensCol can change the color of more than one vertex at each iteration as the update is done on the full candidate solution matrix S at each iteration. A legal coloring solution S * is shown in Figure 4 (d) with f (S * ) = 0.4.2 Sensitivity analysisThis section investigates the usefulness of the penalization term for shared incorrect group assignments κ(S) and the bonus term for shared correct group assignments (S), which are two important parts of the global loss function (equation 7) with the two weighting factors λ and µ. For this study, a population of D = 200 candidate solutions launched in parallel is adopted.The two dimensional heat map presented in Figure5shows the average best global fitness obtained by TensCol on the DSJC250.5.col instance with 250 vertices from the second competition organized by the Center for Discrete Mathematics and Theoretical Computer Science (DIMACS). This average fitness is computed from 20 different runs, each run performing 200,000 iterations with a new random initialization and new values for λ and µ from the range of 0 to 1.

Fig. 4 .

 4 Fig. 4. Last three iterations of TensCol to color the graph myciel4.col with 5 colors (optimal value). The number on each vertex indicates the gradient of the global fitness score with respect to the selected color for this vertex. Red edges corresponds to conflicting edges. Blue circles highlight the vertices changing their color from one iteration to another. Several vertices can change their colors during the same iteration. Better seen in color.

Fig. 5 .

 5 Fig. 5. Sensitivity analysis of λ (weighting factor for the penalization term) and µ (weighting factor for the bonus term) over the average global fitness of the graph DSJC250.5.col for the GCP. The average fitness is computed from the best global fitness values of 20 different runs, each run performing 200 000 iterations with a new random initialization. Best results are in green.

Fig. 6 .Fig. 7 .

 67 Fig. 6. Evolution of the number of conflicts obtained by the best solution among the 200 candidate solutions during the search for a legal coloring with 65 colors for the random graph R250.5.col.

2 , 1 . 5 ,

 215 2} and ρ ∈ {1, 2, 10, 100, 200}) while keeping the other parameter values with their default values D = 200, σ 0 = 0.01 and η = 0.001. An early stopping iteration criterion of 10 5 iterations is used to quickly stop the algorithm if the score no longer improves. The grid search allowed us to determine a best baseline parameter setting, given in Table2, for the GCP and the ECP, which are kept for all instances, except for the smoothing parameter ρ which is very sensitive to the graph structure. The value of this parameter is thus chosen among 5 different values for each graph. For very difficult random graphs such as DSJC500.5.col and DSJC1000.5.col, the values ρ = 100 or ρ = 200 are used in order to frequently smooth the learned weight tensor W according to equation[START_REF] Nguyen Bui | An ant-based algorithm for coloring graphs[END_REF]. However, for geometric graphs such as R1000.1.col or instances based on register allocation such as fpsol2.i.1.col or mulsol.i.1.col, the value ρ = 1 is used meaning that no smooth process is applied during the search.

Tables 6 -

 6 [START_REF] Nguyen Bui | An ant-based algorithm for coloring graphs[END_REF] show the best results of the six compared algorithms in terms of the smallest number of colors used to color each graph with the equity constraint for the DIMACS and COLOR02 instances. Column 3 displays the overall bestknown result k * of the ECP ever reported in the literature. The next fifteen columns report the best results by the reference algorithms (TabuEqCol, BITS, FISA, HTS and MAECP) with their success rate and computation time (in seconds). The last three columns show the results of our Tensol algorithm. A '-' symbol indicates that the corresponding result is not available. Like for the GCP, the assessment focuses on the quality criterion and timing information is provided for indicative purposes only.

Fig. 8 .

 8 Fig. 8. Boxplot of the size distribution of the color groups in the solutions for graphs DSJC250.5.col, DSJC1000.5.col, R250.5.col and R1000.5.col colored by TensCol with 28, 84, 65 and 234 colors, respectively.

First, most of

  the wapXXa.col graphs are very large with more than 2000 vertices. Processing such a large graph by TensCol with D = 200 solutions evaluated in parallel requires more than 16 Go on the GPU devices, surpassing the memory limit of the computer used in this work. Therefore it was necessary to reduce the number of candidate solutions evaluated at the same time to D = 20, which impacts negatively the performance of the TensCol algorithm.

  sum of the total color cost. The TensCol algorithm could be used by replacing the equity fitness f eq (S d ) in Algorithm 1 for each candidate solution by the additive fitness f mscp (S d ) = n i=1 k l=1 s d,i,l × z l corresponding to the sum of the total color cost of a candidate solution S d .

Table 1

 1 Time complexity of each step of the algorithm.

table coloring

 coloring 

	, when TensCol is launched with D = 200 candidate solutions
	in parallel, 200 * 250 * 65 = 3.2 millions weights w d,i,j are updated at each
	iteration. On a Nvidia RTX 2080Ti graphic card, it takes 0.002 seconds per
	iteration (for 200 candidate solutions evaluated). For a large graph such as
	C2000.9.col colored with k = 431 colors for an equitable coloring, there are
	200 * 2000 * 431 = 172 millions weights updated at each iteration. On a Nvidia
	Tesla P100, it takes 0.37 seconds per iteration.

Table 2

 2 Parameter setting in TensCol for the GCP and the ECP

	Parameter Description	Value for the GCP Value for the ECP
	D	number of candidate solutions	200	200
	σ 0	standard deviation of initial parameters	0.01	0.01
	η	learning rate	0.001	0.001
	nb iter	smoothing procedures period	5	5
	ρ	smoothing parameter	{1,2,10,100,200}	{1,2,10,100,200}
	α	exponent for the penalization term	2.5	2.5
	λ	weighting factor for the penalization term 10 -5	10 -5
	β	exponent for the bonus term	1.2	1.2
	µ	weighting factor for the bonus term	10 -6	0.0
	ν	weighting factor for the equity constraint	0.0	10 -5

  in the Appendix. Columns 1 and 2 indicate the name and the number of vertices in each instance. Column 3 shows the chromatic number χ(G) (if known) 6 , while column 4 (k * ) gives the best-known results (best upper bound of χ(G)) ever reported by an algorithm. Columns 5 to 19 show the best results (k best ) of the reference algorithms with their success rate and computation time (in seconds). The remaining columns report the results of our TensCol algorithm: the best result (k best ), the success

runs (SR) over 10 runs during which TensCol attained its best result, and the average computation time (t(s)) for a successful run. A '-' symbol indicates that the corresponding result is not available. As discussed in Section 5.1, computation times were provided for indicative purposes.

Table 3

 3 New record coloring results found by TensCol for 8 large benchmark graphs. Some improvements are very important with a gain of 8, 9 and 37 colors.

	Instance	|V |	previous best-known k *	new best-known k *	Improvement
	DSJR500.5.col	500	124	122	-2
	DSJC1000.5.col	1000	95	92	-3
	R1000.5.col	1000	247	239	-8
	flat1000 60.0.col	1000	93	92	-1
	flat1000 76.0.col	1000	93	91	-2
	latin square 10.col	900	103	102	-1
	C2000.5.col	2000	183	172	-9
	C2000.9.col	2000	468	431	-37

Table 4

 4 Comparative results of TensCol with state-of-the-art algorithms on the set of 36 most difficult DIMACS graphs for the GCP (1/2).Numbers in bold indicate that the best result kbest found by the algorithm attains the overall best-known result in the literature k *

	or

Table 5

 5 Comparative results of TensCol with state-of-the-art algorithms on the set of 36 most difficult DIMACS graphs for the GCP (2/2).Numbers in bold indicate that the best result kbest found by the algorithm attains the overall best-known result in the literature k *

	or

Table 6

 6 Comparative results of TensCol with state-of-the-art algorithms on the 73 benchmark ECP instances(1/4). Numbers in bold indicate that the best result k best found by the algorithm is equal to the overall best-known result k * in the literature. A star in column k best for TensCol indicates that a new best coloring of the ECP has been found.
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Table 7

 7 Comparative results of TensCol with state-of-the-art algorithms on the 73 benchmark ECP instances(2/4). Numbers in bold indicate that the best result k best found by the algorithm is equal to the overall best-known result k * in the literature. A star in column k best for TensCol indicates that a new best coloring of the ECP has been found.
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Table 8

 8 Comparative results of TensCol with state-of-the-art algorithms on the 73 benchmark ECP instances(3/4). Numbers in bold indicate that the best result k best found by the algorithm is equal to the overall best-known result k * in the literature. A star in column k best for TensCol indicates that a new best coloring of the ECP has been found.

	TensCol	
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Table 9

 9 Comparative results ofTensCol with state-of-the-art algorithms on the 73 benchmark ECP instances (4/4). Numbers in bold indicate that the best result k best found by the algorithm is equal to the overall best-known result k * in the literature. A star in column k best for TensCol indicates that a new best coloring of the ECP has been found.
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		best
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In the GCP and the ECP, two solutions S and S , such that S is equal to S up to a permutation of its k columns, are strictly equivalent in terms of fitness evaluation. It is very important to take into account this property in order to make relevant comparisons of the candidate solutions in the population.

Let us note that the first term A • S in equation[START_REF] Galinier | Recent advances in graph vertex coloring[END_REF], the gradient of f color (S), corresponds to the γ-matrix used in an efficient implementation proposed in[START_REF] Fleurent | Genetic and hybrid algorithms for graph coloring[END_REF] of the popular TabuCol algorithm for the GCP[START_REF] Hertz | Using tabu search techniques for graph coloring[END_REF].

Publicly available at ftp://dimacs.rutgers.edu/pub/challenge/graph/ benchmarks/color/

Publicly available at https://mat.gsia.cmu.edu/COLOR02/

The source code of our algorithm is available at https://github.com/ GoudetOlivier/TensCol.

For some instances such as flat1000

0 the chromatic number is known by construction of the graph (and equal to 76 in this case), but no heuristic has yet found a legal coloring with the chromatic number.

Let us note that the fact that large color groups are not part of any optimal 234-coloring for the R1000.5.col instance was also observed in[START_REF] Wu | Coloring large graphs based on independent set extraction[END_REF].
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